
 
 

   
 
 

                 
 

                                                 
 
 
 
 
 
         
 
 
 

 
 

   
 
 

                 
 

                                                 
 
 
 
 
 
         
 
 
 

 
 

   
 
 

                 
 

                                                 
 
 
 
 
 
         
 
 
 

 
 

   
 
 

                 
 

                                                 
 
 
 
 
 
         
 
 
 

 
 

   
 
 

                 
 

                                                 
 
 
 
 
 
         
 
 
 

 
 

   
 
 

                 
 

                                                 
 
 
 
 
 
         
 
 
 



Copyright © 2022 

PUBLISHED BY PEARSON 

WWW.PEARSON.COM 

ISBN 9788891932310

Matilde Bini (Chair of the Program Committee) - Università Europea di Roma 
Rosanna Verde (Chair of the Local Organizing Committee) - Università della Campania “Luigi Vanvitelli” 
 

PROGRAM COMMITTEE 

Matilde Bini (Chair), Giovanna Boccuzzo, Antonio Canale, Maurizio Carpita, Carlo Cavicchia, Claudio Con-
versano, Fabio Crescenzi, Domenico De Stefano, Lara Fontanella, Ornella Giambalvo, Gabriella Grassia - Uni-
versità degli Studi di Napoli Federico II, Tiziana Laureti, Caterina Liberati, Lucio Masserini, Cira Perna, Pier 
Francesco Perri, Elena Pirani, Gennaro Punzo, Emanuele Ra!netti, Matteo Ruggiero, Salvatore Strozza, Ro-
sanna Verde, Donatella Vicari. 

 

LOCAL ORGANIZING COMMITTEE 

Rosanna Verde (Chair), Antonio Balzanella, Ida Camminatiello, Lelio Campanile, Stefania Capecchi, Andrea 
Diana, Michele Gallo, Giuseppe Giordano, Ferdinando Grillo, Mauro Iacono, Antonio Irpino, Rosaria Lom-
bardo, Michele Mastroianni, Fabrizio Maturo, Fiammetta Marulli, Paolo Mazzocchi, Marco Menale, Giuseppe 
Pandolfi, Antonella Rocca, Elvira Romano, Biagio Simonetti.  

 

ORGANIZERS OF SPECIALIZED, SOLICITED, AND GUEST SESSIONS 

Arianna Agosto, Ra"aele Argiento, Massimo Aria, Rossella Berni, Rosalia Castellano, Marta Catalano, Paola 
Cerchiello, Francesco Maria Chelli, Enrico Ciavolino, Pier Luigi Conti, Lisa Crosato, Marusca De Castris, Gio-
vanni De Luca, Enrico Di Bella, Daniele Durante, Maria Rosaria Ferrante, Francesca Fortuna, Giuseppe Ga-
brielli, Stefania Galimberti, Francesca Giambona, Francesca Greselin, Elena Grimaccia, Ra"aele Guetto,  
Rosalba Ignaccolo, Giovanna Jona Lasinio, Eugenio Lippiello, Rosaria Lombardo, Marica Manisera, Daniela 
Marella, Michelangelo Misuraca, Alessia Naccarato, Alessio Pollice, Giancarlo Ragozini, Giuseppe Luca Ro-
magnoli, Alessandra Righi, Cecilia Tomassini, Arjuna Tuzzi, Simone Vantini, Agnese Vitali, Giorgia Zaccaria. 

 

ADDITIONAL COLLABORATORS TO THE REVIEWING ACTIVITIES 

Ilaria Lucrezia Amerise, Ilaria Benedetti, Andrea  Bucci, Annalisa Busetta, Francesca Condino, Anthony Cos-
sari, Paolo Carmelo Cozzucoli, Simone Di Zio, Paolo  Giudici, Antonio Irpino, Fabrizio Maturo, Elvira Romano, 
Annalina Sarra, Alessandro Spelta, Manuela Stranges, Pasquale Valentini, Giorgia Zaccaria. 

 



The Joint Censored Gaussian Graphical Lasso
Model
Inferenza penalizzata del modello grafico Gaussiano
congiunto

Gianluca Sottile, Luigi Augugliaro and Veronica Vinciotti

Abstract The Gaussian graphical model is one of the most used tools for inferring
genetic networks. Nowadays, the data are often collected from different sources or
under different biological conditions, resulting in heterogeneous datasets that ex-
hibit a dependency structure that varies across groups. The complex structure of
these data is typically recovered using regularized inferential procedures that use
two penalties, one that encourages sparsity within each graph and the other that
encourages common structures among the different groups. To this date, these ap-
proaches have not been developed for handling the case of censored data. However,
these data are often generated by gene expression technologies such as RT-qPCR ex-
periments. In this paper, we fill this gap and propose an extension of joint Gaussian
graphical modelling to account for censored, or more generally missing, data.
Abstract Il modello grafico Gaussiano è uno degli stimatori più utilizzati per fare
inferenza sulle reti genetiche. Al giorno d’oggi, i dati raccolti sono spesso generati
da diverse fonti o da diverse condizioni biologiche, risultando in dataset eterogenei,
la cui struttura complessa viene analizzata utilizzando stimatori con due penal-
izzazioni per incoraggiare, da un lato, la sparsità all’interno di ciascun grafo e,
dall’altro, le strutture comuni tra i grafi. Tuttavia, in diversi campi applicativi i lim-
iti degli strumenti di rilevazione ne rendono teoricamente ingiustificato l’utilizzo,
anche quando l’assunzione relativa alla distribuzione normale multivariata è sod-
disfatta. In questo articolo proponiamo un’estensione ai dati censurati.

Key words: Gaussian Graphical Models, High-Dimensional Incomplete Data, Graph-
ical Lasso, Heterogeneous Data
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1 Introduction

Recently, sparse inference of Gaussian Graphical Models (GGMs) defined in a high-
dimensional setting has received intense development. Given the assumption of in-
dependent and identically distributed data, a penalized estimator of a GGM is the
maximizer of a specific objective function where the log-likelihood function is com-
pensated by a sparsity inducing penalty function that controls the amount of shrink-
age on the resulting estimators. The estimator proposed in Yuan and Lin (2007),
called graphical lasso (glasso), uses a lasso-type penalty function and has been ex-
tensively used in applied research and well studied in the computational as well as
theoretical literature (e.g. Friedman et al., 2008). The interested reader is referred to
Augugliaro et al. (2016) for an extensive review.

Despite a widespread literature on the glasso estimator, the assumption of in-
dependent and identically distributed data has heavily reduced its application to
modern datasets, which are often generated by more complex sampling schemes.
A typical example of complex data structures is the case of data collected from dif-
ferent sources, such as gene expression data measured on multiple tissues. In this
setting, sparse inference is typically carried out by using two specific penalty func-
tions. These are chosen to encourage, on the one hand, sparsity within each graph
and, on the other hand, the common structures across the graphs.

In this paper, we extend the estimator proposed in Danaher et al. (2014), called
joint glasso (jglasso), to the setting studied in Augugliaro et al. (2020). That is,
we consider the case where a part of the data is unobserved due to a known cen-
soring mechanism. Gene expression measured by transcription quantitative poly-
merase chain reaction (RT-qPCR) is a well-known example of highly dimensional
right-censored data.

The remaining part of this paper is structured as follows. Section 2 briefly reviews
the inference of GGMs under censoring, while Section 3 proposes an extension of
the jglasso estimator to the setting of multiple conditions. Computational aspects
are addressed in Section 4 whereas in Section 5 we evaluate the performance of
the proposed estimator by a simulation study. Finally, in Section 6 we draw some
conclusions.

2 Background on censored Gaussian Graphical Models

Suppose that a p-dimensional random vector, say ZZZ = (Z1, . . . ,Zp)!, is distributed
according to a multivariate Gaussian density function denoted by:

φ(zzz; µµµ,Θ) = (2π)−
p
2 |Θ |

1
2 exp

{
−1

2
(zzz−µµµ)!Θ(zzz−µµµ)

}
,

where E(ZZZ) = µµµ and Θ = (θi j) is the precision matrix, that is, the inverse of the
covariance matrix. Now, let zzz = (z1, . . . ,zp)! be a realization of ZZZ and assume that a
part of this vector is censored. Thus, zzz can be split into zzzo and zzzc, i.e., the observed
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The Joint Censored Gaussian Graphical Lasso Model 3

and unobserved part of zzz, respectively. Denoting by l j and u j the lower and upper
censoring values of Z j, respectively, it is easy to show that the probability density
function can be written as follows (see Augugliaro et al. (2020) for more details):

φ̃(zzzo; µµµ,Θ) =

c∫

D
φ(zzzo,zzzc; µµµ ,Θ)dzzzc, (1)

where the integral refers only to the variables whose index belongs to the set c =
{ j : z j is censored}, whereas the region of integration D is the Cartesian product of
|c| intervals, denoted by D j, whose definition depends on whether z j is left or right
censored. Formally, D j = (−∞, l j) if z j ≤ l j otherwise we let D j = (u j,+∞).

Using (1), a censored GGM is the set {φ̃(zzzo; µµµ,Θ),G }, where G = {V ,E } is
the undirected graph encoding the conditional independences among the p random
variables. More specifically, V is the set of nodes associated with the random vari-
ables, and E is the subset of the Cartesian product V ×V , such that (i, j) %∈ E iff Zi
and Z j are stochastically independent given all the remaining variables. As shown
in Lauritzen (1996), the topological structure of the graph G is related to the entries
of the precision matrix Θ , i.e., (i, j) ∈ E iff θi j %= 0, thus the problem of estimating
E is equivalent to the problem of fitting a sparse precision matrix.

3 Sparse estimation of multiple GGMs with censored data

Suppose that n observations are collected from K ≥ 2 different but related sub-
populations, under a censoring mechanism and assuming a GGM for each sub-
population. To simplify our notation, all quantities related to the kth population are
indexed by k. For instance, the kth censored GGM is denoted by {φ̃(zzzo

k ; µµµk,Θk),Gk}.
Under the assumption of independent sampling, the average observed log-likelihood
function is

!̄({µµµ},{Θ}) = 1
n

K

∑
k=1

nk

∑
i=1

log

ci,k∫

Di,k

φ(zzzo
i,k,zzz

c
i,k; µµµk,Θk)dzzzc

i,k, (2)

where {µµµ}= {µµµ1, . . . ,µµµK} and {Θ}= {Θ1, . . . ,ΘK}. Maximum likelihood estima-
tors are found by maximizing equation (2). However, these estimators have a very
high variance when the sample sizes nk are larger but close to p. Thus, to overcome
the inferential problems related with the high-dimensional setting, we propose to ex-
tend the jglasso estimator of Danaher et al. (2014), by replacing the log-likelihood
function with the function (2). The resulting estimator, that we call censored jglasso,
is formally defined as follows:

({µ̂µµ},{Θ̂}) = argmax !̄({µµµ},{Θ})−ρ

(
α

K

∑
k=1

‖Θk‖+(1−α)P({Θ})
)
, (3)
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where α ∈ [0,1] is a tuning parameter that controls the trade-off between two con-
vex penalty functions, where the first one is a lasso-type penalty function that en-
courages sparsity within each estimated precision matrix, while the second one
P({Θ}) is chosen to encourage some form of similarity across the K graphs. Fol-
lowing Danaher et al. (2014), two possible choices are:

PF({Θ}) = ∑
k<k′

|θi j,k −θi j,k′ | or PG({Θ}) = ∑
i %= j

(
K

∑
k=1

θi j,k

)1/2

.

The censored fused glasso (cfglasso) estimator is defined by solving problem (3)
with PF({Θ}) as the second penalty function whereas, using PG({Θ}), we get the
censored group glasso (cgglasso) estimator. Like the standard glasso, both esti-
mators result in sparse precision matrices. However while cfglasso encourages a
stronger form of similarity between the precision matrices, enforcing some entries
of Θ̂1, . . . ,Θ̂K to be identical, PG({Θ}) encourages only a shared pattern of sparsity.
Finally, the positive tuning parameter ρ controls the overall amount of shrinkage on
the resulting estimators.

4 Computational Aspects

The estimator (3) can be efficiently solved by combining the penalized EM algo-
rithm proposed in Augugliaro et al. (2020) with the alternating directions method of
multipliers (ADMM) algorithm developed in Danaher et al. (2014).

The EM algorithm is based on the idea of repeating two steps until a conver-
gence criterion is met. Since the multivariate Gaussian distribution belongs to the
exponential family, the first step, called E-Step, simply requires the computation of
the conditional expected values of the sufficient statistics. In our model, the E-Step
requires the computation of the K imputed vectors of empirical means, denoted by
x̄xxk, along with the empirical covariance matrices SSSk (see Augugliaro et al. (2020)
for more details). In the second step of the EM algorithm, the M-Step, we first up-
date the current estimates of the K expected values using x̄xxk, and then the precision
matrices are updated by solving the following maximization problem:

max
{Θ}

K

∑
k=1

fk

2
{log |Θk|− tr(SkΘk)}−ρ

(
α

K

∑
k=1

‖Θk‖+(1−α)P({Θ})
)
, (4)

where fk = nk/n. The maximization problem (4) is equivalent to the problem studied
in Danaher et al. (2014) and can be easily solved using the ADMM algorithm.

5 A Simulation Study

In this section, we compare our proposed estimator with jglasso (Danaher et al.,
2014). For the latter, we use the R package JGL after imputing the censored data
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with their limit of detection. The estimators are evaluated both in terms of recovery
of the true graph (area under the precision-recall curve) and estimation of the true
precision matrix (mean squared error). We set the right-censoring value to 40, the
number of groups K to 3, and the sample size nk to 100. Each right-censored re-
sponse vector zzzk is simulated according to sparse concentration matrices as reported
in Fig. 1. The diagonal entries are fixed to 1 while the non-zero partial correlation
coefficients θh(h+ j),k, with h = 1,6,11, . . . , p−4 and j = 1, . . . ,4, are sampled from
a uniform distribution on the interval [0.30,0.50]. In terms of graph theory what we
have is a set of stars, i.e., complete bipartite graphs with only one internal vertex
and four leaves. The values of the expected means are chosen in such a way that M
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Fig. 1 True graph structure for the K = 3 concentration matrices

response variables are right-censored with probability equal to 0.40. The quantities
p and M are used to specify the different scenarios used to analyze the behavior of
the proposed estimators. In particular, we consider the following cases:

• Scenario 1: p = 50 and M = 20. This setting is used to evaluate the effects of
the number of censored variables on the behavior of the estimators when n > p.

• Scenario 2: p = 200 and M = 80. This setting is used to evaluate the impact of
the high dimensionality on the estimators (p > n).

For each scenario, we simulate 50 samples and in each simulation, we compute the
coefficient path of cglasso and jglasso, respectively, using the group lasso penalty
in both cases. The path is computed using an equally spaced sequence of ρ-values
keeping the α parameter equal to 0.50. For each Scenario and along the path of ρ
values, the precision-recall curves and the area under these curves (AUC) are com-
puted and then averaged between the K groups. The curves report the relationship
between precision and recall for any ρ-value, which are defined as:

Precision =
1
K ∑

k

{
TP

TP + FP

}

k
, Recall =

1
K ∑

k

{
TP

TP + FN

}

k
,

where TP, FP, and FN are given by the number of correctly selected edges, the num-
ber of wrongly selected edges and the number of wrongly selected missing edges,
respectively. Table 1 shows how cgglasso gives a better estimate of the concentra-

1833



6 Sottile et. al., 2022

tion matrices in terms of AUC and a lower mean squared error, for any given value
of ρ . We report only five evenly spaced values of ρ .

Table 1 The first 5 columns refer to the average mean squared error of the concentration matrices
ΘΘΘ for five evenly spaced values of ρ under the specification of the two Scenarios. The last column
refers to the mean area under the curves across the sequence of ρ-values. Standard errors are
reported in brackets.

ρ/ρmax AUC
0.10 0.25 0.50 0.75 1.00

Scenario 1
cgglasso 4.65 ( 0.54) 8.06 (1.37) 12.10 ( 3.18) 12.92 ( 3.82) 12.81 ( 3.83) 0.97 (0.01)

jglasso 10.19 ( 1.46) 13.67 (0.94) 16.56 ( 0.93) 16.84 ( 1.51) 16.76 ( 1.57) 0.83 (0.02)
Scenario 2

cgglasso 17.65 ( 2.37) 34.85 (4.71) 52.84 (10.72) 55.18 (12.38) 54.65 (12.26) 0.96 (0.01)
jglasso 45.32 (10.09) 62.55 (9.16) 75.53 ( 4.94) 75.50 ( 2.65) 75.32 ( 2.56) 0.81 (0.01)

6 Conclusion

In this paper, we have proposed an extension of the joint glasso estimator to mul-
tivariate censored data generated under multiple conditions. A simulation study
showed that the proposed estimator performs better than the existing estimators both
in terms of parameter estimation and of network recovery.
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