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 A B S T R A C T

In this paper, the exact solutions of certain non-linear differential equations defined on a fractal 
subset of the real line are presented. Particular attention is paid to the Riccati-type fractal 
differential equation, for which a connection with the Schrödinger equation is also provided. 
To further substantiate the theoretical findings, numerical validations are included, comparing 
the exact analytical solutions with results obtained through a generalized Fractal Euler Method.

1. Introduction

The study of non-linear differential equations (NDE) is a cornerstone of mathematical physics and engineering, providing 
essential models for complex phenomena across numerous disciplines, from fluid dynamics and quantum mechanics to biology 
and finance [1–3]. It is known that powerful analytical and numerical techniques exist for NDEs defined on standard Euclidean 
domains. Among the non-linear ordinary differential equations, the Riccati differential equation is a notable example. This equation, 
with quadratic right-hand sides, is closely linked to the calculus of variations and optimal control theory, playing a key role in the 
optimal control of complex networks [4–6]. Despite these advances, a significant challenge arises when the underlying domain 
possesses a non-integer, or fractal, dimension. This challenge is central given the relevance of fractal geometry in modeling and 
understanding natural phenomena (such as blood vessels, coastlines, mountains, and clouds) as highlighted in the classic exposition 
by B. Mandelbrot [7]. These fractal structures exhibit unique features, including self-similarity and fractal dimensions greater 
than their topological dimensions, which distinguish them from traditional Euclidean objects. Consequently, conventional metrics 
(e.g., length, surface area, and volume) typically applied to Euclidean forms have proven insufficient for analyzing the properties 
of analytic functions defined on a fractal set or on a fractal curve [8–10]. To address this, mathematical methods extending beyond 
classical analysis, such as harmonic analysis [11–13], measure theory [14,15], stochastic processes [16] and fractional calculus [17], 
were developed. In particular, fractional calculus has found extensive applications in analyzing the stability of complex systems such 
as neural networks [18,19]. Specifically, a method known as fractal calculus (𝐹 𝛼-calculus) was formulated for fractal subsets of the 
real line [20] and fractal curves [21], offering a framework highly similar to the classical one. In this paper, we adopt the 𝐹 𝛼-calculus 
framework, initially introduced in [20] and later refined by A.K.G. in [22]. The parameter 𝛼, denoting the fractal dimension, is 
proven to coincide with the well-known Hausdorff dimension when the fractal set 𝐹  is compact. Central to this formulation is the 
staircase function, which generalizes the Cantor staircase function and is the key to defining the fractal integral and derivative. The 
application of such calculus has led to significant recent progress, including the development of new methods for solving fractal 
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Fig. 1. Graphical representation of the Staircase function 𝑆𝛼𝐹 (𝑡) associated with the standard ternary Cantor set, here denoted by 𝐹 . The figure 
illustrates the fundamental concepts of fractal calculus: the fractal set 𝐹  corresponds to the points on the 𝑡-axis where the function increases, 
while the flat regions (plateaus) correspond to the gaps (complementary intervals) of 𝐹 . Furthermore, 𝑆𝛼𝐹 (𝑡) serves as a canonical example of an 
𝐹 -continuous function.

differential equations (FDEs) [23,24] and systems of FDEs [25,26]. These models have proven effective in simulating processes with 
memory and modeling of fractal integral equations via Volterra fractal operator [27].

In this paper, we show how the 𝐹 𝛼-calculus offers new avenues for finding exact solutions to some types of non-linear FDEs 
on fractal supports. The manuscript is organized as follows. Section 2 prepares the reader by reiterating and adapting crucial 
definitions derived from the work of A. Parvate and A. D. Gangal [20], tailoring them to our specific computational environment. The 
accompanying remarks highlight the mechanism by which fractal calculus extends the concepts of ordinary calculus, complemented 
by figures depicting their primary aspects. A definition of fractal-primitive and its characterization is also provided. In Section 3 we 
focus on the resolution of non-linear fractal differential equations of the form 𝐷𝛼

𝐹 𝑦(𝑡) = 𝑔(𝜙(𝑦, 𝑡)), where 𝑔 is an 𝐹 -continuous function 
on a fractal set 𝐹  and 𝜙(𝑦, 𝑡) is a given function. We demonstrate that specific changes of variables can reduce these complex problems 
into tractable linear FDEs with separable variables. Section 4 addresses the Riccati-type fractal differential equations (RFDE). Here, 
we analyze the equation and present three distinct analytical strategies for its resolution, which involve converting the RFDE into a 
Bernoulli-type equation through a known particular solution, transforming it into a first-order linear FDE to facilitate a faster solution 
process, or mapping the RFDE onto a second-order linear FDE. Additionally, we provide numerical validation using a generalized 
Fractal Euler Method to demonstrate the stability and robustness of these analytical solutions on the Cantor set.

In Section 5, we explore the physical implications of our findings by connecting the RFDE to the Schrödinger equation on fractal 
domains. By employing the factorization approach, we demonstrate how the superpotential of quantum systems, such as the fractal 
harmonic oscillator and the fractal Coulomb potential, satisfies a Riccati-type fractal differential equation.

Finally, Section 6 concludes the paper by summarizing the findings and suggesting directions for future research.
A Technical Appendix has been added at the end of the manuscript to improve legibility and comprehension.

2. Preliminary

In this section, we provide a brief overview of 𝐹 𝛼-calculus, based on some definitions given in [20] and in [22], here suitably 
restated. Throughout all the paper we denote by 𝐹  a compact 𝛼-perfect fractal subset of the real line, where 𝛼 ∈ (0, 1] is its fractal 
dimension. Moreover denoted by [𝑎, 𝑏] an interval of the real line, we assume that 𝐹 ∩ [𝑎, 𝑏] ≠ ∅.

Definition 1.  Let 0 < 𝛼 ≤ 1. The 𝛼-dimensional Hausdorff measure of a subset 𝐴 of the real line is defined as:

𝛼(𝐴) = lim
𝛿→0

inf

{ ∞
∑

𝑖=1
(diam(𝐴𝑖))𝛼 ∶ 𝐴 ⊂

∞
⋃

𝑖=1
𝐴𝑖, diam(𝐴𝑖) ≤ 𝛿

}

.

Moreover, the unique number 𝛼 for which 𝑡(𝐴) = 0  if 𝑡 > 𝛼  and 𝑡(𝐴) = ∞  if 𝑡 < 𝛼  is called the fractal (Hausdorff) dimension 
of 𝐴.
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Definition 2.  Let [𝑎, 𝑏] be an interval of the real line and let 𝑡 ∈ 𝐹 ∩ [𝑎, 𝑏]. The staircase function associated with the fractal set 𝐹
of order 𝛼 is defined by

𝑆𝛼𝐹 (𝑡) =

⎧

⎪

⎨

⎪

⎩

𝛤 (𝛼 + 1)𝛼(𝐹 ∩ [𝑝, 𝑡]), if 𝑡 ≥ 𝑝

−𝛤 (𝛼 + 1)𝛼(𝐹 ∩ [𝑡, 𝑝]) if 𝑡 < 𝑝.

where 𝑝 ∈ [𝑎, 𝑏] is fixed and 𝛤 (⋅) is the well known gamma function.

Remark 2.1.  The theoretical framework developed in this paper applies to a broad class of fractal sets 𝐹 , such as the generalized 
Cantor sets 𝐶(𝜆) (see [28]). To ensure clarity and illustrative consistency, most graphical representations and numerical experiments 
assume that 𝐹  is the standard ternary Cantor set 𝐶 (with [𝑎, 𝑏] = [0, 1] and 𝑝 = 0). Note that the staircase function associated with the 
standard ternary Cantor set 𝐶 is depicted in Fig.  1. However, where explicitly stated (e.g., to analyze the sensitivity of the solution 
to the fractal support), we also employ generalized Cantor sets with different fractal dimensions (such as 𝛼 = 0.5, corresponding to 
a dissection ratio of 1∕4).

Definition 3.  Let [𝑎, 𝑏] be an interval of the real line. Let 𝑡 ∈ 𝐹 ∩ [𝑎, 𝑏] and let 𝑟 ∈ R+. A fractal neighborhood with center 𝑡 and 
radius 𝑟 is the fractal interval of the form 𝑉𝐹 (𝑡, 𝑟) = (𝑡 − 𝑟, 𝑡 + 𝑟) ∩ (𝐹 ∩ [𝑎, 𝑏]).

Definition 4.  Let 𝑓 ∶ [𝑎, 𝑏] → R. We say that the function 𝑓 is 𝐹 -continuous at a point 𝑡 ∈ 𝐹 ∩[𝑎, 𝑏], if for every fractal neighborhood 
𝑉𝐹  of 𝑓 (𝑡) there exists a fractal neighborhood 𝑊𝐹  of 𝑡 such that 𝑓 (𝑡) ∈ 𝑉𝐹  whenever 𝑡 ∈ 𝑊𝐹 . In other words 𝑓 is 𝐹 -continuous at a 
point 𝑡 ∈ 𝐹  if the following fractal limit exists

𝐹−lim
𝑦→𝑡

𝑓 (𝑦) = 𝑓 (𝑡).

Whenever 𝑓 is 𝐹 -continuous at every point of 𝐹 ∩ [𝑎, 𝑏], then 𝑓 is called a 𝐹 -continuous function. The set of all such functions is 
denoted by (𝐹 ∩ [𝑎, 𝑏]).

Remark 2.2.  Note that the previous definition does not involve values of the function 𝑓 at a point 𝑦 if 𝑦 ∉ 𝐹 ∩ [𝑎, 𝑏]. Therefore, 
the notion of 𝐹 -continuity is a generalization of the classical notion of continuity. An example of a 𝐹 -continuous function can be 
found in Fig.  1 .

Definition 5. 
Let 𝑓 ∶ [𝑎, 𝑏] → R. The fractal derivative of a function 𝑓 at a point 𝑡 ∈ [𝑎, 𝑏] is defined as: 

𝐷𝛼
𝐹 𝑓 (𝑡) =

{

𝐹−lim
𝑦→𝑡

𝑓 (𝑦)−𝑓 (𝑡)
𝑆𝛼𝐹 (𝑦)−𝑆

𝛼
𝐹 (𝑡)

, 𝑡 ∈ 𝐹 ∩ [𝑎, 𝑏]

0, 𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒
(1)

where 𝑆𝛼𝐹 (𝑡) is the Staircase function of order 𝛼 defined for the set 𝐹 . Whenever 𝑓 has a fractal derivative at every point 𝑡 ∈ [𝑎, 𝑏]
we say that 𝑓 is 𝐹 𝛼-derivable on [𝑎, 𝑏].

Proposition 2.1.  Let 𝑓 ∶ [𝑎, 𝑏] → R and 𝑔 ∶ [𝑎, 𝑏] → R be two real functions that are 𝐹 𝛼-derivable on each point 𝑡 ∈ [𝑎, 𝑏]. Then, we 
have:

𝐷𝛼
𝐹 (𝑓 + 𝑔)(𝑡) = 𝐷𝛼

𝐹 𝑓 (𝑡) + 𝐷𝛼
𝐹 𝑔(𝑡),

𝐷𝛼
𝐹 (𝑓𝑔)(𝑡) = 𝑓 (𝑡)𝐷𝛼

𝐹 𝑔(𝑡) + 𝑔(𝑡)𝐷
𝛼
𝐹 𝑓 (𝑡),

𝐷𝛼
𝐹

(

𝑓
𝑔

)

(𝑡) =
𝑔(𝑡)𝐷𝛼

𝐹 𝑓 (𝑡) − 𝑓 (𝑡)𝐷
𝛼
𝐹 𝑔(𝑡)

𝑔2(𝑡)
.

Definition 6.  The characteristic function 𝜒𝐹 ∶ [𝑎, 𝑏] → R of the fractal set 𝐹  is defined by 

𝜒𝐹 (𝑡) =
{

1, 𝑡 ∈ 𝐹 ∩ [𝑎, 𝑏];
0, 𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒.

(2)

Remark 2.3.  Let us observe that:
⋆ 𝜒𝐹 ∈ (𝐹 ∩ [𝑎, 𝑏]),
⋆ 𝐷𝛼

𝐹𝑆
𝛼
𝐹 (𝑡) = 𝜒𝐹 (𝑡), ∀𝑡 ∈ [𝑎, 𝑏]

Definition 7.  Let 𝑓 ∶ [𝑎, 𝑏] → R. If 𝑓 is 𝐹 𝛼-derivable at every point 𝑡 ∈ [𝑎, 𝑏], then the 𝐹 𝛼-derivative function 𝐷𝛼
𝐹 𝑓 ∶ [𝑎, 𝑏] → R is 

well defined.
1. If 𝐷𝛼 𝑓 (𝑡) is 𝐹 -continuous therefore we say that 𝑓 belongs to the space 𝐶1(𝐹 ∩ [𝑎, 𝑏]).
𝐹
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2. If 𝐷𝛼
𝐹 𝑓 (𝑡) is 𝐹 𝛼-derivable at 𝑡 ∈ 𝐹 , we say that 𝑓 has a 2𝛼-fractal derivative at 𝑡, denoted by 𝐷2𝛼

𝐹 𝑓 (𝑡) ∶= 𝐷𝛼
𝐹 (𝐷

𝛼
𝐹 𝑓 (𝑡)).

Remark 2.4.  It is trivial to observe that:
𝐷2𝛼
𝐹 𝑆

𝛼
𝐹 (𝑡) = 𝐷𝛼

𝐹 (𝐷
𝛼
𝐹𝑆

𝛼
𝐹 (𝑡)) = 𝐷𝛼

𝐹𝜒𝐹 (𝑡) = 0, ∀𝑡 ∈ [𝑎, 𝑏]

Definition 8.  Let 𝑓 ∶ [𝑎, 𝑏] → R and let 𝛹 ∶ [𝑎, 𝑏] → R be two real functions. We say that 𝛹 is a fractal-primitive of 𝑓 , if 𝛹 is 
𝐹 𝛼-derivable on [𝑎, 𝑏] and we have that 

𝐷𝛼
𝐹 (𝛹 (𝑡)) =

{

𝑓 (𝑡), 𝑡 ∈ 𝐹 ∩ [𝑎, 𝑏];
0, 𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒.

(3)

Example 2.1.  By Remark  2.3 it follows that the staircase function associated with the fractal set 𝐹  of order 𝛼 is a fractal-primitive 
of the characteristic function 𝜒𝐹 .

Proposition 2.2.  Let 𝑓 ∶ [𝑎, 𝑏] → R. If 𝑓 (𝑡) admits a fractal-primitive 𝛹 (𝑡) on every point 𝑡 ∈ 𝐹 ∩[𝑎, 𝑏], then for every constant 𝑆𝛼𝐹 (𝑐) ∈ R, 
the function 𝛷(𝑡) = 𝛹 (𝑡) + 𝑆𝛼𝐹 (𝑐) is a fractal-primitive of 𝑓 (𝑡).

The proof is straightforward.

Definition 9.  Let 𝑓 ∶ [𝑎, 𝑏] → R and let 𝑡 ∈ [𝑎, 𝑏]. The set of change of 𝑓 , symbolized as 𝑆𝑐ℎ(𝑓 ), is the collection of all such points 
𝑡 where the behavior of the function is locally non-constant. Formally:

𝑆𝑐ℎ(𝑓 ) = {𝑡 ∈ [𝑎, 𝑏] ∶ ∀𝛿 > 0, ∃𝑦1, 𝑦2 ∈ (𝑡 − 𝛿, 𝑡 + 𝛿) ∩ [𝑎, 𝑏], 𝑠𝑢𝑐ℎ𝑡ℎ𝑎𝑡 𝑓 (𝑦1) ≠ 𝑓 (𝑦2)}

Example 2.2.  Let 𝑆𝛼𝐹 (𝑐) ∈ R and let 𝑓1(𝑡) = 𝑆𝛼𝐹 (𝑐), therefore Sch(𝑓1) = ∅. Let 𝑓2(𝑡) = 𝑡, for every 𝑡 ∈ [𝑎, 𝑏], therefore Sch(𝑓2) = [𝑎, 𝑏].

Proposition 2.3.  Let 𝛹 ∶ [𝑎, 𝑏] → R and 𝛷 ∶ [𝑎, 𝑏] → R be two fractal-primitives of 𝑓 ∶ [𝑎, 𝑏] → R. If 𝑆𝑐ℎ(𝛹 −𝛷) ⊂ 𝐹 ∩ [𝑎, 𝑏], therefore 
there exists a constant 𝑆𝛼𝐹 (𝑐) ∈ R such that 𝛹 (𝑡) = 𝛷(𝑡) + 𝑆𝛼𝐹 (𝑐) for every 𝑡 ∈ 𝐹 ∩ [𝑎, 𝑏].

Proof.  Define 𝐻(𝑡) = 𝛹 (𝑡) −𝛷(𝑡), for all 𝑡 ∈ 𝐹 ∩ [𝑎, 𝑏]. By hypothesis we have 𝐷𝛼
𝐹 (𝐻(𝑡)) = 𝐷𝛼

𝐹𝛹 (𝑡) −𝐷
𝛼
𝐹𝛷(𝑡) = 𝑓 (𝑡) − 𝑓 (𝑡) = 0, for all 

𝑡 ∈ 𝐹 ∩ [𝑎, 𝑏]. The conclusion then follows by applying the Corollary 52 in [20] to the function 𝐻 . □

Definition 10.  Let 𝑓 ∶ [𝑎, 𝑏] → R. The set of all fractal-primitives, of 𝑓 on 𝐹 ∩ [𝑎, 𝑏] is called the indefinite 𝐹 𝛼−integral and is 
denoted by the symbol

∫ 𝑓 (𝑡)𝑑𝛼𝐹 𝑡

Example 2.3.  By Remark  2.3 it follows

∫ 𝜒𝐹 (𝑡)𝑑𝛼𝐹 𝑡 = 𝑆𝛼𝐹 (𝑡) + 𝑆
𝛼
𝐹 (𝑐)

3. Solving equations of the form: 𝑫𝜶
𝑭 𝒚(𝒕) = 𝒈(𝝓(𝒚, 𝒕))

In this section, we address the class of homogeneous nonlinear fractal differential equations defined by:
𝐷𝛼
𝐹 𝑦(𝑡) = 𝑔(𝜙(𝑦, 𝑡)), with 𝑡 ∈ 𝐹 ∩ [𝑎, 𝑏]

where 𝜙(𝑦, 𝑡) is an assigned function. We establish that a carefully selected change of variables effectively reduces this complex 
nonlinear problem into a more tractable linear fractal differential equation with separable variables, thereby facilitating its study 
and analytical solution.

3.1. First case: 𝜙(𝑦, 𝑡) = 𝑦(𝑡)
𝑆𝛼𝐹 (𝑡)

The fractal differential equation we aim to solve has the form: 

𝐷𝛼
𝐹 𝑦(𝑡) = 𝑔

(

𝑦(𝑡)
𝑆𝛼𝐹 (𝑡)

)

, (4)

To solve this equation, we make the substitution 
𝑦(𝑡) = 𝑆𝛼 (𝑡)𝑧(𝑡). (5)
𝐹

4
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Fig. 2. Plot of Eq.  (7).

Applying Proposition  2.1 to both sides of Eq.  (5), we have:
𝐷𝛼
𝐹 𝑦(𝑡) = 𝑧(𝑡)𝜒𝐹 (𝑡) + 𝑆𝛼𝐹 (𝑡)𝐷

𝛼
𝐹 𝑧(𝑡).

Substituting this into the original equation, we obtain the following fractal differential equation:
𝑆𝛼𝐹 (𝑡)𝐷

𝛼
𝐹 𝑧(𝑡) + 𝜒𝐹 (𝑡)𝑧(𝑡) = 𝑔(𝑧(𝑡)),

which can be solved by the method of separation of variables described in [23]. 

Example 3.1.  Consider the fractal differential equation on the ternary Cantor set 𝐶 ⊂ [0, 1] given by: 

𝐷𝛼
𝐶𝑦(𝑡) = 1 +

𝑦(𝑡)
𝑆𝛼𝐶 (𝑡)

. (6)

By employing the substitution 𝑦(𝑡) = 𝑆𝛼𝐶 (𝑡)𝑧(𝑡) and solving the resulting separable equation (see Appendix  A.1 for the detailed 
derivation), we obtain the exact solution: 

𝑦(𝑡) = 𝑆𝛼𝐶 (𝑡) ln
(

𝑆𝛼𝐶 (𝑐
′)𝑆𝛼𝐶 (𝑡)

)

, (7)

where 𝑆𝛼𝐶 (𝑐′) = ± exp(𝑆𝛼𝐶 (𝑐)).
Note that in Fig.  2, we depict the graphical representation of the solution to Eq.  (6).

3.2. Second case: 𝜙(𝑦, 𝑡) = 𝑎𝑆𝛼𝐹 (𝑡) + 𝑏𝑦(𝑡) with 𝑎 and 𝑏 two non-zero real numbers.

Let us consider a fractal differential equation of the type
𝐷𝛼
𝐹 𝑦(𝑡) = 𝑔(𝑎𝑆𝛼𝐹 (𝑡) + 𝑏𝑦(𝑡)),

where 𝑔 is an 𝐹 -continuous function and 𝑎, 𝑏 are two non-zero real constants. This equation can be reduced to a fractal differential 
equation with separable variables by the following substitution:

𝑧 = 𝑎𝑆𝛼𝐹 (𝑡) + 𝑏𝑦(𝑡).

In fact, since 𝐷𝛼
𝐹 𝑧(𝑡) = 𝑎𝜒𝐹 (𝑡) + 𝑏𝐷𝛼

𝐹 𝑦(𝑡), we obtain the equivalent fractal differential equation in the unknown variable 𝑧:
𝐷𝛼
𝐹 𝑧(𝑡) = 𝑎𝜒𝐹 (𝑡) + 𝑏𝑔(𝑧(𝑡)),

which can be solved easily using the separation of variables method (see [23]). 

Example 3.2.  Let us consider the fractal differential equation on the Cantor set 𝐶 given by: 
𝐷𝛼
𝐶𝑦(𝑡) =

(

𝑆𝛼𝐶 (𝑡) + 𝑦(𝑡)
)2 . (8)

It is easy to observe that here the function 𝑔 is defined by:
𝑔(𝑡) =

(

𝑆𝛼𝐶 (𝑡) + 𝑦(𝑡)
)2 .

Now, by setting 𝑧(𝑡) = 𝑆𝛼𝐶 (𝑡) + 𝑦(𝑡), and applying the 𝐶𝛼-derivative to both sides, we obtain:
𝐷𝛼 𝑧(𝑡) = 𝜒 (𝑡) +𝐷𝛼 𝑦(𝑡),
𝐶 𝐶 𝐶

5



D. Bongiorno and A.K. Golmankhaneh Nonlinear Science 7 (2026) 100128
Fig. 3. Plot of Eq.  (10).

Therefore,

𝐷𝛼
𝐶𝑧(𝑡) = 𝜒𝐶 (𝑡) +

(

𝑆𝛼𝐶 (𝑡) + 𝑦(𝑡)
)2 = 𝜒𝐶 (𝑡) + 𝑧2(𝑡).

That is, 
𝐷𝛼
𝐶𝑧(𝑡) = 𝜒𝐶 (𝑡) + 𝑧2(𝑡). (9)

So, solving it by the separation of variables, we obtain:

arctan 𝑧(𝑡) = ∫
1

𝜒𝐶 (𝑡) + 𝑧2
𝑑𝛼𝐶𝑧 = ∫ 𝜒𝐶 (𝑡)𝑑𝛼𝐶 𝑡 = 𝑆𝛼𝐶 (𝑡) + 𝑆

𝛼
𝐶 (𝑐),

where 𝑆𝛼𝐶 (𝑐) is an arbitrary constant. Thus, solving for 𝑦(𝑡), we obtain the exact solution: 

𝑦(𝑡) = tan
(

𝑆𝛼𝐶 (𝑡) + 𝑆
𝛼
𝐶 (𝑐)

)

− 𝑆𝛼𝐶 (𝑡). (10)

Note that in Fig.  3, we depict the graphical representation of the solution of Eq.  (8).

4. Solving Riccati-type fractal differential equations

In this section, we provide a comprehensive analysis of a prominent class of nonlinear fractal differential equations: the 
Riccati-type fractal differential equations (RFDEs). Specifically, we examine equations of the form: 

𝐷𝛼
𝐹 𝑦(𝑡) = 𝑎(𝑡)𝑦(𝑡) + 𝑏(𝑡)𝑦2(𝑡) + 𝑐(𝑡), ∀𝑡 ∈ 𝐹 ∩ [𝑎, 𝑏], (11)

where 𝑎(𝑡), 𝑏(𝑡), and 𝑐(𝑡) are 𝐹 -continuous functions.
Due to the inherent complexity of the quadratic non-linear term, finding a universal general solution for the RFDE is a challenging 

task. To thoroughly address this problem and provide a clear methodological pathway, the present section is structurally divided 
into three parts. First, in Section 4.1, we introduce several analytical strategies (formulated through specific propositions) aimed at 
deriving exact solutions under appropriate algebraic conditions. Subsequently, in Section 4.2, we critically discuss the operational 
limitations and computational constraints of these analytical reductions. Finally, in Section 4.3, we present a rigorous empirical 
numerical validation to quantitatively confirm our theoretical findings and assess the stability of the solutions on singular fractal 
supports.

4.1. Analytical methods for exact solutions

First of all, let us observe that if 𝑐(𝑡) ≡ 0 for all 𝑡 ∈ 𝐹 ∩ [𝑎, 𝑏], then Eq.  (11) reduces to the fractal Bernoulli differential equation
𝐷𝛼
𝐹 𝑦(𝑡) = 𝑎(𝑡)𝑦(𝑡) + 𝑏(𝑡)𝑦2(𝑡),

which has already been studied in [23]. Furthermore, if 𝑏(𝑡) ≡ 0 for all 𝑡 ∈ 𝐹 ∩ [𝑎, 𝑏], then Eq.  (11) becomes the linear fractal 
differential equation

𝐷𝛼
𝐹 𝑦(𝑡) = 𝑎(𝑡)𝑦(𝑡) + 𝑐(𝑡), 𝑡 ∈ 𝐹 ∩ [𝑎, 𝑏],

which has also been investigated in [23]. For this reason, from now on we will consider Eq.  (11) with both coefficients 𝑐(𝑡) and 𝑏(𝑡)
different from zero.

Let us start by describing some solution techniques for the RFDE that are based on the knowledge of a particular solution (see 
Fig.  4).
6
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Fig. 4. Plot of Eq.  (18).

Proposition 4.1.  Each solution of equation the RFDE (Eq.  (11)) has the following form 
𝑦(𝑡) = 𝑢(𝑡) + 𝑣(𝑡), (12)

where 𝑢(𝑡) is a particular solution of Eq.  (11) while 𝑣(𝑡) is an exact solution of the following Bernoulli-type fractal differential equation: 
𝐷𝛼
𝐹 𝑣(𝑡) = (𝑎(𝑡) + 2𝑏(𝑡)𝑢(𝑡)) 𝑣(𝑡) + 𝑏(𝑡)𝑣2(𝑡). (13)

Proof.  Let 𝑢(𝑡) be a particular solution of Eq.  (11), and let 𝑣(𝑡) be an exact solution of Eq.  (13). We aim to show that 
𝑦(𝑡) = 𝑢(𝑡) + 𝑣(𝑡) (14)

is a general solution of Eq.  (11). Therefore, applying Proposition  2.1 to both members of Eq.  (14) and requiring that the function 
𝑢(𝑡) + 𝑣(𝑡) satisfies Eq.  (11), we get:

𝐷𝛼
𝐹 𝑦(𝑡) = 𝐷𝛼

𝐹 𝑢(𝑡) +𝐷
𝛼
𝐹 𝑣(𝑡) (15)

= 𝑎(𝑡)(𝑢(𝑡) + 𝑣(𝑡)) + 𝑏(𝑡)(𝑢(𝑡) + 𝑣(𝑡))2 + 𝑐(𝑡)

=
[

𝑎(𝑡)𝑢(𝑡) + 𝑏(𝑡)𝑢2(𝑡) + 𝑐(𝑡)
]

+ 𝑎(𝑡)𝑣(𝑡) + 2𝑏(𝑡)𝑢(𝑡)𝑣(𝑡) + 𝑏(𝑡)𝑣2(𝑡).

Since 𝑢(𝑡) satisfies Eq.  (11) and 𝑣(𝑡) satisfies Eq.  (13), the equation holds true. Hence, 𝑦(𝑡) = 𝑢(𝑡) + 𝑣(𝑡) is indeed an exact solution 
of Eq.  (11). □

Unfortunately, there is no general algorithm for finding the particular solution 𝑢(𝑡), as it depends on the specific forms of the 
functions 𝑎(𝑡), 𝑏(𝑡), and 𝑐(𝑡). In the following, we present an example to illustrate the method. 

Example 4.1.  Consider the following RFDE on the Cantor set 𝐶: 
𝐷𝛼
𝐶𝑦(𝑡) + 2𝑆𝛼𝐶 (𝑡)𝑦(𝑡) = 𝜒𝐶 (𝑡) +

(

𝑆𝛼𝐶 (𝑡)
)2 + 𝑦2(𝑡). (16)

Here the functions 𝑎(𝑡), 𝑏(𝑡), and 𝑐(𝑡) are respectively: 𝑎(𝑡) = 2𝑆𝛼𝐶 (𝑡), 𝑏(𝑡) = 1 and 𝑐(𝑡) = 𝜒𝐶 (𝑡) +
(

𝑆𝛼𝐶 (𝑡)
)2. Moreover, 𝑢(𝑡) = 𝑆𝛼𝐶 (𝑡) is a 

particular solution of Eq.  (16). Indeed, since 𝐷𝛼
𝐶𝑆

𝛼
𝐶 (𝑡) = 𝜒𝐶 (𝑡) (see Remark  2.3), it is trivial to verify that 

𝐷𝛼
𝐶𝑢(𝑡) = −2𝑆𝛼𝐶 (𝑡)𝑢(𝑡) + 𝑢

2(𝑡) + 𝜒𝐶 (𝑡) +
(

𝑆𝛼𝐶 (𝑡)
)2 . (17)

To obtain the general solution of Eq.  (16), we apply Proposition  4.1. The detailed steps are provided in Appendix  A.2. The general 
solution is given by: 

𝑦(𝑡) = 𝑆𝛼𝐶 (𝑡) −
1

𝑆𝛼𝐶 (𝑡) + 𝑆
𝛼
𝐶 (𝑐)

. (18)

Proposition 4.2.  Each solution of equation the RFDE (Eq.  (11)) has the following form 

𝑦(𝑡) = 𝑢(𝑡) + 1
𝑣(𝑡)

, ∀𝑡 ∈ 𝐹 , (19)

where 𝑢(𝑡) is a particular solution of Eq.  (11) while 𝑣(𝑡) is an exact solution of the following linear fractal differential equation: 
𝐷𝛼
𝐹 𝑣(𝑡) = − (𝑎(𝑡) + 2𝑏(𝑡)𝑢(𝑡)) 𝑣(𝑡) − 𝑏(𝑡). (20)
7
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Proof.  Let 𝑢(𝑡) be a particular solution of the RFDE (Eq.  (11)) and let 𝑣(𝑡) be an exact solution of the linear fractal differential 
equation given by Eq.  (20). We aim to show that 

𝑦(𝑡) = 𝑢(𝑡) + 1
𝑣(𝑡)

(21)

is a solution of the RFDE. By applying Proposition  2.1 to calculate the 𝐹 𝛼-derivative of both sides of Eq.  (21), we obtain: 

𝐷𝛼
𝐹 𝑦(𝑡) = 𝐷𝛼

𝐹 𝑢(𝑡) −
𝐷𝛼
𝐹 𝑣(𝑡)

𝑣2(𝑡)
. (22)

Substituting the expression for 𝐷𝛼
𝐹 𝑣(𝑡) from Eq.  (20) into Eq.  (22), we have:

𝐷𝛼
𝐹 𝑦(𝑡) = 𝐷𝛼

𝐹 𝑢(𝑡) −
− (𝑎(𝑡) + 2𝑏(𝑡)𝑢(𝑡)) 𝑣(𝑡) − 𝑏(𝑡)

𝑣2(𝑡)

= 𝐷𝛼
𝐹 𝑢(𝑡) +

𝑎(𝑡) + 2𝑏(𝑡)𝑢(𝑡)
𝑣(𝑡)

+
𝑏(𝑡)
𝑣2(𝑡)

.

Since 𝑢(𝑡) is a particular solution of Eq.  (11), it satisfies 𝐷𝛼
𝐹 𝑢(𝑡) = 𝑎(𝑡)𝑢(𝑡) + 𝑏(𝑡)𝑢2(𝑡) + 𝑐(𝑡). Substituting this into the equation above, 

we get:

𝐷𝛼
𝐹 𝑦(𝑡) =

[

𝑎(𝑡)𝑢(𝑡) + 𝑏(𝑡)𝑢2(𝑡) + 𝑐(𝑡)
]

+
𝑎(𝑡)
𝑣(𝑡)

+
2𝑏(𝑡)𝑢(𝑡)
𝑣(𝑡)

+
𝑏(𝑡)
𝑣2(𝑡)

= 𝑎(𝑡)
(

𝑢(𝑡) + 1
𝑣(𝑡)

)

+ 𝑏(𝑡)
(

𝑢2(𝑡) +
2𝑢(𝑡)
𝑣(𝑡)

+ 1
𝑣2(𝑡)

)

+ 𝑐(𝑡)

= 𝑎(𝑡)
(

𝑢(𝑡) + 1
𝑣(𝑡)

)

+ 𝑏(𝑡)
(

𝑢(𝑡) + 1
𝑣(𝑡)

)2
+ 𝑐(𝑡).

By observing the structure of 𝑦(𝑡) in Eq.  (21), we can rewrite the last expression as:
𝐷𝛼
𝐹 𝑦(𝑡) = 𝑎(𝑡)𝑦(𝑡) + 𝑏(𝑡)𝑦2(𝑡) + 𝑐(𝑡).

Thus, 𝑦(𝑡) = 𝑢(𝑡) + 1∕𝑣(𝑡) is indeed an exact solution of the RFDE. □

Remark 4.1.  The method described in Proposition  4.2 offers a distinct methodological advantage compared to the one presented 
in Proposition  4.1. While Proposition  4.1 transforms the RFDE into a Bernoulli-type equation (which is still non-linear and requires 
further substitution), Proposition  4.2 reduces the problem directly to a linear fractal differential equation. This direct linearization 
significantly streamlines the analytical resolution. We now demonstrate how Proposition  4.2 allows us to solve the RFDE proposed 
in Example  4.1 more efficiently. Indeed, the linear differential equation associated with the RFDE is:

𝐷𝛼
𝐹 𝑣(𝑡) = −1.

Therefore the exact solution of Eq.  (16) is immediately obtained as: 

𝑦(𝑡) = 𝑆𝛼𝐹 (𝑡) +
1

𝑆𝛼𝐹 (𝑐) − 𝑆
𝛼
𝐹 (𝑡)

. (23)

where 𝑆𝛼𝐹 (𝑐) is a constant.
To better describe the method proposed by Proposition  4.2, let us examine the following example:

Example 4.2.  Let 

𝐷𝛼
𝐹 𝑦(𝑡) =

1
𝑆𝛼𝐹 (𝑡)

𝑦(𝑡) + 𝑦2(𝑡) − 4(𝑆𝛼𝐹 (𝑡))
2 (24)

be a RFDE defined on a fractal subset of the real line 𝐹 ⊂ [0, 1].
It is trivial to observe that 𝑢(𝑡) = 2𝑆𝛼𝐹 (𝑡) is a particular solution of Eq.  (24). Let us show that an exact solution of the proposed 

RFDE is of the form: 
𝑦(𝑡) = 𝑢(𝑡) + 1

𝑣(𝑡)
= 2𝑆𝛼𝐹 (𝑡) +

1
𝑣(𝑡)

, ∀𝑡 ∈ 𝐹 , (25)

where the function 𝑣(𝑡) is to be determinated. Let us 𝐹 𝛼-derive both members of the Eq.  (25):

𝐷𝛼
𝐹 𝑦(𝑡) = 2𝜒𝐹 (𝑡) −

𝐷𝛼
𝐹 𝑣(𝑡)

𝑣2(𝑡)
and impose that Eq.  (25) verifies Eq.  (24), so we obtain: 

2𝜒𝐹 (𝑡) −
𝐷𝛼
𝐹 𝑣(𝑡)

𝑣2(𝑡)
= 1
𝑆𝛼𝐹 (𝑡)

(

2𝑆𝛼𝐹 (𝑡) +
1
𝑣(𝑡)

)

+
(

2𝑆𝛼𝐹 (𝑡) +
1
𝑣(𝑡)

)2
− 4(𝑆𝛼𝐹 (𝑡))

2. (26)

Now, solving Eq.  (26) with respect to 𝑣(𝑡), we get: 

𝐷𝛼
𝐹 𝑣(𝑡) = −

(

4𝑆𝛼𝐹 (𝑡) +
1
𝛼

)

𝑣(𝑡) − 1. (27)

𝑆𝐹 (𝑡)

8
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Fig. 5. Plot of Eq.  (29) for different fractal subsets of the real line.

Finally, following methods in [23] we have that the exact solution of Eq.  (27) is 

𝑣(𝑡) = 𝑒(−𝑆
𝛼
𝐹 (𝑡))

2

𝑆𝛼𝐹 (𝑡)

(

− 𝑒
(𝑆𝛼𝐹 (𝑡))

2

𝑆𝛼𝐹 (𝑡)
+ 𝑆𝛼𝐹 (𝑐)

)

, (28)

where 𝑆𝛼𝐹 (𝑐) is a constant.
Therefore the exact solution of Eq.  (24) is: 

𝑦(𝑡) = 2𝑆𝛼𝐹 (𝑡) +
1

𝑒(−𝑆
𝛼
𝐹 (𝑡))2

𝑆𝛼𝐹 (𝑡)

(

− 𝑒(𝑆
𝛼
𝐹 (𝑡))2

𝑆𝛼𝐹 (𝑡)
+ 𝑆𝛼𝐹 (𝑐)

)
, ∀𝑡 ∈ 𝐹 . (29)

In Fig.  5, we show the effect of the support of the function on the solution with dimensions 𝛼 = 0.5 and 𝛼 = 0.6.

Proposition 4.3.  Let 𝑏 ∶ 𝐹 ∩ [𝑎, 𝑏] → R be a positive function such that 𝑏 ∈ 𝐶1(𝐹 ∩ [𝑎, 𝑏]). Let 𝑧(𝑡) be a solution of the following 
second-order fractal differential equation: 

𝐷2𝛼
𝐹 𝑧(𝑡) =

(𝐷𝛼
𝐹 𝑏(𝑡)
𝑏(𝑡)

+ 𝑎(𝑡)
)

𝐷𝛼
𝐹 𝑧(𝑡) − 𝑏(𝑡)𝑐(𝑡)𝑧(𝑡), ∀𝑡 ∈ 𝐹 ∩ [𝑎, 𝑏], (30)

Then the RFDE (Eq.  (11)) has an exact solution of the form 

𝑦(𝑡) = −
𝐷𝛼
𝐹 𝑧(𝑡)

𝑏(𝑡)𝑧(𝑡)
, ∀𝑡 ∈ 𝐹 ∩ [𝑎, 𝑏]. (31)

Proof.  Let us suppose that 𝑧(𝑡) is a solution of Eq.  (30) and let us show that 

𝑦(𝑡) = −
𝐷𝛼
𝐹 𝑧(𝑡)

𝑏(𝑡)𝑧(𝑡)
, (32)

is a solution of Eq.  (11).
To do this, by taking the 𝐹 𝛼-derivative of both sides of the previous equation:

𝐷𝛼
𝐹 𝑦(𝑡) = 𝐷𝛼

𝐹

(

−
𝐷𝛼
𝐹 𝑧(𝑡)

𝑏(𝑡)𝑧(𝑡)

)

(33)

=
−𝑏(𝑡)𝑧(𝑡)𝐷2𝛼

𝐹 𝑧(𝑡) + 𝑧(𝑡)𝐷
𝛼
𝐹 𝑧(𝑡)𝐷

𝛼
𝐹 𝑏(𝑡) + 𝑏(𝑡)(𝐷

𝛼
𝐹 𝑧(𝑡))

2

𝑏2(𝑡)𝑧2(𝑡)

and impose that Eq  (33) satisfies Eq.  (11).
Therefore, we have:

−𝑏(𝑡)𝑧(𝑡)𝐷2𝛼
𝐹 𝑧(𝑡) + 𝑧(𝑡)𝐷

𝛼
𝐹 𝑧(𝑡)𝐷

𝛼
𝐹 𝑏(𝑡) + 𝑏(𝑡)(𝐷

𝛼
𝐹 𝑧(𝑡))

2

(34)

𝑏2(𝑡)𝑧2(𝑡)

9
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Fig. 6. Plot of Eq.  (39), where 𝑆𝛼𝐶 (𝑡) is the integral staircase function based on the middle-third Cantor set.

= −
𝑎(𝑡)𝐷𝛼

𝐹 𝑧
𝑏(𝑡)𝑧(𝑡)

+ 𝑏(𝑡)
(𝐷𝛼

𝐹 𝑧(𝑡)
𝑏(𝑡)𝑧(𝑡)

)2

+ 𝑐(𝑡). (35)

Now, multiplying both sides by 𝑏(𝑡)𝑧(𝑡) and simplifying the equation, we obtain: 

−𝐷2𝛼
𝐹 𝑧(𝑡) +

𝐷𝛼
𝐹 𝑏(𝑡)
𝑏(𝑡)

𝐷𝛼
𝐹 𝑧(𝑡) = − 𝑎(𝑡)𝐷𝛼

𝐹 𝑧(𝑡) + 𝑏(𝑡)𝑐(𝑡)𝑧(𝑡). (36)

Finally, rearranging terms gives the required second-order fractal differential equation: 

𝐷2𝛼
𝐹 𝑧(𝑡) =

(𝐷𝛼
𝐹 𝑏(𝑡)
𝑏(𝑡)

+ 𝑎(𝑡)
)

𝐷𝛼
𝐹 𝑧(𝑡) − 𝑏(𝑡)𝑐(𝑡)𝑧(𝑡), ∀𝑡 ∈ 𝐹 ∩ [𝑎, 𝑏]. □ (37)

Example 4.3.  Let 𝐶 be the classical Cantor set and let 

𝐷𝛼
𝐶𝑦(𝑡) = − 3

𝑆𝛼𝐶 (𝑡)
𝑦(𝑡) + (𝑆𝛼𝐶 (𝑡))

3𝑦2 + 1
(𝑆𝛼𝐶 (𝑡))

3
, (38)

be the RFDE defined on each point of 𝐶. It is trivial to notice that 𝑏(𝑡) =
(

𝑆𝛼𝐶 (𝑡)
)3 ∈ 𝐶1(𝐶) on each point of 𝐶, therefore, to 

solve Eq.  (38), we can apply Proposition  4.3. As detailed in Appendix  A.3, applying Proposition  4.3 allows us to derive the exact 
general solution: 

𝑦(𝑡) =
sin(𝑆𝛼𝐶 (𝑡)) − 𝑐 cos(𝑆

𝛼
𝐶 (𝑡))

(𝑆𝛼𝐶 (𝑡))
3(cos(𝑆𝛼𝐶 (𝑡)) + 𝑆

𝛼
𝐶 (𝑐) sin(𝑆

𝛼
𝐶 (𝑡)))

. (39)

where 𝑆𝛼𝐶 (𝑐) is a constant.
Note that Fig.  6 shows the graph of Eq.  (39) with the constant 𝑆𝛼𝐶 (𝑐) = 1.

4.2. Limitations of the proposed method

While the analytical methods presented in this section provide exact solutions for Riccati-type fractal differential equations, 
it is important to acknowledge their limitations. Specifically, the strategies developed here (see Propositions  4.1 and 4.2) rely 
fundamentally on the knowledge of a particular solution 𝑢(𝑡). The transformation of the non-linear RFDE into a solvable linear 
or Bernoulli-type fractal equation is contingent upon the existence and identification of this specific solution. In many practical 
scenarios, finding a particular solution 𝑢(𝑡) is non-trivial and often requires heuristic methods, symmetry analysis, or inspection 
of the coefficients 𝑎(𝑡), 𝑏(𝑡), and 𝑐(𝑡). If a particular solution cannot be identified analytically, these reduction methods cannot be 
applied directly.

To circumvent the need for a priori knowledge of 𝑢(𝑡), Proposition  4.3 offers an alternative approach by transforming the first-
order non-linear RFDE into a second-order linear fractal differential equation. However, this method introduces its own inherent 
challenge: solving a second-order linear FDE with variable coefficients is generally not straightforward and can be mathematically 
as demanding as solving the original non-linear Riccati equation.

A systematic summary of these analytical strategies and their respective operational constraints is provided in Table  1.
In such cases where analytical reduction is unfeasible,one must resort to numerical approximation techniques, such as the 

generalized Fractal Euler Method extensively discussed in the next section. Consequently, while the proposed framework offers a 
rigorous pathway to exact solutions where possible, it does not constitute a universal algorithm for all Riccati-type fractal differential 
equations without the support of high-resolution numerical scheme.
10
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Table 1
Summary of analytical methods for Riccati-type FDEs and their operational limitations.
 Method strategy Transformation target Main limitation  
 Bernoulli Reduction 
(Proposition 4.1)

Reduces RFDE to a Bernoulli-type fractal equation. Requires the knowledge of a particular solution 
𝑢(𝑡). No general algorithm exists to find it.

 

 Linear Reduction 
(Proposition 4.2)

Reduces RFDE to a first-order Linear fractal 
equation.

Also requires a particular solution 𝑢(𝑡). If 𝑢(𝑡) is 
unknown, the method cannot be started.

 

 Second-Order Transformation 
(Proposition 4.3)

Transforms RFDE into a second-order linear FDE. Does not require 𝑢(𝑡), but solving the resulting 
second-order linear equation can be as complex as 
the original problem.

 

4.3. Numerical validation and empirical error analysis

Having derived exact analytical solutions for Riccati-type fractal differential equations, we now verify their consistency through 
numerical simulations. We focus on Example  4.1 as a fundamental test case to demonstrate how the analytical results remain robust 
under discrete iterative schemes on singular supports like the Cantor set. This reliable approach can be easily extended to other 
scenarios, following the general algorithmic framework outlined at the end of this section.

The simulation employs a generalized Fractal Euler Method, whose implementation follows the framework established by A.K.G., 
A.I. Zayed, and R. Myrzakulov [29] for non-linear dynamics on fractal supports. The computational parameters are summarized 
below:

 Fractal support Standard ternary Cantor set 𝐶 ⊂ [0, 1]  
 Fractal Dimension 𝛼 = ln 2∕ ln 3 ≈ 0.6309  
 Riccati-type FDE 𝐷𝛼

𝐶𝑦(𝑡) = −2𝑆𝛼𝐶 (𝑡)𝑦(𝑡) + 𝑦
2(𝑡) + 𝜒𝐶 (𝑡) + (𝑆𝛼𝐶 (𝑡))

2 
 Initial Condition 𝑦(0) = −10 ⟹ 𝑆𝛼𝐶 (𝑐) = 0.1  
 Exact Solution 𝑦(𝑡) = 𝑆𝛼𝐶 (𝑡) − [𝑆𝛼𝐶 (𝑡) + 𝑆

𝛼
𝐶 (𝑐)]

−1  

To derive the numerical scheme, we first express the fractal differential equation at a discrete point 𝑡 = 𝑡𝑛: 

𝐷𝛼
𝐶𝑦(𝑡)|𝑡=𝑡𝑛 = 𝑘(𝑡𝑛, 𝑦(𝑡𝑛)) (40)

where the right-hand side function for our specific Riccati-type equation is defined as 𝑘(𝑡, 𝑦) = −2𝑆𝛼𝐶 (𝑡)𝑦(𝑡) + 𝑦
2(𝑡) + 𝜒𝐶 (𝑡) + (𝑆𝛼𝐶 (𝑡))

2. 
The related fractal forward difference quotient is then used to approximate the fractal derivative. This relates the variation of the 
unknown function to the step size of the staircase function 𝑆𝛼𝐶 (𝑡), yielding: 

𝑦(𝑡𝑛+1) − 𝑦(𝑡𝑛)
𝑆𝛼𝐶 (𝑡𝑛+1) − 𝑆

𝛼
𝐶 (𝑡𝑛)

≅ 𝑘(𝑡𝑛, 𝑦(𝑡𝑛)) (41)

Lastly, by solving for the next step and replacing the exact theoretical values with the approximate numerical values 𝑦𝑛+1 and 𝑦𝑛, 
we arrive at the general formula for the Fractal Euler Method: 

𝑦𝑛+1 = 𝑦𝑛 + 𝑘(𝑡𝑛, 𝑦𝑛)
(

𝑆𝛼𝐶 (𝑡𝑛+1) − 𝑆
𝛼
𝐶 (𝑡𝑛)

)

(42)

By substituting our explicit expression for 𝑘(𝑡𝑛, 𝑦𝑛), we implemented the following iterative scheme on the Cantor set support: 

𝑦𝑛+1 = 𝑦𝑛 +
[

𝑆𝛼𝐶 (𝑡𝑛+1) − 𝑆
𝛼
𝐶 (𝑡𝑛)

] (

−2𝑆𝛼𝐶 (𝑡𝑛)𝑦𝑛 + 𝑦
2
𝑛 + 𝜒𝐶 (𝑡𝑛) + (𝑆𝛼𝐶 (𝑡𝑛))

2) (43)

The comparison between the exact solution and the numerical approximation is depicted in Fig.  7.
Unlike the unstable divergence often encountered in non-linear fractal simulations, the corrected numerical integration (blue 

dashed line) exhibits excellent agreement with the analytical solution (red continuous line). Both curves accurately capture the 
characteristic ‘‘plateaus’’, which represent periods of stasis corresponding to the gaps in the fractal support. As established in [29], 
these flat regions coincide with the complementary intervals of the Cantor set where the staircase function 𝑆𝛼𝐶 (𝑡) remains constant. 
These results confirm the robustness of the derived formulas and the stability of the Fractal Euler Method for Riccati-type equations 
when properly adapted to the fractal topology. 

To quantitatively ground the visual agreement shown in Fig.  7, we conduct an empirical error analysis. At any given discrete 
point 𝑡𝑛, the discrepancy between the exact analytical solution 𝑦(𝑡𝑛) and the numerical approximation 𝑦𝑛 is quantified by the global 
error: 

𝑛 = 𝑦(𝑡𝑛) − 𝑦𝑛 (44)

Based on this definition, we compute two standard metrics to evaluate the overall accuracy over the entire grid: the Maximum 
Absolute Error, defined as max𝑛 |𝑛|, and the 𝐿2 norm of the error. Table  2 reports these metrics for two different grid resolutions 
(𝑁 = 1000 and 𝑁 = 10, 000). The results highlight a fundamental aspect of numerical integration on singular spaces. Due to the 
nonlinear nature of the Riccati equation and the topology of the Cantor set, a coarse grid (𝑁 = 1000) fails to accurately capture the 
11



D. Bongiorno and A.K. Golmankhaneh Nonlinear Science 7 (2026) 100128
Fig. 7. Numerical validation of the Riccati-type fractal differential equation on the Cantor set. Comparison between the exact analytical solution 
and the Fractal Euler Method.

Table 2
Empirical error analysis for the generalized Fractal Euler Method applied to the RFDE on the Cantor set.
 Grid steps (𝑁) max𝑛 |𝑛| 𝐿2 norm error Observation  
 1000 8.568 × 103 2.743 × 102 Unstable (misses fractal gaps) 
 10,000 1.334 × 100 4.314 × 10−1 Stable convergence  

Table 3
Pseudocode of the generalized Fractal Euler Method.
 Input: Fractal subset 𝐹 and its dimension 𝛼, integration interval [𝑡0 , 𝑡𝑁 ], number of steps 𝑁 , 
initial condition 𝑦0 = 𝑦(𝑡0), right-hand side function 𝑘(𝑡, 𝑦), and the Staircase function 𝑆𝛼𝐹 (𝑡).

 

 Output: Arrays 𝑇  and 𝑌  containing the discrete time steps and approximate solution.  
 1: ℎ← (𝑡𝑁 − 𝑡0)∕𝑁 (Define uniform classical time step) 
 2: 𝑇 [0] ← 𝑡0, 𝑌 [0] ← 𝑦0 (Initialize arrays) 
 3: for 𝑛 = 0 to 𝑁 − 1 do  
 4: 𝑡𝑛+1 ← 𝑇 [𝑛] + ℎ (Compute next continuous time point) 
 5: 𝛥𝑆 ← 𝑆𝛼𝐹 (𝑡𝑛+1) − 𝑆

𝛼
𝐹 (𝑇 [𝑛]) (Compute fractal step size ℎ𝛼𝐹 )  6: 𝑘𝑛 ← 𝑘(𝑇 [𝑛], 𝑌 [𝑛]) (Evaluate right-hand side function) 

 7: 𝑌 [𝑛 + 1] ← 𝑌 [𝑛] + 𝛥𝑆 ⋅ 𝑘𝑛 (Fractal Euler update) 
 8: 𝑇 [𝑛 + 1] ← 𝑡𝑛+1 (Store time step) 
 9: end for  
 10: return 𝑇 , 𝑌  

flat plateaus of the staircase function 𝑆𝛼𝐶 (𝑡). However, refining the grid to 𝑁 = 10, 000 effectively stabilizes the solution, bounding 
the maximum absolute error to roughly 1.33 and dropping the 𝐿2 error to 0.43. This quantitative validation firmly confirms 
the correctness of our exact analytical solutions. At the same time, it emphasizes a practical computational limitation: discrete 
simulations on fractal supports intrinsically require high-resolution grids to properly account for the non-differentiable gaps of the 
structure.

Remark 4.2.  In light of the preceding analysis, we observe that to complete the study of the numerical simulation and, 
most importantly, to adapt it to a generic RFDE, it is necessary to detail the computational implementation. To ensure the full 
reproducibility of these findings, Table  3 outlines the step-by-step algorithmic logic of the generalized Fractal Euler Method used 
in our study. By defining the specific fractal support 𝐹  (the Cantor set 𝐶 or the generalized Cantor set 𝐶(𝜆)), the corresponding 
staircase function 𝑆𝛼𝐹 (𝑡) and the right-hand side function 𝑘(𝑡, 𝑦) as inputs, the algorithm iteratively computes the exact numerical 
approximation based on the fractal difference quotient. The integration step is uniquely driven by the variation of the staircase 
function, denoted by 𝛥𝑆, naturally bypassing the non-differentiable flat plateaus of the fractal subset 𝐹 .

Furthermore, our choice of the Fractal Euler Method aligns with recent findings [29]. Due to the fragmented nature of fractal 
solutions, this simple scheme surprisingly outperforms higher-order methods (such as Heun or Runge–Kutta) in accuracy, making it 
a highly efficient tool for complex systems.
12
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5. Fractal Riccati formulation of the Schrödinger equation

Having established both analytical strategies and their numerical validation for Riccati-type fractal differential equations (RFDEs), 
we now transition from pure mathematics to applied modeling. Indeed, these equations naturally emerge when describing complex 
systems governed by non-integer dimensions.

In this section we show how the RFDE intervenes in the formulation of the Schrödinger equation on fractal domains. This 
connection explicitly demonstrates how the mathematical framework of Riccati-type FDEs relates to fundamental physics, thereby 
highlighting the potential applications of our theory in quantum mechanics and mathematical physics. It shows that the solution 
techniques developed for RFDEs can be directly employed to solve Schrödinger equations on fractal sets, emphasizing the 
interdisciplinary value of the proposed method.

The time-independent 𝛼-dimensional Schrödinger fractal equation [30] on an 𝛼-perfect fractal set 𝐹  is given by 

− ℏ2

2𝑚
𝐷2𝛼
𝐹 𝜓(𝑡) + 𝑉 (𝑡)𝜓(𝑡) = 𝐸𝜓(𝑡), ∀𝑡 ∈ 𝐹 , (45)

where 𝑉 (𝑡) is the potential, 𝜓(𝑡) the wavefunction, and 𝐸 the energy eigenvalue. An efficient method for its study is the factorization 
approach [31], in which the Hamiltonian is written as a product of first 𝛼-order operators: 

𝐴 = 𝐷𝛼
𝐹 +𝑊 (𝑡), 𝐴† = −𝐷𝛼

𝐹 +𝑊 (𝑡), (46)

where 𝐷𝛼
𝐹  is the 𝐹 𝛼-derivative operator and 𝑊 (𝑡) is the superpotential [32]. The Hamiltonian becomes 

𝐻 = 𝐴†𝐴 = −𝐷2𝛼
𝐹 +𝑊 (𝑡)2 −𝐷𝛼

𝐹𝑊 (𝑡). (47)

Thus the potential is related to 𝑊 (𝑡) through the RFDE: 
𝑉 (𝑡) = 𝑊 (𝑡)2 −𝐷𝛼

𝐹𝑊 (𝑡), ∀𝑡 ∈ 𝐹 . (48)

The superpotential itself is connected with the ground-state wavefunction 𝜓0(𝑡) via 
𝑊 (𝑡) = −𝐷𝛼

𝐹 ln𝜓0(𝑡). (49)

This provides a direct link between the RFDE and the quantum system under consideration.
To explicitly clarify this connection and demonstrate that our previous analysis is far from being a purely theoretical exercise, 

it is highly instructive to map the terms of the generalized RFDE to the physical parameters of the quantum system.
Recall the generalized RFDE analyzed in Section 4, given by Eq.  (11): 

𝐷𝛼
𝐹 𝑦(𝑡) = 𝑎(𝑡)𝑦(𝑡) + 𝑏(𝑡)𝑦2(𝑡) + 𝑐(𝑡). (50)

In the context of Supersymmetric Quantum Mechanics (SUSY QM) and the factorization of the fractal Schrödinger equation, this 
Riccati structure emerges naturally. The general unknown function 𝑦(𝑡) corresponds directly to the superpotential, denoted as 𝑊 (𝑡). 
Consequently, the abstract mathematical coefficients map to the physical parameters as follows:

• 𝑎(𝑡) = 0: The linear term is absent in the standard factorization of the Schrödinger equation.
• 𝑏(𝑡) = ±1: This constant coefficient defines the quadratic nature of the superpotential (the sign depends on the specific forward 
or backward factorization operator applied).

• 𝑐(𝑡) = 𝐸−𝑉 (𝑡) (or 𝑉 (𝑡)−𝐸): The known term 𝑐(𝑡) is entirely determined by the physics of the system, representing the difference 
between the energy level 𝐸 (typically the ground state energy) and the fractal potential 𝑉 (𝑡) acting on the particle.

Therefore, applying the analytical reductions and the numerical methods developed in Section 4 for this specific set of coefficients 
(𝑎 = 0, 𝑏 = ±1, 𝑐 = 𝐸 − 𝑉 ) is mathematically equivalent to determining the exact superpotential 𝑊 (𝑡). Once 𝑊 (𝑡) is analytically or 
numerically found, the corresponding fractal Schrödinger equation is exactly solvable.

Example 5.1.  Let 𝐹 ⊂ R be an 𝛼-perfect fractal set. Let us consider the fractal harmonic oscillator potential for the Harmonic 
Oscillator 

𝑉 (𝑥) = 1
2𝑚𝜔

2𝑆𝛼𝐹 (𝑥)
2, ∀𝑥 ∈ 𝐹 . (51)

Note that here 𝑆𝛼𝐹 (𝑥) denotes the 𝛼-dimensional fractal coordinate [30]. The normalized ground-state wavefunction [31] is 

𝜓0(𝑥) ∝ exp
(

−𝑚𝜔
2ℏ 𝑆

𝛼
𝐹 (𝑥)

2
)

. (52)

From the logarithmic derivative, the superpotential is 

𝑊 (𝑥) = −𝐷𝛼
𝐹 ln𝜓0(𝑥) =

√

𝑚𝜔
2ℏ 𝑆

𝛼
𝐹 (𝑥). (53)

Substitution into (48) confirms that this 𝑊 (𝑥) satisfies the RFDE, showing that the fractal harmonic oscillator is exactly solvable 
by the factorization method [31]. From the perspective of our theoretical framework, the exact analytical methods detailed in 
Section 4 can be directly applied to determine this exact solution 𝑊 (𝑥) of the underlying Riccati equation. Furthermore, this system 
13
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provides an ideal physical benchmark: should nonlinear perturbations be introduced to the potential 𝑉 (𝑥) rendering exact solutions 
unfeasible, the Generalized Fractal Euler Method validated in Section 4 could be seamlessly deployed to numerically integrate the 
superpotential, ensuring stability across the fractal gaps.

Example 5.2.  Let 𝐹 ⊂ R be an 𝛼-perfect fractal set. Let us consider the fractal Coulomb potential for the Hydrogen atom: 

𝑉 (𝑟) = − 𝑒2

4𝜋𝜖0
1

𝑆𝛼𝐹 (𝑟)
, ∀𝑟 ∈ 𝐹 , 𝑟 > 0. (54)

In atomic units (ℏ = 𝑚 = 𝑒2∕4𝜋𝜖0 = 1), the effective radial equation for 𝑢(𝑟) = 𝑆𝛼𝐹 (𝑟)𝑅𝑛𝓁(𝑟) reads 

− 1
2𝐷

2𝛼
𝐹 𝑢(𝑟) +

[

𝓁(𝓁 + 1)
2𝑆𝛼𝐹 (𝑟)

2
− 1
𝑆𝛼𝐹 (𝑟)

]

𝑢(𝑟) = 𝐸𝑢(𝑟). (55)

The RFDE for the superpotential 𝑊𝓁(𝑟) is 

𝑊𝓁(𝑟)2 −𝐷𝛼
𝐹𝑊𝓁(𝑟) =

𝓁(𝓁 + 1)
𝑆𝛼𝐹 (𝑟)

2
− 2
𝑆𝛼𝐹 (𝑟)

− 𝐸0, ∀𝑟 ∈ 𝐹 . (56)

For the ground state (𝑛 = 1,𝓁 = 0), the radial solution is 
𝑢10(𝑟) ∝ exp(−𝑆𝛼𝐹 (𝑟)), (57)

giving 
𝑊0(𝑟) = −𝐷𝛼

𝐹 ln 𝑢10(𝑟). (58)

For general 𝓁, one finds 

𝑊𝓁(𝑟) =
𝓁 + 1
𝑆𝛼𝐹 (𝑟)

− 1
𝓁 + 1

, (59)

which solves (56). The partner potentials are then

𝑉−(𝑟) =
𝓁(𝓁 + 1)
𝑆𝛼𝐹 (𝑟)

2
− 2
𝑆𝛼𝐹 (𝑟)

− 1
(𝓁 + 1)2

, (60)

𝑉+(𝑟) =
(𝓁 + 1)(𝓁 + 2)

𝑆𝛼𝐹 (𝑟)
2

− 2
𝑆𝛼𝐹 (𝑟)

− 1
(𝓁 + 1)2

. (61)

This demonstrates the shape invariance of the Coulomb potential under supersymmetric factorization, with 𝑉+(𝑟) corresponding to 
the effective potential of angular momentum 𝓁+1. Since Eq.  (56) perfectly embodies the general RFDE structure solved in Section 4, 
the Riccati-type fractal formulation provides more than just a powerful algebraic route to the hydrogen atom spectrum. It also 
serves as a prime physical candidate for our numerical validation techniques: simulating this equation via the Generalized Fractal 
Euler Method allows researchers to computationally verify the stability of quantum energy states on highly irregular, non-integer 
dimensional supports.

6. Conclusion

In this paper, the 𝐹 𝛼-calculus was studied and utilized to obtain the exact solutions of various classes of non-linear fractal 
differential equations.  Specifically, we first demonstrated how appropriate changes of variables can reduce complex homogeneous 
and linear-argument FDEs into tractable equations with separable variables. Subsequently, particular attention was devoted to 
Riccati-type fractal differential equations (RFDEs).

Beyond the purely theoretical developments, we reinforced our analytical findings through rigorous numerical validation. 
By implementing a generalized Fractal Euler Method on a singular support like the Cantor set, we demonstrated the stability 
and computational reliability of the proposed solutions, explicitly showing how the numerical scheme naturally bypasses the 
non-differentiable gaps inherent to fractal structures.

Furthermore, we extended our mathematical framework to fundamental physics, demonstrating its direct application in quantum 
mechanics. Specifically, we established that the superpotential in the supersymmetric factorization of the fractal Schrödinger 
equation is governed precisely by a Riccati-type FDE. Through fundamental physical models – such as the fractal harmonic oscillator 
and the hydrogen atom – we highlighted how the exact and numerical techniques developed herein provide a powerful tool for 
analyzing quantum systems in non-integer dimensions.

The examples discussed not only demonstrate the effectiveness of the proposed approach but also open new research directions 
for the application of 𝐹 𝛼-calculus in non-linear differential equations, with potential applications across various scientific and 
engineering fields, extending the power of fractal methods to more complex non-linear systems.  Furthermore, a promising direction 
for future work is the application of the proposed fractal methods to the stability analysis of neural networks, a field currently 
investigated primarily through fractional calculus approaches [18,19].

To provide a clear overview of the results obtained, Table  4 summarizes the main categories of fractal differential equations 
solved in this paper, the specific transformation or substitution methods applied, and the corresponding section references.
14
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Table 4
Summary of solved non-linear fractal differential equations and applied methods.
 Equation type Transformation/Substitution method Section 
 Homogeneous FDE 
𝐷𝛼
𝐹 𝑦 = 𝑔(𝑦∕𝑆𝛼𝐹 )

Substitution 𝑦(𝑡) = 𝑆𝛼𝐹 (𝑡)𝑧(𝑡)
(Reduces to separable variables)

3  

 Linear Argument FDE 
𝐷𝛼
𝐹 𝑦 = 𝑔(𝑎𝑆𝛼𝐹 + 𝑏𝑦)

Substitution 𝑧 = 𝑎𝑆𝛼𝐹 (𝑡) + 𝑏𝑦(𝑡)
(Reduces to separable variables)

3  

 Riccati-Type (RFDE) 
𝐷𝛼
𝐹 𝑦 = 𝑎𝑦 + 𝑏𝑦2 + 𝑐

Substitution 𝑦(𝑡) = 𝑢(𝑡) + 𝑣(𝑡)
(𝑢(𝑡) is a particular sol.; reduces to Bernoulli FDE)

4  

 Riccati-Type (RFDE) 
(Alternative approach)

Substitution 𝑦(𝑡) = 𝑢(𝑡) + 1∕𝑣(𝑡)
(𝑢(𝑡) is a particular sol.; reduces to Linear FDE)

4  

 Riccati-Type (RFDE) 
(Transformation approach)

Transformation 𝑦(𝑡) = −𝐷𝛼
𝐹 𝑧(𝑡)∕(𝑏(𝑡)𝑧(𝑡))

(Reduces to 2nd order linear FDE)
4  
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Appendix. Detailed derivations and calculations

This appendix provides the comprehensive mathematical steps for the analytical solutions discussed in the main text, ensuring 
the replicability of the results.

A.1.  detailed steps for Example  3.1

To solve the equation 𝐷𝛼
𝐶𝑦(𝑡) = 1 + 𝑦(𝑡)

𝑆𝛼𝐶 (𝑡)
, we utilize the substitution 𝑦(𝑡) = 𝑆𝛼𝐶 (𝑡)𝑧(𝑡).

1. Applying Proposition  2.1 to 𝑦(𝑡) = 𝑧(𝑡)𝑆𝛼𝐶 (𝑡), we have:

𝐷𝛼
𝐶𝑦(𝑡) = 𝑧(𝑡)𝐷𝛼

𝐶𝑆
𝛼
𝐶 (𝑡) + 𝑆

𝛼
𝐶 (𝑡)𝐷

𝛼
𝐶𝑧(𝑡).

2. Utilizing Remark  2.3, we substitute this into the original equation:

𝑧(𝑡)𝜒𝐶 (𝑡) + 𝑆𝛼𝐶 (𝑡)𝐷
𝛼
𝐶𝑧(𝑡) = 𝜒𝐶 (𝑡) + 𝑧(𝑡).

3. Subtracting 𝑧(𝑡) from both sides (noting that 𝜒𝐶 (𝑡) = 1 on the support), we obtain:

𝑆𝛼𝐶 (𝑡)𝐷
𝛼
𝐶𝑧(𝑡) = 𝜒𝐶 (𝑡).

4. Solving by separation of variables yields:

𝑧(𝑡) = ∫
𝜒𝐶 (𝑡)
𝑆𝛼𝐶 (𝑡)

𝑑𝛼𝐶 𝑡 = ln |𝑆𝛼𝐶 (𝑡)| + 𝑆
𝛼
𝐶 (𝑐).

5. Multiplying back by 𝑆𝛼𝐶 (𝑡), we arrive at the final solution:

𝑦(𝑡) = 𝑆𝛼𝐶 (𝑡) ln
(

𝑆𝛼𝐶 (𝑐
′)𝑆𝛼𝐶 (𝑡)

)

.
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A.2. Detailed steps for Example  4.1

Given the RFDE 𝐷𝛼
𝐶𝑦(𝑡) + 2𝑆𝛼𝐶 (𝑡)𝑦(𝑡) = 𝜒𝐶 (𝑡) +

(

𝑆𝛼𝐶 (𝑡)
)2 + 𝑦2(𝑡):

1. First, we verify the particular solution 𝑢(𝑡) = 𝑆𝛼𝐶 (𝑡). Since 𝐷𝛼
𝐶𝑆

𝛼
𝐶 (𝑡) = 𝜒𝐶 (𝑡), it satisfies:

𝐷𝛼
𝐶𝑢(𝑡) = −2𝑆𝛼𝐶 (𝑡)𝑢(𝑡) + 𝑢

2(𝑡) + 𝜒𝐶 (𝑡) +
(

𝑆𝛼𝐶 (𝑡)
)2 .

2. Applying Proposition  4.1 with the substitution 𝑦(𝑡) = 𝑢(𝑡) + 𝑣(𝑡), we obtain the following Bernoulli-type differential equation 
for 𝑣(𝑡):

𝐷𝛼
𝐶𝑣(𝑡) = 𝑣2(𝑡).

3. Solving for 𝑣(𝑡), following the methods in [23]:

− 1
𝑣(𝑡)

= 𝑆𝛼𝐶 (𝑡) + 𝑆
𝛼
𝐶 (𝑐).

4. This gives 𝑣(𝑡) = − 1
𝑆𝛼𝐶 (𝑡)+𝑆

𝛼
𝐶 (𝑐)

, leading to the general solution:

𝑦(𝑡) = 𝑆𝛼𝐶 (𝑡) −
1

𝑆𝛼𝐶 (𝑡) + 𝑆
𝛼
𝐶 (𝑐)

.

A.3. Detailed steps for Example  4.3

For the equation 𝐷𝛼
𝐶𝑦(𝑡) = − 3

𝑆𝛼𝐶 (𝑡)
𝑦(𝑡) + (𝑆𝛼𝐶 (𝑡))

3𝑦2 + 1
(𝑆𝛼𝐶 (𝑡))

3 :

1. We apply Proposition  4.3 with 𝑏(𝑡) = (𝑆𝛼𝐶 (𝑡))
3, positing a solution of the form:

𝑦(𝑡) = −
𝐷𝛼
𝐶𝑧(𝑡)

(𝑆𝛼𝐶 (𝑡))
3𝑧(𝑡)

.

2. Taking the 𝐶𝛼-derivative of 𝑦(𝑡) gives:

𝐷𝛼
𝐶𝑦(𝑡) =

−𝐷2𝛼
𝐶 𝑧(𝑡)

(

(𝑆𝛼𝐶 (𝑡))
3𝑧(𝑡)

)

+𝐷𝛼
𝐶𝑧(𝑡)

(

3𝑧(𝑡)(𝑆𝛼𝐶 (𝑡))
2 + (𝑆𝛼𝐶 (𝑡))

3𝐷𝛼
𝐶𝑧(𝑡)

)

(𝑆𝛼𝐶 (𝑡))
6𝑧(𝑡)2

.

Imposing that 𝑦(𝑡) satisfies the original RFDE leads to:

𝐷𝛼
𝐶𝑦(𝑡) =

3𝐷𝛼
𝐶𝑧(𝑡)

(𝑆𝛼𝐶 (𝑡))
4𝑧(𝑡)

+ (𝑆𝛼𝐶 (𝑡))
3

(𝐷𝛼
𝐶𝑧(𝑡))

2

(𝑆𝛼𝐶 (𝑡))
6𝑧(𝑡)2

+ 1
(𝑆𝛼𝐶 (𝑡))

3
.

3. Equating the expressions and simplifying results in the second-order linear equation:
𝐷2𝛼
𝐶 𝑧(𝑡) + 𝑧(𝑡) = 0.

4. Following the methods in [24] we have that the general solution for 𝑧(𝑡) is:
𝑧(𝑡) = 𝑆𝛼𝐶 (𝑐1) cos(𝑆

𝛼
𝐶 (𝑡)) + 𝑆

𝛼
𝐶 (𝑐2) sin(𝑆

𝛼
𝐶 (𝑡)).

5. Finally, calculating 𝐷𝛼
𝐶𝑧(𝑡) and substituting back into the expression for 𝑦(𝑡), with constant 𝑆𝛼𝐶 (𝑐) = 𝑆𝛼𝐶 (𝑐2)∕𝑆

𝛼
𝐶 (𝑐1), we obtain:

𝑦(𝑡) =
sin(𝑆𝛼𝐶 (𝑡)) − 𝑐 cos(𝑆

𝛼
𝐶 (𝑡))

(𝑆𝛼𝐶 (𝑡))
3(cos(𝑆𝛼𝐶 (𝑡)) + 𝑆

𝛼
𝐶 (𝑐) sin(𝑆

𝛼
𝐶 (𝑡)))

.
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