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A B S T R A C T   

The present paper proposes the use of a special design procedure devoted to the prevention of brittle failure for 
welded steel connections. In particular, reference is made to steel frame structures made up of beam elements 
with I-shaped cross-sections where the connections between columns and beams are usually welded and/or 
bolted. The proposed new design procedure consists of four subsequent analysis steps; it is based on the iden-
tification and analytical definition of new appropriate brittle safe domains defined in the N,V,M space and on 
the use of suitably designed devices (LRPD), recently proposed by the authors, belonging to the class of the RBS 
connections. The latter are able to impose prefixed values of internal forces on selected beam element cross- 
sections, avoiding any modification of the elastic stiffness features of the involved beam. The main novelties 
of the present study consist in the introduction of new brittle safe domains for I-shaped cross-sections, in the 
specialization of the LRPD optimal design to the present context and in the definition of a special design strategy 
which allows to contextually obtain structures safe from the risk of brittle failure as well as being able to dissipate 
an appropriate amount of plastic strain energy. The numerical application, devoted to plane steel frames, con-
firms the sound reliability of the procedure and the great flexibility of the utilized LRPDs.   

1. Introduction 

In the framework of steel structures, connections between beams and 
columns are the most critical portions to be investigated. The European 
code of design [1] proposes the classification of the structural steel 
connections both in terms of stiffness, identifying three different types of 
connections (rigid, semi-rigid and nominally pinned), and in terms of 
strength, identifying three alternative types of connections (full 
strength, partial strength and, again, nominally pinned). As is common 
knowledge, steel structures perform best when their ductility features 
are appropriately used; in this case the structure design must be based on 
appropriate elastic plastic analyses and such occurrence makes relevant 
the above described strength classification. For the purposes of the 
present paper, moment resisting connections will be considered, repre-
senting appropriate rigid and full-strength connections. 

The relevant beam-column connection is usually achieved by weld-
ing steel plates at the ends of the beam and bolting them to the flange 
columns in the panel zone, so that the adoption of welding is unavoid-
able. The main role of a structural connection is force transmission be-
tween the connected sections and, therefore, this connection should 
possess clearly describable mechanical properties, suitably high ulti-
mate load capacity and pronounced ductility [2]. All these requisites, for 

given geometry, depend both on the mechanical properties of the base 
material and on the welding technological process. Unfortunately, as is 
well known, welding produces a modification of the material crystal 
lattice and, consequently, the transition from the desired ductile 
behaviour to an undesired brittle one. Therefore, it is precautionary to 
make suitable elastic checks for the welded connections, adopting 
appropriate safety factors to avoid any dangerous brittle collapse. This 
problem is particularly relevant when the seismic design of steel struc-
ture is carried out, as was demonstrated by the 1994 Northridge and 
1995 Kobe earthquakes which produced devastating effects on struc-
tural steel connections, highlighting failure phenomena due to brittle 
behaviour. The consequent structural collapse gave rise to many studies 
(see e.g. [3,4]) on steel connections. 

Therefore, one of the main matters to be faced is the definition of a 
good strategy to design steel structures which at the same time fulfil 
safety with regards to the possible brittle failure and exhibit good ductile 
behaviour. Current Italian standards for constructions [5], in alignment 
with Eurocode 8 prescriptions [6], aim for the application of the 
well-known and consolidated capacity design approach for new build-
ings in seismic-prone areas. In accordance with this approach, selected 
elements of the structures are devoted to the development of plastic 
deformations to maximize the dissipation of the energy stored during 
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seismic events and to achieve a global ductile collapse mechanism. Many 
different typologies of structural elements, as concentrically and not 
concentrically braces [7,8], RBS (see e.g. [9–11]), dissipative connec-
tions (see e.g. [12–14]), are available to the designer to achieve the 
above-described goal, but they do not deal with the undesired brittle 
behaviour. 

A recommended strategy within the framework of RBS connections, 
utilized in the present paper, consists of limiting the stresses acting on 
the beams’ end sections realising the welded connection (in the 
following synthetically referred to as BWC) by making use of special 
innovative devices for beam-column connections named Limited Resis-
tance Plastic Device (LRPD), already proposed by the authors [15–22]. 
As widely reported in [21,22], the LRPD possesses the property of 
suitably reducing the generalized stresses at the beam extreme main-
taining unaltered the elastic bending stiffness and ensuring the pro-
duction of the expected amount of plastic dissipation. These latter 
features make the described device different from the usual adopted 
ones, available for structural designers [23–26] and approved by in-
ternational codes (see e.g. [27–29]). 

The main aim of the present paper is to give a response to the pre-
viously introduced matter by defining appropriate new reduced elastic 
domains (brittle safe) for the typical I-shaped steel cross-section based 
on the Von Mises criterion. The paper proposes a new design strategy for 
flexural steel frames able to obtain structures safe with respect to any 
brittle failure risk and, furthermore, able to exhibit resistance capacity 
beyond their elastic limit and to dissipate an appropriate amount of 
plastic strain energy. 

The proposed design procedure will be performed in four consecu-
tive steps: i) a classical standard code design is obtained by performing a 
modal analysis referring to the relevant response spectrum; ii) the real 
behaviour of the structure so designed is checked by performing a step 
by step elastic plastic dynamic analysis with the aim of identifying the 
BWC where the elastic plastic behaviour is required; iii) on the ground of 
the defined new reduced elastic domain (brittle safe) of the relevant 
cross-sections, defined in a suitable analytic form and represented in the 
N,V,M space, the limit value of the relevant bending moment to be 
imposed at the selected cross-sections for ensuring a safe brittle 
behaviour is determined; iv) the optimal LRPDs to be placed at the end 
of the beams, which ensure the fulfilling of the previously defined safe 
condition, are obtained by solving suitably formulated optimal design 
problems. 

In the following, at first the brittle safe domains for I-shaped steel 
cross-sections will be defined utilizing a discrete linearized procedure; 
subsequently, a new version of the optimal design for LRPDs will be 
proposed, specialized to the present case in order to ensure the pre-
vention of dangerous brittle failure and the virtuous utilization of the 
ductility characteristic of the structure; furthermore, the proposed 
design procedure will be explicitly described and applied to a two span 
and two floors plane steel frame. Finally, a useful comparison between 
the LRPDs and the most utilised RBS connections (dogbone) will be 
examined. All the obtained results confirm the full reliability of the 
procedure and the efficacy of the new optimal design approach. 

2. Definition of the brittle safe domain 

Making reference to Fig. 1, a typical I-shaped cross-section of a steel 
beam element is considered; limiting the interest to plane frame struc-
tures, the behaviour of the considered cross-section depends on the 
simultaneous presence of axial force N, shear force V ≡ Vz along one of 
the inertia central axes and bending moment M ≡ My. 

The analysis of the behaviour of steel cross-sections subjected to the 
simultaneous action of axial force, shear force and bending moment has 
already been looked at in several studies (see, e.g. [30,31]), while it is 
not sufficiently investigated in the international standard rules [1,5,8]; 
in particular, in [30] and [31] the effect of the three generalised stresses 
is studied for I-shaped sections, double channel sections and hollow 

rectangular sections appertaining to Class 1, 2 and 3, providing very 
useful formulation for practical applications, but always referring to the 
ultimate strength of the relevant sections and usually adopting a 
simplified model which takes into account the combined effect of the 
acting stresses. If the limit state to avoid in BWC is related to the risk of 
brittle failure, in these sections an elastic behaviour with suitable safety 
factors must be required. Therefore, in the following some specific 
reduced elastic domains (brittle safe) are analitically defined for I-sha-
ped steel cross-sections to be utilized for the design of connections able 
to ensure suitable safety factors against brittle failure. 

For the construction of the specific reduced elastic domains, refer-
ence will be made to the classical normal and shear stress distributions 
characterizing the local response related to the axial force N, the shear 
force V and the bending moment M. 

Making reference to Fig. 2, indicating with A and Iy the area of the 
cross-section and the related moment of inertia with respect to the y axis, 
in each point the normal stress is the algebraical sum of the one involved 
by the axial force (σx = N/A) and the one due to the bending moment 
[
σx(z) =

(
M/Iy

)
z
]
, suitably condensed in a single linear diagram, while 

the diagram of the shear stress along the flange τxy =
V•SAz

y
Iy•tf and that along 

the web τxz =
V•SAy

y
Iy•tw 

are sketched with reference to the medium lines of 

flange and web, respectively, and reported in Fig. 3, where SAz
y and SAy

y 

indicate the first order moments of the area subtended by a chord par-
allel to z and y axes, respectively, evaluated with respect to the 

Fig. 1. Typical I-shaped cross-section under examination.  
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barycentric y axis. 
According to the Von Mises criterion and indicating with σb the 

reduced brittle limit stress, in each point of the relevant cross-section the 
significant limit condition holds: 
̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

σ2
x + 3

(
τ2

xy + τ2
xz

)√

= σb (1) 

In Eq. (1) σb = σ0/γb, with σ0 material yield stress and γb = 1.25 an 
appropriately chosen safety factor against the brittle failiure (see 
Table 4.2. XIV of [5]). In particular, at extrados and intrados of the 
relevant I-shaped cross-section, the condition reads: 
̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
σ2

x + 3τ2
xy

√
= σb⟹σ2

x + 3τ2
xy = σ2

b (2)  

and within the web the condition reads 
̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

σ2
x + 3τ2

xz

√

= σb⟹σ2
x + 3τ2

xz = σ2
b (3) 

Moreover, it results:  

• pure axial force 
σx = σx,max = N

A in any point of the cross-section and Nb = Aσb, 
being Nb the limit brittle safe axial force;  

• pure bending moment 
σx,max = M

WE
y 

at extrados or intrados (depending on the sign of M) 

and Mb = WE
yσb, being Mb the limit brittle safe bending moment and 

WE
y the elastic resistance modulus of the cross-section; 

Fig. 2. Stress distribution for axial force and bending moment.  

Fig. 3. Stress distribution for shear force.  
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• pure shear force 

τxy,max =
V•SAz

y (b
2)

Iy•tf at extrados or intrados and in absence of τxz, τxz,max 

=
V•SAy

y (G)
Iy•tw 

in correspondence of the cross-section centre of gravity and 
in absence of τxy, 

τxz,max > τxy,max always results and Vb =
τb•Iy•tw
SAy

y (G)
, being Vb the limit 

brittle safe shear force with τb = σb/
̅̅̅
3

√
the reduced brittle limit 

shear stress.  

2.1. Domain boundary on N,M plane 

Considering the cross-section subjected just to axial force and 
bending moment, on the first quarter of the N,M plane, the maximum 
value of the normal stress at the cross-section intrados holds: 

σx,max(N,M) =
N
A
+

M
WE

y
with τxy = τxz = 0 at any point (4) 

Therefore, the cross-section domain boundary on the first quarter of 
the N,M plane, ∀N ∈ (0;Nb),∀M ∈ (0;Mb), is defined by the function: 
̅̅̅̅̅̅̅̅̅̅̅
σ2

x,max

√
= σb (5)  

i.e. 
̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
(

N
A
+

M
WE

y

)2
√
√
√
√ = σb (6)  

and finally: 

N
A
+

M
WE

y
= σb (7) 

On the other quarters of the N,M plane, the boundary can be defined 
imposing symmetry with respect to the N and M axes. In Fig. 4 the 
reduced elastic domain (brittle safe) is reported in the plane N,M 
referring to a IPE360 S235 steel profile whose basic dimensions and 
geometrical properties are reported in Table 1. 

2.2. Domain boundary on N,V plane 

Considering the cross-section subjected just to axial and shear forces, 
on the first quarter of the N,V plane, the maximum value of the normal 
stress and of the shear stress are in correspondence to the center of 
gravity and they hold: 

σx(N) =
N
A

(8)  

and 

τxz,max =
V • SAy

y (G)

Iy • tw
(9) 

Therefore, the cross-section domain boundary on the first quarter of 
the V,N plane, ∀N ∈ (0;Nb),∀V ∈ (0;Vb), is defined by the function: 
̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
σ2

x + 3τ2
xz,max

√
= σb (10)  

i.e. 
̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
(

N
A

)2

+ 3

(
V • SAy

y (G)

Iy • tw

)2
√
√
√
√ = σb (11)  

and finally: 

(
N
A

)2

+ 3

(
V • SAy

y (G)

Iy • tw

)2

= σ2
b (12) 

On the other quarters of the N,V plane, the boundary can be defined 
imposing symmetry with respect to the N and V axes. In Fig. 5 the 
reduced elastic domain (brittle safe) is reported in the plane N,V always 
referring to a IPE360 S235 steel profile. 

2.3. Domain boundary on M,V plane 

Considering the cross-section subjected just to shear force and 
bending moment, on the first quarter of the M,V plane, the maximum 
value of the normal stress and that of the shear stress along the y axis 
find themselves in correspondence of the medium point of the section 
intrados and they hold: 

Fig. 4. Reduced elastic domain in N,M plane for IPE360 S235 steel profile.  

Table 1 
Dimensions and geometrical properties of the IPE360 profile.  

Adopted Symbol Value 

Section width b 170 mm 
Section depth h 360 mm 
Web thickness tw 8 mm 
Flange thickness tf 12.7 mm 
Root radius r 18 mm 
Area A 7273 mm2 

Elastic resistance modulus Wel,y 903,600 mm3 

Plastic resistance modulus Wpl,y 1019,000 mm3 

Moment of inertia Iy 162,700,000 mm4  

Fig. 5. Reduced elastic domain in N,V plane for IPE360 S235 steel profile.  
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σx,max(M) =
M

WE
y

(13)  

and 

τxy,max =

V • SAz
y

(
b
2

)

Iy • tf
(14) 

Along the web the normal stress function and the shear force one 
(along the z axis) read: 

σx(M, z) =
M
Iy

z (15)  

and 

τxz(V, z) =
V • SAy

y (z)
Iy • tw

(16) 

Therefore, the cross-section domain boundary on the first quarter of 
the M,V plane, ∀V ∈ (0;Vb), ∀M ∈ (0;Mb), is defined imposing that in 
correspondence of the medium point of the section intrados the resis-
tance condition is: 
̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
σ2

x + 3τ2
xy,max

√
= σb (17)  

i.e. 
̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

(
M

WE
y

)2

+ 3

⎛

⎜
⎜
⎝

V • SAz
y

(
b
2

)

Iy • tf

⎞

⎟
⎟
⎠

2
√
√
√
√
√
√
√ = σb (18)  

and finally 

(
M

WE
y

)2

+ 3

⎛

⎜
⎜
⎝

V • SAz
y

(
b
2

)

Iy • tf

⎞

⎟
⎟
⎠

2

= σ2
b (19)  

and that along the web, ∀V ∈ (0;Vb), ∀M ∈ (0;Mb), ∀z ∈
(
0; h

2 − tf
)
, the 

resistance condition reads: 
̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

σ2
x + 3τ2

xz

√

= σb (20)  

i.e. 
̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
(

M
Iy

z
)2

+ 3

(
V • SAy

y (z)
Iy • tw

)2
√
√
√
√ = σb (21)  

and finally: 

(
M
Iy

z
)2

+ 3

(
V • SAy

y (z)
Iy • tw

)2

= σ2
b (22) 

Therefore, for a sufficiently high number of M values (0 ≤ M ≤ Mb), 
the corresponding limit value of the shear force can be defined as the 
lower value between 

V =

⎧
⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

[

σ2
b −

(

M
WE

y

)2 ]

I2
y • t2

f

3
[

SAz
y

(
b
2

)]2

⎫
⎪⎪⎪⎪⎪⎬

⎪⎪⎪⎪⎪⎭

1
2

(23)  

and the minimum shear force value obtained by the solution to the 
following optimization problem: 

min
(z)

V (24a)  

subjected to 

0 ≤ z ≤
h
2
− tf (24b)  

(
M
Iy

z
)2

+ 3

[
V • SAy

y (z)
Iy • tw

]2

≥ σ2
b (24c) 

On the other quarters of the M,V plane the boundary can be defined 
imposing symmetry with respect to the M and V axes. In Fig. 6 the 
reduced elastic domain (brittle safe) is reported in the plane M,V always 
referring to a IPE360 S235 steel profile. 

2.4. Domain boundary surface on the N,V,M space 

Considering the cross-section subjected to axial force, shear force and 
bending moment, on the first octant of the N,V,M space, the maximum 
value of the normal stress and of the shear stress along the y axis find 
themselves in correspondence to the medium point of the section 
intrados and they hold: 

σx,max(N,M) =
N
A
+

M
WE

y
(25)  

and 

τxy,max =

V • SAz
y

(
b
2

)

Iy • tf
(26) 

Along the web the normal stress function and the shear force one 
(along the z axis) read 

σx(N,M, z) =
N
A
+

M
Iy

z (27)  

and 

τxz(V, z) =
V • SAy

y (z)
Iy • tw

(28) 

Therefore, the cross-section domain boundary on the first octant of 
the N,V,M space, ∀N ∈ (0;Nb), ∀V ∈ (0;Vb), ∀M ∈ (0;Mb), is defined 
imposing that in correspondence to the medium point of the section 
intrados the resistance condition is: 
̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
σ2

x + 3τ2
xy,max

√
= σb (29) 

Fig. 6. Reduced elastic domain in M,V plane for IPE360 S235 steel profile.  
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i.e. 
̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

(
N
A
+

M
WE

y

)2

+ 3

⎛

⎜
⎜
⎝

V • SAz
y

(
b
2

)

Iy • tf

⎞

⎟
⎟
⎠

2
√
√
√
√
√
√
√ = σb (30)  

and finally 

(
N
A
+

M
WE

y

)2

+ 3

⎛

⎜
⎜
⎝

V • SAz
y

(
b
2

)

Iy • tf

⎞

⎟
⎟
⎠

2

= σ2
b (31)  

and that along the web, ∀N ∈ (0;Nb), ∀V ∈ (0;Vb),∀M ∈ (0;Mb), ∀z ∈
(
0; h

2 − tf
)

the resistance condition is 
̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

σ2
x + 3τ2

xz

√

= σb (32)  

i.e. 
̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
(

N
A
+

M
Iy

z
)2

+ 3

(
V • SAy

y (z)
Iy • tw

)2
√
√
√
√ = σb (33)  

and finally 

(
N
A
+

M
Iy

z
)2

+ 3

(
V • SAy

y (z)
Iy • tw

)2

= σ2
b (34) 

Therefore, for a sufficiently wide number of couples of N and M 
values (0 ≤ N ≤ Nb;0 ≤ M ≤ Mb), the correspondent limit value of the 
shear force can be defined as the lower value between 

V =

⎧
⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

[

σ2
b −

(

N
A +

M
WE

y

)2 ]

I2
y • t2

f

3
[

SAz
y

(
b
2

)]2

⎫
⎪⎪⎪⎪⎪⎬

⎪⎪⎪⎪⎪⎭

1
2

(35)  

and the minimum shear force value obtained by the solution to the 
following optimization problem 

min
(z)

V (36a)  

subjected to 

0 ≤ z ≤
h
2
− tf (36b)  

(
N
A
+

M
Iy

z
)2

+ 3

(
V • SAy

y (z)
Iy • tw

)2

≥ σ2
b (36c) 

On the other octants of the N,V,M space, the boundary surface can 
be defined imposing symmetry with respect to the coordinate planes. 

The overall domain in the N,V,M space is reported in Fig. 7, referring 
once again to a IPE360 S235 steel profile. 

3. LRPD optimal design procedure 

The optimal device to be designed has to fulfill two fundamental 
goals: 1) the protection of the BWC at the beam ends, ensuring that the 
acting generalized stresses are within the brittle safe domain previously 
defined; 2) the realization of suitably selected beam element portions 
where an appropriate amount of plastic strain energy is dissipated. To 
reach these goals, the device must exhibit an elastic perfectly plastic 

behaviour with a suitably prefixed resistance limit. In particular, for 
given values of axial and shear forces, the device is designed so that it 
fully plasticizes for a bending moment value which ensures that the 
three generalized stresses acting at BWC are within the relevant reduced 
elastic domain. Such a desired effect can be obtained appropriately 
reducing the cross-section constituting one of the device portions, so 
producing a resistance reduction. The special device utilized (LRPD), 
differently to other competitors proposed by other authors in the sci-
entific and technical literature, takes advantage of the particular shape 
and geometry (stepped cross-sections), and also prevents the undesired 
elastic flexural stiffness reduction, typical of the other known devices. 

Specifically, the LRPD will possess overall dimensions l × bp × hp, 
with l design variable to be determined and bp × hp dimensions of the 
rectangle circumscribed to the cross-section of the beam element profile 
to which the device will be connected. It will be utilised to substitute an 
analogous portion of the I-shaped beam element in correspondence to 
the beam-columns connection (see Fig. 8 and Table 2) and it must 
ensure: i) a full plasticization of the inner portion for appropriate 
assigned values of the generalized stresses (N, V, M), preventing 
dangerous local buckling of the relevant flanges; ii) the consistency of 
the equivalent elastic flexural stiffness, defined as the global flexural 
stiffness of the portion of length l in the hypothesis of linear elastic 
behaviour. A complete description of LRPD is reported in [21], while in 
the appendix a synthetic description of the principal shape, geometrical 
and mechanical features is reported. In the following, the presence of the 
welding size will be neglected in the definition of the geometrical and 
mechanical properties of the relevant cross-sections. 

To fulfill the first requirement, the values of N,V and M to be utilized, 
in correspondence of which the full plasticization of the internal portion 
of the device is imposed, depend on the response of the structure not 
equipped by the relevant device. In detail, once the generalized stresses 
on the BWC to be protected are known, it must be ensured that the 
device reaches its plastic limit for the couple of the given axial force and 
a suitable value of the bending moment Ml im; the latter depends on the 
brittle safe limit behaviour of the outer cross-section of the device 
realising the welded connection and on the actual distribution of shear 
force and acting loads. Making reference to Fig. 9, Ml im, the yield 
bending moment value to be imposed for the inner portion of the device, 
is given by 

Fig. 7. Reduced elastic domain space for IPE360 S235 steel profile.  
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Ml im = Mb,N,V − V
(

l o +
l i

2

)

+
q
2

(

l o +
l i

2

)2

(37) 

In Eq. (37) Mb,N,V is the bending moment value of BWC of the original 
beam element corresponding to a limit brittle safe condition for the 
assigned axial force N and shear force V (accordingly with the brittle safe 
domain defined in the previous section) and q the acting uniformly 
distributed load along the beam. In the following, the relevant value of 
the axial force related with Ml im for the design of the device will be 
indicated with Nl im. Finally, it is noted that for the evaluation of the limit 
behaviour of the inner portion of the device (which does not involve any 
risk of brittle failure) the influence of the shear force will be disregarded. 

The device volume is chosen as objective function to be minimized; it 
is constituted by an inner portion of length l i and two identical outer 

portions both of length l o. Furthermore, with the aim of ensuring the 
onset of appropriate plastic strain fields within the inner portion, it is 
necessary to impose a lower bound on l i, in such a way as to allow a full 
strain diffusion all across the section depth. Making reference to several 
studies proposed by the authors (see, e.g. [17], [19], [21], [22]), the 
most recommended choice is that of defining the minimum length of the 
inner portion as a function of the original cross-section depth. Namely, 
l i = βhp is assumed, being hp the known section depth of the original 
beam cross-section and β a suitably assigned positive scalar (usually the 
range 0.5 ≤ β ≤ 1 is suggested). In particular, it has been verified (see 
[17]) that the lower bound β = 0.5 is appropriate for IPE profiles, while 
β = 1 is suggested for HE profiles. 

Fig. 8. Sketch of LRPD with main geometric characteristics: a) portion of the original beam to be substituted; b) LRPD inserted at the beam extreme; c) LRPD general 
3D view; d) Section 1, Section 2 and Section 3. 
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3.1. Minimum volume design problem 

The design variable vector is 

dT =
⃒
⃒h∗ bi tf ,i tf ,o l o

⃒
⃒ (38)  

and the objective function to be minimized (device volume) is 

v(d) = Ail i + 2Aol o

=
[
2bitf ,i + tw,p

(
h∗ − tf ,i

) ]
l i + 2

[
2bptf ,o + tw,p

(
h∗ − tf ,o

) ]
l o =

=
[
2bitf ,i + tw,p

(
h∗ − tf ,i

) ]
βhp +

[
4bptf ,o + 2tw,p

(
h∗ − tf ,o

) ]
l o (39)  

where Ai and Ao are the inner and outer cross-section areas, tw,p the web 
thickness of the original beam cross-section and the equalities h∗

= hi − tf ,i = ho − tf ,o have been utilized together with the position l i =

βhp. In Eq. (39) it is imposed that the web thickness of the inner and of 
the outer portion are equal to each other and equal to that of the web of 
the original beam cross-section. 

The minimum volume design problem can be written in the 
following form: 

min
(d)

v(d) (40a)  

subjected to 

dl ow ≤ d ≤ dupp (40b)  

Aeqd = aeq (40c)  

Aind ≤ ain (40d)  

Geq(d) = geq (40e)  

Gin(d) ≤ gin (40 f) 

In the above reported problem, the adopted scalar functions, vectors 
and matrices have the following form: 

dT
l ow = | 0 3tw,p 0 tf ,p 0 | (41)  

dT
upp =

⃒
⃒
⃒
⃒ hp − tf ,p bp tf ,p

hp

2
∞
⃒
⃒
⃒
⃒ (42)  

Aeq = | 1 0 0 1 0 |; aeq = hp (43)  

Ain =

⃒
⃒
⃒
⃒ 0 1 − 18

̅̅̅̅̅̅̅̅
235
σ0

√

0 0
⃒
⃒
⃒
⃒, ain = 3tw,p (44)  

Geq(d) = bi tf ,ih∗σ0 + tw,pσ0

(
h∗ − tf ,i

2

)2

− Mb,N,V + V
(

l o +
l i

2

)

−
q
2

(

l o +
l i

2

)2

(45)  

with 

geq =
N2

l im

4tw,p σ0
(46)  

if the neutral axis cuts through the cross-section web, or 

Geq(d) =
Nl im

2

[

2tf ,i +
tw,p

bi

(
h∗ − tf ,i

)
−

Nl im

2bify
−
(
h∗ + tf ,i

)
]

with 

geq = 0 (48)  

if the neutral axis cuts through one of the cross-section flanges, 

Gin(d) =
βhp

l o
−

4bit3
f ,i + 12bitf ,ih∗2 + 2tw,p

(
h∗ − tf ,i

)3

2bpt3
f ,o + 6bptf ,oh∗2 + tw,p

(
h∗ − tf ,o

)3  

(
2bpt3

f ,o + 6bptf ,oh∗2 + tw,p
(
h∗ − tf ,o

)3
− 12Ip

12Ip − 2bit3
f ,i − 6bitf ,ih∗2 − tw,p

(
h∗ − tf ,i

)3

)

(49)  

with 

gin = 0 (50) 

Eqs. (41) and (42) define lower and upper bounds for the design 
variables, respectively, where tf ,p is the thickness of the original cross- 
section flanges. 

Eq. (43) define an equality linear technological constraint related to 
the internal lever arm, respecting the position ho = hp. 

Eq. (44) define an inequality linear constraint ensuring the belonging 
of the cross-section of the inner portion to the Class 1 [22] of ductility, 
preventing dangerous buckling effects. 

Table 2 
Geometrical characteristics of the device.  

Adopted Symbol Description 

Outer portions 
bo Section width 
ho Section depth 
tw,o Web thickness 
tf ,o Flange thickness 
l o Length 
Inner portion 
bi Section width 
hi Section depth 
tw,i Web thickness 
tf ,i Flange thickness 
l i Length 
Overall device 
l Total length  

+ σ0

[
bitf ,i +

tw,p

2
(
h∗ − tf ,i

) ]
[
(
h∗ + tf ,i

)
− tf ,i −

tw,p
(
h∗ − tf ,i

)

2bi

]

− Mb,N,V +V
(

l o +
l i

2

)

−
q
2

(

l o +
l i

2

)2

(47)   

Fig. 9. Definition of Ml im.  
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Eqs. (45)-(48) define equality non-linear constraints ensuring the 
plasticization of the inner portion cross-section for the assigned couple 
of values Nl im,Ml im imposing the relevant cross-section entirely plasti-
cized (see, e.g. [21] and the Appendix). 

Eqs. (49) and (50) define an inequality non-linear constraint 
ensuring the consistency of the equivalent elastic flexural stiffness. 

These last equations can be deduced by imposing (see Fig. 10) that 
the relative rotation (ΔφLRPD) between the bound sections of the device 
subjected to the bending moment M = 1, evaluated as follows: 

ΔφLRPD = 2
∫ l o

0

1
EIo

dx+
∫ l i

0

1
EIi

dx (51) 

equals the one 
(
Δφp

)
between the end sections of the substituted 

original beam portion subjected to the same bending moment given as: 

Δφp =

∫ l

0

1
EIp

dx (52)  

where Ip is the moment of inertia of the beam section connected to the 
device and E is the Young’s modulus of the material. As already stated in 
many papers (see, e.g. [17], [19], [21], [22]), the previous relations lead 
to the following equality: 

l i

l o
= 2

Ii

Io

(
Io − Ip

Ip − Ii

)

(53)  

being the function on the right-hand side an increasing one with respect 
to Io. From Eq. (53), with appropriate mathematics, the position (49)- 
(50) can be obtained, written as function of the design variables. 

The above formulated problem is a non-linear programming one and 
for its solution a suitable solver can be utilized by adopting an interior- 
point algorithm. 

4. Application 

In order to validate the efficacy of the use of LRPD and to test the 
solidity of the proposed design approach, the frame sketched in Fig. 11a 
is examined. In the case under examination L1 = 6.00 m, L2 = 4.00 m, 
H1 = 5.00 m, H2 = 4.00 m, the adopted material is a S235 steel grade 
(E = 210 GPa, σ0 = 235 MPa) with an elastic perfectly plastic 
behaviour. 

The design of the structural cross-sections has been performed 
following the requirements of the Italian building code [5] for both ul-
timate limit state (static and seismic load conditions) and serviceability 
limit state (static and seismic load conditions). The assumed input data 

are: usage class III, soil category B, topographic category T1 and nominal 
life equal to 100 years. The prescribed distributed load (B2 category) 
are: permanent structural load G1 = 2.5 kN/m2 for both the floors, 
permanent non-structural load GI

2 = 4.0 kN/m2 for the first floor and 
GII

2 = 2.5 kN/m2 for the second floor, variable load Q = 3.0 kN/m2 for 
both the floors. In Fig. 11b the frame and its basic vertical loads are 
reported taking into account that the slab influence depth is equal to 5 m 
for the first span (beams 7 and 9) and to 3 m for the second span (beams 
8 and 10). 

The cross-sections obtained by solving the previously cited classical 
standard code design are reported in Fig. 12. 

As is well known, the effected design takes into account (through 
specific structure factors suggested by the standards) the capacity of the 
steel structure to behave beyond its elastic limit and to produce plastic 
deformations dissipating appropriate amount of plastic strain energy. 
For frame structures, the relevant plastic deformations are substantially 
represented by plastic curvatures located at the end of the beams, 
namely in correspondence to the BWC of the beam-column connections. 
Taking into account the risk of brittle behaviour of the BWC, it is 
necessary to avoid this occurrence making sure that they always behave 
in a purely elastic manner. 

To check the real elastic plastic response of the structure and in 
particular of the welded connections between beams and columns, it is 
necessary to perform a step by step elastic plastic dynamic analysis, as is 
also planned by the building code [5], adopting as input the ground 
acceleration suitably obtained by the relevant response spectrum, 
considering the seismic characteristics of the site where the building is 
located. For the case under examination the selected site is Palermo 
(Sicily, Italy) and the number of the considered accelerograms is seven. 
The analysis has been performed by means of SeismoStruct2023 soft-
ware adopting infrmFB as element class and stl_bl as material mechan-
ical model assuming an elastic perfectly plastic behaviour. 

The time histories of the mean bending moment response for both 
ends of each beam are reported in Fig. 13. As expected, the obtained 
results show that in beams 7 and 8 the limit elastic bending moment is 
exceeded and, as a consequence, an appropriate ductile behaviour must 
be ensured. The results for beams 9 and 10 indicate that the bending 
moment is always below the elastic limit although the maximum values 
are very close to the relevant elastic limit ones. 

In Fig. 14 the bending moment vs bending curvature diagrams 
related to beams 7 and 8 are reported, respectively, together with the 
bending moment elastic domain. 

By the results reported in Fig. 14 it is possible to remark that both the 
beams behave slightly above their elastic limit so that their ductility 

Fig. 10. Evaluation of the equivalent bending stiffness: (a) given beam element portion; (b) LRPD.  
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Fig. 11. Plane frame: a) geometry and identification of beam elements and nodes; b) acting vertical loads.  
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Fig. 12. Plane frame: beam element cross-section design.  

Fig. 13. Mean bending moment response vs time: a) beam 7; b) beam 8; c) beam 9; d) beam 10.  
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features are not satisfactorily used. Further, the bending moment re-
ported in Fig. 13 are those arising in the beam section connected to the 
column, i.e. the BWC, where the risk of a brittle rupture is very high. 
Following the actual standards (see Table 4.2. XIV of [5]) the general-
ized stresses (N,V,M) acting in a such a section should not exceed the 
boundary of the brittle safe domain already defined in Section 2. In  
Table 3, the mean of the limit brittle bending moment Mbr, is reported 
for the beams, together with the relevant values of the limit elastic 
bending moment Mel and of the yield bending moment Mpl . 

For a better understanding of the risk of a brittle failure in Fig. 15 the 

Fig. 14. Bending moment vs curvature: a) beam 7; b) beam 8.  

Table 3 
Limit bending moment values.  

Beam Mel [kN/m] Mpl [kN/m] Mbr [kN/m] 

7  238.06  261.32  185.63 
8  91.32  100.93  71.22 
9  196.55  216.15  152.95 
10  91.32  100.93  71.12  
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same time histories already in Fig. 13 are reported once again with the 
indication of the limit brittle bending moment just defined. 

An examination of Fig. 15 clearly demonstrates that the bending 
moment acting at the ends of all the beams often exceeds the corre-
sponding value of the limit brittle bending moment indicating that the 
risk of a brittle rupture is high. 

It follows that it is absolutely necessary to protect the welded con-
nections of all the beams. In order to reach this goal, i.e. to ensure the 
safe brittle behaviour of the BWC and with the aim of inciting a wider 
ductile behaviour of the structure, the proposed design approach must 
be implemented. The optimal LRPD are designed by solving problem 
(40), where for each device Nl im is taken as the maximum value of the 
relevant time history response. 

The geometric characteristics of the obtained LRPDs are reported in  
Table 4. The optimal design problem has been solved by the “fmincon” 
solver, present in the Matlab Optimization toolbox, that utilizes an 
interior-point algorithm for the numerical solution of non-linear mini-
mization problems. 

The LRPDs, so designed, have been placed at both beam ends and, 
consequently, a new step by step elastic plastic dynamic analysis has 

been performed, adopting -as input- the same load conditions. 
In Fig. 16 the time histories of the mean bending moment response at 

the ends of beams 7, 8, 9 and 10 equipped with LRPDs are reported. 
Furthermore, in the same figures, the limit brittle bending moment 
corresponding to the section of the outer portion of the related LRPD is 
also sketched. From an examination of these figures, it is easy to 
recognize the efficacy of the proposed design approach aimed to pre-
serve the relevant cross-sections by the dangerous brittle failure. 

To verify the good behaviour of LRPDs as plastic activators in Fig. 17 
the time histories of the mean bending moment response at LRPD 
midsection for beams 7, 8, 9 and 10 are reported, while in Fig. 18 the 
mean bending moment response vs bending curvature for each LRPD is 
reported grouped for each beam. These last results clearly show the good 
ability of the structure equipped with the relevant devices to dissipate an 
appropriate amount of plastic energy. 

To check the capability of the structure equipped with the relevant 
devices to provide an acceptable post elastic behaviour, the response in 
terms of drifts and rotations has been computed. In Fig. 19 the obtained 
results in terms of drifts are compared with the analogous results related 
to the original frame structure and in Fig. 20 the analogous comparison 
is reported in terms of rotations. 

The latter comparisons show once more the efficacy of the structure 
equipped with the proposed device. In particular, the maximum drifts of 
the structure equipped with the devices are not greater than the ones 
related with the original structure as well as the maximum rotations of 
the nodes of the structure equipped with the devices are not greater than 
the ones related with the original structure, with the exception of node 9 
(see Fig. 20 f) where the maximum rotation in presence of the devices is 
in any case very small and therefore compatible with a viability of the 
structure. 

Fig. 15. Mean bending moment response vs time (dashed lines indicate limit brittle bending moment): a) beam 7; b) beam 8; c) beam 9; d) beam 10.  

Table 4 
Geometric characteristics of LRPDs in mm.  

Beam l o bo ho tf ,o l i bi hi tf ,i 

7  173  280  270  20  270  231  263  13 
8  47  200  190  20  190  199  180  10 
9  81  260  250  23  250  123  232  13 
10  233  200  200  22  190  113  170  10  
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Fig. 16. Mean bending moment response vs time for frame equipped with LRPD: a) beam 7; b) beam 8; c) beam 9); d) beam 10).  

Fig. 17. Mean bending moment response vs time for frame equipped with LRPD: a) beam 7; b) beam 8; c) beam 9); d) beam 10).  
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In order to make a complete judgement on the use of LRPDs, it was 
considered useful to compare the effect of using these devices with other 
devices known in scientific literature and recognised by international 
standards. In particular, reference is made to the dogbones, belonging to 
the wider class of RBS connections. 

Referring to FEMA 350 [28], the size of the dogbone is reported in  
Fig. 21 and specified in Table 5. Once again, a dynamic elastic-plastic 
analysis was performed for the frame equipped with the dogbones, al-
ways utilizing the same accelerograms considered for the original 
structure. 

In Fig. 22 the time histories of the mean bending moment response at 
the ends of beams 7, 8, 9 and 10 equipped with the dogbones are re-
ported. Furthermore, in the same figures, the limit brittle bending 
moment corresponding to the same sections are also sketched. From an 
examination of these figures, it is easy to recognize that the dogbone 
does not ensure the complete protection of the relevant cross-sections by 
the dangerous brittle failure. 

Furthermore, to evaluate the behaviour of dogbones as plastic acti-
vators in Fig. 23 the time histories of the mean bending moment 
response at dogbone midsection for beams 7, 8, 9 and 10 are reported, 
while in Fig. 24 the mean bending moment response vs bending cur-
vature for each dogbone is reported grouped for each beam. These last 
results show that even the dogbone intervention provides a structure 
capable of dissipating an appropriate amount of plastic energy. 

Finally, to complete the desired comparison, the response in terms of 
drifts and rotations for the structure equipped with the dogbones has 
been computed. In Fig. 25 the obtained results in terms of drifts are 
compared with the analogous results related to the original frame 
structure and in Fig. 26 the analogous comparison is reported in terms of 
rotations, also proving the effectiveness of the application of dogbones. 

As a last comparison, the midspan vertical deflection of the beams 
has been calculated for the original structure, for the structure equipped 
with the LRPD and for the structure where the dogbones are used. The 
obtained results for load serviceability conditions are summarized in  
Table 6 and they show that, as expected, just the LRPD solution ensures 
the consistency of the elastic flexural stiffness of the involved beams. 

Ultimately, therefore, it can be stated that both devices (LRPDs and 
dogbones) result in an overall improvement of the behaviour of the 
structure, but only LRPDs fulfill all the desired requirements relating to 
the prevention of brittle failure risk and a high degree of ductile 
behaviour causing the minimum disturbance to the behaviour of the 
original structure behaviour. 

5. Conclusions 

This paper has been devoted to the proposal of a special design 
procedure for steel frames characterized by the presence of moment 
resisting connections, represented by rigid and full-strength connections 
between columns and beams realized by means of welded and bolted 
steel plates. The new proposed design strategy ensures: a) the achieve-
ment of structures safe with respect to any risk of brittle failure, related 
to the dangerous possible transition from ductile to brittle behaviour of 
the beams’ end section realising the welded connection; b) the 
achievement of structures capable of exhibiting resistance capacities 
beyond their elastic limit and of dissipating an appropriate amount of 
plastic strain energy. One of the main novelties of the present study 
relates to in the introduction of suitable brittle safe domains for I-shaped 
cross-sections, described in a suitable analytic form and represented in 
the N,V,M space. The definition of these domains is essential for the 
development of the computational procedure. The latter is performed in 

Fig. 18. Bending moment vs curvature: a) beam 7; b) beam 8; c) beam 9; d) beam 10.  
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Fig. 19. Drift vs time: a) first floor; b) second floor.  

S. Benfratello and L. Palizzolo                                                                                                                                                                                                               



Structures 62 (2024) 106153

17

Fig. 20. Rotation vs time: a) Node 2; b) Node 3; c) Node 5; d) Node 6; e) Node 8; f) Node 9.  
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four subsequent steps: i) a classical standard code design is obtained by a 
standard modal analysis referring to the relevant response spectrum; ii) 
the real behaviour of the structure so designed is checked by performing 
a step by step elastic plastic dynamic analysis to identify the beam ends 
where the elastic plastic behaviour is required; iii) the limit value of the 
relevant bending moment to impose at the selected cross-sections for 
ensuring a safe brittle behaviour is determined on the ground of the cited 
brittle safe domain; iv) the optimal LRPDs to be placed at the ends of the 
beams, which ensure the fulfilling of the previously defined safe 

condition, are obtained by solving suitably formulated optimal design 
problems. In the application stage, a two spans two floors plane steel 
frame has been considered. The obtained results confirmed that the 
standard code design is exposed to the risk of brittle failure, and it ex-
hibits a very limited ductile behaviour; on the contrary, the frame 
equipped with the LRPD and designed by means of the proposed pro-
cedure possesses both the desired requisites: it is safe against any brittle 
damage and it is able to dissipate an appropriate amount of plastic strain 
energy. The reliability of the proposed procedure as well as the effec-
tiveness of the utilized devices has been confirmed by the comparison 
made with the dogbone devices. Indeed, the results clearly showed that 
the classical RBS devices result in a reduced protection of BWC but they 
do not provide any protection against undesired brittle failure. The 
proposed computational procedure is sufficiently quick and simple; it 
employes the analytical form of the safe brittle domains here defined, 
some suitable standard technical software and the “fmincon” solver, 
present in the Matlab Optimization toolbox, that utilizes an interior- 
point algorithm for the numerical solution of non-linear minimization 
problems. 

Fig. 22. Mean bending moment response vs time for frame equipped with dogbone: a) beam 7; b) beam 8; c) beam 9); d) beam 10).  

Fig. 21. Geometric characteristic of dogbone (from FEMA 350).  

Table 5 
Geometric characteristics of dogbones in mm.  

Beam a b c 

7  140  210  56 
8  100  150  40 
9  130  195  52 
10  100  150  40  
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Fig. 24. Bending moment vs curvature: a) beam 7; b) beam 8; c) beam 9; d) beam 10.  

Fig. 23. Mean bending moment response vs time for frame equipped with dogbones: a) beam 7; b) beam 8; c) beam 9); d) beam 10).  
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Fig. 25. Drift vs time: a) first floor; b) second floor.  
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Fig. 26. Rotation vs time: a) Node 2; b) Node 3; c) Node 5; d) Node 6; e) Node 8; f) Node 9.  

Table 6 
Midspan vertical deflection of the beams in SLE in mm.  

Beam Not equipped LRPD Dogbone 

7  9.49  9.48  9.61 
8  3.36  3.13  3.53 
9  12.52  12.52  12.83 
10  2.86  2.84  3.07  
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Appendix 

In this appendix a synthetic review of the geometrical and mechanical characteristics of the LRPD is reported. LRPD consists of a steel element with 
suitably assigned features aimed to substitute a portion of a given standard I-shaped steel profile. 

In Fig. A.1, the typical standard steel profile is sketched, and its geometry properties are reported in Table A.1.

Fig. A.1. Typical standard I-shaped steel profile.   

Table A.1 
Geometrical characteristics of the standard steel profile.  

Adopted Symbol Description 

bp Section width 
hp Section depth 
tw,p Web thickness 
tf,p Flange thickness 
r Radius 

In Figs. A.2-A.3, a scheme of the device is sketched, while in Table A.2 the adopted symbols are reported. As it is possible to observe, the overall device 
is assumed to be inscribed in a parallelepiped of dimensions l × bp × hp. 
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Fig. A.2. Device scheme.  

Fig. A.3. Device geometry: a) cross-sections of the outer and inner portions; b) lateral view.   

Table A.2 
Geometrical characteristics of the device.  

Adopted Symbol Description 

Outer portions 
bo Section width 
ho Section depth 
tw,o Web thickness 
tf,o Flange thickness 
l o Length 
Inner portion 
bi Section width 
hi Section depth 
tw,i Web thickness 
tf,i Flange thickness 
l i Length 
Overall device 
l total length 
s welding size  

The main geometrical properties of the inner (k = i) and outer (k = o) cross-section of the LRPD are the following ones: 

Ak = bkhk −
(
bk − tw,k

)(
hk − 2tf ,k

)
(A.1)  
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Ik =
bkh3

k

12
−

(
bk − tw,k

)(
hk − 2tf ,k

)3

12
(A.2)  

Wel,k = 2Ik/hk (A.3)  

Wpl,k =
bkh2

k

4
−

(
bk − tw,k

)(
hk − 2tf ,k

)2

4
(A.4) 

The main mechanical properties of the inner (k = i) and outer (k = o) cross-section of the LRPD are related to the definition of the elastic domain 
(widely treated in Section 2) and of the yield domain. Making reference just to the presence of axial force and of bending moment, and neglecting the 
influence of the welding sizes, the yield domain boundary (for more details see, [22]) is just constituted by two subsequent portions defined in the 
following ranges of the neutral axis position (Fig. A.4): 

0 ≤ zn ≤
hk

2
− tf ,k (A.5) 

if the neutral axis cuts through the web, and 

hk

2
− tf ,k ≤ zn ≤

hk

2
(A.6) 

if the neutral axis cuts through the flange.

Fig. A.4. Different characteristic ranges of neutral axis positions: a) neutral axis cuts through the web; b) neutral axis cuts through the flange.  

. 
The locus of a point representing the yield domain boundary for 0 ≤ zn ≤ hk

2 − tf ,k is provided by the functions 

N(zn) = 2tw,kznσ0 (A.7)  

M(zn) = Mpl,k − tw,kz2
nσ0 (A.8) 

The locus of a point representing the yield domain boundary for hk
2 − tf ,k ≤ zn ≤

hk
2 is provided by the functions 

N(zn) = σ0

[

Ak − 2bk

(
hk

2
− zn

)]

(A.9)  

M(zn) = bkσ0

(
hk

2

4
− z2

n

)

(A.10) 

In the plane N,M, reducing with respect to zn, the above reported equations provide the functions M(N) that, with the appropriate substitutions, 
have the form: 

for 0 ≤ zn ≤ hk
2 − tf ,k 
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M = Mpl,k −
N2

4tw,kσ0
(A.11) 

for hk
2 − tf ,k ≤ zn ≤

hk
2 

M = σ0 bk

[
hk

2

4
−

(
N − σ0Ak

2bkσ0
+

hk

2

)2
]

(A.12) 

The typical yield domain is reported in Fig. A.5.

Fig. A5. Typical dimensionless yield domain.  

. 
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