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counterpart of the algebraic notion of biderivation, which has been extensively studied in
the beginning in rings, and subsequently in the context of non-associative algebra. Our
construction leads to the definition of a bitangent space at a pair of points. When the
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primary 53A4558A32, 17B40 reduces to a contravariant 2-tensor. We then introduce the bidifferential of a pair of smooth
maps as a linear map between bitangent spaces, and we describe its associated matrix

Keywords: explicitly. Finally, we illustrate the theory through applications to some partial differential

Biderivations equations. Indeed, we discuss connections with the eikonal equation, a classical problem

Smooth manifolds arising in the study of wave propagation, and elliptic operators.
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1. Introduction

In the theory of smooth manifolds, one of the key tools is introducing tangent vectors at a point as a natural gener-
alisation of tangent vectors of Euclidean spaces, which are given simply by directional derivatives. In fact, by the use of
coordinates, one can define diffeomorphisms between open sets of the manifold and open sets of R". The set T,M of tan-
gent vectors at a point p of a manifold M, called the tangent space of M at p, allows us to introduce the differential (or
pushforward) of a smooth map, which, as well as in the classical calculus, plays the role of the best linear approximation of
the function. The aim of this work is to follow this geometric approach to introduce biderivations for (a pair of) manifolds.

Biderivations may be seen as a generalization of derivations. Indeed, they are bilinear maps, acting as derivations in each
argument. Derivations and biderivations have been studied in depth for algebraic structures. Indeed, derivations may be seen
as an extension of the concept of differentiation from real-valued functions as linear operators satisfying the Leibniz rule.
For instance, it is well-known that in Lie algebras, the set of derivations forms a Lie algebra via the commutator bracket.
Furthermore, the study of derivations gives some information about the internal properties of the corresponding algebraic
structure. Similarly, one can investigate the relationship between biderivations and the structure of the algebra on which
they are defined. The earliest work where biderivations, although not called as such, appear is that of Maksa [21], but later
they were formally introduced by Vukman in [27] in a purely algebraic context. However, the first example of biderivation
for Lie algebras dates only to 2011 [28]. The study of biderivations has become a standard research topic in Lie algebras and
in the related algebraic structures [3,4,10]. Indeed, biderivations have been subsequently introduced and studied for many
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other algebraic structures, as, for instance, for Lie superalgebras in [12], for complete Lie algebras in [13], and for complete
Leibniz algebras in [11].

In differential geometry, the vector space TyM ® --- ® T,M given by the tensor product of k copies of the tangent
space Tp,M is called the space of contravariant tensors of rank k. As will become clear in Section 3, the bitangent space
T;ZJ,p(M’ M) = Tgpr consists of contravariant 2-tensors. It is worth pointing out that the bitangent space that we will in-
troduce is constructed a priori starting from two points belonging to two distinct manifolds. On the other hand, in [15,22]
tensors defined on pairs of points belonging to two manifolds connected by a transport map are considered. These are called
two-point tensors and they play an important role in continuum mechanics. A natural question is whether the biderivations
defined in this work are closely related to such two-point tensors. A further motivation for making this geometric construc-
tion explicit comes from partial differential equations. On the diagonal, namely when the two points coincide, a symmetric
biderivation field is a contravariant symmetric 2-tensor. If it is positive (semi)definite, it may be interpreted as a cometric,
that is, as a positive definite quadratic form on the cotangent space. This point of view naturally appears in first-order
Hamilton-Jacobi equations: in the eikonal equation, a positive definite biderivation field prescribes the quadratic Hamilto-
nian, or equivalently the ellipsoidal level sets in the cotangent space. The same diagonal object also appears at second order,
where it determines the principal part of divergence-form elliptic operators and the associated carré du champ or Dirichlet
form.

The paper is organised in four sections. After this introduction section, in Section 2, we define biderivations on manifolds,
and we study the vector space formed by all the biderivations at two points. In Section 3, we introduce the notion of
bidifferential, a linear map defined between the bitangent spaces and investigate what the associated matrix of this map is.
Lastly, Section 4 is devoted to the applications of the results obtained in the previous sections to some PDE problems. For
instance, the eikonal equation and elliptic operators.

2. Tangent bivectors on manifolds

Before the introduction of the notion of biderivations within the framework of differential geometry, it is necessary to
provide a clarification regarding the choice of the term bivector. In the relevant literature, this term is widely used in the
context of geometric algebra. Let V be a vector space and let A denote the wedge product (or exterior product) on V. A
decomposable element of the form v =v{ A vy € /\2 V is called a bivector. The primary reason behind this terminology
is that such elements are, informally speaking, neither scalars nor vectors (we refer the reader to [14] for further details,
as well as to other standard references on the subject). However, the subsequent subsections will demonstrate that, in a
similar manner to how a derivation can be regarded as a tangent vector at a point on a smooth manifold, biderivations can
be interpreted as tangent bivectors. Nevertheless, this interpretation will be entirely unrelated to the notion of bivectors in
geometric algebra, as previously defined.

2.1. First definitions and properties

Let M, N be two smooth manifolds and let p € M, g € N. Let C§°(M) and Cé”(N) denote the algebras of real-valued C*°
functions defined on some neighbourhood of p and g, respectively.

Definition 2.1. A biderivation of M and N in p and q is a bilinear form B :CSO(M) X Cé’"(N) — R such that

B(f1f2, 8 = f1(p)B(f2. &) + f2(p)B(f1, &), (1)
B(f.2182) =g1(@B(f, g2) + g2(@)B(f, g1) (2)
for every f, f1, f2 € C;°(M) and g, g1, 82 € C°(N).

An equivalent definition of the latter is the following.

Definition 2.2. A map B: C;°(M) x C°(N) — R is a biderivation if and only if B(-,g) € Ty,M for every g e Cq°(N), and
B(f,-) € TqN for every f e CSO(M).

The set of these maps will be denoted by Tf,’q(M, N). When M = N, and then p, q € M, we will denote this vector space
as TgﬂqM . The following result is straightforward.

Theorem 2.3. Tg’q(M , N) is a real vector space.

Let us suppose that f € C;"(M) is a constant function on a neighbourhood U, of p. Then § = B(-, g) € T, M, for any
ge C;’O(N). By a well-known result on derivations [20, Lemma 3.1 a], we have §(f) =0, and hence B(f, g) = 0. Furthermore,
if f1(p) = f2(p) =0 with fq, fo € CSO(M), then, by [20, Lemma 3.1 b], §(f1f2) =0 and B(f1 f2, &) =0, for every g € CgO(N).
These results are formally summarised below.
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Proposition 2.4. Let B € T;q(M, N), f, f1. fr € C,‘;O(M), and g, 81,82 € C;"(N). Then

a) If f is constant in a neighbourhood Up € M of p, then B(f, g) =0, for every g € C°(N).
b) If g is constant in a neighbourhood Wq C N of q, then B(f, g) =0, forevery f € Cg°(M).
¢) If fi(p) = f2(p) =0, then B(f1 f2, 8) =0, for every g € CZ°(N).
d) If g1(q) = g2(q) = 0, then B(f, g182) =0, for every f € C;°(M).

Remark 2.1. We note that, as well as derivations, a biderivation of Tg_,q(M, N) applied to a pair of suitable functions f and
g such that f(p) = g(qg) =0 is not, in general, equal to zero. Hence, under mixed conditions where f1(p) = g(q) =0 and
f2(p) # 0, the point c) in the last proposition shows that, in general, B does not vanish.

Just as the tangent space TyM to M at a point p has a purely local nature, that is, independent of the global structure
of the manifold, we will show that the same holds for le),q(M, N).

Proposition 2.5. Let f € C;°(M) with domain U, and let Uy S U be a smaller neighbourhood of p. Similarly, let g € Cg°(N) with
domain V, and V1 € V a smaller neighbourhood of q. Then, for every B € Tglyq(M, N), we have

B(f|U17g|V1) :B(fag)

Proof. Let h (respectively, ¢) be the function with domain U; € U € M (respectively, V1 € V C N) that takes the constant
value 1; that is,

h: Uy — {1}, £: V4 — {1}.
Then fl|y, = fh and g|y, = g¢,! and hence, by applying part a) of Proposition 2.4 to function h, we have
B(flu,.¢) =B(fh, ¢)
= f(p)B(h,9) + h(p)B(f,¥)

=B(f. ).

for any ¢ e Cg°(N). Similarly, one can prove that B(y, glv,) = B(y, &), for any ¥ € Cg°(N). Putting together these two
results, then we have B (fly,, glv,) =B(f.g). O

Corollary 2.6. Let f1, f> € C;°(M) such that fi and f coincide in a neighbourhood U of p and let g1, g2 € Cg°(N) such that g
and g coincide in a neighbourhood V of q. Then B(f1, &) = B(f2, g), for every g € C;"(N), and B(f, g1) = B(f, g2), for every
feCrM).

Proof. If f1|y = f2|u, then by Proposition 2.5, for any g € C7°(N) we have

B(f1,2) =B (f1lu, & =B (f2lu, & =B(f2, 8.

Similarly, one can prove the other equality of the statement. O
2.2. The vector space T ,(E™, E")

Let M =E™ and N =E". Let 7; be the projection of a k-tuple on its i-th component, i.e. ;(x1, X2, ...,X;) = Xx;. Let
€ CP(E™) and g € C°(E™). Then, by Taylor’s theorem, we obtain
p q

m 8 m
fO=fm+) a—){(P)(Xi —p)+ Y _ i — pi)
i=1 !

i=1

and

n a n
g=g@+) 8—j(q)(yj —q)+ Y &N —4)).
j=1 "7/ j=1

1 Recall that the pointwise product of two functions is defined on the intersection of their domains.

3
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where f1, f2,..., fm € C;°(E™) and g1, 82, ..., & € CJ°(E™), with fi(p) = gj(q) =0 for every 1<i<mand 1<j<n
More precisely, the following formulas hold:

2
fix)= Z(Xk pk)/(l—t) / (p+t(X—p))

k=

and

n 1 2
gj(Y)=Z(Yk_Qk)/(1 —0) - fyl (@+ty—q)dt
k=1 0 ¢

Then, we have

B(f,g&)=B(f(p). g@)

d
+ ZZ[ (—(p)(x, P, ng(q)(” - q;))

i=1 j=1
af
+B (a(p)(xi = Pi), 8Ny — q;')>

0
B (ﬁ(x)(x,- — o). Wg(w i- q,-))
J

B (fix)(xi — pi), (V) (Vj — Qj))}.

Since f(p) and g(q) are constant, by parts a) and b) of Proposition 2.4, we obtain B (f(p), g(q)) = 0. Moreover, the third,

fourth, and fifth addends in the expansion of B(f, g) vanish as a consequence of parts c¢) and d) of Proposition 2.4. Lastly,
we have

m

ad
B(f,g)=8 Za—iwxz pl)Z y, @00

i=1

_ ZZ a(p)—(q)B(xl Pi.Yj—4j)

i=1 j=1

= ZZ —(p)—(q) (B(xi, j) — B(xi,qj) — B(pi, ¥)) + B(pi,q))

= ZZ —(p)—(q)B(m(X) 7i(Y)),

i=1 j=1

where B(x;, —q;) = B(—pi,yj) = B(pi,qj) = 0 because p;,q; are constant functions. The factor B(sm;(x),j(y)) can be
thought as a matrix B = (bjj) € Mmxn(R) defined as b;; = B(ri(x), 7r;(y)). Given that all the quantities involved are scalars

and therefore commute, the scalar expression in the final equality can naturally be interpreted as a bilinear form. Indeed,
let

_ (3 ﬂ af _(2%8 ., 98 g
Vf(p)—( (p), () 8Xm(p)) and Vg(q)—(ayl(q), ayz(q)""’ayn(q))

denote the gradients of the functions f and g at the points p € E™ and q € IE", respectively. Hence, the equation

B(f.g) = ZZB (P)buay @

i=1 j=1

can be written as

B(f.8&)=Vf(p)B(Vg@) . (3)
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In other words, if we identify with B not only the biderivation, but also the matrix B = (b;;) and the bilinear form that it
defines, B can be thought as a bilinear form. Moreover, if one interprets

3 af

_ar 98
P (f.9=—"—p—©,

® 0
0x; " 9Y;j

p Vilg
every biderivation B can be written as

d
B(f.g = Z Bij(a

1<i<m
1<j<n

®3
p Vi

) (f. o. (4)
q

Proposition 2.7. le,yq(IEm, E"ZT,E™ @ T4E" and a basis is given by
0

0 ®
X P 0y;j q

Therefore, the dimension of Tg’q(IEm, E"ism-n.

: 1§i§m,l§j§n}.

We conclude this section with an explicit example of a biderivation in the framework of Euclidean spaces. The following
falls in the setting of Remark 2.1.

Example 2.7.1. Let B be the biderivation of M = N = E2 given by the matrix (} _01) If p=(1,0), g=(0,1) are two

points of E2 and fi(x1,%2) =x1 +x2 — 1, f2(X1,%2) = x1 + x2, and g(y1,y2) = y1 + y2 — 1, three C®-functions, then
fi(p) =g(@) =0 and f>(p) # 0. On the other hand, by the Leibniz rule and the formula (3) we have that
0

B(f1f2.8) = [1(P)B(f2. & + [2(p)B(f1.8) = V[i())B(VE@) = (1, 1) (} _1) (}) =1,

which does not vanish.
3. Bidifferential

Let F: M{ — M, be a smooth map. We recall here that the classical differential of F in p € My is defined as
dFp: TyMy — TppyMa, with dFy(8) f =8(f o F), for every 6 e TyM; and f € Cgfp)(Mz). Following the same guiding prin-
ciple adopted so far, namely, extending differential-topological concepts dimensionally to provide geometric interpretations,
we now introduce the following definition of a bidifferential, understood as a natural generalisation in this geometric frame-

work.

Definition 3.1. Let M, My, N1, N, be smooth manifolds and F: M; — My, G: Ny — Ny two smooth maps. The map
d*(F,G)pq: T o(M1,Ny) > T ) (M2, Ny) is the bidifferential of F and G in p and g, and it is defined as

F(p),G(q
d*(F,G)pq(B)(f.8) =B(foF,goG), (5)
for every Be T (M1, N1), f e CFp)(M2), and g € C7) (N2).

We note that, since f o F: My LN M- —f> R and goG: Ny N N, LN R, then foF € Cy°(My) and go G € Cg°(Ny),
the last definition is properly stated. We shall prove that the bidifferential of F and G in p and q yields a biderivation of M
in p and gq.

Proposition 3.2. d%(F, G), (B) € Tﬁ(p).c(q) (M2, Ny), for every B € Tj (M, Ny).

Proof. Let us start to prove that d2(F, G)p.q(B) is bilinear. Indeed,

d*(F, G)pq(B) @1 fi +a2f2,8) =B (a1 fi+a2fa) o F, g0 G)
=B(a1fioF4+ayfroF,g0G)
=B(x1fioF,g0G)+B(azfr0F,g0G)
=o1B(f1oF,80G) +a2B(f20F,g0G)
=0a1d*(F, G)p q(B)(f1, &) + 02d?(F, G)p(B)(f2. 8),
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Ma
_—
F f

dFp(1)” F(p)

TpMy Trp)M2 E!

N
_—
G g

dFp(82)  G@

TqN1 TG N2 E!

Fig. 1. Setting of Proposition 3.2.

for every f1, fo € Cﬁp) (M), g€ Cg‘(’q) (N2), and o1, @y € R. Similarly, the reader can prove the linearity in the second argu-
ment. Now, we will prove that d?(F, G)p.q(B) is a biderivation of M> and N in F(p) and G(q) in the sense of Definition 2.1.

Let fq, fo € C;’C(’p) (M3) and g € Cgc(’q) (N3). Hence, we have

d*(F,G)pq(B)(f1f2.8) =B ((f1f2) o F, g0 G)
=B((fioF)(f20F),g0G)
= f1oF(p)B(f20F.g20G)+ f20F(p)B(fioF,goG)
= fi(F(p))B (f20F,g0G) + fa(F(p))B(f1oF,goG)

and Equation (1) holds. To prove that Equation (2) holds as well, the computations are similar and therefore will be omitted.
See Fig. 1. O

The next result can be regarded as a chain rule for bidifferentials, describing an identity that arises from the composition
of two pairs of smooth maps.

Proposition 3.3. Let M1, My, M3 and N1, N3, N3 be smooth manifolds, and let p1 € M1, and q1 € N1. Consider smooth maps
Fi: Mj — Mj41 and G;: Nj — Njy1, for i =1, 2. Then, the following chain rule for bidifferentials holds:

d*(Fy0F1, G20G1),  =d*(F2,G2), . od*(F1,G1) (6)

p1.q1°
where py = F1(p1) and q2 = G1(q1) are points in My and N5 respectively.

Proof. Let f € CI?;)(Fl(pl))(M3) and g € Cg‘;(cl(ql))(Ng) and consider a biderivation B € Tzzn,q] (M1, N1). Hence by Defini-

tion 3.1 we have

d*(F0F1, G20G1),  (B)(f,8)=B(foF20F1,80G20G1),

where we have omitted the parentheses in the composition of functions, since function composition is associative. For the

same reason, we have foFyo0F;=(foF3)oF; and goGy0G1 = (g0 Gy)oGq. By observing that fo F) € Clc;?(p])(MZ) and

goGye C(O;?(ql)(NZ) (this is forced by the choices of f € c?j(ﬁ(m))(M?') and g € ng(cl(ql))(M)), we obtain
B((foF3)0Fi,(g0G3)0G1)=d*(F1,G1)p, 4, (B) (f 0 F2,80Ga).

Now, by Proposition 3.2, the element C = dZ(F1, G1)p1 o (B) is a biderivation on M, and N, at the points p, = F(p1) and

q2 = G(q1). Therefore, the right-hand side of the previous equation can be conveniently written as

6
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N VA NV

Tlh Fq TCIz Fy Tlh
_— _—
_ _
G] GZ
M ' M, y Ms ’
Tp, My Tp, M Tp, M3

Fig. 2. Setting of Equation (7).

C(foF2,80G2).

By applying Definition 3.1 one final time, we obtain

dz(Fz’ Gz)F1(p1)’G1(Q1)(C)(f’ 8= (dz(Fz’ G2)F1(p1)’61(¢h) od? (Fl’ Gl)pwﬂ) (B)(f. 8.

which concludes the proof. O
The proof of the following result is straightforward.

Corollary 3.4. With the same assumptions as in Proposition 3.3, the map

2 . T2 2
d (FZ oF1, Gao Gl)pl,ql . TIJMh (M1, N1) — TF20F1(P1),(320G1(41)(M3’ N3)

is linear.

When M; = N; for i =1, 2,3, hence p1,q; € M7 and Fj, G;: M; — M1, the linear map is given by (see Fig. 2)

2 . T2 2
d (F2 oFy, Gyo Gl)pl,m : Tplm My — TonFl(Pl)yczocl(th)M} ™)

As well as the classical differential, if the smooth maps F: M1 — M3, G: Ny — N are such that each of them restricts to
a diffeomorphism between two open sets, then the bidifferential d?(F, G)p,q defines an isomorphism between the bitangent
T2 (M{,N d T2 My, N
spaces p,q( 1, N1) an F(p),G(q)( 2, N2).

Proposition 3.5. Let F: M1 — M3, G: N7 — N3 be two smooth maps such that

(1) the function F restricts to a diffeomorphism between an open set V1 containing p and an open set V, containing F (p),
(2) the function G restricts to a diffeomorphism between an open set W1 containing q and an open set W, containing G(q).

Then, the bidifferential d*(F, G)p.q: T3 ;(M1, N1) — Tﬁ(p) 6@ (M2, N2) is an isomorphism of vector spaces.

Proof. Since F‘},ll o Flv1 =1idy, and G"Ml,l o GlW1 =idw,, by the formula (6),
2 : _2(p-1 ~-1 2
d*(idy, , idw,)pq =d (FWVG\WJF(,,),G@) od (F‘Vl,lel)pyq.
On the other hand, for f € Cgo(Ml), ge Cgo(Nl) and B € Tl%’q(Ml, N7), we have that
d*(idy,,idw,)p.q(B)(f.8) = B(f oidy,, g oidw,) = B(f. g),

which implies that the map d?(idy,, idw, )p.q is idTg LMy We conclude that

. _ (-1 -1 2
idrz vy =4 (FlVl’G\Wl)F(m,G(q) od (F‘Vl’c‘wl)p,q' ®)

Similarly, the reader can prove the other equality

: _ 2 2(p-1 -1
ldT%<p).G<q>(M2'N2)_d (FIV"G'W1>p,qu (F|V1’6|W1)F(p),G(q)'

Equations (8) and (9) together imply the thesis. O
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Corollary 3.6. Under the hypotheses of Proposition 3.5, the followings hold.

a) (12(1(1V1 Jidw)pg = idT%yq(Ml,M) and dz(idvz, isz)F(P),G(Q) =
b) d*(F~1, G ()6 = d*(F, G)p g

d2 .
TEp).6t@) (M2:N2)

Remark 3.1. In Section 2.1 we showed that the construction of Tg,q(M, N) is purely local and it does not depend on the
whole varieties M and N. Formally, the function ¢ = (ty,ty), where ty and ty are the inclusions U < M and V < N
respectively, gives a diffeomorphism between U x V «— U x V € M x N, hence, by Proposition 3.5, dztp.q is an isomorphism
T (U, V) «— T2 (M,N).

3.1. Bidifferential of Euclidean spaces

Let V1, W be two open sets of M; = Ny =FE™ and V,, W, two open sets of My = N, = IE". The aim of this section is
to compute the matrix associated, as linear map, with the bidifferential

d*(F,G)prgr: Tpy.qy (V1. W1) = Tp, o, (Va, Wa),

Pl q1

for smooth maps F: V; —> Vy, G: Wi — Wz and points p1 € V1, q1 € Wy and py = F(p1) € Va, g2 = G(q1) € W3. Recall

that Tf,l aVi, W) =T p1 @ (EM,E™ =T2 _ (E™). Let (x1,...,xn) be the coordinates of the chart Vi and (y1,..., ¥m)

the coordinates of W1, so

P1.q1

F(p)=F&x1,...,%m) = (z1,...,z) and G(Q@)=G¥1,--.,ym) = (t1, ..., tn),
for p € V1 and q € W1, where (z1,...,2,) and (t1,...,t;) are the coordinates of the charts V, and W5, respectively.

Let us first restrict ourselves to the case m =n = 2, hence V1, W1, V,, W5 are open sets of E2, F(x) = F(xl,xz) = (21 22),

and G(y) = G(y1, y2) = (t1, t2). By Proposition 2.7, a basis of Tp1 aVi, W) = p] @ (E?) and sz g (V2, Wo) = pz a0 (E?)
are given by
{ 0 d d d d d d ad }
ax1lpr  dy1la 9x1lpr — dy2la” Oxalpr — 0yilar” 9xzlpr — dyalm
and
{ ad d a d a d a d }
9z1lps Aty lay’ 0z1lpy — talay’ 3zalpy — Oty lar” 0z2lpa  Btalga )’
respectively. For f € Cof(IEz), ge Cof(IEZ), let us calculate the element
d(F, c>< ® )(f o=-| ®=| (FFw.5Gw) (10)
axilpr  0yjln ax, ayjla ’
for i, j € {1, 2}. Since
d azl f
F)(x1,%) = — F(x1,%2)) = 0
T |, (F oY x2) = o] f(F 1. x2)) Z
and
d atj,
(&0 G)(¥1,¥2) = 7’ g8(G(y1,y2) = Z —(q )—(G(ch))
yjla: ayjlar P 1
the left hand-side of Equation (10) is equal to
0z; af ot
Z o x P g (FP) Z %o ()22 (G
: — Y| atj,
ip=1 Jjo=1
2
0zj, atjo f g
=2 G 3z
ig,jo=1 Xi lo
2
0z; at
=2 5P f“(q)<a o )(f,g).
o joz1 0% Yig Jjo 142
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Therefore, the associated matrix is given by

§ (p1 )aiﬂ q1) § (1 )3?2 (1) %z (1 >3§g 1) gz (1 )agz )
di:(p )02(q1) d)z(:(p )dz(fh) di;(p )dz(ql) 62(17 )dz(ql) (1_1)
2 (py );’;g @) §2(m >g;; @) 2 (pr ):‘3;11 @) 52(m >5’;; @ |’

Zeoara) Zeosz@) ZeoiEa) EeoaEa)

which can be written as

424 TL@) 7@\ oy SL@) -
T () | 5 o2 3 (P | Gty aty
1 ((h) Y2 (fh) Y1 (lh) Y2 ((h)
) J J ]
- %g].(ql) —38?2 @ 52 (1) —%?] a1 —%?2 @n
o £2(q1)  52(q1) % S2(q1)  2(q1)
9y1 9y2 ay1 ay2

G G 9 9
_ (e g en) o (@ @
ge(P1) 52 (p1) 3y @) 55@)
that is, the tensor product (Kronecker product) of the matrices associated with dFp, and dqu, respectively.
Let now V; be a open set of M; =E™ and W; of N; =E™, for i € {1, 2}. A basis of Tp1 ¢ (V1, W1) and sz 0 V2, W2)
are given by

{8 9 i=1 my, j=1 n}
— — t1=1,....mp, J=1,....m
0xilpr — 9yjlm !
and
d d
{— — h:l,...,mz,kzl,...,nz},
0zplpa — Oty lga

respectively. The arguments of case m =n =2 can be easily generalized, hence the associated matrix with the linear map
d?(F, G)p,,q; With respect to the above bases is (dFp,) ® (dGgq,), i.e. the (mpny x mynq)-real matrix

gi;(ma;g(ql) 2§;(p>a“ @) ... a"xj;](p)afl(ql) gij;](p)aﬁ @1
?,i;(pl)i}"f(ql) gi;w);;’;? @) g (m)j’f;f(q]) . (p);;’;';z @
: (12)
”5,:”12<p1)§%(q1) . (p)a“ @) ... ai?(p)a“m]) ;i:f(p);,“ @n
35;"5(131)0;((11) E’Z,’:‘f(p])(,yz(cn) Zx:2(p1)6;§<q1) ;’XZZ(p])(,y”Z @)

3.2. Bidifferential of manifolds

Let M1, N1, M2, N3 be four manifolds and F: My — M3, G: N7 — N> two smooth maps. The matrix associated with the
linear map

d*(F,G)pr.gr: Tpy.q; (M1, N1) = T}, 0, (M2, N2),

where p, = F(p1) and g2 = G(q1), can be found using coordinates for the manifolds. In particular, let (V;, ¢;) be a chart of
M; containing p; and (W;, ;) a chart of N; containing g;, for i € {1, 2}. The functions ¢; and ; define diffeomorphisms
Vi «— ¢i(V;) CE™ and W; «— ¢;(W;) C E™, then by Proposition 3.5 Tp a Vi, Wy = Tw P01 )(IE’"",IE”i) through

the bidifferential d?(¢;, Vi) p;.q;- These isomorphisms of vector spaces provide a basis for the bitangent space Tﬁi’qi(vi, Wi).
We summarise in the following theorem.

Theorem 3.7. Let M1, N1, M, N3 be four manifolds, F: M1 — My, G: N1 — N3 two smooth maps, (Vi, ¢;) a chart of M; containing
pi and (Wi, ¥;) a chart of N containing q;, for i € {1, 2}. Then

a a
2 -1
{d (¢]1¢1)p1,q1 (8—)(1

QR — ):i:],...,m1,h=1,...,n1}
e1(p1) 9z v (q)

9
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is a basis opr1 ¢ (M1, N1) and
0 0
d* (@2, ¥2),) (— ® — ) : ':1,...,m2,k:1,...,n2}
[ 2 Vb2, 3yjleapa) ~ Aty lvaigo) !
is a basis of sz g (M2, N2). With respect to the above bases, the bidifferential is represented by the matrix in (12).

In other words, the matrix associated with d?(F, G)p,q, is the one associated with the bidifferential of the functions
defined between euclidean spaces
@20F o] 1(V1) = @2(V2), and yooGoy; 't yi(Wy) — Y2 (Wa),

which are the functions F and G expressed in coordinates, respectively.
3.3. Change of coordinates

In this section, we show how two bases of Tg,q(M, N) are related if one chooses more systems of coordinates for the
manifolds.

Let (V, @) and (V @) be two charts of M of coordinates (xq,...,x,) and (X1,...,%,), respectively, and (W, ) and
(W !0) two charts of N of coordinates (y1,..., ys) and (J1, ..., ¥n), respectively. In each manifold, in order to change from
the first system of coordinates to the second one, one can consider the transition maps

Pop lipvnV)—FvNV) and goy liyWNW)— J(WNW).

Let now pe VN V and gewn W. The matrix associated with the bidifferential of functions defined between euclidean
spaces has been computed in Section 3.1. Hence, it follows that

il
ax,-

a
© 55
e ~ AYjlv@

9
>y (oo Wiy (vf(q))(ax

io=1 jo=1

2 [~ 1 _
@ (Fop™ Yoy l)mp),w(q)(

d
® A~ |~ ).
o Ay;jlv@

Combining this relation together with the composition property for bidifferentials in Equation (6) and with the inverse
property in Corollary 3.6.b, we obtain that

3 3
dz ' b <_ ® ay; ) -
@ V)pa ax,-|<p<p> ayjly@

=26 Y050 (35 ® 35 i)
=d7(¢ e v@ \ 5 6@ - 3Y; V@

~

o - D
=& (@9 Do i@ <d2(<0090 Loy )w(p)llf(q)<

0X;i

9
)
o)~ Ayjlv@

Xig yjo 2 0 d )
= d i~ |~ .
102 1: ]§O 1 M T @ EF. w>pq( ]a(p)® o

3.4. Bidifferential of curves

Let I and J be two open intervals of R, and let y: [ - M and n: ] — N be two smooth curves on M and N, respectively.
For a eI and b € J, the tangent lines to the curves Tql = ( % yand TpJ = g—s b) at a and b, respectively, are well-defined.
a

Then we can define the bilinear map

d ®d
de|, ~ ds|,

G x () —R

that belongs to Tasz. Recall that y/(a) and n’(b) denote the tangent vectors dy, (% ) €Ty@M and dny <% b) € TymN
’ a

at the curves y and n at the points y(a) and n(b), respectively. The following result provides the explicit computation of
the bidifferential of  and n at the pointsael and b e J.

10
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Fig. 3. Setting of Proposition 3.8.

Proposition 3.8. The bilinear map d?(y, 1)a,p associates to the pair (f, g) € CS°
ata and g at b along the curves y and n, respectively.

y (M) x Cc )(N) the product of the derivatives of f

y(a n(b

Proof. If f € Cy(a) (M) and g € Cn(b)(N), then the aim of the proof is to show that

( )(d
bJ/U s

By definition of bidifferential,

d
4, (v.m) (E

) =W @f) ' beg). (13)

d
b)(f,g)=<aa )(foy,gon)

(a1 (&

If x=(x1,...,%n) and y = (¥1, ..., Ym) denotes the coordinates of charts of M and N containing y (a) € M and n(b) € N,
respectively, then by the chain’s rule

Y'@f = ; %

Finally, we obtain the following formula for bidifferential of curves (see Fig. 3)

d d d 9 9
Qs 77)< >_2];<E axi(t) ds ‘ yits )) <8x, y@ ®3—y1 n(b))’ (14)

ds
Example 3.8.1. The curve 7(t) = exp(27it), for t € I =]0, 1[, defines the unit circle S! without the point i on the complex
plane. We set M =S\ {i}. If y =7 and a, b € I, then the bidifferential d?(y, Mab: T p(D — T2 (M) satisfies

®d
ds|p

a

g(n(s))) . O

d , -
) |, Xi® and n'(b)g = Z

5y (b)g(y) —’ yj(s).

® —

e2mia eZmb

2 P
Ay, Map(f. 8 = i,

g(n(s)),
b

for every f,g e C°(M). For instance, if f(z) = Re(z) and g(z) = Im(z) which, in coordinates, are expressed by f(t) =
cos(2rrt) and g(t) =sin(2mt), respectively, we have

d?(v, Map(f, 8) = (=27 sin(2mwa)) (27 cos(2wb)) = —4m? sin(2mwa) cos(27b).
4. Applications

In this final section, we discuss some applications of our setting in the framework of partial differential equations.
In particular, we first analyse the eikonal equation and, in general, differential problems in which the distance from the
boundary is involved. In addition, we will take the opportunity to introduce the definition of biderivation field.

Secondly, we move to nonlinear second-order problems considering elliptic PDEs. More precisely, we will link some
suitable biderivation fields to the notion of carré du champ of an operator, and to the one of cometric in sub-Riemannian
geometry.

Note that biderivations act on smooth functions, whereas solutions to PDE problems are generally assumed in suitable
Sobolev spaces. In the following, however, we restrict our attention to smooth solutions. Indeed, every function in Hs(U)

can be approximated by smooth compactly supported functions, using the density of C2°(U) in H})(U ).

11
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4.1. Eikonal equation

The eikonal equation is a non-linear first-order partial differential equation of the form

[Vu(x)| =n(x), (15)

where x € 2 C R", being © open, n(x) is a positive function, and | - | is the Euclidean norm.
Let © be an open domain with a smooth boundary 2. From a physical point of view, the problem

1
|Vu(x)|:m xe Q,
ux) =q(x) XeoQ,

(16)

being f: Q — (0, 400) and q: dQ2 — [0, +00), allows us to describe the minimal amount of time required to travel from
a point x € Q to the boundary of the domain. In this setting, f is the speed of travel, and q is an exit-time penalty. When
f =1, the solution of (16) is the distance of the point x from the boundary of €2, that is, a function d : 2 — [0, +00) defined
as

dx)= inf |x—y|.
(%) ygglx vl

This distance is widely used in the study of differential singular problems (blow-up at zero), throughout the Hardy-Sobolev
inequality [25, Theorem 6.8.33]. We refer the interested reader to [8,9,14,16,18].

More precisely, the distance interpretation above corresponds to the case q¢ = 0: for a general boundary datum g, the
value of u also includes the exit-time penalty at the point where the trajectory leaves .

The eikonal equation admits several anisotropic generalisations. In the control-theoretic formulation, the speed may
depend both on position and direction of motion, leading to static Hamilton-Jacobi equations of the form H(x, Vu) =1
(see, for instance, [26]). A closely related viewpoint considers anisotropic eikonal equations tied to a Riemannian metric, as
in [6,23]. Here we do not aim to treat arbitrary Finsler-type anisotropies. Instead, we show that symmetric positive definite
biderivation fields naturally encode the quadratic, or Riemannian, class of anisotropic eikonal equations.

Since in this work we have regarded gradients as row vectors, for a symmetric positive definite matrix C(x) we write

IVu@)[2 ) == VuCE) VU, (17)

which is the row-vector version of the usual convention ||w||% = (w, Cw), where (-, -) denotes the usual dot product in R".
The classical eikonal equation is already encoded by a biderivation. For every x € Q, let

0

i=1

a
® —

T2 Q. 18
ax; |, e (18)

X

X

Then BE(u, u) = 31 uy, ()% = |Vu(x)|?, so the classical equation |Vu(x)| = ﬁ is equivalently written as BE (u,u) = ﬁ

This suggests replacing the Euclidean biderivation field (18) by a general positive definite one. For the purposes of this
section, we restrict the following definition to a particular case.

Definition 4.1. Let 2 C R" be open. A biderivation field on € is a smooth assignment x € Q2+ By € Tf,XQ. In coordinates,
it can be written as

" 90 9
&mwzzwwgw%w, (19)
J

= X; ax
i,j=1

or, equivalently, Bx(¢, ¥) = Vo (X)B(x) Vi (x)t, where B(x) = (b4 (x)). We say that B is symmetric positive definite if B(x) is
symmetric positive definite for every x € Q.

Given a symmetric positive definite biderivation field B and a positive function f, we call

1
Bx(u,u) = W

the biderivation eikonal equation associated with B and f; in coordinates, this reads

VuX)Bx)Vux)' = f(i)z.

12
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Proposition 4.2. Let 2 C R" be open, let f : Q — (0, +00) be smooth, and let B be a smooth field of symmetric positive defi-
nite biderivations on €2, written as Bx(¢, ¥) = Vo (X)B(X)V (x)!. Set N(x) := f(x)2B(x). Then the biderivation eikonal equation
Bx(u, u) = 1/ f (x)? is equivalent to

IVu®)lIng =1 (21)
Proof. For every u € C*°(2), we have

By(u,u) = Vu(x)B(x)Vu(x)*,

so By(u,u) = is equivalent to

1
fx)?
FRO?Vu@BX®VuX' =1,
that is, Vu(x)N(x)Vu(x)' =1 by the definition of N(x). Using Equation (17), this is exactly Equation (21). O
Equivalently, following the notation of [23], setting M(x) := N(x)~! = f(x)"2B(x)~!, Equation (21) can be written as
VU@l = IVu@line = 1.

Thus, a symmetric positive definite biderivation field plays the role of the cometric tensor of a Riemannian anisotropic
eikonal equation.

Remark 4.1. An anisotropic Hamiltonian need not be quadratic in the covector variable. Symmetric positive definite bideriva-
tion fields single out precisely the case where it is: writing

Hp(x, p) = f(X)v/pBX)pt,

we have

Hi(x, p)* = F(0° pBR)D',
which is a positive definite quadratic form in p, so its level sets

* . t__ 1
{peTxQ. pBX)p = f(x)z}

are ellipsoids in the cotangent space. Positive biderivation fields therefore correspond to the Riemannian, or quadratic,
subclass of anisotropic eikonal equations.

The bidifferential introduced in Section 3 gives, finally, the natural transformation rule for the biderivation eikonal equa-
tion under changes of variables.

Proposition 4.3. Let U, V C R" be open sets and let F : U — V be a diffeomorphism. Let x € U — By € T,%XU be a biderivation
field on U, and define a biderivation field B on V by

Br = d*(F, F)yx(By). (22)

Let u € C®°(U), let f : U — (0, 400), and set i = u o F~1, 7: f o F~1. Then By(u,u) = for every x € U if and only if

1
. f)?
E u,u = =2 V.

y(u,u) o2 forevery y €

Proof. Let y = F(x). By the definition of B and of the bidifferential,

By (@, ) = d*(F, F)xx(Bx)(@, ) = Byl o F, W o F).

Since o F =uoF~ 1o F =u, we get Ey(ﬁ, U) = Bx(u, u). Moreover T(y) = f(F~1(y)) = f(x), so the equation for u at x is
equivalent to the transformed equation for & at y = F(x). O

13
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4.2. Potential applications of biderivations to elliptic PDE problems

In this subsection, we briefly outline some future applications of the framework of biderivations to nonlinear second-
order problems considering elliptic PDE, leaving a detailed analysis for future works.

Nonlinear second-order elliptic PDEs generalise Laplace’s and Poisson’s equations and arise in the calculus of variations
and in differential geometry, concerning curvature issues. For the foundational theory of elliptic PDEs, we refer the reader
to [15]. Let U be an open and bounded subset of R", f: U — R be a known function, and consider the boundary-value
problem

Lu=f inU

(23)
u=0 onoU,

where L is a second-order partial differential operator given in divergence form by

n n
Lu=— ) @ @)y + ) by +cou,
i,j=1 i=1

and u = u(x) is the unknown function defined on U. For our purpose, we are not interested in the nondivergence form.
However, if the functions a'/ are C' one can rewrite the operator in divergence form into a nondivergence one, and vice
versa. Assume that the matrix (a”) is symmetric, positive definite and with smallest eigenvalue greater than or equal to a
positive constant 6. In particular, the last two conditions express the ellipticity of the operator L. We remark here that if (a'/)
is the identity matrix and b' = c = 0 one obtains that L is the Laplace operator —A. The standard technique for obtaining
weak solutions is to multiply the equation Lu = f by a test function v € C2°(U) and integrate over U to find

n n
/ > dVuy vy + ) blug v+ cuv dx:ffv dx. (24)
i i=1 U

U i,j=1

Note again that, using the density of smooth compactly supported functions in the Sobolev space Hé(U ), the identity (24)
also holds replacing the smooth v by any v € HE)(U). Accordingly, we also seek u in HE)(U).
With the divergence elliptic operator L, one can associate the bilinear form

n n
Blu, v] :/ Z aij(x)uxivxj +Zbiuxiv+cuv dx (25)
y i=1 i=1
for smooth functions u, v. Let us restrict ourselves to the case b' = ¢ =0, that is L consists only of the diffusion term. The
bilinear form (25) can be written as

E[u,v]:/Bx(u,v) dx
U

where By(u,v) = Vu(x)Bx(Vv(x))! is a biderivation of U € R" in x, as obtained in (3), where By denotes the matrix
(@’ (x)). In other words, we are integrating the biderivation field By, as given in Definition 4.1, on the open set U. The
identity Blu,v] = fu Bx(u, v)dx is more than a notational remark: the biderivation field is the intrinsic object underlying
the divergence structure of L, in two aspects that we now describe.

First, biderivation fields admit an exact operator-theoretic characterisation. Recall that with a linear operator L: C*°(U) —
C°(U) one associates the bilinear operator

Fr(u,v) =3 (Lwv) —ulv—vLu), (26)

called the carré du champ of L, which measures the failure of L to satisfy the Leibniz rule. This notion lies at the heart of the
theory of Dirichlet forms and of the Bakry-Emery calculus, see [2,7,17]. The next result shows that, under the appropriate
conditions, our notion of biderivation is exactly the pointwise object produced by this construction when L is a second-order
operator in divergence form.

Proposition 4.4. Let U € R" be open, let A(x) = (a¥(x)) be a smooth matrix field, b(x) = (b'(x)) a smooth vector field, and ¢ a
smooth function on U, and consider the second-order operator

Lu =div(AX)Vu®)") +b(x) - Vu(x) + c(x)u(x), ueC®U).
Then, for every u, v € C*°(U) and x € U,

14
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IL(u, v)(x) = % Vux)(AX) + AR ) Vv — %c(x)u(x)v(x). (27)
In particular:

a) The assignment x —> T’ (-, -)(x) is a symmetric biderivation field on U, in the sense of Definition 4.1, if and only if c = 0. In this
case its matrix is the symmetric part of A(x).

b) Conversely, every symmetric biderivation field B on U, with matrix B(x), satisfies Bx = I'r, (-, -)(x) for the divergence-form oper-
ator Lgu = div(B(x)Vu(x)").

Proof. Since L+ I'; is linear, we may treat the three terms of L separately. For the second-order term Lyu = div(AVut), by
the Leibniz rule for the gradient, V(uv) =uVv 4 vVu, and for the divergence, div(¢V) =¢divV + V¢ - V, we obtain

Ly(uv) =div(u AVV') +div(v AVu')
=uly,v+VuAVvi+vIu+ VvAVU,

whence T'r, (u,v) = %(Vu AVVE+ Vv AVUY) = 1Vu (A + A" Vv, The first-order term Liu =b - Vu is a derivation, hence
satisfies the Leibniz rule exactly and I';, = 0. For the zeroth-order term Lou = cu, we get I', (u, v) = %(cuv —ucv—vcu) =
—%cuv. Summing the three contributions yields (27).

For part a), if c =0 then Equation (27) is the biderivation field with matrix %(A(x) + A(x)!), as in Definition 4.1 and
the Leibniz conditions (1)-(2) follow from the product rule for the gradient. Conversely, suppose that I'; is a biderivation
field. Taking u = v =1, the constant function equal to 1, formula (26) gives I'; (1,1) = —%L(l) = —%c. On the other hand,
by part a) of Proposition 2.4, every biderivation vanishes on constant functions, whence ¢ =0.

Finally, part b) follows from Equation (27) applied with A = B symmetric and b=c=0. O

Remark 4.2. We would like to point out that Equation (27) does not depend on the vector field b. Moreover, the presence
of the factor A + A* implies that only the symmetric part of the matrix field A plays a role.

Hence symmetric (diagonal) biderivation fields coincide with the carré du champ operators of second-order operators in
divergence form without zeroth-order term, and the bilinear form (25) (with b' = ¢ = 0) is exactly the local Dirichlet form
generated by the biderivation field.

Remark 4.3. The Leibniz conditions (1)-(2) are not an accident of the divergence structure: they characterise operators of
order at most two. Indeed, let L be any linear operator on C*°(U) with L(1) = 0. A direct expansion of Equation (26) gives,
for every u, w, v € C*°(U),

2[Tr(uw,v) —ul(w,v) —wlp(u,v)]
=Lluwv)—ul(wv)—wL(@uv)—vLuw)+uviw+uwlv+vwlu,

and the right-hand side is the iterated commutator [[[L, m,], my], m,] applied to the constant function equal to 1, where m,
denotes the multiplication operator by u. By the algebraic characterisation of differential operators, this expression vanishes
for all u, w,v if and only if L is a differential operator of order at most two. Therefore, among operators annihilating
constants, I'y =0 if and only if L has order at most one (i.e. L is a derivation), and I'; satisfies the Leibniz conditions of
Definition 2.1 if and only if L has order at most two: derivations are the pointwise counterparts of first-order operators, and
biderivations those of second-order ones. The correspondence fails already at order three: for Lu =u” on R one computes
ry(u,v)= %(u’/v’ +u'v”y and T (u?, v) —2uT(u, v) = 3(u')?v’ 2 0. In the probabilistic literature, the failure of I'; when
L involves derivatives of order at least three is known as the diffusion property of Markov generators (cf. [2, H10] and [7]).

Secondly, the same formalism points to a direction in which the ellipticity assumption may be relaxed. If the biderivation
field By of Definition 4.1 is only positive semidefinite, its matrix B(x) may have a non-trivial kernel and the ellipticity
condition on the constant 6 fails. By Proposition 2.7 a symmetric biderivation field is a contravariant symmetric 2-tensor,
that is, precisely the type of object (cometric) by which a sub-Riemannian structure is encoded in cotangent form [1,24].
The positive definite case corresponds to Riemannian metrics and elliptic operators, while the degenerate case corresponds
to genuinely sub-Riemannian structures. A model example is the field By = X|x ® X|x + Y|x ® Y|x on R3 generated by
the Heisenberg vector fields X = 9y, — %8,@ and Y = 0y, + ’%8,(3: here B(x) has constant rank two, and the associated
form Blu, v]= [, (Xu)(Xv) 4+ (Yu)(Yv)dx is the Dirichlet form of the sub-Laplacian X? + Y2, a hypoelliptic but non-elliptic
operator [5,19]. We do not pursue these connections here; they do suggest, however, that a systematic study of degenerate
biderivation fields, and of the sub-elliptic operators associated with them, could be a fruitful direction for future work.

Another approach to generalising elliptic PDE operators through biderivations could be given starting from the p-
Laplacian, that is the operator
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Apu = div (|Vu|p’2Vu>

for a real number 1 < p < co. We recall that for p =2 we have the usual Laplace operator. A weak solution u of the
Dirichlet problem

—Apu=f, inU
u=~0 ondlU

satisfies the integral equation

/qu|p’2Vu-Vvdx:ffvdx
U U

for any test function v. For a biderivation field By, one could consider the operator
B . p-2
ABu = div <|Bx(u, Ne Vu) .

Alternatively, using a method similar to that introduced above, one could generalise by considering weak solutions of a
suitable PDE problem in the following way

[|Vu|p_sz(u,v) dx=/fv dx.
U U
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