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Non-Nilpotent Leibniz Algebras with
One-Dimensional Derived Subalgebra
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Abstract. In this paper we study non-nilpotent non-Lie Leibniz F-algeb-
ras with one-dimensional derived subalgebra, where F is a field with
char(FF) # 2. We prove that such an algebra is isomorphic to the direct
sum of the two-dimensional non-nilpotent non-Lie Leibniz algebra and
an abelian algebra. We denote it by L., where n = dimp L,,. This gen-
eralizes the result found in Demir et al. (Algebras and Representation
Theory 19:405-417, 2016), which is only valid when F = C. Moreover,
we find the Lie algebra of derivations, its Lie group of automorphisms
and the Leibniz algebra of biderivations of L,,. Eventually, we solve the
coquecigrue problem for L, by integrating it into a Lie rack.

Mathematics Subject Classification. 16W25, 17A32, 17B30, 17B40, 20M99,
22A30.

Keywords. Leibniz algebra, Lie algebra, derivation, biderivation, coque-
cigrue problem.

Introduction

Leibniz algebras were introduced by Loday in [19] as a non-skew symmetric
version of Lie algebras. Earlier such algebraic structures were also consid-
ered by A. Blokh, who called them D-algebras [5] for their strict connection
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with derivations. Leibniz algebras play a significant role in different areas of
mathematics and physics.

Many results of Lie algebras are still valid for Leibniz algebras. One of
them is the Levi decomposition, which states that any Leibniz algebra over
a field F of characteristic zero is the semidirect sum of its radical and a
semisimple Lie algebra. This makes clear the importance of the problem of
classification of solvable and nilpotent Lie/Leibniz algebras, which has been
dealt with since the early 20th century (see [2-4,9-11,13] and [14], just for
giving a few examples).

In [16] and [17] nilpotent Leibniz algebras L with one-dimensional de-
rived subalgebra [L, L] were studied and classified. It was proved that, up
to isomorphism, there are three classes of indecomposable Leibniz algebras
with these properties, namely the Heisenberg algebras I3, 11, which are pa-
rameterized by their dimension 2n + 1 and by a matrix A in canonical form,
the Kronecker algebra €, and the Dieudonné algebra 0,,, both parameterized
by their dimension only. We want to complete this classification by studying
non-nilpotent Leibniz F-algebras with one-dimensional derived subalgebra,
where F is a field with char(F) # 2. Using the theory of non-abelian exten-
sions of Leibniz algebras introduced in [18], we prove that a non-nilpotent
non-Lie Leibniz algebra L with dimp L = n and dimg[L, L] = 1 is isomorphic
to the direct sum of the two-dimensional non-nilpotent non-Lie Leibniz alge-
bra So, i.e. the algebra with basis {e1, e2} and multiplication table given by
[e2,e1] = e1, and an abelian algebra of dimension n — 2. We denote it by L.
This generalizes the result found in Theorem 2.6 of [11], where the authors
proved that a complex non-split non-nilpotent non-Lie Leibniz algebra with
one-dimensional derived subalgebra is isomorphic to Ss.

We study in detail the properties of the algebra L,, and we compute the
Lie algebra of derivations Der(L,,), its Lie group of automorphism Aut(L,,)
and the Leibniz algebra of biderivations Bider(L,,).

Finally, we solve the coquecigrue problem for the Leibniz algebra L,,.
We mean the problem, formulated by J.-L. Loday in [19], of finding a gen-
eralization of Lie third theorem to Leibniz algebras. Using M. K. Kinyon’s
results for the class of real split Leibniz algebras (see [15]), we show how to
explicitly integrate L,, into a Lie rack defined over the vector space R™.

1. Preliminaries
We assume that F is a field with char(F) # 2. For the general theory we refer
to [1].

Definition 1.1. A [eft Leibniz algebra over F is a vector space L over F en-
dowed with a bilinear map (called commutator or bracket) [—,—]: LxL — L
which satisfies the left Leibniz identity

[‘ra [yaz]] = Hxvy} 72} + [y7 [va” , Vz,y,z € L.
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In the same way we can define a right Leibniz algebra, using the right

Leibniz identity

([z,y], 2] = [[z, 2], 9] + [2, [y, 2]], Va,y,2 € L.
Given a left Leibniz algebra L, the multiplication [z, y]°? = [y, z] defines a
right Leibniz algebra structure on L.

A Leibniz algebra that is both left and right is called symmetric Leibniz
algebra. From now on we assume that dimp L < co.

We have a full inclusion functor ¢: Lie — Leib that embeds Lie algebras
over F into Leibniz algebras over F. Its left adjoint is the functor 7: Leib —
Lie, which associates to each Leibniz algebra L the quotient L/ Leib(L), where
Leib(L) is the smallest bilateral ideal of L such that the quotient L/ Leib(L)
becomes a Lie algebra. Leib(L) is defined as the subalgebra generated by all
elements of the form [x,x], for any = € L, and it is called the Leibniz kernel
of L.

We define the left and the right center of a Leibniz algebra

Zi(Ly={zelL|[z,L]=0}, Z,(L)={x € L| [L,z] =0}.
The intersection of the left and right center is called the center of L and
it is denoted by Z(L). In general for a left Leibniz algebra L, the left center
Z;(L) is a bilateral ideal, meanwhile the right center is not even a subalgebra.
Furthermore, one can check that Leib(L) C Z;(L).

The definition of derivation for a Leibniz algebra is the same as in the
case of Lie algebras.

Definition 1.2. A linear map d: L — L is a derivation of L if
d([z,y]) = [d(x),y] + [z,d(y)], Vz,ye€ L.

An equivalent way to define a left Leibniz algebra L is to saying that the
left adjoint maps ad, = [z, —] are derivations. Meanwhile the right adjoint
maps Ad, = [—,x] are not derivations in general. The set Der(L) of all
derivations of L is a Lie algebra with the usual bracket [d,d'] =dod —d' od
and the set Inn(L) spanned by the left adjoint maps, which are called inner
derivations, is an ideal of Der(L). Moreover Aut(L) is a Lie group and its Lie
algebra is precisely Der(L).

In [19] Loday introduced the notion of anti-derivation and biderivation
for a Leibniz algebra.

Definition 1.3. A linear map D: L — L is an anti-derivation of L if
D([z,y]) = [z, D(y)] - ly, D(x)], Va,ye L.

The space ADer(L) of anti-derivations of L has a Der(L)-module struc-
ture with the extra multiplication d- D = do D — D od, for any derivation d
and for any anti-derivation D, and one can check that the right adjoint maps
Ad, are anti-derivations.

Definition 1.4. A biderivation of L is a pair (d, D) € Der(L) x ADer(L) such
that
[d(z) + D(x),y] =0, Vz,y € L.
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The set Bider(L) of all biderivations of L has a Leibniz algebra structure
with the bracket
[(dv D)’ (d/’ DI)] - ([da dl}a d- D/)
and it is defined a Leibniz algebra homomorphism
L — Bider(L), x — (ads, Ad,).

The pair (ad,, Ad,) is called the inner biderivation associated with z € L and
the set of all inner biderivations of L forms a Leibniz subalgebra of Bider(L).
We recall the definitions of solvable and nilpotent Leibniz algebras.

Definition 1.5. Let L be a left Leibniz algebra over F and let
LO=1L, L*' =[L* L*], Vk>0
be the derived series of L. L is n— step solvable if L1 # 0 and L™ = 0.

Definition 1.6. Let L be a left Leibniz algebra over F and let
LO =1, L*Y = L, L®] vk >0

be the lower central series of L. L is n— step nilpotent if L("~1) % 0 and
L™ = .

When L is two-step nilpotent, it lies in different varieties of non-associat-
ive algebras, such as associative, alternative and Zinbiel algebras. In this case
we refer at L as a two-step nilpotent algebra and we have the following.

Proposition 1.7. (i) If L is a two-step nilpotent algebra, then LM = [L, L]
C Z(L) and L is a symmetric Leibniz algebra.
(ii) If L is a left nilpotent Leibniz algebra with dimg[L, L] = 1, then L is
two-step nilpotent.

In [16] the classification of nilpotent Leibniz algebras with one-dimensio-
nal derived subalgebra was established. The classification revealed that, up
to isomorphism, there exist only three classes of indecomposable nilpotent
Leibniz algebras of this type.

Definition 1.8 [16]. Let f(z) € F [x] be a monic irreducible polynomial. Let
k € N and let A = (a;;);; be the companion matrix of f(x)*. The Heisen-
berg algebra [4 41 is the (2n + 1)-dimensional Leibniz algebra with basis
{e1,.--ven, f1,--, fn, 2z} and the brackets are given by

[ei7fj] :((52]4“@”)27 [f]ael] :(762_74»0‘2])2’ VZ,jZI,,n
When A is the zero matrix, then we obtain the (2n+ 1)—dimensional Heisen-

berg Lie algebra ho,41.

Definition 1.9 [16]. Let n € N. The Kronecker algebra &, is the (2n + 1)-
dimensional Leibniz algebra with basis {e1, ..., en, f1,- .., fu, 2} and the brack-
ets are given by

lei, fil =fieil =2 Vi=1,...,n
[ei7f’i—1] =z, [fi_1,€i] =—z Vi=2,...,n.
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Definition 1.10 [16] Let n € N. The Dieudonné algebra 0, is the (2n + 2)-
dimensional Leibniz algebra with basis {e1,...,ean+1,2} and the brackets
are given by

€irenyil = [ei,enpiv1] =2, Yi=2,...,n,

€ir€i—n| =2, [€is€i—n—1]=—2, Yi=n+2,....2n+1

We want to extend this classification by studying non-nilpotent Leibniz
algebras with one-dimensional derived subalgebra.

2. Non-nilpotent Leibniz algebras with one-dimensional
derived subalgebra

Let L be a non-nilpotent left Leibniz algebra over F with dimp L = n and
dimg [L, L] = 1. We observe that such an algebra is two-step solvable since
the derived subalgebra [L, L] is abelian.

It is well known that a non-nilpotent Lie algebra with one-dimensional
derived subalgebra is isomorphic to the direct sum of the two-dimensional
non-abelian Lie algebra and an abelian algebra (see [12, Sect. 3]). Thus we
are interested in the classification of non-Lie Leibniz algebras with these
properties.

In [11, Theorem 2.6] the authors prove that a complexr non-split non-
nilpotent non-Lie Leibniz algebra with one-dimensional derived subalgebra is
isomorphic to the two-dimensional algebra with basis {e1, e2} and multipli-
cation table [eg, e1] = [ea, ea] = e1. Here we generalize this result when F is
a general field with char(F) # 2.

Proposition 2.1. Let L be a non-nilpotent left Leibniz algebra over F with
dimp [L, L] = 1. Then L has a two-dimensional bilateral ideal S which is
isomorphic to one of the following Leibniz algebras:
(1) Sl = <61,€2> with [62,61] = — [61,62] = €1,
(ll) S2 = <61,62> with [62,61] = [62,62] =€1.
Proof. Let [L, L] = Fz. Since L is not nilpotent, then
L, [L, L]] # 0,
ie. z ¢ Z,(L). Since [L, L] is an abelian algebra, there exists a vector z € L,
which is linearly independent than z, such that [z, z] # 0. Thus
[z,2] =7z,
for some v € F*. The subspace S = (x,z) is an ideal of L and it is not
nilpotent: in fact
0#vz= [1'72] € [Sv [Sa SH :
Thus S is a non-nilpotent Leibniz algebra. Using the classification of two-

dimensional Leibniz algebras given by C. Cuvier in [8], S is isomorphic either
to Sy or to Ss. O
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Remark 2.1. The algebras S; and Sy are respectively the Leibniz algebras
Lo and Ly of Sect. 3.1 in [1]. We observe that S; is a Lie algebra, meanwhile
So is a non-right left Leibniz algebra.

One can see L as an extension of the abelian algebra Ly = L/S = F"~2
by S [18]

0— > S— s Lz—=Ly——0. (1)
S
It turns out that there exists an equivalence of Leibniz algebra extensions

04>SL>LOD<Q,S$LO*>O

i1
ol

0 S ! L¢L0*>O

where Lg X, S is the Leibniz algebra defined on the direct sum of vector
spaces Lg @ S with the bilinear operation given by

[(xa a)? (y’ b)](l,r,w) = (O’ [a’ b] + lw(b) + Ty(a) + w(x, y))a
where
w(z,y) = [o(z), oY)l = o([z,ylL,) = lo(2),0(y)lL
is the Leibniz algebra 2-cocycle associated with (1) and

lo(b) = [o(2),i(b)]L, ry(a) = [i(a),o(y)lL

define the action of Lg on S} i1, 45, m are the canonical injections and projec-
tion. The Leibniz algebra isomorphism 6 is defined by 0(x,a) = o(z) + i(a),
for every (z,a) € Lo ® S.

By [18, Proposition 4.2], the 2-cocycle w: Lo x Ly — S and the linear
maps [,r: Ly — gl(S) must satisfy the following set of equations

L1) Iy ([a,b]) = [l (a), b] + [z, L2 ()];
re([a,0]) = [a,72(b)] = [b, 72 (a)];

(

(L2)

(L3) [a:( )+7“z( ), b = 0;

(L4) [, ] l[w,u]LO adW(Ly)

(LS) [ll‘a ry] = Tx, YLy — Adw(z,y);

(L6) ry(re(a ) ( ) =0;

<L7) ! Y,z )) ( (l‘, Z)) - Tz(w(x,y))

2 (w(
w([x y]LO’ ) - (JJ, [y7Z}L0)+w(y7 [Z‘,Z}LD)

for any z,y € Ly and for any a,b € S. Notice that these equations where also

studied in [6] in the case of Leibniz algebra split extensions.

Remark 2.2. The first three equations state that the pair (I, r,) is a bideriva-
tion of the Leibniz algebra S, for any x € Ly. Biderivations of low-dimensional
Leibniz algebras were classified in [20] and it turns out that

e Bider(S1) = {(d,—d) | d € Der(S1)} and

Der(S)) = {(8‘ g) ‘ o, B €F
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.Bider<s2):{((g‘ R a,ﬁeF}.

We study now in detail the non-abelian extension (1) in both cases that
S is isomorphic either to S; or to Ss.

2.1. S is a Lie algebra

When S = S, we have that r, = —I,, for any y € Lo and the bilinear
operation of Lg X, S; becomes

[(CU, a‘)v (ya b)](l,w) = (07 [av b} + lz(b) - ly((l) + w(x, y))

The linear map [, is represented by a 2 X 2 matrix

ay Bz
0 0
with ay,0; € F. From equations (L4)-(L5) it turns out that
W(x7y) = (amﬁy - ayﬁw)ela V-L Yy e Lo

and the 2-cocycle w is skew-symmetric. Moreover, equations (L6)-(L7) are
automatically satisfied and the resulting algebra Lgx,S7 = L is a Lie algebra.
We conclude that L is isomorphic to the direct sum of S; and Ly = F*—2.

2.2. S is not a Lie algebra

With the change of basis e; — e3 — e1, S5 becomes the Leibniz algebra with
basis {e1, ez} and the only non-trivial bracket given by [es,e1] = e1. Now a
biderivation of Sy is represented by a pair of matrices

(6 5)- ()

with «, 8 € F and the pair (I,,r,) € Bider(Ss) is defined by l,(e1) = ager
and 7, (e3) = Bypeq, for any x € Ly.
Equation (L4) states that [l-"ﬂvly]gl(sz) = [w(x,y), —], with

. _f(ay 0\ fa, O ay, 0\ (a, 0
e bylgsy) = e oly =y ola = (0 o) (o 0) _<0 0) (0 0)
_ (azay 0\  faga, 0) _ (0 O
L0 0 0 0/ \0 0)°

for any z,y € Lg. Thus w(z,y) € Z;(S2) = Fey.
From equation (L5) we have [lz,ry]gl(s2) = [~ w(z,9)]g,, with

_ (0 agfy 0 0) (0 a8
[lIvT’y]gl(Sg)_ll'OTy_Tyolw_(0 0 )‘(0 0)—<0 R

Thus, for every a = aje1 + azeq € So and for every z,y € Lo, we have

[a,w(z,y)] = [l 7] (a) = oz fyazen,

ie. w(z,y) = azByer. Finally, equations (L6) and (L7) are identically satis-
fied.
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Summarizing we have

w(a:,y) = O‘wﬁyel
for every x,y € Ly and the bilinear operation [—, —]( .., becomes

[(Iv CL), (IU, b)](l,r,w) = (07 (a2b1 + aa:bl + ﬁya2 + awﬁy)el)a
for any x, y € Ly and for any a = aje; + asea, b = biey + boey € Ss.

If we fix a basis {fs,..., fn} of Ly and we denote by
a; = Qf,, Bi :ﬂfm Vi=3,...,n

then L is isomorphic to the Leibniz algebra with basis {ey, ea, fs,..., fn} and
non-zero brackets

fis f;] = auBjer, Vi,j=3,...,n.
With the change of basis f; — f! = % — e1, if §; # 0, we obtain that
le2, fi] = e1 — [ea, 1] = 0,
[fl,e1] = vie1, where v; = %,
[fis ;] = cier = [fi,e1] =0
1
[levfﬂ = Yi€1 — 7[fi761] =0
Bi

If we denote again f; = f! and a; = ; when §8; # 0, then L has basis
{e1,ea, f3,..., fn} and non-trivial brackets

[62,61] = €1, [fi,el] = &;€1, V’L:3,,TL

Finally, when «; # 0, we can operate the change of basis

fir ﬁ - €2.
Q;
One can check that the only non-trivial bracket now is [e2,e1] = €1 and L is
isomorphic to the direct sum of Sy and the abelian algebra Ly = F"~2. This

allows us to conclude with the following.

Theorem 2.2. Let F be a field with char(F) # 2. Let L be a non-nilpotent
non-Lie left Leibniz algebra over F with dimp L = n and dimg[L, L] = 1.
Then L is isomorphic to the direct sum of the two-dimensional non-nilpotent
non-Lie Leibniz algebra So and an abelian algebra of dimension n — 2. We
denote this algebra by L, . d
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If we suppose that L is a non-split algebra, i.e. L cannot be written as
the direct sum of two proper ideals, then we obtain the following result, that
is a generalization of [11, Theorem 2.6] and which is valid over a general field
F with char(F) # 2.

Corollary 2.3. Let L be a non-split non-nilpotent non-Lie left Leibniz algebra
over F with dimg L = n and dimgp[L,L] = 1. Thenn =2 and L =2 S,. O

Now we study in detail the algebra L, = So @ F"~2 by describing the
Lie algebra of derivations, its Lie group of automorphisms and the Leibniz
algebra of biderivations. Moreover, when F = R, we solve the coquegigrue
problem (see [7] and [15]) for L,, by integrating it into a Lie rack.

2.3. Derivations, Automorphisms and Biderivations of L,,

Let n > 2 and let L,, = Sy & F"~2. We fix the basis B,, = {e1, €2, f3, .-, fn}
of L, and we recall that the only non-trivial commutator is [eq, e1] = ey.
A straightforward application of the algorithm proposed in [20] for finding
derivations and anti-derivations of a Leibniz algebra as pair of matrices with
respect to a fixed basis produces the following.

Theorem 2.4. (i) A derivation of L,, is represented, with respect to the basis
B, by a matrix

o 0 0 0 0
0 0 0 0 0
0 as

0 a4

. A

0 ap,

where A € My, _o(F).
(ii) The group of automorphisms Aut(L,) is the Lie subgroup of GL,(F) of
matrices of the form

B 0|0 0 0
0 100 0 0
0 by
0 by

, B
0 by

where  # 0 and B € GL,,_»(TF).
(iii) The Leibniz algebra of biderivations of L, consists of the pairs (d,D)
of linear endomorphisms of L, which are represented by the pair of
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matrices
a 00 O --- 0 0 o0 0 0
0O 010 O 0 0 0|0 O 0
0 as 0 (Lé
0 a4 1 0 a) )
. A ) ) A
0 ap, 0 a,
where A,A" € M,,_o(F). O

3. The Integration of the Leibniz Algebra L,

The coquecigrue problem is the problem formulated by Loday in [19] of finding
a generalization of Lie third theorem to Leibniz algebras. Given a real Leibniz
algebra L, one wants to find a manifold endowed with a smooth map, which
plays the role of the adjoint map for Lie groups, such that the tangent space
at a distinguished element, endowed with the differential of this map, gives a
Leibniz algebra isomorphic to L. Moreover, when L is a Lie algebra, we want
to obatin the simply connected Lie group associated with L. From now on,
we assume that the underlying field of any algebra is F = R.

In [15] M. K. Kinyon shows that it is possible to define an algebraic
structure, called rack, whose operation, differentiated twice, defines on its
tangent space at the unit element a Leibniz algebra structure.

Definition 3.1. A rack is a set X with a binary operation >: X x X — X
which is left autodistributive
x> (y>z)=(x>y) > (r>z2), Vr,y,ze€X

and such that the left multiplications = > — are bijections.

A rack is pointed if there exists an element 1 € X such that 1>z =z
and z>1=1, for any z € X.

A rack is a quandle if the binary operation > is idempotent.

The first example of a rack is any group G endowed with its conjugation
r>y=xyr ", Vz,yeq.
We denote this rack by Conj(G) and we observe that it is a quandle.

Definition 3.2. A pointed rack (X,r>,1) is said to be a Lie rack if X is a
smooth manifold, t> is a smooth map and the left multiplications are diffeo-
morphisms.

M. K. Kinyon proved that the tangent space Ty X at the unit element
1 of a Lie rack X, endowed with the bilinear operation
82

D50t 71(8) > 72(t)

s,t=0

[$7y] =

where v1,72: [0,1] — X are smooth paths such that v1(0) = v2(0) = 1,
v1(0) = z and v5(0) = vy, is a Leibniz algebra.
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He also solved the coquecigrue problem for the class of split Leibniz
algebras. Here a Leibniz algebra is said to be split if there exists an ideal

Leib(L) C I C Zy(L)

and a Lie subalgebra M of L such that L
bilinear operation {—, —} is defined by

{(:v,a), (y7b)} = ([$7y]ﬂpx(b))

and p: M x I — I is the action on the M-module I. L is said to be the
demisemidirect product of M and I. More precisely, we have the following.

(M @ I,{—,-}), where the

Theorem 3.3 [15]. Let L be a split Leibniz algebra. Then a Lie rack integrating
Lis X =(H®I,>), where H is the simply connected Lie group integrating
M and the binary operation is defined by

(g,a) > (h,b) = (ghg™", ¢4(b)),

where ¢ is the exponentiation of the Lie algebra action p.

Some years later S. Covez generalized M. K. Kinyon’s results proving
that every real Leibniz algebra admits an integration into a Lie local rack
(see [7]). More recently it was showed in [16] that the integration proposed
by S. Covez is global for any nilpotent Leibniz algebra. Moreover, when a
Leibniz algebra L is integrated into a Lie quandle X, it turns out that L is
a Lie algebra and X = Conj(G), where G is the simply connected Lie group
integrating L.

Our aim here is to solve the coquecigrue problem for the non-nilpotent
Leibniz algebra L, = Sy @ F”~2. One can check that S5 is a split Leibniz
algebra, in the sense of M. K. Kinyon, with I = Z;(S3) 2 R and M = R.
Thus L = (R?,{—, —}) with the bilinear operation defined by

{(z1,22), (Y1,92)} = (0, pz, (y2))

and p,, (y2) = 1y, for any x1,y2 € R. It turns out that a Lie rack integrating
Sy is (R%,1>), where

(71, 22) > (y1,92) = (Y1,Y2 + " y2).

and the unit element is (0, 0). Finally, one can check that the binary operation

(.T17$27l'3,. "71:71) > (ylay27y37"'7yn) = (ylva +611y27y37"'5yn)

defines on R™ a Lie rack structure with unit element 1 = (0,...,0), such
that (T7 R™,>) is a Leibniz algebra isomorphic to L,. This result, combined
with the ones of [16, Section 4], completes the classification of Lie racks
whose tangent space at the unit element gives a Leibniz algebra with one-
dimensional derived subalgebra.
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