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1. Introduction

Let Q C RY, N > 2 be a bounded domain with boundary 0 of class C!. In this paper we consider
the following anisotropic differential equation involving the (p, §)-Laplacian given by

—Aju — Agu = Af(x, u) in Q,

Dﬁ’q
u=0 on 0Q, D0
where A is a positive parameter, g = (p1, p2s.- ., Pn)sG = (G1. G2, - - ., qn), P> G € RY are real vectors

such that

maX{QI,‘h’---’QN} <min{pl’p2’---,pN} <N’

and f: Q X R — R is a nonlinearity with subcritical growth that is superlinear at +oo, see (Hy) for the

precise assumptions. Moreover, for any § = (sy, 55, ..., Sy) € RY, we denote by
A ZN: 9 (|0ul"? du
U = —|— —_—
: — ox; \|0x; ox;
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the anisotropic §-Laplace differential operator. If s; =2 foralli = 1,..., N, we get
ZN: 62u
2
par ('3xl
that is the usual Laplacian and if §'is constant (i.e. s; = s foreachi = 1,..., N) we obtain
ZN: & (| 6u |2 du i
7| o= A
1 8x,~ axi 8x,~

which is called the pseudo-s-Laplace operator, see Belloni-Kawohl [1] or Brasco-Franzina [2]. More
information about anisotropic operators and in particular about the theory of anisotropic Sobolev spaces
can be found in Kufner-Rakosnik [3], Nikol’skii [4] and Rakosnik [5, 6].

Anisotropic differential problems have a large background in several applications, for example, the
study of an epidemic disease in heterogeneous habitat can be expressed by an anisotropic nonlinear
system. In general, anisotropic operators are used for modeling in which partial differential derivatives
vary with the direction. Also, the anisotropic Laplacian, given by

50 (o (1,
i (e o) o)

where F(€) = (XY, |§,-|2)% for £ € R, plays a key role in physical models of crystal growth in the context
of the so-called Wulff shape of F (also known as equilibrium crystal shape), see the work of Wulff [7].
For more information on applications in different disciplines we refer to Antontsev-Diaz-Shmarev [8],
Bendahmane-Chrif-El Manouni [9], Bendahmane-Langlais-Saad [10], Vétois [11] and the references therein.
Although there are some works for j-Laplacian problems, only a few exist for the anisotropic
(P, §)-Laplacian. Recently, Razani-Figueiredo [12] studied the anisotropic Dirichlet problem
N

AR P2 gy 0

in a bounded and regular domain Q of RY withy > 1 and A > 0. Based on a sub-supersolution approach
the authors show the existence of at least one positive solution of (1.1). In Razani [13] nonstandard
competing anisotropic (7, §)-Laplacian problems with convolution of the form

_Zﬁx,(

have been considered, where ¢ € L'(R"). If u > 0, then the existence of a generalized solution of (1.2)
is shown by using a Galerkin base for the function space and if u < 0, then any generalized solution
turns out to be a weak solution. We also mention the recent work of Tavares [14] who considered
existence and multiplicity of nonnegative solutions for the problem given by

q;i-2 )
a_)l:.) = ! (1.1)

Ou
axi

Ou
Bxi

pPi—

ou
ox;

Ou
—H (9x,-

w2\ 9
)—” = f(x, ¢ * 1, V(g * 1) (1.2)

—Aju— Agu = k(x)u*™" + f(x,u)  inQ,
u=0 on 09,
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where @ > 1, k € L*(Q) with k(x) > O for a.a. x € Q and a Carathéodory nonlinearity f: Q X R — R
with subcritical growth. Existence and regularity results for anisotropic problems driven by the p-Laplacian
have been obtained by several authors. Without guarantee of completeness, we mention just some of
them and refer to the papers of Bonanno-D’ Agui-Sciammetta [15], Ciani-Figueiredo-Suarez [16], Ciraolo-
Figalli-Roncoroni [17], Ciraolo-Sciammetta [18], DiBenedetto-Gianazza-Vespri [19], dos Santos-Figueiredo-
Tavares [20], Fragala-Gazzola-Kawohl [21], Perera-Agarwal-O’Regan [22], Ragusa-Razani-Safari [23], see
also the references therein. Related results for the (p, g)-Laplacian, double phase equations, anisotropic
problems or the discrete p-Laplacian can be found in the works of Bai-Papageorgiou-Zeng [24], Bohner-
Caristi-Ghobadi-Heidarkhani [25], El Manouni-Marino-Winkert [26], Leggat-Miri [27], He-Ousbika-El Allali-
Zuo [28], Ju-Molica Bisci-Zhang [29], Liu-Motreanu-Zeng [30], Papageorgiou [31], Son-Sim [32], Vetro-
Vetro [33], Zeng-Bai-Gasiriski-Winkert [34], Zeng-Papageorgiou [35] and Zeng-Radulescu-Winkert [36].

Motivated by the above mentioned works for p-Laplacian problems, we consider in our paper
so-called (7, §)-Laplacian problems with general right-hand sides. Our main goal is to apply a two
critical point result due to Bonanno-D’Agui [37, Theorem 2.1] in order to get the existence of two
positive solutions for problem (Df"?) with different energy sign. Note that the results in [37] are given in
a very general setting which can be applied to a large number of problems. Our paper can be seen as
an extension of the work of Bonanno-D’ Agui-Sciammetta [38] for (7, §)-Laplacian problems. But not
only the differential operator is more general than in [38], also the condition required on f are weaker.
Indeed, instead of assuming the Ambrosetti-Rabinowitz condition, we only assume that the nonlinear
term on the right-hand side of (D’j"?) is (p* — 1)-superlinear at +oo (with p* defined in (2.2) replacing
h by p) and fulfills in addition a suitable behavior at +oco, see (Hy). These hypotheses are weaker than
the Ambrosetti-Rabinowitz condition. Under these conditions, together with the subcritical growth, we
prove the existence of two weak solutions for problem (Df’g) that have opposite energy sign related to
the energy functional of (Df’q).

The paper is organized as follows. In Section 2 we present the main properties of anisotropic Sobolev
spaces and consider the main features of the anisotropic (7, §)-Laplacian, see Propositions 2.3 and 2.4.
Moreover, we recall the main abstract critical point theorem which will play a key role in our treatment,
see Theorem 2.7. In Section 3 we first state the precise assumptions on the data of problem (Df’q) and
prove that the corresponding energy functional fulfills the C-condition. Then we give our main result
about the existence of two nontrivial weak solutions of (Djw) (see Theorem 3.3) and some consequences
in which the solutions are nonnegative, see Theorems 3.4 and 3.5. Finally, we consider the autonomous
problem (ADf"f), providing an existence result (see Corollary 3.6) and an example.

2. Preliminaries and basic properties

Let Q ¢ RY, N > 2, be a bounded domain with boundary dQ of class C L for any real vector
h = (ho, hi, ho, . .., hy) with h; > 1 forevery i = 0,1, ..., N, we indicate with W'*(Q) the anisotropic
Sobolev space defined by

wiiQ) = {u e L) : g—” e L'i(Q)fori=1,... ,N},
Xi
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equipped with the norm

il = Mm@+z @1

ax,

Lhi (Q)
Moreover, set

h™ =min{h, hy,...,hy} and h* =max{h, ho,..., hy}, (2.2)

and suppose that h~ < N and hy < (h7)* = 22— Denote by W’ i (Q) the closure of C(Q) endowed with
the following norm

ou

P (2.3)

N
IMW®=Z
=

which is equivalent to the usual one given in (2.1). Indeed, taking into account that W' (Q) is compactly
embedded in L™ () and using Holder’s inequality (see (2.4) in Proposition 2.1), we have that

’
Llll' (®)

N
letll oy < cllitllyro () < Z

5)61 Lhi (Q)

It is well known that W(; A (QQ), endowed with the norm defined in (2.3), is a separable Banach space and
it is also reflexive if h; > 1 foralli = 1, ..., N, see Rakosnik [5, Theorem 1].

Given g = (po, p1, P2, - .-, pn) and G = (90,41, G2 - - -, qn), With p;,q; = 2 forevery i = 1,...,N, we
suppose that

H) g" <p~ <N, py<(p) and gy < (¢7)*, where (-)* = —()) denotes the critical Sobolev exponent.

In the following proposition, we give a relation between the spaces Wé’ﬁ (Q) and Wé"?(Q) and their
norms. In particular, we underline that py and g, are necessary only for the definition of the anisotropic
Sobolev spaces, but since we endow the spaces with the equivalent norm given in (2.3), from now on
we will only deal with the components (p, ..., py) and (qi, ..., gn).

Proposition 2.1. If * < p, then Wy"(Q) € Wy (Q) and
gy < max {1945 f iy,
where |Q)| is the Lebesgue measure of €.

[)u

Proof. Fixu € Wé’ﬁ(Q) and i € {I,...,N}. In particular, 7 ‘7” - € LP(Q) and eLr Q). If p; > p7,

by Holder’s inequality, we get

[
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ou |7

1
dx| . 2.4
i x) (2.4)
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Ju

o ! € L%(Q), then again from Holder’s

while if p; = p~, then (2.4) is an equality. Moreover,
inequality, we obtain

u | F r=a* ou |l ”
—| d < Q|4 —| d . 2.5
( fg ox, x] €| ( fQ o, X] (2.5)

Thus, combining (2.4) and (2.5) we derive

PN L

ou |? gt pi~qt Ou |V i
f FV dx| < f b R (2.6)

O 6)6,- Q C()-xi

foralli =1,...,N. Furthermore, if g* > ¢; and using Holder’s inequality we have

qi W a g
(137 o) w5
Q Q

and if g* = g; the previous inequality becomes an equality. Then, from (2.6) and (2.7) it follows that
4 ‘711 Pi=gi

(f dx) < |Q| Pidi (f

Q Q

Piz4i
iy < max {19475 f iy

ou
8X,'

ou
8x,»

q* 7
dx) , (2.7)

ou

8x,~

Ou
ﬁxi

1
pi i
dx) foralli=1,...,N.

Hence,

and the proof is complete.

In the sequel, we estimate the embedding constant of Wé’ﬁ (Q) into L"(Q) for each r € [1, (p7)*] with
p~ < N, where (p~)" is the critical Sobolev exponent to p~, that is

Np~
)= . 2.8
P =N (2.8)
Proposition 2.2. If 1 < p~ < N, then for any r € [1,(p7)*], W(;’ﬁ (Q) — L'(Q) is continuous and one
has
llullzr) < Tr||M||W(§.ﬁ(Q) (2.9)
forallu e W(;’ﬁ(Q), where
(N=D(p" -1 Pi=p_
T,=c¢2 » max {IQl Pir” },
1<i<N
w)'-r
c, =T|Q v, (2.10)

L
N

X (=) Tl
= —p N N
Vo \N-p r(2)r(r+n§-24)
see Talenti [39, formula (2)] and T is the Euler function. Moreover, for any r € [1,(p~)*[ the embedding
Wé’p (Q) = L'(Q) is compact.
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Proof. From the Sobolev embedding theorem there exists a positive constant 7' € R such that for all
ue Wé’p (Q) the following holds

el @) < Tltllyio- g (2.11)

where (p7)" and T are defined in (2.8) and (2.10), respectively.

Fix r € [1,(p7)"]. Since 1 = (p%)* + (é;,);;r, by Holder’s inequality and (2.11), we have

»)*-r Pp)*-r
el < Mull oy )| QL ™ < TIQ[ v IIMIIW(;,,,*(Q),
that is
ez < erllullyr g (2.12)

Arguing as in the proof of Proposition 2.1 in Bonanno-D’ Agui-Sciammetta [38], we derive

||u||W(;'p7(Q) S 2 r lrrlﬁlz)]s/ |Q pib ||u”Wéﬁ(Q)’

and, taking (2.12) into account, we get that (2.9) holds for every r € [1,(p7)].
Finally, combining the continuous embedding Wé"’ Q) — WS”’ (Q) with the compact embedding

Wy? (Q) — L'(Q), it follows that W, 7(Q) < L'(Q) is compact for any r € [1, (p”)[.

Now, we define
t
F(x,1) = f f(x,&)dé  forall (x,1) € QXR,
0
and we introduce the functionals @, ¥': W&’ﬁ (Q) — R given by

N ,
1 b 1

O(u) = (—f dx+—f

izzl Pi Ja qi Ja

Y(u) = fF(x, u) dx,
Q

ou

ax,»

qi
j_u dx) R
i (2.13)

for every u € Wol’ﬁ (QY). Clearly, @ and ¥ are Gateaux differentiable and one has

N P72 gy Oy -
@(u)(v):;fg 6_x,~(9_x,~dx+;]£;

‘I"(u)(v)sz(x,u)vdx,
Q

42 gy Qv
2
8x,~ 6x,~ *

ou
6)(3,'

Ou
6xl~

(2.14)

for every u,v € Wé’ﬁ (Q). Also, we consider the energy functional 7, : Wé’ﬁ () — R associated to our
problem (Dfﬁ), that is given by I, = ® — A for all 4 > 0.
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We recall that u: QQ — R is a weak solution of problem (Df’q) if the following condition holds for all

ve W, (@)
N
2,

1

Ou
axi

Ou|"”
axi

2 Ou dv

B_x,_,dx_ ff(xu)vdx

Pi=2 Gy Oy Al
—dx
6x, Bx, * ; L

Then, from (2.14) it follows that u € W&’ﬁ (Q) is a weak solution of problem (D’j"i) if and only if u is
a critical point for I,. Consequently, our study is based on critical point theory and in particular on a
critical point theorem due to Bonanno-D’Agui [37] that we state later in Theorem 2.7.

In the following, we deal with some properties of the Gateaux derivative of the functional ® that are
needed in our investigation.

Proposition 2.3. The functional @’ : Wé’ﬁ Q) » (Wé’ﬁ (Q))* defined in (2.14) is monotone and coercive.
Proof. First we prove that @’ is monotone, i.e.

(@' (u) - D' (v),u—vy >0 forallu,v e Wy’ (Q). (2.15)
To this end, we use the following inequality

r=2 ou

8)6,’

ou

(_

ov
Ox,

r=2 av)a(u—v) . ‘0(u—v)
axi -

0x; ox; ox;

for each r > 2 and for some constant C > 0, see Simon [40] or Lindqvist [41]. Indeed, using the
previous inequality we have

(D'(u) = D'(v), u —v)

W[ A L AT
B ‘o1 JQ (9)(71' (9)(1' Ox,- Ox,- 8X,'
+if ] O L (A LU
. ox; ox; |0x; ox; ox;
— _ qi
S f( a(u DI +C1 o(u—v) )dx
P Xi Xi
>0,
and (2.15) is achieved.
Now, we prove that @’ is coercive. We observe that
N
@’ = — > . 2.1
(@' (u), u) = Zf(axl axl ) _Z 35l (2.16)

Moreover, let j € {1,..., N} be such that

([ ) 2] o
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Then,
N Y
au au J Pj
Ul 150y — a. <N o &
|| HW&’(Q) ; (9x,» L) (fg (9)(?]' )
1
ou 1P ou |V Pj
sN(f_“ dx+...+f—u dx)j
Q ax] Q 0)61\/
1
a pi J
P 8x,» LPi(Q)
Thus, we get
N .
8 Di 1 .
Q™ Ly @17
Oxillriy — NPT

i=1

From (2.16) and (2.17), we derive

’ 1 Pj
(D' (w), uy > mllull

W@’
namely
D' (u), u 1 1
w > THMHPJW ,
||u||Wé’ﬁ(Q) N / WO (Q)

and this implies that @’ is coercive.

Proposition 2.4. The map @' : Wé’ﬁ Q) — (Wé’ﬁ (Q))* has the (S.)-property, that is

if u,—u inWyP(Q) and limsup(®'(u,), u, — u) <0,

n—00
. Lp
then u, — uin Wy (Q).

Proof. Let {u,},en € Wi P(Q) be such that u, — u in Wy () and

lim sup (@’ (u,), u, — u) < 0. (2.18)
n—+oo
First, we observe that
lim (®'(u), u, — u) = 0, (2.19)

since ®’(u) is a linear operator in Wé’ﬁ (Q) and u, — u in Wé’ﬁ (Q). Hence, from (2.18) and (2.19) it
follows that

lim sup (@ (u,) — ©"(u), u, — uy < 0. (2.20)

n—+oo

Communications in Analysis and Mechanics Volume 16, Issue 1, 1-23.



Now, foralli=1,...

and

,N and for all w,v € Wé’ﬁ (Q) we set

A (wW)(v) = f
Q
ow %% dw o

qi — - _
ﬂi (W)(V) B L ﬁx,- 0xi ax,- *

. 1 .
Bl (w)(v) = Wﬂf'(w)(\/),
‘ 8_xz Li(Q)

1 .
Wﬂ? W)(v),

Bi(w)(v) = BV (w)(v) + B (w)(v).

Pim2 Gw Qv
(9x,- c’)x,-

ow

- dx,
(9X,' o

Bl (w)(v) =

6x,»

LIi(Q)

Then, we can write @’ as follows

N

VW) = ) (AL W) + ALW)W)) - for every w,v € Wy (Q).

By (2.20), we get

Moreover, we have

Communications in Analysis and Mechanics

i=1

lim sup (B;(u,) — Bi(w),u, —u) <0 foralli=1,...,N. (2.21)

n—+00

(Bi(u,) — Bi(u), u, — uy

_ ‘ ou, I . ou, |I? 6_u 2 6_u 2
0xi llrio 0x; |l o) 0xill o) 0xill ()
—(Bi(un), uy = (Bi(u), uy)
_{||ou, ou 2 ou, ou 2
B (‘ 0x; LPi(Q) - ‘ a_xz Lﬂz(Q)) +( 0x; L9 (Q) - (?_x, L‘Ii(Q))
+2 Oty u +2‘ Ot u
0x; |l e 10xi | ricaa) Ox; |l Loy 110Xl L
—(Biluy), u) = (Bi(u), uy)
iz ou 2 ou, ou 2
_( 0x; U’i(Q)_ 3_351 U’i(Q)) +( ox; L‘li(Q)_ 3_361 qu(gz))
. (‘ ol N -8, u>)
ox; LPi(Q) 0x; LPi(Q) '
+ (‘ Oy g, un))
Ox; Il rioy 10x; Ml i) '

Volume 16, Issue 1, 1-23.
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ou,, ou .
+(‘ ° 2l s
Xillpaiq) 110X 1 Lai(@)
ou,, ou .
+(‘ 2 s A}
Xillpai@) 10XillLaiQ)
Also, applying Holder’s inequality one has
. ou,, ou
(B (uy), )| < o
| | 0x; 1@ 110xi ll iy
A ou,, ou
(B (u), uy)| < —
| | é?xi LPi(Q) 8x,- LPi(Q)
_ ou ou
(B (), w)| < || 5= -
| | (9)6,' L1i(Q) 5)6,' L9 (Q)
, ou, 0
(B (), )] < || =
0xi |l aiy 110x; 1l i)

Hence, we derive that

<Bi(un) - Bi(”)’ Uy, — M)

2
Z(BMn ||ou )+(6un B
0x; LPi(Q) ox; LPi(Q) Ox; L4i(Q)
(‘ ou,, ‘ Ou )2
= | e )
0x; LPi(Q) ox; LPi(Q)
which, taking (2.21) into account, implies that
. ou ou )
lim “ =|— foralli =1
n—+o0o 6)51» LPi(Q) ax,- LPi(Q)

’
)

’

ou

2
ax,» L4i (Q))

yeeos N

Then, from Papageorgiou-Winkert [42, Proposition 4.1.11], since L”/(€2) is uniformly convex, one has

ou, 0
lim |22 _ 2% —0 foralli=1,.
n—+oo Gx,- (3)Ci LPi(Q)
Thus, it follows that
nl—l)IPoo ”un - u”w(;»ﬁ(g) = Ov

and our claim is proved.

A

Finally, we point out the following result in order to get information on the sign of the solutions of

(Df’q). For this purpose, let

ift <0,
ift >0,

f(x,0)
f(x,0n
for all (x, ) € Q X R and consider the following problem
—Apu— Agu = Af"(x, u)
u=20

Fuﬁ={

in Q,
on 0.

Communications in Analysis and Mechanics
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Lemma 2.5. Assume that f(x,0) > 0 for a.a. x € Q. Then, any weak solution of problem (D" i f+) is
nonnegative and it is also a weak solution of problem (D‘;7 q).
Proof. Let uy be a weak solution of problem (D"} f+) namely

ZN:f Outo [P ug (9vd ZN:f Outo |72 duy avd

—~ Ja ox; ox; Ox; —~ Ja Bx,- ox; 0x; (2.22)

=/lff+(x,u0)vdx,
Q

for all v e Wy (€.
In order to prove that ug is nonnegative, put A = {x € Q : uo(x) < 0} and »; = min {uo, 0}. Clearly,

u, € Wé’ﬁ (€) (see, for example, Papageorgiou-Winkert [42, Corollary 4.5.19]). Choosing v = i in
(2.22), one has

auo Di

— d
ﬁxi o

"
S

I
—_

N N -2 —
8140 6140 auo f Oug "™ Ouyg auo
< dx — ——d
- ;fA ox; 0x, 6x, Z ox; ox; O0x; o
_ i f duy P> dug o Z f Dy |"* dug Oty W
<4 Ja (?x, 8x, ax, (‘3x, 8x, 6x,

I
>~

gh

S (x, up)ug dx
f(x,0u,dx <0,
that is,

0u0

=0.
ox;

5

Di
fa”(’ dx=0 foralli=1,....N,
RE

Hence, it holds that

Xi
which yields
(9 - |Pi a Pi a —|Pi
fﬂ dx=fﬂ dx+f T | ax=0
ol 0x; 4l 0x; Q\A 0x;
foralli=1,...,N. Therefore, we obtain
N ; L
_ (9140‘ Pi Pi
[FTD) ( fg " dx) _o,

Communications in Analysis and Mechanics Volume 16, Issue 1, 1-23.
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so u, = 01in €, which means uy > 0 in Q.
Now, we prove that u, is a weak solution for problem (Df”?). Indeed, from (2.22) one has

al Pi72 Qug v al
——dx+
; fs; Ox; Ox; * ; .fs;

:/lff+(x,u0)vdx:/lff(x,uo)vdx,
Q Q

a=2 (9140 ov
Gx,» ébci o

abto
axi

8u0
(?X,'

forallv e W(;’ﬁ (Q), and the conclusion is achieved.

The proofs of our main results are based on the following two critical point theorem due to Bonanno-
D’Agui [37, see Theorem 2.1 and Remark 2.2]. First we recall the definition of the Cerami condition.

Definition 2.6. Let X be a Banach space and X* be its topological dual space. Given I, € C'(X), we say
that I, satisfies the Cerami-condition (C-condition for short), if every sequence {u,},en C X such that

(Cy) a(uy)| < ¢y for some ¢y > 0 and for all n € N,
(C2) (1 +luyllx) Iy (un) = 0in X* as n — oo,
admits a strongly convergent subsequence in X.

Theorem 2.7. Let X be a real Banach space and let ®, ¥: X — R be two functionals of class C' such
that infy ®(u) = ®(0) = W(0) = 0. Assume that there are r € R and it € X, with 0 < ®(@t) < r, such that

sup  Y(w) )
ue®-1(]—o0,r]) u
2.23
r D(i1)’ ( )
and, for each
~ | D) r

Ae A=

Y@)'  sup Y|’
ue®-1(]-o0,r])

the functional I = ® — AY satisfies the C-condition and it is unbounded from below. Moreover, @ is
supposed to be coercive.

Then, for each A € A, the Sfunctional 1, admits at least two nontrivial critical points u,,, U,y € X
such that I(uy;) < 0 < I(uyy).

3. Main results

In this section we formulate and prove our main results. We suppose the following assumptions on
the nonlinearity.

(Hy) f: QxR — R is a Carathéodory function such that the conditions below are satisfied:

Communications in Analysis and Mechanics Volume 16, Issue 1, 1-23.
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(fy) there exist @ < (p~)* and constants ay, a, > 0 such that
If(x, 0] < ay + alf*!
fora.a.x € Qand for all r € R;
(f2) if F(x,8) = [ f(x,£)dé, then
F(x, 1) oo

t—+00 |z‘|1’+

uniformly for a. a. x € Q;

(f3) there exist 8,y € R, with
N
min{f,y} € ((a -p)—, a)
p

such that

.
—ptF
0 <m < liminf 2o =P LD

t—+00 |t|ﬁ

uniformly for a.a. x € Q, and

Nt—p*F(x,t
0 < m < liminf AC) ltll; (. )
t——00

uniformly for a.a. x € Q.
Remark 3.1. We observe that from hypotheses (f|) and (f,) it follows that
pr<a<(().
Furthermore, we emphasize that such 3 and vy in (f3) exists, since

N-p~ N N-p~
—— <a—--a——

p

N N .
(@-p)—=a—-(p) =a.
p p
Finally, we underline that in this context it is possible to choose two different exponents 3 and 'y for
going to +oo and —oo, respectively.

In the following we give a preliminary result on the energy functional associated to our problem.

Proposition 3.2. Let hypotheses (H) and (Hy) be satisfied. Then the functional 1,: W(;’ﬁ Q) —- R
satisfies the C-condition for each A > 0.

Proof. Let {u,},en C Wé’ﬁ (Q) be a sequence such that (C;) and (C,) hold, see Definition 2.6. First, we
prove that {u, },cy is bounded in IA(Q).

From (C,), we get

&Vl

< — (3.1)
1+ {fug ]|

‘<<D'<un>,v>—a f F ) v
Q
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for all v € W, ”(€) and with &, — 0*. Fix n € N and choose v = u, € W, ”(€). Substituting in (3.1), we

derive
Ouy, | Ouy, |*
- dx+ A S u)u, dx < g, 3.2
Zf ox, ;L ox, X+ fo(xu)u x<¢g 3.2)
for all n € N. From (C;) we have
ou,, | p+ il ou, |7
—| dx-24 *F(x,u,)dx < p*ey. 3.3
Zfaxl q+,zllfgax,» x fﬂp (x 1) dx < pe, (33)

Adding (3.2) and (3.3) and taking into account that g* < p*, we obtain

/lf (f ()C, un) Uy, — P+F(X, ”n)) dx < C2 (34)
Q

for some ¢, > 0 and for all n € N,
Without loss of generality, we may assume S < y. Then, assumptions (f;) and (f3) imply that there
exist ¢z € (0,m) and ¢4 > 0 such that

cslsf = ca < f(x, 8)s = p*F(x, 5)
for a.a. x € Q and for all s € R. Exploiting this in (3.4), we derive
||u,,||Ug(Q) ¢s for some cs > 0 and forall n € N,

namely {1}, is bounded in LA(Q).
Now, we prove that {u,},cy is bounded in Wé’ﬁ Q).
From hypotheses (f;) and (f3) it follows that 8 < @ < (p7)*. Hence, there exists ¢ € (0, 1) such that

I 1-t t
—=—+ . (3.5)
a B ()
By the interpolation inequality (see Papageorgiou-Winkert [42, Proposition 2.3.17]), we get
tallzoc@) < Neallfzig, ltally e, for all m € N,
Since {u,},oy is bounded in LA(Q), using also Proposition 2.2, one has
lletall}oqy < co “”"”t;;ﬁ(g) foralln e N, (3.6)

with some ¢ > 0. Choosing v = u, € Wé’ﬁ(Q) in (3.1), we have
aun qi

N N
Z:fg d +Z:fg o,

Communications in Analysis and Mechanics Volume 16, Issue 1, 1-23.
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for all n € N. By (2.17), (f}) and (3.6) we obtain that there exists j € {1,..., N} such that

i ou, ||”
—|| all Wi
NPi (Q) 0x; LPi(Q)
<A f f(x, u)u, dx + g, (3.7)
<Acr |1+ ||Mn||m1ﬁ(g)] + &
for some ¢; > 0 and for all n € N.
From (3.5) and (f3) follows that ta < p;, indeed
L _W)@=p __Np(@-p
(p)y—=B  Np~—NB+pp~
Np~(a-p) _ (3.8)
Np~ = NB+(a—p7),=p~

Spj.

Then, (3.7) and (3.8) imply that {u,},ay C W&’ﬁ (Q) is bounded.
Finally, we prove that {u,},cy admits a strongly convergent subsequence in Wé’ﬁ (€2). Because of the
boundedness of {u,},an C Wé’ﬁ (Q), there exists a subsequence, not relabeled, such that

Uy = u inW,7(Q) and u, - u in LQ). (3.9)
We choose v =u, —u € Wé’ﬁ (Q) in (3.1). Passing to the limit as n — oo and using (3.9), we derive
lim (®"(u,), u, —u) =0
Since @’ has the (S, )-property (see Proposition 2.4), it follows that u,, — u in Wé’ﬁ (€2) and this completes

the proof.

Now, we present our main result. To this aim, put

R := sup dist(x, 0Q). (3.10)

xeQ

Standard computations show that there exists xy € Q such that B(xy, R) C Q and we denote by

RIS

T

—RN’
I'(1+ %)

wg = |B(xo, R)| =

the measure of the N-dimensional ball of radius R. Finally, we set

1 1) 2V-1
7(_1<1<N{R17: qu}wwle

= max{ ", %}Zp (3.12)

Communications in Analysis and Mechanics Volume 16, Issue 1, 1-23.
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Theorem 3.3. Let hypotheses (H) and (Hy) be satisfied. Assume that there exist two constants r,d > 0
such that

(h) KX, (@ +dy <,

(hy) F(x,5) 20 fora.a.x € Qand forall s €[0,d],
a2 a Sa

a,T;6 + ;Taé < lfg(xo,g) F(x,d)dx

h ,
(hs) r K Zﬁl(dpi + d%)

where ay, ay, a are given in (f;), T| and T, are defined by formula (2.10), R is given in (3.10), and K as
well as & are defined by (3.11) and (3.12), respectively.
Then, for each

N (dP+ a9
Le A = |pz= ) -
Dy Feddx " ai7y6 + 2160

>

problem (D'j’q) has at least two nontrivial weak solutions u,,v, € Woﬁ () such that I;(uy) < 0 < Li(vy).

Proof. Our aim is to apply Theorem 2.7 for X = Wé’ﬁ (Q) and @, V¥ defined as in (2.13). The functionals
® and VY satisfy all the required regularity properties, since @ is coercive by construction (see Proposition

2.3), the energy functional /, satisfies the C-condition due to Proposition 3.2 and it is unbounded from
below by (f,) and finally

inf  W(u) = Y(0) = ©0).

uEW(;"ﬁ (9]

Moreover, the interval A is nonempty because of assumption (hs). Thus, it remains to verify hypothesis
(2.23). First, we observe that

O (1=c0,D) € {u € Wy (@) ¢ lullyys0y < 6} (3.13)

Then, from (f;), (2.9) and (3.13) we estimate that

sup WY(u)
ue®=1(]-co,r])
r
sup (@i llullpe) + Ll )
ued=1(]—co,r])
r (3.14)
sup arTllull, 15,0, + 2T ull® ]
uetbl(]—m,r])[ L )
- r

a1T1(5 + %Tgéa

r

IA
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On the other hand, we introduce the following function

0 if xe Q\ B(xy,R),
_ 2d . X
i) = R=lx=x)  if Bo.R)\ B(x.5).
d ifxEB(xo,g),

where R is given in (3.10). Clearly, it € Wé’ﬁ (Q). From assumption (h,), we get

Y (@r) = f F(x,%(R— Ix—x()l)) dx
B(xo.R\B(x0.%) R
+f F(x,d)dx (3.15)
B(x0.5)
> f F(x,d)dx.
B(x0.5)

Furthermore, it holds

d
® (i) = f (—) dx
Z Di J Bxo.R\B(x0.8) R
St
— Gi Jpxo.R)\B(x0.8) \ R
7w 11 ~1
—_ Di qi -
Sq_ ;(d +d)ln<li%)1$/{R ' Ra }[ a)R}

N
=K Y (@ +d").

i=1

(3.16)

Hypothesis (h;) implies that 0 < ®(it) < r and combining (3.14), (3.15) as well as (3.16) we have
sup  Y(w) ;
ued=1(J—co,r]) < a6 + (—ngéa
r - r

1 fB(x()’g) F(x,d)dx

K ZNl(dPi + d4i)

PR

(D (@)

This proves (2.23). Hence, since A C A, Theorem 2.7 ensures that problem (Df"i) admits at least two
nontrivial weak solutions u,, v, € Wé’ﬁ (Q) with opposite energy sign.

The following result is a consequence of Lemma 2.5 and of Theorem 3.3.
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Theorem 3.4. Let hypotheses (H) and (Hy) be satisfied. Assume (h;)—(h3) and that f(x,0) > 0 for
a.a. x € Q. Then, for every

Zfil(dpi + d7) r

/l (S A = 7( s a
fB(xo o Frdydx g,1,5+ L Tage
£ o

il

problem (Df’q) has at least two nonnegative weak solutions u,,v, € Woﬁ (Q) such that I(uy) < 0 < Li(vy).
Now, we consider the particular case in which the nonlinearity is nonnegative.

Theorem 3.5. Let hypotheses (H) and (Hy) be satisfied. Assume that f is nonnegative and

inf F(x, 1)
(hy) limsup =2 — = +oo
t—0* &

Then, for each A €]0, A*[, with

A* = sup r (3.17)

~0 a1T10 + a(_jTgéa’
problem (Dfﬁ) admits at least two nonnegative weak solutions u,, v, € W&’ﬁ (Q) such that 1,(uy) <0 <
L(v)).

Proof. Fix A €]0, A*[, then there exists r > 0 such that

r

A<— =l
a1T16+ EZnga

From (h,) follows that

. 1 B(X()»g) F(X, t) dx wg ) }CIEISg F()C, [)
lim sup — —— > —= limsup —7—— = too,
im0 K (P + 1) Ko XL+ 190)

since
1 1
> —.
Zf\;l(ﬂ?z + 1) 2NH

Then, in correspondence of %, there exists # > 0 small enough such that

(25
1 fB(Xo,g) F(x,1)dx - 1 . a;T\6 + ;Taé
K sy @r+m)y A ,

i=1

’

namely assumption (hj) is satisfied. Since (h;) follows from the sign assumption on the nonlinearity, we
can apply Theorem 3.3 and Lemma 2.5 to complete the proof.
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Finally, we deal with the autonomous case and we present an existence result which is a consequence
of Theorem 3.5. Consider the autonomous problem

—Azu— Azu = Ag(u in Q, .
u=20 on 0Q,
where g: R — R is a nonnegative continuous function. From Lemma 2.5 it follows that we can consider
the nonlinearity only in [0, +00). We assume the following:
(Hy) (g1) there exist @ < (p~)" and constants a;, a, > 0 such that
g < ay + aylf|*™!
for all t > O;

(22) if G(s) = [} g(£) dé, then

G(t
lim ():+oo

t—+00 ﬂ’+

(g3) there exists 8 € R, with
_ N
Be ((a—p )—_,a),
p
such that

_ +
0 < m < lim inf £ =P 6O

t—+00 18
The following result holds.
Corollary 3.6. Let hypotheses (H) and (H,) be satisfied. Assume that
G(1)

(hy”) lim sup —= = +o0
t—0* 1

Then, for each A €]0, A*[, with A* defined in (3.17), the problem (ADf’q) admits at least two nonnegative
weak solutions u,, v, € Wé’ﬁ(Q) such that I(uy) < 0 < Li(vy).

In conclusion, we provide an example.

Example 3.7. Consider two constants c, k such that
c>1, pt<k<(p) and £ X
p- N
Let g: [0, +00) — R be a function defined by
gy =@+ c)<! (klog(t+c)+ 1) forall t >0.

Then, g satisfies assumptions (Hy) with B = k and @ = k + o, with o > 0 small enough such that
K

@
<(p)* d —-—<1.
a<(p) an N

Moreover, the function g satisfies assumption (hy’), hence we can apply Corollary 3.6 to get the existence
of two nonnegative weak solutions of problem (AD?) with opposite energy sign.
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