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A B S T R A C T

The radiative transfer equation (RTE) in slurry photocatalytic reactors with flat-slab geometries was solved 
analytically through a new two-dimensional Six-Flux Model approach (SFM-2D), which overcomes the limita
tions of the SFM and SFM-HG approaches regarding long photon pathways and non-uniform radiation distri
butions on the front wall of the slab. The model builds a set of partial differential equations of photon balances 
solved by combining different mathematical methods and suitable boundary conditions, and yields an analytical 
solution of the local volumetric rate of photon absorption (LVRPA). The model also allows for radiation ab
sorption by the suspended photocatalytic particles and by the fluid matrix, including all reactive species. The 
radiant field of a flat plate photocatalytic reactor using the proposed model was compared with the SFM-HG 
approach, using both constant and variable incident radiation boundary conditions. The LVRPA profiles calcu
lated with the SFM-2D and the SFM-HG matched closely in the region near the slab front wall where the incident 
radiation source enters the reactor, but were significantly different in the regions far away from it. The SFM-2D 
provides a more accurate optimization of the radiation field in a flat plate with non-uniform irradiation of the 
front wall, allowing a more accurate estimation of the optimum catalyst load and slab thickness, thus facilitating 
the design of photocatalytic reactors with suspended photocatalysts.

1. Introduction

Photocatalytic reactors are a class of chemical reactors which have 
application in the environmental sector such as water or air decon
tamination [1,2], in the renewable energy sector, such as water splitting, 
hydrogen production or photo-reforming of chemical species [3,4], and 
also in the synthesis of chemicals by partial oxidation [5,6]. This class of 
reactors incorporates a light-activated photocatalyst in either supported 
or suspended form. The light usually enters from a reactor boundary, i. 
e., a free fluid surface or a transparent reactor wall. Undoubtedly, the 
key feature that distinguishes photocatalytic reactors from chemical 
reactors is the presence of light waves, and of an irreducible 

heterogeneous radiation field which needs to be determined to evaluate 
the rate of reaction of the reacting species within the photocatalytic 
reactor. Essentially, the design, modeling, and optimization of such re
actors require the evaluation of the local volumetric rate of photon ab
sorption (LVRPA) (Eq. (1)), which is the rate of radiant energy absorbed 
by the photocatalyst at a specific position in the reactor. The LVRPA is 
required for the evaluation of the reaction rates of the reactive species, 
which are position-dependent in the reactor. 

LVRPA =

∫

Ω

∫

λ
kλIλdλdΩ (1) 

The evaluation of the LVRPA depends on the solution of the radiative 
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transfer equation (RTE) (Eq. (2)) that governs the distribution of radiant 
energy in the photocatalytic reactor: 

dIλ(S,Ω)

ds
= − kλIλ(S,Ω) − σλIλ(S,Ω)+

σλ

4π

∫

Ω=4π
P(Ωʹ→Ω)Iλ(S,Ωʹ)dΩʹ (2) 

where Iλ is the photon irradiance (W/m2), kλ the absorption coefficient 
(m2/kg), σλ the scattering coefficient (m2/kg), P(Ωʹ→Ω) the scattering 
phase function, λ the wavelength (m), S the spatial coordinate (m), and 
Ω the directional solid angle (steradian) [7,8,9].

The mathematical structure of this integral–differential equation 
makes its solution a challenging task. Previous studies have focused on 
the numerical solution of the RTE, using methods such as Monte Carlo 
(MC) and Discrete Ordinates Method (DOM) [10,11] and on the devel
opment of simplified models such as the six-flux model (SFM), yielding 
an analytical solution of the RTE [12]. Simplified modeling approaches 
are very attractive since they facilitate the design and optimization of 
photocatalytic reactors without the need to perform lengthy and costly 
numerical calculations, particularly in reactors with fluctuating incident 
photon fluxes such as solar light. For example, the SFM facilitates the 
optimization of solar photocatalytic reactors through the selection of 
optimal catalyst concentration and reactor geometry based on the well- 
established concept of optimum optical thickness [13,14,15].

The SFM originally developed over a slab geometry with a suspended 
photocatalyst [12], referred here as SFM-1D, stipulates that a photon, 
after colliding with a suspended particle, can be reflected (or scattered) 
along the six directions of the Cartesian coordinates with a well-defined 
probability. This approach demands less computational time and effort 
and returns minor significant discrepancies compared to more complex 
numerical solutions of the RTE, such as DOM [12,16]. Nonetheless, the 
SFM-1D assumes infinite reactor dimensions along two axes of the slab. 
One of the main conceptual limitations of the SFM-1D is its sequential 
assumption of infinite planes to describe the bidirectional behavior of 
the photon path [17]. This results in a poor representation of deep re
actors, limiting the model’s applicability to real systems (e.g., raceway 
reactors [18,19]). The SFM-1D analytical solution of the LVRPA is 
limited to one dimension (the reactor depth); it neglects the absorption 
of radiation by the fluid matrix and considers that the incident radiation 
flux at the front reactor window remains constant [12]. Such restrictive 
assumptions can limit the design of practical photocatalytic reactors 
using suspended photocatalysts. For example, it is common to have 
incident radiation varying along the boundary of a slab geometry. Just 
imagine using heterogeneous photocatalysis for water treatment at a 
laboratory scale using a cylindrical lamp to illuminate a flat plate reactor 
or, for the same purpose, a water treatment plant using solar panels 
emitting radiation varying from one point to another point on the 
reactor wall. In these cases, solving the RTE in two or three dimensions is 
required.

To overcome these limitations, this study proposes a solution for the 
RTE over two dimensions in rectangular coordinates through the 
formulation of a new two-dimensional six-flux model approach (SFM- 
2D), which yields an analytical solution of the LVRPA describing the 
radiant field in slabs photoreactor geometries. Variable photon flux 
boundary conditions along one dimension of the front wall were 
included in the model solution. The model also allows for radiation 
absorption by the suspended photocatalytic particles and by the fluid 
matrix, including all reactive species. The proposed mathematical 
formulation and structure ensure a more accurate description of the 
photon path, even in planar geometries with significant depth or high 
optical thickness. From a computational perspective, it is well known 
that analytical solutions, such as the SFM-1D, ensure low computational 
times and reduce the need for high-end processors, which are typically 
required for computational packages in photonic CFD simulations or 
methods like the discrete ordinate and Monte Carlo approaches [20,21]. 
The validation of the SFM-2D model and its easy implementation as an 
algebraic model in its final structure allows it to serve as a heuristic tool 

for real systems, facilitating the design and engineering calculations of 
solar photoreactors used in water treatment and decontamination [22]. 
Overall, this study demonstrates that the SFM-2D provides a more ac
curate optimization of the radiation field in a flat plate and allows a 
more accurate selection of the optimum catalyst load and slab thickness, 
facilitating the design of photocatalytic reactors with suspended 
photocatalysts.

2. Materials and methods

2.1. Six-flux model in rectangular coordinates in 2D

The SFM-2D was formulated to derive the LVRPA in rectangular 
coordinates, following the more general approach of Clovis Nchikou 
et al., (2021) [23] considering the absorption of radiant energy by both: 
the fluid matrix (including all dissolved and reacting species) and by the 
suspended photocatalyst. Likewise the original SFM, the SFM-2D sup
poses that photons are scattered only along the six directions of the 
Cartesian coordinates, which are set as shown in Fig. 1. The SFM-2D 
used here relies on the following assumptions: 

• An infinitely wide slab of thickness L
• Geometric optics holds (hence, large and largely spaced particles)
• Random particles are homogeneously distributed inside the space
• The fluid matrix may absorb radiation
• When a photon hits a particle, only scattering or absorption occurs 

(no radiation emission); the scattering probability is given by the 
catalyst albedo ω

• The scattering event can occur only along the six directions of the 
Cartesian coordinates

For symmetry considerations, the probability of sidewise scattering s 
along any of the four directions of the plane (z-y) normal to the incident 
light is the same, while the forward f and backward b scattering prob
abilities may differ. The analytical expression of the LVRPA was 
formulated by performing the energy balance over a differential control 
volume of the slab (Fig. 1 and Supporting Information (SI)). Thus: 

∂(E1)

∂x
=

1
λ0

[( − 1 + ωf)E1 +ωbE2 +ωs(E3+E4+E5+E6) ] (3) 

∂(E2)

∂x
=

1
λ0

[( + 1 − ωf)E2 − ωbE1 − ωs(E3+E4+E5+E6) ] (4) 

Fig. 1. Differential model for the radiant energy balance and assumptions of 
the SFM-2D. The incident light is normal to the z-y plane.
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∂(E3)

∂y
=

1
λ0

[( − 1 + ωf)E3 +ωbE4 +ωs(E1+E2+E5+E6) ] (5) 

∂(E4)

∂y
=

1
λ0

[( + 1 − ωf)E4 − ωbE3 − ωs(E1+E2+E5+E6) ] (6) 

∂(E5)

∂z
=

1
λ0

[( − 1 + ωf)E5 +ωbE6 +ωs(E1+E2+E3+E4) ] (7) 

∂(E6)

∂z
=

1
λ0

[( + 1 − ωf)E6 − ωbE5 − ωs(E1+E2+E3+E4) ] (8) 

where ω is the scattering albedo of the suspended catalytic particle, λ0 is 
the photon mean free path, and f , b, and s are the forward, backward, 
and sidewise-scattering probabilities, respectively, which match Eq. (9)

f + b+4s = 1 (9) 

E1, E2, E3, E4, E5 and E6 represent the six discrete components of the 

specific radiation intensity (in this case E1 is the incident beam, 
Fig. 1).f , b and s are calculated using a suitable phase function that 
describes the scattering behavior of the catalytic particles. The photon 
mean free path λ0 within the differential control volume is related to the 
absorption and scattering of radiation by the suspended catalytic par
ticles, and to the absorption of the water matrix and species in solution 
as follows: 

1
λ0

= (σ* + κ*)ccat +
∑n

i=1
κ*

ciCci + μw (10) 

where σ*, κ* are respectively the spectral-averaged catalyst specific mass 
absorption and scattering coefficients over the wavelength spectrum of 
the incident radiation [24], κ*

ci is the spectral-averaged specific mass 
absorption coefficient of each dissolved reacting species in solution also 
over the wavelength spectrum of the incident radiation ;Cci is the con
centration of each reacting species (e.g, water contaminants) in the 
fluid, μw is the spectral-averaged background absorption of the water 

Fig. 2. Absorption profile in a slab reactor at different catalyst loadings (Lp = 0.0165 m, L = 1 m).
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matrix and ccat is the catalyst loading. E5 and E6 are equal because of the 
symmetry consideration, since the photon flux is considered constant in 
the z direction.

The mathematical procedure and considerations used here to solve 
Eq. (3–9) follow Clovis Nchikou et al., (2021) [23] and are found in SI. 
This results in: 

E1 =
1
2
∑

K≤0

⎡

⎣vK

⎛

⎝jK
(

1 −

̅̅̅̅̅̅̅̅̅
AαK

√

C1 + C2

)

e
̅̅̅̅̅̅
AαK

√
x

+ lK
(

1 +

̅̅̅̅̅̅̅̅̅
AαK

√

C1 + C2

)

e−
̅̅̅̅̅̅
AαK

√
x

⎞

⎠

⎤

⎦ (11) 

E2 =
1
2
∑

K≤0

⎡

⎣vK

⎛

⎝jK
(

1 +

̅̅̅̅̅̅̅̅̅
AαK

√

C1 + C2

)

e
̅̅̅̅̅̅
AαK

√
x

+ lK
(

1 −

̅̅̅̅̅̅̅̅̅
AαK

√

C1 + C2

)

e−
̅̅̅̅̅̅
AαK

√
x

⎞

⎠

⎤

⎦ (12) 

E3 =
ζ
2
∑

K≤0

[

uK(1 − αK)

((

mK −
pK

̅̅̅̅̅̅̅
− K

√

C1 + C2

)

cos
( ̅̅̅̅̅̅̅

− K
√

y
)
+

(

pK

+
mK

̅̅̅̅̅̅̅
− K

√

C1 + C2

)

sin
( ̅̅̅̅̅̅̅

− K
√

y
))]

(13) 

E4 =
ζ
2
∑

K≤0

[

uK(1 − αK)

((

mK +
pK

̅̅̅̅̅̅̅
− K

√

C1 + C2

)

cos
( ̅̅̅̅̅̅̅

− K
√

y
)
+

(

pK

−
mK

̅̅̅̅̅̅̅
− K

√

C1 + C2

)

sin
( ̅̅̅̅̅̅̅

− K
√

y
))]

(14) 

where, K, mK, pK, jK, lK are integration constants, 

C1 =
1
λ0

(

1 − ωf −
2(ωs)2

1 − ωf − ωb

)

(16) 

C2 =
1
λ0

(

ωb+
2(ωs)2

1 − ωf − ωb

)

(17) 

C3 =
1
λ0

(

ωs+
2(ωs)2

1 − ωf − ωb

)

(18) 

A = C1
2 − C2

2 (19) 

B = C3(C1 +C2) (20) 

C = A2 − 4B2 (21) 

αK =
− K + C

A
− K + A

(22) 

ζ =
A
2B

(23) 

uK = jKe
̅̅̅̅̅̅
AαK

√
x + lKe−

̅̅̅̅̅̅
AαK

√
x (24) 

vK = mKcos
( ̅̅̅̅̅̅̅

− K
√

y
)
+ pKsin

( ̅̅̅̅̅̅̅
− K

√
y
)

(25) 

The specific intensity of the radiation G is equal to 
∑6

i=1Ei which leads 
to: 

G(x, y) = ζ*
∑

K≤0

[
(1 + ζ(1 − αK))

(
mKcos

( ̅̅̅̅̅̅̅
− K

√
y
)

+ pKsin
( ̅̅̅̅̅̅̅

− K
√

y
))(

jKe
̅̅̅̅̅̅
AαK

√
x + lKe−

̅̅̅̅̅̅
AαK

√
x
) ]

(26) 

where, 

ζ* = 1+
2ωs

(1 − ωf − ωb)
(27) 

The integration constants are evaluated using suitable boundary con
ditions. The LVRPA can be obtained from a photon balance on the small 
volume comprised between [x, x + ∂x], [y, y+∂y] and [z, z+∂z] [7] (Fig. 1
and SI), 

LVRPA =
∂(E2)

∂x
−

∂(E1)

∂x
+

∂(E4)

∂y
−

∂(E3)

∂y
+

∂(E6)

∂z
−

∂(E5)

∂z
(28) 

Combining Eqs. (11–15) and (28) yields the LVRPA: 

LVRPA =
∑

K≤0

[
AαK + ζK(1 − αK)

C1 + C2

(
mKcos

( ̅̅̅̅̅̅̅
− K

√
y
)

+ pKsin
( ̅̅̅̅̅̅̅

− K
√

y
))(

jKe
̅̅̅̅̅̅
AαK

√
x + lKe−

̅̅̅̅̅̅
AαK

√
x
)]

(29) 

The volumetric rate of photon absorption per unit of the elementary 
volume height (VRPA) describes the absorption of photons inside each 

slide of the elementary volume parallel to the plane (x-y) (Fig. 3) since 
the symmetry is considered along the z-axis. It gives a broader view of 
the energy absorption and is calculated by integrating the LVRPA over 
the rectangle 

[
0, Lp

]
× [0, L] as, 

Fig. 3. The VRPA/Im as a function of τ and τApp2 with different reactor depths Lp 

and with catalyst parameters in Table 1.

E5 = E6 =
ωs
∑

K≤0

[
(1 + ζ(1 − αK))

(
mKcos

( ̅̅̅̅̅̅̅
− K

√
y
)
+ pKsin

( ̅̅̅̅̅̅̅
− K

√
y
) )(

jKe
̅̅̅̅̅̅
AαK

√
x + lKe−

̅̅̅̅̅̅
AαK

√
x
) ]

(1 − ωf − ωb)
(15) 
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VRPA =

∫ Lp

0

∫ L

0
LVRPAdxdy (31) 

where Lp and L are the depth and width of the rectangle (flat slab) along 
the x and y axes, respectively (Fig. S1, SI).

Considering that E1 is the incident radiation flux to the slab, then, the 
transmitted and reflected photon fluxes at the front and back boundaries 
of the flat slab are defined respectively as follows: 

T(y) = E1
(
Lp, y

)

=
1
2
∑

K≤0

⎡

⎣vK

⎛

⎝jK
(

1 −

̅̅̅̅̅̅̅̅̅
AαK

√

C1 + C2

)

e
̅̅̅̅̅̅
AαK

√
Lp

+ lK
(

1 +

̅̅̅̅̅̅̅̅̅
AαK

√

C1 + C2

)

e−
̅̅̅̅̅̅
AαK

√
Lp

⎞

⎠

⎤

⎦ (33) 

R(y) = E2(0, y) =
1
2
∑

K≤0

[

vK

(

jK
(

1 +

̅̅̅̅̅̅̅̅̅
AαK

√

C1 + C2

)

+ lK
(

1 −

̅̅̅̅̅̅̅̅̅
AαK

√

C1 + C2

))]

(34) 

2.2. Boundary conditions

The flat slab photocatalytic reactor shown in Fig. S1 may receive 
radiation at its front and rear with intensities qf and qr respectively. To 
obtain the integration constants that appear in Eq. (26), the boundary 
conditions in Eqs. (35–36) were applied at the reactor front (x = 0) and 
rear (x = Lp) walls respectively: 

E1(0, y) =
1
2
∑

K≤0

[

vK

(

jK
(

1 −

̅̅̅̅̅̅̅̅̅
AαK

√

C1 + C2

)

+ lK
(

1 +

̅̅̅̅̅̅̅̅̅
AαK

√

C1 + C2

))]

= qf

(35) 

E2
(
Lp, y

)
=

1
2
∑

K≤0

⎡

⎣vK

⎛

⎝jK
(

1 +

̅̅̅̅̅̅̅̅̅
AαK

√

C1 + C2

)

e
̅̅̅̅̅̅
AαK

√
Lp

+ lK
(

1 −

̅̅̅̅̅̅̅̅̅
AαK

√

C1 + C2

)

e−
̅̅̅̅̅̅
AαK

√
Lp

⎞

⎠

⎤

⎦ = qr

(36) 

In both cases, it was necessary to expand the total radiative flux 
entering through the reactor front qf and rear qr into a 2L-Fourier series 
(in both cases qr was supposed to be equal to zero) with respect to the y 
variable. The Fourier expansion of qf and qr is, 

qf ,r =
h0

2
+
∑+∞

n=1

[
hncos

(nπ
L

y
)
+wnsin

(nπ
L

y
) ]

(37) 

where hn and wn are qf ,r (qf or qr) Fourier series expansion constants 
defined by Eq. (38–40) using the orthogonality relations between sine 
and cosine functions. 

h0 =
1
L

∫ L

− L
qf ,rdy (38) 

hn =
1
L

∫ L

− L
qf ,rcos

(nπ
L

y
)

dy (39) 

wn =
1
L

∫ L

− L
qf ,rsin

(nπ
L

y
)

dy (40) 

Eqs. (35,37) impose that 
̅̅̅̅̅̅̅
− K

√
should be equal to nπ

L , with n a positive 
integer. For simplicity, here we consider a slab irradiated only from one 
side (qr = 0). Then combining Eqs. (35–40), the following relations can 
be obtained: 

m0

(

j0
(

1 −

̅̅̅̅̅̅̅̅
Aα0

√

C1 + C2

)

+ l0
(

1 +

̅̅̅̅̅̅̅̅
Aα0

√

C1 + C2

))

=
1
L

∫ L

− L
qf dy (41) 

m0

⎛

⎝j0
(

1 +

̅̅̅̅̅̅̅̅
Aα0

√

C1 + C2

)

e
̅̅̅̅̅̅
Aα0

√
L + l0

(

1 −

̅̅̅̅̅̅̅̅
Aα0

√

C1 + C2

)

e−
̅̅̅̅̅̅
Aα0

√
L

⎞

⎠ =
1
L

∫ L

− L
qrdy

= 0
(42) 

mn

(

jn
(

1 −

̅̅̅̅̅̅̅̅
Aαn

√

C1 + C2

)

+ lK
(

1 +

̅̅̅̅̅̅̅̅
Aαn

√

C1 + C2

))

=
2
L

∫ L

− L
qf cos

(nπ
L

y
)

dy (43) 

mn

(

jn
(

1 +

̅̅̅̅̅̅̅̅
Aαn

√

C1 + C2

)

+ lK
(

1 −

̅̅̅̅̅̅̅̅
Aαn

√

C1 + C2

))

=
2
L

∫ L

− L
qrcos

(nπ
L

y
)

dy = 0

(44) 

pn

(

jn
(

1 −

̅̅̅̅̅̅̅̅
Aαn

√

C1 + C2

)

+ lK
(

1 +

̅̅̅̅̅̅̅̅
Aαn

√

C1 + C2

))

=
2
L

∫ L

− L
qf sin

(nπ
L

y
)

dy (45) 

pn

(

jn
(

1 +

̅̅̅̅̅̅̅̅
Aαn

√

C1 + C2

)

+ lK
(

1 −

̅̅̅̅̅̅̅̅
Aαn

√

C1 + C2

))

=
2
L

∫ L

− L
qrsin

(nπ
L

y
)

dy = 0

(46) 

Further, two circumstances with different boundary conditions were 
analyzed. The first case assumes that the incident radiation is colli
mated, perpendicular to the reactor front wall, and has constant in
tensity. The second case considers that the incident radiation varies 
along the y-axis while symmetry is maintained along the z-axis. The 
elementary volume in Fig. 1 was considered as an element of the flat slab 
reactor receiving the incident radiation E1 at its front wall, i.e., at any 
point of the line (0, y).

2.2.1. Case 1: Incident radiation is collimated and perpendicular to the 
reactor front and constant

Let us suppose that the total solar radiative flux entering through the 
reactor front qf and rear qr are defined respectively as a periodic func
tion with period 2L as follows: 

qf =

{
0, ify ∈ [ − L;0] − {0}

I0, ify ∈ [0; L] (47) 

where I0 is the incident radiation intensity reaching the reactor front 
boundary. Eqs. (37–40, 47) imply, 

1
L

∫ L

− L
qf dy = I0 (48) 

2
L

∫ L

− L
qf cos

(nπ
L

y
)

dy = 0 (49) 

2
∫ L
− L qf sin

(
nπ
L y
)

dy

L
=

2(1 − ( − 1)n
)I0

nπ (50) 

Then, Eqs. (41–46, 48–50) turn to: 

m0

(

j0
(

1 −

̅̅̅̅̅̅̅̅
Aα0

√

C1 + C2

)

+ l0
(

1 +

̅̅̅̅̅̅̅̅
Aα0

√

C1 + C2

))

= I0 (51) 

m0

⎛

⎝j0
(

1 +

̅̅̅̅̅̅̅̅
Aα0

√

C1 + C2

)

e
̅̅̅̅̅̅
Aα0

√
L + l0

(

1 −

̅̅̅̅̅̅̅̅
Aα0

√

C1 + C2

)

e−
̅̅̅̅̅̅
Aα0

√
L

⎞

⎠ = 0 (52) 

mn

(

jn
(

1 −

̅̅̅̅̅̅̅̅
Aαn

√

C1 + C2

)

+ lK
(

1 +

̅̅̅̅̅̅̅̅
Aαn

√

C1 + C2

))

= 0 (53) 

mn

(

jn
(

1 +

̅̅̅̅̅̅̅̅
Aαn

√

C1 + C2

)

e
̅̅̅̅̅̅
Aαn

√
Lp + lK

(

1 −

̅̅̅̅̅̅̅̅
Aαn

√

C1 + C2

)

e−
̅̅̅̅̅̅
Aαn

√
Lp

)

= 0 (54) 

C. Nchikou et al.                                                                                                                                                                                                                                Chemical Engineering Journal 515 (2025) 163102 

5 



pn

(

jn
(

1 −

̅̅̅̅̅̅̅̅
Aαn

√

C1 + C2

)

+ lK
(

1 +

̅̅̅̅̅̅̅̅
Aαn

√

C1 + C2

))

=
2(1 − ( − 1)n

)I0

nπ (55) 

pn

(

jn
(

1 +

̅̅̅̅̅̅̅̅
Aαn

√

C1 + C2

)

e
̅̅̅̅̅̅
Aαn

√
Lp + lK

(

1 −

̅̅̅̅̅̅̅̅
Aαn

√

C1 + C2

)

e−
̅̅̅̅̅̅
Aαn

√
Lp

)

= 0 (56) 

Eq. (52) implies  

m0 = 0 or j0
(

1 +
̅̅̅̅̅̅
Aα0

√

C1+C2

)

e
̅̅̅̅̅̅
Aα0

√
L +l0

(

1 −
̅̅̅̅̅̅
Aα0

√

C1+C2

)

e−
̅̅̅̅̅̅
Aα0

√
L = 0 but for Eq. 

(51) to make sense, m0 should be different from zero. Then Eq. (52) leads 
to, 

j0
(

1 +

̅̅̅̅̅̅̅̅
Aα0

√

C1 + C2

)

e
̅̅̅̅̅̅
Aα0

√
L + l0

(

1 −

̅̅̅̅̅̅̅̅
Aα0

√

C1 + C2

)

e−
̅̅̅̅̅̅
Aα0

√
L = 0 (57) 

Eqs. (53,55) impose mn to be equal to zero (mn = 0) and choosing for 
convenience the constant pn equal to unity (pn = 1), Eqs. (51–52, 55–56) 
lead to solving simultaneously the following equations (taking m0 = 1), 

j0
(

1 −

̅̅̅̅̅̅̅̅
Aα0

√

C1 + C2

)

+ l0
(

1+

̅̅̅̅̅̅̅̅
Aα0

√

C1 + C2

)

= I0 (58) 

j0
(

1 +

̅̅̅̅̅̅̅̅
Aα0

√

C1 + C2

)

e
̅̅̅̅̅̅
Aα0

√
L + l0

(

1 −

̅̅̅̅̅̅̅̅
Aα0

√

C1 + C2

)

e−
̅̅̅̅̅̅
Aα0

√
L = 0 (59) 

For n > 0 and n odd integer, 

jn
(

1 −

̅̅̅̅̅̅̅̅
Aαn

√

C1 + C2

)

+ lK
(

1+

̅̅̅̅̅̅̅̅
Aαn

√

C1 + C2

)

=
4I0

nπ (60) 

jn
(

1 +

̅̅̅̅̅̅̅̅
Aαn

√

C1 + C2

)

e
̅̅̅̅̅̅
Aαn

√
Lp + ln

(

1 −

̅̅̅̅̅̅̅̅
Aαn

√

C1 + C2

)

e−
̅̅̅̅̅̅
Aαn

√
Lp = 0 (61) 

which leads to, 

j0 =

(

1 −

̅̅̅̅̅̅
Aα0

√

C1+C2

)

e−
̅̅̅̅̅̅
Aα0

√
Lp I0

(

1 −

̅̅̅̅̅̅
Aα0

√

C1+C2

)2

e−
̅̅̅̅̅̅
Aα0

√
Lp −

(

1 +

̅̅̅̅̅̅
Aα0

√

C1+C2

)2

e
̅̅̅̅̅̅
Aα0

√
Lp

(62) 

l0 =

−

(

1 +

̅̅̅̅̅̅
Aα0

√

C1+C2

)

e
̅̅̅̅̅̅
Aα0

√
Lp I0

(

1 −

̅̅̅̅̅̅
Aα0

√

C1+C2

)2

e−
̅̅̅̅̅̅
Aα0

√
Lp −

(

1 +

̅̅̅̅̅̅
Aα0

√

C1+C2

)2

e
̅̅̅̅̅̅
Aα0

√
Lp

(63) 

jn =

4
(

1 −
̅̅̅̅̅̅
Aαn

√

C1+C2

)

e−
̅̅̅̅̅̅
Aαn

√
Lp I0

nπ
((

1 −
̅̅̅̅̅̅
Aαn

√

C1+C2

)2

e−
̅̅̅̅̅̅
Aαn

√
Lp −

(

1 +
̅̅̅̅̅̅
Aαn

√

C1+C2

)2

e
̅̅̅̅̅̅
Aαn

√
Lp

) (64) 

ln =

− 4
(

1 +
̅̅̅̅̅̅
Aαn

√

C1+C2

)

e
̅̅̅̅̅̅
Aαn

√
Lp I0

nπ
((

1 −
̅̅̅̅̅̅
Aαn

√

C1+C2

)2

e−
̅̅̅̅̅̅
Aαn

√
Lp −

(

1 +
̅̅̅̅̅̅
Aαn

√

C1+C2

)2

e
̅̅̅̅̅̅
Aαn

√
Lp

) (65) 

Combining Eqs. (62–65, 29), the LVRPA is deduced as, 

LVRPA =

(
Aα0

C1 + C2

(
j0e

̅̅̅̅̅̅
Aα0

√
x + l0e−

̅̅̅̅̅̅
Aα0

√
x
)

+
∑+∞

n=1,n odd integer

(
Aαn + ζn(1 − αn)

C1 + C2
sin
(nπ

L
y
)(

jne
̅̅̅̅̅̅
Aαn

√
x

+ lne−
̅̅̅̅̅̅
Aαn

√
x
))

)

(66) 

and the VRPA over the entire slab is: 

VRPA =

∫Lp

0

∫L

0

(
Aα0

C1 + C2

(

j0e
̅̅̅̅̅̅
Aα0

√
x + l0e−

̅̅̅̅̅̅
Aα0

√
x

+
∑+∞

n=1,n odd integer

[
Aαn + ζn(1 − αn)

C1 + C2
sin
(nπ

L
y
)(

jne
̅̅̅̅̅̅
Aαn

√
x

+ lne−
̅̅̅̅̅̅
Aαn

√
x
)]
))

dxdy (67) 

which gives,  

2.2.2. Case 2: Incident radiation is collimated and perpendicular to the 
reactor front and varies along the reactor width (the y-variable)

As stated in the first case, the total radiative flux entering through the 
reactor front qf and rear qr are defined respectively as a 2L-periodic 
functions. Let us consider that the reactor is illuminated by a long cy
lindrical lamp with the radiation emission modeled as follows, 

qf =

⎧
⎨

⎩

0, ify ∈ [ − L;0] − {0}

e
− y
L Im, ify ∈ [0; L]

(69) 

where Im represents the irradiance measured at the lamp wall. Then Eqs. 
(37–40, 69) lead to 

1
L

∫ L

− L
qf dy =

(

1 −
1
e

)

Im (70) 

1
L

∫ L

− L
qf cos

(nπ
L

y
)

dy =

⎧
⎪⎨

⎪⎩

1
1 + (nπ)2

(

1 +
1
e

)

Im; if n is an odd number

0; if n is an even number
(71) 

1
L

∫ L

− L
qf sin

(nπ
L

y
)

dy =

⎧
⎪⎨

⎪⎩

nπ
1 + (nπ)2

(

1 +
1
e

)

Im; if n is an odd number

0; if n is an even number
(72) 

Eqs. (41–46, 70–72) turn to 

m0

(

j0
(

1 −

̅̅̅̅̅̅̅̅
Aα0

√

C1 + C2

)

+ l0
(

1 +

̅̅̅̅̅̅̅̅
Aα0

√

C1 + C2

))

=

(

1 −
1
e

)

Im (73) 

VRPA =

̅̅̅̅̅̅̅̅
Aα0

√
L
(

j0
(

e
̅̅̅̅̅̅
Aα0

√
Lp − 1

)
− l0

(
e−

̅̅̅̅̅̅
Aα0

√
Lp − 1

))

C1 + C2
+ 2
∑+∞

n=1,n odd integer

[
L(Aαn + ζn(1 − αn) )

(
jn
(
e
̅̅̅̅̅̅
Aαn

√
Lp − 1

)
− ln

(
e−
̅̅̅̅̅̅
Aαn

√
Lp − 1

) )

nπ
̅̅̅̅̅̅̅̅
Aαn

√
(C1 + C2)

]

(68) 
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m0

(

j0
(

1 +

̅̅̅̅̅̅̅̅
Aα0

√

C1 + C2

)

+ l0
(

1 −

̅̅̅̅̅̅̅̅
Aα0

√

C1 + C2

))

= 0 (74) 

If n is an odd number, 

mn

(

jn
(

1 −

̅̅̅̅̅̅̅̅
Aαn

√

C1 + C2

)

+ lK
(

1 +

̅̅̅̅̅̅̅̅
Aαn

√

C1 + C2

))

=
2

1 + (nπ)2

(

1+
1
e

)

Im

(75) 

mn

(

jn
(

1 +

̅̅̅̅̅̅̅̅
Aαn

√

C1 + C2

)

+ lK
(

1 −

̅̅̅̅̅̅̅̅
Aαn

√

C1 + C2

))

= 0 (76) 

pn

(

jn
(

1 −

̅̅̅̅̅̅̅̅
Aαn

√

C1 + C2

)

+ lK
(

1 +

̅̅̅̅̅̅̅̅
Aαn

√

C1 + C2

))

=
2nπ

1 + (nπ)2

(

1+
1
e

)

Im (77) 

pn

(

jn
(

1 +

̅̅̅̅̅̅̅̅
Aαn

√

C1 + C2

)

e
̅̅̅̅̅̅
Aαn

√
Lp + lK

(

1 −

̅̅̅̅̅̅̅̅
Aαn

√

C1 + C2

)

e−
̅̅̅̅̅̅
Aαn

√
Lp

)

= 0 (78) 

Taking mn = 1, pn = nπ and m0 = 1 leads to solving simultaneously the 
following equations, 

j0
(

1 −

̅̅̅̅̅̅̅̅
Aα0

√

C1 + C2

)

+ l0
(

1+

̅̅̅̅̅̅̅̅
Aα0

√

C1 + C2

)

=

(

1 −
1
e

)

Im (79) 

j0
(

1 +

̅̅̅̅̅̅̅̅
Aα0

√

C1 + C2

)

e
̅̅̅̅̅̅
Aα0

√
L + l0

(

1 −

̅̅̅̅̅̅̅̅
Aα0

√

C1 + C2

)

e−
̅̅̅̅̅̅
Aα0

√
L = 0 (80) 

For n > 0 and n odd integer, 

jn
(

1 −

̅̅̅̅̅̅̅̅
Aαn

√

C1 + C2

)

e
̅̅̅̅̅̅
Aαn

√
Lp + ln

(

1 +

̅̅̅̅̅̅̅̅
Aαn

√

C1 + C2

)

e−
̅̅̅̅̅̅
Aαn

√
Lp

=
2

1 + (nπ)2

(

1+
1
e

)

Im (81) 

jn
(

1+

̅̅̅̅̅̅̅̅
Aαn

√

C1 + C2

)

+ ln
(

1 −

̅̅̅̅̅̅̅̅
Aαn

√

C1 + C2

)

= 0 (82) 

which leads to, 

j0 =

(

1 −

̅̅̅̅̅̅
Aα0

√

C1+C2

)

e−
̅̅̅̅̅̅
Aα0

√
Lp

(

1 − 1
e

)

Im

(

1 −

̅̅̅̅̅̅
Aα0

√

C1+C2

)2

e−
̅̅̅̅̅̅
Aα0

√
Lp −

(

1 +

̅̅̅̅̅̅
Aα0

√

C1+C2

)2

e
̅̅̅̅̅̅
Aα0

√
Lp

(83) 

l0 =

−

(

1 +

̅̅̅̅̅̅
Aα0

√

C1+C2

)

e
̅̅̅̅̅̅
Aα0

√
Lp

(

1 − 1
e

)

Im

(

1 −

̅̅̅̅̅̅
Aα0

√

C1+C2

)2

e−
̅̅̅̅̅̅
Aα0

√
Lp −

(

1 +

̅̅̅̅̅̅
Aα0

√

C1+C2

)2

e
̅̅̅̅̅̅
Aα0

√
Lp

(84) 

jn =

2
(

1 −
̅̅̅̅̅̅
Aαn

√

C1+C2

)

e−
̅̅̅̅̅̅
Aαn

√
Lp

(

1 + 1
e

)

Im

(
1 + (nπ)2

)
((

1 −
̅̅̅̅̅̅
Aαn

√

C1+C2

)2

e−
̅̅̅̅̅̅
Aαn

√
Lp −

(

1 +
̅̅̅̅̅̅
Aαn

√

C1+C2

)2

e
̅̅̅̅̅̅
Aαn

√
Lp

) (85) 

ln =

− 2
(

1 +
̅̅̅̅̅̅
Aαn

√

C1+C2

)

e
̅̅̅̅̅̅
Aαn

√
Lp

(

1 + 1
e

)

Im

(
1 + (nπ)2

)
((

1 −
̅̅̅̅̅̅
Aαn

√

C1+C2

)2

e−
̅̅̅̅̅̅
Aαn

√
Lp −

(

1 +
̅̅̅̅̅̅
Aαn

√

C1+C2

)2

e
̅̅̅̅̅̅
Aαn

√
Lp

) (86) 

Combining Eqs. (83–86, 29), the LVRPA is deduced as, 

LVRPA =

(
Aα0

C1 + C2

(
j0e

̅̅̅̅̅̅
Aα0

√
x + l0e−

̅̅̅̅̅̅
Aα0

√
x
)

+
∑+∞

n=1, with n odd integer

(
Aαn + ζn(1 − αn)

C1 + C2

(
cos
(nπ

L
y
)

+ nπsin
(nπ

L
y
))(

jne
̅̅̅̅̅̅
Aαn

√
x + lne−

̅̅̅̅̅̅
Aαn

√
x
))

)

(87) 

and the VRPA as, 

VRPA =

∫Lp

0

∫L

0

(
Aα0

C1 + C2

(
j0e

̅̅̅̅̅̅
Aα0

√
x + l0e−

̅̅̅̅̅̅
Aα0

√
x
)

+
∑+∞

n=1, with n odd integer

[
Aαn + ζn(1 − αn)

C1 + C2

(
cos
(nπ

L
y
)

+ nπsin
(nπ

L
y
))(

jne
̅̅̅̅̅̅
Aαn

√
x + lne−

̅̅̅̅̅̅
Aαn

√
x
)]
)

dxdy (88) 

Or 

VRPA =

̅̅̅̅̅̅̅̅
Aα0

√
L
(

j0
(

e
̅̅̅̅̅̅
Aα0

√
Lp − 1

)
− l0

(
e−

̅̅̅̅̅̅
Aα0

√
Lp − 1

))

C1 + C2
+

2.2.3. Optimization of absorption radiation in slab reactors of 
any reactor depth

The reactor “optical thickness” τ and the “SFM-2D apparent optical 
thickness” τapp2 are dimensionless parameters introduced to optimize the 
radiation absorption in slab reactors of any depth. It is worth mentioning 
that τ is well known in literature and is defined by Eq. (90) using Eq. 
(10), while τapp2 (Eq. (91)) is a new optimization parameter that is 
associated with the SFM-2D approach. 

τ =
Lp

λ0
(90) 

τapp2 = τλ2
0A

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

1 − ω2
Corr2

√

(91) 

where ωcorr2 defined in Eq. (92) stands for the corrected catalyst albedo 
formulated with the SFM-2D approach: 

ωcorr2 =
1
ζ

(92) 

2
∑+∞

n=1, with n odd integer

[
L(Aαn + ζn(1 − αn) )

(
jn
(
e
̅̅̅̅̅̅
Aαn

√
Lp − 1

)
− ln

(
e−
̅̅̅̅̅̅
Aαn

√
Lp − 1

) )

̅̅̅̅̅̅̅̅
Aαn

√
(C1 + C2)

]

(89) 
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Using the one-dimensional SFM (SFM-1D) on a compound parabolic 
collector (CPC), it has been shown that τ removes the dependence of the 
optimum catalyst loading on the reactor depth [13]. In this study, it is 
shown that τapp2 not only removes the dependence of optimum catalyst 
loading on reactor depth, likewise τ does, but also on catalyst scattering 
albedo ω, similarly, the parameter τapp (Eq. (83) in SI) derived from the 
SFM-1D [13]. The definitions and derivations used to obtain Eqs. 
(91–92) are similar to those in the SFM-1D model, representing an 
extension from 1D to 2D. The parameter ζ is the inverse of the corrected 
albedo ωcorr2, as shown in Eq. (92); therefore, ζ and ωcorr2 vary inversely; 
ωcorr2 is a corrected form of the conventional scattering albedo (ω) that 
accounts for the influence of the scattering phase function (see Eqs. 
(14–16, 33–34, 63, SI). When the phase function is dominated by 
backward scattering, ωcorr2 is high (ζ is low), resulting in a higher ω. 
Conversely, when forward scattering is predominant, ωcorr2 is low (ζ is 
high), leading to a lower ω. Backward scattering reduces the likelihood 
of photon absorption, whereas forward scattering enhances it by 
allowing photons to penétrate deeper into the reactor.

2.3. Model simulation conditions

Simulations were made on a flat slab reactor with different features 
as shown in Table 1. The catalyst optical properties were those of TiO2- 
P25, and the values reported are those averaged over the solar radiation 
spectrum [25]. The absorption of the water matrix and the dissolved 
species in solution was assumed to be negligible in comparison to the 
absorption of light by the catalyst in suspension, over the spectrum of 
the incident radiation. Such an assumption is often verified in many 
photocatalytic systems for water detoxification, however, the model as 
presented can also include the absorption of the fluid matrix and all 
reactive species in solution (Eq. (10)). The integrated model was 
implemented and executed using MATLAB R2024b (MathWorks, USA). 
Simulations were performed on a Microsoft Surface Pro 8 with an 11th 
Gen Intel Core i5-1145G7 processor (2.60 GHz, 16 GB RAM) running 
Windows 11.

3. Results and discussion

3.1. First boundary case: Flat plate reactor with constant incident 
radiation

3.1.1. Photon absorption distribution
Fig. 2 displays the radiation absorption distribution inside the 

reactor (Lp = 0.0165 m, L = 1 m) at catalyst concentrations from 0.1 to 
1.0 g/L. The light absorption remains invariant along the reactor width 
since in this case the incident radiation is constant along the reactor 
width, thus for constant x, the LVRPA along the y-axis remains constant. 
Thus, the model simulations show that as the catalyst concentration 
increases from 0.1 to 1.0 g/L, the LVRPA progressively increases near 
the front wall and decreases near its back wall, and at catalyst loadings 
higher than 0.6 g/L, an increasing fraction of the reactor near the back 
wall remains practically under dark conditions. Thus, at high values of 
the optical thickness, depending on the value of the catalyst scattering 
albedo, the reactor begins to work under non-optimal settings. In 
contrast, the absorption profile shows a more gradual distribution of the 
radiant energy in the reactor at catalyst loadings lower than approxi
mately 0.6 g/L. It is also clear that as the catalyst concentration is pro
gressively increased, the total amount of energy absorbed in the reactor 
continues to increase, but this energy is not spatially well distributed 
along the entire reactor depth [23]; thus, negligible photocatalytic re
actions occur in the dark region of the slab. Often, these observations 
have been described in literature in a qualitative way as a clouding effect 
by the suspended particles, preventing light from reaching the inner 
regions of the reactor. These conditions are, however, not unique to the 
catalyst used but instead are dependent on the reactor depth, meaning 
that reactors with smaller depth should be operated at higher catalyst 
concentrations, while reactors with greater depth should be operated at 
smaller catalyst concentrations. Often, this important aspect is over
looked in many kinetic studies reported in the wider literature, thus, the 
kinetics of different catalyst specimens are compared in the same reactor 
geometry and at the same catalyst concentration (often chosen arbi
trarily as 1.0 g/L). To resolve these uncertainties, some meaningful 
dimensionless parameters should be used to determine the most suitable 
catalyst loading in a specific photoreactor. As already mentioned, these 
are the optical thicknesses τ and τApp2 (Eqs. 90–92), which can be used 
interchangeably for reactor optimization. The optical thicknesses τ 
remove the dependence of the optimum catalyst loading on reactor 
depth Lp (or reactor diameter in CPC reactors [13]) but vary with 
catalyst albedo, while the apparent optical thickness τApp2 also removes 
the dependence on catalyst albedo ω. For the reaction conditions, the 
values of τ and τApp2 corresponding to a catalyst loading of 0.6 g/L are 

Table. 1 
Flat slab reactor parameters used for the model simulation.

Reactor width L = 1 m

Reactor depth (Lp) Lp(m) varying
Catalyst (TiO2) of wavelength between 295–384 

nm
Evonik P-25 Aeroxide [25]

The catalyst loading: Ccat (g/L) Starting from zero g/L
The specific mass absorption coefficient κ* (m2/ 

kg)
174.75 [25]

The specific mass scattering coefficient σ*(m2/ 
kg)

1295.75 [25]

The scattering albedo ω = σ
σ + κ + κc

0.88

The specific mass absorption of a given dissolved 
water contaminant: κc (m− 1) (see Eq. (10)

Considered here equal to zero

Phase function Henyey-Greenstein phase 
function (g = 0.53) [20]

Scattering probabilities f = 0.754, b = 0.133 s = 0.
028 [20]

Solar incident radiation intensity I0 = 30 W/m2

Irradiance measured at the reactor front wall Im = 30 W/m2

Table 2 
Optimum catalyst loading (Ccat,op), apparent optical thickness with the SFM-2D and the SFM-1D (τApp2,op, τapp,op), and optical thickness (τop) for different reactor depths. 
The reactor operating conditions are from Table 1.

Lp(cm) 0.5 1 2 3 4 5 6 7 8

Ccat,op(g/L) 2.208 1.104 0.552 0.368 0.276 0.221 0.184 0.158 0.138
τApp2,op 1.47 1.47 1.47 1.47 1.47 1.47 1.47 1.47 1.47
τapp,op 4.79 4.79 4.79 4.79 4.79 4.79 4.79 4.79 4.79
τop 16.3 16.3 16.3 16.3 16.3 16.3 16.3 16.3 16.3

Table. 3 
The optimum values of Ccat (Ccat,op), τ (τop), τapp (τapp,op) and τApp2 (τApp2,op) with 
different catalyst albedo (κ* = 174.75 m2/kg). τapp stands for the apparent 
thickness calculated with the SFM-1D approach.

ω Ccat,op τop τApp2,op τapp,op

0.75 1.16 8.44 1.47 4.79
0.8 0.92 10.48 1.47 4.79
0.85 0.69 13.54 1.47 4.79
0.88 0.67 16.26 1.47 4.79
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equal to 14.56 and 1.32, respectively.

3.1.2. Optimum values of τ and τApp2
As stated in the previous section, the reactor optical thickness τ 

removes the dependence of the optimum catalyst loading on the reactor 
depth Lp, while τapp2 removes the dependence of optimum catalyst 
loading on both reactor depth and catalyst scattering albedo ω. To prove 
these two points, firstly, the VRPA per unit of the irradiance measured at 
the reactor front wall (VRPA/Im) was evaluated as a function of τ and 
τApp2 with different reactor depths as shown in Fig. 3; then the optimum 
values of both τ and τApp2 were estimated keeping the reactor depth and 
the catalyst specific absorption coefficient constant while varying the 
catalyst scattering albedo (Table 3).

Fig. 3 shows that VRPA/Im increases with τ and τApp2 until a plateau is 
reached and that the results remain invariant when varying the reactor 
depth, which proves the independency of these dimensionless parame
ters on the reactor depth. Thus, optimum values of both τ and τApp2 can 
be determined in the region approaching the plateau.

Table 2 shows the optimum catalyst loading and the corresponding 
optimum apparent optical thickness and optical thickness that yields 99 
% of the (VRPA/Im) at different reactor depths. The optimum catalyst 
loading for any reactor depth led to the same amount of radiation ab
sorption (VRPA/Im = 0.78 m) and almost the same value of optical 
thickness and apparent optical thicknesses with the discrepancies due to 
the precision of the numerical method. The optimum apparent optical 
thickness for the SFM-1D (τapp,op) was more than three times that found 
with the SFM-2D (τapp2,op), as shown in Table 2.

On the other hand, when varying catalyst albedo while keeping κ* 

constant, τop varied considerably, while τApp2,op and τapp,op remained 
constant as shown in Table 3.

In conclusion, the optimum optical thickness τop depends on catalyst 
albedo while τApp2,op does not, therefore, τApp2 provides a more gener
alized reactor optimization parameter than τ. The major practical 
implication of these findings is that when assessing the activity of 
different photocatalyst specimens in suspension using the same photo
reactor, the optimum catalyst concentration is likely to differ among 
such specimens, unless such catalysts have the same scattering albedo ω. 
This situation is very unlikely to happen since catalyst surface 
morphology, surface charge, and catalyst particle agglomeration have a 
profound effect on the value of the scattering albedo of the catalyst 
suspensions. Thus, many conclusions in the wider literature on “best 

catalysts” may need to be revisited.
The results in Table 2 show that the optimum photon absorption for 

the TiO2-P25 photocatalyst occurs at an apparent optical thickness, 
τApp2,op, of 1.47 in slab photocatalytic reactors. This corresponds to an 
optical thickness, τ, of 16.3, which is somewhat different from the value 
of 11.41 reported in the literature, where the SFM-1D model and diffuse 
reflectance (DR) phase function were used but with catalyst properties 
differing from those in this work [26]. Maintaining τApp2,op constant 
yields the optimal design conditions for different catalyst loadings and 
reactor thicknesses, and slab photocatalytic reactors working at the 
same τApp2,op keep the same radiation absorption behavior.

3.1.3. Comparison of the VRPA using the SFM1-D and the SFM2-D
The VRPA calculated using the SFM-1D (see SI) and SFM-2D was 

obtained by integrating the LVRPA over the rectangle of width L and 
depth Lp.

Fig. 4 shows the VRPA as a function of catalyst loading, optical 
thickness, and apparent optical thickness, calculated using the SFM-1D 
(red line) and the SFM-2D (black line). Both models show the same 
behavior, increasing exponentially and approaching a plateau at 
approximately 0.6 g/L of catalyst loading. The same behavior was found 
by Brandi et al., (1996) [27] and Otálvaro et al., (2014) [26] in a flat 
plate photoreactor, and Clovis Nchikou et al., (2021) [23] in a CPC 
photoreactor. The VRPA with the SFM-2D is slightly below the VRPA 
with the SFM-1D, with an overall discrepancy of about 17.6 % using the 
root mean square percentage in the catalyst loading between 0 and 1 g/ 
L. This disparity occurs since the SFM-1D assumes two symmetry con
siderations while the SFM-2D assumes only one. Assuming many sym
metry considerations in the SFM-1D leads to excessive simplification of 
the RTE and therefore increases discrepancies with the exact solution of 
the RTE and to an overestimation of the radiation absorption.

3.1.4. Impact of the catalyst optical parameters and scattering phase 
function on radiation absorption

The LVRPA and VRPA in the slab were calculated with the SFM-2D 
using the H-G and the DR scattering phase functions to evaluate their 
impact on radiation absorption (Figs. 5-6).

The distribution of radiation absorption across the slab is clearly 
more uniform with the H-G scattering phase function since it favors 
forward scattering over the predominantly backward scattering of the 
DR phase function. Thus, with the H-G scattering phase function, pho
tons can more easily reach the inner part of the reactor in comparison to 
the DR phase function. On the other hand, with the DR phase function, 
the back scattering is very high at the zone near the front reactor wall, 
thus, higher absorption was observed near this region in comparison to 
the H-G phase function. The same observations were made when using a 
CPC reactor [23]. Further, the VRPA calculated with both phase func
tions, exhibited a similar trend as shown in Fig. 6, but the absorption 
plateau observed with the H-G was higher than with the DR. This is 
clearly shown in Fig. 6 that display the VRPA/Im as a function of Ccat 
calculated using using the H-G (plateau at 0.67 m) and DR (plateau at 
0.42 m) phase functions (black lines) but with catalyst optical parame
ters (κ* = 287 (m2/kg), σ* = 5420 (m2/kg), and ω = 0.95) taken from 
literature [26]. The H-G scattering phase function is recognised as a 
better description of the scattering properties of TiO2 particles in 
aqueous suspensions [20] when compared to the DR phase function.

3.2. Second boundary case: Flat plate reactor with incident radiation 
varying along the y-coordinate

3.2.1. Radiation absorption behavior
The second case considers that the incident radiation varies along the 

y-axis with an exponential decay (Eq. (69) while symmetry is main
tained along the z-axis. Fig. 7 shows the radiation absorption distribu
tion inside the reactor (Lp = 0.0165 m, L = 1 m) at catalyst 

Fig. 4. The VRPA vs catalyst loading, apparent optical thickness, and optical 
thickness with the SFM-1D (red line) and the SFM-2D (black line) (Lp = 0.0165 
m, L = 1 m).
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concentrations from 0.1 to 1.0 g/L. The LVRPA now varies along the 
reactor width since the incident radiation decreases exponentially along 
the reactor width from 0 to L (see Fig. S2, SI) and also varies along the 
reactor depth. The LVRPA is clearly not uniform across the x-y plane. As 
the catalyst concentration is increased, the distribution of radiation 
becomes less uniform across the reactor, with sharper gradients near the 
front wall of the reactor. Moreover, at catalyst concentrations approxi
mately higher than 0.5 g/L, the radiation absorption decreases notably 
due to the particles’ clouding effect, which impedes the photons’ 
penetration to the inner part of the reactor. The result in this figure 
shows the predictive capability of the SFM-2D, while the SFM-1D would 
have been unsuitable due to the failure of its assumption on uniform 

irradiation at the front wall. The VRPA also increases with catalyst 
loading, optical thickness, and apparent optical thickness until a plateau 
is approximated at catalyst concentrations higher than 0.6 g/L (Fig. 8). 
The same recommendation made in the first boundary case should be 
followed here for optimization purposes. The optimum values of τop and 
τApp2,op are almost the same as in the first boundary case, where the 
incident radiation intensity was constant. It is also observed in this case 
that the light absorption decreases exponentially along the reactor width 
since in this case the incident radiation varies along the reactor width, 
thus, for every value of x, the LVRPA decreases exponentially with 
respect to y.

3.2.2. Independence of optimum values of τ (τop) and τApp2(τApp2,op) on 
reactor depth and catalyst albedo

As previously shown for the boundary condition (1), the indepen
dence of both τop and τApp2,op on the reactor depth and the independence 
of τApp2,op on the catalyst albedo was proved by evaluating firstly the 
VRPA/Im as a function of τ and τApp2 at different reactor depths (see 
Fig. 9); then τop and τApp2,op were estimated keeping the reactor depth 
and the catalyst specific absorption coefficient constant, while varying 
the catalyst scattering albedo ω.

Fig. 9 shows that the VRPA/Im remains the same with respect to τ 
and τApp2 when varying the reactor depth; thus τop and τApp2,op are the 
same no matter the change of Lp which proves the independence of these 
dimensionless parameters on the reactor depth. As in the first case, when 
varying catalyst albedo and keeping κ* constant, τop varied considerably 
as expected, while τApp2,op remained effectively constant. The values of 
τop and τApp2,op determined in this case were similar to those found in the 
first case (Table 2 and Table 3), which also proves that these parameters 
do not vary with the intensity of the incident radiation at the reactor 
boundary.

3.2.3. Impact of the reactor depth on theVRPA
Fig. 10 illustrates how the VRPA varies with reactor depth for 

different catalyst loading (0.1–0.5 g/L). The higher the catalyst loading, 
the lower the optimum reactor depth that leads to the maximum value of 
radiation absorption in the slab.

For any catalyst loading, the VRPA increases exponentially with the 
reactor depth until reaching a fixed value (VRPAop) beyond which no 

Fig. 5. The LVRPA profile in the slab withLp = 0.0165 m, Ccat= 0.1 g/L. Catalyst parameters from Table 1 and H-G phase function (left). Catalyst parameters from 
Table 1 but H-G phase function replaced with DR phase function with scattering probabilities: forward f = 0.11; backward b = 0.71; side s = 0.045 (right) [12].

Fig. 6. The VRPA per unit of the irradiance measured at the reactor front wall 
as a function of Ccat with different catalyst parameters, straight black and blue 
lines stand for the VRPA/Im calculated with H-G and DR phase functions, 
respectively, and both with κ* = 287 (m2/kg), σ* = 5420 (m2/kg), and ω =

0.95.
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Fig. 7. Absorption profile in the reactor for different catalyst loading (Lp = 0.0165 m, L = 1 m).
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significant increase is observed, no matter the increase in the reactor 
depth. Then, for any catalyst loading, it is possible to find the optimum 
reactor depth Lp,op that corresponds to VRPAop. In this study, VRPAop was 
arbitrarily taken as 99 % of the limit value of the VRPA when Lp ap
proaches infinity, thus Lp,op should verify Eq. (93).  

Eq. (93) was solved using Newton-Raphson algorithm, and the solutions 
were the same in both cases when the incident radiation intensity was 
constant or varied. Table 4 shows for each catalyst loading the corre
sponding optimum reactor depth. The solution found led to an apparent 
optical thickness of 1.47, like that reported earlier in this study.

The SFM-2D was systematically derived from photon balances, 
leading to a set of six partial differential equations, which were solved 
with only one symmetry consideration. It can be easily shown that the 
obtained solution satisfies this set of equations. Moreover, the stability 
of the analytical solution is ensured; in fact, a slight perturbation in the 
boundary condition at x = Lp (related to the optical depth) does not 
significantly affect the solution. This is evident in Figs. 9 and 10, where 
the VRPA asymptotically increases with Lp towards a fixed value with 
reactor depth for any catalyst loading.

3.2.4. Generalized criteria for the selection of the optimum reactor depth 
and catalyst loading for photocatalytic water decontamination

Each couple (Ccat, Lp,op) in Table 4 yields the same amount of radi
ation absorption (VRPA/Im = 0.49 m and 0.78 m) when the incident 
radiation intensity at the reactor boundary was constant or when it 
varied along the y-axis respectively. Thus, in principle, we could select 
any couple (Ccat, Lp,op) to obtain an optimum design that maximizes 
photon absorption in a photocatalytic slab. However, more insights are 
needed to understand which couple is more suitable to carry out 

photocatalytic water decontamination in a large-scale reactor. The first 
consideration is that the design should be made for a unit surface area of 
the front wall since the incident light is external to the reactor (e.g., 
sunlight or artificial light sources). The second consideration is that the 
reactor should be operated under turbulent flow conditions to obtain 

faster contaminants removal [28]; thus, in the absence of external 
mixing devices, the Reynolds number should be higher than 1400, and 
the maximum reactor depth can be determined for a required water 
treatment flowrate. Then, since photocatalytic reaction kinetics can be 
approximated as an apparent first-order reaction (deriving from an 
apparent Langmuir-Hinshelwood (L-H) rate law) [29], the larger the 
reactor volume, the higher the contaminant conversion for the same 
flowrate, thus, greater depths lead to larger reactor volumes for the same 
front wall area. However, the adsorption of the reactive species (e.g., the 

water contaminants and other species) over the catalyst should also be 
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Fig. 8. The VRPA per unit of the irradiance measured at the reactor front wall 
vs catalyst loading, apparent optical thickness, and optical thickness (Lp =

0.0165 m, L = 1 m).

Fig. 9. The VRPA /Im as a function of τ and τApp2 with different reactor depths 
Lp and with catalyst parameters in Table 1.

Fig. 10. The VRPA per unit of the irradiance measured at the reactor front wall 
vs the reactor depth at different catalyst loadings with variable intensity of 
incident radiation at the front wall.
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considered, meaning that at a high pollutant load a higher catalyst 
concentration should be required to handle the adsorption of contami
nants on the catalyst surface sites, and at low pollutant load a lower 
catalyst concentration would be selected to adsorb all contaminants. 
Thus, the catalyst concentration that should be used in a slab reactor is 
determined by the ability of the photocatalyst to remove contaminants 
without achieving complete saturation of the catalyst active sites (for 
example, at very high pollutant loads). Considering that photocatalytic 
reactions have been described by an apparent Langmuir-Hinshelwood 
rate law [29], 

− rj = k(LVRPA)m Cj

1 +
∑n

j=1kads,jCj
(94) 

with m ≤ 1, the overall kinetic regime should therefore be maintained in 
the region between first and half-order (1≫

∑n
j=1kads,jCj) to avoid the 

saturation of the catalyst active sites. Once the catalyst concentration 
has been determined from well controlled laboratory scale reactors 
optimized according to the same criteria shown in Table 4 (for example 
using slit reactors with variable depths), then the optimum reactor depth 
for the large-scale reactor can be determined by applying the criteria of 
optimal τ or τApp2 described above.

Another approach to reactor sizing uses the concept of the “boundary 
layer of photon absorption”, which has been presented as a helpful 
design parameter for slurry photoreactors with planar geometry [26]. 
Comparable to thermal, hydrodynamic, and mass boundary layers, the 
boundary layer of photon absorption is described as the reactor thick
ness δabs measured from the irradiated photoreactor surface, where 99% 
of the total energy is absorbed [26]. Beyond δabs, there is a dark zone in 
the reactor, i.e., no photon absorption. δabs is calculated from Eq. (95), 
which was solved using the Newton-Raphson algorithm. 

∫δabs

0

∫L

0

LVRPAdxdy = 0.99VRPA (95) 

Fig. 11 displays the dependence of δabs on Ccat for different reactor 
depths for the boundary conditions with constant and variable incident 
radiation intensity. It was observed that for both cases, δabs decreases 
with increasing Ccat since at higher catalyst loading, photon penetration 
to the inner region of the reactor becomes more difficult. When the 
reactor depth is less than or equal to 1 cm or catalyst loading is less than 
0.1 g/L, approximately, absorption takes place throughout practically 
the whole reactor; these results are consistent with the literature 
[26,30].

3.3. SFM-2D overall considerations

The model presented in this study includes conventional parameters 
used in photoreactor engineering, such as catalyst-specific absorption 
and scattering coefficients, scattering albedo, scattering phase function, 
reactor depth, optical thickness, apparent optical thickness, and catalyst 
loading [31]. Although a strict sensitivity analysis was not performed, 
the effect of each parameter on radiation absorption was evaluated. The 
focus was primarily on establishing a mathematical method that enables 
an accurate assessment of light behavior within photocatalytic reactors 
used in environmental applications and a model that is easy to apply in 
the design, sizing, and calculation of such process equipment [32]. As 
the model is an analytical solution, no error is expected. However, errors 

Table 4 
Optimum reactor depth at different catalyst loadings. Catalyst optical prop
erties from Table 1.

Ccat(g/L) Lp,op(cm) τApp2

0.1 11.04 1.47
0.2 5.52 1.47
0.3 3.68 1.47
0.4 2.76 1.47
0.5 2.21 1.47
0.6 1.84 1.47
0.7 1.58 1.47
0.8 1.38 1.47

Fig. 11. The boundary layer of photon absorption as a function of catalyst 
loading for different reactor depths. Dashed and straight lines represent the 
SFM-2D with the incident radiation intensity constant and varying respectively 
for different reactor depths.

Fig. 12. Incident radiation models (red line) and their Fourier transform (blue line) versus reactor width.
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may arise due to using the Fourier series for the boundary conditions. 
Nevertheless, Fig. 12 confirms that the incident radiation models 
defined in this work match their Fourier expansions, as they satisfy the 
Dirichlet conditions. Moreover, simulations were conducted using more 
than 1000 terms of the series, ensuring convergence. This implies that 
any errors resulting from using the Fourier series, if present, are 
negligible.

The scattering probability parameters of the model (f , b, and s) were 
derived from the original SFM formulation [12], which represents the 
possible photon paths within the process as described in the manuscript. 
Probability corrections have already been addressed in previous studies 
[20] and were also incorporated into this study. On the other hand, the 
model’s predictive capability was demonstrated by evaluating its per
formance near the reactor walls under the simulated conditions. While 
the assumptions regarding scattering probabilities are inherent to the 
formulation, the model’s validation confirmed its accuracy. The analysis 
of the impact of these assumptions on model performance was beyond 
the scope of this study.

As is well known, optical thickness is fundamental in photoreactor 
design analysis. However, the validity of the SFM-2D and its perfor
mance in near-wall regions exhibit behavior similar to that described by 
other mathematical approaches [23]. Moreover, this work emphasizes 
apparent optical thickness rather than optical thickness, as the former 
has been proven to be a more reliable design parameter. The simulations 
presented and the results obtained regarding apparent optical thickness 
are highly relevant to solar photoreactor engineering. Guidelines for the 
optimum design of photocatalytic reactors using the concept of apparent 
optical thickness have been reported [22]. The validation of the present 
model using more rigorous computational methods or computational 
packages that simulate radiant fields was not considered due to the 
transitivity principle. Since the current work formulates a model based 
on the SFM-1D, its validation was conducted through direct comparison 
with this model, which has already been rigorously validated using 
other methods and computational simulations [12]. Therefore, by 
applying the transitivity principle, the validity of the proposed model is 
justified. Nevertheless, future studies will consider direct validation of 
the SFM-2D using conventional rigorous methods such as DOM or Monte 
Carlo, although indirect validation has already been performed with 
both [11,33]. Additionally, in the context of heterogeneous photo
catalytic reactors, no experimental validation data have been reported 
in the literature.

4. Conclusions

In this study, the RTE was solved in 2D in rectangular coordinates 
using the SFM approach to provide an estimation of the LVRPA and 
VRPA in flat slab photocatalytic reactors employing suspended photo
catalytic particles. The model advances over the SFM-1D and allows the 
use of variable incident radiation at the reactor walls. The model 
incorporating the absorption of radiation by the suspended photo
catalytic particles and by the fluid matrix, including all reactive species, 
allows the estimation of the optimum reactor depth and catalyst loading 
to maximize radiation adsorption, achieving complete irradiation of the 
entire reactor volume, thus avoiding dark zones. It was shown that the 
appropriate selection of the scattering phase function is crucial to obtain 
precise evaluations of radiation absorption in suspended photocatalysts. 
Moreover, a generalized criterion for the selection of the optimum 
reactor depth and catalyst loading for photocatalytic water decontami
nation was discussed, making also use of the dimensionless design pa
rameters, including the reactor optical thickness τ and apparent optical 
thicknesses τApp2. The solutions of the RTE with SFM-1D and SFM-2D 
were compared and discussed. The LVRPA profiles calculated with the 
SFM-2D and the SFM-HG matched closely in the region near the slab 
front wall where the incident radiation source enters the reactor, but 
were significantly different in the regions far away from it. For TiO2-P25 
and solar irradiation, it was shown that optimal radiation absorption in 

the slab is obtained for τ = 16.3 and τApp2 = 1.47. The SFM-2D model can 
be useful not only for the estimation of the radiant field in slab photo
catalytic reactors but also for other photochemical processes carried out 
in a slab geometry where solving the RTE is needed and where the 
medium does not emit radiation. Overall, the SFM-2D provides a more 
accurate optimization of the radiation field in a flat plate with non- 
uniform irradiation of the front wall, allowing a more accurate estima
tion of the optimum catalyst load and slab thickness, thus facilitating the 
design of photocatalytic reactors with suspended photocatalysts.

CRediT authorship contribution statement

Clovis Nchikou: Writing – original draft, Validation, Software, 
Methodology, Investigation, Conceptualization. José Ángel Loredo- 
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