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Abstract. We study the large-time behavior of solutions for the inhomogeneous nonlinear Schrédinger equation
iug + Au = Aul? + p|Vul? +w(z), t>0,z€RY,

where N > 1, p,q > 1, \,u € C, A # 0, and u(0,-),w € LL (RN C). We consider both the cases where u = 0 and p # 0,

loc
respectively. We establish existence/nonexistence of global weak solutions. In each studied case, we compute the critical

exponents in the sense of Fujita, and Lee and Ni. When p # 0, we show that the nonlinearity |Vu|? induces an interesting
phenomenon of discontinuity of the Fujita critical exponent.
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1. Introduction and main results

Let N>1,p,qg>1, A\, p € C with A # 0. Our goal here is to investigate the existence and nonexistence
of global weak solutions to the inhomogeneous nonlinear Schrédinger problem
g + Au = Aul’ + p[Vul? +w(z)  n(0,00) x RY, (1.1)
u(0,x) = ugp(x) inRY, '

subject to the assumptions ug, w € LIIOC(RN7 0).
The nonlinearity in the right side of the main equation presents the combined effects of two potential
terms, depending by powers of |u| and of |Vul, respectively. Thus, when p # 0 our problem is gradient

dependent, and this requires some specific estimates in our arguments of proofs. However, we know that
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the dependence on gradient occurs in many physical models of (heat) transport and fluid mechanics of
plasma. Thus, it is an important key feature to model “rich dynamics” in evolution processes. Here, the
cases ;t = 0 and p # 0 will be discussed separately. Precisely, we will show the suitability of our approach
for the gradient dependence (u # 0) in the nonlinearity. We will develop this case as a perturbation of
the starting case g = 0. In both the situations, we will also point out the effects of the inhomogeneous
term w € L, (RN, C) on the global behavior of the problem. A crucial research direction is to establish
the appropriate framework space, where the boundary data belong.

Starting with the case where ;= 0 and w = 0, (1.1) reduces to the Cauchy problem

. _ P . N
{zut—i—Au AMulP in(0,00) x RY, (1.2)

u(0,2) = ug(x) in RV,

Problem (1.2) has been studied by many authors, whose finding leads to the consideration of certain
special exponents’ values. For 1 <p <1+ ﬁ, 0<s< %, it is well known that local well-posedness
for (1.2) holds in Sobolev spaces H*(RY) (see, e.g., [1,17]). When N =1 and p = 2, it was shown in [10]
that (1.2) is locally well posed in H*(R™), for s > —1. For arbitrary N, if ug € L*(RV)N LH'%(RN) and
1+ % <ps<p<l+ %, where p, = Y24y JQV;+4N+12 is the Strauss exponent, the global existence for
(1.2) for small initial data holds (see [16]). In [6], when 1 < p < 1+ 2, it was shown that, if ug € L*(RY)
and

Re A Im /uo(x)dx<0 or Im A Re /uo(x)dx>0,

RN RN

then the L?-norm of the solution to (1.2) blows up at finite time. Clearly, here by z € C, Re z and Im 2
we mean the real part and the imaginary part of z, respectively. Later, in [4], when 1 < p < 1 + %,
a small initial data blow-up result of the L2-solution to (1.2) was derived. In [5], when p > 1 + %7 for
suitable L2-data, it was shown that (1.2) admits no local weak solution. In [2], the authors extended the
obtained results in [6] to the fractional Schrédinger equation

{iut —(=A)2u=Auf’  in(0,00) x RY, (1.3)
=

u(0, x) o(z) inRY,

where 0 < a < 2, ug € H?(R"), and (—A)? is the fractional Laplacian operator of order 4. Namely,
they investigated the local well-posedness of solutions to (1.3) in H % (R") and derived a finite-time blow-
up result, under suitable conditions on the initial data. In [11], the authors investigated the nonlocal in
time nonlinear Schrodinger equation

{mt +Au = AJg[ul’ i (0,00) x RY, (1.4)

u(0,2) = up(x) inRY,

where 0 < o < 1 and Oo‘lt is the Riemann—Liouville fractional integral operator of order a. Namely, they

derived a blow-up exponent and obtained an estimate of the life span of blowing-up solutions to (1.4). In
[19], the authors studied the time-fractional Schrodinger equation

e gaYe" — p 1 N
{z Ofu+ Au=AulP  in(0,00) x RY, (1.5)

u(0,x) = ugp(x) inRY,

where 0 < @ < 1 and 0 is the Caputo fractional derivative of order . Namely, it was shown that (1.5)
admits no global weak solution with suitable initial data when 1 < p < 1 + % Moreover, the authors
derived sufficient conditions for which (1.5) admits no global weak solution for every p > 1. For other
works related to (1.2), see, e.g., [7—9,14] and the manuscripts cited therein.
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Motivated by the above-mentioned contributions, (1.1) is investigated in this paper. As already men-
tioned before, we first assume that p = 0. Focusing on this case, we consider the problem

iug + Au = AMulP +w(z) in(0,00) x RN, (1.6)
(0, ) = ug(x) inRY, :

Before stating in which sense solutions to (1.6) are considered, we indicate some of the notations used
throughout this paper. Let Q = [0, 00) x R, we denote by C?(Q,R) the space of C? real-valued functions
compactly supported in Q. For z € C, let z2; = Re z and 2z = Im z. Moreover, the symbol C will denote
always a generic positive constant, which is independent of the scaling parameter 7" and the solution wu.

Definition 1.1. Let A € C, A # 0, p > 1, and up,w € L, (RY,C). We say that u € L} (Q,C) is a global
weak solution to (1.6), if
—1 / uo(2)p(0,z) dz + /(—ig&t + Ap)udadt = /()\|u|p + w(x))pdadt, (1.7)
RN Q Q
for every p € C2(Q,R).

Remark 1.1. Observe that (1.7) is equivalent to the system of integral equations

/uog(x)go((),x) dx—&—/(g&mz +Apuy) dedt = /()\1|u|p +wi(x)) pdadt (1.8)
RN Q Q
and
- /uol(x)go(O,x) dx—&—/(—aptul + Apug) dedt = /(/\2|u|p + wa(x)) pdadt. (1.9)
RN Q Q

Now, we present our main results for (1.6). The following bifurcation-type theorem provides the critical
exponent for (1.6) in the sense of Fujita [3]

Theorem 1.1. (First critical exponent for (1.6))
(i) Let A € C, A #0, and up,w € L} (RN, C). Let

p*(N) = {oo ifN € {1,2},

N N >3
Suppose that for some i € {1,2},

w; € L'RY,R)  and N / w;(z) dx > 0.
RN
Then, for all 1 < p < p*(N), (1.6) admits no global weak solution.

(ii) Let N > 3. If p > p*(N), then (1.6) admits global solutions (stationary solutions) for some A < 0,
w < 0 and ug > 0.

Remark 1.2. We underline the following two facts about the situations considered in Theorem 1.1:
(i) The only condition on the initial value ug is that uo € Li (RY,C). We just need this condition to

loc
guarantee that the integral term from the left side of (1.7) is well defined.
(ii) For N > 3, the critical exponent p*(NN) is the same as the one obtained by Zhang [18] for the

inhomogeneous semilinear heat equation
up — Au = uP +w(z), u>0, (1.10)
where w = w(x) > 0, w # 0. Namely, the following results were established in [18]:

(a) f1l<p< %, then problem (1.10) possesses no global positive solution.
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(b) If p > A5, then problem (1.10) admits global positive solutions for some w, ug > 0.
N

Notice that the proof of the nonexistence result in the case p = = makes use of Lemma 1 in [15],
which holds only for u > 0, while in our work, the solutions to (1.6) are complex-valued functions.
The critical case p = % for problem (1.6) is left open.

Next, we study the influence of the inhomogeneous term w on the critical behavior of (1.6) when
N >3 and p > p*(N) and determine the second critical exponent in the sense of Lee and Ni [12]. Just
before, for ¢ < IV, we introduce the following sets:

Ay ={f e CRY,R): f(z) >0, f(z) > Clz| 7 for sufficiently large ||},
and

S.={f¢€ C(RN R): f(x) >0, f(x) < Clz| =7 for sufficiently large E
We have the following bifurcation-type result.

Theorem 1.2. (Second critical exponent for (1.6))
(i) Let A€ C, X #0, and ug,w € L (RN,C). Let N > 3, p > &5, and

loc
2
o = prl. (1.11)
If o < 0" and
Aiw; € Ag,
for some i € {1,2}, then (1.6) admits no global weak solution.

(ii) If o* < o < N, then (1.6) admits global solutions (stationary solutions) for some ug > 0 and A\, w
with \w € 3.

Remark 1.3. We underline the following two facts on Theorem 1.2:
(i) Since p > %, we have that the set of o satisfying ¢* < o < N is nonempty.

(ii) The second critical exponent for (1.6) in the sense of Lee and Ni is given by (1.11).

Now, we consider (1.1) when p # 0. Namely, our aim is to study the influence of the nonlinear term
|[Vul? on the previous obtained results. Let us mention in which sense solutions to (1.1) are considered
this time.

Definition 1.2. Let A,z € C, A\, # 0, p,q > 1, and ug,w € LL _(RY,C). We say that u is a global weak
solution to (1.1), if the following conditions hold:

(i) (u,Vu) € L, (Q, C) x Li,(Q,CY).
(ii) For all ¢ € C%(Q),
— 4 / uo(x)e(0, z) de + /(—i(pt + Ap)udedt = /()\|u\p + p|Vul? + w(x))e da dt. (1.12)
RN Q Q
Remark 1.4. Observe that (1.12) is equivalent to the system of integral equations
/u02(x)<p(0, x)dz + / (pruz + Apuy) dedt = /(Al\u|p + p1|Vul? 4+ wy () e da dt (1.13)

RN Q Q
and

— / o1 (2)p(0, ) dx +/(—g0tu1 + Apus) dedt = /()\2|u|p + p2|Vul? 4+ wa(x)) ¢ dx dt.
RN Q Q

As previously, we first determine the critical exponent for (1.1) in the sense of Fujita.
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Theorem 1.3. (First critical exponent for (1.1) in the case p # 0)
(i) Let \,p € C, \,u # 0, and ug,w € L} (RN, C). Let

loc
. _J oo ifN =1,
Q(N)—{Nfil ifN > 2.
If
L<p<p“(N), pixi>0, w; eL'RY R), /\i/wi(x)da:>0
RN
or

1<qg<q"(N), X\pi>0, w;eLl'RYR), u /wi(:ﬂ) dz >0,
RN
for some i € {1,2}, then (1.1) admits no global weak solution.
(ii) Let N > 3. If p > p*(N) and q¢ > ¢*(N), then (1.1) admits global solutions (stationary solutions)
for some A\, u <0, ug >0, and w < 0.
Remark 1.5. We point out the following two facts established in Theorem 1.3:

(i) Similarly to the case p = 0, the only condition on the initial value ug is that uo € Li (RY,C).
(ii) From Theorem 1.3, we deduce that for N > 3, the critical exponent in the sense of Fujita for (1.1)

is given by
. 00 ifl < q< &,
p(N,Q)Z{ N : N
N fq> x5

One observes that the gradient term induces an interesting phenomenon of discontinuity of the
critical exponent, jumping from p = % (the Fujita critical exponent for (1.6)) to p = oo as ¢
reaches the value % from above.
Next, for N > 3, p > p*(N), and ¢ > ¢*(IV), we investigate the influence of the inhomogeneous term
w on the critical behavior of (1.1).
Theorem 1.4. (Second critical exponent for (1.1) in the case u # 0)
(i) Let \,u € C, A\, # 0, and up,w € L}, (RN,C). Let N >3, p > p*(N), ¢ > ¢*(N), and
U** q

qg—1
(a) If 0 < o*, where o* is defined by (1.11), and
pii >0, Aw; € Ag,
for some i € {1,2}, then (1.1) admits no global weak solution.
(b) If o < o** and
Aipi >0, pw; € Ag,

for some i € {1,2}, then (1.1) admits no global weak solution.
(ii) If max{o*,0**} < o < N, then (1.1) admits global solutions (stationary solutions) for some ug > 0
and A, p,w with A = p < 0 and Aw € X,.

Remark 1.6. It is important to note two aspects of Theorem 1.4:

(i) Since p > p*(N) = 15 and ¢ > ¢*(N) = -, we have that the set of o satisfying max{c*,o"*} <
o < N is nonempty.
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(ii) If N >3, p > p*(N), and ¢ > ¢*(N), then the second critical exponent for (1.1) in the sense of Lee
and Ni is given by

2
o (p,q) = max {c*, 0"} = max {p—pl’ qgl} .
The rest of the paper is organized as follows. In Sect. 2, we focus on the case u = 0 and establish the
proofs of Theorems 1.1 and 1.2. In Sect. 3, we extend the study to the case where u # 0, and hence we

establish the proofs of Theorems 1.3 and 1.4.

2. The case u =0

In this section, we prove Theorems 1.1 and 1.2, studying problem (1.6) (that is, problem (1.1) when p = 0).
We establish both the absence and the existence of global solutions in the sense of Definition 1.2. The
proofs are based on a rescaled test function argument (see [13] for a general account of these methods).

2.1. Proof of Theorem 1.1

(i) Let 1 < p < p*(N). Suppose that u € Li, (Q,C) is a global weak solution to (1.6). We first consider
the case
wy € LYRY,R) and ), /wl(:z:) dz > 0. (2.1)
RN
Since the second assumption in (2.1) holds, it is obvious that A; # 0. So, using the integral equation (1.8)
(recall Remark 1.1), we obtain

/|u|p<pdxdt+>\i1/w1(x)<pdxdt < ﬁ/|cpt\|u2|dxdt+ ﬁ/|A<,p||u1|dacdt7 (2.2)
Q Q Q Q
for all ¢ € C?(Q,R) with ¢ > 0 and ¢(0,-) = 0. This yields the following inequality in u
/\u|pg0dxdt+ )\il/wl(x)cpdmdt < |/\—11|/|g0t||u|dxdt+ ﬁ/|Ag0||u|dxdt. (2.3)
Q Q Q Q
With respect to the right side of (2.3), the e-Young inequality for 0 < ¢ < % gives us two estimates:
Mlll/%numzdt < s/|u|p<pdxdt+c/<p%|<pt|ﬁ dz dt, (2.4)
Q Q Q
and ) B )
m/\A(pHdedt < E/|u|p<pdmdt+0/apﬁ|A<p|F dz dt. (2.5)
Q Q Q

Turning to (2.3), and using the estimates (2.4) and (2.5) in the right side, we deduce that

]. - D — D
(1—25)/|u|p<pdxdt+/\—/wl(x)godxdt§C /gopi—llhpﬂﬁ dxdt+/g0p7—ll|Ago\ﬁ dzdt |,
1
Q Q Q Q
which yields
S

\ /wl(a:)gada:dtg /wﬁkpt\% dxdt+/<pﬁ|A<p|ﬁ dzdt | . (2.6)
1
Q

Q Q
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At this step, we consider two cutoff functions &, 7 € C°°([0, 00)) satisfying, respectively,
£=0, £#0, supp(§) cc (0,1)

and

1 ifo<o<1,
O<n<l, "(”){0 ifo>2.

For sufficiently large T', we define the following function:

erttn=¢(£) 0 (EE) emee (2.7

where k > % and p > 0 are constants. We observe that @7 € C2(Q,R), o7 > 0, and ¢7(0,-) = 0. So,
for sufficiently large T', by (2.7) and using elementary calculations, we obtain the following:

—2p

k
=1 _P_ P t
fer(t o) 7 e (o)l < TP (1) 0

2277
— . t>0,TF < |z| < V217 (2.8)

and

k— -2 o\ k
—1 p_ = 4 p=1 x
er(t o) i lprhtal#T <orte (1) () ot 0kl < VA (29)

Hence, by (2.7) and (2.8), for sufficiently large T we obtain
T

=1 _p_ =1 _p_
/|S0T"’_1|ASDT|”_1 dadt :/ / lor| 7T | App|7-T dz dt
Q 0 Tr<|z|<v2TP

T

sy A EA
§CT@*1/ / E(T) 77<T20) dx dt

0 Tr<|z|<v/2TP

T . 2p_
B CT*Z’:’{’ n k " ‘(ﬂ|2 k p2_1 q
=ty \7 "\ T2 z
0

p<|z|<V2TP

< C’Tl_s%}i / dz
|z|<\/2TP

_ 1- 28 4 Np
=CT" ~»-1 ,

that is,
/|‘PT|”;’11‘A4PT|% dzdt < CT' =755 +N7, (2.10)
Q
Similarly, using (2.7) and (2.9), for sufficiently large T we obtain
T
[len P lennlrdsde= [ [ lerl il dde
Q 0 |z|<v2TP

N N
0

x| <\/2TP
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<or - /‘ da
lz|<v/2Te
— o,

that is,
l/h@ﬂi%KwT%P%dedtSCH“*ﬁ%+NP. (2.11)
Q
On the other hand,
T
1 £\ F* 1 )2 k
rl/wl(x)sﬁTdfdt— /f <T> dt N /w1(x)77 <T2P dx
Q 0 RN
1 22\ "
=CT /\—l/wl(x)n <|T2|P> dz | . (2.12)
RN

Since wy € L'(RY,R) by (2.1), the dominated convergence theorem leads to

im - [ w@m (7Y de= L [ wn@a
TgnooAl wi(x)n T2 x—)\l wi(x)de.
RN RN

Again by (2.1), we know that

1
" / wy(z)dx > 0,
1
and hence for sufficiently large T', we get
1 22\ " 1
N /wl(x)n <|T2|P> dz > W /wl(x) dz. (2.13)
RN RN
Hence, it follows from (2.12) and (2.13) that
1 1
v /wl(:ﬁ)gaT dzdt > C’T)\— /wl(x) dx. (2.14)
v s
Therefore, for sufficiently large T, taking ¢ = ¢ in (2.6) and using (2.10), (2.11), and (2.14), we obtain
1 PP D
o/ w (z)dz <OT™! (Tk%*]vp + Tl’ﬁJrN") : (2.15)
1
RN

Observe that for p = %, we have

2pp p N 1
1- PP o Np=1—-L g Np="
—p P T M
So, taking p = 1 in (2.15), we obtain
1
" /wl(a:)dx <CTE . (2.16)
1

RN
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Since 1 < p < p*(N), passing to the limit as T — oo in (2.16), we arrive to a contradiction to

A1 /wl(x) dz > 0.
RN
Consider now the case
wy € LY(RY,R), Ao /wg(ac) dz > 0. (2.17)
RN
Taking uy = us, Uz = —uq, Ug; = Uga, Ugy = —UQy, U = Ul + tUz, XI = )Xo, and wy = ws, we deduce from

(1.9) and (2.17) that

@i € 'RV, R), ’A?/mx)dwo,
]RN

and

[ @@ dr+ [+ dpm) dedi = [ (WP + 7)) edear,
RN Q Q

for every ¢ € C%(Q, R). Hence, from the previous case, we obtain a contradiction with AL / wi (x) dz > 0.
RN

Therefore, in both cases (case (2.1) and case (2.17)), (1.6) admits no global weak solution. This proves

part (i) of Theorem 1.1.

(ii) To construct the second part of the proof, we focus on the situation where

N

N > *(N) = ——. 2.1
23 and p>p'(N)= (2.18)
We consider the class of functions
use(x) =e(1+rH)7°, r=lz[, zecRY, (2.19)
subject to
1 N -2
<f< = 2.20
p—17— = 2 ( )
and )
0<e<[26(N—26—2)7. (2.21)

Notice that from (2.18), the set of values of § satisfying (2.20) is nonempty. An elementary calculation
shows that

Aug(z) = —20e(1 +1%) 02 [(N — 26 — 2)r® + N] .
Let
w(z) = Aus(x) + uf;)g(x),
that is,
w(z) = —26(1+7r?) 02 [(N — 26 — 2)r® + N] +£P(1 + r?) %P, (2.22)
Using the constraints (2.20) and (2.21), we obtain the following sign information for w:
w(z) <e[-26(N —25 —2)(1+ P20 P (1 7"2)*‘5’7]

<e[-20(N =26 —2)(1 +r?) 71 +25(N — 26 — 2)(1 +r?) 7]

=2e6(N —26 —2) [(1+7%)7% — (1 +r2)7°71]

<0.
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Hence, for all ¢ and ¢ satisfying, respectively, (2.20) and (2.21), the function us. defined by (2.19) is a
stationary positive solution to (1.6), where A = —1 and w = w(x) (< 0) is defined by (2.22). This proves
part (ii) of Theorem 1.1. O

2.2. Proof of Theorem 1.2

This proof is based on the previous one, but it is slightly modified according to the different assumptions.
Since some a priori estimates used in the proof of Theorem 1.1 still work, we remain to consider certain
additional factors as follows.

(i) Suppose that u € LV (Q,C) is a global weak solution to (1.6). Without restriction of the generality,
we suppose that

Awy € Ag. (223)

The case Aaws € A, can be treated in a similar way (see the case (2.17) in the proof of part (i) of
Theorem 1.1).
For sufficiently large T, we have

T
1 k o2 k
5 [meeraas | [e() a) (5 [uon(g) e
Q 0

RN
L 22"
=CT N wl(a:)n<T2p> dz
RN
_or| 2 22"
=CT N / wl(ac)n<T2p) dz |,
lz|<v2Te

where o is again defined by (2.7). Hence, by the definition of the function 7, and by (2.23), for sufficiently
large T', we obtain

L dzdt > CT | 2 [2)* d
)\—1 w (z)r dadt > )\—1 wy (z)n T% T
Q

|z|<TP
1
=CT N / wy () do
lz|<TP
1
>CT N / wy () do
TP <|z|<TP
1 —0
>CT N |x] 77 de
TP <lz|<TP
= oTPN=o)+L, (2.24)

Hence, taking ¢ = o7 in (2.6) and using (2.10), (2.11), and (2.24), we obtain
CTp(N—U)+1 < <T17%+Np +T17ﬁ+Np)7
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that is,

0<C < PN=ot (Tl‘%“\”’ + Tl‘p%ﬂvp) .

Taking p = % in the above inequality, we get

p

0<C<T2 o1, (2.25)

Since 0 < o* = %, passing to the limit as 7' — oo in (2.25), we obtain a contradiction with C' > 0.
This proves part (i) of Theorem 1.2.
(ii) In the second part of the proof, we focus on the case where

c" <o < N.

We consider the class of functions (2.19), with

o—2 N —2
< _ 22
3 0 < 5 (2.26)

and e satisfying (2.21). Notice that since o < N, the set of values of § satisfying (2.26) is nonempty.
Moreover, since o* < o, we have
o—2 1
> —.
2 T p-—1

Hence, by (2.26), we deduce that ¢ satisfies (2.20). Therefore, from the proof of part (ii) of Theorem 1.1,
for all § and e satisfying, respectively, (2.26) and (2.21), the function us . defined by (2.19) is a stationary
positive solution to (1.6), where A = —1 and w = w(z) (< 0) is defined by (2.22). Now, we have just to
show that A\w € %, that is,

—w € N, (2.27)
By (2.22), we have
—w(z) = 20e(1+12) "2 [(N =25 — 2)r* + N] —eP(1 + %)%, r=|z].
Hence, using (2.26), for sufficiently large r, we obtain

—w(z) < 20e(1+ %) 2 [(N — 20 — 2)r? + N]
< 26eN(1+ 727071
< Op—206+D)
<Cr 7,

and hence (2.27) is established. This fact proves part (ii) of Theorem 1.2. O

3. The case u # 0

In this section, we prove Theorems 1.3 and 1.4, studying problem (1.1) in the case u # 0. Precisely, we
consider the effects of the power term p|Vu|? on the behavior of solutions to (1.1).
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3.1. Proof of Theorem 1.3
(i) Suppose that u is a global weak solution to (1.1). We first consider the case

1<p<p*(N), pm >0, w;ecL'RY R), /\Z-/wi(ac)d;zc>07
]RN

for some ¢ € {1,2}. Without restriction of the generality, we may take i = 1, that is,

1<p<p*(N), mA >0, w € L'RY R), Al/wl(x)dx>0. (3.1)
RN

The last inequality in (3.1) implies that A\; # 0. So, it follows from the integral equation (1.13) that

1
N /u02 (0, z) dx+—/ (prug + Apuy) dedt = /<|u|p+ [Vu|?+ —wl( )) pdzdt,
A1
Q

for all p € C?(Q), ¢ > 0. Since 5+ >0 by (3.1), then (2.2) holds for every ¢ € C2(Q,R) with ¢ > 0 and
©(0,-) = 0. Therefore, for sufficiently large T, taking ¢ = @r, where @7 is defined by (2.7), we obtain

(2.16). Then, passing to the limit as 7' — oo in (2.16), we obtain a contradiction with A /wl (z)dz > 0.

]RN
(instead of p, p*). Precisely, we deal

Different from the above, we now reason on the exponents ¢, ¢*

with the assumptions

1<qg<q*(N), XNp >0, w;€L'RYR), ﬂi/wi(x)dx>oa
RN

for some ¢ € {1,2}. Without restriction of the generality, we may suppose that ¢ = 1, that is,

1<q<q (N), M\ >0, w €L'RNR), ul/wl(x)dw>0. (3.2)
RN

Since py # 0 by (3.2), using (1.13) (recall Remark 1.4), we obtain

1 A 1
— / (prus + Apuy) dedt = / <1u|p + |Vul? + wl(:c)> pdxdt,
M1 5 5 M1 M1

for all ¢ € C?(Q) with ¢ > 0 and ¢(0,-) = 0. Using an integration by parts, it holds that

1 1
— / (pius — Vi - Vuy) dedt = / <)\1|u” + | Vul? + wl(x)) pdz dt,
M1 5 5 M1 251

where “” denotes the inner product in RY. Hence, using Cauchy-Schwarz inequality, we obtain

A 1
—1/|u\pgodxdt+/|Vu|q<pdxdt+—/w1(x)<pdxdt
) )

1 1
< 7/|<Pt|\u|dxdt+—/|V¢|\Vu|dxdt.
| 1|Q |N1|Q
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On the other hand, by e-Young inequality with 0 < & < min {1, %} (notice that % > 0 by (3.2)), we

have

1 - )
|M1|/|g0t||u|dxdt gs/|u|wdxdt+c/<pﬁ|<pt|m dz dt, (3.4)
Q Q Q
and )
|’u|/|V<p|Vu|dasdt§5/|qucpdxdt+0/goqll|Vgoqql dz dt. (3.5)
1
Q Q Q

Then, combining (3.3), (3.4), and (3.5), it follows that

A 1
(1 - E) /|u|p<pdxdt +(1—-¢) / [Vulle dx dt + —/wl(m)cpdmdt
H1 Ha

Q Q Q

<C /W%WMﬁwwﬁﬁ/W%Mﬁ%MM
Q Q
which implies that

1 —1 q —1 P
Iu—/wl(x)godxdtgc /(qu|V<p|qjdxdt+/<ij|g0t|Fdxdt
1
Q Q Q
In particular, for sufficiently large T, taking ¢ = pp with k > max{ L A }, where o7 is defined by

p—1 -1
(2.7), we obtain

1 =L q " _p_

o /wl(x)gaT dedt <C /4,0%‘1 [Vor|a—T daedt + /(péi_l [(or)e] =T dadt | . (3.6)

1
Q Q Q

An elementary calculation shows that, for ¢ > 0 and T < |z| < v/2T”, we have

= o e, (ENE P\ e\ T
lor(t,z)| 7T |Vor(t,z)|s-T < CT1¢ 7 "\ 725 "\ 725 .

Hence, for sufficiently large T', we deduce that

/ﬁiwww%mwgcﬁﬁ%wﬂ (3.7)
Q
Therefore, using (2.11), (3.6), and (3.7), for sufficiently large T', it holds that
1 q D
4—/muwwh&§0@“$ﬁm+T“FﬁM) (3.8)
H1
Q

p(g—1)
(p—1)q’

1 /Ng-1
1-P  Np—1--L_ {Np= ( (g )p—Q.
q—1 p—1 p—1 q

Therefore, taking p = ’éq:l;g in (3.8), for sufficiently large T', it holds that
1

;:/wﬂ@@TwﬂtSCTﬁﬂ
1
Q

we have

Observe that for p =

N(qqfl)pfl).
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Recalling from (3.2) that wy € L*(RY,R) and py / wi (x) dz > 0, and proceeding as in the proof of part
RN

(i) of Theorem 1.1 (see (2.14)), we deduce that for sufficiently large T,

1 1
— [ wi(x)prdedt > CT— /w1 (x)dx. (3.10)
H1 M1

Q RN

Combining (3.9) with (3.10), for sufficiently large T, it holds that

Ng=1) _q]

0<C <l (3.11)

Since 1 < ¢ < ¢*(N) by (3.2), passing to the limit as T'— oo in (3.11), we obtain a contradiction with
C > 0. Hence, part (i) of Theorem 1.3 is proved.
(ii) To construct the second part of the proof, we focus on the situation where

N

N
N > —_ 12
=3, P>y 4> N3 (3.12)
Consider the class of functions us. defined by (2.19), where
1 2—g N-2
- = % l<s 1
max{p—1’2(q—1)} ST (3.13)
and
1 —
o<e<min{[5(N—25—2)]F1,5—12%1(N—25—2)41ﬁ}. (3.14)

Notice that due to (3.12), the set of § satisfying (3.13) is nonempty. Let

W) = Auge(2) + ) (2) + [Vus o (@)
An elementary calculation shows that

w(z) = —20e(1 +r2) O [(N =20 — 2)r? + N| + €P(1 + r?) 7% 4 205%979(1 + r2) -0+ (3.15)
r=|x|.
Hence, we obtain
w(z) < —20e(N — 26 — 2)(1+12) =) L 2P(1 4 92) 0P 4 202959(1 4 p2)~(0+3),
Next, using (3.13) and (3.14), we deduce that
w(z) <e[-26(N —26 —2) +eP~ 1 +2%97 159 (1+77) 1 <0.

For all § and € satisfying, respectively, (3.13) and (3.14), the function us . defined by (2.19) is a stationary
positive solution to (1.1), where A = pp = —1 and w = w(z) (< 0) is defined by (3.15). This proves part
(ii) of Theorem 1.3. U

3.2. Proof of Theorem 1.4
(i)Let N >3, p> %, and q > % Suppose that u is a global weak solution to (1.1). We first consider
the case
oc<a’, N >0, MNw; €A,
for some ¢ € {1,2}. Without restriction of the generality, we may suppose that ¢ = 1, that is,
oc<o*, A >0, Mw €A,
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From (2.24), for sufficiently large T', we have

1
N~ /wl(z)gogp dedt > CTPIN—0)+1,
1
Q

Next, following the same arguments used in the proof of the statement (i) of Theorem 1.2, we obtain
(2.25), which leads to a contradiction with C' > 0. This proves part (i)-(a) of Theorem 1.4.
Consider now the case

o <o, Aip >0, piw; € Ay,
for some ¢ € {1,2}. Without restriction of the generality, we may suppose that i = 1, that is,
o<a™, A >0, pw €A,

Similar to the previous case, for sufficiently large T', we obtain

1
f/wl(m)cpT dz dt > CTPIN—o)+1,
251

Q

Hence, taking p = ’(715(1:1)1; and using (3.9), for sufficiently large T, it holds that

0<C < TT;LT) [U(q—l)—‘ﬂ. (316)

Since o < ¢**, passing to the limit as 7' — oo in (3.16), we arrive to contradiction to C' > 0. This proves
part (i)-(b) of Theorem 1.4.
(ii) To carry out the second part of the proof, we assume

2
max{ppl,qql} <o <N, (3.17)
and consider the class of functions us . defined by (2.19), where
o—2 N -2
<0< —— 3.18

and e satisfies (3.14). Notice that since o < N, the set of values of § satisfying (3.18) is nonempty.
Moreover, due to (3.17) and (3.18), § satisfies also (3.13). Hence, from the proof of part (ii) of Theorem 1.3,
we deduce that

w(x) = Auge(x) + uf (2) + [Vus ()1 <0, € RV, (3.19)

For all § and ¢ satisfying, respectively, (3.18) and (3.14), us. is a stationary positive solution to (1.1),
where A\ = 4 = —1 and w is defined by (3.19). On the other hand, by (3.15) and (3.19), we have
Aw = —w >0 and

Aw(z) = 26e(1 4+ 7’2)_(5+2) [(N —25 —2)r + N] —eP(1+ 7"2)_‘51’ —29599r9(1 4 7“2)_(5“)‘1, r= |zl
From (3.18), for sufficiently large |x|, we obtain
Mw(x) < 26e(1+7%) T2 [(N — 25 — 2)r? + N]
< 20eN(1 4 r2)~ 0+
< Op—206+1)
<Cr°.

This shows that Aw € X, and so also part (ii) of Theorem 1.4 is established. O
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4. Conclusions

This paper aimed to enlarge the discussion about the existence and nonexistence of solutions to certain
Schrédinger equations, with suitable nonlinearities. We centered on global weak solutions in the sense of
Definitions 1.1 and 1.2. So, we studied first the situation where we drop the |Vu|?-dependence of the non-
linearity (case pu = 0), and then we established the similar results in the situation where the nonlinearity
depends by |Vul? (case u # 0). The second case can be seen as a way to perform a perturbation analysis
of the response of the Schrodinger equation to changes in nonlinearity properties. In particular, we ob-
served that the gradient term induced a phenomenon of discontinuity of the critical exponent, jumping
from the Fujita critical exponent for (1.6) (p = 5~) to the value p = 0o as g reaches the value
from the above (see Theorem 1.3). The use of some classical rescaled test function arguments linked to
the Mitidieri-Pokhozhaev method [13] was the crucial key in establishing the proofs, in a clear way.
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