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Abstract
Functional data capture a wide range of processes, including growth curves and spectral absorption patterns. 
In this study, we analyse air pollution data from the In-service Aircraft for a Global Observing System, focusing 
on the spatial interactions among atmospheric chemicals and their dependence on meteorological conditions. 
This analysis necessitates functional regression, where both response and covariates are functional objects 
evolving throughout the troposphere. Quantifying both the functional dependencies between the response 
and covariates and the interdependencies among multivariate response functions poses significant 
challenges. To address these challenges, we introduce a functional Gaussian graphical regression model, 
which extends conditional Gaussian graphical models to partially separable functional data. We propose a 
doubly penalized estimator for model inference and develop a novel adaptation of Kullback–Leibler cross- 
validation, specifically tailored for graphical estimators. This criterion, named joint Kullback–Leibler cross- 
validation, simultaneously accounts for both precision and regression matrices, particularly in scenarios 
where the population comprises multiple sub-groups. Model performance is evaluated in terms of 
Kullback–Leibler divergence and graph recovery power.
Keywords: air pollutants, conditional graphical models, functional regression, graphical lasso, partial separability

1 Introduction
The study of air, ocean, and land pollution frequently involves analysing large-scale datasets with 
observations distributed irregularly across spatial domains. Air pollution propagates both hori
zontally and vertically, influencing air quality at different atmospheric elevations. The vertical 
transport of chemical species in the atmosphere is a key factor in shaping local meteorological con
ditions and pollution levels. As highlighted by Ji et al. (2021), understanding air quality dynamics 
requires monitoring the vertical column density of pollutants within the troposphere. In recent 
years, numerous studies have investigated vertical pollutant distributions and their interactions 
with meteorological variables, as these factors exhibit altitude-dependent variability (Sherwood 
et al., 2010; Uno et al., 2014).

Our objective is to develop statistical tools that facilitate the analysis of chemical interactions as 
functions of altitude. One of the first applications of functional data analysis (FDA) to air quality 
monitoring was introduced by Martínez Torres et al. (2020). Building upon this foundation, we 
aim to extend this framework by modelling the dependencies between pollutants and atmospheric 
conditions using a multivariate function-on-function regression approach. FDA enables us to 
capture complex, smoothly varying relationships between atmospheric variables across different 
altitudes. Additionally, we examine the conditional dependence structure of pollutants while sim
ultaneously accounting for external meteorological influences.
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Several early contributions laid the groundwork for canonical analysis of functional opera
tors. Leurgans et al. (1993) and Dauxois and Nkiet (1997) developed fundamental methods 
for functional canonical correlation analysis. He et al. (2003) explored the conditions 
under which canonical correlation is well-defined for functional data, representing functional 
variables using a canonical basis. Functional regression models, where both response and 
covariates are univariate functional processes, were later investigated by He et al. (2010), 
who expressed regression parameters in terms of canonical components. Expanding this frame
work, Chiou et al. (2016) introduced a multivariate functional linear regression model by em
ploying a vectorized basis expansion, ensuring a structured representation of multivariate 
functions.

A central tool in FDA is the Karhunen–Loëve (K–L) expansion (Karhunen, 1946), which 
provides a widely used representation of functional data. In multivariate contexts, this ex
pansion can be extended in various ways. Qiao et al. (2019) proposed a truncated K–L expan
sion approach, modelling functional covariance structures within a finite-dimensional 
subspace. Their approach simplifies earlier methodologies (Zhou et al., 2010) that explicitly 
captured complex functional dependencies. However, a limitation of the truncated K–L 
expansion approach is its failure to preserve the underlying multivariate functional structure 
(Chiou et al., 2016).

Recently, Zapata et al. (2021) introduced the concept of partial separability for the covariance 
operator of multivariate functional data. This method defines a structured K–L expansion in 
which variables share a common basis system, allowing for a more interpretable covariance de
composition. Partial separability builds upon prior developments in functional spatial statistics 
(Genton, 2007; Gneiting et al., 2006) and functional geostatistics (Delicado et al., 2010; 
Gromenko et al., 2012). The assumption of separability enables efficient factorization of the co
variance structure (Aston et al., 2017; Constantinou et al., 2018; Lynch & Chen, 2018), facilitat
ing statistical inference in high-dimensional functional settings.

Graphical models for multivariate functional data were first proposed by Zhu et al. (2016), 
who formulated a Markov structure for infinite-dimensional random functions. K.-Y. Lee 
et al. (2023) later introduced conditional functional graphical models, but their approach is 
computationally intensive due to the lack of separability constraints. A dynamic functional 
graphical model allowing for time-varying graph structures was proposed by Qiao et al. 
(2020). However, as noted by Zapata et al. (2021), existing methods fail to recover the true 
graph structure unless the functional data are assumed to be finite-dimensional, due to the non- 
invertibility of the covariance operator. To circumvent this issue, Zapata et al. (2021) pro
posed the partial separability assumption, ensuring that the inverse covariance operator re
mains well-defined.

A penalized approach for multivariate Gaussian processes (MGP) was introduced by Qiao et al. 
(2019), utilizing a block-structured graphical lasso (glasso) estimator (Yuan & Lin, 2007). Zapata 
et al. (2021) extended this framework, demonstrating that partial separability corresponds to a 
multivariate K–L expansion structure. They introduced a joint graphical lasso (jglasso) estimator, 
incorporating a double-penalization scheme to infer both graphical and regression structures sim
ultaneously. Alternative nonparametric approaches, such as the additive model proposed by Li 
and Solea (2018), relax distributional assumptions but fail to establish direct equivalence with 
classical conditional independence. More recently, Zhao et al. (2024) proposed a functional neigh
bourhood selection method (Meinshausen & Bühlmann, 2006), avoiding explicit definition of the 
precision operator.

Estimating both regression and conditional dependence structures in a multivariate setting was 
first explored by Rothman et al. (2010) and later extended by W. Lee and Liu (2012) through a 
doubly penalized maximum likelihood approach. More recently, Sottile et al. (2024) developed 
a conditional graphical lasso to infer interactions among response and predictor functions, incorp
orating efficient penalty-based inference strategies for high-dimensional settings. Model selection 
in graphical models can be performed using information criteria such as the Akaike Information 
Criterion (AIC) or extended Bayesian Information Criterion (eBIC) (Chen & Chen, 2008; Foygel 
& Drton, 2010). Vujačić et al. (2015) proposed a Kullback–Leibler cross-validation (KLCV) ap
proach optimized for graphical model selection, demonstrating its finite-sample efficiency and 
convergence properties.
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In this article, we extend the conditional graphical model framework to a functional setting. We 
propose a doubly penalized estimator and an efficient algorithm to jointly recover the conditional 
independence structure of response functions and their dependencies on predictor functions. Our 
approach integrates multivariate and functional aspects while promoting sparsity through penal
ization. To assess model fit, we introduce a modified Kullback–Leibler Cross-Validation criterion 
tailored for penalized conditional estimators.

The remainder of this article is organized as follows. Section 2 describes the main aspects of 
the In-service Aircraft for a Global Observing System (IAGOS) global initiative to monitor pol
lutants in the atmosphere and the vertical sampling strategy used. In Section 3, we present the 
methodological aspects of our proposed extension of functional graphical regression models. 
In Section 4, we provide an estimation procedure to recover the edge set using a conditional 
group lasso estimator, and we propose a novel selection method for the tuning parameter of 
the estimator. Section 5 provides computational details and evaluates our approach’s perform
ance through a simulation study. Finally, in Section 6, we present the results of our analysis on 
the IAGOS data.

2 IAGOS: high-resolution air quality monitoring
The IAGOS is a European research infrastructure designed to collect high-resolution atmospheric 
data through instruments installed on commercial aircraft. These instruments continuously meas
ure key air quality parameters, including trace gas concentrations, aerosols, meteorological vari
ables, and geolocation data (latitude, longitude, and altitude). The dataset, publicly accessible at 
https://iagos.aeris-data.fr, provides an extensive global record of atmospheric composition across 
a wide range of altitudes.

IAGOS operates in collaboration with multiple international airlines, equipping long-haul pas
senger aircraft with the IAGOS-CORE rack, a fully automated measurement system. This system, 
certified by the European Aviation Safety Agency (EASA), is installed within the fuselage and uti
lizes dedicated inlet probes mounted on a specialized plate, ensuring precise sampling of atmos
pheric components without interfering with aircraft operations. The sensors record pollutant 
concentrations and meteorological parameters at a temporal resolution of 4 s, allowing for 
fine-scale analysis of air quality dynamics across altitudes.

For this study, we consider data from 75 flights conducted in 2020, with each flight serving as an 
independent statistical unit. Figures 1 and 2 illustrate the geographical trajectories and altitude 
profiles of these flights. On average, each flight provides approximately 2,450 measurement points 
spanning altitudes up to 15,000 m. However, to ensure a highly dense observation grid, we restrict 
our analysis to data collected below 13,000 m.

The study focuses on five key air quality indicators: carbon monoxide (CO), ozone (O3), nitro
gen monoxide (NO), water vapour (H2O), and air temperature. Each of these variables plays a 
critical role in atmospheric chemistry: 

Figure 1. Flight trajectories from the IAGOS dataset.
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• CO: A byproduct of incomplete fossil fuel combustion, serving as a tracer for anthropogenic 
pollution and a precursor to ground-level ozone formation.

• O3: A highly reactive gas with contrasting roles; in the stratosphere, it protects against ultra
violet radiation, while at lower altitudes, it is a harmful pollutant affecting human health.

• NO: A key precursor in ozone formation, strongly linked to vehicular and industrial 
emissions.

• H2O: A fundamental component affecting atmospheric transport and pollutant dispersion, 
with concentration levels varying significantly with altitude.

• Air temperature: A primary meteorological variable influencing chemical reaction rates and 
atmospheric mixing processes.

Figure 3 depicts the vertical distribution of these atmospheric components. Notably, CO and O3 

exhibit peak concentrations at higher altitudes, while NO and H2O display an inverse trend. 
The distribution of measurement points along the altitude axis, particularly the denser clustering 
at elevated levels, is consistent with the altitude distribution shown in Figure 2. The mean vertical 
distance between consecutive observations is approximately 8 m, ensuring a fine-grained represen
tation of atmospheric variability.

3 Functional Gaussian graphical regression
In this study, we model the response random functions, denoted by Y, which represent the ver
tical concentration profiles of O3, CO, NO, and H2O. The predictor set, X, consists of a single 
covariate: the vertical temperature profile. To ensure methodological generality, we adopt a 
vector notation for both Y and X. Observations are collected over an irregular and discrete 
grid of altitudes, varying across statistical units. FDA provides a robust framework for captur
ing complex dependencies among environmental variables evolving smoothly over continuous 
domains.

We consider two multivariate stochastic processes with functional components, Y = {Y(s) ∈ 
Rp : s ∈ S} and X = {X(s) ∈ Rq : s ∈ S}, observed over a closed and continuous altitude domain 
S ⊂ R. These processes reside in Hilbert spaces, HY and HX , containing p- and q-dimensional vec
tors of square-integrable functions, Lp

2[S] and Lq
2[S], respectively.

Observed data consist of discretized and noisy realizations of the underlying smooth functions:

Yo
j (s) = Yj(s) + ey

j(s) and Xo
k(s) = Xk(s) + ex

k(s) for j = 1, . . . , p and k = 1, . . . , q; 

where Yo
j (s) and Xo

k(s) denote the observed versions of Yj(s) and Xk(s) at discrete altitudes, and 
ey

j (s) and ex
k(s) capture measurement errors. Due to substantial observational noise in atmos

pheric data, functional variables cannot be directly measured. The subsequent sections describe 
the smooth functional modelling of Y and X, while Section 4.1 details the estimation of error 
terms.

Figure 2. Observed flight altitudes (in metres).
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3.1 Multivariate functional regression model
In this section, we define a functional regression model where the sum of two components gives the 
response process:

Y(t) = ∫
S

β(t, s)X(s) ds + K(t), t and s ∈ S. (1) 

The first element on the right-hand side of (1) is a structural component that considers the effects of 
the covariates on the response. It involves the covariate process X and a set of bivariate regression 
coefficient functions β(t, s) ∈ L

p×q
2 [S × S], which represent how the effect of X on Y changes over 

S × S. If the L2 norm of βik vanishes, ‖βik‖ = 0, then Yi is independent of Xk, given X−k. If 
‖βik‖ ≠ 0, then Xk is a predictor of Yi. The term K(t) represents the noise component, independent 
of X, and encodes the mutual dependencies among the responses, net of the effect of X.

The two elements on the right-hand side of (1) are associated with a set of directed links and a set 
of undirected links, respectively. The first set represents the conditional dependencies of the re
sponses on the covariates and is defined as

EXY = {(i, k) : Yi /⊥ Xk ∣ Y−i, X−k}.

Figure 3. Observed concentrations of atmospheric constituents and temperature across altitude levels. O3, NO, 
and CO are measured in parts per billion (ppb), H2O in parts per million (ppm), and temperature in Kelvin (K).
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The second set represents the pairwise conditional independence structure of Y and is given by

EY = {(i, j) : Yi /⊥ Yj ∣ Y−ij, X} = {(i, j) : Ki /⊥ Kj ∣ K−ij}.

Note that conditional independence holds if the functions are conditionally independent over the 
entire domain S × S. These sets of edges define a chain graphical model with two components de
noted by G = {V, EXY , EY }, where V has cardinality p + q. The directed edges in EXY correspond to 
the first level factorization of the probability density fXY, which for two chain components is

f X, Y
� 􏼁

= fX(X)fY(Y ∣ X pa), (2) 

where X pa denotes the set of elements of X that affect Y. The undirected links in EY correspond to 
the second-level factorization

f (Y ∣ X pa) =
􏽙

C∈ Cliques
fC(YC ∣ X pa), (3) 

where C are the cliques in EY . Although in this analysis, we are not directly interested in the fac
torization of fX(X), the proposed framework can be extended to include a graphical description of 
X. We assume here that X and K are MGP with mean zero.

3.2 Auto-covariance operator
To define the dependence structure on the Hilbert space and extend the definition of edge set re
lated to a single graph, we consider the correlation among the functions across the entire domain, 
as suggested by Qiao et al. (2019). For the vector of response variables, the covariance is defined 
(Happ & Greven, 2018) as a matrix where each entry involves an integral operator with a sym
metric and nonnegative definite kernel equal to

Cij(t, t′) = cov(Yi(t), Yj(t′)) t and t′ ∈ S. (4) 

The auto-covariance operator of the process is defined as

(CY)(t) = ∫
S
C(t, t′)Y(t′) dt′, (5) 

where C(t, t′) is the p × p symmetric matrix which collects the kernels (4) for i, j = 1, . . . , p. If C is 
partially separable (Zapata et al., 2021), there exists a sequence of p × p dimensional matrices, 
{Σl}

∞
l=1, and a set of orthonormal eigenbasis {φl}

∞
l=1, such that it is possible to rewrite C as

C =
􏽘∞

l=1

Σlφl ⊗ φl, (6) 

where ⊗ is the tensor product and {φl}
∞
l is a set of orthonormal functions in S. The trace of (Σl) 

decreases over l. Thanks to the partial separability assumption, Proposition 2 in Happ and 
Greven (2018) is satisfied, which makes it possible to represent the multivariate process as,

Y(t) = μ(t) +
􏽘∞

l=1

γlφl(t), (7) 

where γl is a vector of random scores with dependent entries, E[γl] = 0 and Var[γl] = Σl with ijth 
element denoted by σij l. The dependence structure of the process is directly related to the depend
ence among the scores inside each vector γl, i.e. in general γil /⊥ γ jl. However, the sequence of vec
tors of scores are independent of each other, i.e. γl ⊥⊥ γl′ for l ≠ l′. It can be noted that the 
cross-covariance function can be written as Cij(t, t′) =

􏽐
l σijlφl(t)φl(t

′). A fundamental advantage 
of (6) is that, if the scores are normally distributed, the elements in {Σl}

∞
l=1 identify the pairwise 
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relations among the variables in the process. Due to the independence of the vectors from each oth
er, these covariance relations can be visualized as a block diagonal infinite-dimensional covariance 
matrix, denoted by Σ, easy to invert,

Σ =
Σ1 0 . . .

0 Σ2 . . .

..

. ..
. . .

.

⎡

⎢
⎣

⎤

⎥
⎦ and Θ = Σ−1 =

Σ−1
1 0 . . .

0 Σ−1
2 . . .

..

. ..
. . .

.

⎡

⎢
⎣

⎤

⎥
⎦.

In both matrices, the off-diagonal block entries are equal to zero. In this article, we exploit the ad
vantage of representing some variables in a unique system of orthonormal basis by applying the 
assumption of partial separability on the autocovariance operator of Y, in HY × HY , and on the 
autocovariance operator of X, in HX × HX . The processes are represented as,

Y(t) =
􏽘∞

l=1

γlφl(t) and X(s) =
􏽘∞

h=1

χhψh(s). (8) 

3.3 Connection of parametrization with graphical structure
Here, we derive the graphical structure of the multivariate functional regression formulation. In par
ticular, it constitutes a chain graph model, whereby we assume a directed graphical structure between 
the covariates and the response and an undirected graphical structure between the response variables.

3.3.1 Identification of covariate-response conditional independence graph
In factorization (2), the set X pa is identified by the regression functions such that Xk is a parent of 
Yi if and only if ‖βik‖ ≠ 0. In this section, we derive a representation of the parental set through the 
normally distributed score vectors γl and χh in (8).

Theorem 1 Let Y and X be two multivariate Gaussian functional processes, their regres
sion dependence can be represented by the coefficient functions β which sat
isfy three characterizations: 

1. the linear model

Y(t) = (Bβ0)(t) + K(t), (9) 

where E[‖Y(t)‖HY
∣ X] < ∞ and B : HX × HY → HY is the regression oper

ator defined as

(Bβ)(t) = ∫
S

β(t, s)X(s) ds; 

2. the population normal equation

cov[Y(t), X(s)] = (DXXβ0)(t, s), (10) 

where DXX : HX × HX → HY × HX is the cross-covariance operator de
fined as,

(DXXβ)(t, s) = ∫
S

β(t, s)cov[X(s), X(s′)] ds′; 

where s′ is a point in S;
3. and the optimization on the squared norm of the difference between Y and 

(Bβ) in the response Hilbert space,

β0 = argmin
β

E‖Y − (Bβ)‖2
HY

. (11) 

Theorem 1 follows from the generalization of Proposition 2.2 in He et al. (2010). In He et al. 
(2010), the authors define the linear regression coefficient between two functions. Theorem 1
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defines a linear multivariate regression parameter with multiple covariates. As the operator DXX does 
not have a bounded inverse, we use the vectorized K–L expansion to extend the results of Theorem 
2.3 in He et al. (2010) to the multivariate case. This allows us to derive a unique solution that satisfies 
(9), (10), and (11). Considering the expansions (8) with 

􏽐∞
l,h=1 ‖E[γlχ⊤

h ]E[χhχ⊤
h ]−1‖2 < ∞, we now 

use Theorem 1 to characterize the regression functions as

β(t, s) = (D−1
XXcov[Y, X])(t, s), (12) 

where D−1
XX exists for a subdomain of DXX and takes the form

(D−1
XX · )(t, s) =

􏽘∞

h,l=1

〈·, φl ⊗ ψh〉E[χhχ⊤
h ]−1 ⊙ φl(t)ψ⊤

h (s)
� 􏼁

, (13) 

where ⊙ is the Hadamard product, {φl ⊗ ψh}∞
l,h=1 is a orthonormal basis system in HY × HX 

and, for two generic set of functions g, g′ ∈ L
p×q
2 , the inner product 〈g, g′〉 is qual to 

∫
S

∫
S
g(s, t) ⊙ g′(s, t) dt ds. As we apply the vectorized K–L expansion, φl and ψh represent sets of 

p- and q-dimensional functions, respectively, where all functions within each set are identical. 
Plugging in the covariance functions into 〈·, φl ⊗ ψh〉, we have

∫
S

∫
S
cov[Y(t), X(s)] ⊙ φl(t)ψ⊤

h (s)
� 􏼁

ds dt = E[γlχ⊤
h ]. (14) 

Thanks to (13) and (14), we can write (12) as

β(t, s) =
􏽘∞

h,l=1

E[γlχ
⊤
h ]E[χhχ⊤

h ]−1 ⊙ φl(t)ψ⊤
h (s)

� 􏼁
. (15) 

From (1), (8), and (15), we have

E[Y(t) ∣ X] = ∫
S

β0(s, t)X(s) ds

= ∫
S

􏽘∞

h,l=1

E[γlχ
⊤
h ]E[χhχ⊤

h ]−1φl(t)ψh(s)
􏽘∞

h′=1

χh′ψh′ (s) ds

=
􏽘∞

h,l=1

E[γlχ
⊤
h ]E[χhχ⊤

h ]−1φl(t)
􏽘∞

h′=1

χh′∫
S

ψh(s)ψh′ (s) ds

=
􏽘∞

h,l=1

E[γlχ
⊤
h ]E[χhχ⊤

h ]−1χhφl(t), 

where ∫
S

ψh(s)ψh′ (s) ds is equal to 1 for h = h′ and equal to 0 for h ≠ h′.
It follows that the conditional expectation of Y(t) can be written as

E[Y(t) ∣ X] = ∫
S

β(t, s)X(s) ds =
􏽘∞

h,l=1

Bhlχhφl(t), 

where Bhl = E[γlχ⊤
h ]E[χhχ⊤

h ]−1. Therefore, we have now shown that the edge set EXY is character
ized by

EXY = {(i, k) ∣ ∃l, h : bhl ik ≠ 0}, 

where blh ik is the ikth entry of Bhl.

3.3.2 Identification of response conditional independence graph
Given that the conditional distribution fY(Y ∣ X pa) is a MGP the conditional independence struc
ture can be expressed through the zero pattern on the inverse covariance operator. The covariance 
of Y given X is equal to the covariance of K, and it has kernel equal to
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CY∣X (t, t′) = cov Yi t( ), Yj t′
� 􏼁

∣ X ·( )
� 􏼁􏼈 􏼉p

i,j=1= cov Ki t( ), Kj t′
� 􏼁� 􏼁􏼈 􏼉p

i,j=1=CK(t, t′).

Thanks to Theorem 3 in Zapata et al. (2021), we have the partial correlation between Ki and Kj 

related to the precision matrices of the scores {Θγ
l }

∞
l=1 = {(Σγ

l )
−1}∞

l=1

cov(Ki(t), Kj(t′) ∣ K−ij(·)) =
􏽘∞

l=1

cov(γl i, γl j ∣ γl −ij)φl(t)φl(t
′) = −

􏽘∞

l=1

θl ijφl(t)φl(t
′)

θl iiθl jj − θ2
l ij

, 

where θl ij is an entry of Θγ
l , which, thanks to the K–L expansion, does not depend on S. We can 

identify EY as

EY = (i j) ∣ ∃l : θγ
l ij ≠ 0

􏽮 􏽯
.

4 Functional Gaussian graphical regression estimation
We observe N independent observations of the noisy curves {yn}N

n=1 and {xn}n
n=1 at discrete loca

tions s ∈ S. In Section 4.1, we estimate the underlying true smooth realizations X and Y of the 
functional variables. Then in Section 4.2, we derive an estimator of relevant functional predictors 
X, as well as the conditional dependence structure on Y.

4.1 Evaluation of the scores
For each variable and each unit, we estimate the underlying true functional form via a non-linear 
regression on the spatial dimension. We use penalized splines to model the relationship between 
variables and altitude. The level of smoothing is automatically selected by the gam function imple
mented in mgcv library in the statistical programming language R. Figure 4 shows the resulting 
smooth functional observations without the noise.

Knowing the full functions zn = {yn, xn} over the space S, and assuming the partial separability 
of (Cz), it is possible to define a unique system of basis for Y and X, therefore φl = ψl for all l. From 
Theorem 2 in Zapata et al. (2021), we know that under partial separability assumption, the eigen
values of the trace-class covariance operator H = (p + q)−1 􏽐 p+q

i=1 C
X,Y∣X
ii , in the eigenspace spanned 

by {φl}
∞
l=1, is equal to the sum of the variances in {〈zj, φl〉}

p+q
j=1 . The eigenbasis of H are optimal for 

preserving the maximum amount of overall variability between the orthonormal basis system and 
the functions and for choosing the number of expansion terms which capture a percentage of the 
total variability of the processes. The eigenvalues of H follow a non-increasing order, and for the 
Lth element of the expansion, the corresponding eigenvalue approaches zero. We evaluate the op
erator H fixing grid of 420 points over the altitude, from 1 to 1,300 m, with steps of 30,

(Hz)(t, t′) =
1
5

􏽘4

j=1

􏽐75
n=1 wj n(t)[z j n(t) − μ j(t)][z j n(t′) − μj(t

′)]wj n(t′)
􏽐75

n=1 wj n(t)w j n(t′)
, 

where t = 1, . . . , 420, wj n(t) is a weight, and μj is the mean function of the jth variable. The 
weights are calculated as the inverse of the variances of the estimated functions, and 

μj(t) =
􏽐75

n=1
wj n(t)z j n(t)

􏽐75

n=1
wj n(t)

. The eigen-decomposition of Hz gives a discrete version of the basis system. 

The first 5 basis functions explain more than the 99% of the total variability. Indeed, each variable 
for each unit is represented by a vector of 5 scores equal to

γ j n = [φWj nφ⊤]−1φWj ny j n for j = 1, . . . , 4, 

where φ = [φ1 ∣ · · · ∣ φ5]⊤ is a 5 × 420 matrix that collects the values of the eigen-functions, y j n = 
y j n − μj is the vector of centred observations of length 420, and Wj n is a 420 × 420 matrix where 

J R Stat Soc Series C: Applied Statistics, 2025, Vol. XX, No. XX                                                               9
D

ow
nloaded from

 https://academ
ic.oup.com

/jrsssc/advance-article/doi/10.1093/jrsssc/qlaf042/8239248 by D
ip. Scienze statistiche e m

atem
atiche "S. Vianelli" user on 08 Septem

ber 2025



the diagonal entries are equal to wj n(t) for t = 1, . . . , 420, and the off-diagonal elements are zero. 
The same is done to estimate the explanatory scores,

χn = [φWXn φ⊤]−1φWXn xn, 

where similarly WXn is the diagonal matrix of weights, and xn is the vector of 420 centred tempera
ture values.

In cases where the functions are not observed densely and the observations are affected by noise, 
the scores need to be estimated. However, due to the use of an orthonormal basis, these estimates 
remain unbiased with independent noise terms. This only impacts the marginal variance of the 
scores without affecting the conditional independence relationships in the underlying graphs. 
Therefore, as long as each function is observed at more points than the dimension of the under
lying functional basis, our estimation procedure remains consistent.

Figure 5 shows the kernel estimation of the densities of the scores for l = 1, 2. For each variable and l, 
the scores are divided by their standard deviation. The assumption of Gaussian distributions appears not 
completely inappropriate, although the estimated densities present some asymmetries and kurtosis.

4.2 fGGRM estimator
The scores γl n and χl n are assumed to follow multivariate Gaussian distributions. Thanks to the 
assumption of partial separability of (Cz), the joint distribution is specified as,

Figure 4. Smooth functional observations yn and xn for n = 1, . . . , N. For each altitude value, the points are 
coloured with a grey scale proportional to the weights w j n(s) for n = 1, . . . , N. In The dashed line indicates the mean 
function μj . O3, NO, and CO are measured in parts per billion (ppb), while H2O is measured in parts per million (ppm). 
Temperature is measured in Kelvin (K).
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χl
γl

􏼔 􏼕

∼ N q+p 0,
Σχ

l Σχ
l Bl

B⊤
l Σ

χ
l B⊤

l Σ
χ
l Bl + Σϵ

l

􏼔 􏼕􏼒 􏼓

. (16) 

The precision matrix of that density is given as,

Θl = Θχ
l + BlΘ

γ
l B

⊤
l −BlΘ

γ
l

−Θγ
l B

⊤
l Θγ

l

􏼢 􏼣

, (17) 

where Θχ
l and Θγ

l are the inverses of the marginal covariance matrices of χl and γl, respectively. 
Because of partial separability, the densities (16) are independent over l.

We propose to estimate a functional Gaussian graphical regression model (fGGRM) from 
{χh n, γl n}l h n, using the double-penalized estimator proposed in Sottile et al. (2024), named in 
this context as functional joint conditional graphical lasso estimator,

{􏽢B}, {􏽢Θγ} = argmax
{B},{Θγ}

􏽘L

l=1

log det(Θγ
l ) − tr(S(Bl)Θ

γ
l )

􏼈 􏼉
− νP1({B}) − ρP2({Θγ}), (18) 

where
S(Bl) =

1
N

􏽘N

n=1

(γl n − Blχl n)⊤(γl n − Blχl n). (19) 

The penalty functions P1(·) and P2(·) are convex functions that encourage sparsity in each expan
sion matrix and specific forms of similarity across the expansion elements. We use the group lasso 











Figure 5. Estimated scores densities for the first and the second term of the expansion.
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penalty functions. The penalty for the regression coefficient matrices and for the precision 
matrices are

P1({B}) =
􏽘p

i=1

􏽘q

k=1

􏽘L

l=1

b2
l ki

􏼠 􏼡1/2

, and P2({Θ}) =
􏽘p

i≠j

􏽘L

l=1

θ2
l ij

􏼠 􏼡1/2

.

Thus, the desired edge sets can be estimated by

􏽢EXY
νρ = (k, i) :

􏽘L

l=1

(b̂ρν
l ki)

2 > 0

􏼨 􏼩

and 􏽢EY
νρ = (i, j) :

􏽘L

l=1

(θ̂ρν
l ij)

2 > 0

􏼨 􏼩

, 

where b̂ρν
l ki and θ̂ρν

l ij are the matrices entries estimated under the couple of penalization values (ρ, ν).

4.3 Goodness of fit
Kullback–Leibler (KL) divergence serves as a non-symmetric measure to quantify the discrepancy be
tween two probability distributions (Penny, 2001). It gauges the information loss that occurs when 
one probability distribution is employed to approximate another. The KL measure is defined as:

KL(f1 ∣ f2) = E f1
[ log f1

� 􏼁
− log f2

� 􏼁
], (20) 

where f1 and f2 are two probability density functions. In our study, we aim to evaluate the information 
loss between the true multivariate normal distribution (16) and the estimated distributions derived 
from (18) under various combinations of tuning parameters values. The couple (ρ, ν) dictate the 
strength of penalization, leading to distinct estimations of {􏽢Θγ}, {􏽢Θχ}, and {􏽢B}, which together specify 
the normal distribution we seek to compare with the true distribution. As shown in Penny (2001), the 
KL divergence between two zero-mean multivariate normal distributions can be written as

KLNm
[Θ ∣ 􏽢Θ] =

1
2

{tr(Θ−1􏽢Θ) − log ∣ Θ−1􏽢Θ ∣ −m}. (21) 

As shown in Section (3), the density function of the joint vector can be factorized as the product be
tween the explanatory and the conditioned response density functions

f (χl, γl ∣ χl; Θl) = f (χl; Θ
χ
l , Bl)f (γl ∣ χl; Θ

γ
l , Bl). (22) 

The KL loss can be calculated as the sum of L divergences

KLN q+p
{Θχ}{Θγ}{B} ∣ {􏽢Θχ}ρ ν{􏽢Θγ}ρ ν{􏽢B}ρ ν

􏽨 􏽩

=
1
2

􏽘L

l=1

{tr(Ψ−1
l
􏽢Ψl ρν) − log ∣ Ψ−1

l
􏽢Ψl ρν ∣

+ tr(Θγ −1
l

􏽢Θγ
l ρν) − log ∣ Θγ −1

l
􏽢Θγ

l ρν ∣ − q + p
� 􏼁

},

(23) 

where Ψl is the left-top block in (4.2).

4.4 Model selection methods
The most common approach for comparing and selecting statistical models involves statistics 
based on the concept of expected KL divergence between the model under examination and the 
true model. When the true model is elusive, the common strategy is to estimate this discrepancy 
by considering the sum of two distinct terms. One term is the maximized log-likelihood of the 
model being tested. This term serves as an indicator of how well the model fits the observed 
data. The second term, on the other hand, serves a contrasting purpose. It is designed to mitigate 
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the risk of overfitting, which can occur when a model is too complex and overly tuned to the ob
served data. This term offers an estimate of the bias that emerges when the true distribution is ap
proximate by the estimated parameters. In essence, this two-term approach strikes a balance 
between model fit and the risk of overfitting, favouriting a more robust and well-informed model 
selection process.

Assuming to have N realization of the processes Y and X, the log-likelihood of density (22) is

ℓ χ, γ ∣ χ; 􏽢Ψ
􏽮 􏽯

, 􏽢Θγ
􏽮 􏽯􏼐 􏼑

=
N
2

􏽘L

l=1

ℓl χ; Ψ̂l
� 􏼁

+ ℓl γ; 􏽢Θγ
l

􏼐 􏼑

=
N
2

􏽘L

l=1

log ∣ 􏽢Ψl ∣ −tr Sχ
l
􏽢Ψl

􏼐 􏼑
+ log ∣ 􏽢Θγ

l ∣ −tr Sγ
􏽢Bl

􏽢Θγ
l

􏼒 􏼓

, 

where Sχ
l = N−1 􏽐N

n=1 χl nχ⊤
l n and Sγ

􏽢Bl

= N−1 􏽐N
n=1 (γl n − χl n

􏽢Bl)(γl n − χl n
􏽢Bl)

⊤. The way to estimate 

the bias term fundamentally characterizes the model selection statistic. Both AIC and BIC penalize 
the log-likelihood by the degrees of freedom scaled by a parameter. For graphical models, these 
criteria have the equations

AIC(􏽢Eρν) = −2ℓ χ, γ ∣ χ; 􏽢Ψ
􏽮 􏽯

ρν
, 􏽢Θγ
􏽮 􏽯

ρν

􏼒 􏼓

+ 2 ∣ 􏽢Eρν ∣ 

and

BIC(􏽢Eρν) = −2ℓ χ, γ ∣ χ; 􏽢Ψ
􏽮 􏽯

ρν
, 􏽢Θγ
􏽮 􏽯

ρν

􏼒 􏼓

+ log (N) ∣ 􏽢Eρν ∣ , 

where ∣ 􏽢Eρν ∣ is the number of links in the graph. While BIC is known to be consistent for a fixed 
number of parameters and increasing sample size, it may not necessarily select a parsimonious 
model when the model space is large. The extended BIC (eBIC), introduced in Chen and Chen 
(2008), considers both the number of non-zero estimated parameters and the complexity of the 
model space. eBIC is particularly useful for variable selection in problems with moderate sample 
sizes and a large number of variables. It differs from BIC and AIC by an additional penalty term 
that controls the prior probability of sparse models

eBIC(􏽢Eρν) = −2ℓ χ, γ ∣ χ; 􏽢Ψ
􏽮 􏽯

ρν
, 􏽢Θγ
􏽮 􏽯

ρν

􏼒 􏼓

+ log (N) ∣ 􏽢Eρν ∣ +4g ∣ 􏽢Eρν ∣ log (p + q), 

where p + q is the total number of nodes in the graph. The value of g is manually set and larger 
values of it result in sparser models. When g = 0, eBIC is equivalent to the ordinary BIC. The 
eBIC remains consistent even when the number of parameters grows to infinity with the sample 
size (Chen & Chen, 2008; Wysocki & Rhemtulla, 2021). This criterion effectively controls the 
false discovery rate and often shows good performances in terms of graph recovery.

When the goal is to obtain a model with good predicting power, cross-validation is the gold 
standard. The KLCV leverages the cross-validation of the log-likelihood loss to estimate the 
KL divergence. This criterion estimates the bias term by approximating leave-one-out-cross- 
validation and offers a computationally fast alternative to cross-validation. This technique often 
outperforms other methods, particularly when the sample size is small. The proposed joint KLCV 
is defined as:

jKLCV 􏽢Ψ
􏽮 􏽯

ρν
, 􏽢Θγ
􏽮 􏽯

ρν

􏼒 􏼓

= −
1

2L
ℓ χ, γ ∣ χ; 􏽢Ψ

􏽮 􏽯

ρν
, 􏽢Θγ
􏽮 􏽯

ρν

􏼒 􏼓

+
1

NL(NL − 1)

􏽘L

l=1

􏽘N

n=1

􏽤biasχn
l ρν + 􏽤biasγn∣χ

l ρν .
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Adapting the results in Vujačić et al. (2015), for each realization of the process, the bias terms 
are estimated as,

􏽤biasχn
l ρν = vec 􏽢Ψ−1

l ρν − Sχn
l ρν

􏼐 􏼑
⊙ Iχ

l ρν

􏽨 􏽩⊤
vec 􏽢Ψl ρν Sχ

l ρν − Sχn
l ρν

􏼐 􏼑
⊙ Iχ

l ρν

􏼐 􏼑
􏽢Ψl ρν

􏽨 􏽩

and

􏽤biasγn∣χ
l ρν = vec 􏽢Θ−1

l ρν − Sγn

􏽢Bl ρν

􏼒 􏼓

⊙ Iγ
l ρν

􏼔 􏼕⊤

vec 􏽢Θγ
l ρν Sγ

􏽢Bl ρν

− Sγn

􏽢Bl ρν

􏼒 􏼓

⊙ Iγ
l ρν

􏼒 􏼓

􏽢Θγ
l ρν

􏼔 􏼕

, 

where Iχ
l ρν and Iχ

l ρν are the indicator matrices, whose entry is 1 if the corresponding entry in 􏽢Ψl ρν or 
􏽢Θγ

l ρν is non-zero, and 0 if the corresponding entry is zero. The observed covariance matrices for the 

unit n are Sχn
l = χl nχ⊤

l n and Sγn

􏽢Bl ρν

= (γl n − χl n
􏽢Bl ρν)(γl n − χl n

􏽢Bl ρν)
⊤.

In Section 5, the AIC, eBIC, and jKLCV are compared. In general, if the aim is graph identifica
tion, then the eBIC is appropriate. On the other hand, if the aim is to find a model with good pre
dictive power, jKLCV and AIC are preferred.

5 Simulation study
In this section, we assess the finite-sample performance of both the proposed fGGRM estimator 
and the jKLCV goodness-of-fit criterion.

5.1 Impact of sample size on predictive accuracy and graph recovery
We simulate independent realizations of functional responses and covariates under the following 
setting.

The model consists of p = 100 functional responses and q = 10 functional covariates, 
modelled using the multivariate Karhunen–Loève expansion (8) under the assumption of 
partial separability of the covariance operator. We set L = 3 and assume that, for each l, 
the random score vector (χ⊤

l , γ⊤
l )⊤ follows a multivariate Gaussian distribution with zero 

mean and precision matrix as specified in (4.2). In particular, we let Θχ
l be the identity ma

trix, while Θγ
l follows a structured star configuration, where θγ

l r(r+s) is non-zero only for in
dices r = 1, 6, 11, . . . and s = 1, . . . , 4 (see Figure 6). The non-zero values are drawn from 
the uniform distribution U([ − 0.5, − 0.4] ∪ [ + 0.4, + 0.5]). Following Zapata et al. 
(2021), each covariance matrix Σl is scaled by a factor of 1/l0.2 to ensure monotonically de
creasing traces. The regression coefficient matrices Bl are structured so that each functional 
response is influenced by exactly two randomly selected functional covariates, with non-zero 
coefficients drawn from U([ − 1.4, − 1.0] ∪ [ + 1.0, + 1.4]). We generate samples of size 
N ∈ {50, 100}.

We compare the proposed fGGRM model against two alternative approaches. The first is the 
estimator from Zapata et al. (2021), which applies a joint graphical lasso model with a group-lasso 
penalty to the scores γl alone. This allows us to assess the impact of omitting functional predictors 
on precision matrix estimation. The second competitor, termed the ‘naive’ estimator, fits a condi
tional graphical lasso separately for each l using γl and χl, and estimates the edge sets EY and EXY 

using an OR rule, i.e. (i, j) ∈ 􏽢EY if and only if exists a θ̂γ
l ij ≠ 0, with l = 1, . . . , L and, similarly, 

(k, i) ∈ 􏽢EXY if and only if exists at least an index l such that b̂l ki ≠ 0.
The considered models were compared both in terms of ability of recovering the edge-sets EY 

and EXY , and the accuracy in estimating the parameters of the true model generating data. In 
particular, in each simulation run, to evaluate {􏽢Θγ} and the corresponding 􏽢EY , taking into ac
count the effects coming from {􏽢B}, we used the following strategy. For each method, we com
puted a decreasing sequence of ten ν-values and, for each of these values, a decreasing sequence 
of ten ρ-values was used to fit the models. The largest ν and ρ values were computed as specified 
in Sottile et al. (2024). The resulting sequences of estimates of the precision matrices were 
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summarized using the area under the ROC curve (AUC) and the following estimate of the aver
age mean-square error:

􏽤aMSE =
1
L

􏽘L

l=1

􏽢Θγ
l − Θγ

l

􏼍
􏼍
􏼍

􏼍
􏼍
􏼍

2

F
.

The previous strategy was reversed to evaluate {􏽢B} taking into account {􏽢Θγ}, i.e. first a de
creasing sequence of ten ρ-values was computed and, for each of these values, the models 
were fitted using a decreasing sequence of ν-values. As before, the behaviour of the result
ing estimators was evaluated in terms of AUC and estimate of the average mean-square 
error.

The results for N = 50 are shown in Figure 7. The AUC and aMSE curves consistently demon
strate the superiority of our approach over competitors, reinforcing the benefit of modelling func
tional responses and predictors jointly with a double penalty. Similar results hold for N = 100 (not 
shown).

5.2 Robustness to violations of partial separability
We further investigate the robustness of the fGGRM estimator under deviations from the partial 
separability assumption of the covariance operator. We introduce a controlled violation by modi
fying the covariance structure:

Σ = Θ−1

=

Θ1 c · 0.5(Θ1 + Θ2) 0 0

c · 0.5(Θ1 + Θ2) Θ2 c · 0.5(Θ2 + Θ3) ..
.

..

.
c · 0.5(Θ2 + Θ3) . .

.
c · 0.5(ΘL−2 + ΘL−1)

0 · · · c · 0.5(ΘL−2 + ΘL−1) ΘL

⎡

⎢
⎢
⎢
⎢
⎣

⎤

⎥
⎥
⎥
⎥
⎦

−1

,

(24) 

where c modulates the degree of dependence across levels. When c ≠ 0, the assumption of condi
tional independence across l is violated. We consider c ∈ {0.01, 0.05, 0.1}, with c = 0.1 represent
ing the highest level of violation that preserves positive definiteness. Across all scenarios, fGGRM 
remains robust, exhibiting stable predictive accuracy and graph recovery.

Figure 6. Illustration of the sparsity structure of Θl and Bl for p = 100, q = 10, and l = 1, . . . , L.
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Figure 8 presents the results for N = 50 and c = 0.1, confirming the previously presented super
iority of fGGRM over competing methods. Similar trends are observed for N = 100 and lower c 
values (not shown).

5.3 Comparison of jKLCV with alternative model selection methods
In this section, we assess the effectiveness of different model selection criteria in identifying models 
that minimize the KL divergence and exhibit strong graphical recovery performance.

5.3.1 jKLCV demonstrates superior predictive accuracy
Table 1 reports the KL loss for models selected using different criteria, across varying sample sizes. 
The KL loss values in Table 1 (left) are computed using (23) on model estimates selected by the 
criteria outlined in Section 4.4. When the sample size is small (N = 10), jKLCV provides a signifi
cantly lower KL loss compared to alternative methods, demonstrating superior predictive accur
acy. This advantage stems from its explicit bias correction, which is particularly beneficial in 
small-sample regimes. As the sample size increases (N = 100), the differences among the three cri
teria diminish, with AIC slightly outperforming the others. This can be attributed to the fact that 
jKLCV’s explicit bias estimation introduces sampling variability, whereas AIC employs a fixed 
asymptotic correction term, which stabilizes as N grows.

 



   

   

 



 

   

   

 

Figure 7. Simulation results for N = 50, p = 100, and q = 10. The upper panels compare fGGRM with the method in 
Zapata et al. (2021) and a naive estimator. The lower panels omit the method from Zapata et al. (2021) since it does 
not account for functional predictors. The left panels report AUC curves for the edge sets EY and EXY , while the right 
panels present MSE curves for 􏽢Θl and 􏽢Bl . AUC values are plotted against the ratios ν/νmax and ρ/ρmax, while MSE 
curves for 􏽢Θl and 􏽢Bl are computed over ten values of ρ and ν, respectively, keeping the regression and precision 
matrix structures fixed at selected ratios of ν/νmax and ρ/ρmax.
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5.3.2 eBIC excels in graph structure recovery
Table 1 (right) compares the ability of different selection methods to recover the true graphical 
structure. For small sample sizes (N = 10), eBIC exhibits the highest graph recovery accuracy, 
slightly outperforming jKLCV, and significantly exceeding AIC. This result aligns with eBIC’s 
stronger sparsity enforcement, which is advantageous when estimating graphical structures in 
high-dimensional settings. For larger samples (N = 100), all methods achieve high accuracy in 
classifying matrix entries correctly, with only marginal differences among them. This suggests 
that as N increases, the benefits of explicit sparsity control diminish, and all criteria converge to
ward a similar performance level.

Table 1. KL loss and graph recovery accuracy

KL loss Graph recovery accuracy

N jKLCV AIC eBIC jKLCV AIC eBIC

10 35.55 54.78 36.20 0.73 0.48 0.75

100 15.61 15.11 15.76 0.95 0.96 0.94

Note. Left: KL loss for models selected by different criteria. Right: Graph recovery accuracy using different selection 
methods. Results are the medians over 100 simulations with L = 3, across varying sample sizes. For each sample size, the 
values of the best-performing criteria are indicated in bold.
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Figure 8. Simulation results for N = 50, p = 100, q = 10, and c = 0.1. The upper panels compare fGGRM with the 
method in Zapata et al. (2021) and a naive estimator. The lower panels omit the method from Zapata et al. (2021)
since it does not account for functional predictors. The left panels report AUC curves for the edge sets EY and EXY , 
while the right panels present MSE curves for 􏽢Θl and 􏽢Bl . AUC values are plotted against the ratios ν/νmax and ρ/ρmax, 
while MSE curves for 􏽢Θl and 􏽢Bl are computed over ten values of ρ and ν, respectively, keeping the regression and 
precision matrix structures fixed at selected ratios of ν/νmax and ρ/ρmax.
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6 Structural interaction of airborne pollutants
This section presents the results of air pollution analysis conducted using the functional Gaussian 
graphical regression model outlined in this study. The optimization process iteratively determines 
the edge set by alternately fixing one of the two tuning parameters while varying the other across 
101 values, spanning from its maximum to zero. A total of three iterations are performed.

Figure 9 and Table 2 illustrate the selected graphical structures based on the jKLCV, AIC, and 
eBIC criteria at each iteration.

The AIC criterion yields a fully connected graph for both directed and undirected networks, im
plying that all pollutants exhibit conditional dependencies when controlling for the remaining var
iables. Similarly, eBIC selects a complete directed network but a highly sparse undirected network, 
retaining only the link between CO and O3. The presence of this connection underscores the cru
cial role of CO in the formation of tropospheric ozone, as discussed in Choi et al. (2017); 
Voulgarakis et al. (2011). CO is frequently employed as a proxy for estimating ozone levels gen
erated by anthropogenic sources. However, both fully connected graphs and extremely sparse 
graphs with a single edge tend to lack interpretability in real-world applications. The jKLCV cri
terion offers a more balanced network structure. It identifies a directed link from temperature to 
H2O and an undirected network where H2O retains all its connections, along with the crucial link 
between CO and O3. This selection highlights the pivotal role of H2O in pollutant transport 
(Sherwood et al., 2010). The absence of direct links between NO and both CO and O3 suggests 
that their interactions are mediated through other variables. The pronounced effect of temperature 
on H2O concentration, as detected by jKLCV, is well-aligned with atmospheric physics. This find
ing underscores the importance of temperature in regulating humidity levels and emphasizes the 
significance of water vapour in numerous atmospheric processes and pollutant interactions. 
Notably, the result that temperature primarily influences H2O—rather than all pollutants—aligns 
with the physical reality that water vapour is predominantly controlled by thermal conditions, 
whereas other pollutants are more directly impacted by emission sources and atmospheric chem
ical reactions. Previous works, such as Naumann and Kiemle (2020) and Sherwood et al. (2010), 
have examined the vertical structure of water vapour-temperature interactions within a non- 
functional framework.

Figure 10 presents the estimated regression function 􏽢βH2O(t, t′) over all pairs 
{(t, t′) ∣ t, t′ = 1, . . . , 420}. The colour scale represents function values, with dark colors indicating 
the highest positive values and light colors denoting negative values. The prominent dark-colored 

Figure 9. Undirected networks estimated using jKLCV, AIC, and eBIC.

Table 2. Directed links selected using jKLCV, AIC, and eBIC

O3 NO H2O CO

AIC 1 1 1 1

eBIC 1 1 1 1

jKLCV 0 0 1 0
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diagonal suggests that temperature exerts the strongest influence on H2O at the same altitude, ex
tending up to approximately 8,000 m—corresponding to the upper convective boundary, where 
warm, buoyant air rises and facilitates cloud formation in the presence of water vapour. 
Convective processes, particularly in the mid-troposphere, are sensitive to humidity levels at various 
altitudes (Sherwood et al., 2010).

The heatmap reveals distinct vertical patterns in the upper region of Figure 10, suggesting that 
upper-atmosphere temperature exerts a top-down influence on lower-altitude water vapour levels. 
The lower triangular region, devoid of dark-colored zones, represents a smoother function, further 
supporting this top-down effect. This observation aligns with well-established atmospheric mecha
nisms, wherein solar heating at lower altitudes drives evaporation, leading to water vapour ascent. 
As the vapour rises, the cooler ambient temperature induces condensation, forming cloud layers— 
visible as white areas in the heatmap. Above these layers, continued cooling leads to diminished water 
vapour concentrations, corresponding to positive regression values. At higher altitudes, the colour 
transitions become more gradual, and the absolute values of β(t, t′) decrease, indicating a weakening 
temperature influence on water vapour transport. These findings are consistent with the fundamental 
thermodynamic and convective processes governing atmospheric moisture dynamics.

7 Conclusion
This article introduces a novel functional regression framework, termed the functional Gaussian 
graphical regression model (fGGRM), which serves as a powerful methodology for uncovering re
lationships within complex systems of functional variables, such as chemical interactions in the 
atmosphere. The primary objective of this regression analysis is to reconstruct a graph represen
tation comprising both undirected and directed links.

The undirected links capture the intricate interdependencies among four key atmospheric com
ponents: ozone (O3), nitrogen monoxide (NO), carbon monoxide (CO), and water vapour (H2O). 

Figure 10. Regression function values 􏽢βH2O(t, s) for all t, s = 1, . . . , 420. The x-axis represents H2O altitude, while 
the y-axis represents temperature altitude. Darker regions denote the highest regression values (0.00025), while 
lighter regions indicate the lowest values (−0.00006).
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These elements exhibit highly complex interactions influenced by various atmospheric conditions. 
The directed links, on the other hand, represent the dependence of chemical densities on tempera
ture, reflecting its pivotal role in modulating atmospheric composition.

We demonstrate that, under the assumption of partial separability, it is possible to disentangle 
conditional independence structures within the response functions and establish regression rela
tionships between the covariate and response functions. To estimate the model, we extend the 
framework of Sottile et al. (2024) to the functional setting, applying it to the scores derived 
from the expansion of the joint response-explanatory function vector. This refinement leads to 
the formulation of the functional joint conditional graphical lasso estimator.

To refine the model selection process, we introduce the joint Kullback–Leibler cross-validation 
(jKLCV), a tailored criterion designed to determine the optimal configuration for the optimization 
problem. Comparative analysis of model selection criteria reveals that jKLCV exhibits superior 
predictive performance, particularly in small-sample settings.

The proposed framework yields promising empirical results. From an atmospheric chemistry 
perspective, the jKLCV criterion identifies the most plausible model, effectively capturing critical 
interactions—such as the relationship between O3 and CO and the distinctive role of H2O—with
out introducing spurious connections. In contrast, the AIC-based model fails to provide additional 
insight beyond the well-known complexity of chemical interactions, while eBIC tends to be overly 
conservative. Thus, the jKLCV-based model offers a realistic depiction of elemental interactions, 
emphasizing the conditional nature of certain dependencies and accurately representing the fun
damental vertical interplay between temperature and water vapour, a key driver of atmospheric 
regulation. This approach effectively balances model complexity and interpretability.

A potential extension of the fGGRM framework involves relaxing the assumption of multivari
ate Gaussianity for the score distributions by incorporating a Gaussian Copula structure, as ex
plored in Solea and Li (2022).
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The data set used in the illustration is from 2020 in L2 format and is available at https://iagos.aeris- 
data.fr/download/, whereas the latest version of jcglasso package can be found at https:// 
github.com/gianluca-sottile/Hematopoiesis-network-inference-from-RT-qPCR-data/tree/main. 
The R script for the simulation study is available in https://github.com/gianluca-sottile/Functional- 
Gaussian-Graphical-Regression-Models. The IAGOS data analysis is available in: https://github. 
com/riifi/Functional-Gaussian-Graphical-Regression-Model.
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