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Abstract—The paucity of geodetic data acquired on active
volcanoes can make the understanding of modelling magmatic
systems quite difficult. In this study, we propose a novel approach,
which allows improving the parameter estimation of analytical
models of magmatic sources (e.g., shape, depth, dimensions, vol-
ume change, etc.) by means of a joint inversion of surface ground
deformation data and P-axes of focal plane solutions. The meth-
odology is first verified against a synthetic dataset of surface
deformation and strain within the medium, and then applied to real
data from an unrest episode occurred before the May 13 2008
eruption at Mt. Etna (Italy). The main results clearly indicate the
joint inversion improves the accuracy of the estimated source
parameters by about 70 %. The statistical tests indicate that the
source depth is the parameter with the highest increment of accu-
racy. In addition, a sensitivity analysis confirms that displacements
data are more useful to constrain the pressure and the horizontal
location of the source than its depth, while the P-axes better con-
strain the depth estimation.

Key words: GPS, Mt. Etna volcano, pressure source,
modelling.

1. Introduction

Seismicity and ground deformation represent the
principal geophysical methods for volcano monitor-
ing and provide important constraints on subsurface
magma movements. The occurrence of migrating
seismic swarms, as observed at several volcanoes
worldwide, are commonly associated with dike
intrusions (see BRANDSDOTTIR and EiNarssoN 1979;
RUBIN et al. 1998; PATANE et al. 2003; BARBERI et al.
2004; SeGaLL 2013). In addition, on active volcanoes,
(de)pressurization and/or intrusion of magmatic
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bodies stress and deform the surrounding crustal
rocks, often causing earthquakes randomly distrib-
uted in time within a volume extending about
5-10 km from the wall of the magmatic bodies
(UmakosHI et al. 2001; Roman 2005; Fig. 1).

Several mathematical models have been developed
to quantify both the magmatic body parameters (e.g.,
shape, depth, dimensions, internal volume change,
etc.) (see SeEcaLL 2010 for an overview) and the
expected ground deformation pattern at the Earth’s
surface. Therefore, by comparing the observed surface
deformation to that computed by mathematical mod-
els, quantitative estimations of source location,
geometry, and volume change can be inferred. How-
ever, modelling of surface deformation generally
belongs to the so called ill-posed inverse problem
(ATeFT MONFARED and RoTHENBURG 2011), which can
show a weak stability of the estimated parameters
(TiknoNov and ARSENIN 1977) also depending on the
spatial data distribution. Indeed, in regions where the
spatial coverage of geodetic observations is inade-
quate, any inversion for modelling of surface
deformation is bound to be poorly constrained by the
limited data. Model assumptions, simplifications and
data uncertainty further complicate the interpretation.
Improvements of the model could be achieved by
increasing the spatial coverage of the monitoring
network; however, this is often not possible.

Despite advances in space-based, geodetic and
seismic networks having significantly improved vol-
cano monitoring in the last decades on an increasing
worldwide number of volcanoes, quantitative models
relating deformation and seismicity are not common.
Based on the seismicity-rate theory of DIETERICH
(1994), recently SecaLL (2013) has evidence that
deformation and seismicity can be integrated into
self-consistent inversions for the spatio-temporal
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Figure 1
Cartoon illustrating the relationship between the pressurization of a magmatic body and the occurrence of seismicity in the surrounding
crustal rock

evolution of dike geometry and excess magma pres-
sure. Although this approach is currently limited to a
linkage between deformation and seismicity due to a
propagating magmatic intrusion, it could lead to an
improved resolution over existing methods and, per-
haps, to improved real-time forecasts (see SEGALL
2013 and references therein for an overview).

The observation of several episodes of volcanic
unrest throughout the world, where the movement of
magma through the shallow crust was able to produce
local rotation of the ambient stress field (NAKAMURA
et al. 1977; MusuMEct et al. 2000; RomaN et al. 2004;
Bonanno et al. 2011), introduces an opportunity to
improve the estimate of the parameters of a defor-
mation source. In particular, during these episodes of
volcanic unrest, a radial pattern of P-axes of the focal
mechanism solutions, similar to that of ground
deformation, has been observed. Therefore, taking
into account additional
mechanisms data, we propose a novel approach to
volcanic source modelling based on the joint inver-
sion of deformation and focal plane solutions
assuming that both observations are due to the same
In the following sections, after a full
description of the method and its verification, we
present a test on a real case study from Mt. Etna
(Italy).

information from focal

source.

2. Method Overview

In volcanic areas, the observed deformation is
usually modelled by means of analytical solutions
(e.g., BarragLia and HiiL 2009) which provide the
expected deformation field at the free surface of an
elastic medium. Because earthquakes, instead, occur
within the medium, we looked at those analytical
models able to describe the strain also within the
medium. In the seismological literature, P (for
pressure) and T (for tension) are the principal axes
of the moment tensor, with P being the axis of
maximum compression and 7 the axis of minimum
compression (Fig. 2). Taking into account the ori-
entation of the principal strain axis, the expected
deformation strain tensor related to the pressure
sources can be computed at the earthquake hypo-
center. In order to calculate the strain tensor, we
adopted the infinitesimal strain theory applied to
elastic materials, which assumes that the displace-
ments and their gradients are small if compared to
the unit. In that case, the linearized Lagrangian and
Eulerian strain tensors (i.e., neglecting the non-lin-
ear or second-order terms of the finite strain tensor)
are almost the same and can be approximated by the
infinitesimal strain tensor known as Cauchy’s strain
tensor:
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Figure 2
Schematic representation of an activated fault and the direction of
slip on it from an earthquake as a double couple force system and
equivalent force dipoles (P- and T-axes), b stereographic projection
(known also as focal mechanism and/or “beachball” solution) with
two intersecting planes (nodal planes). P- and the T-axes represent
the axes of maximum shortening and maximum lengthening
respectively, bisecting the quadrants
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where u is the vector of infinitesimal deformation of a
continuum body in a coordinate system (x;, x;, Xxz).
Since the strain tensor is real and symmetric, it can be
rotated into a principal system [n;, n,, n3] where all
off-diagonal elements are zero:

&1 0 0
E=10 & 0]. (2)
0 0 &3

The components of the strain tensor in the [n, n,,
n;] coordinate system represent the principal strains
and the directions n; refer to the directions of the
principal strain. Since there are no shear strain
components in this coordinate system, the principal
strains represent the maximum and minimum stret-
ches of an elemental volume.

The principal strains can be found by using an
eigenvalue decomposition by solving the linear
system:

(5 — Sil)l’li = 6 (3)

where [ is the identity matrix.

This system of equations is equivalent to finding
the vector n; along which the strain tensor becomes a
pure stretch with no shear component. Hence, by
analyzing the principal strain directions at some
earthquake hypocenter, we can fit the P-axes of focal
mechanism and the direction of maximum compres-
sion due to a volcanic source. We aim to find a source

able to fit at the same time the strain data coming
from earthquakes and the deformation data coming
from GPS stations.

3. Joint Inversion of Strain and Deformation Data

The proposed joint inversion of strain (i.e., the
compression along the P-axes) and ground deforma-
tion data, is implemented by finding the source that
minimizes the misfit between: (1) the measured and
modeled displacements; (2) the angles between the
P-axes and the modeled direction of maximum com-
pression. Before applying the methodology to a real
case, we carried out some preliminary tests in order to
assess the quality of results and to quantify the
improvements of the proposed joint inversion with
respect to the classical inversion based only on
ground deformation data. The statistical tests have
been performed taking into account the results com-
ing from 100 trials.

For each trial, we generated a synthetic dataset of
surface deformation and strain within the medium
(i.e., P-axes) by adopting the analytical solutions
developed for an homogenous and isotropic half-
space by McTiGue (1987) in the general formulation
describing also the internal deformation (see BATTA-
GLIA et al. 2013 for an overview). To overcome the
unfeasibility of this formulation for P-axes calculated
below the source, and recalling the isotropy
assumption of the infinity half-space, we considered
the direction of maximum strain as radial from the
source. Then we performed two different inversions:
in a first one we inverted just for the surface defor-
mation, while in a second one we jointly inverted for
both the surface deformation and the P-axes. In
particular, we  considered  three-dimensional
displacements calculated at four points [hereinafter
point of measurement (PoM)] on the surface and four
P-axes calculated within the medium. In order to
avoid biases due to network topology, the stations
were randomly chosen by sampling a normal distri-
bution with standard deviation (SD) of 7 km. For the
same reason the four P-axes locations were normally
distributed with a SD of 7 km in the horizontal
components and 3 km in the vertical component. In
each trial we added 20 levels of noise to the synthetic
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dataset. The noise had a Gaussian distribution char-
acterized by a zero mean and SDs linearly
proportional to 3 mm for displacements and 0.5° for
P-axes angles. The assumption of a point source of
dilatation as the McTigue source (i.e., depth much
greater than size) implies that the magma-chamber
radius (r) and pressure change (AP) are inseparable
being APr’ the strength of the point singularity
(BAaTtTAGLIA et al. 2013). We fixed the radius to
400 m, as a realistic value, to avoid this ambiguity.
We calculated the absolute error of each model
parameter which was estimated after an inversion of
the noisy synthetic data. The algorithm used for the
non-linear inversions was the Levenberg—Marquardt
algorithm (LMA) (PuioL 2007). When only dis-
placement data were considered, the optimization
goal was to minimize the normalized Chi squared of
the model residues expressed as:

1 m; — d;\*
2 i i
9 = — 4
Xd Nd 7 ( (A ) ’ ( )

where N, is the total number of displacement com-
ponents, m; is the modeled ith displacement
component, d; is the ith displacement component and
0g4; 1s its associated error. In the joint inversion of
displacement and P-axes data, the fitness function
was the sum of the normalized Chi squared of both
the two kind of residues expressed as:

1 mi—d\* 1 o(a;, P)\’
2 i i 4
A ,« ( G4 ) NPZ( op, )

i

where Np is the total number of P-axes, ¢ is the
angular distance between the modeled ith P-axis a;
and the synthetic one P;, while op, is its associated
error.

Finally, we compared the estimated
parameters obtained from the two inversions. For this
purpose, we calculated the increment of precision for
each parameter of the model in terms of percentage of
reduction of the absolute error for the parameters
when the joint inversion is adopted. In Fig. 3a the
increment of precision of depth, horizontal position
and pressure changes is shown. The percentage refers
to the mean increment of precision of model param-
eters for all the 100 simulations. In order to estimate
the dispersion of the increment of precision, we

source
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associated a SD to these mean values. The compari-
son clearly indicates that the introduction of P-axes
data always improves the quality of source estimation
from noisy data. We can consider a threshold on the
noise level on data that leads to improvements on
source parameter estimation above a chosen per-
centage. In addition, note that the almost flat interval
(Fig. 3a) with the highest improvements ends with a
noise level on data of about 9 cm at 3-Sigma for the
displacement components and 15 degrees for the P-
axes angles. Moreover, it is worth noting that the
source depth is the parameter with the highest
increment of accuracy (in average 79 % against the
59 and 63 % of horizontal position and pressure,
respectively). Notice that the curve related to the
source depth (Fig. 3a) is the less scattered among the
considered parameters, and it is also the less sensitive
to the noise level of the input data. Thus, P-axes
allow for improving the constrain on the depth esti-
mation of the magma source. This is confirmed also
by the sensitivity analysis we performed. Indeed, we
calculated the global sensitivity (S) coefficients
(CanNAavO 2012) to study the variance propagation in
the inverse problem, from data to model parameters.
We carried out Monte Carlo simulations on an
inverse problem based on two displacement stations
and two P-axes, in order to estimate the sensitivity
coefficients for the source parameters. Results, shown
in Table 1, point out that the global sensitivity of the
source depth to P-axes angles is much greater than to
displacement data. Thus, the source depth is more
constrained to P-axes than to three-dimensional dis-
placements at the surface. The horizontal location of
the source is strongly sensitive to displacement data
(S =~ 0.87), and being S ~ 0.60 for P-axis angles,
we can assert that displacements constrain the hori-
zontal position better than the P-axes. Looking at
Table 1, the results suggest that displacements data
are more useful to constrain the pressure and the
horizontal location of the source than its depth. Fur-
thermore, P-axes most affect the depth parameter
than the horizontal location while the source pressure
is independent from them being 0 for its sensitivity,
as expected.

In addition to the simulations described above,
where we just added the P-axes data to the surface
deformation, we also considered the simulations
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Figure 3

Increment of precision for each parameter of the model in terms of percentage of reduction of the absolute error for the three parameters when

the joint inversion is adopted instead of the traditional one based only on displacement data. The percentage refers to the mean increment of

precision of model parameters for all the 100 simulations. a Results for four PoMs and four P-axes against only four PoMs; b results for three
PoMs displacements and three P-axes against only five PoMs

where part of the surface deformation (used as input
for the traditional inversion) is substituted with
P-axes data (used as input for the joint inversion). In
this second case, in fact, in order to maintain the same
number of measurables, and observing that each PoM
consists of three displacement components while
each P-axis consisting of two angles (azimuth and
dip), we chose to invert a set of five PoMs for the

classical inversion and only three of them for the joint
inversion with three P-axes. In this way we obtained
results independent from the number of system
equations. Also in this second case, we performed
some statistical tests taking into account the results
coming from 100 trials. In particular, Fig. 3b shows
the percentage of error reduction in source estimation
with the joint inversion of three PoMs and three
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Table 1

Coefficients of global sensitivity of source parameters for both
displacements and P-axes in a Monte Carlo simulation

Parameters Three-dimensional P-axes
displacements

Source depth 0.56 + 0.05 0.82 + 0.07

Source pressure 0.99 £+ 0.01 0.00 £+ 0.01

Source horizontal position 0.87 £ 0.05 0.60 + 0.08

P-axes instead of the classical inversion of five PoMs,
thus, maintaining constant the number of constrains
for both the inversions. The visual comparison
between Fig. 3a, b shows that the quality of model
estimation is, on average, higher if we add the seis-
mic data instead of replacing them to part of the
displacement data. In the latter case the quality of the
estimated model parameters (although always posi-
tive, hence, outperforming the classical inversion) is
more scattered with the noise level of data compared
to the former case. Nevertheless, the general con-
siderations set out above for the results in Fig. 3a can
be made for the Fig. 3b, revealing a good reliability
for the proposed approach.

Pure Appl. Geophys.

4. A Real Case Study

We tested the proposed approach by studying an
unrest episode that occurred at Mt. Etna during the
January 1-May 12 2008 time interval. This episode
represents an inflation event occurring before the
beginning of the May 13 2008 Mt. Etna eruption
(Avrorst et al. 2011; Bruno et al. 2012) that was
recorded both by surface deformation and seismo-
logical observations.

We processed the GPS data using GAMIT/
GLOBK (HERRING et al. 2010) following the strategy
described in PaLaNo et al. (2011). We referred the
estimated GPS velocities to the Etn@ref reference
frame (PALANO et al. 2010) enabling us to isolate the
Mt. Etna volcanic deformation from the background
tectonic deformation. P-axes available for the same
time interval (ALPARONE et al. 2012) were used for the
inversions. Focal plane solutions from P-wave first
motions were determined by considering the fault
plane fit grid-search algorithm of REASENBERG and
OprpENHEIMER (1985). The dataset consisted of 21 well-
constrained FPSs (Table 2) with average location

Table 2

Date, origin time (OT), magnitude, number of polarities (Np) hypocentral and focal parameters of earthquakes used for the joint inversion

Id Date oT Lat. N Long. E Depth (km) M Np Nodal plane P-axis
Strike Dip Rake Azm Plng

01 07/01/2008 17.45 37.682 14.948 11.59 2.7 18 280 75 0 236 11
02 07/01/2008 18.13 37.684 14.953 11.68 2.6 14 0 90 160 47 14
03 07/01/2008 18.30 37.674 14.956 12.63 2.4 10 60 55 —20 26 37
04 07/01/2008 18.32 37.681 14.956 13.13 22 19 75 60 10 31 14
05 07/01/2008 18.36 37.681 14.953 11.41 23 28 50 60 —10 12 27
06 12/01/2008 1.51 37.742 14.891 19.19 32 28 330 70 10 285 7
07 30/01/2008 4.23 37.772 15.132 10.27 2.3 20 110 55 10 67 18
08 02/02/2008 2.53 37.667 15.100 5.44 2.1 22 55 90 120 118 38
09 08/02/2008 2.16 37.736 15.120 6.04 2.4 25 120 80 —10 76 14
10 14/02/2008 22.58 37.810 15.089 0.73 2.7 12 290 90 40 57 27
11 14/02/2008 23.52 37.807 15.091 1.38 2.8 16 285 90 10 60 7
12 11/03/2008 15.23 37.826 15.071 11.32 2.1 9 75 80 120 141 29
13 11/03/2008 16.29 37.831 15.070 11.49 22 11 105 75 60 218 24
14 24/03/2008 2.45 37.742 15.089 6.44 2.1 14 115 65 —30 76 38
15 05/04/2008 2.40 37.769 15.088 6.74 2.4 22 100 65 —10 60 24
16 09/04/2008 4.14 37.732 15.132 8.65 35 32 110 55 —10 74 30
17 20/04/2008 7.47 37.632 15.022 0.72 32 26 65 50 70 169 3
18 01/05/2008 21.05 37.806 15.038 0.16 35 19 270 90 10 45 7
19 01/05/2008 22.16 37.806 15.033 0.22 2.1 9 325 45 80 242 0
20 02/05/2008 12.04 37.819 15.075 —1.96 3 10 295 80 10 249 0
21 02/05/2008 16.14 37.805 15.042 0.2 2.6 8 40 60 —140 255 48

Depths are referred to sea level
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a Observed (black arrows) and modelled (yellow arrows) horizontal velocity field for T1 test; b observed (black arrows) and modelled (blue
arrows) horizontal velocity field for 72 test; the horizontal projections of observed and modelled P-axes are reported as white and gray
arrows, respectively. For each test, the modelled source (star) is also reported. ¢ Observed and modelled vertical velocities for 71 and 72 tests.

d Observed and modelled P-axes plunge for 72 test. See Tables 1 and 3 for details
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uncertainties of 0.23 (£0.10 km SD) and 0.25
(£0.10 km SD) in the horizontal and vertical direc-
tions, respectively, and averaged uncertainties in fault
orientation parameters, strike, dip and rake, smaller
than 20° (ALPARONE et al. 2012).

The inversions were performed by using the LMA
approach and assuming the McTiGUE (1987) formal-
ism. In addition, the same starting point and the same
parameter space have been used. As elevation of the
half-space surface we adopted the average elevation of
GPS stations used for the inversions (ca. 2,060 m
a.s.l.), while 30 GPa and 0.25 were assumed as values
for u and Poisson’s ratio, respectively. The rigidity
chosen corresponds to a typical value of crustal rigidity
commonly used in modelling works (e.g., WILLIAMS
and WaDGE 2000; TrRASATTI et al. 2003; PaLaNoO et al.
2008) which is found to be an average rigidity value for
Mt. Etna crust (CHiARABBA et al. 2000). Estimation of
the uncertainties in best-fitting parameters was per-
formed by adopting a Jackknife sampling method
(EFron 1982). During each inversion the radius of the
source was fixed to the value of 400 m.

As a first test, we performed an inversion (labelled
T1) by using only the GPS surface velocity defor-
mation field as input. The best result depicts a source
centred at 5.9 km depth beneath the upper western
flank of the volcano edifice (Fig. 4a; Table 3). As a
second test, we performed a new inversion (labelled
T2) by taking into account also the P-axes of FPSs
available for the investigated time period. The best
result depicts a source located ~0.35 km SW and
~1.2 km shallower with respect to the source
obtained in 71 (Fig. 4a; Table 3).

Taking into account the uncertainties of the
source parameters we can assert that the horizontal
position of the source and its pressure change remain
the same for both the inversions, while for the source
depth, the inversions show non-overlapping solutions.
According to the results here obtained from the
synthetic test, we are more confident with the out-
come from the joint inversion.

5. Concluding Remarks

In this study, we set out a novel approach allow-
ing for improvement in the estimate of the parameters

Pure Appl. Geophys.

Table 3

Parameters of the modelled sources inferred for each test

Parameters T1 T2

Easting (m) 497,928 £+ 191 498,231 £+ 202

Northing (m) 4,178,783 + 148 4,178,952 + 215
Depth (m) 5,889 + 416 4,723 £ 227

Radius (m) 400 (fixed value) 400 (fixed value)
AP (Pa) 313 + 35 x 10° 294 + 33 x 10°

Depth refers to the elevation of the half-space surface, assumed as
the average elevation of GPS stations used for inversions (ca.
2,060 m). For each model parameter, errors (at 95 % of confi-
dence) were estimated by adopting a Jackknife-sampling method
(EFronN 1982)

(e.g., shape, depth, dimensions, internal magma
changes, etc.) of magmatic sources by a joint inver-
sion of both the velocity/displacement field (observed
at the surface of the volcano edifice) and the FPSs
P-axis (computed for earthquakes occurring within
the volcanic edifice).

By performing some statistical tests on the results
coming from 100 trials based on a synthetic dataset,
we observed that the joint inversion improves the
quality of the estimated source parameters of about
70 % in terms of precision. These tests clearly indi-
cate that, among the parameters, the source depth is
the one with the highest increment of accuracy.
Moreover, a sensitivity analysis confirms that dis-
placements data are more useful to constrain the
pressure and the horizontal location of the source
than its depth, while P-axes better constrain the depth
estimation.

The methodology was applied to the real data
coming from an unrest episode occurred before the
May 13 2008 eruption at Mt. Etna. The joint inver-
sion infers a source shallower than the one obtained
from the classical inversion. By considering the
results coming from the synthetic tests, we retain this
solution more reliably.

In conclusion, our approach can help in improving
the estimate of the parameters of the deformation
source for those areas where the spatial coverage of
geodetic observations is poor. In addition, it could be
successfully adopted for other kinds of deformation
sources as long as they are defined also within the
medium.
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