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A B S T R A C T

In the study presented here, the dynamic properties of a fluid inerter, including nonlinear
effects, are characterized and the degree of its effectiveness in structural control is assessed.
A fluid inerter is a mechanical device that models an element with unit of mass whose mass
property (called inertance) greatly exceeds its physical mass. To this end, a small-scale prototype
is realized and experimentally investigated. Linear and nonlinear parameters are identified to
obtain a mechanical model suitable for more accurate parametric studies. Numerical simulations
based on a finite element model are performed to evaluate the effects of the air unavoidably
trapped in the system. In order to apply the device to engineering problems in more general
configurations, a linearization procedure is performed for the nonlinear system elements and a
comparison is made between the real and the linearized system.

. Introduction

The introduction of the so-called inerter as an alternative to the mass elements by Smith [1] marked a profound novelty in the
ield of mechanics of vibratory systems. Since then, this device has been continuously attracted attention in the scientific community.
he concept of an ideal inerter is based on a mechanical two-terminal, one-port device whose equal and opposite resisting force 𝐹𝐼
pplied at the nodes is proportional to the relative acceleration between them [1],

𝐹𝐼 (𝑡) = 𝑏(�̈�2(𝑡) − �̈�1(𝑡)) (1)

he constant of proportionality 𝑏 is called inertance and has units of kilograms, with �̈�1 and �̈�2 representing total accelerations of
he two terminals.

In Eq. (1), the coefficient 𝑏 represents a fictitious mass for the system to which the inerter is attached, which can be considerably
arger compared to its physical mass.

Due to this property, inerters were first used in automotive engineering as an application for vibration suppression systems.
everal layouts including dampers and springs were optimized for various performance criteria [2]. However, in the last 10 years,
nerters have also gained attention in civil engineering and triggered a shift in the field of structural control. At the same time,
he development of innovative devices that can be even more effectively reducing vibration amplitudes has been one of the most
lourishing research area in recent years [3]. As a consequence, the performance of conventional vibration mitigation systems, such
s Tuned Mass Dampers [4], Tuned Liquid Dampers [5], Tuned Liquid Column Dampers [6], Base Isolation Systems (BISs) [7]
tc., can therefore be enhanced by the mass amplification property of inerters. For this reason, inerters, in combination with other
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Table 1
Advantages and disadvantages of mechanical and fluid inerters.

Operating
principle

Inerter type General representation [27] Inertance [27] Advantages Disadvantages

Flywheel-based

Rack-and-pinion 𝑏 = 𝑚0𝛾20+𝑚𝛾
2𝛼2

𝑟2
∙ Large mass amplification
∙ Strong bearing capacity
[28]

∙ Gear backlash [29]
∙ Inherent friction [29]
∙ Limited layout [30]

Ball-screw 𝑏 =
(

2𝜋𝛾
𝑝

)2
𝑚

∙ Large mass amplification
∙ Less friction than in
rack-and-pinion inerters
[26]

∙ Backlash [31]
∙ Self-locking [32]
∙ Need to be lubricated [2]

Fluid-based Helical-tube fluid 𝑏 = 𝜌𝑙 𝐴
2
1

𝐴2

∙ Large mass amplification
∙ Flexible layout [30]
∙ Less backlash and
parasitic effects [22]
∙ Low maintenance
requirement

∙ Nonlinear damping [33]
∙ Durable sealing necessary
[34]
∙ Friction [35]

𝑟 = radius of the rack pinion, 𝑚0 = rack pinion and gear mass, 𝛾0 = rack pinion and gear radius of gyration, 𝑚 = flywheel and pinion mass, 𝛾 = flywheel and
pinion radius of gyration, 𝛼 = gearing ratio, 𝑝 = pitch of the screw, 𝜌 = density of the working fluid, 𝑙 = length of the external pipe, 𝐴1 = cross-sectional area
of the main cylinder minus the rod, 𝐴2 = cross-sectional area of the external pipe.

mechanical elements, theoretically allow the realization of more effective alternatives to these devices due to the application of a
lower mass to reduce accelerations in vibrations-prone structures. For example, Tuned Inerter Dampers [8], Tuned Mass Damper
Inerters (TMDIs) [9], TMDIs in combination with BISs [10], Tuned Liquid Column Damper Inerters [11], Tuned Viscous Mass
Dampers [12] or Rotational Inertia Double-Tuned Mass Dampers [13] are some of the applications where the inerter is exploited
as an auxiliary device with the advantages of smaller size, lower physical mass, and two free terminals that can be used in linear
or rotational motion. Despite these theoretical advances, applications of inerters in civil engineering practice are remain rare [14].
Therefore, the gap between the current development of vibration control systems including inerters and their application in civil
engineering is far from being bridged. This is most likely due to limitations in their arrangement (especially considering that the
best control is achieved when one of the two terminals is grounded [15]) as well as limitations in the mass amplification effect of
heavy structures such as those encountered in the civil engineering field. Generally, physical implementations of inerters, which
have been built and tested in laboratory, may be classified into two main types: flywheel-based and fluid-based. The first group
includes mechanical devices such as rack-and-pinion inerters [16], in which the relative displacement of the terminals is converted
into a rotation of the flywheel using a rack, pinion, and gears, and ball screw inerters [17], in which a ballscrew mechanism is
employed [18]. On the other hand, fluid inerters [19] achieve the inertial effect through the working fluid flow and not through the
flywheel motion. Obviously, for heavy structures such as in civil engineering, multiple flywheels should be employed for an effective
mass amplification effect of the inerter. As a result of the reduced space requirement, the overall lighter and smaller arrangement of
devices that do not require a flywheel makes the latter more extensively exploitable for civil engineering applications. Therefore, the
absence of the flywheel can be seen as an advantage of fluid inerters, resulting in more flexible and adaptable devices. Commonly,
helical-tube fluid inerters are configured as a piston with a through rod that slides inside a cylinder equipped with a helical tube
and filled with a hydraulic fluid (usually water or oil). The piston moving back and forth induces the flow of the fluid through
the cylinder and the helical pipe. Table 1 systematically summarizes the properties of mechanical and fluid inerters. As shown,
the different characteristics of these devices, in addition to the differences in their operating principles and physical realizations,
lead to a series of advantages and disadvantages intrinsically linked to their nature. Specifically, a large mass amplification effect
can be obtained in all cases. However, fluid inerters result in a design that may be considered more suitable for civil engineering
applications, as they can be used in a variety of damper arrangements [20], while preserving a magnification effect of up to 10,000
times the fluid mass itself [21]. Moreover, parasitic effects such as backlash and ratcheting, which strongly affect the mechanical
alternatives, appear to be less pronounced in fluid inerters [22]. Apart from the advantages they provide, other contributions, such as
pronounced nonlinear damping effects and friction, may be important, and their impact are still unclear. While mechanical inerters
have been widely analyzed experimentally [23–26], experiments with fluid inerters and analyses on their control performance have
not yet been studied in depth.

In a previous study [35], a fluid inerter prototype was experimentally tested and its parameter numerically identified. In this case,
the model was developed with only one design parameter setting. However, since the inertance is mainly influenced by physical and
geometrical considerations (see equations in Table 1), changing one of the design parameter, for example, the external tube length,
would help to prove the reliability of the theoretical understanding of a fluid inerter. For this reason, in the present work, the inerter
prototype is investigated in a different design to accurately determine its physical properties and characterize its nonlinearities.
Indeed, the assumption of a linear behavior for this type of devices may lead to oversimplified models and therefore to an incorrect
assessment of their control performance [31]. However, the increasing complexity of the mechanical model results in cumbersome
computations that are unsuitable for the development of further dynamic simulations of inerter-based devices. With this in mind,
2
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Fig. 1. Small-scale prototype of the fluid inerter.

this study proposes a linearization procedure that allows feasible numerical analyses while preserving the real behavior of the
fluid inerter. This includes also simulations that can finally investigate difficult-to-analyze aspects of the device performance. In
particular, in the present work, for the first time, a finite element analysis of the fluid inerter is developed and used to assess the
influence of the air trapped in the device. Indeed, for the achievement of a very close to reality model, it seemed necessary to
consider the unintended presence of a certain amount of air in the system, even in the case of extreme caution during testing [36].
Another potential cause for this undesired effect could be the occurrence of cavitation phenomena, which have already detected
in previous studies [37] but have not been studied in depth. Finally, the present study not only merely analyzes the linear and
nonlinear characteristics of a fluid inerter itself, but also evaluates its properties in terms of structural control. In fact, the device is
also investigated experimentally when it is coupled to a system whose vibrations must be mitigated. This type of application makes
it possible to realistically demonstrate the potential of a real inerter when applied for structural control in addition to the ideal
numerical simulations already extensively conducted.

The paper is organized as follows: Section 2 describes the experimental setup and presents the results of the experiments. In
Section 3, suitable mechanical models are developed for the different configurations considered and the parameters of these models
are identified, contrasting the outcomes with the experimental data. In Section 4, the linearization of the nonlinear elements in the
model is performed and the results of the linearized systems are shown. Finally, Section 5 includes the simulation based on a finite
element model of the device developed to evaluate the effect of air in the system.

2. Experimental setup

2.1. Prototype design

Fig. 1 shows the small-scale prototype of a fluid inerter developed at the Unit of Applied Mechanics, Universität Innsbruck. The
prototype consists of a hydraulic cylinder in which a piston moves back and forth. The piston head divides the cylinder into two
chambers and is equipped with sliding rings and rubber seals to prevent flow between the two parts. The cylinder barrel is closed at
one end by the cylinder bottom and rigidly connected to an IPE steel profile that serves as a clamping. The other terminal is linked
to an electro-dynamic shaker that provides the input force. Water is chosen as the working medium due to its properties and ease of
use and availability. The inertia effect therefore results from the flow in the external channel, which is attached to the cylinder by
means of two watertight valves. The properties of the prototype described above are listed and graphically summarized in Table 2.
Employing the equation reported in Table 1 for a fluid inerter, the inertance is predicted to be 𝑏 = 29 kg, while the actual mass of
the device including cylinder, piston, and external pipe is less than 2 kg and the mass of the working fluid is only about 300 g.

2.2. Experimental test procedure

With the aim of identifying the dynamic properties the fluid inerter device (FID) and assessing its performance when employed
as vibration control system, four different tests are performed. The first step is to identify the uncontrolled system (US) (Fig. 2 - US),
i.e. the structure whose vibrations are to be mitigated by the device. It consists of a single degree-of-freedom (DOF) system with a
block of mass 𝑚𝑠 = 27 kg rigidly attached to a sliding table of dimensions 30 × 30 cm, while compression springs are used to tune the
natural frequency of the system. Second, the inerter without the presence of the working fluid, referred to as the dry inerter device
(DID), is examined (Fig. 2 - DID). This type of test was deemed necessary in previous studies [35] because hydraulic systems such
as hydraulic cylinders require accurate consideration of friction in the model employed [38]. It is obvious that its understanding
is facilitated when other effects related to the presence of the working fluid are not present. After characterizing the tribological
behavior of the piston rod sliding through the cylinder, the inertial properties of the system filled with water, referred to as fluid
inerter device (FID), are identified (Fig. 2 - FID). The last experiment, shown in Fig. 2 - CS, concerns the controlled system (CS),
where the main system is controlled by the FID.

In all four steps, the system is dynamically excited by an APS 400 Electro-Seis long-stroke shaker from APS Dynamics, Inc.,
driven by an APS 145 power amplifier. The force is measured with an impedance head of type AF/100/10 from DJB Instruments.
3
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Table 2
Parameters and sketch of the small-scale prototype.

Parameter Symbol Value

Stroke length [mm] 𝐿𝑐 200
Cylinder Ø [mm] 𝐷𝑐 5
Piston rod Ø [mm] 𝐷𝑝 20
Piston mass [kg] 𝑚𝑝 0.925
Area of the cylinder minus the rod [m2] 𝐴1 1.64 × 10−3

External pipe Ø [mm] 𝐷ℎ 6
External pipe length [m] 𝑙ℎ 0.3
Area of external pipe [m2] 𝐴2 0.028 × 10−3

Working fluid density [kg m−3] 𝜌𝑙 995.6
Working fluid bulk modulus [Pa] 𝐵𝑙 2.1 × 109

Working fluid mass [kg] 𝑚𝑙 0.338
Inertance [kg] 𝑏 29
Cylinder barrel material – Anodized aluminum
Cylinder heads material – Die-cast aluminum
Piston material – Chromed steel
Seals material – Nitrile rubber

Fig. 2. Schematic of the four experimentally tested configurations.

The velocity of the piston is recorded by a laser vibrometer of type PSV500 from Polytec, from which the displacement magnitude
in the frequency domain is subsequently determined. A linear sweep (chirp) in the frequency range from 1 to 10 Hz in a period of
60 s with constant voltage amplitude is used as the excitation signal for the power amplifier.
4
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Fig. 3. Experimental results in terms of receptance of uncontrolled system (US), dry inerter device (DID), fluid inerter device (FID), and controlled system (CS)
or different excitation signal amplitudes.

.3. Experimental outcomes

As a result of the experiments, Fig. 3 shows the receptance magnitude |𝐻(𝜔)| (i.e., the ratio of displacement over input force
n frequency domain) for each test. For US (top left subplot), the result refers to the displacement of the mass 𝑚𝑠 itself, while for
ID, FID and CS the displacement of the piston is considered. In order to reveal nonlinear effects, different excitation amplitudes
re applied to the latter experiments, changing the magnitude of the input voltage. Since the applied input voltage is constant,
he resulting exciting force amplitude is not constant due to the interaction of the shaker with the devices under test. Therefore,
he input force amplitudes given in Fig. 3 are not single values but 10 N ranges. From the top left subplot, a natural frequency
𝑠 = 2.3Hz and a damping ratio 𝜁𝑠 = 0.02 can be deduced for the uncontrolled system, employing the receptance for a linear single
OF oscillator. As can be seen in DID (top right subplot), as the amplitude of the input signals increases, the amplitudes of |𝐻(𝜔)|

ncrease, indicating a nonlinear effect due to friction between the piston rod and cylinder. In contrast, the nonlinear behavior is less
ronounced for FID (bottom right subplot) and CS (bottom left subplot) and is only noticeable for low frequencies.

. Numerical simulations

To numerically reproduce the experimental results and reveal nonlinear effects, mechanical models are developed for the four
onfigurations considered in Section 2.2 and shown in Fig. 4. In previous studies [35], it has been shown to be beneficial to include
he vibration exciter in the simulation models. Although the force measured by the impedance head could be used as input for the
umerical simulations, the necessary interpolation between the recorded samples in the numerical time integration scheme would
ake the simulations rather time consuming. On the other hand, considering an electromechanical system for the shaker, the same

oltage signal can be used as in the experimental studies. In the particular case of the linear sweep used, this signal is available as
function of time, hence no interpolation is required. Following [39], the electro-dynamic shaker is modeled as a two DOF system,
ith shaker displacement 𝑥1(𝑡) of the shaker mass 𝑚𝑎 and the electrical current 𝑖(𝑡) as DOFs. The lumped mass 𝑚𝑎 is connected to the
round via a connecting element 𝐶𝑎, which consists of a Kelvin–Voigt component with spring stiffness 𝑘𝑎 and damping coefficient 𝑐𝑎
nd represents the mechanical part of the shaker, while 𝑅 and 𝐿 are the resistance and the inductance of the shaker coil, respectively.
he four mechanical systems are excited by a force 𝐹 proportional to the current and the electrical circuit is additionally excited
y an internal voltage proportional to the velocity of the coil. The constants of proportionality are denoted by 𝛼1 and 𝛼2, while 𝑢(𝑡)
s the input voltage.
5
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Fig. 4. Electro-mechanical models of uncontrolled system (US), dry inerter device (DID), fluid inerter device (FID), and controlled system (CS).

Generally, the equations of motion of the systems shown in Fig. 4 can be written as

𝐌 �̈� + 𝐂 �̇� +𝐊𝐱 = 𝐟 (2)

where a dot over a variable stands for derivation with respect to time. The matrices 𝐌, 𝐂, 𝐊 and the vectors 𝐱 and 𝐟 will be defined
in the following for each configuration.

3.1. Uncontrolled system

In the US shown schematically in Fig. 4 - US, the main mass 𝑚𝑠 is rigidly attached to the terminal of the shaker, i.e. to the
mass 𝑚𝑎, on one side and grounded via the connecting element 𝐶𝑠 on the other side. This consists of a spring–dashpot element of
stiffness 𝑘𝑠 and damping 𝑐𝑠. The US, thus, exhibits two DOFs, the displacement 𝑥1(𝑡) and the current 𝑖(𝑡). However, considering 𝑖(𝑡)
as the electric DOF, the matrix 𝐌 would contain zero elements on the main diagonal. As a result, standard ODE solvers cannot be
used to compute the response of Eq. (2) since the inverse matrix 𝐌−1 cannot be computed. To avoid poor computational efficiency
by using implicit ODE solvers, the electric charge 𝑞 is employed as the electrical quantity instead of the current 𝑖. By applying the
relations [40]

�̇� (𝑡) = 𝑖 (𝑡) , 𝑞 (𝑡) = 𝑑𝑖
𝑑𝑡

(3)

the matrices 𝐌, 𝐂, 𝐊 and the vectors 𝐱 and 𝐟 in Eqs. (2) now read

𝐌 =
[

𝑚𝑎+𝑚𝑠 0
]

, 𝐂 =
[

𝑐𝑎 + 𝑐𝑠 −𝛼1
]

, 𝐊 =
[

𝑘𝑎 + 𝑘𝑠 0
]

,

6
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𝐱 =
{

𝑥1(𝑡)
𝑞(𝑡)

}

, 𝐟 =
{

0
𝑢(𝑡)

}

(4)

In this way, the system of Eqs (2) can be reformulated as first-order system and can be solved, for instance, in MATLAB by the
standard ode45 solver. Table 3 summarizes the parameters included in Eq. (4), noting that the electromechanical properties of the
shaker (𝑅, 𝐿, 𝑘𝑎, 𝑐𝑎, 𝛼1 and 𝛼2) are known from previous studies [35].

3.2. Dry inerter device

The mechanical model of the DID is shown in Fig. 4 - DID. In this case, the piston mass 𝑚𝑝 is rigidly connected to the shaker
mass 𝑚𝑎 and its displacement 𝑥1(𝑡) corresponds to the mechanical DOF of the system. To model the friction between the piston rod
and cylinder, a dissipation force element 𝑓diss is introduced [41]. Based on previous studies [35], 𝑓diss is assumed to be a function
of velocity �̇�1, since simpler models such as Coulomb friction without velocity dependence failed in modeling the friction of the
system due to a pronounced stick–slip phenomenon. In contrast, the so-called Stribeck effect [42] captures the friction behavior
more accurately, resulting in a larger force at or near zero velocity and smaller force at high velocities. This nonlinear effect can be
viewed as a combination of three different forces: static friction (or stiction) 𝐹𝑠, dynamic friction (or Coulombic friction) 𝐹𝑑 , and
viscous force due to contacts between lubricated surfaces. Hence, the friction behavior of the system can be modeled as [43]:

𝑓diss(�̇�1) =

⎛

⎜

⎜

⎜

⎜

⎜

⎜

⎝

𝐹𝑑 tanh
(

4
|�̇�1|
𝑣𝑠

)

+
(

𝐹𝑠 − 𝐹𝑑
)

|�̇�1|
𝑣𝑠

(

1
4

(

|�̇�1|
𝑣𝑠

)2
+ 3

4

)2

⎞

⎟

⎟

⎟

⎟

⎟

⎟

⎠

sgn(�̇�1) + 𝑟�̇�1 (5)

where 𝑣𝑠 is the so-called Stribeck velocity and corresponds to the velocity value that occurs when the maximum static friction is
encountered and 𝑟 is the viscous damping coefficient. Thus, for the DID, the matrices 𝐌, 𝐂, 𝐊 and the vectors 𝐱 and 𝐟 in Eqs. (2)
can be written as

𝐌 =
[

𝑚𝑎+𝑚𝑝 0
0 𝐿

]

, 𝐂 =
[

𝑐𝑎 −𝛼1
𝛼2 𝑅

]

, 𝐊 =
[

𝑘𝑎 0
0 0

]

,

𝐱 =
{

𝑥1(𝑡)
𝑞(𝑡)

}

, 𝐟 =
{

−𝑓diss(�̇�1)
𝑢(𝑡)

}

(6)

The unknown values are identified by numerical simulations and optimization with respect to the experimental outcomes presented
in Section 2.3. The GlobalSearch function implemented in MATLAB is used, employing the fmincon optimization algorithm. As
objective function the sum of the squared error between the experimental and numerical receptances was employed in the entire
frequency range and for all different amplitudes. The parameters obtained are listed in Table 3. Fig. 5 compares the receptance
magnitudes for three input amplitudes ranges. Solid black lines refer to the experimental results and dashed red lines show the
numerical results. The comparison demonstrates that results of experiment and simulation are in good agreement. However, more
significant deviations at lower frequencies underscore the significant influence of the friction on the DID. Clearly, the friction model
adopted, although more sophisticated than pure Coulomb friction, is still a simplification with respect to the somewhat stochastic
nature of the friction observed in the tests. Nevertheless, as it will be shown later, the limitations in terms of accuracy of the
dissipation force of Eq. (5) do not affect the results for the system in wet conditions as much.

3.3. Fluid inerter device

Fig. 4 - FID shows the mechanical model of the FID. Here, the mass 𝑏 is introduced, which models the effect of inertial mass due
to water flow in the external pipe by an additional DOF. Thus, in addition to the electrical DOF 𝑞(𝑡), the two mechanical DOFs are
𝑥1(𝑡) and 𝑥2(𝑡), corresponding respectively to the relative displacement of the piston mass and the water inertance with respect to the
ground. The inertial mass 𝑏 is grounded by means of the dash-pot damper 𝑐bound, which models the effects of boundary conditions
such as the movements to which the external pipe is subjected during the test, and connected to the piston 𝑚𝑝 on the other side via
the connector element 𝐶𝑖. The latter models the compressibility of the fluid as well as the behavior of the air trapped in the system
by a series of springs arranged in parallel to the dash-pot dampers. Although care was taken during the experiments to prevent air
infiltration in the system, this undesirable effect is unavoidable [36]. Furthermore, air in the system may be due to the formation
of air bubbles at a later stage than the test rig preparation as a result of cavitation [37]. This refers to the formation of air in a fluid
as its absolute pressure approximates that of saturated vapor at the temperature of water. While this effect is represented by linear
elastic springs in the mechanical model presented, a more detailed investigation of the influence of air employing finite element
simulations is reported in Section 5.

The spring 𝑘eq of the connector element 𝐶𝑖 is the sum of the reciprocal values of the series of springs modeling the behavior of
air and fluid. The following relationship is used to characterize the equivalent air spring stiffnesses 𝑘𝑎𝑗 ,

𝑘𝑎𝑗 = 𝛾 𝐴2
𝑗
𝑝0
𝑉0

[

1 −
𝐴𝑗

𝑉0
(𝑥2 − 𝑥1)

]−(𝛾+1)

(7)

which was originally introduced to model this effect in Tuned Liquid Column Dampers (TLCD) [44].
7
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Fig. 5. Experimental (solid black line) versus numerical (dashed red line) receptance response of the dry inerter device.

In Eq. (7), 𝑗 = 1, 2 denotes the cylinder and the external pipe geometry, respectively, 𝑝0 the atmospheric pressure, 𝑉0 the volume
f the air column, and 𝛾 = 1.4 the specific heat ratio. The equivalent spring stiffnesses of the water, 𝑘𝑙𝑗 take into consideration
hat system components containing compressible fluid exhibit the behavior of a spring in determining the dynamics of the system.
his stiffness can be viewed as the ratio of the volume decrease due to an increase in pressure and is given by the bulk modulus
f elasticity. Assuming that the bulk modulus of the working fluid 𝐵𝑙 is constant, the stiffness of a hydraulic actuator is determined
s [45]

𝑘𝑙𝑗 = 𝐵𝑙

𝐴2
𝑗

𝑉𝑗
(8)

with 𝑗 = 1, 2 indicating the cylinder and the external pipe geometry, respectively.
In addition, dissipative effects need to be taken into account. More specifically, the viscosity of the fluid that generates pressure

osses in the external pipe 𝐹𝐸𝑃 , and the inlet and outlet forces 𝐹𝐼∕𝑂 due to the transition of the fluid from the cylinder to the outer
tube and vice-versa. Their expressions are [34,37]

𝐹𝐸𝑃 = 𝑐𝐸𝑃 (�̇�2 − �̇�1)1.75 (9)

𝐹𝐼∕𝑂 = 𝑐𝐼∕𝑂(�̇�2 − �̇�1) ||�̇�2 − �̇�1|| (10)

𝑐inlet = 0.25𝐴1𝜌𝑙

(

𝐴1
𝐴2

)2
, 𝑐outlet = 0.5𝐴1𝜌𝑙

(

𝐴1
𝐴2

)2
, 𝑐𝐼∕𝑂 = 0.75𝐴1𝜌𝑙

(

𝐴1
𝐴2

)2
(11)

and

𝑐𝐸𝑃 =
0.0664𝜇0.25𝜌0.75𝑙 0.3𝐴1

𝑑1.25

(

𝐴1
𝐴2

)1.75
(12)

It should be noted that Eqs. (11) and (12) are valid for steady flow. However, the real hydraulic behavior of the fluid inside the device
is unsteady, and laminar and turbulent regimes continuously alternate. Thus, Eqs. (11) and (12) are merely empirical formulas that
approximate the system hydraulics as closely as possible. Nevertheless, these damping contributions, together with the dissipation
8

force mentioned earlier, cause deviations from the ideal inerter representation and cannot be neglected since they are an intrinsic
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Fig. 6. Experimental (solid black line) versus numerical (dashed red line) receptance response of the fluid inerter device.

part of the fluid inerter working mechanism. Moreover, an additional viscous damping effect is revealed and accounted for as 𝑐𝑖,
which models dissipative effects introduced by the air. For the FID, the matrices 𝐌, 𝐂, 𝐊 and the vectors 𝐱 and 𝐟 are defined as

𝐌 =
⎡

⎢

⎢

⎣

𝑚𝑎+𝑚𝑝 0 0
0 𝑏 0
0 0 𝐿

⎤

⎥

⎥

⎦

, 𝐂 =
⎡

⎢

⎢

⎣

𝑐𝑎 + 𝑐𝑖 −𝑐𝑖 −𝛼1
−𝑐𝑖 −𝑐𝑖 + 𝑐bound 0
𝛼2 0 𝑅

⎤

⎥

⎥

⎦

, 𝐊 =
⎡

⎢

⎢

⎣

𝑘𝑎 + 𝑘eq −𝑘eq 0
−𝑘eq 𝑘eq 0
0 0 0

⎤

⎥

⎥

⎦

,

𝐱 =

⎧

⎪

⎨

⎪

⎩

𝑥1(𝑡)
𝑥2(𝑡)
𝑞(𝑡)

⎫

⎪

⎬

⎪

⎭

, 𝐟 =
⎧

⎪

⎨

⎪

⎩

−𝑓diss(�̇�1) − 𝐹𝐸𝑃 (�̇�2 − �̇�1) − 𝐹𝐼∕𝑂(�̇�2 − �̇�1)
−𝐹𝐸𝑃 (�̇�2 − �̇�1) − 𝐹𝐼∕𝑂(�̇�2 − �̇�1)

𝑢(𝑡)

⎫

⎪

⎬

⎪

⎭

(13)

Since previously determined parameters characterizing the DID remain unchanged, 𝑘𝑎1, 𝑘𝑎2, 𝑐𝑖 and 𝑐bound are the only remaining free
arameters. They are obtained employing the same optimization procedure as for the DID and yield values as reported in Table 3.
he numerically obtained receptance magnitudes, based on the system of Eq. (13), are plotted in Fig. 6 as dashed red lines for the
hree different experimentally investigated input amplitudes ranges and compared with the experimental outcomes from Fig. 3 -
ID. As can be seen, the agreement is very close and only minor deviations are observed in the frequency range below 3 Hz in the
ase of 50–60 N amplitude. This remarkable result confirms the suitability of the parameters employed (Table 3) and the correctness
f the inertance value calculated theoretically.

.4. Controlled system

Fig. 4 - FID finally shows the mechanical model of the system controlled by the FID. It still consists of three DOFs, since the
ass 𝑚𝑠 to be controlled is rigidly connected to the piston mass 𝑚𝑝 and the shaker mass 𝑚𝑎. Thus, the two mechanical DOFs are

𝑥1(𝑡) and 𝑥2(𝑡), which correspond to the displacement of the main mass 𝑚𝑠 and the inertial mass 𝑏 and with respect to the ground.
The matrices 𝐌, 𝐂, 𝐊 and the vectors 𝐱 and 𝐟 of Eqs. (2) can be formulated as

𝐌 =
⎡

⎢

⎢

𝑚𝑎+𝑚𝑝+𝑚𝑠 0 0
0 𝑏 0

⎤

⎥

⎥

, 𝐂 =
⎡

⎢

⎢

𝑐𝑎 + 𝑐𝑠 + 𝑐𝑖 −𝑐𝑖 −𝛼1
−𝑐𝑖 −𝑐𝑖 + 𝑐bound 0

⎤

⎥

⎥

, 𝐊 =
⎡

⎢

⎢

𝑘𝑎 + 𝑘𝑠 + 𝑘eq −𝑘eq 0
−𝑘eq 𝑘eq 0

⎤

⎥

⎥

,

9

⎣ 0 0 𝐿⎦ ⎣ 𝛼2 0 𝑅 ⎦ ⎣ 0 0 0⎦
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Fig. 7. Experimental (solid black line) versus numerical (dashed red line) receptance response of the controlled system.

Table 3
Parameters of the mechanical models.

Parameter Symbol Value Parameter Symbol Value

DC Coil Resistance [Ω] 𝑅 1.75 Static friction force [N] 𝐹𝑠 21.14
Inductance [H] 𝐿 0.022 Dynamic friction force [N] 𝐹𝑑 15.07
Force–current ratio [N/A] 𝛼1 20 Stribeck velocity [m/s] 𝑣𝑠 0.0362
Voltage–velocity ratio [V ms−1] 𝛼2 20 Viscous damping coefficient [N s/m] 𝑟 104.5
Armature assembly mass [kg] 𝑚𝑎 2.7 Equivalent spring stiffness [N/m] 𝑘eq 3.6 × 104

Shaker stiffness [N m−1] 𝑘𝑎 106.59 Ext. pipe damping coefficient [N s/m] 𝑐𝐸𝑃 1.82 × 103

Shaker damping coefficient [N s m−1] 𝑐𝑎 6.79 Inlet/outlet damping coefficient [N s/m] 𝑐𝐼∕𝑂 4.21 × 103

Main mass [kg] 𝑚𝑠 27 Fluid damping coefficient [N s/m] 𝑐𝑖 447.65
Main mass stiffness [N m−1] 𝑘𝑠 5.7 × 103 Boundary damping coefficient [N s/m] 𝑐bound 652.18
Main mass damping coefficient [N s m−1] 𝑐𝑠 15.78

𝐱 =

⎧

⎪

⎨

⎪

⎩

𝑥1(𝑡)
𝑥2(𝑡)
𝑞(𝑡)

⎫

⎪

⎬

⎪

⎭

, 𝐟 =
⎧

⎪

⎨

⎪

⎩

−𝑓diss(�̇�1) − 𝐹𝐸𝑃 (�̇�2 − �̇�1) − 𝐹𝐼∕𝑂(�̇�2 − �̇�1)
−𝐹𝐸𝑃 (�̇�2 − �̇�1) − 𝐹𝐼∕𝑂(�̇�2 − �̇�1)

𝑢(𝑡)

⎫

⎪

⎬

⎪

⎭

(14)

As can be seen in Fig. 7, the agreement between the analytical (dashed red lines) and experimental (solid black lines) receptance
magnitudes is excellent. Small deviations are observed in the frequency range below 2 Hz for the lower excitation amplitudes. Since
this behavior is similar to the outcomes observed for the DID, it can be concluded that the discrepancy is mainly caused by the
friction model.

To illustrate the performance of the inerter as a passive vibration control device, another comparison is shown in Fig. 8. Both the
experimental (solid lines) and numerical (solid lines with markers) receptance responses of the US and CS are displayed. A significant
reduction in the receptance magnitude is observed throughout the frequency range, corresponding to the realized inertance-to-mass
10

ratio 𝑏∕(𝑚𝑎 + 𝑚𝑠) ≈ 1.
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Fig. 8. Experimental (solid black line) and numerical (solid blue line with markers) receptance response of the uncontrolled system versus experimental (solid
ed line) and numerical (solid green line with markers) receptance response of the controlled system. (For interpretation of the references to color in this figure
egend, the reader is referred to the web version of this article.)

. Linearization

As outlined in the previous section, the friction force as well as the pressure losses in the external pipe and at the inlet and
utlet are sources of nonlinearity in the inerter model. Although linear dynamic simulations are preferable and would allow the
evelopment of extended parametric studies, omitting these quantities would result in an inadequate definition of the FID since
hey are part of the hydraulic mechanism of the device itself. In addition, an accurate mechanical model capable of capturing the
eal behavior of the system would allow the need for experimental tests. As a consequence, an equivalent linear model would be
he most convenient scenario to better exploit the device for analytical analyses while leaving the prediction accuracy of the model
nchanged.

With the aim of linearizing the nonlinear mechanical model of the FID, energy considerations are taken into account.
onveniently, it is possible to characterize damping mechanisms as [46]:

𝐹damp(𝑡) = −𝑟 |𝑔(𝑡)| sgn(𝑣) (15)

where 𝐹damp is the damping force, 𝑟 is a scalar damping coefficient, |𝑔(𝑡)| is some arbitrary magnitude function. Assuming a sinusoidal
isplacement with 𝑥0 as initial displacement and 𝜔 = 2𝜋𝑓 as displacement circular frequency, if 𝑔(𝑡) = �̇�(𝑡) = 𝑣(𝑡) = 𝑥0𝜔 cos (𝜔𝑡), the
esulting damping force has a cosine shape. The hysteresis curve of such a force consists of an ellipse with an area of 𝐴 = 𝜔𝜋𝑟𝑥20 and
nits of energy loss per cycle. Similarly, for any damping force 𝐹damp(𝑡), the energy loss per cycle can be computed as the integral
f the force times the displacement, i.e. the work done per each cycle 𝛥𝐸. Comparing 𝛥𝐸 and 𝐴, the equivalent damping coefficient
eq is given by

𝑟eq = 𝛥𝐸
𝑥20𝜔𝜋

(16)

Eq. (16) is applied to the three nonlinear damping forces of the FID system when excited by a chirp function. In order to obtain
more general expressions for the equivalent damping, purely mechanical models as depicted in Fig. 11 are considered in this section,
i.e. without electrical part of the shaker. Thus, the excitation signals are forces 𝐹 (𝑡) applied at the piston mass, where the amplitude of
the chirp signal is constant. For the dissipation force 𝑓diss caused by friction, the displacement of the piston 𝑥1(𝑡) is considered, while
for damping forces of external pipe and inlet/outlet, the relative displacement between the inertial mass 𝑏 and the piston, 𝑥2(𝑡)−𝑥1(𝑡),
s considered. Since these displacements computed during a sine sweep are frequency dependent, 𝑟eq is obtained as a function of 𝜔.

To this end, the envelopes of the displacements 𝑥1(𝑡) and 𝑥2(𝑡)−𝑥1(𝑡) are computed, from which the frequency-dependent amplitude
𝑥0(𝜔) is readily obtained. The corresponding dissipation forces 𝐹𝑑 (𝑡) are obtained by evaluating Eq. (5), Eq. (9), and Eq. (10),
espectively. The hysteresis loops of these forces are shown in Fig. 9 for different excitation amplitudes and frequencies 𝑓 = 𝜔∕2𝜋.
onsidering the dissipation force 𝐹diss due to friction of the piston (first column), as the force amplitude increases, the energy loss
er cycle increases, with the shape of the hysteresis curve approaching a rectangle, i.e. the shape for pure Coulomb friction. Hence,
or larger force amplitudes, the dissipation force 𝐹diss tends to the classic Coulomb friction behavior. As the frequencies increases,
he velocity �̇�1 increases while the displacement 𝑥1 decreases, and more viscous behavior is obtained, i.e., a more elliptical hysteresis
urve. The opposite behavior is encountered for 𝐹𝐸𝑃 and 𝐹𝐼∕𝑂 (second and third column, respectively). The larger is the frequency
onsidered, the larger is the area of the hysteresis curve, i.e. the dissipated energy.

Eqs. (2) can be written in frequency domain as
(

−𝜔2𝐌 + i𝜔𝐂 +𝐊
)

𝐗(𝜔) = 𝐅(𝜔) (17)
11
̃ ̃ ̃
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Fig. 9. Hysteresis curves of 𝐹diss, 𝐹𝐸𝑃 and 𝐹𝐼∕𝑂 for different input amplitudes and frequencies.

Fig. 10. Frequency dependent equivalent damping functions for different input amplitudes (solid black lines — amplitude 50 N, solid red lines — amplitude 70
, solid green lines — amplitude 100 N. (For interpretation of the references to color in this figure legend, the reader is referred to the web version of this
rticle.)

ere, the damping matrix 𝐂
̃

can be considered as the sum of the linear (frequency-independent) contributions 𝐂
̃ lin and the linearized

quantities 𝐂
̃nonlin defined as

𝐂
̃ lin =

⎡

⎢

⎢

⎣

𝑐bound + 𝑐𝑖 −𝑐𝑖 0
−𝑐𝑖 𝑐𝑖 0
0 0 𝑐𝑠

⎤

⎥

⎥

⎦

𝐂
̃nonlin =

⎡

⎢

⎢

⎣

𝑟𝐸𝑃 (𝜔) + 𝑟𝐼∕𝑂(𝜔) −𝑟𝐸𝑃 (𝜔) − 𝑟𝐼∕𝑂(𝜔) 0
−𝑟𝐸𝑃 (𝜔) − 𝑟𝐼∕𝑂(𝜔) 𝑟diss(𝜔) + 𝑟𝐸𝑃 (𝜔) + 𝑟𝐼∕𝑂(𝜔) 0

0 0 0

⎤

⎥

⎥

⎦

(18)

where 𝑟diss(𝜔), 𝑟𝐸𝑃 (𝜔) and 𝑟𝐼∕𝑂(𝜔), respectively, are the frequency dependent equivalent damping factors of the forces 𝐹diss, 𝐹𝐸𝑃 and
𝐹𝐼∕𝑂, respectively. These factors are shown in Fig. 10 over the frequency range (considering 𝑓 = 𝜔∕2𝜋) for different input amplitudes.
As can be seen in the left graph, the magnitude of 𝑟diss decreases with increasing the amplitude as the friction contribution becomes
less important. In contrast, for 𝑟𝐸𝑃 and 𝑟𝐼∕𝑂, the larger the input force, the greater the equivalent damping factors. Comparing the
numerical values for the three damping factors, it can be concluded that the friction of the piston is the most pronounced source of
nonlinearity.

In this way, the FID and CS mechanical models of Fig. 4 can be redrawn as in Fig. 11, where the connecting element 𝐶𝑠 is the
same as in Fig. 4 and 𝑓diss, 𝑐𝐸𝑃 and 𝑐𝐼∕𝑂 are replaced by their linear equivalents.

Comparing the receptance magnitudes of both the nonlinear and the linearized FID in Fig. 12 for a wide range of force amplitudes,
the latter approaches almost perfectly the device including nonlinear effects in the entire frequency range considered and for different
amplitudes, demonstrating the reliability of the linearization method. Equally, in Fig. 13 the receptances of the nonlinear and the
linearized CS are set in contrast. Here again, results show a remarkable match between the two systems. In this case, the agreement
12

is excellent even for low frequencies.
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Fig. 11. Mechanical models of the linearized fluid inerter device (linearized FID) and control system (linearized CS).

Fig. 12. Fluid inerter device (solid blue line) versus linearized fluid inerter device (dashed black line) receptance response.
13
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Fig. 13. Controlled system (solid blue line) versus linearized controlled system (dashed black line) receptance response.

. Finite element model

As mentioned in Section 3, the mechanical model of the FID includes contributions that account for the presence of air in the
ystem. Specifically, the test found that the volume of air increases with increasing excitation intensity, suggesting that cavitation
ccurs due to changes in pressure of the working fluid. In this study, for the first time a finite element (FE) model of a fluid inerter
s created in the commercial software package ABAQUS to investigate the possible consequences that air trapped in the system may
ause.

.1. Numerical method

Considering the problem of a solid cylinder moving in region filled with liquid, the coupled Eulerian–Lagrangian (CEL) method
ould be a suitable numerical scheme. Here, a Lagrangian kinematic formulation is used for the solid part, where the FE mesh moves
ith the material, while the motion of the fluid is captured by an Eulerian (spatial) mesh. However, since this type of analysis is
vailable in ABAQUS only with explicit time integration [47] without the possibility of mass scaling, the experimentally observed
ime period of 60 s would yield a prohibitively large number of time increments in the numerical simulations, since the critical time
ncrement for a reasonably fine mesh is in the order of 𝛥𝑡 ≈ 10−8 s.

Assuming the displacements of the piston rod in the cylinder are negligibly small, a coupled acoustic-structural analysis can
e performed as alternative to the CEL. In this case, the piston is discretized by Lagrangian solid elements, while the fluid part,
onsisting of water and air, is discretized with acoustic elements. For the latter, the compressible acoustic wave equation is solved
or infinitesimally small fluid particle vibrations, where the energy dissipation in the fluid can be introduced by means of a viscous
amping parameter called volumetric drag [47], which is a viscous damper coefficient per unit volume. Although the assumption
f small vibrations is clearly not satisfied by the actual inerter, coupled acoustic-structural analyses are conducted here. More
pecifically, direct-solution steady state simulations are performed, i.e. the system of equations for the discretized model is solved
ssuming time-harmonic excitation forces.

.2. Model

For symmetry, a half model of the inerter is created, as depicted in Fig. 14, with the solid and acoustic regions highlighted. Note
hat a small fraction of the fluid region adjacent to the piston is assumed to be occupied by air, which is varied in the subsequent
14

imulations. While for Young’s modulus, Poisson ratio, and mass density of steel are used for the piston, the mass density 𝜌 and
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Fig. 14. CAD (on the left) and FE (on the right) model of the fluid inerter device.

Fig. 15. Force input (on the left) and equivalent dissipation force (on the right) for different input amplitudes.

the bulk modulus 𝐵, which can be deduced from the speed of sound, as well as the volumetric drag mentioned above, must be
set for the acoustic media. Specifically, for the water, the density 𝜌𝑙 and bulk modulus 𝐵𝑙 are those reported in Table 2, while the
volumetric drag coefficient 𝛾𝑙 is assumed to be frequency dependent and its value linearly increases from 5 × 104 N s m−4 at 0 Hz
to 1.2 × 105 N s m−4 at 7 Hz. Similarly, the bulk modulus 𝐵𝑎, density 𝜌𝑎 and volumetric drag coefficient 𝛾𝑎 of the air are 135296 Pa,
1.293 kg m−3 and 10 N s m−4, respectively.

The surface of the piston at the boundary of the FE model is kinematically coupled to a single node on the central axis (not visible
in Fig. 14) to facilitate the application of the excitation force. To approximate the experimentally investigated system as close as
possible, half of the quantity 𝑚𝑎 is added as lumped mass at this node. Also, a connector element to the ground is introduced in which
the frequency-dependent equivalent damping coefficient 𝑟diss(𝜔) is considered, obtained by linearization as described in the previous
section. However, in the contrast to Section 4, the complete electro-mechanical system is considered for linearization. Therefore,
the excitation force is no longer constant, but is obtained as 𝐹 (𝑡) = 𝛼1𝑖(𝑡) in terms of the electric current in the electro-mechanical
system. From these time-histories, envelopes are computed that define the frequency-dependent excitation force for the steady-state
simulations corresponding to three different experimentally investigated input amplitudes. The obtained frequency-dependent input
force and damping coefficients are shown in Fig. 15 and implemented in the FE model as tabular data.

5.3. Results

In order to obtain a more detailed and physics-based investigation with respect of the amount of air in the system, two sets of
tests are performed on the model presented in the previous section. In a first step (test 1), the system is tested with a considerable
small amount of air inside (Table 4 - test 1) for the three different amplitudes considered in the experimental setup of the FID. In
test 1, the amount od air is assumed to be constant for all the different excitation amplitudes and only the equivalent linear damping
of the piston rod 𝑟diss is adjusted (Fig. 15.) Subsequently, in order to simulate the formation of air bubbles due to cavitation, the
same tests are performed with an increasing amount of air for each amplitude (Table 4 - test 2). Since the input amplitude ranges
40–50 N, 50–60 N and 60–70 N were used successively in the experimental campaign, the air volume due to cavitation is assumed
to increase in the same order.
15
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Table 4
Air length setup for the FE simulations.

Amplitude 40–50 N 50–60 N 60–70 N

Test 1 𝑙air [m] 5 × 10−4 5 × 10−4 5 × 10−4

𝑉air [m3] 4.9 × 10−7 4.9 × 10−7 4.9 × 10−7

Test 2 𝑙air [m] 5 × 10−4 20 × 10−4 30 × 10−4

𝑉air [m3] 4.9 × 10−7 1.96 × 10−6 2.95 × 10−6

Fig. 16. Test 1: Experimental (dashed lines) vs. FE (solid lines) receptance response for different amplitudes (black: 40–50 N, red: 50–60 N, green: 60–70 N).
(For interpretation of the references to color in this figure legend, the reader is referred to the web version of this article.)

Fig. 16 shows the comparison between experimental and FE receptance magnitudes for the different input amplitudes obtained
when performing test 1. As can be seen, the outcomes from the FE simulations predict almost the same results for a constant volume
of air trapped in the device. In particular, the pronounced nonlinear behavior, especially in the frequency range between 1 and 3 Hz,
is not captured.

On the other hand, if the amount of air is adjusted between simulations according to test 2 in Table 4, the numerically and
experimentally obtained receptances, shown individually in Fig. 17, match almost perfectly. Therefore, it can be concluded from
these FE simulations that the nonlinear behavior in the low-frequency range is dominated by the presence of air inside the system.

6. Conclusions

In this paper, a fluid inerter was studied experimentally in order to assess its vibration control performance. The prototype of
such a device consists of a piston-cylinder equipped with an external tube in which the inertia effect was achieved by the convection
of a working fluid from the cylinder to the outer tube. Four different configurations, i.e. uncontrolled system, dry inerter device, fluid
inerter device and controlled system, were tested in order to properly identify the proposed mechanical models. The systems were
investigated in a frequency range between 1 and 10 Hz, performing sine-sweep excitation with different input amplitudes. Three
sources of nonlinearity due to dissipative effects and friction were discovered for the fluid inerter device. The derived mechanical
models were able to reproduce the experimental results for all tested configurations. The identified nonlinearities were linearized
according to energy considerations in order to obtain an equivalent linear system suitable for further parametric studies. Finally, a
finite element model of the fluid inerter device was created and the influence of the air trapped in the system was analyzed.

In summary, the following conclusions can be drawn:

• As a further proof of the findings obtained in previous studies, despite the different geometrical design employed here, the
theoretically calculated inertance of about 29 kg was generated by the device using only 300 g of flowing fluid. Nevertheless,
its tribological and hydraulic nonlinearities are intrinsic properties of the system and cannot be neglected.

• The nonlinear mechanical model developed in this work was able to accurately embody the behavior of a real fluid inerter
used to mitigate the vibrations of a single degree of freedom system. Therefore, such a model is suitable for implementing
more realistic numerical simulations of control devices whose performance is improved by inerters (Tuned Inerter Dampers,
Tuned Mass Damper Inerter, etc.).

• The linearization of the nonlinear mechanical model can be employed for even more extended parametric studies on control
systems involving fluid inerters. In addition, appropriate values of the dynamic components of a real inerter can be addressed
to alternative optimization methods other than those adapted to the ideal linear case.

• Thanks to the finite element model of the fluid inerter, it has been demonstrated that during experimental testing an increasing
amount of air due to cavitation affects the displacement response, especially at low frequencies.
16
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Fig. 17. Test 2: Experimental (solid black lines) vs. FE (dashed blue lines) receptance response for different amplitudes.

Future developments may include the exploitation of the fluid inerter in a large-scale experimental model to analyze possible scaling
effects. It is expected that nonlinearities as well as cavitation issues and formation of air bubbles may still occur, however not
necessarily proportional to the size of the test rig setup. In addition, further analyses on the finite element model can be implemented
to deepen the investigation regarding the influence of the air in the system.
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