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Augusta Bay mass-balance equation

Augusta Bay mass-balance steady-state equation

Steady-state mass balance equation of HgT (total mercury)
(Sprovieri et al. (2011)):

I+A+AD+R=0+D+V (1)

where
@ /is the total Hy influx from the Mediterranean seawater
@ Ais the dissolved Hy input anthropogenic activities
@ AD is the atmospheric Hy deposition
@ Risthe H, resuspension/release from sediments

@ O is the Hy outflow from the basin
@ D is the sedimentary deposition and burial
@ Vs the H, evasion to atmosphere
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Augusta Bay mass-balance steady-state equation
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@ The underlying assumption is that the quantity of contaminant
in the Augusta basin is approximately constant.

@ We will try to validate or reject this assumption during the CISAS
project.



Augusta Bay mass-balance equation

2011 mass balance

Source: Sprovieri et al. (2011) - Values in kmol/y [HgT]

Based on the analysis of surface levels (0 — 10 cm) of 315 sediment
cores collected in the year 2005 and on existing literature
(1999-2007).
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Augusta Bay mass-balance equation

2016 revised mass balance

Source: Salvagio Manta et al. (2016) - Values in kmol/y [HgT]
Based on seawater-sediment sampling and on the use of benthic
chambers to estimate the Hg fluxes at the interface
sediment-seawater (experiments performed in 2011-2012) and on
more recent literature (up to 2013).
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Values revised significantly with respect to Sprovieri et al. (2011) . 6/40



Augusta Bay mass-balance equation

The equilibrium problem - Ongoing work

The Augusta Bay is henceforth referred to as SIN (acronym for Sito di
Interesse Nationale).

Possible BioMatLab contributions in the next semester regarding the
equilibrium problem (1) are the following:

@ Detailed check/recomputation of the mass balance according to
the sampling reported in [Salvagio Manta et al. (2016)]

@ Voronoi partitioning approach: the Augusta Bay is divided into
regions based on minimal distance to the sampling points. Points
of the same region are assumed to have equal concentration.
Compute mass balance and total quantity of contaminant in the
SIN accordingly.

@ Smoothing techniques: sampling points are interpolated by
means of smoothing techniques, in order to define a continuous
spatial distribution of contaminant concentration. Compute mass
balance and total quantity of contaminant in the SIN accordingly.



Augusta Bay mass-balance equation

Augusta Bay mass-balance dynamic equation

@ Moving beyond the equilibrium assumption (which will be either
validated or rejected within the CISAS project), a first step is to
generalize the steady-state equation to take into account a
possibly non-zero variation of contaminant in the Augusta Basin:

Qrawwater(t) = I(t) + A(t) + AD(t) + R(t) — O(t) — D(t) — V(1)
(2)

where the meaning of the time-varying quantities are analogous
to the steady-state case.

@ In order to take into account of all the chemical and physical
phenomena involved in (2), we will adopt and properly modify
some known models.
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River model

River model

The River model was developed in the context of the two EU-funded
projects 2FUN and 4FUN and implemented in the MERLIN-Expo tool.
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River model

River model equations

River model equations:

Qrawwater (1) = — Awater Qrawwater (t) + EliminationBiota(t) — UptakeBiota(t)
+ SoilWashoff(t) + AD(t) — V() + A(t)
+ FlowRiver(t) ( Cwaterupstream(f) — Cwater (1)) (3)
+ Sriver (Fr(t) Chmasssed(t) — Fa(t)Cspum(t))
+ Sr/'ver M TCWaterSed (CPoreWaterSed (t ) - CDissWater(t))
Quasssea(t) = Sriver (Fa(t) — Fi(1)) (@)
OChemicaISed(lL ) = — Ased QChemicaISed(lL ) (5)
— Sriver (Fr(t)CMassSed(t) - Fd(t)CSPM(t))
- Sriver M TCWaterSed (CPoreWaterSed (t ) - CDissWater(t))
Meaning of the state variables:
@ QRawwater: quantity of contaminant in Raw Water [mg]

@ Quasssed: quantity (mass) of Sediment [g]
@ Qcremicaised: quantity of contaminant in Sediment [mg]
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River model

River model equations

River model equations:

Ogawwate,(t) = — Awater Qrawwater (1) + EliminationBiota(t) — UptakeBiota(t)
+ SoilWashoff(t) + AD(t) — V() + A(t)
+ FlowRiver(t) ( Cwaterupstream(f) — Cwater (1)) (6)
+ Sriver (Fr(t)CMassSed(t) - Fd(t)CSPM(t))
+ Sr/'ver M TCWaterSed (CPoreWaterSed (t ) - CDissWater(t))
Quasssea(t) = Sriver (Fa(t) — Fi(1)) (7)
OChemicazlSez:l(lL ) = — Ased QChemicazISez:l(lL ) (8)
— Sriver (Fr(t)CMassSed(t) - Fd(t)CSPM(t))
- Sriver M TCWaterSed (CPoreWaterSed (t ) - CDissWater(t))
Meaning of the parameters:
@ S, surface area of the river [m?]

@ \uater: degradation rate in water [1/unit time]
@ MTCyaterseq: Mass Transfer Coefficient [m/unit time]
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River model

River model equations

ORawWater ( t) = —Awater QHaWWater ( t)
+ FlowRiver(t) ( — Cwater(t))
+Sriver(Fr( t) CMassSed(t) - Fd( t) CSPM( t))
+ Sriver M TCWaterSed ( CPore WaterSed( t) - CDiss Water ( t ))

OMassSed(t) = Sriver (Fd(t) - Fr(t))

Qchemicaised(t) = —Ased Qohemicaised (1)
*Sriver (Fr(t)CMassSed(t) - Fd(t) CSPM(t))
- Sriver M TCWaterSed ( CPore WaterSed( t) - CDissWater ( t ))

@ We rewrite in a more compact form Soil(t) = SoilWashoff(t) and
Biota(t) = EliminationBiota(t) — UptakeBiota(t)

@ Red/green addends are associated to the terms R(t) and D(t) of
the SIN mass-balance equation

° terms provide a coupling with existing models (soil,
atmosphere, man, biota, upstream river), if available, otherwise
they can be regarded as forcing functions 12749



Review of existing models
[e]e]e]e] lelelele]

River model

River model equations

Qrawwater (t) = —Awater Qrawwater () + Biota(t) + Soil(t) + AD(t) — V(t) + A(t)
+ F/owF?iver(t) (CWaterUpstream(t) - CWater(t)) (9)
+ Sriver (Fr(t)cMassSed(t) - Fd(t)CSPM(t))
+ SriverM TCWaterSed (CPoreWaterSed (t ) - CDissWater(t))
C.')MassSed(t) = Sriver (Fd(t) - Fr(t)) (10)
Qchemicaised(t) = —Ased Qchemicaised (1) (11)
- Sriver (Fr(t)CMassSed(t) - Fd(t)CSPM(t))
- SriverM TCWaterSed (CPoreWaterSed (t ) - CDissWater(t))

@ Different concentrations are defined for the Raw Water
compartment and for the 4 subcompartments of Raw Water and
Sediment.

@ FlowRiver(t) [m®/unit time] is the only independent forcing
function. As detailed later, it affects many other terms.
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River model

Partition between phases

@ The two sub-compartments in RawWater and Sediment takes
into account of the two phases: dissolved and suspended
(particulate).

@ The exchanges of contaminants between Water and Suspended
Particulate Matter (SPM) and between Pore water and particles
in sediment, are assumed to be at equilibrium and represented
by partition coefficients at equilibrium Ky spm and Ky sed,
respectively.

@ As a consequence, just two out of four sub-compartment
concentrations are independent:

. . _Ceru(t) Img/g] _ [m®

Raw Water: Kd’SPM o CD/’ssWater(t) [mg/ms] B g
. . L CMassSed(t) [mg/g] _ 23
Sediment: Kd,sed o CPoreWaterSed(t) [mg/m3] a 9
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River model

Review of existing models
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Units of measurements

Note that relative concentrations are defined in the “suspended”
subcompartments SPM (in Raw Water) and Sediment Particles
(in Sediment) [mg/g], while absolute concentrations are defined
in the “dissolved” subcompartments Water (in Raw Water) and
PoreWater (in Sediment) [mg/mq]. This might appear a little
confusing!

As a consequence, partition coefficients are not adimensional.
On top of that, we defined a concentration in Raw Water as:

Q t m
Cwater(t) = er() = Chpisswater(f)+Cspu(t) SPM(t) [Fg}

Vriver

where SPM(t) denotes the Suspended Matter Concentration
lg/m°].

Furthermore, Deposition and Resuspension fluxes of sediment
F4(t) and F,(t) are expressed in [g/(m? - unit time)].

Finally, the Mass Transfer Coefficient MTCyaterseq has the
dimension of a velocity [m/unit time)].
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River model

River model equations

The equations can hence be rewritten as a function of state variables
(without concentrations):

oRawWa[er(t) - 7>\waterQRawWa[er(t) + BIOta(t) + SOI/(t) + AD(t) - V(t) + A(t)

. Q t
+ FlowRiver(t) (CWaterUpstream(t) - W) (12)
river
Qchemicalsed(t) Ka,sPm QRrawwater (1) )
+ Syiver | Fr(t)—ZemealBed ) Fy(t :
wer ( r( ) QMassSed(t) d( )Vriver(1 + Kd,SPMSPM(t))
Qchemicaised(t) Qrawwater () >
+ SriverMTC ( —
ver WaterSed Ka,sed Qumasssed(t)  Viiver(1 + Ka,spmSPM(t))
QMassSed(t) = Sriver (Fd(t) - Fr(t)) (13)
QChemicalSed(lL ) = —Ased QChemicalSed(lL ) (1 4)

Qchemicaised (1) Ka,spm Qrawwater (1) )
~ Sy [ Fo(t) 2Cremicaisedl) gy K.
Sriver ( () Quasssed (1) ( )Vriver(1 + Ky,spmSPM(1))

- S..MTC QChemicalSed(t) _ Q.‘?z-lwWaztr;’r(lL ) )
river WaterSed Kd,sed QMaSSSed(t) Vriver(1 + Kd,SPMSPM(t))

16/49
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River model

The sediment as an unlimited source (in the mid-term time scale)

A possible simplifying assumption is to consider the sediment as an
unlimited source of contaminant in the mid-term time scale, which
leads to reducing the order of the system:

ORawWater(t) = _)\waterQRawWater(t)

+ FlowRiver(t) ( - QF“"’W""‘"”‘”(O) (15)

Vriver

K Q t
+ Sriver (CMassSed F; r(zL ) - F d (t ) Vriver((j"ISTK:Zv;://Vége/;(/\ﬂ)( f)))

Cl\/lassSed QRawWater ( t ) >
+ SriverMTC ( -
river WaterSed Kd7sed Viiver ( 14 Kd,SPM SPM( t))

where the sediment concentration Cyassseq iS cONstant and the
quantities in red only depend on the river flow:

SPM(t) = aspy (FlowRiver(t))Ps™
Fa(t) = WSSPM(t)efde with 7 = k. (FlowRiver(t))?
F.(t)= ke 7 F.(t) =0 if 7 = 0 (no sediments).
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The underlying continuous model

Continuity Equation

A very general form of conservation law is given by the Continuity
Equation

oc =2
S tVi=o (16)

where
@ V. is divergence operator [ ]

@ cis the concentration (amount g of the contaminant per unit
volume) [7¢]

e jis the flux of g, namely a quantity specifying flow or motion
[% unithime}

@ o is the generation of q per unit volume per unit time
{W} Terms that generate (o > 0) or remove (o < 0) q

are referred to as a sources and sinks, respectively

All the quantity are varying in space and time, in general.
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The underlying continuous model

Convection-diffusion equation

In our model, contaminant is transferred by means of two processes:
diffusion and advection (transport):

j = f_';ﬁffusion + j.advect/on-
The first addend is approximated by Fick’s first law of diffusion
Jaitusion = —DVc,
with D being the diffusion coefficient, while a general advective flux is

Zadvection = ‘707
where V is the velocity field. Finally the contaminant generation/loss
per unit time is made up of two terms: a loss proportional to the
actual concentration and a local exchange rate with the biota:

g = _Awa[ero"_ BiOEX.

By plugging the convection-diffusion flux into the continuity equation,
one gets the convection-diffusion equation

%:V~(DVC)—V~(VC)+U- (17)
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The underlying continuous model

Integrating the convection-diffusion equation

Consider now the water volume V of the SIN, with the boundary
surface 0V decomposable into five exchange surfaces:
oV = SUpstream U SDownstream U SWaterSed U SWaterAtm U SWaterSoil-

Note that the quantity of contaminant in Raw Water is the spatial
integral of the local concentration:

OF{awWater = / dq: / cav.
v "4

We now apply the divergence theorem (Lagrange 1762, Gauss
1813), along with the linearity of the differential operator, to get:

: 0 ac
oHawWaterza//CdVZAEdV

=/ (V-(DVec) -V - (Vc) +0)dV
v

:7{ (DVc) - ndS — (Vc)-ﬁdS—/Awa,erchJr/ BioEx dV
ov "4 "4

av
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The underlying continuous model

Integrating the convection-diffusion equation

We now analyze the terms separately. First:

- / AwateerV = —Awater / dq - —)\waterQHaWWater
% v

One can easily associate some integral terms to those already
defined for the river model:

/ BioEx dV = Biota(t) + A(t)

v

/ (DVc - V) - idS = AD(t) — V(t)
SWaterArm

/ (DVc — vc) - idS = Soil(t)
SWaterSoi/

21/49
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The underlying continuous model

Integrating the convection-diffusion equation

We can now rewrite the equation as

ORaWWater = —/\waterQRawWater + B’Ota + SO’I( ) + AD( ) V(t) + A(t)

W / (Ve) - AidS
Upstream SUpstream
C)- ndS — / (Ve) - idS
ownstream sDownstream

/ (DVc) - fidS — (Ve) - idS
S WaterSed S WaterSed

where upstream-downstream diffusion terms are negligible with
respect to the upstream-downstream advection.
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The underlying continuous model

Integrating the convection-diffusion equation

In the river model:

@ upstream river and river are characterized by spatial average
concentrations Cuwaterupstream and Cwater = Q”awwa’” , respectively;

@ the river velocity vector has constant module vm,e, with respect to
space and is perpendicular to the river surface;

@ Sypstream and Spownstream have the same area equal to Sy,
although upstream and downstream fluxes have opposite signs
since the surfaces have opposite orientations;

So we get:

- / (‘70) - ndS = Cwaterupstream(1) / Vriver (1)dS
SUpslream

Stow
= CWaterUpstream ( t) Vriver( t ) Sflow = CWaterUpstream( t ) FlowRiver ( t )

- /S (Vc) - 7idS = — Cuyarer(1) / Vier(1)0S
DownStream

Sﬂow

= _CWater(t) Vriver(t)sflow = —CWater(t)FIOWRiver(t)

23/49
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Integrating the convection-diffusion equation

@ With similar steps it is possible to compute the advection flow
between water and sediment.

@ A conceptual difference in this case is that we decompose the
velocity field through the surface Syatersed (Whose area is Sjver)
into the upward and downward components, such that
V = V4 + V,, accounting for deposition and resuspension,
respectively.

@ Since the river model consider different average concentrations
in the two compartments, which we call Cyaer and Cgeq, ONe
obtains

—/ (ve) -ﬁdS——/ (Va(t)C) - IS — (Vi(t)c) - oS
SWaterSed SWaterSed

S WaterSed

_ / V() Cvater (£)dS + / /() Caca(t)dS
Stiver

Sriver

= Sriver (Vr(t)csed(t) - Vd(t)Cwater(t)) .

24/49
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The underlying continuous model

Integrating the convection-diffusion equation

By comparison with the analogous terms of the river model, we
impose:

Sriver (Vr(t)csed(t) - Vd(t)Cwater(t)) = Sriver (Fr(t)CMassSed(t) - Fd(t)CSPM(t))'

where the difference is due to the different units of measurement of
Chmasssed(t) and Cspy(t) [mg/g] in the River Model with respect to
Csed(t) aﬂd Cwa[er(t) [mg/ms]

25/49



Review of existing models
00000000800

The underlying continuous model

Integrating the convection-diffusion equation

Finally, in the water-sediment diffusion term, the concentration
gradient needs to be replaced by a concentration difference (along
the vertical direction) over the length of the sediment stratum:

/ ( DV C) . AdS = DWaterSed / CPoreWaterSed( f ) — CDissWater(t) as
SWaterSed Sriver 5360’

CPore WaterSed ( t ) - CDiss Water ( t)

Sr/'ver

=D WaterSed S
sed

= Sriver m TCWaterSed ( CPore WaterSed ( t ) - CDiss Water ( t))

having defined the Mass Transfer Coefficient MTCyaterses between
Water and Sediment and the equivalent boundary layer thickness dseq

as
4/3
MTC o DWaterSed 5 . Osed + 5w<ﬁsed
WaterSed — — = sed = — /3 /3
sed Psed

as a function of the river model parameters dgeq; Ow, Psed-

26/49



Review of existing models
0000000000

The underlying continuous model

Integrating the convection-diffusion equation

By substitution of all the computed terms into the Qgawwater €quation,
one finally re-obtains the river model equation:

Qrawwater (1) = — Mwater Qrawwater -+ Biota(t) + A(t) + AD(t) — V(1) + Soil(t)
+ FlowRiver(t) (Cwaterupstream(t) — Cwater(t))
+ Sriver (Fr(t)CMassSed(t) - Fd(t)CSPM(t))
+ SriverM TCWaterSed (CPoreWaterSed(t) - CDissWater(t )) .

@ As shown above, the river model is a single-compartment model
which is approximately consistent with the underlying continuous
model (the equations for Qpassseqd aNd Qchemicaised, are proved
with the same steps).

@ In particular, the river model equations approximate continuous
concentration distributions by means average compartmental
concentrations and cumulative quantities of contaminant.
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The underlying continuous model

A quick non-exhaustive literature review

Biogeophysical models:
@ Dutkiewicz et al. (2009);
@ Hernandez et al. (2014);
@ Ryabov (2008);
@ Valenti et al. (2017);

@ G. Denaro is currently working on a novel 3D continuous model,
inspired by the river model and by existing work, and adapted to
the case of the Augusta Bay and its (organic and inorganic)
contaminants.

@ Such a model will constitute itself an output of the CISAS project,
and will replace the river model as underlying continuous model
of the EN-SIN model in future releases.
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Single-compartment model

SIN mass balance

We start from the scalar river model equation for the Raw Water
compartment, assuming constant known sediment concentration:

ORawWater(t) = _)\waterQRawWater(t)

+ FlowRiver(t) ( - (Wmm) (18)

Vriver

K. Q t
+ Sriver (CMassSed Fr(t) — Fq(t) Vriver((jilSTK:zv;:ﬂVége/;(/\ﬂ)( t)))

Cl\/lassSed QRawWater ( t ) >
+ SriverMTC ( -
river WaterSed Kd7sed Viiver ( 14 Kd,SPM SPM( t))

with the forcing functions in red only depending on the river flow and
those in depending on possible coupling with other models or
considered as independent inputs.
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From a single-compartment model to the EN-SIN model
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Single-compartment model

SIN mass balance

We reorder terms, by putting together advection/diffusion terms
from/to the sediment:

ORaWWater( t) = - /\water QRawWater( t)
. FlowRiver(t
+ FlowRiver(t) - Vi()QRaWWater(t) (19)
river
+ Sriver CMassSed ( Kd,sed F, r ( t ) + M TCWaterSed )

Kd,sed
- Sriver(Ka,spmFa(t) + MTCwatersed) Qrawwater (1)
Vriver(1 + Kd,SPMSPM(t)) awWater

Now define
. Sriver CMassSed (Kd,sed Fr(t) + MTCwatersed)
R(t) =
Kd,sed
I(t) = FlowRiver(t)
A\ (f) _ Sriver(Kd,SPMFd(t) + MTCWaterSed) \ (1’) _ W
? Vriver(1 + Kd,SPMSPM(t)) ¢ Vriver
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From a single-compartment model to the EN-SIN model
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Single-compartment model

Matching the mass balance between SIN and River Model

We finally obtain:

Qrawwater (1) = I(1) + A(t) + AD(t) + R(t) — O(t) — D(t) — V(t)
—Awater Qrawwater (t) + Biota(t) + Soil(t)

which is coincident with the Augusta Bay mass balance equation (2),
up to the additional blue terms, and where we set:

O(t) = )\o(t) QRawWater(t)
D(t) = )\d(t) QRawWater(t)
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The EN-SIN model

EN-SIN = SIN model + sea-cell models

@ The single-compartment model described so far can be properly
modified to describe a cell of water in the SIN, which is modelled
as a grid.

@ The model adopted for each element of the grid will be called
sea-cell model and is a system of equations, similar to those
described for the river model, which we will properly adapt.

@ On top of that, the grid model formally defining the network of
interactions among cells will be called SIN model.

@ EN-SIN model = SIN model + sea-cell models

@ The first implementation of EN-SIN is planar (2D) and disregards
batimetry. Future 3D implementations will take into account
multiple water layers along the vertical dimension.

@ In particular, for ease of notation, we will start by assuming
constant sediment concentration, so that each cell is described
by a scalar equation. The extension to multi-dimensional cell
models is straightforward, since it will be shown that the coupling
among cells just affects just the Raw Water dynamics.
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The EN-SIN model

The sea-cell model

We restart from the single-compartment model

OF:‘awWater ( t) =-A water QFlawWater( t)
. FlowRiver(t
| FlowRiver(t) - oMV g (1)  (20)
river
+ Sriver CMassSed ( Kd,sed F, r ( t ) +M TCWaterSed )

Kd,sed
B Sriver(Kd,SF’MFd(t) + MTCwatersed) Qrawwater(t)
Vriver(-I + Kd,SPMS'DM(t)) e

We start compacting the notation and we put together the addend
depending just on the interaction with other models:
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From a single-compartment model to the EN-SIN model
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The EN-SIN model

The sea-cell model

We preliminarily obtain:

. Flow(t
(1) = ~Mwa(t) (1) + Flow(t) - Por® gy
river
+ Sr/'ver CMassSed(Kd,sed F, r(lL ) +M TCWaterSed)
Kd,sed

_ Stiver(Ka,spmFd(t) + MTCwatersea)
Vriver(1 + Kd,SPMSPM(t))

q(t)

@ We will define a quantity of contaminant for each cell i =1,..,N.

@ We consider time-varying inter-cell flows in the form IN:,-j(t),
according to an undirected network topology &, such that, for any
pair of nodes (/,):

(i.)) ¢ € <= (j.0) ¢ € = Fy(t) = Fy(t) = 0.
In @ more compact way, we write
JeN <= ieN < (i,j)e &= (j,i) €.

Note that flow is unidirectional: Fj(t) >0 = Fj(t) =0 Vi,j.

34/49
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The EN-SIN model

The sea-cell model

@ We assume cells to be parallelepipeds, with equal square base
(of side /) and different height (batimetry) h;. As a consequence,
each cell will contain a constant water volume V; = 2. h.

@ As a consequence, inter-cell flows Fj(t) need to satisfy the
property

Fi(t) ==Y Fy(t)+ = Fi(t)y+ Fe(t) vt vi
JEN; JEN;
so that the water volume of each cell is conserved, and possible
/downstream flows are taken into account.

@ The previous property defines intra-cell flows F;(t) for each cell /.

@ Accordingly, we adapt the forcing functions of the river model to
each cell:

SPM(t) = agem (Fi(t))Ps™
Fui(t) = WsSPMi(t)e 76 with 77 = k. (Fi(t))
Fri(t) = ke 7 F.i(t)=0 if ; = 0 (no sediments in cell i).
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The EN-SIN model

The sea-cell model

The single-cell equation:

. Flow(t
(1) = ~Mwg(t) (1) + Flow(t) - o gy
river
SriverCMassSed(Kd,sedFr(t) + MTCWaterSed) . Sriver(Kd,SPMFd(t) + MTCWafefSed) (t)
Kd,sed Vriver(1 + Kd,SPMSPM(t))
is turned into an equation for each cell i:
. Fdown ¢
ailt) = —Awq,-(t) ¥ - W
1
t
+ Y FOED -3 R G
/ h / hi
JEN; JEN;
+ /2CMassSed(Kd,sedFr,i( )+ MTCWaterSed) . /2(Kd,SPMFd,/(t) + MTCWaterSed) (t)
K4, sed Phi(1 + Ka,spmSPM (1)) I
where the quantities are forcing functions, possibly derived by

coupling with other models, and red quantities depend on water flows.
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The EN-SIN model

The sea-cell model

@ Finally, we add inter- ceII diffusion We define an average cell
concentration ¢;(t) = v ) and we approximately associate it to
the centroid of each cell (for consistency).

@ Adjacents cells have an exchange surface equal to
Sj = Imin{h;, hj} = S; and the distance between the

corresponding centroids is d; = 1/ /% + ( ) = Jji.

@ The Mass Transfer Coefficient MTCj; between adjacent cells is

D
MTC; = ng’e’ = MTC;,
if

with Dyater being the diffusion coefficient in water, so that the
contaminant increase rate in cell / by diffusion from cell j is given
by MTC;Sj(ci(t) — ci(t)).
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The EN-SIN model

The sea-cell model

We are finally able to write the complete sea-cell model for each cell
i=1,...,N, with N being the total number of SIN cells:

qi(t) = —Awqi(t)
down
- E/zhi(t) qi(t)

Fi(tygi(t)y  Fi(t)ai(t
s ( ,<l2>g,( )_ Btga ))

JEN;

qi(t)  ai(t)
+/§, MTC;S; <12h] - h >
i 2 CMassSed(Kd,sedFr‘,i(t) + MTCwatersed)
Kd,sed
 P(Ka,spmuFa,i(t) + MTCupatersed) (o
IZh,'(1 + Kd7spMSPM,'(t)) q
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The EN-SIN model

EN-SIN in matrix form

Define the time-varying N-dimensional vectors

= ]i=1,..4,N = [ ]::1 ..... N
12 Ky seqFr (1) + MTH
r() =[Oz n:= { Cttasssed dﬁsedK;;ii) - CWaterSed)]
> i=1 N

.....

Define the time-varying N-dimensional diagonal matrices

=1,...,

= diag ( [ (Ka,spmFai(t) + MTCWaterSed)} )
i=1,...,N

hi(1 + Ka,spm SPMi(1))
/\down(t) = diag ([)\downj(t)],-=1 N)

77777

.....

, 'F.d"‘””(t)}
= dia —t
7 ( Phi s~

.....
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The EN-SIN model

EN-SIN in matrix form

Furthermore, define the time-varying N-dimensional flow-rate matrix

W itjeN
. Fui(t) ... .
F(t) = [Fi(D]ij=1,.n with F(t) =4 = > /kz';) ifi=j
KEN; !
0 elsewhere

Finally, define the constant N-dimensional diffusion-rate matrix

MZC’Z‘_SU _ Mrc,-,-/;m:{h,,h,} it e N
1
D = [Dlij=1...n with Dj=4q— %" MTCi ;"':'{h/,hk} itizj
keN; S
0 elsewhere
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The EN-SIN model

EN-SIN in matrix form

We are finally get a compact form:
9(t) = = (wlv + Na(t)+Adown(1)) G(1)
+(F(t)+ D)q(t)
+ + r(t).
Matrices F(t) (at all times t) and D are Metzler matrices and have a

number of additional properties. In particular, they are singular and
satisfy 17 F(t) =0 forall tand 17D = 0, with 17 = [1..- 1] ¢ RV.

As a consequence, quantities are conserved by the advection matrix
A(t) := F(t) + D, taking into account transport and diffusion, i.e. the

solution of
q(t) = A(t)a(t),  q(0) = qo,
where sources and sinks are neglected, is such that

N N
Z ai(t) = Z Qi,0 := Gt vt.
i=1 =1
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The EN-SIN model

EN-SIN in matrix form for concentration

By means of the coordinate change ¢ = Tqg, with

. 1 ,
T=dag([Thor, ). Ti= g i=1N

we obtain the EN-SIN model for concentrations:

e(t) = — (Awin + Ag(t)+Adown(1)) C(t)
+ (Fe(t) + Dc) e(t)
+ + re(t)

with

Fo(t)y=TF()T™!
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The EN-SIN model

EN-SIN in matrix form for concentration

We now have

%’% i if j € N
. ik MIN{LN;, Nk Y H
Dc = [De,jlij=1,.n With D=~ 2 | I hi | e
KEN; I
0 elsewhere

Note that the diffusion matrix D, of the concentration model is still
Metzler with a number of additional properties. In particular, it is
singular and satisfies D.1 = 0.

This implies that D, is a consensus matrix, namely the solution of
c(t) = Dyc(t), c(0) = ¢y,
where sources, sinks and flows are neglected, is such that

ZN Z N
I|m Cl(t) = CSS — i=1 CI’O ! — Z/:‘] i,011j

Vi=1, .. N
t=o0 E?; Vi FZL hi
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3-D model

Total mercury concentration (THg) in the position (x,y,z) within the
Augusta basin at time t, is given by:

THg = DHg+ DHgkySIPM + %", PHgib; + >, ZHgnzn
+; FiHg;Fish; + Y°; SPMPhy;PHg; 1)
+ >, SPMZoonZHgy + 3~ ; SPMFish;FiHg;

where
@ DHg is the dissolved mercury concentration
@ SIPM is the Suspended Inorganic Particulate Matter

concentration

@ PHg is the mercury mass accumulated in phytoplankton cell
@ ZHg is the mercury mass accumulated in zooplankton cell
@ FiHg is the total mercury mass accumulated in fish
@ SPMPhy is the concentration coming by dead phytoplankton
@ SPMZoo is the concentration coming by dead zooplankton
@ SPMFish is the concentration coming by dead fish
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3-D model

On the basis of the mass balance equation obtained for the raw water
(see the River Merlin-Expo model, 2015, and Sprovieri et al. 2011),
we devise a PDE which describes the dynamics of dissolved mercury
concentration (DHg) within the 3-D domain of Augusta basin:

83,;@ = +% {DX Bg;lg — 5% (wDHg) + 5% [Dyiagfg] - E%(VyDHQ)

+& |D, 225 | — 2 (v,DHg) — DHg - Cp - SIPM

=2 [Whony, - Kony,up, - DH - bi] + = [PHGi(Kohy,exc; + Kony,gro; ) bi]

— Z Waoo, - kzoo,up,7 - DHg - Zn] + Z [l‘:,l'lgn(kzoo,exc,7 + kzoo,gron)zn}

+ Z [ZHginn(kzoo,egen + kzoo,gron)zn] *Z [Wﬁsh,j . kfish,up,respj : DHQ . FiShj]
+ Z Fngrej(kfish,exc,resp,- + kfish,groj)FiShj]

+ E FngGIn(kﬁsh,egej + kfish,groj)FiShj

+ >[N - mp - bi - PHGi] + 3 [An - Mz, - 2o - ZHgp)

+ 3 [N mier, - Fishy - Fikgy| + 32 5 Ag(1 — €i)gin - 20 - PHg;
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Phytoplankton model

The dynamics of mercury content in each cell of the i-th
phytoplankton population is given by the phytoplankton model (see
The Phytoplankton Merlin-Expo model,2015):

dPHg;

dat Wony, - Kony,up, - DHG — PHg; - (Kohy exc, + Kphy,gro,)

where
@ Wy, is the phytoplankton cell weight
@ Kpny,up, is the uptake rate
@ Kpnyexc, is the elimination rate constant
@ Kphy,gro, is the growth rate constant
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Fish model

The dynamics of mercury content in each fish (or invertebrate) of the
j-th population is given by the Fish model (see The Fish Merlin-Expo
model, 2015):

FiHg; = FiHgre; + FiHgGIT;

Here, the quantity of mercury absorbed by fish through the
respiratory system and the gastro-intestinal tract system are obtained
separately by using the following equations for mass balance:

dFiHgre; .
dt ! = Wﬁshj : kﬁsh,up,respj : DHg - F’ngej(kﬁsh,exc,resp/ + kﬁsh,growth,-)
dFiHgGIT; . \
o L = Wﬁsh, : kﬁsh,ing/ - DietHg; — Fi /HgG/E(kfish,egej + kfish,growth/)
where

@ FiHgre; is the mercury content in fish due to respir. system
@ FiHgGIT; is the mercury content in fish due to GIT system
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Zooplankton model

In accordance with the Phytoplankton model and the Fish model, we
devise an equation which describe the dynamics of mercury content
in each cell of the n-th zooplankton population:

ZHgn = ZHgup, + ZHginy,

Here, the quantity of mercury absorbed by zooplankton through the
cell membrane (uptake) and the ingestion mechanism of the
phytoplankton (grazing) are obtained separately by using the
following equations for mass balance:

% = Wzoon . kzoo,up,, . DHg - ZHgUpn(kzoo,exc,, + kzoo,growthn)
a. dgt;lnn = Wzoon . kzoo,ing,, . Dietng - ZHginn(kzoo,egen + kzoo,growthn)

where
@ ZHgupy is the mercury content in zooplankton due to uptake
@ ZHgin, is the mercury content in zooplankton due to grazing

48/49



Da decidere

References

[§ [Sprovieri et al. (2011)] M. Sprovieri, E. Oliveri, R. Di Leonardo,
E. Romano, A. Ausili, M. Gabellini, M. Barra, G. Tranchida, A.
Bellanca, R. Neri, F. Budillon, R. Saggiomo, S. Mazzola and V.
Saggiomo, The key role played by the Augusta basin (southern
Italy) in the mercury contamination of the Mediterranean Sea,
Journal of Environmental Monitoring 13.6, 1753-1760, 2011.

El [Salvagio Manta et al. (2016)] D. Salvagio Manta, M. Bonsignore,
E. Oliveri, M. Barra, G. Tranchida, L. Giaramita, S. Mazzola, M.
Sprovieri, Fluxes and the mass balance of mercury in Augusta
Bay (Sicily, southern ltaly), Estuarine, Coastal and Shelf Science,
Volume 181, 134-143, 2016.

THANK

iJIOU



	Augusta Bay mass-balance equation
	Review of existing models
	River model
	The underlying continuous model

	From a single-compartment model to the EN-SIN model
	Single-compartment model
	The EN-SIN model

	Da decidere

