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ABSTRACT

Fractional differential equations driven by stochastic excitation are widely used in several engineering and physical applications, as they provide an effective
framework for modelling systems characterized by hereditary behavior, memory effects, and nonlocal interactions under random inputs.

Although the response probability density function (PDF) of fractional differential equations excited by Gaussian white noise has been extensively investigated,
this is not the case for fractional differential equations driven by Poissonian white noise. Indeed, while the analysis of integer-order differential equations subjected to
Poissonian white noise has been widely addressed, the few available studies concerning fractional differential equations under Poissonian white noise excitation are
mainly restricted to the stationary component of the response PDF.

To overcome these limitations, this paper proposes a continuous-time method to obtain the PDF of the response of two-term fractional differential equations
subjected to Poissonian white noise excitation. In the proposed method, the response process is first represented by means of the method of iterated kernels. This
representation is then employed to derive the characteristic function of the response process, from which the PDF is evaluated through inverse Fourier transform. To
assess the accuracy of the proposed method, numerical simulations have been performed on two different structural systems. The results show an excellent agreement

between the PDF obtained through the proposed method and that evaluated by Monte Carlo simulation.

1. Introduction

Structural systems excited by stochastic input are widely investi-
gated in engineering applications, ranging from aerospace [1] and civil
engineering [2,3] to mechanical [4,5] and biomedical fields. For
instance, ambient vibration excitation is commonly modeled as a
Gaussian white noise process [6], whereas vehicular traffic on bridges is
typically represented as a Poissonian white noise process [7,8].

The probabilistic characterization of the response of structural sys-
tems subjected to a stochastic excitation typically relies on the deter-
mination of the probability density function (PDF) of the state variables
or, equivalently, of the Fourier transform of PDF, i.e. the characteristic
function (CF). Alternatively, the probabilistic characterization of the
response process can also be carried out through the computation of the
statistical moments or cumulants [9]. Several approaches can be
employed to perform the probabilistic characterization: from the Monte
Carlo simulation to more refined techniques based on path integral
methods [10-15] or on complex fractional moments [16-21].

In several dynamical systems subjected to random excitation, the
response is often formulated in a Markovian framework by introducing
an appropriate finite-dimensional state vector. For instance, in standard

second-order mechanical systems, the state is usually defined by the
displacement and velocity, so that the future evolution of the response is
fully determined by the current state, without requiring knowledge of
the complete past trajectory. By contrast, the response of fractional-
order dynamical systems driven by stochastic excitation is not
Markovian. Therefore, the evaluation of the structural response at a
given time instant requires the entire previous time evolution, which
considerably increases the complexity of the problem and the compu-
tational effort required for its solution. This is due to the fact that
fractional derivatives and integrals are nonlocal operators which intro-
duce memory effects into the system dynamics. Although fractional
operators introduce the aforementioned difficulties, they have emerged
as an effective mathematical tool for describing physical processes in
which memory, hereditary effects, and nonlocal interactions play a
significant role. In fact, they enable an accurate representation of
experimental observations that cannot be satisfactorily captured within
the classical Newtonian framework, while often retaining a relatively
limited number of model parameters. Owing to these features,
fractional-order differential equations have been extensively employed
in the modelling of a wide range of real-world problems, including non-
Newtonian fluid dynamics [22,23], heat transport [24-28], structural
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vibration control [29], biomechanics [30,31], nonlocal continuum me-
chanics [32], and viscoelasticity [33-37].

Although the PDF of the response of fractional differential equations
excited by Gaussian white noise has been extensively investigated [15,
37,38], this is not the case for fractional differential equations driven by
Poissonian white noise. In fact, while the analysis of integer-order dif-
ferential equations subjected to Poissonian white noise has been widely
addressed in the literature [7,13,39-43], only a limited number of
studies have considered fractional differential equations under Poisso-
nian white noise excitation. Moreover, these contributions are mainly
restricted to the stationary component of the response PDF [44,45].

Recently, a new method for finding the PDF of the response of a
single-term fractional differential equation subjected to Poissonian
white noise excitation has been proposed [46]. The main advantage of
this method is that it provides the PDF directly in terms of the
displacement response, thereby avoiding the need for a state-variable
description and, consequently, the construction of a joint probability
density function. This leads to a reduction in the analytical and
computational complexity of the problem. However, despite these ad-
vantages, the method still presents some limitations. In particular, it is
developed within a discrete-time setting and becomes approximate
when the amplitudes of the Poissonian impulses are not
Gaussian-distributed. Moreover, the method is restricted to the response
of a single-term fractional differential equation and is therefore not
directly suitable for more complex dynamical systems.

The objective of this paper is to propose a continuous-time proba-
bilistic method to obtain the PDF of the transient response of two-term
fractional differential equations driven by Poissonian white noise. The
proposed method extends the existing framework beyond single-term
fractional models, thereby enabling the treatment of a broader class of
fractional viscoelastic systems. By deriving the CF of the response pro-
cess directly from a continuous-time representation, the response PDF
can be evaluated through the inverse Fourier transform of the CF
without introducing a state-space description or any time discretization
of the stochastic excitation. Furthermore, the proposed method is not
restricted to Gaussian-distributed amplitudes, but is applicable to any
type of PDF of the Poissonian impulse amplitudes, thereby providing a
more general basis for the transient probabilistic characterization of
non-Markovian fractional-order systems subjected to Poissonian sto-
chastic excitation.

The accuracy of the proposed method is assessed through numerical
simulations performed on two different structural systems, by
comparing the response PDF obtained from the proposed method with
that estimated by Monte Carlo simulation.

2. Mathematical formulation
2.1. Preliminary remarks

In this section, some preliminary concepts and definitions on frac-
tional Compound motion (fCm) are reported for clarity’s sake as well as
for introducing appropriate notation.

The fCm, labeled as Cy(t), is defined as the solution of the fractional
differential equation [46]

{ (sD2C) (6) = Wr (U (e)
Cit)=0Vt<0 wpl

(€Y

in which U(t) is the unit step function, Wp(t) is a zero-mean Poissonian
white noise process, while <0Df C,;) (t) represents the p-order Riemann-

Liouville (RL) fractional derivative of Cy(t), calculated with respect to
time t. The latter is defined as
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where n represents the smallest integer greater than g and I'(-) is the
Euler’s Gamma function.

Further, the Poissonian white noise process Wp(t) is a stochastic
process constituted by a train of impulses, with zero-mean random
amplitudes Y; occurring at random time instants Ty, expressed in the
form [47]

N

We(t)= ) Yid(t— T). )
k=1

In Eq. (3), &(-) is the Dirac’s delta function and N(t) is the Poisson
counting process, that gives the number of spikes in the interval [0, t).
The Poisson counting process N(t) has independent increments and, for
t = 0, it is equal to zero. Moreover, the stochastic average of N(t), is
computed as

E[N(t)] = at, 4)

where A represents the number of spikes per unit time. The probability of
occurrence of b events in [0, t) is given as
)’

Pr{N(t)=b} =%exp(—/1t)7 5)
being b a positive integer.

Since Cy(t) = 0 Vt < 0 w.p.1, the solution of Eq. (1) for t > 0 can be
expressed as the f-order RL fractional integral of Wp(t), calculated with
respect to time and expressed as

Cylt) = (Olpr) (t) :% / (t— 7/ Wp(r)dr. 6)

By substituting Eq. (3) into Eq. (6) and evaluating the RL fractional
integral, the fCm assumes the form

N(t) _ p-1 _
C[}(t) _ ; Y (t Tkl)—‘(ﬂ)U(t Tk)' %)

The fCm Cy(t) is a zero-mean process that, for § = 1, coincides with
the classical Compound motion. Moreover, if l—oco and the impulse
amplitudes (Gaussian) are scaled so that AE[Y?] —q (where g is a positive
and finite constant), the Poissonian white noise converges in distribu-
tion to Gaussian white noise [46].

2.2. Transient response and PDF of two-term fractional differential
equations under Poissonian white noise: proposed method

In this section, the transient response and the PDF of a two-term
fractional differential equation under Poissonian white noise is
described in detail.

Let us consider the fractional differential equation

{pl (oD1X) (©) + pa (aDEX) () = Wa(0)U(®)
X(t)=0VYt<0 wpl ’

(3

where p; and p, are two coefficients whose physical dimensions depend
on #; and f,, respectively as [p;] = [M T" 2] and [p,] = [M T%272].
Dividing both sides of Eq. (8) for p,, it leads to
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being p = p,/p, a constant having physical dimensions [p] = [ T/>7/1].

The method developed in the following assumes g; > g, > 0, X(t) =
0 Vvt <0, a linear system, and additive compound Poisson excitation
with finite rate A. The impulse amplitudes Yy are assumed to be inde-
pendent and identically distributed, independent of the Poisson count-
ing process, and zero-mean, consistently with the zero-mean Poissonian
white noise. The characteristic function and the inverse Fourier trans-
form are also assumed to satisfy convergence conditions.

The response process X(t), for t > 0, can be evaluated as

1 5 _
X(O = - (ol Wp) ©) = P(EX)©) 10)

in which y = f; — p,. By applying the method of iterated kernels [48],
Eq. (10) can be expressed in the form

1

—p)C,, (1), 11
e (=p)°C., (v), an

gt
e

X(t) = (=P)" (oIt We) (t) =—

1
1

Il
o
Il
o

T

where v, = f8; + ry. From a close observation of Eq. (11), it can be noted
that the process X(t) is a linear combination of fCms. The convergence of
the expansion in Eq. (11) is guaranteed by classical results on Neumann
series for Volterra integral equations with weakly singular kernels. In
particular, for any finite time interval, the iterated fractional-integral
terms remain bounded and the corresponding series is absolutely

convergent.
Since
N(b) v—1
Yi(t —Ti)" Ut — Ty)
C.(0)= ; ) : (12)

Eq. (11) can be rewritten as

N(t)
X(t)=">_ Yih(t—T), (13)
k=1
being
me-1 =23 P ety ), a4)
pl r=0 F(DV’)

It is to be stressed that h(t) represents the impulse response function
of the structural system described in Eq. (8), which can be expressed in
closed form as p;'t"~'E, ; (—pt")U(t) being E..(-) the two-parameter
Mittag-Leffler function [37]. The characteristic function of the
response process X(t) is defined as

®x(0,t) = E[exp(i0X(t))]. (15)

By substituting Eq. (13) into Eq. (15) and by conditioning on both
N(t) and the arrival times T, ..., Ty, yields

N(t)
Do 1y, (0 1) =E {exp (iaz Yih(t— m) IN(), 1, ..., TN(@} . (e)
k=1
Since Y are independent identically distributed random variables
[49], Eq. (16) can be expressed as

N(t)

q)X\N(f)-T1-~-~TN([) ('97 t)= HE[exp(iHYkh(t - Tk))‘N(t)v Ty, ..., TN([)]- 17)
k=1
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Moreover, by considering that Yj are independent on both N(t) and
the arrival times T, ..., Tn(y, Eq. (17) assumes the form

N(t)

Do (0 8) = | [ Elexp(i0Yih(t — Tx))], s
k=1

which can be rewritten as

N(t)

Ty (0:8) = [ [ ®r, (0(t—Ti)), (19)

k=1

being @y, (-) the characteristic function of Y. Since the impulse am-
plitudes are identically distributed, ®y,(-) does not depend on k.
Therefore, it can be written, for simplicity, as ®y( -).

By conditioning only on N(t) and exploiting the fact that, given N(t),
the arrival times are distributed as the order statistics of independent
identically distributed uniform random variables over (0, t), Eq. (19)
becomes (see Appendix A)

N t N(t)

Hcpy(eh(tn»w(r)] gk [ @stone—epar

0

Dy (0,t) =E

(20)

By removing the conditioning with respect to N(t), since N(t) has
Poissonian distribution, it follows that (see Appendix A)

t

Oy (0, 1) = exp l/(CDy(F)h(t—T))—l)dT . 1)

0

Once the characteristic function has been evaluated, the PDF of the
response process can be computed as the inverse Fourier transform of
Eq. (21) in the form

px(x,t) :zl—ﬂ / e ™ dy(0,t)d6. (22)

It is worth observing that Eq. (21) represents the complete charac-
teristic function of the response process, including the contribution
associated with the event N(t) = 0. Accordingly, the inverse Fourier
transform in Eq. (22) has to be understood in the generalized sense, i.e.
composed by both a continuous component and a Dirac’s delta function.

3. Numerical applications

The purpose of this section is to assess the accuracy and applicability
of the proposed method in evaluating the transient PDF of the response
of two-term fractional differential equations subjected to Poissonian
white noise excitation. To this aim, two representative structural sys-
tems are considered. The first one is a fractional Kelvin-Voigt model, in
which the response is governed by a classical viscous contribution and a
fractional viscoelastic term. The second one is a fractional oscillator,
where the fractional viscoelastic contribution is coupled with an inertial
term. These two examples allow the performance of the proposed
method to be examined for systems characterized by different dynamical
features, while preserving the same probabilistic structure of the
external excitation. Although in both examples one of the two de-
rivatives present in the equation of motion assumes an integer value, the
considered systems are still two-term fractional differential equations,
since the classical viscous or inertial contribution is coupled with a
fractional hereditary term. These benchmarks were selected because
they correspond to standard mechanical models with a clear physical
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Fig. 1. Fractional Kelvin-Voigt model excited by a Poissonian white
noise process.

interpretation. Nevertheless, the proposed formulation is not limited to
these cases, as the derivation remains valid for a non-integer order of
both g, and g,.

In both applications, the response PDF obtained from the proposed
method is compared with that estimated by Monte Carlo simulation. The
latter is used as a reference solution and is computed by considering
2.5x10% independent samples having time duration equal to 55 dis-
cretized with a time sampling step At = 0.05 s. Each sample is directly
generated from the response representation reported in Eq. (11) by
considering the first 10* terms of the series. To verify that the method is
not restricted to a specific probability law for the impulse amplitudes,
two different distributions are considered for Yi: a zero-mean Gaussian
distribution and a zero-mean uniform distribution.

3.1. Fractional Kelvin-Voigt model

As a first application, the fractional Kelvin-Voigt model shown in
Fig. 1 is considered.
The governing equation is

{ cX(t) +ky, (Oszx) (t) = Wp(t)U(D)
X(t)=0Vt<0 wp.l ’

(23)

where c is the damping coefficient of the dashpot, X(t) denotes the first-
order derivative of the response process with respect to time, and kg, is
the springpot coefficient. This model is particularly suitable as a first
benchmark since it represents a basic fractional viscoelastic system in
which a local dissipative mechanism is coupled with a hereditary
contribution. Thus, it provides a direct test of the capability of the
proposed method to account for memory effects induced by the frac-
tional derivative.

The parameters adopted in the numerical analysis are ¢ = 100.00 kg
s}, p, = 0.21, and ky, = 200.00 kg s™*7°.

The excitation is modeled as a Poissonian white noise process Wp(t)
with average number of impulses per unit time 1 = 1.44. The impulse
amplitudes are first assumed to be zero-mean Gaussian random vari-
ables. In this case, the characteristic function of Yy is

02
@n(0)-exp( -5, 29
where oy, = 4. Subsequently, the same analysis is repeated by assuming

that the impulse amplitudes are uniformly distributed over the interval
[— a,a]. The corresponding characteristic function is
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Fig. 2. Comparison between the response PDF obtained with the proposed
method (continuous line) and that obtained from the Monte Carlo simulation
(dotted line): Gaussian distribution of Y.

Fig. 3. Comparison between the response PDF obtained with the proposed
method (continuous line) and that obtained from the Monte Carlo simulation
(dotted line): Uniform distribution of Yj.

Oy, (0) = Si“a(‘;e) : 25)

with a = 5.

For both distributions of the impulse amplitudes, the inverse Fourier
transform was evaluated through the inverse fast Fourier transform. The
domain 6, limited in the interval [ — 3141.55,3141.55], was discretized
with a sampling step A0 = 0.0785388, which corresponds to a spatial
discretization with Ax = 0.001 over the interval [ — 40, 40]. Therefore,
no direct numerical quadrature of highly oscillatory Fourier integrals
was required.

The response PDFs obtained by means of the proposed method are
compared with those estimated through Monte Carlo simulation in
Figs. 2 and 3, for the Gaussian and the uniform distributions of Y,
respectively.

The comparison shows an excellent agreement between the two so-
lutions for all the considered time instants. This agreement is observed
for both distributions of the impulse amplitudes, thus confirming that
the proposed method is not affected by the Gaussian or non-Gaussian
nature of the impulse amplitudes.
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Fig. 4. Kullback-Leibler divergence between the response PDF obtained with the proposed method and that obtained from the Monte Carlo simulation: Gaussian
distribution of Yy (dashed line) and uniform distribution of Y, (dash-dotted line).

Moreover, the sharp peaks present near x = 0, especially at early
time instants, are a direct consequence of the compound Poisson nature
of the excitation. Indeed, the probability that no impulse occurs is not
zero. Therefore, a non-negligible fraction of the response probability is
concentrated at the origin, and the corresponding Dirac contribution
appears in the numerical representation as a very sharp peak around x =

0.
To provide a quantitative measure of the discrepancy between the

response PDF obtained from the proposed method and the response PDF

estimated by Monte Carlo simulation, respectively labeled as pg’M) (x,t)

and p)((MO (x,t), the Kullback-Leibler (KL) divergence is evaluated as

kb’z 5,

M

W, (1)

AN R N

Fig. 5. Fractional oscillator excited by a Poissonian white noise.

™ Q) and the Monte Carlo simulation is negligible. Therefore, the results of

KL(t) = / Y (x, t)ln (pxmi(xﬁ> dx. (26) the first numerical application demonstrate that the proposed method
PE{ )(x7 t) provides an accurate description of the response PDF of a fractional

Kelvin-Voigt system under Poissonian white noise excitation.

The results obtained in terms of KL divergence are reported in Fig. 4. The maximum value and the mean value of the KL divergence are
It is to be stressed that the KL divergence has been calculated directly reported in Table 1
from the results obtained, including the Dirac contribution, without any From the results reported in Table 1 it can be noted that both the
type of smoothing. maximum and the mean value of the KL divergence are very low.

From the results reported in Fig. 4, it can be observed that the KL
divergence assumes very small values throughout the whole time in-

terval, confirming that the discrepancy between the proposed method 3.2. Fractional oscillator

The second application concerns the fractional oscillator shown in

Fig. 5.
Table 1 The governing equation is
Maximum value and mean value of the KL divergence.
KV 2 —_
Maximum value Mean value { MX(t) + kﬂz (ODf X) (t) n WP(t)U(t) , 27)
Gaussian distribution of Yy 7.5x1073 6.3x1072 X()=0Vvt<0 wpl
Uniform distribution of Yy 5.8x1073 4.5%x1073
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Fig. 6. Comparison between the response PDF obtained with the proposed
method (continuous line) and that obtained from the Monte Carlo simulation
(dotted line): Gaussian distribution of Y.
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Fig. 7. Comparison between the response PDF obtained with the proposed
method (continuous line) and that obtained from the Monte Carlo simulation
(dotted line): Uniform distribution of Y.

where M is the mass of the system, X(t) represents the second derivative
of the response process calculated with respect to time, and kg, is the
springpot coefficient. Differently from the previous case, the presence of
the inertial term introduces an oscillatory dynamical behavior. There-
fore, the response PDF is affected by the interaction between the
impulsive excitation, the inertial contribution, and the fractional he-
reditary term.

The parameters adopted in the numerical analysis are M = 10.00 kg,
o = 0.12 and kg, = 200.00 kg s~ %,

The excitation process is the same as that considered in section 3.1,
namely a Poissonian white noise process with 1 = 1.44. Moreover, to
allow a consistent comparison between the two numerical applications,
the adopted distributions of the impulse amplitudes are: a zero-mean
Gaussian distribution with oy, = 4 and a zero-mean uniform distribu-
tion over [— 5,5].

The same discrete Fourier inversion procedure adopted in the pre-
vious example was used. In particular, the inverse Fourier transform was
evaluated through the inverse fast Fourier transform. The domain 6,
limited in the interval [— 3141.55, 3141.55], was discretized with a

Probabilistic Engineering Mechanics 85 (2026) 103990

sampling step A0 = 0.0785388, This choice corresponds to a spatial
discretization with Ax = 0.001 over the interval [ — 40, 40]. Therefore,
also in this case, no direct numerical quadrature of highly oscillatory
Fourier integrals was required.

Figs. 6 and 7 show the response PDFs obtained from the proposed
method and from Monte Carlo simulation for the Gaussian and uniform
distributions of Yy, respectively.

Also in this case, the two solutions are in excellent agreement.
Therefore, the proposed method is able to capture the time evolution of
the response PDF and its dependence on the probability distribution of
the impulse amplitudes.

The quantitative comparison is performed again by means of the
Kullback-Leibler divergence defined in Eq. (26), and the corresponding
results are reported in Fig. 8. Also in this case, the KL divergence has
been calculated directly from the results obtained, including the Dirac
contribution, without any type of smoothing.

Although the values of KL(t) are slightly larger than those obtained
for the fractional Kelvin-Voigt model, they remain very low over the
entire time interval, confirming that the proposed method retains a high
accuracy also when applied to a fractional oscillatory system. The
maximum value and the mean value of the KL divergence are reported in
Table 2.

From the results reported in Table 2 it can be noted that both the
maximum and the mean value of the KL divergence remain very low.

4. Concluding remarks

In this paper, a continuous-time method to obtain the probability
density function of the response of two-term fractional differential
equations subjected to Poissonian white noise excitation has been pro-
posed. The proposed method is based on the representation of the
response through the method of iterated kernels, followed by the deri-
vation of the characteristic function and the evaluation of the proba-
bility density function by inverse Fourier transformation.

The reliability of the proposed method has been assessed through
numerical applications. The excellent agreement between the results
obtained by using the proposed method and those obtained from Monte
Carlo simulations has been observed for two different fractional struc-
tural systems and for both Gaussian and non-Gaussian impulse ampli-
tudes. These results confirm that the proposed method can be effectively
employed for the probabilistic characterization of non-Markovian frac-
tional-order systems subjected to Poissonian stochastic excitation,
without resorting to a state-space representation, time-discretization of
the excitation, or Gaussian assumptions on the impulse amplitudes.

CRediT authorship contribution statement

Salvatore Russotto: Conceptualization, Data curation, Formal
analysis, Investigation, Methodology, Software, Validation, Visualiza-
tion, Writing — original draft, Writing — review & editing. Mario Di
Paola: Supervision, Writing — original draft. Antonina Pirrotta:
Methodology, Supervision, Writing — original draft, Writing — review &
editing.

Declaration of competing interest
The authors declare that they have no known competing financial

interests or personal relationships that could have appeared to influence
the work reported in this paper.



S. Russotto et al.

Probabilistic Engineering Mechanics 85 (2026) 103990

0.018 [
5
,'| . P 1l| RIS
0.016 i " i SN,y e s
Ik [ W TONA S DR AR A A\ : B
\ , NN 1 LN A’ A
Y ERY / (YA A\ y
- L\ Nt Y ! W
’ Y 1! [t CRGARN b4 \ b
L 3 B ’ - 5 '
0014 Vi ! ! "
'y u '
v
V4
L ' |
0.012 . i s A ," 'A‘
: \ s L . il
‘ -’\ i I r"\.'h‘.l"'\ ""|"\‘\ A S “I"q" Wi N
; i I L A Y A YA VA A BT VA Y AWV
001 4 A TAN \ A 3 i i |
= Y NS AV ANG B A A v CoY
1 e
3 Y AVA S
I} VA
M ! AU |
0008 ! |
1 "’
-
i
[
00061 1 j |
]
L]
1
i
oy |
0004/
1
i
if
1)
0.002 f4f |
¥
y
]
!
]
| 1 ‘ ‘ ‘
1 15 2 25 3 35 4 4.5 B

0
Fig. 8. — Kullback-Leibler divergence between the response PDF obtained with the proposed method and that obtained from the Monte Carlo simulation: Gaussian

distribution of Yy (dashed line) and uniform distribution of Yy (dash-dotted line).

Table 2
— Maximum value and mean value of the KL divergence.
Maximum value Mean value
Gaussian distribution of Yy 1.72x1072 1.45x1072
Uniform distribution of Yy 1.23x1072 0.97x1072

Appendix A. Derivation of Eq. (20) and Eq. (21) from Eq. (19)
The characteristic function of the response process, conditioned on the number of impulses N(t) and on the corresponding arrival times Ty, ..., Ty),
(A.1)

is written, as reported in Eq. (19), in the form

N(t)

Ty ) 11
where @y, ( -) denotes the characteristic function of the impulse amplitude Y;. Since the impulse amplitudes are identically distributed, ®y, ( -) does not

depend on k. Therefore, it can be written, for simplicity, as ®y(-).
By conditioning only on the event N(t) = 7, Eq. (A.1) gives
N(t)
D i (0:0) =E| [ [ @v(6n(t - T)IN(e) =7 . A.2)
k=1
It is well known that, conditionally on N(t) = n, the arrival times Ty, ..., T, of a Poissonian process in the interval (0,t), ordered as
(A.3)
(A.49)

0<Thi<...<T, <t
are distributed as the order statistics of nn independent random variables uniformly distributed over (0,t). Therefore, their joint probability density

function is
n!
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O<n<...<r, <t (A.5)

and it is equal to zero elsewhere. Consequently, Eq. (A.2) can be written as

O (0,8)= n H Oy(Oh(t— 7)) dry...dr.. (A.6)

X|N(t
N t1Jo<n <. < <t

For compactness, let us define

F(r1,....,7,) = [ [ @r(6h(t — ). (A7)
k=1
The function F(zy, ..., 7,) is symmetric with respect to its arguments. Indeed, for any permutation « of the set {1,...,7},
F(ta), 0 Typs Hcpy (Oh(t — 7aw)) = [ [ @r(Oh(t— 7)) =F(z1, ..., 7). (A.8)
k=1

This symmetry implies that the integral of the function F(z;, ..., ;) over the full hypercube (0, t)" is equal to 71! times its integral over the ordered

simplex 0 < 7; < ... <7, < t. In fact, the hypercube (0, t)* can be decomposed into 7! disjoint regions, each corresponding to one of the possible
orderings of the variables 71,...,7,. Since the function F(zy, ..., 7,) is invariant under any permutation of its arguments, the integral over each of these
regions is the same. Therefore,

/ F(r1,...,7,)dn .. .dr, :ﬁ!/ F(1,...,7)dn ..dr. (A.9)
(0,07 0<ry<...<t <t

Using Eq. (A.9), Eq. (A.6) becomes
D, en(0:1) f—/m chy (6h(t — 7)) dry...dr,. (A.10)

Since the integration domain is now the hypercube (0,t)", the variables 1y, ..., 7, are not constrained by any ordering condition. Moreover, the
integrand is a product of functions, each depending only on one integration variable. Hence, the multiple integral can be factorized as

a6 = / Oy (Oh(t — 1) dri. @a11)
o k=1

Since all the integrals in Eq. (A.11) are identical, the latter can be rewritten in the form

t

Pynio-a(0:t) = (1 / ‘Py((*h(tf))df) (A12)

0

that, by replacing the fixed value n with N(t), yields

t N(t)
D (0.£) = (% / <I>y(6’h(tr))dr) 7 (A.13)

0

which corresponds to Eq. (20).
For compactness, let us define

t

A(6,1) :% / ®y (Oh(t - 7))dr. (A14)

0

Thus, Eq. (A.13) becomes

Dy a0, 1) = (A0, ). (A.15)

The unconditional characteristic function ®x(0,t) is obtained by removing the conditioning with respect to the Poisson counting process.
Therefore, by applying the law of total expectation, one obtains

(0,6) = i )" Pr{N(t) =7}. (A.16)

n=0

=

Since N(t) has Poissonian distribution, then Eq. (A.16) can be rewritten as

x(0,0) =exp(—it) 3 (A0 4 (A17)

n=0
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Moreover, by considering that the series presents at the right hand side of Eq. (A.17) is the exponential series, Eq. (A.17) assumes the form

Dy (0,t) =exp(—At)exp(AtA(0,t)) = exp(At(A(0,t) — 1)).

By substituting Eq. (A.14) into Eq. (A.18), yields

t

Dy(0,t) =exp [ A / (@y(Oh(t—7)))dr—t | |,

0

that, as reported in Eq. (21), can be rewritten in the form

t

Dy(0,t) =exp | A / (@y(0h(t — 7)) — 1)dr

0

Data availability

Data will be made available on request.
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