This is the pre-peer reviewed version of the article submitted at Annals of Physics

Coherent States of Graphene Layer with and without a
PT-symmetric Chemical Potential

F. Bagarello
Dipartimento di Ingegneria, Universita di Palermo, 90128 Palermo, Italy
and [LN.F.N., Sezione di Catania, 95123 Catania, Italy

e-mail: fabio.bagarello@unipa.it

F. Gargano
Dipartimento di Ingegneria, Universita di Palermo, 90128 Palermo, Italy

e-mail: francesco.gargano@unipa.it

L. Saluto

Dipartimento di Ingegneria, Universita di Palermo, 90128 Palermo, Italy

e-mail: lidia.saluto@unipa.it

Abstract

In this paper we construct different classes of coherent and bicoherent states for the
graphene tight-binding model in presence of a magnetic field, and for a deformed version
where we include a P7T-symmetric chemical potential V. In particular, the problems
caused by the absence of a suitable ground state for the system is taken into account in
the construction of these states, for V' = 0 and for V # 0. We introduce ladder operators
which work well in our context, and we show, in particular, that there exists a choice of
these operators which produce a factorization of the Hamiltonian. The role of broken and

unbroken PT-symmetry is discussed, in connection with the strength of V.



I Introduction

Graphene’s emergence as a two-dimensional material has revolutionized various scientific disci-
plines, due to its remarkable electronic, mechanical, and thermal properties. Since many years
a lot of researchers started to discuss the physical aspects of graphene, and its concrete many
applications. But the mathematical settings related to its description also started to attract
more mathematically oriented people, in view of the several interesting aspects, connected to it,
which arise when dealing with the analytic aspects of graphene. We refer to [1, 2, 3, 4, 5, 6, 7],
and to [8], for a very partial list of contributions on the topic. One of the most interesting
features emerges particularly when a magnetic field is applied to it [2, 3, 9].

In [10] a chemical potential was introduced in the system, motivated by the possibility of
simulating the effects of external fields and doping the graphene’s electronic structure. This
approach forced the authors in [10] to construct a rich (non-Hermitian) quantum mechanical
settings which includes the construction of suitable biorthogonal families of eigenstates, which
are different depending on the strength of the potential.

One of the features we will meet in the following is a P7T symmetry breaking transition,
[11]. As widely known, this transition plays a pivotal role in non-Hermitian quantum mechanics,
usually linked to systems that exhibit balanced gain and loss. In graphene, P7T symmetry and
its breaking lead to the emergence of exceptional points—critical junctures where the properties
of the system undergo some changes.

Central to the study we discuss here are, again, the families of biorthonormal states, whose
definition is strongly determined by the width of the broken region caused from the chemical
potential applied to graphene. By constructing specific annihilation operators in terms of these
states, we propose a detailed analysis of bicoherent states, somewhat inspired by some recent
papers, [12, 13, 14, 15, 16]. More explicitly, in our construction a special role will be played
by the biorthonormal families of eigenvectors of the deformed Hamiltonian, and of its adjoint,
describing graphene in one Dirac point in presence of chemical potential.

The paper is organized as follows. In Section II we consider the standard situation, i.e.
graphene in absence of chemical potential V', and coherent states associated to it. This is
already a non trivial task, since as it was already recently observed in [16], it is not possible
to talk of a ground state of the Hamiltonian, since the set of its eigenvalues is not bounded
from above and from below. This implies that there is no naturally chosen eigenvector of the
Hamiltonian which is annihilated by some relevant ladder operator. What we do here is to

propose a possible construction which is linked to the one proposed in [16], but not to the one



in, e.g., [12], where the role of the negative eigenvalues (and their related eigenstates) is simply
neglected. We show how to decompose (non uniquely) the Hilbert space where the model is
defined in two orthogonal subspaces and how to construct coherent states in both these spaces.
Also, in view of our special structure, it turns out that what is a lowering operator in one
subspace (since it moves toward the vacuum), is a raising operator in the orthogonal space,
since it moves away from the vacuum, and vice-versa. This aspect will be discussed in details
and clarified all along Section II. In Section I1.3 we restate essentially the same results in terms
of tensor product Hilbert spaces, since this approach will simplify quite a bit what discussed
later in Section III.

Section III is focused on the case of V' # 0, i.e. on the analysis of the effect of a chemical
potential in our system. We discuss first the case of small V' (V' € [0, 1[). We introduce two
different families of bicoherent states: those which are closer to the standard coherent states
(meaning with this that they differ from a standard coherent state just because the orthonormal
basis in terms of which the coherent state is expanded is replaced by two biorthonormal sets),
and a second family in which, other than the previous difference, we also replace the standard
coefficient v/n! in the expansion' with something different, related to the eigenvalues of the
non self-adjoint Hamiltonian of graphene, in presence of the chemical potential. These latter
are connected to ladder operators which are particularly interesting, since they can be used to
factorize the Hamiltonian. The properties of both these families of states will be analyzed in
some details. In Section IV we discuss the case V' > 1, which, as we shall see, leads to a larger
PT broken symmetry region and deserves an appropriate approach for the construction of the
coherent states.

The paper is closed by Section V, which contains our conclusions and plans for the future.

II Coherent states for graphene with V =0

We begin our analysis considering the case in which there is no chemical potential. To make the
paper self-contained, it is useful to begin by reviewing some known results on the orthonormal
basis (ONB) for our system. After this short introduction we will propose our definition of
coherent states.

Graphene is a single layer of carbon atoms arranged in a hexagonal honeycomb lattice,

which is the basic structural element of other allotropes including graphite, charcoal, carbon

IThis is the standard terms one meets when dealing with the expansion of an coherent states of, say, an

harmonic oscillator.



nanotubes and fullerenes. Graphene is a zero-gap semiconductor, because its conduction and
valence bands meet at the Dirac points which are six locations in momentum space, on the edge
of the Brillouin zone, divided into two non-equivalent sets of three points, typically labeled as
K and K'.

We consider a layer of graphene in an external constant magnetic field along z : B = — Beg,
which can be deduced from B = V A A with a vector potential in the symmetric gauge, A =
(B/2)(y, —x,0). The Hamiltonian for the two Dirac points K and K’, that is the wavenumbers

where the energy eigenvalues can degenerate to zero, can be written as in [4]:

y= (M 0) (2.1)
0 Hpg

where, in units 7 = ¢ = 1, we have:

O /\Z‘ i é A~ - A
HK:'UFO-‘(p"—eA):UF . - B . p Zpy+ 2(y+7/a7) . <22)
Do+ ipy + 5 (§ — i) 0
Herep = —iV = —i (0, 0y), 0 = (04, 0,) are the Pauli’s matrices, and H - is just the transpose

of Hx. In (2.2) ,9,p, and p, are the canonical, Hermitian, two-dimensional position and
momentum operators, which satisfy (2, p,] = [, p,] = ¢1, with all the other commutators being
zero, and where 1 is the identity operator in the Hilbert space H = L2(R?). The factor vp is
the so—called Fermi velocity.
It is convenient to rescale these operators as follows
1 1

X = E:@, Y = gg, Px=¢p,  and Py =¢&p,, (2.3)

: . . . : X +iPx

in which £ = 1/2/(e|B|) is the so—called magnetic length, and then to introduce ax = G

Y +iPy
V2

and ay = . These are bosonic operators, as well as their combinations

A =X Y d A, XY (2.4)

V2 V2

Indeed, the following canonical commutation rules (CCRs) are satisfied:

[CL)(,CL;(] = [ay,a{,] = [Al,AlT] = [AQ,AQT] = ]]_, (25)

and the Hamiltonian Hjx can be rewritten as:



2i 0 A
Hf = ﬂ( 2) for B >0, (2.6)

13 —A, 0
and
_ 2i’UF O —A1
H, = —— f B < 0. 2.7

Of course, H;t, depends only on Ay and Hy, on A;. In order to deal with an Hamiltonian of
the kind (2.6) or (2.7) it is convenient to work in a new Hilbert space, Hy = ‘H & H, with scalar

product (f,g)2 := (f1,g1) + (f2, g2), where f = (?) and g = (?)) with fi, f2, 91 and go in
2 2

H, and where (.,.) is the scalar product in H. We can introduce the vectors

€nq1,0
. =+ . — . ni,
Uni,0 = Uny0 = Uny0 = ( 0 ) (28)

1 e
+ n1,n2
v - 2.9
e \/§ (q:ienh?wl) ( )

(A1) (AyN)"2eq 0, where eg is the non zero vacuum of A; and Ay,

while, for ny > 1,

1
vV nl!ngl

Here e, n, =

Ale()’() = A2€0’0 =0.

Incidentally we observe that this function can be explicitly computed, using the fact that eg g

must also satisfy ax ego = ay ego = 0, so that

1
60,0 — 60’0(X, Y) = —6_%(X2+Y2).
s

The set V, = {vF ny > 0,n9 > 1,k ==x}U{v,, 0,m1 > 0} is an ONB for H,, and its vectors

ni,n2’

are the eigenvectors of H;:

+ +
H;Unl,nz = En1,ngvn1,n27 (210)
2v
with eigenvalues E; = :I:?f, /i3, and
A A
<Umm2’ vah,?m)? = 5n1,m1 5n2,m2 5k,j> (2.11)



n;,m;,> 0,1 = 1,2 and k,j = +. If in the left-hand side of (2.11) ny = my = 0, then we
identify v} , and Uzu,o as in (2.8). One can adapt these results to the other Hamiltonians
Hy, H; or Hy,.

Remark:— In [10] the set V, was slightly different from the one considered here. Indeed it
k

was defined as Vo = {v;} .,

ny > 0,ny > 0,k = £} which differs from ours because the vectors

U, 0 1s counted twice. However, as a set, the two sets are clearly indistinguishable.

We see from (2.10), and from the expression of E; , ., that Hy (to which we will restrict,

from now on) is unbounded from above and from below, and that each energetic level has an

. . . :t
infinite degeneracy, since £y .

a slightly different notation, by introducing the following vectors:

does not depend on n;. In what follows it is convenient to use

(A p>1,
Cop =1 Uno, p=0, (2.12)
'Ur;fp7 p S _1a

where n > 0. Hence the set Vs, can be rewritten as Vo = {¢;,, n > 0,p € Z}, and

: 2v
Hicnp = EnpCnp, Enp = sign(p) TF\/ I, (2.13)
where n > 0 while p € Z. Of course we have

(Crps Cmog)2 = OnmOp.qs (2.14)

Vn,m > 0 and Vp, ¢ € Z. If we now introduce the following p-depending Hilbert spaces

Ha(p) = l.s{cnp, n > O}"'”,
p € Z, it follows that Hy = GpezHa(p). Each Ha(p) corresponds to a different energetic level
of Hj, and all the levels are mutually orthogonal: if f € Ha(p) and g € Ha(q), p,q € Z with

p # g, then (f, g)2 = 0.

IT.1 Coherent states

To construct ordinary coherent states, see [17] for instance, one usually construct series of
vectors starting from a certain vacuum, i.e. a vector which is annihilated by a lowering operator.

For instance, if we have two bosonic operators ¢ and ¢, we construct such a family of vectors



n

looking first for a vector ey # 0 satisfying ceq = 0, and then we define e, = % eg, n > 0.

Hence a coherent state is the normalized vector
oo Zn
O(z) = Y 2o,
p— vn!

where z € C and the number n > 0 in v/n! is directly related to the eigenvalue of the Hamil-
tonian of the shifted harmonic oscillator H = wele, with w = 1. We refer to [17, 18, 19]
and references therein, for several properties of ®(z). What is relevant for us is that, in our
case, we cannot use the same approach since the set of eigenvalues of H;: is not bounded from
below, see (2.13). In the attempt of defining coherent states also in this situation one could
first simply think to replace the sum ) 2, with > 7

Of course, this creates some difference when exploring the existence of this new vector, since

+ in a possible new version of ®(z).

negative powers of z also appear in the expansion. Hence this new state cannot be defined

in all of C, since we have to find the convergent region of a Laurent series. Indeed, if we

consider W(z) = N(2)>°° _ —2—e¢,, N(z) being a suitable normalization, we would have
- v Inl!

|Z‘2n

()] = N)IPX0 mir» Which is a Laurent (and not a Taylor) series. But this is not

really a major problem, in our opinion: we know that nonlinear coherent states don’t need to be

defined in all of C, see [17] for instance. The most serious problem is rather the fact that ¥(z)
cannot be the eigenstate of ¢ with eigenvalue z, as it is easily seen. So a different definition of
our coherent state should be proposed. This is exactly what was done recently in [16], where
the idea was to double the original Hilbert space where ®(z) is defined, and to work with vector
coherent states. In this way, however, the final result is that we have to work with a special
subset of Hy. Here we follow a different strategy, working in the original space Hy as much as
possible. Incidentally we observe that, as already pointed out in (2.12), we need to deal with
two indexes, n and p, having different ranges of values.

We start introducing the operator A; on H, as follows:

A 0
= 2.15
Al ( 0 Al) ) ( )

which together with its adjoint Al satisfies the CCR [A;, Al] = 15, where 1, is the identity
operator on Hy. It is easy to check that

Ay =Vncn 1, with Ao, =0, (2.16)

for all p € Z and n > 1. In view of the different nature of n and p in ¢, , it is not convenient to

introduce ladder operators acting on the second index, p as in (2.15). We rather observe that
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A; can be rewritten as

A = Z Z vn+1 |Cn7p>22<cn+1,p

n=0 p=—o0

Y

which is densely defined on # since its domain, D(A;), contains the linear span of all the ¢, p,
L., which is dense in H, since Hy = E_c”'”.

With this in mind, we introduce a new operator A, as follows:

Az = Z Z V[P + 1] |enp)az(cnpial- (2.17)

n=0 p=—o0

As before, D(As) O L.. Hence A is also densely defined. Moreover, it satisfies the following
lowering equation:
AQCn,p = |p| Cn,p—1, (218)

for all n > 0 and p € Z. In particular, this means that Asc, o = 0, Vn > 0, but Ay can also
act on vectors ¢, , with p < —1, returning a non zero result. This means that ¢, ¢ is not (are
not, actually, due to the presence of n) a ground state: each ¢, is simply a vector which is
annihilated by As. It is not hard to find the adjoint of Ay, which satisfies the following raising

Al = VIp+ 1] enprr, (2.19)

for all n > 0 and p € Z. We can write

A; = Z Z V |p + 1‘ |Cn,p+1>22<cn,p’7 (220)

n=0 p=—o0

equation;

and D(A}) D L.. It is interesting to notice that Aj acts as a raising operator on the various

Cn,p, €xcept for ¢, _1, which is annihilated by AE: Agcn,_l =0,Vn>0.

Remark:— We observe that
[H:, AL A f =0, (2.21)

Vf € L.. This follows from (2.13), (2.16) and (2.19). However, while the eigenvalues of H;-
depends on p as in /|p|, those of A;Ag depends on p as [p|. Moreover, while A;Ag is a positive

operator, Hj; is not. Hence it is clear that Hj # ALAy: H; is not factorizable in terms of Aj
and A},

Let us now introduce the following subspaces of Hy: Hy = @22 Ha(n), and Hy = 1 Ha(n).

n=—0oo

It is clear that Hy = Hy @& H, and that, taken f € Hy and g € H;, (f,g)2 = 0. These two



spaces are interesting in view of their behavior with respect A, and A;: they are disconnected:
if we act on some f € H with A, or with A;, and with their powers, we get some other vector
which is still in H5. The same happens if we start from a vector g € H,. The situation is
described in Figure 1la.

Because of formulas (2.18) and (2.19), and of what we have discussed above, we could
interpret ¢, o as a quasi-vacuum for Ay, and ¢, _1 as a quasi-vacuum for A;. This suggests us

to define the following vectors:

(I)ir‘(zl”@) — (=] +22]?)/2 Z Z n1|n2 Cryna s (222)

nl=0n2=0
and
2 2 > 27 22
(21, 20) = el H1z21)/2 Z Z L2 e, (2.23)
AL <2 ni,—nz2—1,
n1=0n2=0 Y ! ny!
which live respectively in Hy and H, and, as such, are mutually orthogonal:

<q>jt(21> %), CDZ(Zl, 22))2 =0,

for all 21,29 € C. Moreover, it is also possible to check (and it is not a surprise, of course!)

that the two series in (2.22) and (2.23) converge in the entire complex plane, and that

197 (21, 22) |2 = [| @4 (21, 22) ]2 = 1, (2.24)
Vz1,29 € C. For all these z; and z, it is further possible to prove the following eigenvalue
equations:
A1 07 (21, 22) = 21 DTy (21, 22), A1D7 (21, 22) = 21 ©4(21, 22), (2.25)
as well as
A2®7 (21, 22) = 20 D1y (21, 22), AL 07521, 20) = 20 B4 (21, 22). (2.26)

In particular, the equations in (2.26) are in agreement with our interpretation of A, as a
lowering operator in Hy, and of A; as a different lowering operator (meaning with this that A;
moves the state toward its own quasi vacuum, ¢, 1) on H,. The evident difference between
(2.25) and (2.26) is in the presence of only A; in the first equation, and of both A, and Al
in the second. This is again due to the different ranges of n and p, and on their role, in our
construction.

To conclude our analysis of these states, we can also check that they satisfy the following

resolutions of the identity:
d*z d*z
(f+:9+4)2 _/ 1/ 2 (s Phlz1, 22))2( P (21, 22), G4 )2, (2.27)
C

9



for all f,, g, € Hy, and

(forg)e = / 5 / T2 @)@ (2, 2) 0 ), (2.28)

for all f_,g- € H,.

One might wonder if the normalized vector ® 4(z1, 22) = \/Li (@1 (21, 22)+P 4 (21, 22)) produces
a resolution of the identity in all of Hy. The answer is negative. Indeed, if we take two vectors
f,9 € Ha, we can write f = f, + f_ and g = g4 + g_, where f,, g, € Hy and f_,g_ € H,.
Then we have, with easy computations,

/<(:d2z1 / d222 (f, ®al21,22))2(Pa(21, 22), )2 = %<f’g>2+

2 2
+%/ = / : ZQ ((fr, @Rz, 22))2 (@4 (21, 22), g )2 + (f-, P(21, 22))2 (P (21, 22), 94)2)
C C

which is in general different from (f, g)s. Moreover, ® 4(z1, z3) is not an eigenstate of Ay or A
Hence we conclude that ours are coherent states not in s, but in two orthogonal subspaces of

‘Ho, where they possess all the standard properties of coherent states.

I1.2 A different decomposition of H,

One might wonder why we should be satisfied with the decomposition Hy = Hy & H, we
have considered above. Indeed this is not the only possibility, but it is the natural one if we
work with the operators A, and A; In fact, we could easily modify what discussed so far by

replacing these operators with, e.g., two different ones, B, and B;, defined as follows:

- Z Z V1Pl lenpri)2z{ensl, (2.29)

n=0 p=—o00

so that
Bacnp = VIl capir, (2.30)
and I
= Z Z Vol [enp)az(Cnpaal, (2.31)
n=0 p=—o0
so that

Bgcn,]’ -V ‘p - 1| Cn,p—1, (232)

10



Vn > 0 and p € Z. In particular, these equations imply that both B, and B; are densely defined
(at least on L.), and that

Bycno=0, Blea1 =0, n>0. (2.33)

We find, similarly to what has been observed before, that [H;Q,BQB;] f=0,Vf e L. Notice
that, here, By behaves as a raising operator on Hs, while B; acts as a lowering operator on
Hs. For these operators, the quasi-vacua are ¢, o and ¢, 1, see (2.33). The situation is shown in

Figure 1, where the two different decompositions of Hs arising from our approach are shown:

H Ky

() A i ipéﬂ :
i

) {cnp}

./42 5 Al I 5 62
p=1 ’ g p=1
~ —
./42 ; AT
AQ — 2 =0 BQ
DA VA —_—
B} B,
_ Al 2 Q = —15
P 1 2 ;& p
A) [ BT g 5 BQ
Qp = —25 A2 Ap=-2
Ao Q : 5}@ Bé g | 552
| :
Hy Ky

Figure 1: (a) Schematic representation of the action of operators Aj, Al on the vectors ¢, (b)

Schematic representation of the action of operators B, Bg on the vectors ¢, .

In this case we consider K3 = @22, Ha(n), and K; = ®°___ Ha(n). Hence Hy = K5 & Ky
and it follows that, taken f € KJ and g € K5, (f,g)2 = 0. These two spaces are disconnected,
as Hi and H, before: if we act on some f € KJ with B, or with Bg, and their powers, we

get some other vector which is still in K. The same if we start from a vector g € K;. In

11



other words, this is just a different choice with respect to the previous one, the main difference
consisting in how we decompose the space Hy. Of course, other possibilities are also possible,
but we will restrict to the two described here. In this case our states in (2.22) and (2.23) should
be replaced by the following ones:

®B (21722) =e (‘Zl|2+‘22| )/2 Z Z ch17n2+17 (234)
1

nl1=0n2=0

and
Oy (21,22) =€ (21 P22 ])/2 Z Z Cry—nas (2.35)
n1=0 n2=0 an'n?
which clearly live respectively in K and K, . These states are normalized, mutually orthogonal,
satisfy a resolution of the identity in K and K, respectively, and are eigenstates of the

annihilation operators in the following sense:

A1®f (21, 20) = 21 D (21, 29), A1 D5 (21, 20) = 21 Py (21, 22), (2.36)
similar to (2.25), and

Bg@g(zl, 29) = 20 P (21, 22), By® (21, 22) = 29 Py (21, 22), (2.37)

Our consideration for ®%(z1, 23) could be repeated now, with minor changes, for ®3 (21, 22).

I1.3 Working with tensor products

What we have done in the first part of this section, up to Section II.1 included, can be restated
in terms of tensor product Hilbert spaces. This approach will be particularly useful in presence
of a chemical potential, as we will see in Section III. In view of this relevance, we briefly sketch
here this alternative settings since it is easier, due to the fact that, as we will see later on, we
are dealing with ONB, rather than with biorthogonal sets.

The fact that n; in (2.8)-(2.10) plays essentially no role suggests to rewrite the o.n. vectors

€ny .y introduced after (2.9) as ey, n, = elt) @ el where e,(f]) = \/_ (AT)”Je and Aje(()j) =0,

e?)
Unio = e @ 02 = el @ vy

+ (1) 1 egz) (1) +
1,M2 1 \/5 i 67(12)_ . 1 2

j =1,2. Hence we put

and, for ny > 1,

12



Here we call H") the Hilbert space spanned by F; = {e,(f), n > 0}, with scalar product (., .);),
j = 1,2, and K the Hilbert space spanned by F, = {vX, n > 1} U {vy}, with scalar product

<f, Q>IC = <f1,g1>2 + <f2,92>2, for all f — (;1> and g = <§1>’ fjugj - H(2)7 so that f,g € ’C
2 2

F, is an ONB for K, and F, = {vE ,,»n1 > 0,np > 1} U {vy, 0, n1 > 0} is an ONB in
H =MD ® K, which is an Hilbert space with respect to the scalar product

(f,9) 5 = (fY g™y (fie, g

where f = fO® frc and § = ¢V ® gk, with fO, ¢ € HD and fi, g € K.
As in (2.12) it is convenient to rewrite the vectors in F, as follows: F, = {wpp, n>0,pe
Z}, where

/U;_7 p 2 ]-7
wnp = e @ v = e @ p=0, (2.38)
v, p< 1,

and where n > 0. Hence we have (wy, p, Wi )53 = Onm0pq, V1, m > 0 and Vp,q € Z. Moreover,
if we put Hy = 1V @ Hj:, where 1Y is the identity operator on H), we have

Hown,p, = En pCnp, (2.39)

where n > 0 while p € Z, and &, is given in (2.13). Now it is an easy task to identify the ladder
operators acting on H") and, with some difference, on K. We first consider Ay = Aq) ® I,
and its adjoint 22[11) = AID ® L. Here Ay is exactly Ay in (2.4). We adopt this new notation,
since it is more useful here and in the following. Also, we notice that we are using the same
symbol for the adjoint in ™ and in . In fact, we will use the same symbol for all the adjoints
we will introduce, here and in the following, since no confusion can arise. It is simple to check
that

0, n =0,
A1) wnp = { S, N> 1 ngl)wn,p =vn+ 1wy, Yn>0, (2.40)

p € Z. We can use the following formula for Ay and 4():

A(l) = Z vn+1 |€£Ll)><€£3+)1|, Q[(l) = (Z vn+1 |6£Ll)><€£34)rl ) X ]].]C. (2.41)
n=0 n=0

These two formulas, and our previous discussion, suggest us to introduce further the operator

i as follows:

Ac= 3 VIp+ 1@, A =10e ( 2. ¢Ip+1llv£”><véi%’>’ 242

p=—00 p=—00

13



ie., e = 1M @ Ag. It is easy to check that

Q[IC Wnp = |p| Wnp—1, Q[}LC Wnp = V |p + 1| Wn,p+1, (243)

foralln >0 and p € Z. Ql,TC can be written as

Al ( S Vip+ 1)l ) . (2.44)
p=—00

We could, of course, adopt different definitions of these operators. In particular, we could
repeat here what we have considered in Section I1.2, but since this second decomposition will
not be used in the following (in fact, it was only meant to give a flavor of the freedom we have,
in our construction!), we will not do that here. As for the coherent states in Section II.1, they
could be restated again in terms of tensor products. But we postpone this possibility to the
more interesting case discussed in the next section, i.e., to the case where a non zero chemical

potential is introduced, as in [10].

IIT Chemical potential: 0 <V <1

In [10] the authors considered a slightly extended version of H} in (2.6):

WE 2!
H(V) = QT (_22 ilv) | (3.1)

where V' is a fixed positive quantity. Its physical meaning as a chemical potential is discussed
in some details in [10]. One of the crucial difference between H;: and H (V) is that this latter
is not self-adjoint, if V # 0. Infact H'(V) = H(—V). In what follows we will analyze some
aspects of H(V'), restricting first to the case V' € [0, 1[, and considering the case V' > 1 later
on.

It is now a long, but simple, exercise to extend what we have done here in Section II.3 to

rewrite some of the results in [10] in the following, more convenient, form.

Spil,nz = €£111) ® 9051:5)7 Pni,0 = 6;11) ® ©0, (32)

with nq,ns > 0 and where

6(()2) + + el
Yo = 0 , Spn2 = Kn2 (QO) Oft (2) > if Ny Z 1. (33)

n9 enz -1
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Here

e _VFim -V
n9 \/n—2 ?

(3.4)

while K7 (¢) is a normalization constant which will be fixed later. Notice that, since 0 <V < 1,

V/ng — V2 is always real for each ny > 1. Hence a- is never real.

n2

We now further introduce the vectors
7%17@ - 6211) ® ¢7(£)7 wnl,O = 6211) ® o,

with nq,ns > 0 and where

e((JQ) + + et
¢0 = = $o, no Kn (¢) 2 s if Mo Z 1.
0 2 2 _aF e® )

As we did in (2.12) it is more convenient to rename these vectors as follows:

Tnp = e’gll) ® ©ps Ynp = 6,(11) &® wp,

where n > 0, p € Z, and where we have introduced, in analogy with (2.38),

ong p>1, i p=>1,
(10]3 = ®o, p= 07 and 77ij = ,QZ)O7 p= 07
Qp:p? p S _17 w:pa p S —1.
If we now assume that
p
I(i (2 Ki lb = )
P 5 ) 20p— V2 £iV\/p—V?)

p > 1, we conclude that

<$n7p7ym,q>7l = <€n1)7 6%)>(1)<90p7¢q>ic = 6n,m5p,q7

(3.5)

(3.7)

(3.8)

(3.9)

(3.10)

n,m > 0 and p,q € Z. This means that the two sets F, = {z,,} and F, = {y,,} are
biorthonormal in H. It is also possible to check that any vector f € H, f = fO ® fi with
fO e HW and fi € K, which is orthogonal to all the Zp,p, OF to all the y, ,, is necessarily zero.

This is because the sets {¢,} and {t,} are both total in K, as it is easy to check.
Now, if we put H(V) = 10 @ H(V), we also have H'(V) = 1) @ H(-V) and

I:I(V) Tnp = Ep Tnp,
HT(V) Ynp = _pyn,m

15
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with

%TF P — V2 p Z 17
& =4 ZEV, p=0, (3.12)
—2”—F —p—V2 p<-—1.

With our choice of V, all the eigenvalues of H (V) and its adjoint are real, except one, &.
This is important, since it implies that H (V) and H(V) are not isospectral, at least if V # 0.
Hence it is not possible, in principle, to find an operator which intertwines between the two,
20]. Also, see [21], it is not possible to define on H any scalar product which makes of H(V) a
self-adjoint operator (with respect to the adjoint map defined by this new scalar product). This
is never possible whenever the Hamiltonian operator has, at least, one complex eigenvalue.

As in (2.41) we introduce the operators 24(;) and Q[L), since they act as ladder operators

also on the families F, and F:

0 n=>0
— ’ ) T o
Ay Tnyp = { N w1 Ql(l)xn,p =vn+1lx,, Vn>0, (3.13)
as well as
0, n =20,
e = { V-1, 121, (l)y"P Vit Lyng1p, V020, (3.14)

Vp € Z. The operator 2 in (2.42) must be replaced by the following

= Z V1P + 1 [p) (Yptal, (V) = 1V ® < Z VIp+ 1] lep) wpﬂ‘) (3.15)

p=—00 pP=—00

so that Ak (V) = 1M ® A (V). Then we have

xnp V |p wnp 1, ynp V |p+ 1 ynp-i—la (316)

for all n > 0 and p € Z. In particular we see that Ax(V') 2z, = QLIC(V) Yn,—1 = 0, for all n > 0.
The proof of all these equations are standard, and will not be given here. We only observe that
all these operators are defined on sets which are total in H. For instance, D(2x(V)) 2 L, the
linear span of the z,,,’s. The fact that F, is total can be deduced as in [10].

It is interesting to notice that, as (3.16) shows, Ax (V) is a lowering operator for F,, while

Qle(V) is a raising operator for F,. This is a normal situation in presence of ladder operators
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and biorthonormal families, [19]. What is still missing, and it is useful to have, is a raising

operator for F, and a lowering operator for F,. These operators can be easily defined:

‘BK(V)_]ll)@)(Z VIp+ 1 [eps1) ¢p>7 BLV) = (Z Vip+ 1] [¥p) 90p+1‘)

p=—00 p=—00

(3.17)
Indeed we have that

%ICG/) Tnp =V |p + 1| Ln,p+1, ynp V |p Yn,p—1, (318)

for all n > 0 and p € Z. This is exactly what we were looking for. Again, these operators are
defined on rather large sets: for instance D(Bx(V)) D L, and D(BL(V)) D L,. Here L, is the
linear span of the y,,’s. Figure 1 is now replaced by the Figure 2, where we put together the
energetic levels of H(V) and HT(V). We recall (and this is clear from Figure 2), that all the
energy levels (except the one with p = 0) for H(V) and H'(V) coincides. We put in the figure
also the energetic levels for p = 0 which, however, are purely imaginary. For this reason we use
a bold line in the figure. The fact that we put this zero level between p = 1 and p = —1 does
not mean at all, of course, that the energy of the zero level is also between these two energy
levels. It is only because 0 (and not &) is between —1 and +1.

If we now proceed as in Section II.1, we introduce the vectors

21|24z 2 Zl Z2 +
0t (21, 20) = e~ AP+ Z Z Ty, = P(21) ® 97 (), (3.19)
nl=0n2=0 ! ny!

and

nl n
© (Zl 22) — (= +]z2[%)/2 Z Z me npe1 = (I)(Zl) ® 307<z2), (3.20)
1 2

nl1=0n2=0

together with

2 2 > > an Zn
w-&-(zh ZZ) — e—(|21\ +|22]%)/2 Z Z \/ﬁ iy = (I)(Zl) ® ¢+<22), (3'21)
nl=0n2=0 : ’
and
(1Pt 15 1 nz
W (21, 20) = el |>/zz Z Wym a1 = D(2) @Y (). (3.22)
1

nl1l=0n2=0

Here we have introduced ®(z,) = e~ /237 \F el) € #M and the other vectors, whose
definition is easily derived from formulas (3.19)-(3.22) and (3.7), which belong to K. The
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A (V) gp 25 By (V) Bl(V) gp 25 Al (V)
{znp} {yno}
Are (V) g - 5 B, (V) Bi(1 >£ — 5 AL(V)
a0 p=0 ) me) g Tk Q p=0 ) v
~ A
p=—1 ) p=-1 B
e 1 >£p _ _25 Br(V) B (1 >ﬁp _ _25 (V)
(1 >£ j Bye(V) Bl )Q 5 A (V)
(a) | (b) |

Figure 2: (a) Schematic representation of the action of the operators 2 (V'), B (V) on the
vectors x,, (b) Schematic representation of the action of the operators AL(V), BL(V) on the

vectors Uy, .

convergence of all these series can be checked, but we will postpone this particular aspect to

the most relevant case described in Section III.1. It is clear that, due to (3.10),
(Ph(21,22), 05 (21, 22)) g = (021, 22), ¥ (21, 22)) g = 0,
while the other scalar products are, in general, non zero. In particular we have,
(P21, 22), V(21 22)) g = 1,

which means that these states are bi-normalized. Similarly to (2.25) and (2.26) we can check

the following eigenvalue equations:
Ql(l)goi<zlﬂ 22) = Zl@i(’zlﬂ ZZ)a Ql(l)wi(zla 22) = lei(zb Z2)> (323)
Q[IC(V)90+(21, 2) = 2’290+(21, %), Bi(V)e (21, 22) = 220 (21, 22), (3.24)
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and

Qljc(v)?ﬁf(zla 29) = 29 (21, 22), %,TC(V)MF(zl, 29) = 290 (21, 22), (3.25)
which are in agreement with Figure 2 and with the fact that, say, (V') is a lowering operator
for Ht = HO @ KF, while Bic(V) is a lowering operator for #; = H® ® K. Similar
conclusions hold for their adjoint. Here we have introduced the sets K} = @22 K,(n), and

K; =@,l_ . K.(n), where K,(n) = l.s.{z,m > O}II-H.

r —

If we now call £ =L, N L,, it is easy to check that, Vf,g € L,

<f,9>ﬁ = %/(CdQZl/CdQZZOC» SOi(ZhZ2)>ﬁ<¢i(21,22)79>ﬁ =

= iz dgzl/d222<fa¢i(21,22)>7:[<90i(z1,22),g>7_~[ (3.26)
™ Jc C

In particular, if £ is dense in H then F, and F, are L-quasi bases, in the sense of [19].
Summarizing, these states work (sufficiently) well: they are eigenstates of our various ladder
operators and they resolve the identity under suitable conditions. However, in our opinion they
are not really the most convenient vectors to work with in the context of graphene with V' # 0.
In particular, it is obvious that H (V) in (3.11) cannot be factorized in terms of the operators
i, By and their adjoint. For this reason, in the following section, we propose a different

definition of bicoherent states which consider this particular aspect of the system.

IT1.1 A different class of bicoherent states

The first thing to do is to shift the Hamiltonian H (V) in such a way zero becomes one of the
eigenvalues of this shifted operator. This is important to ensure that the ladder operators we
will introduce later behaves as those we have considered all along this paper, which all have
some vector which is annihilated by one of them. This would be not so easy, if not impossible,
if we try to factorize H (V) directly, as one can easily check. Going back to (3.11) and (3.12),
recalling that H(V) = 1 @ H(V) and using formula (3.7), we have

H(\V) pp =& pp,
{ HI(V) 4y = & v, 20

with p € Z. We now introduce the following quantities:

2 (Vp—VE—iV) p>1

p=E—& =40 p=0, (3.28)

—HE (V= VY, p< -1
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and the shifted Hamiltonian h(V) = H(V) — & ik, it follows that hT(V) = HT(V) + Elx and

(V) op = 0, 0y,
{ (V) G = By (329

with p € Z. As we can see, there is a price to pay: all the eigenvalues of h(V'), except one, are

complex. However, this is not a major problem for us, since we are working with manifestly non

self-adjoint operators from the very beginning, so that reality of eigenvalues is not a constraint.
Let us introduce the following operators:

[e.e] [e.e]

Co = Z M‘Wﬁﬂ@%ﬂ‘a dy = Z V Op+1 [Pp+1) (¥pl. (3.30)

p=—00 p=—00

Here /0, is fixed to be the principal square root? of the complex number 6,. These operators,
and Cy = 1M ® ¢y and Dy = 1M @ d,, as a consequence, are well defined on large sets. In fact,
in particular, D(Cy), D(Dy) 2 L,. It is easy to check now that

h(V>90p = Opipp = da C2 pp, (3-31)

Vp € Z, which means that h(V') can be factorized on ¢, in terms of the operators introduced

in (3.30). This is because, for all such p,

c20p = \/Bppp-1, datp = \/Op10ps1- (3.32)

The action of ¢} and d} can be computed using the biorthogonality of F, = {¢,} and Fy, = {1, }
in IC, and their completeness in this Hilbert space. We find that

by = Oprther,  diy = /Optbps. (3.33)

As always, given a general sequence of complex numbers {p,, p > 0} such that py = 0, we
define the following quantities: po! = 1 and p,! = p1p2 - pn, n > 1. Hence we can introduce

the following vectors:

Z?’L

n=0 V en'

NE

Un, (3.34)

i) = N () S W n E5(2) = N(2)

as well as
o zn

TE=NE L e CEO=NY =

2In other words, given z = pe?, we will always take \/z = \//jeia/?

n

T (3.35)
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Here N(z) ia a suitable normalization, still to be fixed, which as we will see can be taken equal
for all these states. What we need to do first is to check the convergence of all these series,
which is not granted, a priori. This will be done directly, mimicking the same general strategy
proposed in [19], Theorem 5.1.1. For instance, focusing on 77 (z) and assuming that N(z) is a

well defined function (which will be deduced soon), we have

e |Z ,j"%nsonn,c.

First we observe that |v/6,!| = +/|0,|!. Then, to compute |||k, we first remember that,

(2) (2)
see (3.3) and (3.8), ¢y = <eg ), while ¢, = ¢f = K, (¢) ( fn(Q) > , when n > 1. Then,
o |

llpollc = 1, while, for n > 1,
leall = K ()P + o) P) = 21K (9) 2,

|2 we use

since from (3.4) one can check that |a;"|*> =1 for all n > 1. To compute now | K, (¢)
(3.9). Then we have |KX ()| |KF(¥)| = Tp—ve» Which is independent of the choice £. If we
assume, for simplicity and just to fix the ideas, that | K (¢)| = | K5 ()|, we deduce that

1/4
K =150 = (15275 ) (3.36)

Then we conclude that, for all n > 1,

9 n
< <
HQOHHIC— (n_‘rQ) =1 ‘r27

as it is easy to check. Now, since v/1 — V2 < 1, we end up with the following estimate,

1
2
< .
H¢NK_(1_V%7 (3.37)

for all n > 0. This is a good estimate, since the bound on the right hand side does not depend
on n. Putting all together we deduce that

+( 5 |2]"
In* (e < WZ|¢—|

which looks essentially like a power series in |z|. The radius of convergence of this series can
now be found: p = lim,, o \/|0n+1] = co. This is because, using the expression for 6, for p > 1
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in (3.28), we find that |6, = %TF\/]_D Similar estimates can be repeated for the other vectors
in (3.34) and (3.35), as well as for the states introduced in (3.19)-(3.22), which therefore are
also well defined for all z, zo € C. Then we conclude that, if N(z) is a well defined function,
n*(z) and £%(z) are all well defined vectors in K, for all z € C. This implies that their tensor
products

0 (21, 22) = ©(21) @ ™ (22), £5(21,22) = P(21) ® €5 (22), (3.38)

which are clearly the counterparts of (3.19)-(3.22), are well defined elements of H for all 2y, 2z, €
C. In particular we have that n*(zy, 20) € HE, while £ (21, 2,) € 7:[;}

In order to fix the function N(z) we next require that (n*(z1,22), % (21, 22))5; = 1. Since
(®(21), P(21))(1) = 1, this implies that

-1/2
o P 2n oo > 2n
IN(z)?) ’|92|I' =1 = N(zy) = (Z ||92‘|‘) , (3.39)
n=0 ni: n=0 ni:

with a proper choice of the phase for N(z3). The series converge for all zo € C. This is because
its radius of convergence is infinite. This can be checked as we did above. Of course, formula

(3.39) implies that N(z2) only depends on |z|. For this reason, we write N(|23]) from now on.

Needless to say Y .~ ||Z92l2|7 # 0 for all z5 € C, since the series is always strictly larger than 1.
As we have already noticed for the states in (3.19)-(3.22), the plus states are orthogonal to
the minus ones. In other words, we have that (n*(z1, 22), €7 (21, 22)); = 0.
Going on with our analysis on the states in (3.38) we observe that the following ladder

equations hold:

{ Con* (21,22) = 29 nt (21722), C;r & (2172‘2) =29&" (2’1, 22),

(3.40)
D2 n (217 22) =Zzan (21, 22)7 Dg €+ (21, 22) = 22 €+ (Zh 22)7

which are in agreement with our decomposition of #, and with our interpretation of the various

ladder operators. We have further that
Ql(l)ni (Zl, Zg) =z T]:t (Zl, ZQ), Ql(l)g:t (Zl, 22) =z 5:‘: (21, ZQ). (341)

which are the counterpart, here, of the analogous equations in (3.23).

To conclude our analysis of the states in (3.38) we write z; = 7 e, j = 1,2, and we
introduce the (standard) measure dv(z,%z1) = %7‘1 dry df; and a second measure dv(zq,7Zs) =
dAo(r2) dby, where r; > 0 and 0; € [0,27[, 7 = 1,2, and d\y(rs) is assumed to satisfy the
following moment problem .

/ dXa(ro)r3" N2 (ry) = |gn|!7 (3.42)
0

™
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Vn > 0. We should stress that this is really an assumption here, since we have no explicit
form for dAs(rs) so far. Constructing a similar measure is work in progress. However, if such a

measure exists, then we can write
/ dv(z1.71) / (22, 52) o (1 )6 (o 22), )i = S0 (gt G0t (3:43)
C C n=0 p=0

and

p=0

NE

/CdV(Zlagl)/Cd’/(22752)<f>§+(21;2’2)>¢¢<77+(21,Zz

P
=)

Of course the right hand sides of these formulas both return (f, §); if F, and F, are D-

quasi bases, for some D C H, and f ,g € D. Similar formulas can be found for the pair

(0™ (21, 22), £ (21, 22))-

IV Chemical potential: V > 1

In what follows we extend our analysis to the case V' > 1, by considering first the case in which
the second index in z,, and vy, is such that |p| # V? for all p € Z. We will comment on the
case when |p| = V? for some p at the end of the section.

The main difference now relies in the fact that the eigenvalues of H (V') and H(V) defined in
(3.12) are complex when |p| < V? extending, as shown in [10], the width of the region where the
PT symmetry is broken. This has an important consequence on the biorthonormality conditions
for the eigenvectors of our Hamiltonians, when compared to the case V' < 1. In particular, for
any ¢ > 0, we have the following biorthonormal conditions that depends whether we are in the
PT-broken or unbroken region.

For 1 < p < V2 (broken region), we obtain:

{0y ) =0, {25,07) = bpg, (4.1)
while, for p > V? (unbroken region)

(@p ) =0 {9y, ¥7) = by (4.2)

with normalization factors given by

Kx(p) KX (1) = ( P

—V2+iVp— v2>'
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This implies that extending the construction of the ladder operators proposed for the case
V < 1, requires a careful balance between the 4+ and — vectors, depending on whether we are
in the broken or unbroken phase. Considering this, it might be more advantageous to rearrange

the sets in a suitable manner. One such a possibility is the following:

+ for p<V?

pE={P (4.4)
p + 2
s for p>Ve.
and, consequently,
Lnp = 6511) & ¥p, Ynp = egzl) ® @va (4.5)

where ¢, and 1/~)p are specified as in (3.8), just replacing 7,0;'[ with @E;t Now the two sets
Fp = {n,} and F; = {§.,} are biorthonormal in H, as they satisfy

<$n7p’ gm,q>7—2 = <€n1)’ err11)>1<90177 77Z~Jq>lC = 5n,m5p,q~ (46)
We now discuss which are the differences with what we have found before, focusing only on
the more interesting case, i.e. on the bicoherent states introduced in Section III.1.
The bicoherent states extend those defined in (3.34)-(3.35) and in (3.38):

(21, 22) = P2 (22 P bn | € (21, 22) = ®(2 (22 ] bona |
(21, 2) = O >®<N(>Z ¢> £ (21,2) = 9( >®<N<>n§:%mw )
(4.7)

where N*(z;) are as usual chosen to satisfy (7%(z1,22), (21, 22))5; = 1. As in the case V < 1
one need to check first the convergence of the series ) > \/%n! Yy, and Y > \/%n! V_p_1. We
will show that these series indeed converge in all the complex plane. For that, we now rewrite

the first series as follows (a similar strategy can be adopted for the second series):

o0 n

~ Z ~
e HR I D -y S (4.8)
n=0 en' n=[V2]+1 V in

where [V?] denotes the integer part of V2. In this decomposition, we see that the finite sum
comes from the broken phase, while the infinite series comes from the unbroken phase. Conver-
gence of the first (finite) sum is obvious. The convergence of the infinite series can be deduced
slightly modifying what we have done for V' < 1. In fact, for all n > [V?] 4+ 1, we can check

that
V2] +1

T2
<
||1/}TlHIC — n—V2 — [V2]+1_V27
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which, as before, allows to prove the convergence of the series for any 2z, € C.

We conclude this section discussing what happens in the case n = V? for some n. As
shown in [10] the completeness properties of the sets F, = {2, ,}, Fy, = {Un,p} fails. This is a
consequence of the fact that, for n = V2, we have of = a;; = —1 which implies, in turns, that
¢ = ¢ and ¢ = ¢, which also have coincident eigenvalue 0. Hence n = V? defines an

exceptional point. Moveover
(Pns V)i = 0, (4.9)

so that the ladder operators Cy and D,, and their adjoints, can no longer be constructed as
we have done before, see (3.30) and what follows. Of course, we have the same difficulties for
the operators in (3.15) and (3.17). This implies that our definitions of bicoherent states do
not work anymore. This is the typical critical situation that appears in presence of exceptional

points, so that it is not a big surprise we meet these problems also here.

IV.1 Gain and loss phenomena for large V'

In this section we show some plots which highlights a critical behaviour when the region of PT

broken symmetry increases. Indeed, when V' is very large, virtually V' — oo, the region where

the PT-symmetry is broken enlarges, and we observe a critical behaviours for the coefficients
:lZ .

o, , that is

lat] =0, o, | — +oo, (4.10)

and more in general, when V2 > p we have the approximations

_ €n, _ 0
O s U p X ( p)  Onp U, X ( ) . (4.11)
0 en,pfl

Hence the presence of a large PT-broken region is characterized by the concentration of prob-
ability densities predominantly in either the first or second component, depending on the spe-
cific sets under consideration. As extensively documented in the scientific literature, [11], this
phenomenon is attributed to the typical gain and loss dynamics inherent to the PT-broken
symmetry. In the context of the two-dimensional vector representing the graphene layer state,
this can be explained by a mechanisms that produces a gain (amplification) of the electron den-
sity in one sublattice of the layer, and the loss (attenuation) in the other sublattice. Such an
instability is intrinsically linked to the transition towards non-real eigenvalues. Conversely, in

the PT-unbroken region, the system exhibits a balanced behaviour characterized by a constant
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flow of electron and an equilibrium between the two sublattices. This balanced state is linked
to the reality of the eigenvalues.

To highlight this critical behavior, we show several plots that support this explanation for
the case V' = 9.5. In Figure 3, we illustrate the probability densities for the standard coherent
state |®% (21, 22)|? at V = 0 with z; = 0 and 2, = 1 —i. We also depict the probability densities
| @7 (21, 22){1}]? and |DT(21, 22){2}|* for its first and second components®, respectively. Figures
4 and 5 contain analogous plots for the bicoherent states ¢ (z1, 22) and ¥~ (21, z2). It is more
appropriate to compare the coherent states ¢t (z1,22) and 1~ (21, 22) because of the order of
the vectors 1;,% in fact, the coherent state 1)~ (21, 29), due to the terms v/n! in the denominator,
has a higher contribution coming from the vectors 7,@77 = ¢)F when n < V2 so that the 7+
vectors contribute predominantly in the construction of both the coherent states ¢* (21, z9) and
1~ (21, z2) when V is quite large. They exhibit a gain in the first /second component compared to
the second /first, respectively, and overall, a shifted concentration peak compared to the V' =10
scenario. Similar patterns, though not depicted here, are observed for the other coherent states
¢~ (21, 29) and T (z1, 23). Comparable results are seen for the second class of coherent states
nT(z1,22) and £ (21, 22), as shown in Figures 6-7. Here, the first component of n*(z, 22)
experiences a gain compared to its second component, and similarly, the second component of
£ (21, 22) shows a gain compared to its first. This illustrates how the extensive broken phase
tends to accentuate this gain and loss effect. We notice that this behavior is highlighted only for
a sufficiently large value of V', whereas for a low value of V' this phenomenon is not particularly

evident.

V Conclusions

In this paper we have considered a self-adjoint Hamiltonian for graphene, and its non self-
adjoint version where a chemical potential is also included. In the first case we have shown how
the lack of a ground state of the Hamiltonian suggests the introduction of ladder operators of a
special kind, and we have proposed a related class of coherent states. These are better defined
on two separated subspaces of the Hilbert space of the full system.

A similar functional structure is recovered also in presence of a chemical potential, but
with a serious difference: complex eigenvalues appear, which are connected with the fact that
the Hamiltonian is no longer self-adjoint, and coherent states must be replaced by bicoherent

states. In particular, after proposing a first almost standard class of these vectors, we introduce

3Given a vector v = (vq,v2) we simply put v{1} = vy, v{2} = va.
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10"
0.25 025 O 5
02 0.2 4
0.15 0.15 3
> e > 0
0.1 0.1 2
0.05 0.05 1
~s5 0 5 5 0 5 s 0 5
X X X
(a) [0t (21, 22) 7 (b) l™ (21, 22){1} (©) lo* (21, 22){2}?
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and its second component |oT (21, 22){2}|? (c) . Parameters are V =9.5 and z; = 0,20 = 1 — .
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28



x107

0.25
6
5 0.2
4 0.15

> >
3 0.1
2
1 0.05
0 -5 0 5
X
(a) 167 (21, 22) 2 (b) [§7 (21, 22) {1} (c) €7 (21, 22){2}?

Figure 7: Probability density for |€7(z1, 20)|* (a) for its first component |7 (21, 22){1}|? (b) and

its second component |£7 (21, 22){2}|* (¢) . Parameters are V =9.5 and z; = 0,25 = 1 — .

a different class, which is more closely related to the Hamiltonian of the system, since these
other bicoherent states are eigenvectors of some special lowering operators which can be used to
factorize the Hamiltonian of the system, in presence of the chemical potential. In this context
we have examined the role of V' and its impact as its magnitude increases, demonstrating
that a higher strength leads to a larger broken P7T phase characterized by the emergence
of gain and loss phenomena. Specifically, when V increases significantly, the non-Hermitian
elements (associated with gain and loss) within the Hamiltonian begin to predominate over the
kinetic components. Consequently, the system’s behavior is primarily influenced by processes of
amplification and attenuation, rather than by the conventional dynamics driven by the kinetic
energy in presence of a magnetic field. The role of squeezed states in the context discussed here

has still to be understood. This is part of our future plans.
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