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SHAPE ANALYTICITY AND SINGULAR PERTURBATIONS FOR LAYER
POTENTIAL OPERATORS

MATTEO DALLA Rival®, PAoLO LUzzINI>*® AND PAOLO MUSOLINO?

Abstract. We study the effect of regular and singular domain perturbations on layer potential oper-
ators for the Laplace equation. First, we consider layer potentials supported on a diffeomorphic image
@(0R) of a reference set 92 and we present some real analyticity results for the dependence upon the
map ¢. Then we introduce a perforated domain Q(¢) with a small hole of size € and we compute power
series expansions that describe the layer potentials on 9€(e) when the parameter e approximates the
degenerate value € = 0.
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1. INTRODUCTION

Potential theory is a valuable tool to analyze boundary value problems for elliptic differential equations and
systems, both to deduce theoretical results and to perform numerical computations. Indeed, layer potentials can
be used to convert boundary value problems into systems of integral equations that are often easier to study than
the original problems. In recent times, potential theoretic techniques have been successfully employed to analyze
boundary value problems on perturbed domains. In view of this application, it is important to understand what
happens to the layer potentials when we perturb the support of integration. In this paper we look at this problem
in the terms of the following question: what is the regularity of the maps that take the perturbation parameters
to the corresponding layer potential operators?

To try to give an answer, we will consider the layer potentials related to the Laplace equation and we will
study two different kind of perturbations, one that we call “regular,” because we don’t have loss of regularity
in the perturbed sets, and one that we call “singular,” because we do have some kind of loss of regularity in
the perturbed sets. More specifically, as an example of a regular perturbation we will have layer potentials
supported on a set ¢(9€) that is a diffeormorphic image of the boundary 9 of a reference set 2. In this case
the perturbation parameter is the map ¢ and our goal is to understand the regularity of the map that takes
¢, which we think as an element of a suitable Banach space of functions, to the corresponding layer potential
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operators, which we think as elements of suitable operator spaces. Instead, to make an example of a singular
perturbation, we will analyze layer potentials supported on a set 99(e) with Q(e) obtained removing from a
fixed domain Q an interior portion of size € > 0. This perturbation is “singular” because for ¢ = 0 the set Q(¢)
loses regularity on account of a removed point in its iterior. Also in this second case our goal is to understand the
regularity of the map that takes the perturbation parameter — in this case € — to the layer potential operators.
In particular, we will focus on the situation where € varies in a neighborhood of zero.

The interest for the regularity of this kind of maps can be motivated by the applications that they have
in the framework of inverse scattering problems (which can be treated with variational or potential theoretic
methods, or with the alternative approach of Kress and Péivéirinta [34], see also Haddar and Kress [28] and
Le Louér [46]). For example, in the works [54-56] of Potthast, we may find Fréchet differentiability results for
certain layer potentials related to the Helmholtz equation. Charalambopoulos [5] obtained similar results, but
for the layer potentials related to the elastic scattering problem. In the sense introduced above, the perturbations
considered by Potthast and Charalambopoulos are of regular type: they consider a reference set of class C? that
is perturbed into a new set that remains of class C2. The regularity of the sets allows them to keep the analysis in
the context of Schauder spaces. In [8,9], instead, Costabel and Le Louér opt for the framework of Sobolev spaces
to study the case of electromagnetic boundary integral operators. The family of layer potentials considered by
Costabel and Le Louér is actually quite general and includes the usual boundary integral operators occurring
in time-harmonic potential theory. More recently, Ivanyshyn Yaman and Le Louér [31] used the Piola transform
to simplify the approach of Costabel and Le Louér [8,9] and Potthast [56].

Now, all the papers listed in the previous paragraph deal with differentiability properties and, indeed, regu-
larity results that go beyond the differentiability seem to be much rarer in literature. There are some examples
though. For instance, Ammari et al. consider a one-parametric regular perturbation and compute in [3] a series
expansion of the single layer potential as a function of the perturbation parameter. Another example is given
by the recent work on the “shape holomorphy” by Henriquez and Schwab [30], where the authors consider the
layer potential operators supported on a C2? Jordan curve in R2. In Henriquez and Schwab’s paper a suitable
parametrization of the Jordan curve plays the role of the (regular) perturbation parameter, which they think as
an element in a complex Banach space, and, among other results, they show that the Calderén projector of the
two-dimensional Laplacian is an holomorphic map of such parametrization. The idea of “shape holomorphy”
was previously introduced in the papers by Jerez-Hanckes et al. [32], dedicated to the electromagnetic wave
scattering problem, and by Cohen et al. [6], about the stationary Navier—Stokes equations.

Also the present paper’s goal is to discuss regularity properties beyond the differentiability. More specifically,
our aim is to prove real analyticity results. So, for example, in the first part of the paper, where we consider layer
potentials supported on a diffeomorphic image ¢(952) of a reference set 92, we show that the map that takes ¢ to
the corresponding layer potential operators is real analytic. The results of this first part are a direct consequence
of the work of Lanza de Cristoforis and Rossi [44,45] and they can be compared with the holomorphy results
proven by Henriquez and Schwab [30]. Indeed, real analytic maps can be extended to holomorphic maps between
reasonable complexifications of the underlying Banach spaces (see, e.g., the monograph of Hayes and Johanis
[29] and the references therein, see also the paragraph after Cor. 3.3). Although the restriction to the two-
dimensional case might not be essential in Henriquez and Schwab paper, we also remark that here we consider
all dimensions n > 2.

Probably the first analyticity results of this type were obtained for the Cauchy integral in the paper of
Coifman and Meyer [7] and later by Lanza de Cristoforis and Preciso [43]. The above mentioned papers by
Lanza de Cristoforis and Rossi [44,45] were dedicated to the layer potentials for the Laplace and Helmholtz
equations and served as a starting point for Lanza de Cristoforis and collaborators to extend this research topic
in many different directions. For example, in Dalla Riva and Lanza de Cristoforis [15] the authors considered
a family of fundamental solutions of second order constant coefficient differential operators and proved that
the corresponding layer potentials depend real analytically jointly on the parametrization of the support, the
density, and the coeflicients of the operators. We also mention Dalla Riva [11], where a similar result was
obtained for higher order operators, and Lanza de Cristoforis and Musolino [41], for the case of periodic layer
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potentials. Moreover, analyticity properties of the layer potentials have been exploited by the authors to analyze
the shape dependence of physical quantities arising in fluid mechanics, material sciences, and scattering theory
(see [21,22,47,48]).

So, we might say that, as long as it concerns the problem proposed in this paper, regular perturbations are
the subject of several works. Singular perturbations, instead, are widely studied in relation to boundary value
problems and inverse problems (see, e.g., [1,2,49-51], and the references therein), but seem to be less studied
in relation with the regularity of the layer potential operators maps. An exception is the work carried out by
Lanza de Cristoforis and his collaborators with the development of the so called “functional analytic approach”
(see the seminal papers [35-37], see also [20] and the references therein). To illustrate an application of the
functional analytic approach we consider a domain 2(e) with a hole of size e. We first show that we can write
the layer potential operators in terms of real analytic maps of €, which are defined in an open neighborhood of
€ = 0, and of continuous elementary functions of €, which might be not smooth, or even singular for ¢ = 0. Then
we focus on the analytic maps and we show how we can compute explicitly the coefficients of the corresponding
power series expansions. The technique to compute such coefficients is inspired by the work in Dalla Riva et al.
[18], where the computation was carried out in the case of a Dirichlet problem in a domain with a small hole
(we incidentally note that a recent paper [24] by Feppon and Ammari presents a result comparable with that
of [18]).

We observe that the presence of singular functions in the formula for the layer potentials may prevent these
from being analytic functions of ¢ around ¢ = 0. These specific singular functions are, however, completely
known and in many cases restrictions to the positive values of € have analytic continuations also for ¢ < 0 (this
is not surprising, one may think, for example, to the function € — |e|). Some consequences of these continuation
properties are studied in the papers by Dalla Riva and Musolino [16,17].

All results of the paper are presented in the framework of Schauder spaces, but we could very well have opted
for Sobolev spaces instead. One reason to choose the Schauder environment is that it appears to be convenient
when we apply our results to problems with nonlinear boundary conditions (as in [38,40]).

In conclusion of this introduction we like to stress that the aim of the paper is that of providing a well-
organized toolbox of instruments for the analysis of perturbed boundary value problems. The reader may find
applications of these instruments in papers by Lanza de Cristoforis (see, e.g., [36,37,39]), by the authors,
Rogosin, and Pukhtaievych (see, e.g., [18,19,58]) and in the book [20]. From a very general point of view the
main idea in the applications is that, having a boundary value problem transformed into an equivalent system of
integral equations and knowing how the layer potentials depend on the perturbation parameter, we can recover
some information on how the solution of the original boundary value problem depends on the perturbation
parameter. In the conclusion section of the paper we will further comment on this point.

The paper is organized as follows. In Section 2 we introduce some notation, mainly related to layer potentials.
In Section 3 we recall the results of Lanza de Cristoforis and Rossi [44,45] on regular domain perturbations and
we deduce some other analyticity results. We also include a paragraph where we discuss the relation between
real analyticity and holomorphy. In Section 4, we consider singular domain perturbations and, after having
deduced representations in terms of known elementary functions and real analytic maps, we show an explicit
and constructive way to compute all the coefficients of the corresponding power series expansions. Finally, in
Section 5 we give an example of how the results of Section 4 may be applied to a perturbed boundary value
problem and we discuss some future developments.

2. LAYER POTENTIALS FOR THE LAPLACE EQUATION

In this section, we introduce the layer potentials (and associated operators) for the Laplace equation. In order
to do so, we fix

n € N\{0,1}
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and we take
a €10,1] and a bounded open connected subset Q of R™ of class C1?.
For the definition of sets and functions of the Schauder class C7® (j € N) we refer, e.g., to Gilbarg and

Trudinger [27].
Let G, be the function from R™ \ {0} to R defined by

G — o log |z Vz e R*\ {0}, ifn=2,
n(@) = L—|z|>~" VzeR™\ {0}, ifn>3,

(n—2)sn

where s, denotes the (n — 1)-dimensional measure of the unit sphere in R™. The function G,, is well-known to
be a fundamental solution of —A := — Z?Zl 3§j. For the sake of simplicity, we will sometimes use the notation

6]‘ = 8%..
We now introduce the single layer potential. If u € C° ((“)Q), we set

Salul(z) = " Gn(z —y)uly)doy,  Vr €R", (2.1)

where do denotes the area element of a (n — 1)-dimensional manifold imbedded in R™. As is well-known, if
peC? (8(2), then Sg[u] is continuous in R™. Moreover, if u € C% (6(2), then the function Sg“ (1] == Sg [,u]@

belongs to 1 (5), and the function S§* (1] := Sg[u] g\ g belongs to cope (R” \ Q) As usual, A denotes the
closure of a set A. )
Similarly, we introduce the double layer potential. If 1) € C° (89), we set

Dg[](x) = — /aﬁ ve(y) - VGo(x — y)(y) doy Vr € R”, (2.2)

where v denotes the outer unit normal to 99 and the symbol “” denotes the scalar product in R™. In the above
definition of the double layer potential Dg[t)], the symbol VG, (z — y) must be understood as (VGy,)(xz — y),
and thus

Vy(Gn(z —y)) = =(VGu)(z —y) = =VGn(z —y).

Incidentally, we note that the function G, (x — y) has for x = y a singularity of order n — 2 when n > 3 and a
logarithmic singularity when n = 2. Its gradient VG,,(z — y) has a singularity of order n — 1 for all n > 2, but
if Q0 is of class C%* and we take z and y in 89, then we can see that the singularity of ve(y) - VG, (z —y) is of
order n — 1 — . As a consequence, the functions in the integrals of (2.1) and (2.2) are integrable in the classical
sense also for 2 € 99 and we don’t need to understand the integrals as principle values. For more details we
refer the reader to Sections 4.3 and 4.4 of [20].

As is well known, if ¢» € C1:* (8@) the restriction Dg[1)] g extends to a function Dg‘t [¢] in C1e (Q) and the

restriction Dy, [w]\Rn\ﬁ extends to a function DZ*[Y] in che (R” \ Q) We observe that the symbols Dg‘t [¢] and
Dg[¢] denote the extensions of the restrictions of the double layer potential to the closure of the interior and

of the exterior of €, respectively.
Next, we introduce two operators associated with the boundary trace of the double layer potential and of the
normal derivative of the single layer potential. Let

Kalt](z) = - /8 6(0) - VGola = 9)Uly)do, Vo € O (2.3)
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for all ¢ € C1 (3()), and
Ko@) i= [ vo(a) VGola = puln)do, Vo <00, (2.4)

for all p € C%« (6Q> As it is well-known from classical potential theory, Kg is a compact operator from
obhe (8@) to itself and ICSQZ is a compact operator from C%® (8@) to itself (see [59,60]). Also, the operators
Kg and IC’Q are adjoint one to the other with respect to the duality on C™® (8Q> x O (8(2) induced by the

inner product of the Lebesgue space L? ((“)Q) (¢f., e.g., [33], Chap. 4). Moreover, the following jump formulas,

describing the boundary behavior of the layer potentials with the corresponding boundary operators, hold.

. 1 ~
D [lpn = —5¢ +Kal] W € 2= (09),
1 ~
D5 [lon = 5%+ Kalt] ¥ e Cho(09),
) 1 _
v VSE il oq = su+ Kplul  Vue (o),

1 ~
ve - VG o = —5n+ Kglul  Ype e (89),

(see, e.g., [26], Chap. 3).
Finally, we also set

Valul(x) = Sglul(z)  Va € 09, (2.5)
for all u € C%« (3(2), and
We¥](z) == —vg(x) - VDS%Xt W](x) = —vg(z) - VDg‘t [¥](x) vz € 09, (2.6)

for all v € CH@ (8@) (see, e.g., [20], Thm. 4.31 (iii)). Clearly, Vg[u] € Ct (8@) for all yu € C% (6@) and
Wa ] € 0@ (a@) for all ¢ € C1* (a(z).

3. REGULAR PERTURBATIONS AND SHAPE ANALYTICITY

In this section, we consider layer potentials supported on the diffeomorphic image of a reference set. We
show some results of Lanza de Cristoforis and Rossi [44,45] on the real analyticity of the maps that take the
parametrization to the corresponding layer potentials. From these results we deduce some analyticity results
for the corresponding operators. For the definition and properties of analytic operators, we refer to Prodi and
Ambrosetti [57], p. 89 and to Deimling [23], p. 150. Here we just recall that if X, J are real Banach spaces, and
if ' is an operator from an open subset W of X to ), then F' is real analytic in W if for every zy € W there

exist 7 > 0 and continuous symmetric m-linear operators A, from X™ to ) such that > -, [[Anm[lr™ < oo
and F(zo +h) = F(zo) + 32,51 Am(h, ..., h) for [[hflx <.
We now introduce the geometry of the problem. We fix
a €]0,1] and a bounded open connected subset 2 of R™ of class C** (3.1)

such that R™\ Q is connected.

To consider shape perturbations of layer potential operators, we take the set 2 of (3.1) as a reference set.
Then we introduce a specific class Aé’s of Ch-diffeomorphisms from 09 to R™: Aé’g is the set of functions of
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o0 /\ $(0Q)

FIGURE 1. The diffeomorphism ¢ € Aé’g and the ¢-dependent sets ¢(99), I[¢] and E[¢].

class C1(9Q, R™) that are injective and have injective differential at all points of Q. By Lanza de Cristoforis
and Rossi ([45], Lem. 2.2, p. 197) and ([44], Lem. 2.5, p. 143), we can see that .A}j’g is open in C12(9Q, R™).
Moreover, for all ¢ € Aé’g the Jordan-Leray separation theorem ensures that R™ \ ¢(9€2) has exactly two open
connected components (see, e.g., [23], Thm. 5.2, p. 26 and [20], Sect. A.4). We denote by I[¢] the bounded

connected component of R™ \ ¢(992) and by E[¢] the unbounded one. Then, we have E[¢] = R™ \ I[¢] and

E[¢] = R™\ I[¢] (see Fig. 1).

We will think at the diffeomorphism ¢ as a point in the Banach space C1(9Q, R") and we want to see that
the maps that take ¢ € Aé’g C Ch*(99,R™) to the operators Vi), Kig): IC]'IM, and Wy are, in a sense, real
analytic. We observe, however, that these operators are elements of spaces that depend on ¢. For example, Vyj¢)

belongs to
L(C%(4(89)), C1*(4(0))).

So, to have real analytic maps between fixed Banach spaces we “pull-back” the operators to the reference set
09Q. For example, for a diffeomorphism ¢ € Aé’g, we denote by Vy the operator that takes a density function
€ CO(09) to Vyjg[1 o ¢(_1)] o ¢. Namely, we set

Vglu] == Vi) {,u o gb(_l)} %) Yu € CO(0Q).
Then we see that Vg is an element of the space
E(CO’Q(BQ), Cl’a(aﬂ)),

which does not depend on ¢, and it makes sense to ask if the map ¢ — V is real analytic. Similarly, we denote
by Ky the element of £(Ch*(892),C*(2)) such that

Kolt] i=Kuggr [0 0t D] 0o Wy e Cho(00),
we denote by Ky the element of L(CO(0%),C%*(09)) defined by

]C;s[u] = ]C]/I[¢] [Iu o ¢(—1):| o Yu e CO’O‘(GQ)7
and by W the element of £(C1(0%2),C%*(99)) defined by

Wolt] = Wigg [0 6] 00 v e C1(09).

In the following Lemma 3.1 we present some results from Lanza de Cristoforis and Rossi [44,45].

Lemma 3.1. Let o, Q2 be as in (3.1). Then the following statements hold.

(i) The map from Aég x C%(9Q) to CH*(0N) that takes a pair (¢, ) to the function Vi) [p o ¢V o is
real analytic.
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(ii) The map from A},’S x CL(00Q) to C1*(00N) that takes a pair (¢,1)) to the function Kijg) [1/} o (i)(’l)] o ¢ is
real analytic.

(iti) The map from Agg x C%*(9Q) to CO*(9Q) that takes a pair (¢, ) to the function Kig) LoV o is
real analytic.

(iv) The map from Aé’g x CH2(99) to C"*(0R) that takes a pair (¢,1) to the function Wiy [1 o (;5(’1)] o is
real analytic.

By Lemma 3.1 we deduce the validity of the following theorem, where we show that the operators Vy, Ky,
K, and W, depend real analytically on ¢.

Theorem 3.2. Let o, Q be as in (3.1). Then the following statements hold.

(i) The map from Ay to L(CO(09), C1*(09)) that takes ¢ to Vg is real analytic.
(ii) The map from Aé’ﬂ L(CH(0%),CH*(0R)) that takes ¢ to Ky is real analytic.
(iii) The map from A(la’Q to L(CO(09), CO*(09Q)) that takes ¢ to Ky is real analytic.
(iv) The map from A})’Q to L(C1(09),CO*(0RQ)) that takes ¢ to Wy is real analytic.

Proof. We prove only statement (i). The proof of statements (ii)—(iv) can be effected similarly and is accordingly
left to the reader. By Lemma 3.1 the map

AL X CO(00) 3 (9, ) = VH(, ) = Vi [0 60| 0 6 € €1 (00)
is real analytic. Since V! is linear and continuous with respect to the variable y, we have
Vor = d VA5 pf) V(o ) € A x €O (09).

Since the right-hand side equals a partial Fréchet differential of a map which is real analytic by Lemma 3.1 (i),
the right-hand side is analytic on (¢, u*). Hence (¢, u*) — Vg is real analytic on Agﬁ x C%(9Q) and, since
it does not depend on u*, we conclude that it is real analytic on Aé’g. O

Theorem 3.2 is a direct consequence of Lemma 3.1 in Lanza de Cristoforis and Rossi [44], but the new
formulation has some advantages. For example, we can now recover from a different perspective the result of
Henriquez and Schwab [30] on the shape holomorphy of the Calderén projector, and actually we can extend it
from the 2-dimensional case to any dimension n > 2. So, as in Henriquez and Schwab [30], we now introduce
the element Cy of L(CH*(9Q) x CO*(99), CH*(9Q) x C**(99)) defined by

C, = %I_Icti’ Vo
" Wy  3I+K,

for all ¢ € Aég In other words, if ¢ € ABQ and (1, p) € CH*(9Q) x C*(9Q), then

1 1
Colt), n] = <2w = Ko[Y] + Volul, Wolvl + 51 + ’%[u]) :
The operator Cy is called Calderén projector. By Theorem 3.2, we immediately deduce the validity of the
following corollary, where we show that the map that takes ¢ to Cy4 is real analytic (for the case of arbitrary
dimension n > 2).

Corollary 3.3. Let «, Q be as in (3.1). Then the map acting from the space Aég to L(CH(09Q) x
CY(9Q), CH(92) x C**(9RQ)) that takes ¢ to the bounded linear operator Cy is real analytic.
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We can now see that the map ¢ +— Cy has a holomorphic extension. Indeed, it is well known that for a real
vector space X we can consider the complexified vector space X = X + iX with the operations

(z+1y) + (u+iv) = (z+u) +i(y +v)

and

(a+1b)(x + iy) = (ax — by) + i(bx + ay)
for all z,y,u,v € X and a,b € R. If in addition X is a normed space, with norm denoted by || - ||x, then we
might want to equip X with a norm as well. How to define a norm on X is not, however, a trivial task. We can

see, for example, that the function
n(@ +iy) = \/llzl% + llyli%

is a norm on X only when the norm of X comes from an inner product (we can verify that if n(-) is positive

homogeneous, then || - || x has the parallelogram property). In [61] Taylor proposed to consider the function
[z +iylg = sup V@(z)* + 2(y)?, (32)
DB xn

where By is the closed unit ball in X* := £(X,R) (see also [52]). We can verify that | - ||z is a norm on X
and that X with the norm || - || ¢ is complete as soon as X is complete. We can also see that the norm in (3.2)
can be written as

[z +iyllg = sup |[[(cost)z + (sint)y| x

te[0,27]
(cf., [53], Eq. (1)). In addition, every reasonable norm | - ||z on X that satisfies the conditions
2l = llzllx Vo e X

and
lo+ iyl = llz— gl  VoyeX

is equivalent to || - || ¢ (cf., [53], Prop. 3).
For what concerns this paper, we deduce that C1%(9Q, C) (the space of C1'® complex valued functions on

—_~—

99) coincides algebraically with the complexified space C1:*(9Q) and the standard norm on C1:®(92, C), which
is reasonable in the sense introduced above, is equivalent to the norm defined by (3.2). Similarly, we have

ClLe(9Q,Rr) = C1 (99, C™)

algebraically and with equivalent norms, and the complexification of the real Banach space
L(CH(0%2) x C%*(99),CH*(9Q) x C**(99)) coincides algebraically with

L(CH(99,C) x C%*(90, C), C1*(99, C) x C**(89, C))

and has an equivalent norm.
Then, from Corollary 3.3 and from Héjek and Johanis ([29], Thm. 171, p. 75) (see also [4], Thm. 5) we readily
deduce the following result on the shape holomorphy of the Calderén projector.

Corollary 3.4. Let o, Q be as in (3.1). There exist an open subset .Zég of C1*(0Q,C") such that Aég ~
Agg ﬁ~01*°‘(3Q,R") (that is, Aé’g is the subset of the real valued functions of .Aél)’g) and a holomorphic map C
from A5 to

L(CM*(99,C) x C°° (99, C), C* (90, C) x C**(00,C))

such that (7[41)] =Cy forall ¢ € Aé‘g.
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e—0
é
@ (0

FIGURE 2. The perforated set Q2(e) and the limiting punctured set Q°\ {0}.

4. SINGULAR PERTURBATIONS

In this section we consider the effect of a singular perturbation produced by a small perforation in the domain
that is bounded by the support of integration.
We fix

a €]0,1[ and two bounded open connected subsets 2, Q% of R" of class C1'®,

such that their exteriors R™ \ Q° and R™\ Qi are connected, (4.1)
and the origin 0 of R™ belongs both to 2° and to Q.

753}
(3

Here the superscript “o” stands for “outer domain” and the superscript stands for “inner domain.” We take

€ = sup{@ €10, 400[ : € C Q°, Ve € |-, 0[}, (4.2)
and we define the perforated domain Q(e) by setting
Qe) := Q°\ QF

for all € € |—¢, €9[. Clearly, when e tends to zero, the set {(e) degenerates to the punctured domain Q° \ {0}
(see Fig. 2).

We observe that the regularity of the set 2 was playing a crucial role when dealing with the regular pertur-
bations of Section 3, but not here. Here, we could very well relax the conditions on ' and Q° and take two
Lipschitz domains instead. If that was our choice, we should consider integral operators in the framework of
Sobolev spaces instead of Schauder spaces (as in [10]). For the sake of simplicity in the presentation, we prefer
to keep working with domains of class C*“ and with Schauder spaces.

4.1. The operator Vg

Our aim is to study the maps that take € € |—€g, €[\ {0} to the operators Vo e, Ko, I%(E), and Wo(e)-
We see, however, that these operators are defined on spaces that depend on the parameter e¢. For example, for
every fixed € € |—ep, o[ \ {0} the operator Vo) is an element of £(C%*(8(e)), C*(8(e))) (we remind that
Va(e) is the restriction of the single layer to the boundary of €(e), see definition (2.5)). Then, to describe the
dependence of Vq(.) upon € we “pull-back” the operator to the boundary of the fixed domains 9Q° and 9€2".
That is, we define

V? [00, Gi} () := Voo [1el(z) Yz € 09°,
V107,07 (0) 1= Voo lucd(et) Vi€ o,
with

0°(x) if x € 0Q2°,

pre () = {9@'(3;/6) if 2 € 0(eQ), .
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for all (6°,6%) € C%*(9Q°) x C*(9Q7). So, in a sense, we identify functions of C%*(9Q(e)) and C**(9Q(e))
with elements in the product spaces C%(9Q°) x C%*(9Q%) and C1*(9Q°) x C1*(9Q?), respectively. Then we
set

Ve = (V2,V))

and we observe that, for every e € |—¢g, €o[ \ {0}, the operator V. is an element of a space that does not depend
on €, namely

Ve € L(CP*(80°) x CO*(99"),CH*(9Q°) x CH*(09")).

In the following Theorem 4.1 we describe V. as a matrix operator with entries written in terms of analytic
maps and elementary functions of €. As we shall see, the proof of Theorem 4.1 exploits certain real analyticity
results for integral operators with real analytic kernels (cf., [42]) and computations based on the Taylor series
expansion of the kernel. In what follows we will often use the equality

Oh(F(er) = 3 0 (D°F)(ex), (1.4)
i

which holds for all K € N, e € R, x € R™, and for all functions F' analytic in a neighborhood of ex. Here, if
B € N", then (D?F)(y) denotes the partial derivative of multi-index 3 of the function F evaluated at y € R™.

Theorem 4.1. Let a, Q°, QF be as in (4.1). Let g be as in (4.2). There exist real analytic maps

]—€0,€0] — L(CO*(00), CH*(9Q°))

ers VO
and )
|—€0,e0[ = L(CY(99°), CH(9))
e Vo
such that
Voo € nflvo,i
VE = ?o | ‘ ‘ le| log |€] (45)
Vg |€‘ VQL — 627n?1nt69i
for all € € |—€o, €] \ {0}, where
Intyq: [07] := 0'do Vo' € C*(99QY).
oNi

Moreover, the following statements hold.

(i) The coefficients V(k) of the power series expansion Vg’i = ZZOZO ekv&é with € in a neighborhood of 0 are
given by
Vil = (0F Y 5 L (0°6,) (e )/msﬁai(s) do,

BEN’IL
18|=k

forallk €N, z € 9Q°, and 6" € C%*(0Q"). _
(ii) The coefficients V(l]’:; of the power series expansion V20 = > 12 ekV(ll’co) with € in a neighborhood of 0 are
given by
VW[H" = Z ﬂ'tﬂ DBG y)0°(y) doy,

Genn 890
1B1=k

for allk € N, t € 90, and 0° € C**(9Q°).



SHAPE ANALYTICITY AND SINGULAR PERTURBATIONS 1899

Proof. Let (6°,0%) € C%*(9Q°) x C%*(00%), € € |—€o,¢€0[ \ {0}. By a computation based on the theorem of
change of variable in integrals we have

Ve, (@) = [ Gule — 9)6°(y) doy + | / Gl — €504 (s) do,
one o0

= Voo [0°)(x) + |e|" ! /8977 Gz — €s)0'(s) do

for all x € 99Q°. Similarly, we can compute that

€[ log |€|

Vi, 000 = [ Gulet =)0 w)doy +1d [ Gult— 5)0%(s) do, — 82 0'(s) do,
ane o T o
) 1 .
= G (et — y)0°(y) doy, + |€] Va:[0°](t) — 62,nw 0*(s)dos
o920 2 Joqi

for all t € 9, where we have also used the equality
1
Gn(€€) = [e[*7"Gn(€) = dong—logle] V€€ R™\{0}, Ve #0.
Then equality (4.5) holds with

VOO (@) = | Gl —es)(s)dos V0" € CV(ONY'), Vu € 09
o0
and

VIONt) = | Galet = )0(y)do,  VB” € CO(0R°), Vi € 09
o0e

By the regularity results for the integral operators with real analytic kernel of [42] and by the same argument
we have used in the proof of Theorem 3.2, we can see that the maps € — V% and € — V»° are real analytic
from |—eq, €[ to L(CY*(9Q), CH(9Q°)) and from |—eq, €[ to L(CY*(9Q°), CH(9Q?)), respectively.

Then we can locally express € — Vo with its Taylor series. In particular, we have

(oo}

0,1 1 0,1
V€7 :Zekﬁ(aéCVe’ )\E:O

k=0

for € in a neighborhood of 0 and we can prove statement (i) computing the derivatives (9¥V2:) le=0" With the
help of equation (4.4) we can see that

_ ! _
af( Gyl — €s5)0(s) dors) =(-DF > ’i,/ s (DG, (x — es)0'(s) do,.
o Genn B! Jaq
|B|=Fk
Accordingly

k!

E(DﬁGn) (sc)/ s70'(s) dos,

ot

65( Gz — €s)0'(s) dos> = (—1)* Z
Nt le=0 BEN™
|Bl=k

and statement (i) follows.
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Similarly, to verify statement (ii) we have to compute the derivatives (85])?0) Again, with the help of

(4.4) we see that

le=0"

Z g—: /aszo t? (DBG,L) (et —1)6°(y) doy,

BEN™

o ([ Gttt o, )

13I1=Fk
accordingly
k!
85( Qe Cn(et = 4)6°(0) day)| 0 B Z Etﬁ /aQo (DBG") (—9)0°(y) doy
€= ﬂeNn
|B1=k
k! )
(0t 3 5 [ (076 W) do,
genn 170 Joqe
|BI1=Fk
and statement (ii) follows. -

4.2. The operator Kq()

We proceed with the boundary operator Kgq(c), which is the restriction of the double layer potential to the
boundary of Q(¢) (see definition (2.3)). In a way that resembles what we did above for the single layer potential,
we set

K2[6°,0'] (z) := Koo [vel(z)  Va e 0Q,
KL[0°,07](t) := Koeolve(et) Vit € oY,

for all € € |—€g, o[ \ {0} and (0°,0%) € CH(9Q°) x CH*(9Q?), where

0°(z) if x € 0Q°,

Vel@) = {01(.13/6) if z € 9(eQ?). (4.6)
Then we denote by K. the element of £(Ch*(99Q°) x C1*(9Q%), C1*(90°) x C1*(9Q")) defined by
Ke = (K2,KL) Ve € ]—eo, €[ \ {0}
We have the following.
Theorem 4.2. Let o, Q°, Q° be as in (4.1). Let g be as in (4.2). There exist real analytic maps
J—€0,e0[ —  L(CH*(097),CH*(60°))
e K2
and )
]—€0, €0 =  L(CH*(09°),Ch (09))
e K0
such that 2o
Kaqo  ele|"=Ko"
(N c 4.
. <’C?o —Kai > .t

for all € € |—eq, €o[ \ {0}. Moreover, the following statements hold.
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(i) The coefficients ICE’,CZ) of the power series expansion K2 = Yoo ek/C(()’i) with € in a neighborhood of O are
given by

0,1 i 1 7
Cile)e) = (1" 35 5 (9D%6)e): | ra(s)s70'(s) do
|B]=Fk

for allk € N, z € 0Q°, and 6" € CT*(00"). ,
(ii) The cocfficients K{y) of the power series expansion Ki® = 35,2, ekICE}:) with € in a neighborhood of 0 are
given by
ICW[QO = Z ﬁ'tﬂ/ vae(y) - (VDPG,) (y)60°(y) doy,
Qe

BEN™
|8l=k

for allk € N, t € 02, and 0° € C1*(0Q°).

Proof. Let (62,0%) € C12(9Q°) x CH*(9Q"), € € ]—€o, €0[\ {0}. By the theorem of change of variables in integrals
and equality ,
Veqi(€s) = sgn(e)vgi(s) Vs € 05Y,

we can see that

K210°,0" (z) = Kqo[0°](z) + || sgn(e) /am vqi(s) - VG (z — €5)0"(s) do

= Kqo[0°](z) + €|e]™ 2 /391 vgi(s) - VGp(z — €s)0'(s) dog

for all x € 90°. Moreover, by equality
VGa(en) =sgn(e)le]' "VGn(n)  Vee R\ {0}, Vn e R"\ {0},
we can compute that
KCL6°, 6% (t) = 7/ vae (y) - VG (et — y)0°(y) doy, — Ka:[07](2) vt € 0.
aQe
Then equality (4.7) holds with
K101 (z) = / voi(s) - VGp(z — €s)0'(s) dog Vo' e CT (09, Vo € 99°
Qi
and
KE010°](t) = —/ vao(y) - VG (et — 4)8°(y) doy, vo° € C1*(9Q°), Yt € 9N,
Qe

By the regularity results for the integral operators with real analytic kernel of [42] and by the same argument
we have used in the proof of Theorem 3.2, we can see that the maps € — K2 and € — K are real analytic
from |—eq, €[ to L(C1(9Q1), CH(9Q°)) and from |—eq, €[ to L(CH*(9Q°), CH(0Q?)), respectively.

Then we can locally express € — K2 with its Taylor series. In particular, we have

K:gz Zefaklcozk 0

for € in a neighborhood of 0 and we can prove statement (i) computing the derivatives (9¥K2?)/.—o. With the
help of equation (4.4) we can see that

oF (/ voi(s) - VG (z — €s)0(s) das> = / vai(s VDBG ) (@ — €s)s70(s) do,
lek eNn oQi
Iﬁl k
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and accordingly

; vai(s) - z —€s)0"(s)do = (=1)* k! Vo ($)$207 () do
ae</3m i (s) - VGa( )0()ds> (-1) Zﬁ,(vpa)()/ 0i(s)s70" (s) dos

le=0 BeN” ot
181=F

and statement (i) follows.
Similarly, to verify statement (ii) we have to compute the derivatives (9¥K%°).—o. Again, with the help of
(4.4) we see that

ok (/ vao(y) - VG (et — 4)0°(y) day> = / vao (y) - (VDPG) (et — y)tP6°(y) doy,
a9° BeNn o0°

181=F
and accordingly
o k' o
(= [ vt Vet - p0ae,) == 5 5 ) (VDG () ) do,
a0e [e=0 %Nnﬂ a0e
|Bl=k
= —tﬁ/ Voo (y VD'BG n) ()6°(y) do,
BEN™ one
|Bl=k
and statement (ii) follows. O

4.3. The operator KZQ(E)

We now turn to ICQ(G), the boundary operator related with the normal derivative of the single layer potential
(see definition (2.4)). We set

Ke16°,0')(2) == Koo lud(x) Vo € 997,
L0, 0(0) == Ko ncl(et) vt € 02,
for all € € |—¢o, €0 \ {0} and (8°,67) € CO*(90°) x C%(IQ), with pc as in (4.3). Then we define
Ke = (K&,KL) Ve €€, e[ \ {0}

and we note that K. is an element of L£(C%*(9Q°) x C%*(9Q), C%*(9Q°) x C%*(9Q*)). We can prove the
following.

Theorem 4.3. Let o, Q°, Q be as in (4.1). Let €y be as in (4.2). There exist real analytic maps
]—€0,€0] — L(CO*(00), C**(9Q°))

€ — K:éo,i

and )
J=eo, 0l = L(CP(9Q°), 0% (99"))
€ KO
such that o iy
K. = < N > (4.8)
sgn(e) Ko —Kg

for all € € |—eq, €o[ \ {0}. Moreover, the following statements hold.
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(i) The coefficients IC s Z of the power series expansion Kt = Yoo eleE?c’; with € in a neighborhood of 0 are
given by

K:Et])c)zwz = Z —Z/Qo VD G )( )/ _Sﬁei(s) dos
BGN" o0t
|8|=Fk

forallk € N, z € 9Q°, and 0t € CO>(00Y).
(ii) The coefficients ICElkg’ of the power series expansion K0 =377 eleEZk;’ with € in a neighborhood of 0 are
given by

KEI0) = (-0 Y L) [ (9D%G) 000 e,
EGNn o0e
|B|=k

for all k € N, t € 99, and 0° € C%(50°).

Proof. Let (0°,0%) € C%(99°) x CO*(92%), € € |—eo, €] \ {0}. By a straightforward computation based on the
theorem of change of variable in integrals we can see that

Ke10°,0")(x) = Kgo[0°](x) + || ! /59 Voo () - VG (2 — €5)0'(s) dog Yz € 99°,

K1 [60°, 67](t) = —sen(e) /B  vat) VG (et = )0°() do, — K 91(0) Ve € 082

Then (4.8) holds with
K127 (607 () = / vao (@) - VGo(z — es)8'(s)dos Vo € 80°, Vo' € CO(000),
o0
K16 (t) 1= — / Vo (t) - VGn(et — y)6°(y) do, Vit € O, V6° € CO(0°).
o0e

By the regularity results for the integral operators with real analytic kernel of [42] (see also the argument in
the proof of Thm. 3.2) we can see that the maps € — K/*% and € — K/»° are real analytic from |—eg, €[ to
L(CY%*(901), C%(99°)) and from |—eg, o[ to L(CV*(92°), CO*(90)), respectively.

To verify statement (i) we compute

ok (/ Voo (z) - VG, (z — €5)0'(s) dos> = / vao(z) - (VDPG,) (z — €s)s°07(s) dos,
Glo8 56Nn o0
|B|=Fk

and accordingly

ok </ Voo () - VG, (z — €5)0°(s) dos> = Z fmo -(VDPG,)(z )/ 570 (s) do.
Q! le=0 5€Nn Q¢
|Bl=Fk

To verify statement (ii), we note that we have

oF ( / vi(t) - VG (et — y)0°(y) day) / vai(t) - (VDPG,) (et — y)t?0°(y) doy
one 5€Nn o0Ne

18l=k
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and accordingly

85(— / m(t)-VGn<et—y)0°(y>day) / voi(t) - (VDPG,)(—y)t?6°(y) doy
o0e le=0 56Nn o0e

|Bl=k

Z tPrgi(t) - /gmo (VD'BGn) ()0°(y) doy,.

BGN’L
|Bl=k
(]
4.4. The operator Wgqq)
The last operator to consider is Wq) (see definition (2.6)). As usual, we define
W2[0°,0")(x) == Wa[te(x) Vo € 0Q°,
WIO°,0°)(t) == Wao[ve)(et)  Vt € 0,
for all € € ]—€g, €[ \ {0} and (6°,6%) € C1*(99°) x C1*(9Q), with 1), as in (4.6). Then we take
= (W2, Wi) Ve €l-e, el \ {0}
and we wish to describe the map ¢ — W, from | — €,e] \ {0} to the space of operators
L(CH(09°) x CH(907), CO(99°) x C%*(907)).
Theorem 4.4. Let o, Q°, Q0 be as in (4.1). Let €y be as in (4.2). There exist real analytic maps
J—€o0,e0[ —  L(CH*(097),C"*(60°))
€ WO
and ,
J—€0, €0l = L(CH(0Q°),C%*(0))
€ WO
such that ) _
Waoro n—2yA)0,i
_ ( Q A €|€‘71 € > (49)
sgn(e)Wre  le|= " Weyi

for all € € |—€q, o[ \ {0}. Moreover, the following statements hold.

(i) The coefficients W(Ok’) of the power series expansion W = Yoo ekW% with € in a neighborhood of 0 are
given by

WO (@) == (1) Y Z (Voo (2))1(VDP0,G ) () - / vai(5)s°607(s) do
senn =1 B! o0
|B|=Fk
for allk € N, z € 0Q°, and 6" € CT*(0N").
(ii) The coefficients Wzko) of the power series expansion W° =572 ekW(’ko) with € in a neighborhood of 0 are
given by

Wig[6°)(t) = (—1)++! ZZ 3 (e / Vo () - (VDPO,G) (4)6° () do,
=

for all k € N, t € 9Q¢, and 0° € CH*(9Q°).



SHAPE ANALYTICITY AND SINGULAR PERTURBATIONS 1905

Proof. Let (6°,0%) € C1*(9Q°) x C12(901), € € |—€o, €0\ {0}. By the theorem of change of variable in integrals
we can compute that

WP2I0°,0%)(x) = Wae[0°)(x) — |e|™ tsgn(e)vge (z) - V. o vgi(8) - VG (z — €5)0'(s) do

= Wao[0°](z) — €|e|” 2 Z Voo (x / vqi(s) - VG, (z — €5)0'(s) dog
o

for all x € 90°, and

n

Wi[6°,67)(t) = —sgn(e) Y _(vos (t))l/ vao(y) - VOIG(et —y)0°(y) day + el Was[07] (1)

=1 one

for all t € 9Q'. Then (4.9) holds with
WO () == = Y (vae (x / vai(s) - VOIG,(x — €s)0'(s) do,
=1 o
for all z € 9Q° and 0° € C1*(9Q), and

Wzo 90 . Z VQz / I/Qo( ) V@lG (Et - )ao(y) dO'y
oNe

=1

for all t € 9O, 6° € CH(90°).

By the regularity results for the integral operators with real analytic kernel of [42] (see also the argument in
the proof of Thm. 3.2) we can verify that the maps e — W% and € — W% are real analytic from |—eg, €g[ to
L(Ch*(991), CO*(09°)) and from |—eo, o[ to L(CH(9Q°), C%*(997)), respectively.

To verify statement (i) we compute

ok < - zn:(ym (), /8 e () - VO,Gp(x — €s)0(s) das>

=1

= (=1~ Z Z (vao(x / vai(s) (VDPO,G)(x — €5)sP0(s) do,
BEN" I= 1 o0
|8l=k
and accordingly

" ( ) Ve [ () Gl = e das>

le=0

= (—1)k*? Z Z (vae (2))1(VDP8,G,,) (z) - / Vi (5)s70(s) do.

Genn 1= 1 Qi
|B|=Fk

To verify statement (ii) we compute

(= e O [ v l0) - V0Gu(et )07 0) o,

—= 3 S GO [ el (VDAG, et~ 8 ) o,
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and accordingly

BEN™ 1= 7B
|B1=Fk
1)k+t Z Z B vy (t / vae (y) - (VDP9,G,) ()6° (y) doy
P < a0
|B]=k

O

In conclusion of this section, we note that, putting together the results obtained for the operators Ve, Kc, K.
and W,, we may also describe the map that takes € to the (pull-back of) the corresponding Calderén projector.

5. SOME FINAL REMARKS

We give a simple example of how the results of Section 4 may be applied. Here we can only show the most
important outlines of the arguments involved, for the detailed analysis of similar problems we refer the reader
to Dalla Riva et al. [18,20]. Suppose we want to describe the dependence on € of the solution u, € C*(Q(e))
of the mixed problem

Auc(r) =0 V€ Q(e),
ue(x) = fo(z) ‘ Vo € 0Q°, (5.1)
—Veqi(x) - Vue(z) = f'(x/e) V€ el

for a fixed datum (f°, f) € C1*(99Q°) x C%*(90"). In particular, we are interested in € that approaches 0 and
€Q)' that shrinks to a point. We may proceed as follows: First we observe that problem (5.1) has at most one
solution for all € € 0, €[ (this can be proven by a standard energy argument). Then we look for a solution
written as a combination of a single layer potential and a constant function. That is, we take

ue(r) = Sa)[pe () + & Vo € Q(e) (5.2)
for some function p. € C%*(9Q(¢)) and some real number .. If we rescale the restriction of . on €99 and

write
o [P iweo
Hel¥) = 0i(z/e) if x € €O,

we see that the function in (5.2) is a solution of (5.1) whenever the triple (62,0, £.) is a solution of the system

€rer
of integral equations
60

© f0>
€ 92 = B
M ( ;

€e

Voo 0 I 0 SR P 0
M, = (IC”"’ Y O) + ( o koo k=0 (k )
(0) Qi Dkt € ® 0 0

(¢f., Thms. 4.1 and 4.3). The right space to let the matrix operator M. act on is

with

X = 0O (90°)y x CO(90) x R
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with
Co’a(aQo)o = {9 € Cova(am);

<VQO 0 H)
14,
K A Kp 0

Y= CH*(9N°%) x C*(9Q")

0do 20}7

because we can see that

is invertible from X to

while _
(0 eI ekV(O,;Z) 0)
S KRS0 0

is “small” in the operator norm of £(X,)) as e — 0. We deduce that M, is invertible for e small and so the
solution u. exists and it can be written as in (5.2) for e sufficiently small. Moreover, using the Neumann series
theorem and working out some algebra, we may compute the power series expansion of the inverse operator M_!
and then derive the power series expansion of the triple (62,07 &.) as a function of the perturbation parameter
€. This being done, we resort to the representation formula (5.2) and combining the expansion obtained for
(62,07, &) with that of the single layer potential of Theorem 4.1 we obtain an expansion for the solution wu, of
problem (5.1).

As mentioned above, the details of the computation go beyond the aim of this paper, but similar ideas were
used for example in [18] to obtain all the terms of the series expansion for the solution of a Dirichlet problem in
a perforated 2-dimensional domain. Now, the results of Section 4 can be applied in any dimension n > 2 and to
different boundary conditions. We may, for example, recover the result of Feppon and Ammari [24], which are
based on layer potentials with Dirichlet Green function as a kernel, and make them available also when the Green
function is not explicitly given. We observe, indeed, that formulas similar to those of Section 4 are available in
specific dimensions and geometric settings in Ammari et al. ([2], Lem. 3.3), Feppon and Ammari ([25], Prop. 2.3,
[24], Prop. 2.5), and in a number of previous papers by the authors (see in the introduction of this paper).

We believe, however, that the systematic presentation provided here is a useful toolbox in view of future
developments. In particular, the simple ideas illustrated above for the case of a mixed boundary value problem
may be extended to problems with nonlinear boundary conditions. We might, for example, replace the last
condition of (5.1) with a condition in the form

—Veqi (l‘) : vue(x) = Fi(€,$/€7u5(1‘)),

where F' is a map that, in some sense, “preserves” the real analyticity. For similar problems it is known that
the solution can be written in terms of analytic maps and (possibly singular) elementary functions of e (see,
e.g., Lanza de Cristoforis [38,40], see also [12-14] for an elastic counterpart). Using the results of this paper and
the known explicit formulas for the series expansions of the composition operators (see [62], Chap. 2, Sect. 5),
we may now try to compute explicit series expansions also in the case of nonlinear conditions. This will be the
subject of future investigation.
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