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SYMMETRIC LOCALLY FREE RESOLUTIONS

AND RATIONALITY PROBLEMS

GILBERTO BINI, GRZEGORZ KAPUSTKA, AND MICHA L KAPUSTKA

Abstract. We show that the birationality class of a quadric surface bundle over
P
2 is determined by its associated cokernel sheaves. As an application, we discuss

stable-rationality of very general quadric bundles over P
2 with discriminant curves

of fixed degree. In particular, we construct explicit models of these bundles for some
discriminant data. Among others, we obtain various birational models of a nodal
Gushel–Mukai fourfold, as well as of a cubic fourfold containing a plane. Finally, we
prove stable irrationality of several types of quadric surface bundles.

1. Introduction

A quadric bundle is a smooth variety Q equipped with a flat morphism Q→ B whose
general fiber is a smooth quadric. The problem of rationality of quadric bundles has
been a classical subject of investigation dating back to works of Artin and Mumford
[5], and considerable progress has been made recently: see, for instance, [26] and [47].
In this paper, we investigate quadric bundles of relative dimension 2 over the projective
plane. We call them quadric surface bundles.

For a quadric bundle Q of relative dimension n over P2, there exists a vector bundle
G of rank n + 2 on P

2 such that Q is a divisor of relative degree 2 on P(G), see [8,
Proposition 1.2]. The quadric bundle Q is then determined by a non-zero section G ∈
H0(Sym2(G∨)(δ)) for some δ ∈ Z or, equivalently, by a symmetric map qG ∶ G(−δ) → G∨

which induces the following short exact sequence:

(1.1) 0→ G(−δ)
qG
Ð→ G∨ → L → 0.

In this case, L is a sheaf supported on a curve defined by det qG, the so-called discrimi-
nant curve, and is determined by Q up to a line bundle twist. We will call the cokernel
of Q the equivalence class [L] of the sheaf L with respect to the equivalence relation:

L1 ∼ L2⇔ ∃ γ ∈ Z ∶ L1 = L2(γ).
The sheaves representing the cokernel of a quadric bundle Q will be called cokernel
sheaves associated with Q.

In this paper, we prove that the birational type of a quadric surface bundle over P2

with smooth discriminant curve is determined by its cokernel.

Theorem 1.1. Let Q and Q′ be two quadric surface bundles over P
2 having the same

cokernel [L] supported on a smooth discriminant curve. Then the generic fiber of Q
and that of Q′ are isomorphic.
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We prove Theorem 1.1 in two steps. First, in Theorem 2.3, we provide an explicit
relation between the Brauer class associated with the quadric surface bundle and its
cokernel. Second, we show in §2.2, that two quadric surface bundles are isomorphic
at the generic point of P2 if their corresponding Brauer classes are equal. In fact, the
second step is valid also for quadric bundles defined over an open subset of P2, see
Corollary 2.5. As observed by A. Kuznetsov [35], one can alternatively prove Theorem
1.1 by showing that any two quadric bundles with the same cokernel are linked through
quadric reductions via quadric bundles of higher ranks.

Theorem 1.1 is in fact valid in wider generality. In particular, we do not need
to assume that the quadric bundles are of relative dimension 2. Here we formulate
Theorem 1.1 for quadric surface bundles, as this is the only unknown case to date. For
the relative dimension 1 the theorem was proven in [42, Proposition 3.10]. Moreover,
for relative dimension greater than or equal to 3, quadric bundles over P2 always admit
an odd degree multi-section (see [39]); hence they are rational over P2.

In the second part of the paper, we apply Theorem 1.1 to the birational study
of quadric bundles having smooth discriminant curves. We first observe that for a
quadric surface bundle Q over P

2 the discriminant curve C is always of even degree.
Furthermore, any cokernel sheaf L associated with Q is a so-called quasi half-period
on C, i.e., L2 = OC(γ) for some γ ∈ Z. In particular, one can choose a cokernel sheaf
associated to Q that is one of the following

(1) L is trivial, i.e., L = OC ;
(2) L is a half-period, i.e., L2 = OC and L ≠ OC ;
(3) L is an even theta characteristic, i.e., L2 = ωC and h0(L) is even;
(4) L is an odd theta characteristic, i.e., L2 = ωC and h0(L) is odd.

If we fix the (even) degree of the discriminant curve, these cases define four irreducible
(cf. [7, Propositions 2 and 3] and [20]) moduli spaces of pairs (C,L) of plane curves of
fixed degree equipped with a suitable quasi-half period. We refer to these four moduli
spaces as moduli spaces of cokernels in the fixed degree. By Theorem 1.1 and the
discussion above, the disjoint union of moduli spaces of cokernels in degree 2d provides
a parametrization of the set of isomorphism types of generic fibers of quadric surface
bundles with smooth discriminant curves of degree 2d.

In our first application of Theorem 1.1, we provide explicit birational models of
quadric surface bundles corresponding to general elements of each of the four moduli
spaces of cokernels supported on low degree curves.

Proposition 1.2. Let C be a general smooth plane curve of degree 2d ≤ 12. Let Q be
a quadric surface bundle over P

2 with discriminant curve C. Then Q is isomorphic at
the generic point of P2 with one of the following:

(1) a trivial quadric surface bundle,
(2) a complete intersection of d divisors of bidegree (1,1) and one divisor of bidegree(0,2) in P

2 × Pd+3,
(3) a complete intersection of d − 2 divisors of bidegree (1,1) and one divisor of

bidegree (1,2) in P
2 × Pd+1,

(4) the residual component of an intersection of d−3 quadrics and a cubic containing
a P

d−1 in P
d+2, with (rational) fibration structure given by projection from P

d−1.

Conversely, a general curve C appears as a discriminant curve of some quadric surface
bundle in any of the four families above.

The proof is given in Section 4. The constructions in Proposition 1.2 are obtained
as follows. As proved in [6, 12], a quasi-half period L on a smooth plane curve of even
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degree always admits a symmetric free resolution, i.e., a resolution like (1.1) with G a
split bundle. In particular, L is a cokernel sheaf of a quadric bundle being a divisor in
the projectivization of a split bundle, possibly of high rank. Applying quadric reduction
(cf.[2]) to these bundles, we obtain many symmetric locally free resolutions of the same
cokernel sheaf. We infer, in particular, that L is the cokernel of many quadric surface
bundles. These are contained in P

3-bundles which are not necessarily projectivizations
of split bundles. We are able to explicitly find suitable quadric reductions for all the
families of high rank quadric bundles constructed in [6, 12] for 2d ≤ 12. This leads,
among others, to the constructions in Proposition 1.2.

The same method can be applied to provide alternative birational models for quadric
surface bundles from Proposition 1.2. In particular, in Corollary 4.1, we find alternative
models for Verra fourfolds (2 ∶ 1 covers of P

2 × P
2 branched along a (2,2) divisor)

and for cubic fourfolds containing a plane, blown up along the plane. An interesting
consequence is a comparison of two families of fourfolds for which the rationality of
a general element is still a wide open conjecture, namely Verra fourfolds and Gushel–
Mukai fourfolds. The latter are fourfolds obtained as proper intersections of a cone over
the Grassmannian G(2,5) in its Plücker embedding with a seven-dimensional quadric in
P
10. We prove that Verra fourfolds are birational to singular one-nodal Gushel–Mukai

fourfolds. In particular, combining that with results of [40], we deduce that the stable
irrationality of a very general Verra fourfold would also imply the stable irrationality
of a very general smooth Gushel–Mukai fourfold.

Finally, we use Theorem 1.1 and the specialization method (cf. [53, 13, 26, 48]) to
prove stable irrationality of quadric surface bundles whose associated cokernel is very
general in its moduli space in some degrees.

Corollary 1.3. (1) A quadric surface bundle on P
2
C
with cokernel that is very gen-

eral in the moduli space of half-periods on curves of degree 8 ≤ 2d ≤ 18 is not
stably rational.

(2) A quadric surface bundle on P
2
C
with cokernel that is very general in the moduli

space of theta characteristics on curves of degree 8 ≤ 2d ≤ 14 is not stably
rational.

(3) A quadric surface bundle on P
2
C
with cokernel that is very general in the moduli

space of odd theta characteristics on curves of degree 9 ≤ 2d ≤ 12 is not stably
rational.

In particular, we obtain stable irrationality of the very general element of the fol-
lowing families.

(1) a complete intersection of d divisors of bidegree (1,1) and one divisor of bidegree(0,2) in P
2
C
× Pd+3

C
for 4 ≤ d ≤ 9,

(2) a complete intersection of type d − 2 divisors of bidegree (1,1) and one divisor
of bidegree (1,2) in P

2
C
× Pd+1

C
, for 4 ≤ d ≤ 7,

(3) the residual component of an intersection of d−3 quadrics and a cubic containing
a P

d−1
C

in P
d+2
C

for 4 ≤ d ≤ 6.

We produce more stably irrational quadric surface bundles by applying Corollary 1.3
to alternative models of quadric surface bundles listed in Section 3.

Throughout we mainly work with an algebraically closed field k of characteristic
different from 2. Whenever we use other assumptions on the field, we state them
explicitly.
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2. Quadric bundles from symmetric resolutions of the same sheaf

By [8, Proposition 1.2] any quadric bundle over P2 arises from the following construc-
tion. Let G∨ be a locally free sheaf on P

2. We use the notation P(G) = ProjS●(G) for
the projectivization by hyperplanes in the fibers. Denote by OP(G∨)(1) the tautological
sheaf and let 0 ≠ G ∈ H0(Sym2(G∨)(δ)). Thus G induces a family of quadric forms
OP2 → Sym2(G∨)(δ) and a symmetric map qG∶ G(−δ) → G∨ whose cokernel is a sheaf
L. Hence we have an exact sequence

(2.1) 0→ G(−δ) qG
Ð→ G∨ → L → 0.

Assume qG is generically non-degenerate. Then the zero locus QG ⊂ P(G∨) of G,
equipped with the natural projection map to P

2, is a quadric bundle.
Set C = Supp(L), the scheme theoretic support of L. Then C is a plane curve and

degC = 2c1 (G∨) + rk(G∨)δ. Observe that the curve C is the discriminant curve of the
quadric bundle QG i.e. the locus over which the fiber is singular. Indeed, this is exactly
the locus where the symmetric map qG has lower rank.

Note that not only the discriminant curve is determined by the quadric bundle QG.
In fact, from the proof of [8, Proposition 1.2] it follows that for every quadric bundle
Q over P

2 there exists a unique projective bundle P over P
2 such that Q appears on

P as a divisor of relative degree 2. In other words, in our notation, we have P(G) is
determined by QG. In particular, G is determined by QG up to a twist by a line bundle
on P

2 and consequently also L is determined by QG up to a twist by a line bundle on
P
2.
In what follows, we assume that all considered quadric bundles arise from sheaves G

of even rank and maps qG of generic maximal rank such that the discriminant curve C
is smooth and the corank two locus is empty.

Lemma 2.1. If the corank two locus of qG is empty, then the sheaf L is a quasi half-
period on C, i.e., L2 = OC(γ) for some γ ∈ Z..

Proof. Here we closely follow Theorem 3.1 in [17, p. 8]. The determinant of the
short exact sequence (2.1) gives a self-duality L⊗ det(G∨)→ (L⊗ det(G∨)(δ))∨ on the
complement of the corank two locus inside the corank one locus, namely C. Under our
assumptions, the corank two locus is empty, so the self-duality above is defined on the
whole of C. We infer L2 = (detG)2 ⊗OC(−δ) = OC(rk(G)δ − degC − δ) which implies
that L is a quasi half-period. �

Let S be the double cover of P2 branched along C. We will call it the discriminant
double cover associated to QG. We define βQG

∈ Br(S) to be the class of the even Clif-
ford algebra associated with QG viewed as an algebra over its center, whose underlying
scheme is S (cf. [2, §1.6]). This will be identified, in Section 2.1.2, with a pullback of
a class in the Brauer group Br(k(P2)).
Remark 2.2. More geometrically, over the complex numbers the Brauer–Severi scheme
associated with a quadric bundle Q→ P

2 of relative dimension 2 is the relative Hilbert
scheme of lines in the fibers of π∶HilbQ→ P

2. This is a P
1-fibration over the discrimi-

nant double cover S. In fact, a smooth quadric surface admits two pencils of lines and
a corank one quadric surface admits one pencil. The gluing data of this P

1-fibration
gives a Brauer class βQ ∈H

2(O∗S)2 ≃ Br(S) (see, for instance, [23, 21, 55]).
In order to prove Theorem 1.1 we make an intermediate step by first proving that[L] determines the Brauer class βQG

.
4



Theorem 2.3. Let C be a smooth curve of degree 2d and L a quasi half-period on C

considered as a sheaf on P
2. Let

0→ G(−δ1) qG
Ð→ G∨ → L(k1)→ 0, 0→ F(−δ2) qF

Ð→ F∨ → L(k2)→ 0,

be locally free resolutions, where G, F are vector bundles of even rank on P
2, δ1, δ2, k1, k2 ∈

Z and qG, qF are symmetric forms corresponding to G ∈ H0(Sym2(G∨)(δ1)) and
F ∈ H0(Sym2(F∨)(δ2)). Let QG ⊂ P(G∨) and QF ⊂ P(F∨) be the two quadric bundles
associated with these resolutions. Then βQG

= βQF
∈ Br(S).

2.1. The proof of Theorem 2.3. We formulate the proof so that we work only with
the quadric bundle QG and prove that its Brauer class βQG

is determined by [L]. The
proof will be divided into several steps.

2.1.1. Step 0. Reduce to the case δ1 = δ2 and k1 = k2 = 0. The preparatory step is
based on the trivial observation that twisting a resolution

0→ G(−δ) qGÐ→ G∨ → L(k)→ 0,

by OP2(−k), we obtain a new resolution of L, namely:

(2.2) 0→ G′(−δ′) qGÐ→ G′∨ → L → 0,

with G′ = G(k) and δ′ = δ + 2k. The latter resolution leads to the same quadric bundle.
Finally, Lemma 2.1 implies that the integer δ′ appearing in a resolution of the form
(2.2) is uniquely determined by C, L and rk(G) = rk(G′). Indeed,

L2(degC) = OC((rk(G′) − 1)δ′).

2.1.2. Step 1. Trivialization over an open set in P
2. Choose a line L ⊂ P2 and

set U = P2 ∖ L. The map qG∣U induces a quadric b over the field of rational functions
k(P2). Indeed, by the famous theorem of Quillen–Suslin G∣U is a split bundle over U
and the map qG∣U is given by a symmetric matrix with entries being regular functions
on U , which are in particular rational functions in k(P2).

Accordingly, b defines a Clifford algebra ClU ∶= Cl(qG∣U ). Denote by ClU0 the algebra

of even parts, as described in [29, §. 3.2]. We look at ClU0 as an algebra over its center
k(S), where π∶S → P

2 is the discriminant double cover. Hence we can associate to

it an element [ClU0 ] in Br(k(S)). From [38, V.2.4], the algebra π∣∗U(ClU) is Morita

equivalent to ClU0 . We define βU ∶= [ClU0 ] = π∗U [ClU ]. What’s more, by [29, Theorem
4.5], βU is uniquely determined by [ClU ] and does not depend on U because βU =[ClU0 ] ∈ Br(k(S)) is equal to the class in Br(S) ⊂ Br(k(S)) defined as in [2, §1.6].
Therefore, βU may also be denoted by βQG

.
Since we have a symmetric map between trivial bundles over U , which is given by a

matrix of rational functions with denominators being powers of a fixed linear form, we
can apply [28, Theorem 6.1] to conclude that the Brauer class βU = βQG

is determined
by L. This ends the proof of Theorem 2.3.

For the sake of completeness, we will outline the proof of [28, Theorem 6.1] in our
context by means of slightly modified arguments.
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2.1.3. Step 2. The Brauer class is determined by its residue along C. Since
we assume that k is algebraically closed and chark ≠ 2, the exact sequences in [5,
Theorem 1] and [28, §3.2] give the following diagram:

(2.3) 0 // Br(k(P2))[2] ∂
//

π∗

��

⊕
x∈(P2)(1)

H1(k(x),Z/2) ρ
//

π∗

��

⊕
P ∈(P2)(2)

Z/2
π∗

��

Br(S)[2] � � // Br(k(S))[2] ∂
// ⊕
x∈(S)(1)

H1(k(x),Z/2) ρ
// ⊕
P ∈(S)(2)

Z/2,

where T (r) is the set of points of codimension r of T ; k(x) is the residue field of
x; by V [2] we mean the 2-torsion subgroup of the group V and H1 refers to Galois
cohomology. Finally, the horizontal maps are induced by residues. In particular, the
map ρ is illustrated in [28, §. 3.2, diagram 4.1, proof of Proposition 4.3] (it is denoted
by r in the reference).

This induces the following diagram over U :

(2.4) 0 // Br(U)[2] ∂
//

π∗

��

⊕
x∈(P2∖U)(1)

H1(k(x),Z/2) ρ
//

π∗

��

⊕
P ∈(P2∖U)(2)

Z/2
π∗

��

Br(S)[2] � � ι
// Br(π−1(U))[2] ∂

// ⊕
x∈(S∖π−1U)(1)

H1(k(x),Z/2) ρ
// ⊕
P ∈(S∖π−1U)(2)

Z/2.

To conclude that the Brauer class βU = βQG
depends only on L, it suffices to prove

that L determines the class [ClU ] or, equivalently, its residues along all the curves in
P
2. Since the ramification locus of the quadric over k(P2) is contained in C ∪L, only

the residues along C and L matter. Moreover, it is not hard to see that the residue
along L is in fact determined by the residue along C. Indeed, since ClU = Cl(M) and
the residue of ClU along the preimage of L on S is trivial (see §2.1), this residue is

of the form ( f
l2d
)i, where f is the equation of C and l is the equation of a line (any

line will give an equivalent residue) in P
2 and i ∈ Z (cf. [29, Proposition 6.3]). In

order to find i we use the description [5, Theorem 1] of the map ρ in (2.3). At points
P ∈ C ∩ L we have ρ(hC , hL) = vP (hC) + vP (hL) where hC and hL are elements from
H1(k(C),Z/2Z) ≃ k(C)∗/(k(C)∗)2 and

H1(k(L),Z/2Z) ≃ k(L)∗/(k(L)∗)2
respectively. Hence, by (2.4) we deduce that the valuation of Cl(M) along C ∩ L
determines the valuation along L. 1

2.1.4. Step 3. An explicit computation of the residue along C. Here we provide
a computation of the residue along C which is based on a suggestion by an anonymous
referee. In particular, we will prove that the residue of the class βU along C is given by
the restriction of the quadratic form b to the curve C or, equivalently, it is determined
by L.

Let R ⊂K = k(P2) be the local ring of the generic point of C ⊂ P2. The bilinear form
b∶ G × G → O(δ) induced by qG gives a map of K-vector spaces V × V →K, where V is

1Note that these valuations do not have to be equal. In fact, in the case when L is a theta
characteristic we shall see that vP (hC) = 1 at a point P ∈ L ∩C (see [28, Proposition 6.3]).
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the vector space over K corresponding to G. The latter map restricts to R-modules as
bR∶ V × V → I, where I is the R-module corresponding to O(δ). Set

V #
= {v ∈ V ⊗RK ∶ b(v,V ) ⊂ I}.

By standard results, bR induces an embedding V → V #
= V ∨ ⊗ I. Moreover, the

restriction of bR to V #/V is also a non-degenerate bilinear form on the torsion R-
module V #/V .

Since C is smooth and is defined scheme theoretically as the discriminant of qG,
V #/V is isomorphic to R/⟨f⟩, where f is a generator of the maximal ideal of R, i.e.,
a local equation of C. Moreover, R/⟨f⟩ = k(C) is the function field of C. By [46,
Chapter 6, Theorem 2.1] there is an equivalence of categories between non-degenerate
bilinear forms over finite length torsion R-modules and non-degenerate bilinear forms
over the residue field. By [46, Chapter 6, Remark 2.5], the residue of bR along C is the
element a ∈ k(C)∗ (defined up to (k(C)∗)2) corresponding to the restricted bilinear
form bC ∶k(C) → k(C). Note that bC is determined by the quasi-half period L on C.
Moreover, if we compare [46, Chapter 6, Definition 2.5] with [28, Proposition 2.29], we
deduce that the residue of the quadratic form bR is equal to the residue of the Clifford
algebra ClU with [ClU ] = βU .

To this end, fix a symmetric m × m matrix M of rational functions on U which
defines the restriction qG∣U and has non-zero principal minors. Let us denote byMi the
determinant of the matrix obtained by taking the first i rows and columns of M . Then

we can assume that such a matrix has valuation 0 along C for i ≤m−1 and detM = f
l2d

has valuation 1. Hence, by [28, Proposition 2.29] the residue ∂C(ClU) = ∂C(Cl(M))
can be described by the restriction of M1...m−1 to the curve C, namely:

(2.5) ∂C(Cl(Mm−1)) =Mm−1.

On the other hand, in [46, Chapter 6, Definition 2.5] we have

(2.6) ∂2,C(qG) = l2dMm

fMm−1
.

Therefore, ∂2,C(qG) = (∂C(Cl(Mm−1)))−1; hence the two residues determine the same
element in k(C)∗/(k(C)∗)2.
2.1.5. Step 4. Conclusion: The Brauer class does not depend on the reso-

lution of L. Summing up, βQG
does not depend on the bundle G and the symmetric

locally free resolution of L, it only depends on [L]. This finishes the proof of Theorem
2.3. �

2.2. The proof of Theorem 1.1. We already know from Theorem 2.3 that the
quadric bundles associated with two symmetric resolutions of sheaves related by a
twist induce the same Brauer class. On the other hand, if two quadric surface bundles
induce the same 2-torsion Brauer class, the associated (as in Section 2.1) Azumaya
algebras (over the same central simple algebra) of rank two on S are Morita equivalent.
As a consequence, they are isomorphic over an open set U ⊂ S (see [29, §6]). Theorem
1 in [4] implies that the associated quadric bundles are isomorphic over an open subset
of P2; hence their generic fibers over P2 are isomorphic. �

In fact, the following more precise statement relating the Brauer class and the quadric
bundle, was suggested to the authors by one of the referees.
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Proposition 2.4. Let k be any field of characteristic different from 2. Two smooth
quadric surfaces Q1 and Q2 over k are k-birational to each other if and only if one of
the following holds:

i) Q1 and Q2 both have a rational point;
ii) none of Q1 and Q2 has a rational point, disc(Q1) = disc(Q2) = ∆ ∈ k∗/(k∗)2

and in Br(k(√∆)) the associated Brauer classes α1 and α2 coincide.

Furthermore, if the discriminants and Brauer classes associated to Q1 and Q2 are
equal then Q1 and Q2 are isomorphic.

Proof. A smooth quadric Q ⊂ P
3
k
is defined by a non-degenerate quadratic form q in

four variables. To q we associate the discriminant ∆ ∈ k∗/(k∗)2 that gives a trivial or

a quadratic extension K = k(√∆) of k. The quadric Q also defines a quaternion class
α in the Brauer group Br(K). By [14, Theorem 2.5], if C/K is the conic associated to
α we have two possibilities:

● ∆ = 1 (hence K = k) and Q = C ×k C
● ∆ ≠ 1 and Q = RK/k(C), where RK/k is the Weil restriction of scalars.

Hence, if we have two quadrics Q1, Q2 with the same discriminant ∆1 = ∆2 = ∆ ∈
k∗/(k∗)2 and associated Brauer class α1 = α2 = α ∈ Br(k(√∆)), then Q1 = Q2. This
is a proof of the last assertion of the proposition, but it also gives the “if” part of the
first assertion in the case both quadrics have no k-rational points.

To deal with the case when both quadrics have a k-rational point, recall that a
quadric Q has a rational point (Q(k) = ∅) if and only if it is k-rational, i.e., k-birational
to projective space. Therefore, if both Q1 and Q2 have a k-rational, each of them is
k-birational to P

2
k
; hence they are k-birational to each other. This concludes the “if”

part of the proof.
For the “only if” part, let Q1 and Q2 be two smooth quadric surfaces which are

k-birational to each other. Clearly, Q1 has a k-rational point if and only if Q2 does.
Now, assume we have two quadrics Q1 and Q2 such that the sets of rational points
Q1(k) and Q2(k) are empty.

For i = {1,2} denote by Fi ∶= k(Qi) the function field of Qi. Let ∆i be the discrim-
inant o Qi and Ki the corresponding quadratic extension. By [1, Theorem 3.1], the
kernel of the restriction map Br(k) → Br(Fi) is zero, unless Qi(k) = ∅, and ∆ = 1.
In this case, the kernel is isomorphic to Z2 and it is spanned by the class αi ∈ Br(k),
which is non-zero.

Since Q1 and Q2 are k-birational to each other, we have

B ∶= ker[Br(k) → Br(F1)] = ker[Br(k) → Br(F2)].
If B ≠ 0, then ∆1 = 1 and ∆2 = 1 and the group B is spanned by the unique class

α = α1 = α2 ∈ Br(k).
If B = 0, then ∆1 ≠ 1 and ∆2 ≠ 1. Suppose ∆1 ≠ ∆2 ∈ k

∗/(k∗)2. Let us work over
to the field K1. Since Q1(k) = Q2(k) = ∅ we have Q1(K1) = ∅ and Q2(K1) = ∅. By
[1, Theorem 3.1], the kernel of Br(K1) → Br(K1(Q1)) is isomorphic to Z2, whereas
the kernel of Br(K1)→ Br(K1(Q2)) is trivial (since the discriminant ∆2,K1

of Q2 over
K1 is not 1); this is however a contradiction, as Q1 and Q2 are birational over k and,
accordingly, also over K1.

Next assume B = 0 and ∆1 =∆2 ∈ k
∗/(k∗)2 and this element is not 1. Let K ∶=K1 =

K2 be the corresponding quadratic extension of k. Since Q1 is k-birational to Q2, this
also holds over K. As a consequence, we have K(Q1) =K(Q2) and the corresponding
discriminants of Q1 and Q2 over K are ∆K = 1 ∈ K

∗/(K∗)2. Therefore, again by [1,
8



Theorem 3.1], we have α1 = α2 ∈ Br(K), as they are both equal to the generator of
ker[Br(K)→ Br(K(Q2))]. �

Proposition 2.4 allows us to deal with rationality questions for quadric bundles over
open subsets of P2. Indeed, to a quadric bundle Q over an open subset of P2 we can
always associate a quadric over the function field of P2, by base change over the generic
point. In this way Q has a well defined discriminant, discriminant double cover and
an associated Brauer (see [4] for more details). Using this terminology we can now
formulate the following corollary which is a straightforward consequence of Proposition
2.4.

Corollary 2.5. Let k be any field of characteristic different from 2. Let Q1 and Q2

be two quadric surface bundles over some open subset of P2
k
. Assume they induce the

same discriminant double cover and corresponding Brauer class. Then Q1 and Q2 are
k-birational.

Remark 2.6. We also have an alternative more geometric argument to deduce Theo-
rem 1.1 from Theorem 2.3. It works when the base field is C. Indeed, recall from [15,
Prop. 7.1.6] that two Severi-Brauer varieties over a field k of the same dimension are
isomorphic if and only if they determine the same Brauer class.

Now, in order to deduce Theorem 1.1 from Theorem 2.3, let us consider the generic
fibers of the associated Brauer–Severi schemes Hilb(QF ) → S and Hilb(QG) → S.
The fiber over the generic point C(S) of the Brauer–Severi scheme is a Brauer–Severi

variety over C(S) (it becomes Pn after tensoring by the algebraic closure C(S)). Using
injectivity of the restriction to the generic fiber the Brauer classes associated with F
and G in Br(S)[2] can be identified with their restrction to their generic fibers which
are the Brauer classes in Br(C(S)) associated to the Brauer–Severi varieties (see, for
example, [24, Corr. 1.10], [5, §3], [34]). The corresponding Brauer–Severi varieties are
hence isomorphic. In that case the quadric bundles have isomorphic generic fibers.
Indeed, in order to see it, it suffices to observe that a point on a quadric bundle is
determined by the intersection of two lines (from different rulings).

3. Free symmetric resolutions and quadric reductions

Our aim in this section is to provide tools for the construction of symmetric locally
free resolutions, involving bundles of rank four, of a quasi half-period L on a general
curve C of fixed even degree 2d. For these purposes, we recall the operation of quadric
reduction on a quadric bundle [2]. Here we adapt it to our context.

Quadric reduction. Let Q be a quadric bundle, which is associated with a symmetric
map ϕ∶ T (−δ) → T ∨. Let U be a regular isotropic subbundle of T (−δ), i.e., such that
for the inclusion map ι∶ U → T (−δ) we have ι∨ ○ϕ ○ ι = 0 and P(U∨) does not meet the
singular locus of any fiber of Q. Define the subbundle U⊥ ∶= ker(ι∨ ○ ϕ). Denote by
Q′ the quadric fibration associated with ϕ′∶ U⊥/U → (U⊥/U)∨(δ) which is obtained by
restricting ϕ to U⊥ and by taking the well-defined quotient map, as U is an isotropic
sub-bundle. Then Q′ ⊂ P((U⊥/U)∨) will be called the quadric reduction of Q with
respect to the projective subbundle P(U∨) (see [2, Definition 1.13]).

Remark 3.1. A special case of quadric reduction is given by sub-bundles U of rank
one. Then the corresponding quadric bundle admits a section s and Q′ is associated to
the quadratic form induced by Q on the projectivization of the relative tangent bundle
of Q along the section s.
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Proposition 3.2 ([2, Theorem 1.27]). The quadric bundle Q and its quadric reduction
QU with respect to any regular isotropic subbundle U admit the same discriminant locus
and induce the same Brauer class on the discriminant double cover.

Remark 3.3. Theorem 2.3 provides a straightforward alternative proof of Proposition
3.2 when the discriminant curve is smooth and the quadric bundles have even relative
dimension.

Remark 3.4. For every quadric bundle of rank greater than 4 over P2 there is always
an isotropic section that is regular over a dense open subset of P2. The corresponding
quadric reduction leads to a quadric bundle of lower rank over that open subset or a
so-called weak quadric bundle (where we allow the quadratic form to be 0 on some
fibers) over P

2. Thus, having any quadric bundle Q of even rank larger than 4 we
can perform quadric reductions of Q with respect to its isotropic section and iterate
this process until we get a quadric surface bundle over some dense open subset of P2.
These (weak) quadric surface bundles will all be isomorphic at the generic point of P2

by Corollary 2.5.

We now have a tool to construct quadric bundles of lower dimension from quadric
bundles of higher dimension without changing the associated cokernel [L]. For the
construction of symmetric locally free resolutions involving bundles of rank four, we will
hence look for such resolutions in some even rank ≥ 4. First, it is natural to investigate
free resolutions. We proceed to the classification of quadric bundles associated with
free resolutions.

Proposition 3.5. Let C be a general smooth plane curve and L a quasi half-period

on it. Let 0 → T (−δ) φ
Ð→ T ∨ → L → 0 be a free symmetric resolution of L such that

Hom(T ∨,T (−δ)) = 0. Then there exists a free symmetric resolution

0→A(−δ) ψ
Ð→A∨ → L → 0

if and only if

(3.1) A = T ⊕O(δ
2
)l ⊕ r

⊕
j=1
(O(kj)⊕O(δ − kj))

for some non-negative integers l, kj ≥ 0 such that l = 0 for δ odd. Moreover, if l is
even, the associated quadric fibrations Qφ and Qψ are related by a quadric reduction.

Conversely, a generic symmetric map ψ̃∶A(−δ) → A∨ induces a quadric fibration Q
ψ̃

which admits a quadric reduction to some quadric fibration Q
φ̃
associated with a map

φ̃∶ T (−δ) → T ∨.
Proof. Clearly, if A is as in (3.1), i.e. A = T ⊕A′ for

A′ ∶= O(δ
2
)l ⊕ r

⊕
j=1
(O(kj)⊕O(δ − kj)),

then we can take ψ = φ⊕ id.

To prove the other implication, take the resolution 0 → A(−δ) ψ
Ð→ A∨ → L → 0 with

A being a split bundle. We have a commutative diagram

0 A(−δ) A∨ L 0

0 T (−δ) T ∨ L 0

ψ

πT

φ

ιA

s

10



Then the composition of id − πT ○ ιA∶ T ∨ → T ∨ with s is trivial, as the diagram is
commutative. Hence it induces a homomorphism T ∨ → T (−δ), which is trivial un-
der the assumption Hom(T ∨,T (−δ)) = 0. Therefore, T ∨ must be a component of A∨.
Hence A = T ⊕ A′ with A′ and πT is the projection A∨ → T ∨. Furthermore, the
map πT ○ ψ has the same rank as φ at every point. In particular, since C is irre-
ducible, all maximal minors of the matrix associated with πT ○ψ are divisible by detφ.
Therefore, a base change in A allows us to assume that the matrix associated to ψ is
a diagonal block matrix with diagonal blocks associated to elements of the matrices
Sym2(T ∨)(δ) and Sym2(A′∨)(δ). Under this assumption, the map ψ induces an
isomorphism between A′(−δ) and A′∨, which gives the assertion. Indeed, for every line
bundle component O(−ki) of A′(−δ) (i.e. a component O(δ−ki) of A′) the isomorphism
associates a component of A′∨ isomorphic to it and this correspondence is a bijection.
Hence such a component of A′∨ must come from a component of the form O(ki) in
A′. To prove the assertion about the quadric reduction, it is enough to observe that
another base change transforms ψ into a matrix consisting of two diagonal blocks of
size l × l and 2r × 2r; both of them can be put in anti-diagonal form with 1 on the
anti-diagonal. If l is even, we can easily see a rank l + r regular isotropic subbundle of
A, with respect to which the quadric reduction of Qψ is Qφ. The same argument is

valid for any map ψ̃∶A(−δ)→ A∨. �

3.1. Symmetric free resolutions of quasi half-periods. Applying Proposition 3.5
to the minimal free resolutions of general quasi-half periods found in [6] and [12, Propo-
sition 4.2 and Proposition 4.6 ], we obtain a classification of split symmetric resolutions
of quasi half-periods on general smooth plane curves of degree 2d. Indeed, we have the
following characterization of split bundles A involved in symmetric resolutions of quasi
half-periods L, namely

(3.2) 0→A(−δ)→A∨ → L → 0.

Note first that, if L is a quasi-period on a general curve C, there exists γ ∈ Z such
that L(γ) is trivial, a half-period, an even or an odd theta characteristic. Twisting the
resolution 3.2 by OP2(γ) we obtain

(3.3) 0→Aγ(−δγ)→ A∨γ → L(γ)→ 0,

with Aγ = A(−γ) and δγ = δ − 2γ. Hence we reduced our classification of symmetric
free resolutions of non trivial quasi-half periods to the three cases listed below.

Half-periods: If L(−d) is a half-period then δ = 0 and we have

(3.4) A = O(−1)d ⊕Ol ⊕ r

⊕
j=1
(O(kj)⊕O(−kj))

for some non-negative integers l, kj ≥ 0.
Even theta characteristics: If L(−2d) is an even theta characteristic, then δ =

1 and we have

(3.5) A = O2d ⊕
r

⊕
j=1
(O(kj)⊕O(1 − kj))

for some non-negative integers kj ≥ 0.
Odd theta characteristics: If L(−2d) is an odd theta characteristic then δ = 1

and we have

(3.6) A = O2d−3 ⊕O(−1)⊕ r

⊕
j=1
(O(kj)⊕O(1 − kj))

11



for some non-negative integers kj ≥ 0.

3.2. Quadric bundles via symmetric free resolutions. Recall that every bundle
T ∨ on P

2 admits a free resolution of length two 0→ B → A → T ∨ → 0. In this section, we
consider quadric bundles given by sections of Sym2 T ∨(δ), for δ satisfying the additional
assumption H2(⋀2B(δ)) = 0. We prove that such quadric bundles are the quadric
reductions of quadric bundles given by (Sym2(A ⊕ B∨(−δ)))(δ). Furthermore, the
latter quadric bundles need to be included in the classification of Section 3.1. This
provides us a convenient way to construct and investigate many quadric bundles.

Proposition 3.6. Let T be a vector bundle equipped with a symmetric map

ϕ∶ T (−δ) → T ∨
inducing a quadric bundle Q. Let 0 → B → A → T ∨ → 0, be a length two resolution of
T ∨ with A and B split. Assume that H2(⋀2B(δ)) = 0. Then there exists a symmetric
map ψ∶A∨(−δ) ⊕ B → A ⊕ B∨(−δ) which induces a quadric bundle P such that Q is
obtained from P by quadric reduction.

Proof. For the proof, we find an appropriate decomposition of the space of sections
H0(Sym2(A⊕B∨(−δ))(δ)) that allows us to define ψ. First, we have

H0(Sym2(A⊕B∨(−δ))(δ)) =H0(Sym2A(δ)) ⊕H0(A⊗B∨)⊕H0(Sym2B∨(−δ)).
Then, from the vanishing H2(⋀2B(δ)) = 0, the short exact sequence

0→ ⋀2B → A⊗B → Sym2A → Sym2 T ∨ → 0

gives a decomposition

H0(Sym2A(δ)) =H0(Sym2 T ∨(δ)) ⊕H0((A⊗B(δ))/⋀2B(δ)).
Additionally, by the cohomology exact sequence associated with the resolution of the
bundle T ∨ ⊗B∨(−δ) and the vanishing H1(B ⊗B∨) = 0 (as B ⊗B∨ is split), we have

(3.7) H0(A⊗B∨) =H0(B ⊗B∨)⊕H0(T ∨ ⊗B∨).
Finally, we get

H0(Sym2(A⊕B∨(−δ))(δ)) = H0(Sym2 T ∨(δ)) ⊕H0(B ⊗B∨)⊕H0(T ∨ ⊗B∨)⊕
⊕ H0((A⊗B(δ))/⋀2B(δ))⊕H0(Sym2B∨(−δ)).(3.8)

If we now denote by ϕ̄ the element of H0(Sym2 T ∨(δ)) corresponding to the symmetric
map ϕ, we can define a symmetric map ψ corresponding to an element of H0(Sym2(A⊕
B∨(−δ))(δ)) obtained by adding to ϕ̄ the identity on H0(B ⊗ B∨) and taking the
remaining components to be zero. In this way, we get a quadric bundle P for which
B∨(−δ) is regular isotropic and the associated quadric reduction is exactly Q. �

Lemma 3.7. Let A, B be split bundles. Let δ ∈ Z be such that H2(⋀2B(δ)) = 0.
Assume that there exists an embedding B → A inducing an epimorphism

Hom(A,B∨(−δ))↠ Hom(B,B∨(−δ)).
Consider a general map ψ∶A∨(−δ) ⊕ B → A ⊕ B∨(−δ) and assume it to be of generic
maximal rank. Then there exists an embedding B ↪ A∨(−δ) ⊕B such that B is regular
isotropic with respect to ψ. Moreover, if we apply the quadric reduction induced by B
to the quadric bundle Qψ associated with ψ, we obtain a quadric bundle Qφ associated
with a symmetric map φ∶ T (−δ) → T ∨, where T is a vector bundle fitting in the short
exact sequence: 0→ B → A → T ∨ → 0.

12



Proof. By generality assumption, in the decomposition (3.8) the component of ψ in
H0(B ⊗B∨) can be assumed to be of maximal rank; a change of coordinates allows us
to assume it is the identity. Under our assumptions, the epimorphism φ allows us to
replace ψ with a conjugate θψθ∨, where θ is an automorphism of A⊕B∨(−δ) such that
the restriction of ψ to H0(Sym2B∨(−δ)) is 0. Accordingly, B is regular isotropic. The
associated quadric reduction is a quadric bundle in the projectivization of the dual of
the cokernel of a map B → A. This proves the claim. �

Corollary 3.8. Let T be a vector bundle and let 0→ B → A → T ∨ → 0 be a length two
free resolution of T ∨. Assume that H2(⋀2B(δ)) = 0 for some δ ∈ Z. Let (C,L) be a
general plane curve of degree 2d equipped with a quasi half-period. Then there exists a
symmetric map ϕ∶ T (−δ) → T ∨ giving a resolution 0 → T (−δ) → T ∨ → L → 0 if and
only if (A⊕B∨(−δ), δ) appears in the classification of Subsection 3.1.

Proof. Apply Proposition 3.5 and Proposition 3.6 and Lemma 3.7. �

Remark 3.9. The restriction to the fibers of the map in Lemma 3.7 shows that the
cokernel of the symmetric map from H0(Sym2(A⊕B∨)) is the same as the cokernel of
q. Therefore, in Corollary 3.8 we obtain a free symmetric resolution of the same sheaf
from a locally free symmetric resolution of L.

Remark 3.10. Note that the condition H2(⋀2B(δ)) = 0 for B = ⊕n
i=1O(bi) amounts

to saying that for all pairs 1 ≤ i < j ≤ n we have bi + bj + δ > −3. Furthermore, if T ∨

admits a free resolution 0 → B → A → T ∨ → 0 with B a vector bundle of rank at most
two, then we have H2(⋀2B(δ)) = 0.

4. Application to rationality problems

Consider the map from the set of quadric surface bundles over P
2 to the union of

moduli spaces of plane curves equipped with quasi half-periods given by taking the
associated cokernel. Let us call it the cokernel map. After fixing the degree of the
curve and the type of quasi half-period, the latter moduli spaces are well studied. In
particular, they are known to be irreducible (cf. [6, § 4], [7, Propositions 2 and 3]).
Through the cokernel map a family of quadric surface bundles is mapped to a family of
pairs (C,L). Our aim in this section is to provide families of quadric surface bundles
which are mapped via the cokernel map to families that dominate moduli spaces of
plane curves equipped with quasi half-periods. We will call them dominant families.
We pursue the following goals:

● to provide alternative models for dominant families of quadric surface bundles,
the rationality of which is not known, such as Verra fourfolds or cubic fourfolds
containing a plane;
● to provide dominant families of quadric surface bundles such that very general
quadric surface bundles in these families are not stably rational and to deduce
irrationality of any quadric surface bundle whose associated cokernel is very
general in the corresponding moduli spaces;
● to provide dominant families of quadric bundles with rational general element,
so that all quadric bundles with associated cokernel in the corresponding moduli
space will be rational.

The method of quadric reduction will be our main tool to construct quadric surface
bundles of each type.

Remark 4.1. For any quadric surface bundle one can always construct a birational
model as follows. Consider a cokernel sheaf L associated with Q and take one of its free
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symmetric resolutions R. This exists regardless of the genericity assumption. Consider
the quadric bundle QR associated with the free resolution R and perform quadric
reductions of QR with respect to isotropic sections (cf. Remark 3.4) until we get a
(weak) quadric surface bundle. As a consequence of Theorem 1.1 and Corollary 2.5, the
latter quadric surface bundle will be birational to Q. Summing up, any quadric bundle
has a birational model which is obtained as a quadric reduction of a free resolution
of some quasi half-period. Although this can be made explicit in a chosen example,
in what follows we are interested in constructing families of quadric surface bundles
and hence we look at families of quadric reductions, which is a much more complicated
problem requiring additional assumptions.

In order to perform a quadric reduction, we need to find a regular isotropic sub-
bundle of sufficiently high rank. For the sake of simplicity, we investigate split isotropic
sub-bundles of quadric bundles in projectivizations of split bundles associated with
free symmetric but not necessarily minimal resolutions introduced in Section 3 (cf.
Section 3.1). Let Q be a quadric bundle in the projectivization of a split bundle
P(V). It is associated with a symmetric matrix A of polynomials. The embedding of a
projectivization of a split bundle P(U) in P(V) is determined by a polynomial matrix N
representing a map N ∶ V → U . The matrix N determines a regular isotropic sub-bundle
of Q if NTAN = 0 and both N and AN are everywhere of maximal rank. We need
only to consider the cases from the classification in Section 3.1.

The existence of suitable quadric reductions will follow from a rank computation in
each of the cases above.

Lemma 4.2. Let us fix non-negative integers, r, l, k. Let M ∈ Hom(Ol,O(2)r) and
Z ∈H0(Sym2(Ol)(2)) be general. Then the map

Hom(Or,Ol) ×Hom(Or,O(1)k) η
Ð→ H0(Sym2(Or)(2))

(K,N) ↦ KTMT +MK +KTZK +NTN

is dominant if k = 4 − l and one of the following holds: r ≤ 3 or (r ≤ 5 and l ≤ 3) or
(r ≤ 6 and l ≤ 2) or (r ≤ 8 and l ≤ 1) or (r = 9 and l = 0).

Proof. This is proven by means of Macaulay 2. A script that can be used to perform
the computations can be found in Appendix A and [9]. The map η is a map between
affine spaces that is given by linear and quadratic polynomials. Using Macaulay 2,
we compute the rank of its differential over chosen points and always find a regular
point of η (if we stay in the assumed range); hence η is dominant. Since our goal is
to prove the theorem for any field of characteristic different from 2, we work over the
integers and compute the greatest common divisor of several maximal minors of the
differentials of η in several points defined over Z. In each case, we manage to obtain a
greatest common divisor which is a power of 2. This implies that we can find a point
at which η is regular in every characteristic different from 2. �

We can now prove the existence of quadric reductions by a dimension count.

Corollary 4.3. Let A be a general symmetric map A∶O(−1)d⊕Ok →O(1)d⊕Ok. Then
for (d, k) such that d + k is even and the triple (r, l, k) = (d+k

2
− 2,2 + d−k

2
, k) satisfies

the condition in Lemma 4.2, there exists a regular isotropic sub-bundle

O(−1)( d+k2 −2) ≃ U ⊂ O(−1)d ⊕Ok
14



with respect to A. Moreover, the quadric reduction with respect to U is a quadric
bundle QAU given by a general map T → T ∨, where T is described by the following exact
sequence:

0→O(−1)( d+k2 −2) →O(1)( d−k2 +2) ⊕Ok → T ∨ → 0.

Proof. Denote by r the integer d+k
2
− 2. Note that by change of coordinates we may

assume A = A′⊕ id, where A′ is a map O(−1)d →O(1)d given by d×d matrix of quadric
polynomials and id ∶ Ok → Ok is the identity represented by the identity matrix Idk.
We look for matrices U of size r × (d + k) consisting of a block K ′ of size r × d of
constants and a block N of size r × k of linear forms. In other words, we have a block
decomposition:

A = ( A′ 0
0 Idk

) , U = ( K ′
N
) .

The isotropy condition UTAU = 0 translates to K ′TA′K ′ +NTN = 0. Let us now
split further A′ into a symmetric r × r block A′′, another symmetric (d − r) × (d − r)
block Z and an r × (d − r) block M and assume that K ′ consists of an identity block
and an r × (d − r) block K:

A′ = ( A′′ M

MT Z
) , K ′ = ( Idr

K
) .

Then the isotropy condition translates to:

A′′ +MK + (MK)T +KTZK +NTN = 0.

Since A′ is general, the map

(K,N) ↦MK + (MK)T +KTZK +NTN

is dominant by Lemma 4.2 and the corresponding equation has a solution. Since N is
everywhere of maximal rank, it defines a subbundle U as in the statement, which can
be assumed to be smooth by genericity. The description of the quadric reduction and
its geometric interpretation follow easily. �

Remark 4.4. From a geometric point of view, the quadric surface bundles QAU in

Corollary 4.3 are described as complete intersections of d+k
2
− 2 divisors of class ξ + h

and one divisor of class 2ξ in the projective bundle P(OP2(1)( d−k2 +2) ⊕Ok
P2), where ξ

is the relative hyperplane class and h is the class of the pullback of a line in P
2. In

particular, for k = d + 4 the quadric bundle QAU is a complete intersection of d divisors

of bidegree (1,1) and one divisor of bidegree (0,2) in P
2 × Pd+3.

Corollary 4.5. Let A be a general symmetric map A∶O(−1)2d →O2d for d ≤ 7. Then
there exists a sub-bundle O(−1)d−2 ≃ U ⊂ O(−1)2d that is regular isotropic with respect
to A. The corresponding quadric reduction is a quadric surface bundle QAU given by a
general map T (−1) → T ∨ such that

0→O(−1)d−2 →Od+2 → T ∨ → 0.

Geometrically, QAU is a complete intersection of (d − 2) divisors of bidegree (1,1) and
one divisor of bidegree (1,2) in P

2 × Pd+1.

Proof. Consider the block decomposition of

A = ( A′ M

MT Z
) ,
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where A′ is a (d − 2) × (d − 2) diagonal block. We will look for matrices U of the form

U = ( Idd−2
N

) ,
such that UTAU = 0. This amounts to checking that for a general A′ the matrix −A′

is in the image of the map N ↦ MN +NTMT +NTZN . This map is dominant for
d ≤ 7, which can be checked similarly to Lemma 4.2 with the use of a script analogous
to that of Appendix A and [9]. �

Corollary 4.6. Let A be a general symmetric map

A∶O(−1)2d−3 ⊕O(−2)⊕ (O ⊕O(−1))k → O2d−3 ⊕O(1)⊕ (O ⊕O(−1))k
for d ≤ 6 and k ∈ {0,1}. Then there exists a sub-bundle

O(−1)(d+k−3) ⊕O(−2)k ≃ U ⊂ O(−1)(2d−3) ⊕O(−2)
regular isotropic with respect to A. The quadric reduction with respect to U is a quadric
surface bundle QAU given by a general map T (−1)→ T ∨ such that

0→O(−1)d−3 ⊕O(−2)k →Od+k ⊕O(1)1−k ⊕O(−1)k → T ∨ → 0.

Proof. The proof is analogous to that of Corollary 4.3 and Corollary 4.5. �

Remark 4.7. Geometrically, the quadric bundles QAU from Corollary 4.6 are complete
intersections of (d − 3) divisors of class ξ + h, k divisors of class ξ + 2h and one divisor
of class 2ξ +h in P (Od+k ⊕O(1)1−k ⊕O(−1)k). In particular, for k = 0 the bundles QAU
are birational to residual components of intersections of (d − 3) quadrics and a cubic
containing a P

d−1 in P
d+2.

Corollary 4.3, Corollary 4.5, Corollary 4.6 allow us to describe birational models for
quadric surface bundles over P2 with discriminant a general smooth curve C of degree
2d ≤ 12. In particular, we can now easily deduce Proposition 1.2.

Proof of Proposition 1.2. If Q is any quadric bundle with discriminant C, it must be
associated with a symmetric map between a vector bundle and a twist of its dual. The
cokernel of such a map is a quasi half-period on C, which after a twist by some line
bundle OC(γ) is a line bundle L of one of the four following types: the trivial bundle,
a half-period, an even theta characteristic, an odd theta characteristic. As proved in
[12], each of the non-trivial cases admits a free symmetric resolution associated to a
symmetric map A as in the assumptions of Corollary 4.3, Corollary 4.5, Corollary 4.6
for k = 0. By extending A - if possible - by the identity map to some map Ak, we
have a suitable resolution of L for any k. In the assumed ranges we can use Corollary

4.3, Corollary 4.5, Corollary 4.6 to construct a quadric surface bundle QAk

U related to
Ak and belonging to one of the families listed in the statement. By Theorem 1.1, we

deduce that Q and QAk

U are birational. �

Using the same methods we can also construct more birational models of the same
quadric surface bundles.

4.1. Birational models of quadric bundles with discriminant of degree 6.
In this section we aim to construct different birational models of the quadric surface
bundles in Proposition 1.2.

Fix A giving a minimal symmetric free resolution of a half period or a theta char-
acteristic. Consider Ak = A ⊕ id for some k such that (Ak, k) satisfy the assumption
of Corollary 4.3 or Corollary 4.6. Then by Theorem 1.1 we obtain different birational
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models of the same quadric surface bundle. More precisely, regardless of the choice of

Uk and U in Corollary 4.3 or Corollary 4.6, the quadric bundle QAk

Uk
will be birational

to QAU . As a consequence, we can find the following birational models of quadric bun-
dles with discriminant curves of degree 6. Similar constructions can be performed for
bundles with discriminant of higher degree.

Example 4.8. Corollary 4.3 gives rank 4 symmetric resolutions for a general curve C
of degree 6 equipped with a half-period L. More precisely, there exists a symmetric
resolution 0→ T → T ∨ → L(3) → 0, whenever T ∨ has one of the following resolutions:

(1) 0→O(−1)3 →O7 → T ∨ → 0,
(2) 0→O(−1)2 →O5 ⊕O(1) → T ∨ → 0,
(3) 0→O(−1) →O3 ⊕O(1)2 → T ∨ → 0,
(4) T ∨ = O⊕O(1)3.

In each of the cases above, the quadric bundles have natural geometric descriptions
providing alternative birational models of general Verra fourfolds. We have the follow-
ing corresponding quadric fibrations. Let ξ be the class of the Grothendieck bundle
OP(A)(1) and h the pullback of the class line from P

2 through the fibration of P(A),
where as in Section 3, A is defined via the resolution 0→ B → A → T ∨ → 0.

(1) A = O7 and the quadric fibration Q1 is a complete intersection of three divisors
of class ξ + h and one divisor of class 2ξ. Thus, we get a complete intersection
n P

2 × P6 of three divisors of bidegree (1,1) and one divisor of bidegree (0,2).
(2) A = O5 ⊕O(1) and Q2 is a complete intersection of two divisors of class ξ + h

and one divisor of class 2ξ. This case will be discussed more precisely in Section
5 (cf. Lemma 5.3).

(3) A = O3 ⊕O(1)2 and Q3 is a complete intersection of one divisor of class ξ + h
and one divisor of class 2ξ.

(4) A = T ∨ = O ⊕O(1)3 and Q4 is a divisor of class 2ξ. Since the system ∣ξ∣ maps
P(O ⊕O(1)3) to a cone over P

2 × P2 the quadric bundle Q4 is a general Verra
fourfold (cf. Lemma 5.6).

Example 4.9. Let us also give an example of a symmetric resolution involving a bundle
T that does not satisfy the assumptions of Corollary 3.8. Let T be such that its dual
T ∨ admits the following resolution:

0→O(−2)⊕O(−1)→O6 → T ∨ → 0.

Then Sym2T has 21 sections and a general such section gives an exact sequence 0 →
T → T ∨ → L → 0 for some L representing a half-period of a smooth discriminant
curve C. The corresponding quadric fibration gives a fourfold which is birational to
some special Verra fourfold. The family of such fourfolds has dimension 21 − 9 = 12.
The elements of this family are described as complete intersections of three divisors of
respective bi-degrees (1,2), (1,1), (2,0) in P

5 × P2.

Example 4.10. For L a theta characteristic on a general curve C of degree 6, we have
a symmetric resolution

0→ T (−1)→ T ∨ → L(1) → 0,

whenever T ∨ has one of the following resolutions:

(a) 0→O(−1) →O5 → T ∨ → 0 and h0(L) = 0;
(b) 0→O(−2) →O4 ⊕O(−1)→ T ∨ → 0 and h0(L) = 1;
(c) T ∨ = O3 ⊕O(1) and h0(L) = 1.

A geometric description of the associated quadric fibration is given as follows.
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(a) A = O5 and the quadric fibration Q1 is a complete intersection of two divisors
of class ξ+h and one divisor of class 2ξ+h. Thus, we get a complete intersection
in P

2 × P4 of one divisor of bidegree (1,1) and one divisor of bidegree (1,2).
(b) A = O4⊕O(−1) and Q2 is a complete intersection of two divisors of class ξ+2h

and one divisor of class 2ξ + h. The image is naturally embedded in the cone
C(P2 × P3) ⊂ P11.

(c) A = O3 ⊕O(1) and Q3 is a divisor of class 2ξ + h. Here Q3 is mapped isomor-
phically to a cubic containing a plane in P

5.

Summing up, we obtain the following birational models of quadric surface bundles
over P2.

Corollary 4.11. Let Q be a quadric surface bundle over P
2 whose associated cokernel

is a twist of an even theta characteristic on a smooth sextic curve. Then Q is rational
and is isomorphic at the generic point of P2 to a complete intersection of two divisors
of bi-degrees (1,1),(1,2) in P

2 × P4.

Proof. By Proposition 1.2, a quadric bundle whose associated cokernel is an even theta
characteristic on a general curve of degree 6 is birational to some quadric surface bundle
Q1 from Example 4.10 (a) (cf. Proposition 1.2(2) for d = 3). The latter is rational, as
the natural projection from the quadric bundle to P

4 is a birational morphism. �

Remark 4.12. Corollary 4.11 provides examples of quadric surface bundles which
are not birational over P

2 to the trivial bundle (since the associated Brauer class is
non-trivial) but are still rational.

Let ξi, for i = 1 . . . 6, in each case below denote the class of the Grothendieck bundle
OP(Ai)(1) and hi be the pullback of the class of a line from P

2 through the fibration of
P(Ai).
Corollary 4.13. Consider the following families Fi of varieties.

(1) F1 = {complete intersections of three (1,1) divisors in P
2 ×Q5},

where Q5 stands for a smooth five-dimensional quadric;
(2) F2 = {complete intersections of three divisors in P(A2) = P(O5

P2 ⊕OP2(1)),
two of class ξ2 + h2 and one of class 2ξ2},

(3) F3 = {complete intersections of two divisors in P(A3) = P(O3
P2 ⊕OP2(1)2)

of respective class ξ3 + h3 and 2ξ3},
(4) F4 = {Verra fourfolds};

Then for every i, j ∈ {1 . . . 4} a general element of Fi is birational to some element of
Fj. Moreover, consider the following two families of varieties.

(1) F5={cubic fourfolds containing a plane};
(2) F6 = {complete intersections of divisors of respective class 2ξ6 +h6, ξ6 + 2h6 on

P(A6) = P(O4
P2 ⊕OP2(−1))},

Then a general element of F5 is birational to some element of F6 and conversely a
general element of F6 is birational to some element of F5.

4.2. Irrationality of quadric bundles; Proof of Corollary 1.3. In this section,
we work over the field of complex numbers.

For d = 2 the quadric surface bundles are all rational, as our models are in fact quadric
surface bundles contained in projectivizations of split bundles, which are rational for
d = 2: see, for instance, [48].

For d = 3, among the three non-trivial types of quadric bundles with general dis-
criminant there exists two families for which rationality is an open problem. These are
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Verra fourfolds and cubic fourfolds containing a plane. The remaining types consist of
rational quadric surface bundles described by Corollary 4.11.

Our aim is to prove the irrationality of very general quadric bundles (in terms of
their cokernels) in the range presented in Corollaries 4.3, 4.5, 4.6 with the additional
condition d ≥ 4. For the proof, we are looking for degenerations of such families of
quadric surface bundles to quadric surface bundles with non-trivial non-ramified coho-
mology introduced in [26]. We do it in several steps. Starting with a moduli space of
cokernels we first find a degeneration of the family {Qι} of higher rank quadric bundles
corresponding to resolutions from Section 3.1 such that the degeneration is a quadric
bundle Q0 admitting a quadric reduction to a quadric surface bundle QF as in [26].
Then, we perform a global quadric reduction on the family {Qι} to quadric surface
bundles and compare its limit in the direction of Q0 to QF by means of Corollary 2.5.
We deduce stable irrationality of the very general element in the constructed family of
reductions, which is dominating the chosen moduli space. Finally, by Proposition 1.2
this implies stable irrationality of the very general element of any family dominating
the chosen moduli space.

The first step is split into two Lemmas.

Lemma 4.14. Let A be a vector bundle and δ ∈ Z. Let {Qι}ι∈I with Qι ⊂ P(A∨) be the
family of all quadric bundles over P

2 corresponding to symmetric maps A(−δ) → A∨.
Assume there exist bundles H, E and an exact sequence:

(4.1) 0→H∨
η
Ð→ A∨

θ
Ð→ E∨ → 0,

such that:

(1) There exists a symmetric isomorphism D∶H(−δ)→H∨.
(2) The restriction map induced by the exact sequence (4.1) gives a surjection

H0(Sym2A(δ)) →H0(Sym2 E(δ)).
Let φ∶ E(−δ) → E∨ be a symmetric map and Qφ ⊂ P(H∨ ⊕ E∨) the quadric bundle

associated with the symmetric map

(D,φ)∶H(−δ) ⊕ E(−δ) →H∨ ⊕ E∨.
Then, for general ι ∈ I, there exists a flat family of quadric bundles with one fiber Qι
and another fiber Qφ.

Proof. Consider a family {ψt}t∈C of maps: ψt∶A∨ ⊕ E∨ → E∨, defined as ψt = θ + t id,
which gives rise to a family of bundles A∨t = kerψt. Observe that A∨t ≃ A

∨ for general
t ≠ 0, whereas A∨0 = H

∨ ⊕ E∨. We now construct a family {Ψt}t∈C of symmetric maps
Ψt∶A(−δ)⊕ E(−δ) →A∨ ⊕ E∨, defined by block matrices

Ψt = ( t3A + t2M + ηDηT t2θA + tθM
t2(θA)T + t(θM)T φ + tθAθT

) ,
where η, θ, are as in (4.1), M ∶A(−δ) → A∨ is a symmetric map such that θMθT = φ

(which exists by assumption), D∶H(−δ) →H is the isomorphism from the assumption,
and finally A is a general symmetric map A(−δ) → A∨. Note that ψt ○Ψt = 0; hence
after quadric reductions induced by {ψt}t∈C the family of maps {Ψt}t∈C induces a flat
family of quadric bundles Qt on At such that Qt is general in {Qι}ι∈I and Q0 = Qφ. �

Lemma 4.15. Let L be a half-period, or an even or odd theta characteristic on a
general plane curve C of degree 2d such that d satisfies the corresponding condition in
Corollary 1.3. Then we can find a resolution 0 → A(−δ) → A∨ → L → 0 as in Section
3.1 such that there exists a rank 4 sub-bundle E ⊂ A for which the projection map
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θ∶A∨ → E∨ fits into a short exact sequence 0 → H∨
η
Ð→ A∨

θ
Ð→ E∨ → 0 and the following

hold:

(1) There exists a symmetric isomorphism H(−δ)→H∨.
(2) The restriction map induced by the exact sequence induces a surjection

H0(Sym2A(δ)) →H0(Sym2 E(δ)).
(3) There exists a non-degenerate symmetric map F ∶ E(−δ) → E∨ such that the

associated quadric bundle QF ⊂ P(E∨) has smooth general fiber, non-trivial
discriminant in C(P2)/C(P2)∗ and H2

nr(C(QF )/C,Z2) ≠ 0.
Proof. We will look for sub-bundles H∨ of A∨ which are of the form H∨ = Or ⊕H′ ⊕(H′)∨(δ) for some integer r and some bundle H′. Note that if δ = 0 or r = 0 such an
H∨ satisfies condition (1). Surjectivity (2) will be checked by the exact sequence:

0→ ⋀2H(δ)→ H⊗A∨(δ) → Sym2A∨(δ)→Sym2 E∨(δ) → 0.

Indeed, if

F = ker(Sym2A∨(δ)→Sym2 E∨(δ)),
surjectivity of H0(Sym2A(δ)) → H0(Sym2 E(δ)) follows from H1(F) = 0. The latter
condition is fulfilled in particular when H1(H∨⊗A∨(δ)) =H2(⋀2H∨(δ)) = 0. In order
to satisfy the last condition, we will consider case by case the following explicit sub-
bundles. Below we list - in each case - the bundles A, H and the shape of the free
resolution of the resulting candidate bundles E .

(1) In case (3.4) we consider A∨ = O(1)d ⊕ Ol and δ = 0. We have the following
possibilities:
(a) d = 5, l = 0, H∨ = O and E∨ = O(1)2 ⊕Ω1(3), i.e. E has resolution

0← E ← O(−1)2 ⊕O(−2)3 ← O(−3)← 0.

(b) d = 6, l = 0, H∨ = O2, E∨ = Ω1(3)2 i.e. E has resolution

0← E ← O(−2)6 ← O(−3)2 ← 0.

(c) d = 7, l = 0, H∨ = O3, 0← E ← O(−2)3 ⊕O(−3)3 ← O(−4)2 ← 0.
(d) d = 8, l = 6, H∨ = Ω1(1)2 ⊕Ω1(2)2 ⊕O2, i.e. E has resolution

0← E ← O(−3)4 ⊕O(−2)2 ← O(−4)2 ← 0.

(e) d = 9, l = 9, H∨ = Ω1(1)3 ⊕Ω1(2)3 ⊕O(1)⊕O(−1), and
0← E ← O(−3)6 ← O(−4)⊕O(−5)← 0.

(2) In case (3.5) we have A∨ = O2d, δ = 1. Moreover, the following hold:
(a) d = 4, H∨ = Ω1(1)2, E = O(−1)2 ⊕O2.
(b) d = 5, H∨ = Ω1(1)2 ⊕O ⊕O(−1), and E has resolution

0← E ← O(−1)5 ← O(−2)← 0.

(c) d = 6, H∨ = Ω1(1)4, E = O(−1)4.
(d) d = 7,H∨ = Ω1(1)4 ⊕O ⊕O(−1), and E has resolution

0← E ← O(−1)⊕O(−2)5 ← O(−3)2 ← 0.

(3) In case (3.6) we have A∨ = O2d−3 ⊕O(1), δ = 1, and
(a) d = 5, H∨ = 2Ω1(1), E = 3O(−1)⊕O.
(b) d = 6, H∨ = Ω1(1)2 ⊕O ⊕O(−1), and E has resolution

0← E ← O(−1)3 ⊕O(−2)2 ← O(−3)← 0.
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In each of the cases mentioned before, we would like to find a symmetric map

F ∶ E(−δ) → E∨
defining a weak quadric surface bundle similar to the quadric bundle with diagonal form⟨x, y, xy,F (x, y, z)⟩ on C(P2) from [26] (see [51] for the general theory of quadrics). In
the cases where E is a split bundle this is done in [48, Proof of Cor. 2]. To deal with
the remaining cases, we work with the free resolutions

0← E
κ
←ÐM

ρ
←ÐN ← 0.

We show that having such a resolution, a quadric bundle QF is represented over C(P2)
by a suitable 4 × 4 “corner“ sub-matrix of the matrix MF of polynomials representing
κT ○ φ ○ κ. Indeed, we can find a map ρ∶N → M of everywhere maximal rank, which
defines E , with a distinguished square block J of size rkN and generic maximal rank,
as well as a symmetric mapM ∶M(−δ) →M∨ such thatM ○ρ = 0 andM has a diagonal
block MJ similar to ⟨x, y, xy,F (x, y,1)⟩, where

F (x, y, z) = x2 + y2 + z2 − 2(xy + xz + yz).
In each case we use the resolutions of E presented above. Note that in each case rkN ≤ 2
and 5 ≤ rkM ≤ 6 with rkM− rkN = 4. To be explicit, we consider maps ρ given by
matrices of the following shape:

⎛⎜⎜⎜⎜⎜⎝

za1

ya2

0
0

xb1

⎞⎟⎟⎟⎟⎟⎠
or

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎝

za1 0
ya2 0
0 ya3

0 xa4

xb1 0
0 zb2

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎠
,

with ai > 0 and the lower block representing J . M is a matrix with diagonal block MJ

of the shapes below:

M =

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎝

f1 0 0 0 g11 g21
0 f2 0 0 g12 g22
0 0 f3 0 g13 g23
0 0 0 f4 g14 g24
g11 g12 g13 g14 q11 q21
g21 g22 g23 g24 q21 q22

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎠
or M =

⎛⎜⎜⎜⎜⎜⎝

f1 0 0 0 g11
0 f2 0 0 g12
0 0 f3 0 g13
0 0 0 f4 g14
g11 g12 g13 g14 q11

⎞⎟⎟⎟⎟⎟⎠
Then Mρ = 0 gives the conditions:

⎧⎪⎪⎪⎨⎪⎪⎪⎩
f1z

a1 = −g11xb1 , f2y
a2 = −g12xb1 , f3y

a3 = −g23zb2 , f4x
a4 = −g24zb2 ;

g11z
a1 + g12ya2 = xb1q11, g23y

a3 + g24xa4 = −zb2q22, g21 = g22 = g13 = g14 = q21 = 0.

As a consequence, there exist polynomials {gij}, {qij} for which Mρ = 0, provided that

x2b1 ∣fi for i = 1,2 and z2b2 ∣fj for j = 3,4. Similarly, for 5 × 5 matrices the condition

x2b1 ∣fi for i = 1,2 is sufficient. Hence we need to check that these conditions can be
satisfied by some diagonal matrix ⟨f1, . . . , f4⟩ similar to ⟨x, y, xy,F (x, y,1)⟩. We do it
in each case and present below the results for chosen examples.

For example, for an even half-period of degree 10 we are looking for (f1, . . . , f4) of
degrees (4,4,2,2) such that x2∣fi for i = 1,2. This is fulfilled by the diagonal matrix

⟨f1, . . . , f4⟩ = ⟨F (x, y, z), xy, x, y⟩.
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For half-periods of degree 18 we have degrees (6,6,6,6) such that x2∣f1, f2, z4∣f3, f4
and a solution is given by ⟨xy,F (x, y,1), x, y⟩. For an odd theta characteristic of
degree 12 we have degrees (5,3,3,3) such that x2∣f1, f2 and a solution is given by⟨x, y,F (x, y,1), xy⟩. For an even theta characteristic of degree 14 we have degrees(5,5,5,3) such that x2∣f1, f2, z2∣f3, f4 and a solution is given by ⟨x,xy,F (x, y,1), y⟩.

�

Consider a pair (A, δ), where A is a split bundle satisfying the assumption of one
of: Corollary 4.3, Corollary 4.5, Corollary 4.6. We use Lemma 4.15 to produce a
sub-bundle E ⊂ A of rank 4 and a quadric bundle Q0 over P

2 defined by a symmetric
map

φ∶ E(−δ) ⊕H(−δ) → E∨ ⊕H∨
with φ((e,h)) = (F (e),D(h)), where F ∶ E(−δ) → E∨ satisfies the conditions in [48,
Theorem 9] and D∶H(−δ) → H∨ is a nowhere degenerate map, as in Lemma 4.15. In
that case, the quadric surface bundle QF ⊂ P(E∨) associated with F is irrational and
has the property that the very general element in any irreducible flat family of bundles
degenerating to it is irrational [48, Theorem 9]. Note that Q0 and QF admit the same
discriminant and associated cokernel but have different rank.

Let furthermore R be the corresponding moduli space of pairs (C,L) (half-periods,
even or odd theta characteristics). By [6], we have a dominant mapH0(S2(A(δ))) →R.
Consider a one parameter family qt ∈ H

0(Sym2(A(δ))) with q0 mapping to F via the
restriction map H0(Sym2A(δ)) → H0(Sym2 E(δ)). Applying Lemma 4.14, we obtain
a one-parameter family of quadric bundles {Qt}t∈C degenerating in 0 to Q0.

Lemma 4.16. There exists a family of isotropic sub-bundles Ut ⊂ A for t in an étale
neighborhood of 0 which are isotropic with respect to Qt and such that the corresponding
quadric reduction QUt has rank 4.

Proof. Indeed, we saw in the proof of Corollaries 4.3, 4.5, 4.6, that for each fixed t

we have a family It of isotropic subbundles Ut,ϕ obtained as images of maximal rank

morphisms ϕt∶O(−1)l1 ⊕ O(−2)l2 → A for appropriate l1, l2 ∈ Z. Hence the family
It is parametrized by a subset Mt ⊂ Hom(O(−1)l1 ⊕ O(−2)l2 ,A) which is a subset
of the space of matrices with polynomial entries whose coefficients satisfy a system
of quadratic equations listed explicitly in Corollaries 4.3, 4.5, 4.6. These equations
linearly involve the parameter t. As a consequence, we have a scheme

M ⊂ Hom(O(−1)l1 ⊕O(−2)l2 ,A) ×C∗
which admits a surjective projection π∶M → C

∗. Any local section of π in a neighbor-
hood of 0 leads to a family of isotropic sub-bundles {Ut}t∈C. Thus the Lemma follows,
as an étale local section of π always exists. �

Proposition 4.17. Let {QUt }t be the family of quadric reductions of Qt with respect
to Ut for 0 < ∣t∣ << 1. Then there exists a quadric reduction Q′0 of Q0 over some open
subset V ⊂ P2, such that Q′0 is birational to QF and appears as a flat limit of QUt ∣V .
Proof. Note that the flat limit of the family of subbundles P(U∨t ) is a subvariety of
P(A0) which is a weak sub-bundle (i.e. a sub-bundle when restricted to an open subset
of P2) of rank equal to the dimension of Ut. Let V ⊂ P

2 be the open subset where
U0 is a regular isotropic sub-bundle. Consider the reduction Q′0 of Q0∣V with respect
to U0 over V . By Proposition 3.2, Q′0 and Q0 define the same Brauer class on their
common discriminant double cover. On the other hand, by Theorem 2.3 we know that
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Q0 and QF have a common discriminant double cover and define the same Brauer class.
Finally, by Corollary 2.5, we conclude that Q′0 is birational to QF over V . �

Now, Corollary 1.3 is a straightforward consequence of the discussion above.

Proof of Corollary 1.3 . The quadric surface bundle Q′0∣V in Proposition 4.17 is bira-
tional to QF , hence it satisfies the assumptions of [48, Theorem 9]. In particular, QUt
is not stably rational for very general t. Since in Lemma 4.16, we can choose any one-
parameter family {Qt}t∈C, and the union of them dominates the moduli space R, the
quadric surface bundles with very general (in R) cokernel are also not stably rational.
Moreover, the forgetful map from R to the moduli space of curves is finite; hence a
quadric bundle with very general discriminant is also mapped to a very general element
in R and hence it is not stably rational. �

Remark 4.18. Corollary 1.3 does not take into account the case of odd theta charac-
teristics of degree 8. The stable irrationality of these quadric surface bundles remains
an open problem.

Remark 4.19. We cannot use irrationality of some quadric bundle to prove irra-
tionality of very general elements in their family defined by (C,L). Indeed, a family
of curves equipped with quasi half-periods does not need to admit a family of quadric
surface bundles with these as associated cokernels. As an example, denote by QT the
family of quadric bundles which are given by symmetric maps ϕ∶ T (−1) → T ∨, where
T ∨ = Ω1(2) ⊕ O(1) ⊕ O. This is a family of quadric bundles that represent rank 4
symmetric resolutions of general elements (C,L) in the moduli space R of odd theta
characteristics supported on curves of degree 8. On the other hand, there exists a
family QS of quadric bundles (studied in [48]) which corresponds to symmetric maps
θ∶O(−1)3 ⊕O(−3) → O3 ⊕ O(2) such that the very general element is not stably ra-
tional. Moreover, the cokernels are also odd theta characteristics on curves of degree
8. Although every sheaf coker θ appears as a degeneration of a family of sheaves of
the form cokerϕ, these degenerations do not extend to flat families of quadric bundles.
In fact, a simple dimension count tells us that the space of deformations of quadric
bundles in QS has dimension higher than 61, whereas the space of deformations of
quadric bundles in QT has dimension smaller than 61. One also checks that flat limits
of quadric bundles from QT , which belong to QS , are all either rational (they admit an
isotropic section) or generically singular. As an example, we can consider the quadric
reduction given by

0→ Ω1(1)2 ⊕Ω1 ⊕Ω1(2) →O5 ⊕O(1)⊕ (O ⊕O(−1))3 →O3 ⊕O(2)→ 0.

Remark 4.20. The bounds for the degrees in Corollary 1.3 are related to the problem
of constructing explicit dominant families of quadric surface bundles. It was pointed
out to us by B. Hassett, that dominant families in the case of quadric bundles with
higher degree discriminant could possibly be found using general techniques developed
in [25, §4.3].

5. Nodal Gushel–Mukai fourfolds – Proof of Corollary 4.13

Additionally to the models described in Corollary 4.13 there is also another family
of varieties that are birational to general Verra fourfolds. These are one-nodal Gushel–
Mukai fourfolds, characterized in the following way.

Lemma 5.1. There are two types of one-nodal Gushel–Mukai fourfolds:
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(1) The intersections W ∩ C(Q0), where C(Q0) is a quadric cone with vertex P
over a smooth quadric Q0 ⊂ P

7 and W = G(2,5) ∩H is a smooth Fano fivefold,
which is the intersection of the Grassmannian G(2,5) in its Plücker embedding
with a hyperplane H.

(2) The intersections of a quadric cone C(Q0) with vertex P with W ′
= C(G(2,5)∩

H1∩H2 being a cone over a smooth linear section of the Grassmannian G(2,5).
Moreover, fourfolds of the second type are degenerations of fourfolds of the first type.

Proof. For the proof we can mimic the proof of the analogous statement in the case of
nodal Gushel-Mukai threefolds given in [16, Lemma 4.1]. �

We can now formulate the relation between the families of Verra fourfolds and one-
nodal Gushel–Mukai fourfolds.

Corollary 5.2. A general Verra fourfold is birational to some one-nodal Gushel–Mukai
fourfold. Moreover, a general one-nodal Gushel–Mukai fourfold is birational to some
Verra fourfold.

Let X be a general one-nodal Gushel–Mukai fourfold as in Lemma 5.1(1). As a
consequence of the construction, the projection of X from the node P is contained
in Q0. This projection X0 is the complete intersection of three quadrics containing a
quadric threefold Q ⊂ P4

Q ⊂ P
7, where P4

Q is a 4-dimensional projective space containing

Q. Indeed, by the explicit Pfaffian equations of W , we deduce that the image W0 ⊂ P
7

of the projection of W from P is the intersection of two quadrics Q1,Q2 containing

P
4
Q ⊂ P

7. If we blow up P
7 in P

4
Q, we obtain a P

5-bundle P̃7 → P
2 containing a P

3-bundle

W̃0. Denote by RX ⊂ W̃0 the proper transform of X0 through that blow up.

Lemma 5.3. We have P̃7 = P(O5
P2 ⊕OP2(1)) and W̃0 = P(G∨) where

0→OP2(−1)2 →O5
P2 ⊕OP2(1)→ G∨ → 0.

Proof. The exact sequence is due to the embedding P(G∨) ⊂ P(O5
P2 ⊕ OP2(1)). The

map from OP2(−1)2 corresponds to the two quadrics defining W0. �

Remark 5.4. One can see that for a general G as above, the bundle G∨ admits an
injective resolution 0 → G → OP2(1)4 ⊕OP2(2) → OP2(3) → 0. This can be proved by
means of a resolution of G∨ and using a computer algebra program.

Note that the resolution in Lemma 5.3 is of the same shape as that in Example
4.8(2), hence we can use Corollary 4.1 once we prove that corresponding quadric bundle
is general enough.

Let OP(G∨)(1) be the sheaf inducing the map P(G∨)→W0 ⊂ P
7. Then there exists a

non-zero global section G ∈H0(OP(G∨)(2)) ≃H0(Sym2(G∨)), which induces a family of

quadratic forms q∶OP2 → Sym2(G∨), whose zero locus is RX . This induces a symmetric
map of sheaves on P

2 whose cokernel is denoted by L, namely:

0→ G
q
Ð→ G∨ → L → 0.

Taking the determinant of qG gives a canonical isomorphism (see Lemma 2.1)

det(qG)∶ L ⊗ det(G∨)→ (L⊗ det(G∨))∨.
Hence L(−3) is a half-period on the discriminant sextic curve C ⊂ P2.

Lemma 5.5. The half-period L(−3) is general, i.e. h0(L(−2)) = 0.
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Proof. Apply the long cohomology exact sequence coming from the exact sequence
defining G. �

Since L(−3) is general, we deduce a free resolution from [6, Proposition 3.1]:

0→OP2(−1)3 N
Ð→OP2(1)3 → L → 0,

where N is a symmetric matrix of quadrics. If we expand N by the identity on an
additional component OP2 , we obtain the following non-minimal resolution:

0→OP2(−1)3 ⊕OP2

N ′

Ð→OP2(1)3 ⊕OP2 → L → 0.

Notice that N ′ gives a section of H0(Sym2(OP2(1)3⊕OP2)) ≃H0(OP(O
P2
(1)⊕O

P2
)(2))

and is associated to the case (4) in Example 4.8.

Lemma 5.6. The image of P(OP2(1)3⊕OP2) via the linear system ∣OP(O
P2
(1)3⊕O

P2
)(1)∣

is a cone C(P2 × P2) ⊂ P9 and N ′ defines a Verra fourfold VX .

Proof. Observe that P(OP2(1)3) is isomorphic to P(O3
P2) so to P

2×P2 and its tautolog-

ical divisor defines the Segre embedding P
2×P2

⊂ P
8. Hence the tautological bundle on

P(OP2 ⊕OP2(1)3) maps the considered projective bundle to the cone C(P2 × P2) ⊂ P9

over the image of P(OP2(1)3) in P
8. Now N ′ is associated to a quadric section of the

image hence to a Verra fourfold. �

Summing up, to a general nodal Gushel–Mukai fourfold X we associated a Verra
fourfold VX .

Lemma 5.7. Let X be a general one-nodal Gushel–Mukai fourfold. Then the quadric
bundles RX and VX are isomorphic at the generic point of P

2. In particular, the
Gushel–Mukai fourfold X and the Verra fourfold VX are birational.

Proof. The quadric bundles RX and VX induce the same half-period L on the discrim-
inant curve C, so we can apply Theorem 1.1. �

Proof of Corollary 5.2. The first assertion follows directly from Lemma 5.7. To prove
the second assertion start with a general Verra fourfold V and using Corollary 4.1

find a birational model of V that corresponds to a quadric bundle R given in P̃7 as
the intersection of three divisors as in Corollary 4.1(2). The image of the projection
of R to P

7 is then a complete intersection X0 of three quadrics containing a three-
dimensional quadric. It follows that X0 can be seen as a the intersection of: a complete
intersection W0 of two quadrics containing a P

4 in P
7, and another quadric Q0. By

standard unprojection [43, §2.5.1 ] the variety W0 is the projection of a hyperplane
section of the Grassmannian G(2,5) (in its Plücker embedding) from a point on it.
HenceW0∩Q0 is birational to its preimage via the projection which is a nodal Gushel–
Mukai fourfold. �
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APPENDIX A.
The following script can also be found in [9].

CheckDom = (r,l)->

(k=4-l;

n=3;

S=ZZ[x_1..x_(n*r*(r+k))];

DS=ZZ[y_1..y_(r*l)];

R=ZZ[t_1..t_n];

T=S**DS**R;

for j from 1 to 5 do

(

if l==0 then K=0 else K=genericMatrix(DS,l,r);

M=random(R^r, R^{l:-2},Height=>2);

ZD=random(R^l, R^{l:-2},Height=>2);

Z=ZD+transpose ZD;

if l==0 then B=0 else B= (transpose((map(T,DS)) K))*((map(T,R)) Z)*((map(T,DS)) K);

if l==0 then F=0 else F=( ((map(T,R)) M))*((map(T,DS)) K);

if l==0 then G=0 else G=F+transpose F;

N1=genericMatrix(S,n*r,r+k);

V=(vars R)**diagonalMatrix(for i from 0 to r-1 list 1);

N=((map(T,R))V)*((map(T,S))N1);

etaKN=(N*(transpose N))+G+B;

IKN=mingens ideal flatten etaKN;

DKN1=mingens ideal flatten diff(matrix{{t_1..t_n}},diff(matrix{{t_1..t_n}},IKN));

DKN=(map(S**DS,T)) DKN1;

JDKN=jacobian DKN;

JDKNx=(map(ZZ,ring JDKN, random(ZZ^1,ZZ^(n*r*(r+k)+r*l))))JDKN;

ds=numgens source JDKNx;

dt=numgens target JDKNx;

LM=for i from 1 to 5 list det(random((ring JDKNx)^ds,(ring JDKNx)^dt, Height=>2)*JDKNx;

g_j=gcd(LM));

);

return factor gcd(g_1,g_2,g_3,g_4,g_5))
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