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1. Introduction

The notion of eigenvector, which is very familiar when one deals with lin-
ear operators, has been considered in the abstract setting of C*-algebras [9],
using positive linear functionals. Extensions of this approach have been pro-
posed in [6] and [3] to more general contexts, with the aim of using them in
the mathematical description of quantum systems where unbounded opera-
tors appear in a natural fashion. In particular, in [6] the attention has been
focused on the case of quasi*-algebras (see [10] for a synthesis on this sub-
ject) where eigenstates have been described through certain invariant positive
sesquilinear forms, shortly, ips-forms. Their main feature consists in the fact
that they allow a GNS construction similar to that induced by positive linear
functional (or states) on *-algebras and this is clearly an essential tool when
one wants to pass from abstract *-algebras or quasi *-algebras to concrete
realizations with operators (see also [2]). An interesting application discussed
in [6] is related to ladder elements which reproduce, at an algebraic level, the
(pseudo-)bosonic commutation relations, [4].

In this paper, we consider the case of eigenstates of a CQ*-algebra. This
structure is obtained, roughly speaking, by taking the completion A of a C*-
algebra A0 under a norm ‖ · ‖, weaker than the original norm ‖ · ‖0 of A0 and
enjoying some additional properties, coupling the two norms.

In Sect. 3, we shortly discuss positive linear functionals on a CQ*-
algebra obtained by extending to A positive linear functionals on A0 which
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are continuous with respect to the norm ‖ · ‖ of A. It is shown how the GNS
construction can be adapted to this situation to get a *-representation of
A. This is possible but one has to pay a (little) price: the use of the no-
tion of unbounded vector (due to Tomita [12]) involves representations that
live beyond the Hilbert space. The notion of eigenvalue and eigenstate are
then introduced in Sect. 4 using the positive linear functionals introduced in
Sect. 3 (Sect. 4.1) or invariant positive sesquilinear (ips) forms (Sect. 4.2) as
in [6]. Here, we consider the case of a *-semisimple CQ*-algebra (which by
definition possesses a sufficient number of bounded ips-forms). In this case,
the treatment remains within Hilbert spaces.

Section 5 is devoted to the study of the role played by eigenvectors and
eigenstates for the dynamics both at integral level (*-automorphisms) and at
the infinitesimal one (*-derivations); As shown in the paper, several classical
properties, well known for C*-algebras, generalize to our environment, under
appropriate (but light) assumptions.

Finally, in Sect. 6, starting from a CQ*-algebra (A[‖ · ‖],A0) we propose
the construction of a locally convex *-algebra A1, with A0 ⊂ A1 ⊂ A which
has the property that every ‖ · ‖-continuous positive linear functional on A0

extends to an admissible positive linear functional on A1. This is quite a well-
behaved situation, since admissible positive linear functional give rise, via
GNS construction, to bounded operators. Section 7 contains our conclusions.

2. Preliminaries

A quasi *-algebra (A ,A0) is a pair consisting of a vector space A and a
*-algebra A0 contained in A as a subspace and such that

• A carries an involution a �→ a∗ extending the involution of A0;
• A is a bimodule over A0 and the module multiplications extend the

multiplication of A0. In particular, the following associative laws hold:

(ca)d = c(ad); a(cd) = (ac)d, ∀ a ∈ A , c, d ∈ A0;

• (ac)∗ = c∗a∗, for every a ∈ A and c ∈ A0.

The identity or unit element of (A ,A0), if any, is a necessarily unique
element I ∈ A0, such that aI = a = Ia, for all a ∈ A .

We will always suppose that

ac = 0, ∀c ∈ A0 ⇒ a = 0
ac = 0, ∀a ∈ A ⇒ c = 0.

Clearly, both these conditions are automatically satisfied if (A ,A0) has an
identity I.

Let A0 be an unital C*-algebra with C*-norm ‖·‖0. Assume that another
norm ‖ · ‖ is defined on A0, satisfying the following properties:

(i) ‖A‖ � ‖A‖0, for all A ∈ A0

(ii) ‖AB‖ � ‖A‖‖B‖0, for all A,B ∈ A0

(iii) ‖A∗‖ = ‖A‖, for all A ∈ A0.



MJOM Eigenstates of CQ*-Algebras Page 3 of 21     7 

By (ii) and (iii) we have
(iii)′ ‖AB‖ � ‖A‖0‖B‖, for all A,B ∈ A0.
We denote by A the completion of the normed space (A0, ‖·‖). For any X ∈ A
we put

‖X‖∼ = lim
n→∞ ‖An‖,

where {An} is a sequence in A0 with ‖ · ‖-limn→∞ An = X. As usual, the
extension ‖ · ‖∼ on A of the norm ‖ · ‖ of A0, will simply be denoted by
the same symbol ‖ · ‖. As shown in [10, Proposition 5.1,3] (A[‖ · ‖],A0) is a
(proper) CQ*-algebra, shortly, CQ*-algebra. We often say also that A is a
CQ*-algebra over A0. The pair (A,A0) is a quasi ∗-algebra with the following
multiplications and involution ∗:
For X ∈ A and A ∈ A0

• XA := ‖ · ‖-limn→∞ AnA, AX := ‖ · ‖-limn→∞ AAn

• X∗ := ‖ · ‖-limn→∞ A∗
n,

where {An} is a sequence in A0 with ‖ · ‖-limn→∞ An = X, and it satisfies

‖XA‖ � ‖X‖‖A‖0, ‖AX‖ ≤ ‖A‖0‖X‖, ‖X∗‖ = ‖X‖.

Example 2.1. The space Lp([0, 1]), with 1 ≤ p < +∞ is a Banach L∞([0, 1])-
bimodule. The couple (Lp([0, 1]), L∞([0, 1]) may be regarded as an abelian
CQ*-algebra.

Example 2.2. Let M be a von Neumann algebra on a Hilbert space H and ϕ
a normal faithful semifinite trace defined on M+. For each p ≥ 1, let

Jp = {X ∈ M : ϕ(|X|p) < ∞}.

Then Jp is a *-ideal of M. Following [11], we denote with Lp(ϕ) the Banach
space completion of Jp with respect to the norm

‖X‖p,ϕ := ϕ(|X|p)1/p, X ∈ Jp.

One usually defines L∞(ϕ) := M. Thus, if ϕ is a finite trace, then L∞(ϕ) ⊂
Lp(ϕ) for every p ≥ 1. As shown in [11], if X ∈ Lp(ϕ), then X is a measurable
operator (see [11]). In this case (L∞(ϕ), Lp(ϕ)) may be regarded as a CQ*-
algebra.

3. Positive Linear Functionals of the CQ*-Algebra A

Let ω be a ‖ · ‖-continuous positive linear functional on A0, that is,

There exists γ > 0; |ω(A)| � γ‖A‖ for all A ∈ A0. (3.1)

We put

ω(X) = lim
n→∞ ω(An), X ∈ A.

where {An} is a sequence in A0 such that ‖ · ‖-limn→∞ An = X. Then ω is
well-defined, that is, limn→∞ ω(An) exists in C and ω(X) does not depend on
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the choice of the sequence {An} in A0, and it is a ‖ · ‖-continuous hermitian
linear functional on A which is an extension of ω.

We put A+ := A+
0 , the ‖ · ‖-closure of the set of positive elements of A0.

Definition 3.1. A linear functional ω which is defined on A will be called
positive if ω(A) ≥ 0, for every A ∈ A+.

This implies that ω is continuous on positive elements [10, Lemma
3.1.48].

From this definition, ω is a positive linear functional on (A,A0).
We shall consider a GNS-construction for ω. Let (πω, λω,Hω) be the

GNS-construction for the positive linear functional ω on the C*-algebra A0,
that is, πω is a ∗-representation of A0 into the C*-algebra B(Hω) of all
bounded linear operators on a Hilbert space Hω and λω is a vector repre-
sentation of A0 in Hω, that is, it is a linear mapping of A0 onto the dense
subspace λω(A0) in Hω satisfying λω(AB) = πω(A)λω(B) for all A,B ∈ A0.
Here we denote by (·|·) the inner product of a Hilbert space Hω. For any
A,B ∈ A0 we have

‖πω(A)λω(B)‖2 = ω(B∗A∗AB) � γ‖B‖20‖A∗A‖. (3.2)

Take an arbitrary X ∈ A and let {An} be a sequence in A0, ‖ · ‖-converging
to X. By (3.2) we have

‖πω(Am)λω(B) − πω(An)λω(B)‖2 � γ‖B‖20‖(Am − An)∗(Am − An)‖,

but because the multiplication AB is not ‖ · ‖-continuous,

lim
m,n→∞ ‖(Am − An)∗(Am − An)‖ 
= 0

in general. Hence limn→∞ πω(An)λω(B) may fail to exist in Hω. For this
reason, we need to generalize the usual operator representations to form rep-
resentations. For that, we define the notions of unbounded vectors in a Hilbert
space [12]. Let H be a Hilbert space. Following Tomita, we say that a conju-
gate linear functional v, defined in a subspace D of H, is an unbounded vector
in H with domain D. The value of v at ξ in D is denoted by 〈v, ξ〉. We denote
by v∗ the complex conjugation, that is, 〈v∗, ξ〉 = 〈v, ξ〉, ξ ∈ D. Then v∗ is a
linear functional on D. We denote by v(D) the set of all unbounded vectors
in H with domain D. Then v(D) is a vector space under the operations:

〈v1 + v2, ·〉 = 〈v1, ·〉 + 〈v2, ·〉,
〈αv, ·〉 = α〈v, ·〉

for v, v1, v2 ∈ v(D) and α ∈ C. An unbounded vector v in v(D) is called
bounded if D is dense in H and it can be extended to a continuous conjugate
linear functional on H. Then the extension of v is identified with the element
of H and it is denoted by [v]. Here let us denote by L†(D, v(D)) the set of all
linear mappings from D to v(D). Then L†(D, v(D)) is a quasi ∗-algebra over
L†(D) equipped with the following operations and involution X → X†: for
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X1,X2 ∈ v(D), A ∈ L†(D) and ξ, η ∈ D
(X1 + X2)ξ = X1ξ + X2ξ,

(αX)ξ = α(Xξ),

〈AXξ, η〉 = 〈Xξ,A†η〉,
〈XAξ, η〉 = 〈X(Aξ), η〉,

and

〈X†ξ, η〉 = 〈Xη, ξ〉.

Definition 3.2. Let A be a quasi ∗-algebra over A0. A linear mapping π of
A into L†(D,V(D)) is said to be a ∗-representation of A into L†(D,V(D))
if π(ax) = π(a)π(x), π(xa) = π(x)π(a) and π(x∗) = π(x)† for all x ∈ A and
a ∈ A0. Here we denote D and H by D(π) and Hπ, respectively.

Let π be a ∗-representation of A into L†(D(π),Hπ). Then π(A ) is a
quasi ∗-algebra over π(A0). For a GNS-construction of A for ω we have the
following

Proposition 3.3. Let ω be a ‖ · ‖-continuous positive linear functional on A0.
We can define a triple (πω, λω,Hω) satisfying

• πω is a ∗-representation of A into L†(λω(A0), v(λω(A0))).
• λω is a linear mapping from A to v(λω(A0)) satisfying

λω(XB) = πω(X)λω(B)

for all X ∈ A and B ∈ A0.

Here Hω = Hω, D(πω) = λω(A0), and πω and λω are extensions of πω and
λω, respectively.

Proof. For any A,B,C ∈ A0 we have

|(πω(A)λω(B)|λω(C))| = |ω(C∗AB)|
� γ‖C∗AB‖
� γ‖B‖0‖C‖0‖A‖. (3.3)

Take an arbitrary X ∈ A. Let {An} be a sequence in A0 which ‖ · ‖-
limn→∞ An = X. By (3.3) we have

lim
m,n→∞ |(πω(Am)λω(B)|λω(C)) − (πω(An)λω(B)|λω(C))|

� γ‖B‖0‖C‖0 lim
m,n→∞ ‖Am − An‖ = 0

for all B,C ∈ A0. We can define a linear mapping πω(X) from λω(A0) to
V(λω(A0)) by

〈πω(X)λω(B), λω(C))〉 := lim
n→∞(πω(An)λω(B)|λω(C))
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for B,C ∈ A0. Then it is easily shown that πω is a ∗-representation of A
into L†(λω(A0),V(λω(A0))) which is an extension of πω and λω is a vector
representation of A into V(λω(A0)) satisfying

λω(XB) = πω(X)λω(B)

for all B ∈ A0, which is an extension of λω. This completes the proof. �

The triple (πω, λω,Hω) in Proposition 3.3 is called the GNS-construction
of A for ω.

4. Eigenstates

4.1. Eigenstates and Spectrums

Let ω be a ‖ · ‖-continuous positive linear functional on A0. If ω(I) = 1, then
ω is called a state of A0. If ω is a state of A0, then ω is state of A. We denote
by E(A0) (resp. E(A)) the set of all ‖ · ‖-continuous states of A0 (resp. A).
Then

ω ∈ E(A0) �→ ω ∈ E(A)

is a bijection. In analogy with [3,6,9] we use the following definition of eigen-
state and eigenvalue of an element X of the CQ*-algebra:

Definition 4.1. Let X ∈ A. ω is said to be an eigenstate of X with eigenvalue
α if ω(AX) = αω(A) for all A ∈ A0. The set of all eigenvalues of X is denoted
by Eig(X).

Lemma 4.2. Let X ∈ A and ω ∈ E(A0). Then the following statements are
equivalent.

(i) ω is an eigenstate of X with eigenvalue α.
(ii) [πω(X)λω(I)] = αλω(I).

Proof. (i)⇒(ii) For any A ∈ A0 we have

ω(AX) = αω(A) = 〈πω(A)λω(X), λω(I)〉
= 〈λω(X), π(A†)λω(I)〉
= 〈λω(X), λω(A†)〉
= 〈πω(X)λω(I), λω(A†)〉,

and

ω(AX) = αω(A)

= (αλω(I)|πω(A†)λω(I))

= (αλω(I)|λω(A†)),

which implies that πω(X)λω(I) is a bounded vector1 in Hω and [πω(X)λω(I)] =
αλω(I).
(ii)⇒(i) This is trivial. This completes the proof. �

1This is the reason why we are using [πω(X)λω(I)] rather than πω(X)λω(I).
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We will say that X ∈ A has a left- (resp., right-) inverse in A0, if there
exists B ∈ A0 such that BX = I (resp., XB = I).

Next, we define the spectra of an element of A as follows:

Definition 4.3. Let X ∈ A. We put

σL
A0

(X) := {α ∈ C; (X − αI) has no left inverse in A0},

σR
A0

(X) := {α ∈ C; (X − αI) has no right inverse in A0},

σA0(X) := σL
A0

(X) ∪ σR
A0

(X).

The set σA0(X) (resp. σL
A0

(X), σR
A0

(X)) is called the (resp. left, right) spec-
trum of X.

It is clear that the maps

α ∈ σL
A0

(X) �→ α ∈ σR
A0

(X∗) and α ∈ σA0(X) �→ α ∈ σA0(X
∗)

are bijections.

Remark. For X ∈ A we cannot define σL
A(X), σR

A(X) and σA(X) because
Y (X − αI), (X − αI)Y are not defined for generic Y ∈ A.

Lemma 4.4. Let X ∈ A. Then we have the following

Eig(X) ⊂ σL
A0

(X) ⊂ σA0(X).

Proof. Take an arbitrary α ∈ Eig(X). Then there exists a ‖ · ‖-continuous
state ω of A0 satisfying

ω(AX) = αω(A) for all A ∈ A0. (4.1)

Now we assume α 
∈ σL
A0

(X). Then there exists a B ∈ A0 such that

B(X − αI) = I.

By (4.1) we have αω(B) = ω(BX) = αω(B) + 1, so 0 = 1. This is a contra-
diction. Thus α ∈ σL

A0
(X). The inclusion σL

A0
(X) ⊂ σA0(X) is obvious.

�

4.2. *-Semisimple CQ*-Algebras: A Hilbertian Approach

In the previous sections, we considered positive linear functionals on a CQ*-
algebra as continuous linear functionals ω that are positive in A0. The con-
tinuity allows to extend such a functional to the whole space and perform
a GNS-like construction. There are, however, possible alternative procedures
that can be exploited, all closely linked to a variant of the GNS construction
which is the main tool for this analysis. One of them is the notion of rep-
resentable linear functional [10, Definition 2.4.6] or the notion of invariant
positive sesquilinear (ips) form.

Definition 4.5. Let (A,A0) be a quasi *-algebra. A linear functional ω on A
is called representable if

(L.1) ω(a∗a) ≥ 0, ,∀a ∈ A0;
(L.2) ω(b∗x∗a) = ω(a∗xb), ∀x ∈ A, a, b ∈ A0;
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(L.3) ∀x ∈ A, there exists γx > 0, such that

|ω(x∗a)| ≤ γxω(a∗a)1/2, ∀a ∈ A0.

Similarly to the previous sections, every representable linear functional
defines a GNS-triple (πω, λω,Dω) but now λω takes its values in a dense do-
main Dω of a Hilbert space Hω and πω maps A into the partial *-algebra of
operators L†(Dω,Hω). If the quasi *-algebra has a unit, then this represen-
tation is cyclic and unique, up to unitary transformations, (see [10]).

The relationship between continuity and representability of a linear
functional, discussed in [1] and [10, Section 3.2], is still an open problem.
For this reason we will suppose that ω is a continuous representable linear
functional. Starting from ω, one can construct a sesquilinear form ϕω by

ϕω(X,Y ) = (πω(X)λω(I)|πω(Y )λω(I)), X, Y ∈ A.

It turns out that ϕω is bounded [10, Proposition 3.2.2]; that is, ϕω is a member
of the set PA0(A) that we are going to define.

Definition 4.6. Let us denote by PA0(A) the family of sesquilinear forms ϕ
on A × A such that

(i) ϕ(X,X) ≥ 0, ∀X ∈ A;
(ii) ϕ(XA,B) = ϕ(A,X∗B), ∀X ∈ A,∀A,B ∈ A0;
(iii) ∃ γ > 0 such that |ϕ(X,Y )| ≤ γ‖X‖‖Y ‖, ∀X,Y ∈ A.
By SA0(A) we denote the subset of elements of PA0(A) for which γ ≤ 1.

Remark 4.7. We recall that if ϕ is a positive sesquilinear form, then ϕ satisfies

• ϕ(X,Y ) = ϕ(Y,X), ∀X,Y ∈ A;
• |ϕ(X,Y )|2 ≤ ϕ(X,X)ϕ(Y, Y ), ∀X,Y ∈ A.

On the other hand, it is easily shown that to every element ϕ ∈ PA0(A),
there corresponds a continuous representable linear functional ωϕ. Then we
go through with our analysis using sesquilinear forms.

To begin with, we remind that every ϕ ∈ PA0(A) allows a GNS-
construction as in [10, Theorem 2.4.1], that is, there exist a Hilbert space
Hϕ, a dense subspace Dϕ, a linear map λϕ : A0 → Dϕ and a *-representation
πϕ of (A,A0) such that, for all X,Y ∈ A and A,B ∈ A0,

ϕ(XA,Y B) = (πϕ(X)λϕ(A)|πϕ(X)λϕ(A)). (4.2)

The triplet (πϕ, λϕ,Dϕ) is called the GNS construction for ϕ. Since ϕ ∈
PA0(A) is bounded, λϕ(A0) is dense in Hϕ; thus, we can suppose that Dϕ =
λϕ(A0).

We notice that if (A,A0) has a unit I, then πϕ(I) = Iϕ the identity
operator of Dϕ.

The CQ*-algebra (A[‖ · ‖],A0) is called *-semisimple if for every X 
= 0
there exists ϕ ∈ SA0(A) such that ϕ(X,X) > 0.

For instance, if p ≥ 2, both the CQ*-algebras (Lp([0, 1]), L∞([0, 1]) and
(Lp(ϕ), L∞(ϕ)) considered in the examples 2.1 and 2.2, may be regarded as
*-semisimple CQ*-algebras.
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Definition 4.8. Let (A[‖ · ‖],A0) be a *-semisimple CQ*-algebra. We say that
X ∈ A has a generalized left inverse if there exists Y ∈ A such that

ϕ(XA,Y ∗B) = ϕ(A,B), ∀ϕ ∈ SA0(A), ∀A,B ∈ A0.

Analogously, we say that X ∈ A has a generalized right inverse if there exists
Y ′ ∈ A such that

ϕ(Y ′A,X∗B) = ϕ(A,B), ∀ϕ ∈ SA0(A), ∀A,B ∈ A0.

An element Y that is at the same time left- and right generalized inverse of
X, is called, simply, a generalized inverse of X.

Remark 4.9. It is worth stressing that the generalized inverses need not be
unique.

In a *-semisimple CQ*-algebra, one can define a weak multiplication by
saying that an element Z ∈ A is the weak product of X,Y ∈ A, and it is
denoted by Z = X � Y , if

ϕ(XA,Y ∗B) = ϕ(ZA,B), ∀ϕ ∈ SA0(A), ∀A,B ∈ A0.

Then, for instance, if (A,A0) has a unit I, Y is a generalized right inverse of
X if X � Y = I.

Definition 4.10. Let (A[‖ · ‖],A0) be a *-semisimple CQ*-algebra. A complex
number α is called a generalized eigenvalue of X ∈ A, if there exist a nonzero
ϕ ∈ PA0(A) (called a generalized eigenvector of X) and A ∈ A0 such that

ϕ(A,A) > 0 and ϕ(XA − αA,B) = 0, ∀B ∈ A0. (4.3)

Proposition 4.11. Let (A[‖ · ‖],A0) be a *-semisimple CQ*-algebra. The fol-
lowing statements are equivalent.

(i) The complex number α is a generalized eigenvalue of X ∈ A.
(ii) There exists a nonzero ϕ ∈ PA0(A) and A ∈ A0 with ϕ(A,A) > 0 such

that

ϕ(XA − αA,XA − αA) = 0.

(iii) There exists a nonzero ϕ ∈ PA0(A) such that Ker(πϕ(X) − αIϕ) 
= {0},
where πϕ is the GNS representation constructed from ϕ.

Proof. (i)⇒(ii): Suppose that α is a generalized eigenvalue of X ∈ A. Then,
there exists a nonzero ϕ ∈ PA0(A) and A ∈ A0 such that (4.3) holds. Let now
{Bn} ⊂ A0 be a sequence such that ‖XA − αA − Bn‖ → 0. Then we have

ϕ(XA − αA,XA − αA) = lim
n→∞ ϕ(XA − αA,Bn) = 0.

(ii)⇒(iii): Let (πϕ, λϕ,Dϕ) be the GNS construction for ϕ. Then

ϕ(XA − αA,XA − αA) = ‖(πϕ(X) − αIϕ))λϕ(A)‖2 = 0.

Hence (πϕ(X) − αIϕ)λϕ(A) = 0 and, since ‖λϕ(A)‖2 = ϕ(A,A) > 0, we
conclude that Ker(πϕ(X) − αIϕ) 
= {0}.
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(iii)⇒(i): Assume that α ∈ C is an eigenvalue of πϕ(X), for some ϕ ∈
PA0(A); then there exists A ∈ A0 such that λϕ(A) 
= 0 such that (πϕ(X) −
αIϕ)λϕ(A) = 0. Then, for every B ∈ A0,

ϕ(XA − αA,B) = 〈(πϕ(X) − αIϕ)λϕ(A), λϕ(B)〉 = 0.

This completes the proof. �
Proposition 4.12. Let (A[‖ · ‖],A0) be a *-semisimple CQ*-algebra with unit
I. Suppose that α ∈ C is a generalized eigenvalue of X. Then, X − αI has
no generalized left inverse.

Proof. If α is a generalized eigenvalue of X, there exist ϕ and A ∈ A0, with
ϕ(A,A) > 0 such that ϕ((X − αI)A,B) = 0 for every B ∈ A0. Let Y ∈ A,
Y = lim

n→∞ Bn, Bn ∈ A0. Then

ϕ((X − αI)A, Y ∗C) = lim
n→∞ ϕ((X − αI)A,B∗

nC) = 0.

Hence, X − αI has no generalized left inverse. �
Let D be a dense domain in Hilbert space and K ∈ L†(D). We will say

that K is formally normal if K†K = KK† or, equivalently if ‖Kξ‖ = ‖K†ξ‖
for every ξ ∈ D.

An element X ∈ A is called normal if

ϕ(XA,XA) = ϕ(X∗A,X∗A), ∀ϕ ∈ PA0(A), ∀A ∈ A0.

It is clear that X is normal if and only if X∗ is normal.

Proposition 4.13. Let X ∈ A. The following statements are equivalent.
(i) X is normal.
(ii) πϕ(X) is a formally normal operator on Dϕ = λϕ(A0), for every ϕ ∈

PA0(A).

This is an immediate consequence of the equality

ϕ(XA,XA) = ‖πϕ(X)λϕ(A)‖2, ∀A ∈ A0

which holds for every ϕ ∈ PA0(A).

Remark 4.14. Let X ∈ A be normal and X = U + iV , U = U∗, V = V ∗ its
cartesian decomposition. Then one easily proves the equality

ϕ(UA, V A) = ϕ(V A,UA), ∀ϕ ∈ PA0(A), A ∈ Ao,

which can be read as a weak commutation of U and V . Indeed, this equal-
ity implies that if U � V is well defined then also V � U is well defined and
U � V = V � U .

Proposition 4.15. Let X ∈ A be normal. Then, ϕ is a generalized eigenvector
of X with generalized eigenvalue α if and only if it is generalized eigenvector
of X∗ with generalized eigenvalue α.

Proof. This follows immediately from the definitions since, for every ϕ ∈
PA0(A) and A ∈ A0, one has

ϕ(XA − αA,XA − αA) = ϕ(X∗A − αA,X∗A − αA),

as can be checked by a direct calculation. �
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From (iii) of Proposition 4.11 it follows immediately that

Corollary 4.16. If X = X∗ then every generalized eigenvalue is real.

Remark 4.17. It is natural to expect that, if X = X∗, generalized eigen-
vectors corresponding to different generalized eigenvalues are orthogonal, in
some sense. For this, we need some additional assumption.

Let ϕ,ψ ∈ PA0(A) and let πϕ, πψ the corresponding closed GNS rep-
resentations. Assume that πϕ, πψ are intertwined by a bounded operator
T : Hϕ → Hψ such that T : λϕ(A0) → D(πψ), the domain of πψ, and

Tπϕ(X)λϕ(A) = πψ(X)Tλϕ(A), ∀X ∈ A, A ∈ A0.

Suppose now that ϕ is a generalized eigenvector of X with eigenvalue α ∈ R;
then there exists A ∈ A0 such that ϕ(A,A) > 0 and πϕ(X)λϕ(A) = αλϕ(A).
It is easily checked that

πψ(X)Tλϕ(A) = αTλϕ(A).

Thus if, Tλϕ(A) 
= 0, Tλϕ(A) is a generalized eigenvector of X, corresponding
to α. Suppose that λψ(B), B ∈ A0, is an eigenvector of πψ(X) corresponding
to the eigenvalue β 
= α. Then λψ(B) and Tλϕ(A) are orthogonal in Hψ.

5. Eigenstates and Dynamics

Let H be a hermitian element of A0. Since A0 is a C*-algebra, eitH ∈ A0 for
all t ∈ R; so we can define

αH
t (X) := eitHXe−itH

for each X ∈ A and t ∈ R, and αH
t is a ∗-automorphism of A in the following

sense:
αH

t is a bijection and linear map of A onto A satisfying

αH
t (I) = I, αH

t (AX) = αH
t (A)αH

t (X),

αH
t (XA) = αH

t (X)αH
t (A), αH

t (X∗) = αH
t (X)∗

for all A ∈ A0 and X ∈ A. Furthermore, we can easily show the following

Lemma 5.1. {αH
t } is a ‖ · ‖-continuous one-parameter group of ∗-auto-

morphisms of A, that is,

αH
0 (X) = I, αH

s+t(X) = αH
s (αH

t (X)).

(A, {αH
t }) is called a dynamical system.

Remark. Suppose that H ∈ A and H∗ = H. Then we can not define αH
t (X)

as in (5.1), because

eitH =
∞∑

n=0

(it)n

n!
Hn

is not well defined.
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Lemma 5.2. Let H ∈ A0. For any X ∈ A we have

lim
t→0

‖eitHX − X‖ = 0 , lim
t→0

‖XeitH − X‖ = 0,

lim
t→0

∥∥∥∥
eitH − I

t
X − iHX

∥∥∥∥ = 0 , lim
t→0

∥∥∥∥X
eitH − I

t
− iXH

∥∥∥∥ = 0,

lim
t→0

‖αH
t (X) − X‖ = 0 , lim

t→0

∥∥∥∥
αH

t (X) − I

t
− i[H,X]

∥∥∥∥ = 0.

Proof. For any X ∈ A we have

‖eitHX − X‖ � ‖eitH − I‖0‖X‖ −−−→
t→0

0,
∥∥∥∥

eitH − I

t
X − iHX

∥∥∥∥ �
∥∥∥∥

eitH − I

t
− iH

∥∥∥∥
0

‖X‖ −−−→
t→0

0.

The other statements can be proved in similar way. This completes the proof.
�

Here we put, for H ∈ A0 as in the previous Lemma,

δH(X) = i[H,X] := i(HX − XH), X ∈ A.

Then δH is a linear mapping from A to A satisfying

δH(AX) = δH(A)X + AδH(X),
δH(XA) = δH(X)A + XδH(A),
δH(X)∗ = δH(X∗)

for all X ∈ A and A ∈ A0 and it is called a ∗-derivation of A.

Lemma 5.3. Let H∗ = H ∈ A0 and ω ∈ E(A0). Consider the following
(i) ω is an eigenstate of H with eigenvalue α
(ii) ω is an eigenstate of H with eigenvalue α
(iii) ω is an eigenstate of eitH with eigenvalue eitα

(iv) ω is an eigenstate of eitH with eigenvalue eitα.
Then

(i) ⇔ (ii)
⇓

(iii) ⇔ (iv).

Proof. (i)⇒(ii) This is trivial.
Take an arbitrary X ∈ A. There exists a sequence {An} in A0 such that
limn→∞ ‖An − X‖ = 0.
(ii)⇒(i) Since AnH ∈ A0 −−→

‖·‖
XH and ω is ‖ · ‖-continuous, it follows that

ω(AnH) → ω(XH) and αω(An) → αω(X), so ω(XH) = αω(X). Hence (i)
holds.
(ii)⇒(iv) By [9] Theorem 2.13 ω(AneitH) = eitαω(An) for all t ∈ R. By the
‖ · ‖-continuity of ω we have ω(XeitH) = eitαω(X), so (iv) holds.
(iii)⇔(iv) Can be proved in the same way as (i)⇔(ii). This completes the
proof. �
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Definition 5.4. Let H∗ = H ∈ A0 and ω ∈ E(A0). The state ω of A is said
to be invariant under αH

t if

ω(αH
t (X)) = ω(X) for all X ∈ A, t ∈ R.

Theorem 5.5. Let H∗ = H ∈ A0 and ω ∈ E(A0). Consider the following

(i) ω is an eigenstate of H with an eigenvalue in σA(H).
(ii) ω is an eigenstate of H with an eigenvalue in σA0(H).
(iii) ω is invariant under αH

t .
(iv) ω is invariant under αH

t .

Then

(i)
⇓

(ii)
⇓

(iii) ⇔ (iv)

Proof. (i)⇒(ii) It follows from Lemma 5.3 and σA(H) ⊂ σA0(H).
(iii)⇒(iv) This is trivial.
(iv)⇒(iii) Take an arbitrary X ∈ A. There exists a sequence {An} in A0 such
that limn→∞ ‖An − X‖ = 0. Then we have

αH
t (An) = eitHAne−itH ∈ A0 for all n ∈ N

and

lim
n→∞ ‖αH

t (An) − αH
t (X)‖ � lim

n→∞ ‖I − itH‖0‖e−itH‖0‖An − X‖
= lim

n→∞ ‖An − X‖
= 0.

Since ω is ‖ · ‖-continuous, we have

ω(αH
t (X)) = lim

n→∞ ω(αH
t (An))

= lim
n→∞ ω(An)

= ω(X).

(ii)⇒(iv) It follows from [9] Proposition 3.1.
This completes the proof. �

5.1. Ground States

In Sect. 5 we considered the case of H∗ = H ∈ A0. Here we shall consider the
case of H∗ = H ∈ A and ω ∈ E(A0).

Definition 5.6. The state ω of A is said to be a ground state for H if

(i) ω is a eigenstate for H with an eigenvalue α∗
(ii) 〈πω(H)λω(B), λω(B)〉 � α∗(λω(B)|λω(B)) for all B ∈ A0.

We define the spectrum of the form πω(H) as follows:
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Definition 5.7. We denote by Spec(πω(H)) the set of all α ∈ C such that
[πω(H)λω(B)] = αλω(B) and λω(B) 
= 0 for some B ∈ A0, that is, λω(B) 
=
0 ∈ Ker(πω(H) − αI) for some B ∈ A0. This set is called the spectrum of
πω(H).

Theorem 5.8. Suppose that H∗ = H ∈ A and ω ∈ E(A0). If ω is a ground
state for H, then the following statements hold.
(1) −i ω(A∗δH(A)) � 0 for all A ∈ A0.
(2) ω(δH(A)) = 0 for all A ∈ A0.
(3) α∗ = min Spec(πω(H)).

Proof. (1) Take an arbitrary A ∈ A0. Then by Definition 5.6 (i) and (ii)

− i ω(A∗δH(A)) = 〈πω(HA − AH)λω(I), λω(A)〉
= 〈πω(H)λω(A), λω(A)〉 − 〈πω(H)λω(I), λω(A∗A)〉
= 〈πω(H)λω(A), λω(A)〉 − (α∗λω(I)|λω(A∗A))
= 〈(πω(H) − α∗I)λω(A), λω(A)〉
� 0. (5.1)

(2) Take an arbitrary A ∈ A0. Then by (1) we have

ω(δH(A∗A)) = i(ω(δH(A∗)A) − ω(A∗δH(A)))
= i(ω((A∗δH(A))∗) − ω(A∗δH(A)))

= −iω(A∗δH(A)) + iω(A∗δH(A))
= −iω(A∗δH(A)) + iω(A∗δH(A))
= 0.

Since A ∈ A0 can be expressed as a combination of four positive elements of
A0, from the functional calculus of C*-algebra, see [8] for instance, we have

ω(δH(A)) = 0.

(3) Take an arbitrary α ∈ Spec(πω(H)). Then, there exists an element B ∈ A0

such that λω(B) 
= 0 and [πω(H)λω(B)] = αλω(B). By Definition 5.6 (ii), we
have

α∗(λω(B)|λω(B)) � 〈πω(H)λω(B), λω(B)〉
= α(λω(B)|λω(B)),

so λω(B) 
= 0, α∗ � α because of λω(B) 
= 0. Furthermore, since

[πω(H)λω(I)] = α∗λω(I),

we have

α∗ ∈ Spec[πω(H)].

Thus (3) holds. This completes the proof. �

Definition 5.9. Let H∗ = H ∈ A and ω ∈ E(A0). Suppose the state ω of A is a
ground state of H. Then ω is said to be nondegenerate if Ker(πω(H)−α∗I) =
Cλω(I). And ω is said to be gapped if ω(A∗HA) � (α∗ +�)ω(A∗A) for some
Δ > 0, for all A ∈ A0 with λω(A) ∈ (Ker(πω(H) − α∗I))⊥.
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Theorem 5.10. Let H∗ = H ∈ A and ω ∈ E(A0). Suppose ω is a nondegen-
erate ground state of H. Then the following statements are equivalent:

(i) ω is a gapped ground state of H.
(ii) There exists a � > 0 such that −iω(A∗δH(A)) � �(ω(A∗A) − |ω(A)|2)

for all A ∈ A0.

Proof. (i)⇒(ii) Since ω is nondegenerate, we have

(Ker(πω(H) − α∗I))⊥ = {λω(I)}⊥.

For any A ∈ A0 we put

B := A − (λω(A)|λω(I))I.

Then B ∈ A0 and λω(B) ∈ {λω(I)}⊥. Since ω is a ground state of H, we
have

ω(B∗HB) � (α∗ + �)ω(B∗B). (5.2)

Thus we have

ω(B∗HB)
= 〈πω(H)λω(B), λω(B)〉
= 〈πω(H)(λω(A) − (λω(A)|λω(I))λω(I)), λω(A) − (λω(A)|λω(I))λω(I)〉
= 〈πω(H)λω(A), λω(A)〉 − (λω(A)|λω(I))〈πω(H)λω(A), λω(I)〉

−(λω(A)|λω(I))〈πω(H)λω(I), λω(A)〉
+(λω(A)|λω(I))(λω(A)|λω(I))〈πω(H)λω(I), λω(I)〉

= 〈πω(H)λω(A), λω(A)〉 − ω(A)(α∗ω(A))
−ω(A)(α∗λω(I)|λω(A)) + |ω(A)|2(α∗|ω(I)|2)

= 〈πω(H)λω(A), λω(A)〉 − α∗|ω(A)|2,
so by (5.1)

ω(B∗HB) = −iω(A∗δH(A)) + α∗ω(A∗A) − α∗|ω(A)|2. (5.3)

In the above equations we used the following equalities

[πω(H)λω(I)] = α∗λω(I)

〈πω(H)λω(A), λω(I)〉 = ω(HA) = ω(A∗H)

= α∗ω(A∗) = α∗ω(A).

Since

(α∗ + �)ω(B∗B) = (α∗ + �)ω((A∗ − ω(A)I)(A − ω(A)I))
= (α∗ + �)(ω(A∗A) − |ω(A)|2),

it follows from (5.3) that

−iω(A∗δH(A)) + α∗ω(A∗A) − α∗|ω(A)|2 � (α∗ + �)(ω(A∗A) − |ω(A)|2).
Thus we have

−iω(A∗δH(A)) � �(ω(A∗A) − |ω(A)|2).
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(ii)⇒(i) Take an arbitrary A ∈ A0 such that λω(A) ∈ {λω(I)}⊥. Then by
(5.1) and assumption (ii) we have

ω(A∗HA) = 〈πω(H)λω(A), λω(A)〉
= −iω(A∗δH(A)) + α∗ω(A∗A)
� �(ω(A∗A) − |ω(A)|2) + α∗ω(A∗A)
= (α∗ + �)ω(A∗A) − �|ω(A)|2
= (α∗ + �)ω(A∗A).

In the above equations we used the fact that λω(A) ∈ {λω(I)}⊥, so ω(A)
=(λω(A)|λω(I)) = 0. This completes the proof. �

6. A Brief Digression: A locally convex *-algebra constructed
from A0(‖ · ‖)

Let A(‖ · ‖) be a CQ*-algebra over the C*-algebra A0. As shown in Sect. 3,
any ‖ · ‖-continuous positive linear functional ω on A0 is extendable to a ‖ · ‖-
continuous (positive) linear functional ω on A for which the GNS-construction
is possible, but the usual operator GNS-construction for ω is impossible in
general. For this reason, in this section we define a locally convex ∗-algebra
A1 containing A0 such that any ‖ · ‖-continuous positive linear functional ω
on A0(‖ · ‖) is extendable to an admissible positive linear functional ω on A1,
that is, πω(X) is a bounded linear operator on Hω for all X ∈ A1. For any
N ∈ N we define a metric space (A0(N), dN ) by

A0(N) = {A ∈ A0; ‖A‖ � N},

dN (A,B) = ‖A − B‖, A,B ∈ A0(N).

Then,

A0(N1) ⊂ A0(N2) if N1 � N2,

A0 = ∪N∈NA0(N).

Hence we implement an inductive limit topology τind on A0 defined by the
sequence {(A0(N), dN )} of metric spaces, that is, τind-lim An = A if and only
if {An} ⊂ A0(N) for some N ∈ N and limn→∞ ‖An − A‖ = 0.

We denote by A1 the completion of A0 under the inductive limit topol-
ogy τind. Then we have the following

Proposition 6.1. A1 is a locally convex ∗-algebra under the norm ‖ · ‖ satis-
fying

A0 = ∪N∈NA0(N) ⊂ A1 = ∪N∈NA0(N)[dN ] ⊂ A, (6.1)

where A0(N)[dN ] is the completion of the metric space A0(N)[dN ].

Proof. Clearly, A1[‖ · ‖] is a subspace of the Banach space A. We can define
the multiplication of XY of X and Y in A1. Indeed, take arbitrary X,Y ∈ A1.
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There exist sequences {An} and {Bn} in A0(N) for some N ∈ N such that
limn→∞ ‖An − X‖ = limn→∞ ‖Bn − Y ‖ = 0. Then since

‖AmBm − AnBn‖ � ‖(Am − An)Bm‖ + ‖An(Bm − Bn)‖
� ‖Bm‖0‖Am − An‖ + ‖An‖0‖Bm − Bn‖
� N(‖Am − An‖ + ‖Bm − Bn‖),

{AnBn} is a Cauchy sequence in A0(N)[dN ], so limn→∞ AnBn exists in
A0(N)[dN ]. Furthermore, for any sequences {A′

n} and {B′
n} in A0(N ′) such

that limn→∞ ‖A′
n − X‖ = limn→∞ ‖B′

n − Y ‖ = 0. Then

‖AnBn − A′
nB′

n‖ � ‖(An − A′
n)Bn‖ + ‖A′

n(Bn − B′
n)‖

� N ′(‖An − A′
n‖ + ‖Bn − B′

n‖)

for all n ∈ N, so ‖ · ‖-limn→∞ AnBn exists in A1 and it is independent for
the method of taking sequences {An} and {Bn}. Thus we can define the
multiplication XY in A1 by

XY = ‖ · ‖ − lim
n→∞ AnBn,

and it satisfies the following

‖XY ‖ = lim
n→∞ ‖AnBn‖

� lim
n→∞ ‖An‖‖Bn‖0

� N lim
n→∞ ‖An‖

= N‖X‖,

and similarly

‖XY ‖ � N‖Y ‖,

so the multiplication of A1[| · ‖] is separating continuous. Furthermore, since
‖X∗‖ = ‖X‖, A1[‖ · ‖] is a locally convex ∗-algebra. (6.1) is trivial. This
completes the proof. �

Let ω be a ‖ · ‖-continuous positive linear functional on A0. The restric-
tion of the positive linear functional ω on A to A1 (we use the same notation
ω) is a positive linear functional on the locally convex ∗-algebra A1[‖ · ‖], so
its GNS-construction (πω, λω,Hω) is possible. We have the following

Proposition 6.2. Let (πω, λω,Hω) be the GNS-construction for a ‖·‖-continuous
positive linear functional ω on A0. Then the ‖ · ‖-continuous positive linear
functional ω on A1 is admissible and its GNS-construction (πω, λω,Hω) sat-
isfies the following properties:
(1) Hω = Hω.
(2) πω(A) = πω(A) and λω(A) = λω(A) for all A ∈ A0.
(3) For any X ∈ A1 there exists an sequence {An} ⊂ A0(N) for some

N ∈ N such that πω(An) �→ πω(X), strongly, namely for any x ∈ Hω

limn→∞ πω(An)x = πω(X)x. So, πω(A1) is contained in the bicommu-
tant πω(A0)′′ of the bounded ∗-algebra πω(A0) on Hω.
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(4) For any X ∈ A1 there exists an sequence {An} ⊂ A0(N) for some
N ∈ N such that limn→∞ λω(An) = λω(X).

Proof. Take an arbitrary X ∈ A1. Then there exists a sequence {An} ⊂
A0(N) for some N ∈ N such that limn→∞ ‖An − X‖ = 0. Then, for any
n ∈ N we have

‖(An − X)∗(An − X)‖ � ‖A∗
n(An − X)‖ + ‖X∗(An − X)‖

� 2N‖An − X‖,

so ‖ · ‖-limn→∞(An − X)∗(An − X) = 0. Since ω is ‖ · ‖-continuous, we have

lim
n→∞ ‖λω(An) − λω(X)‖2 = lim

n→∞ ω((An − X)∗(An − X)) = 0,

which implies (1) and (4). For any B ∈ A0, B∗A∗
nAnB � ‖An‖20B∗B �

N2B∗B, so for any X ∈ A1

‖πω(X)λω(B)‖2 = ω(B∗X∗XB)
= lim

n→∞ ω(B∗A∗
nAnB)

� N2ω(B∗B)
= N2‖λω(B)‖2,

which implies by (1) and (4) that

πω(X) ∈ B(Hω) and ‖πω(X)‖ � N. (6.2)

The statement (2) is trivial. We show (3). For any B ∈ A0 we have

‖πω(An)λω(B) − πω(X)λω(B)‖2 = ω(B∗(A∗
n − X)∗(An − X)B)

� γ‖B∗(An − X)∗(An − X)B‖
� γ‖B‖20‖(An − X)∗(An − X)‖
→ 0 as n → ∞. (6.3)

Take an arbitrary x ∈ Hω and any ε > 0. There exists a B ∈ A0 such that
‖λω(B) − x‖ < ε. Then, for any n ∈ N, it follows from (6.2) that

‖πω(An)x − πω(X)x‖ � ‖(πω(An) − πω(X))(x − λω(B))‖
+‖(πω(An) − πω(X))λω(B)‖

� N‖x − λω(B)‖ + ‖(πω(An) − πω(X))(B)‖λ,

which implies (3). This completes the proof. �

For the admissible positive linear functionals ω on A1 we can define
the notions of eigenstates, dynamics and ground states, and obtain the same
results studied in Sect. 4.

7. Conclusions

We have proposed a possible extension of the notion of eigenstates for CQ*-
algebras, and we have deduced several of their properties. In particular, we
have exploited some connections between these states and dynamical systems.
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Our analysis of generalized eigenstates in an algebraic settings is far
from being completed. We believe that there exist still many aspects that
deserve further analysis, both from a mathematical point of view and for their
physical applications. Just to cite two interesting topics we plan to consider
in a close future, we mention the case of non Hermitian Hamiltonian H in the
definition of the dynamics, which has triggered the interest of many scholars
(see [2] and [5]) in the past decades, [7], and the construction of generalized
eigenstates and eigenvalues in the context of Sect. 6.
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