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The generalized sampling operator is able to approximate bounded continuous 
functions. It is modeled on the sampling expansion for band-limited functions 
given by the Whittaker-Kotel’nikov-Shannon theorem. During the decades, some 
variations of this classical theorem have been proposed. One of them (dating back 
to Jagerman and Fogel and, in a more general form, to Linden and Abramson) 
takes into consideration also the derivative samples for the reconstruction of band
limited functions, with a consequent benfit of a larger sampling rate compared to 
the Whittaker-Kotel’nikov-Shannon theorem. Motivated by this new reconstruction, 
we modify the generalized sampling operator including the samplings of derivatives 
up to a generic order to approximate non necessarily band-limited functions. One 
of the main features of this new operator (which we call an Hermite-type sampling 
operator) is the faster order of approximation. Besides the convergence and its rate, 
we study well-posedness, regularity, simultaneous approximation and Voronovskaya
type formula.

© 2025 The Author. Published by Elsevier Inc. This is an open access article 
under the CC BY license (http://creativecommons.org/licenses/by/4.0/).

1. Introduction

The Whittaker-Kotel’nikov-Shannon (WKS) theorem [44,32,42] is a celebrated result about the recon
struction of band-limited functions from their samples at a uniform grid. More precisely, it affirms that if 
f : R → R is square integrable (in symbols, f ∈ L2(R)) band-limited and continuous function with Fourier 
transform1 vanishing outside ] − πW, πW [, then

f(x) =
∑︂
k∈Z

f(kτ) sinc
(︂x
τ
− k

)︂
, τ = 1 

W
, (1)

for every x ∈ R. Here, sinc is the function dfined by

E-mail address: rosario.corso02@unipa.it.
1 In literature, the Fourier transform can be found in more versions with different factors in the expression. In this paper the 

Fourier transform is dfined for an integrable function f (in symbols, f ∈ L1(R)) as ˆ︁f(v) =
∫︁+∞
−∞ f(x)e−ivxdx, v ∈ R.
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sinc(u) =
{︄

sin(πu)
πu u ̸= 0

1 u = 0

and τ is the so-called sampling rate. In the same paper [42] concerning this theorem, Shannon stated that 
the reconstruction is possible also considering the samples of f and its derivative. The result, which was 
proved later by Jagerman and Fogel [28], says that if f ∈ L2(R) is a band-limited and continuous2 function 
with Fourier transform vanishing outside the interval ] − πW, πW [, then

f(x) =
∑︂
k∈Z

(f(kτ) + f ′(kτ)(x− kτ)) sinc2
(︂x
τ
− k

)︂
, τ = 2 

W
, (2)

for every x ∈ R. We remark that in (2) the sampling rate is doubled in comparison with (1). The new rate 
has a clear advantage: being larger than the case of (1), it allows to approximate the function using a less 
number of sampling points over an interval of the same length.

Subsequently, Linden and Abramson [33] considered the more general framework of the derivatives up 
to an order n > 1. The result (with a rigorous proof given by Rawn [39]) can be stated as follows: let 
f ∈ L2(R) be a band-limited and continuous function with Fourier transform vanishing outside the interval 
] − πW, πW [, then

f(x) =
∑︂
k∈Z

⎛⎝ n ∑︂
j=0 

1 
j!fj(kτ)(x− kτ)j

⎞⎠ sincn+1
(︂x
τ
− k

)︂
, τ = n + 1

W
, (3)

for every x ∈ R and for an even greater sampling rate τ . Here,

fj(x) =
j∑︂

i=0 

(︃
j

i 

)︃(︃
πW

n + 1

)︃j−i

Γj−i
n+1(0)f (i)(x), Γm

n+1(x) = dm

dxm

(︃
1 

sinc( x 
π )

)︃n+1

.

Similarly to the Hermite interpolation [43], equations (2) and (3) are called Hermite sampling expansions 
in literature, see e.g., [11,26]. Other relevant works on the reconstruction of band-limited functions with 
derivative sampling are [37,7,24,10,38].

Coming back to WKS theorem, in order to extend the convergence of (1) to more general functions, the 
generalized sampling operator was introduced in [40] and it dfined for a bounded function f by

(Gwf)(x) =
∑︂
k∈Z

f

(︃
k

w

)︃
χ(wx− k), x ∈ R, (4)

where χ is a kernel, i.e. a continuous function χ : R → R such that 
∑︁

k∈Z χ(u− k) = 1 for every u ∈ R and ∑︁
k∈Z |χ(u− k)| is convergent uniformly for u ∈ R. 

Despite the similarity between the expression of Gwf and the series in (1), a result of the type f(x) =
(Gwf)(x) for some w > 0 is not available when f is just a bounded continuous function. Actually, as proved 
in [19] the convergence is asymptotic, i.e. if f is a bounded function then

(Gwf)(x) → f(x) as w → +∞

at any point x of continuity of f . In addition, the convergence is uniform, i.e.

2 As well-known, a band-limited and continuous function in L2(R) is also smooth.
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lim
w→+∞ ∥Gwf − f∥∞ = 0,

if f is bounded and uniformly continuous [40,19]. Generalized sampling operators have been further studied 
in relation to Voronovskaya-type results [13], approximation of curves [21], simultaneous approximation [3] 
and have been modfied in the multivariate case in [16,17] and for Lp functions in [12].

Inspired by the derivative samplings in the expressions of (2) and (3), in this paper we introduce a new 
class of operators and study approximation results. Namely, for a kernel χ (satisfying some assumptions 
below), n ∈ N and an n times differentiable function f : R → R we dfine the following operators

(Gn,wf)(x) =
∑︂
k∈Z

⎛⎝ n ∑︂
j=0 

1 
j!f

(j)
(︃
k

w

)︃(︃
x− k

w

)︃j
⎞⎠χ(wx− k), x ∈ R, (5)

if the series is absolutely convergent for any x. We call Gn,w an Hermite-type sampling operator of order n
in coherence to the name of expansions (2) and (3) above.3 In the case n = 0 we recover the generalized 
sampling operator G0,w = Gw, while G1,w is related to the series in (2), taking w = 1 

τ . Note that, in the 
general case, the expression in the brackets of Gn,w has a different form compared to (3) since the functions 
fj in (3) are linear combinations of the derivatives. We decide to consider the expression of (4) because it 
is more natural. 
Considering the operator Gn,w, we assume in particular that χ is kernel of order n, i.e. a continuous function 
satisfying the following conditions

(i) for every u ∈ R, ∑︂
k∈Z

χ(u− k) = 1; (6)

(ii) the series ∑︂
k∈Z

|u− k|n|χ(u− k)| (7)

is convergent uniformly4 for u ∈ R.

The new operator approximates bounded and n times differentiable functions f with continuous and bounded 
derivatives up to the order n, in the sense that lim

w→+∞ ∥Gn,wf − f∥∞ = 0 (see Theorem 6). Moreover, the 

fact that the sampling rate in (2) is larger than in (1) gives a strong indication that the rate of convergence 
of (5) may be higher for larger values of n. This is exactly the case; indeed in Theorem 8 we prove that 
∥Gn,wf−f∥∞ = o(w−n) for w → +∞, when f and its first n derivatives are uniformly continuous. Therefore, 
our study was not motivated only by the inspiration of adding derivative samplings in the expression of the 
operator, but also by the improved order of approximation which provides a faster convergence and smaller 
errors.

We remark that the Hermite-type sampling operators are different to the m-th order Kantorovich type 
sampling series [2] which is constructed starting from the generalized sampling operator, the differential and 
the anti-differential operators. In [41] approximations by series similar to (5) were studied but with a linear 
combination of derivatives with complex scalars instead of the terms f

(︁
k
w

)︁(︁
x− k

w

)︁j (see also the related 

3 The name ``Hermite-type sampling operator of order n'' is also simpler than ``generalization of the n-th order of the generalized 
sampling operator'', terminology that could be adopted from [29].
4 Actually, it is sufficient that the series (7) is convergent uniformly for u ∈ [0, 1[ since it is periodic in u with period 1.
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works [30,31]). Reconstruction in shift-invariant spaces with derivative samplings were considered in [24]; the 
authors gave also approximation results but assuming as additional hypotheses the Strang–Fix conditions 
of a certain order on the generator of the space. In [38] the authors have studied the expansions in shift
invariant spline spaces by operators involving derivatives and reconstruction functions, which are obtained 
from the generator of the space and a block Laurent operator. They also studied the approximation under 
the condition that the operators fix the polynomials up to a certain order. Finally, the values of derivatives 
have been considered also in the expression of other types of operators, see for instance [8,9,14,29].

The structure of the paper is as follows. In Section 2 we give some properties and examples of kernels. 
Next, in Section 3 we prove preliminary results on the Hermite-type sampling operators about sufficient 
hypotheses on f in order that (5) is well-defined, about continuity and regularity. Moreover, we show the 
convergence results for w → +∞ to the function and to its first derivatives (Theorems 6 and 7). In Section 4
we investigate the rates of convergence (Theorem 8) and, in particular, estimates for Gn,wf − f in terms 
of powers of w. After that, we make a discussion comparing the rates of convergence of the operators 
Gn,w and Gw. A result from [20] establishes high rates of convergence 𝒪(w−r), r > 1, for the generalized 
sampling operator Gw imposing opportune assumptions (the so-called Strang-Fix conditions) on the kernels. 
In contrast, our operators have the advantage of reaching higher rates without specific hypothesis on the 
kernels besides the finite moments. Finally, in Section 5 we prove Theorem 9 about a Voronovskaya-type 
formula (an asymptotic and pointwise equality). Throughout the paper graphical examples and plots can 
be found to support the results obtained from the theory.

2. Preliminaries

First of all, we fix the notation used in the paper. We denote by Cn
b (R) (respectively, Cn(R)) the space 

of the bounded and n times differentiable functions f : R → R with bounded and continuous (respectively, 
bounded and uniformly continuous) derivatives up to the order n. We remark that a differentiable function 
with bounded and continuous derivative is uniformly continuous. Therefore, f ∈ Cn(R) if and only if 
f ∈ Cn

b (R) and f (n) is uniformly continuous. For n = 0 we simply write Cb(R) and C(R), respectively. 
Moreover, for a bounded function f : R → R we write, as usually, ∥f∥∞ = supx∈R |f(x)|.

For any kernel χ and α > 0 we denote by

mα(u, χ) :=
∑︂
k∈Z

(u− k)αχ(u− k), u ∈ R,

the discrete moment of χ of order α and by

Mα(χ) := sup 
u∈R

∑︂
k∈Z

|u− k|α|χ(u− k)|, (8)

the absolute discrete moment of order α. Actually, the supremum can be calculated in the interval [0, 1[
because of the periodicity of the series in (8). 
In general, there is no guarantee that Mα(χ) is finite. Anyway, if χ is a kernel of order α = n or higher, in the 
sense specfied in the introduction, then it is clearly true. This is stated in the following lemma alongwith 
other useful properties of kernels.

Lemma 1. Let χ be a kernel of order α. The following statements hold.

(i) Mα(χ) < +∞.
(ii) χ is a kernel of order β, for any 0 ≤ β ≤ α. In particular, Mβ(χ) < +∞ for any 0 ≤ β ≤ α.
(iii) If χ(u) = 𝒪(|u|−β−γ) as |u| → +∞ for some γ > 1, then χ is of order β.
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(iv) lim
R→+∞

∑︂
k∈Z:|u−k|≥R

|u− k|α|χ(u− k)| = 0 uniformly in u ∈ R.

Proof. Statement (i) is simply due to the fact that (7) dfines a continuous periodic function. Statement 
(ii) follows from the inequality |u−k|β |χ(u−k)| ≤ |u−k|α|χ(u−k)| for |u−k| > 1 and 0 ≤ β < α and from 
(i). The third statement is a clear consequence of the convergence condition of the generalized harmonic 
series. 
Finally, let ϵ > 0. Since (7) is convergent uniformly for u ∈ R, there exists R̃ > 0 such that∑︂

|k|≥R̃

|u− k|α|χ(u− k)| < ϵ, ∀u ∈ R. (9)

Now let R := R̃ + 1 and any u ∈ R. Denoting by ⌊u⌋ the floor of u, we dfine u0 = u− ⌊u⌋. Thus, writing 
k′ = k − ⌊u⌋, we have ∑︂

k∈Z:|u−k|≥R

|u− k|α|χ(u− k)| =
∑︂

k′∈Z:|u0−k′|≥R

|u0 − k′|α|χ(u0 − k′)|. (10)

Taking into account that 0 ≤ u0 < 1, the inequality |u0 − k′| ≥ R implies |k′| ≥ R− 1 = R̃. Hence, by (10)
and (9) ∑︂

k∈Z:|u−k|≥R

|u− k|α|χ(u− k)| ≤
∑︂

|k′|≥R̃

|u0 − k′|α|χ(u0 − k′)| < ϵ.

This proves statement (iv).

If Mα(χ) < +∞, then clearly mα(u, χ) is a well-defined real function on u. A useful criterion to establish 
the validity of condition (6) of approximate identity is given by of [20, Lemma 2]. Indeed, if χ ∈ L1(R), 
then (6) is equivalent to

ˆ︁χ(2πk) =
{︄

1, k = 0
0, k ̸= 0.

(11)

We now present classical examples of kernel with their properties (see for instance [12,18,40]). The B-spline 
of order m ∈ N+ is the function dfined for m = 1 by

B1(u) =
{︄

1 u ∈ [︁−1
2 ,

1
2
]︁

0 otherwise,

and for m ≥ 2 by

Bm(u) = 1 
(m− 1)!

m ∑︂
j=0 

(−1)j
(︃
m

j

)︃
max

(︂m
2 

+ u− j, 0
)︂m−1

,

or equivalently by Bm = Bm−1 ∗B1, where ∗ is the convolution product. The Fourier transform of Bm is

ˆ︃Bm(v) = sincm
(︂ v

2π

)︂
.

Consequently, (11) holds and then (6) is satified. Also (7) is true since Bm has compact support (that is 
[−m

2 ,
m
2 ]). In conclusion, Bm is a kernel of any order.
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For m ∈ N, m ≥ 2 we dfine

Fm(u) = cm sincm
(︂ u 
m

)︂
, where cm =

⎛⎝ +∞ ∫︂
−∞

sincm
(︂ u 
m

)︂
du

⎞⎠−1

.

In the particular case m = 2 we have the Fejér kernel F2(u) = 1
2 sinc2(︁u

2 
)︁

and, in general, if m is even, then 
Fm is a Jackson-type kernel. The Fourier transform of Fm is

ˆ︂Fm(v) = cmBm

(︂mv

2π

)︂
,

which says that Fm is bandlimited and that (6) holds, since (11) is satified. Moreover, for the fact that 
Fm(u) = 𝒪(|u|−m) as |u| → +∞, the kernel Fm is of order α for any 0 ≤ α < m− 1, by Lemma 1.

The Bochner–Riesz type kernels are

bη(u) = 2η√
2π

Γ(η + 1)|u|−η− 1
2 Jη+ 1

2
(|u|)

where η > 1 and Jλ is the Bessel function of order λ and Γ is the Euler gamma function. The functions bη
are in fact kernels of order η − 1. Indeed,

ˆ︁bη(v) =
{︄

(1 − v2)η |v| ≤ 1
0 |v| > 1,

so (11) is true and hence (6) is satified. Moreover, bη(u) = 𝒪(|u|−η−1) as |u| → +∞ since Jλ(u) = 𝒪(|u|− 1
2 )

as |u| → +∞ (see [15]). Thus, Lemma 1 implies that (7) holds with β = η−1. In addition, bη is bandlimited.

3. Basic properties and convergence theorems

In this section we start to give results about the Hermite-type sampling operator Gn,w. In particular, we 
provide sufficient conditions on χ and f under which Gn,wf is well-defined, we study the continuity and 
regularity of the operators and we also prove convergence results.

Proposition 2. Let χ be a kernel order n ∈ N, w > 0, and f : R → R be an n times differentiable function. 
Then Gn,wf is well-defined if one of the following statements holds:

(i) for any j = 0, . . . , n, f (j) is bounded;
(ii) for any j = 0, . . . , n, f (j) grows no more than a polynomial of order n− j, i.e.

|f (j)(x)| ≤ pn−j(x), ∀x ∈ R, (12)

where pn−j is a polynomial of order n− j;

(iii) the limits lim
x→±∞

f(x)
xn

are finite and not null.

Proof. We firstly note that, by Lemma 1, Mj(χ) < ∞ for every j = 0, . . . , n.

(i) If f (j) is bounded for any j = 0, . . . , n, then a straightforward calculation

∑︂
k∈Z

⎛⎝ n ∑︂
j=0 

1 
j!

⃓⃓⃓⃓
f (j)

(︃
k

w

)︃ ⃓⃓⃓⃓
x− k

w

⃓⃓⃓⃓j⎞⎠|χ(wx− k)| ≤
n ∑︂

j=0 

∥f (j)∥∞Mj(χ)
j!wj

(13)
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shows that the series in (5) is absolutely convergent for every x ∈ R.
(ii) For any j = 0, 1, . . . , n, let pn−j be as in (12). We write pn−j(x) = aj,n−jx

n−j + aj,n−j−1x
n−j−1 +

· · · + aj,0. Making use of Jensen’s inequality, we have for k ∈ Z and j < n

⃓⃓⃓⃓
f (j)

(︃
k

w

)︃⃓⃓⃓⃓
≤ |aj,n−j |

⃓⃓⃓⃓
k

w

⃓⃓⃓⃓n−j

+ · · · + |aj,0|

≤ 2n−j−1|aj,n−j |
(︄
|x|n−j +

⃓⃓⃓⃓
x− k

w

⃓⃓⃓⃓n−j
)︄

+ · · · + |aj,0|

and, for j = n, 
⃓⃓⃓⃓
f (n)

(︃
k

w

)︃⃓⃓⃓⃓
≤ a0,0. 

Therefore, for some positive numbers bj,n−j , bj,n−j−1, . . . , bj,0, we have

⃓⃓⃓⃓
f (j)

(︃
k

w

)︃⃓⃓⃓⃓⃓⃓⃓⃓
x− k

w

⃓⃓⃓⃓j
≤ (︁

bj,n−j |x|n−j + bj,n−j−1|x|n−j−1 + · · · + bj,1|x|
)︁ |wx− k|j

wj

+ bj,n−j
|wx− k|n

wn
+ bj,n−j−1

|wx− k|n−1

wn−1 + · · · + bj,0
|wx− k|j

wj
.

In conclusion, the series in (5) is absolutely convergent for any x ∈ R, since

∑︂
k∈Z

⎛⎝ n ∑︂
j=0 

1 
j!

⃓⃓⃓⃓
f (j)

(︃
k

w

)︃ ⃓⃓⃓⃓
x− k

w

⃓⃓⃓⃓j⎞⎠|χ(wx− k)| ≤
n ∑︂

j=0 
qn−j(|x|)Mj(χ)

wj

for some polynomials qn−j .

(iii) Since lim
x→±∞

f(x)
xn

are finite there exist α0, R > 0 such that |f(x)| ≤ α0|x|n for |x| > R. Moreover, 
exploiting the continuity of f and denoting by β0 = max

[−R,R]
|f(x)|, we can write |f(x)| ≤ α0|x|n + β0

for every x ∈ R. 

The hypothesis that lim
x→±∞

f(x)
xn

̸= 0 implies that lim
x→±∞ |f(x)| = +∞. Thus, by the L’Hôpital’s rule, 

also lim
x→±∞

f ′(x)
xn−1 is finite and not null. With similar considerations as above, there exist α1, β1 > 0

such that |f ′(x)| ≤ α1|x|n−1 + β1 for every x ∈ R. 
Repeating the argument, also bounds for the other derivatives can be obtained, i.e. for j = 0, 1, . . . , n−1
there exist αj , βj > 0 such that |f (j)(x)| ≤ αj |x|n−j +βj and there exists βn > 0 such that |f (n)(x)| ≤
βn for every x ∈ R. 
Therefore, the conclusion is obtained arguing as in the step (ii).

As stated above, Gn,wf exists if f and its derivatives grow less than polynomials of certain orders. 
Actually, by Taylor formula and (6), the operator fixes the polynomials of degrees less or equal to its order.

Proposition 3. Let f be a polynomial of order less or equal to n ∈ N. Then Gn,wf = f for every w > 0.

We now move on the continuity question of Gn,wf . The property essentially holds because the kernel is 
continuous and the boundedness of f and of its derivatives is sufficient as requirement.

Proposition 4. Let χ be a kernel of order n, w > 0 and f ∈ Cn
b (R). Then Gn,wf is continuous. If, in 

addition, χ is uniformly continuous, then the same holds for Gn,wf .



8 R. Corso / J. Math. Anal. Appl. 547 (2025) 129369 

Proof. The kernel χ is of order n and then also of lower order j by Lemma 1. In particular, the series in 
(7) is, with j instead of n, convergent uniformly for u ∈ R. This means that for ϵ > 0 it is possible to find 
K > 0 such that ∑︂

|k|>K

|u− k|j |χ(u− k)| < ϵ, ∀u ∈ R,∀j = 0, 1, . . . , n. (14)

Now let

sK(x) =
∑︂

|k|≤K

⎛⎝ n ∑︂
j=0 

1 
j!f

(j)
(︃
k

w

)︃(︃
x− k

w

)︃j
⎞⎠χ(wx− k) for x ∈ R.

By (14),

|(Gn,wf)(x) − sK(x)| ≤
n ∑︂

j=0 

∥f (j)∥∞
j!wj

∑︂
|k|>K

|wx− k|j |χ(wx− k)| < ϵ

n ∑︂
j=0 

∥f (j)∥∞
j!wj

for every x ∈ R. Thus, the sequence of functions (sK)K∈N+ is uniformly convergent to Gn,wf . Further
more, sK is a continuous function because sums of continuous functions (we recall that, as dfined in the 
introduction, a kernel is continuous). Therefore, Gn,wf is a continuous function, too. The second part of 
the statement follows by similar arguments.

Further regularity requires additional assumptions on the kernel. More precisely, we can state the following 
result.

Proposition 5. Let χ ∈ Cm
b (R) be a kernel of order n such that, for every ℓ = 0, 1, . . . ,m, the series∑︂

k∈Z
|u− k|n|χ(ℓ)(u− k)| is convergent uniformly for u ∈ R.

Moreover, let f ∈ Cn
b (R). Then Gn,wf ∈ Cm

b (R) for every w > 0. If, in addition, χ ∈ Cm(R), then 
Gn,wf ∈ Cm(R) for every w > 0.

Proof. The proof is similar to that of Proposition 4 so we give only a sketch. The assumptions and Lemma 1
imply that for r = 0, 1, . . . , n and ℓ = 0, 1, . . . ,m∑︂

k∈Z
|u− k|r|χ(ℓ)(u− k)| is convergent uniformly for u ∈ R. (15)

Let ϵ > 0. The function sK belongs to Cm
b (R) and its derivative of order m is a linear combination of 

functions of type (wx−k)rχ(ℓ)(wx−k) for opportune values of r = 0, 1, . . . , n and ℓ = 0, 1, . . . ,m. Hence, by 
(15) and by the boundedness of f and its derivatives, the sequence (s′K) is uniformly convergent. Since (sK)
converges to Gn,wf , then the latter must be differentiable. Moreover, the hypothesis ensures that (Gn,wf)′
is bounded, so Gn,wf belongs to Cb(R). Iterating the arguments for the greater orders it is possible to prove 
that Gn,wf ∈ Cm

b (R). 
In the case in which χ ∈ Cm(R), then sK is in Cm(R) and with the same steps also Gn,wf belongs to 
Cm(R).

Under the assumptions about the kernel of Proposition 5, and from estimate (13) we find that Gn,w :
Cn

b (R) → Cm
b (R) is a well-defined and bounded operator. The next result is one of the main theorems of 

the paper and concerns the convergence for w → +∞.
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Theorem 6. Let χ be a kernel of order n and f ∈ Cn
b (R). Then

lim
w→+∞ ∥Gn,wf − f∥∞ = 0.

Proof. Let w > 0 and x ∈ R. By (6) we have

(Gn,wf)(x) − f(x) =
∑︂
k∈Z

⎛⎝ n ∑︂
j=0 

1 
j!f

(j)
(︃
k

w

)︃(︃
x− k

w

)︃j

− f(x)

⎞⎠χ(wx− k). (16)

For any k ∈ Z, by Taylor formula, there exists ξx, k
w

between x and k
w , such that

f(x) −
n−1∑︂
j=0 

1 
j!f

(j)
(︃
k

w

)︃(︃
x− k

w

)︃j

= 1 
n!f

(n)
(︂
ξx, k

w

)︂(︃
x− k

w

)︃n

. (17)

Inserting (17) in (16) we obtain

(Gn,wf)(x) − f(x) = 1 
n!

∑︂
k∈Z

(︃
f (n)

(︃
k

w

)︃
− f (n)

(︂
ξx, k

w

)︂)︃(︃
x− k

w

)︃n

χ(wx− k).

Thus

|(Gn,wf)(x) − f(x)| ≤ 1 
n!wn

∑︂
k∈Z

⃓⃓⃓⃓
f (n)

(︃
k

w

)︃
− f (n)

(︂
ξx, k

w

)︂⃓⃓⃓⃓
|wx− k|n |χ(wx− k)| (18)

and by the boundedness of f (n) we have

∥Gn,wf − f∥∞ ≤ 2∥f (n)∥∞Mn(χ)
n!wn

(19)

which shows that lim
w→+∞ ∥Gn,wf − f∥∞ = 0.

Example 1. We can view the convergence result of Theorem 6 with the help of Fig. 1. The function f(x) =
1+x 
1+x2 is considered and its plot is showed on the top of Fig. 1. We applied the operator G2,w on f for 
increasing values of w, namely w = 3, 4, 5, and with kernel F3. Some details of the plots of these functions 
are in the bottom of Fig. 1 and the approximation errors are ∥G2,3f−f∥∞ = 0.0072, ∥G2,4f−f∥∞ = 0.0015
and ∥G2,5f − f∥∞ = 0.0003.

Since the Hermite-type sampling operators Gn,w, n ≥ 1, are dfined for functions with a certain degree 
of smoothness, it is natural to ask if the derivatives of the Gn,wf converge to the derivatives of f . For the 
generalized sampling operator a result about this topic, i.e. about the simultaneous approximation, has been 
given in [3]. The following theorem gives an answer to this question.

Theorem 7. Let χ ∈ Cn
b (R) be a kernel of order n such that, for every ℓ = 0, 1, . . . , n, the series∑︂
k∈Z

|u− k|n|χ(ℓ)(u− k)| is convergent uniformly for u ∈ R.

Moreover, let f ∈ Cn(R). Then, for every ℓ = 0, 1, . . . , n,

lim
w→+∞ ∥(Gn,wf)(ℓ) − f (ℓ)∥∞ = 0. (20)
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Fig. 1. Details of the plots of f given by f(x) = 1+x 
1+x2 (in blue), G2,3f (in red), G2,4f (in orange) and G2,5f (in purple), with kernel 

F3. (For interpretation of the colors in the figure(s), the reader is referred to the web version of this article.)

Proof. In this proof, we indicate for convenience the kernel in the operator symbol, so we write Gχ
n,w instead 

of Gn,w. By Proposition 5, Gχ
n,wf is n times differentiable. Let us fix ℓ = 1, . . . , n (the case ℓ = 0 is covered 

by Theorem 6). Arguing as in Lemma 1, the hypotheses ensure that Mr(χ(ℓ)) < ∞ for every r = 0, . . . , n. 
Moreover, the following relation holds

(Gχ
n,wf)(ℓ) =

ℓ ∑︂
i=0 

(︃
ℓ

i 

)︃
wiGχ(i)

n−ℓ+i,w f (ℓ−i), (21)

where Gχ(i)

n−ℓ+i,w has the same expression of the Hermite-type sampling operator but with χ(i) instead of χ. 
We note that, by (6), for every i = 0, . . . , n,

∑︂
k∈Z

χ(i)(u− k) = 0, ∀u ∈ R. (22)

Taking i = 0 in (21), we have exactly the Hermite-type sampling operator Gχ
n−ℓ,w, with kernel χ, and order 

n− ℓ. Hence, by Theorem 6,

lim
w→+∞ ∥Gχ

n−ℓ,wf
(ℓ) − f (ℓ)∥∞ = 0. (23)

For i = 1, . . . , ℓ, we apply Taylor formula and (22) to obtain



R. Corso / J. Math. Anal. Appl. 547 (2025) 129369 11

wi(Gχ(i)

n−ℓ+i,w f (ℓ−i))(x) = wi
∑︂
k∈Z

⎛⎝n−ℓ+i∑︂
j=0 

1 
j!f

(ℓ−i+j)
(︃
k

w

)︃(︃
x− k

w

)︃j
⎞⎠χ(i)(wx− k)

= wi
∑︂
k∈Z

(︄
f (ℓ−i)(x) + 1 

(n− ℓ + i)!

(︃
f (n)

(︃
k

w

)︃
− f (n)

(︂
ξi,x, k

w

)︂)︃(︃
x− k

w

)︃n−ℓ+i
)︄
χ(i)(wx− k)

= 1 
(n− ℓ + i)!wn−ℓ

∑︂
k∈Z

(︃
f (n)

(︃
k

w

)︃
− f (n)

(︂
ξi,x, k

w

)︂)︃
(wx− k)n−ℓ+i

χ(i)(wx− k)

(24)

where ξi,x, k
w

is between x and k
w . Clearly,

⃓⃓⃓
wi(Gχ(i)

n−ℓ+i,w f (ℓ−i))(x)
⃓⃓⃓
≤ 2∥f (n)∥∞

(n− ℓ + i)!wn−ℓ
Mn−ℓ+i(χ(i)), i = 1, . . . , ℓ. (25)

Therefore, putting together (21), (23) and (25), we prove (20) for ℓ < n. 
Now, we consider the final case ℓ = n. Firstly, thanks to the hypothesis on χ and similarly to the proof of 
Lemma 1(iv), we can establish that

lim
R→+∞

∑︂
k∈Z:|u−k|≥R

|u− k|i|χ(i)(u− k)| = 0 uniformly in u ∈ R. (26)

Since f (n) is uniformly continuous, for every ϵ > 0 there exists δ > 0 such that |f (n)(y)− f (n)(z)| < ϵ when 
|y − z| < δ. Now, we write the last row of (24) as I1 + I2 where

I1 = 1 
i!

∑︂
k∈Z:

⃓⃓
x− k

w

⃓⃓
<δ

(︃
f (n)

(︃
k

w

)︃
− f (n)

(︂
ξi,x, k

w

)︂)︃
(wx− k)iχ(i)(wx− k),

I2 = 1 
i!

∑︂
k∈Z:

⃓⃓
x− k

w

⃓⃓≥δ

(︃
f (n)

(︃
k

w

)︃
− f (n)

(︂
ξi,x, k

w

)︂)︃
(wx− k)iχ(i)(wx− k).

Thus, by the uniform continuity and by (26) (with u = wx and R = wδ), we can write for w sufficiently 
large

|I1| ≤ ϵ
Mi(χ(i))

i! , |I2| ≤ ϵ
2∥f (n)∥∞

i! .

This proved that for every i = 1, . . . , ℓ, (24) vanishes as w → +∞ and uniformly in x ∈ R. Together with 
(21) and (23), statement (20) is proved also for ℓ = n.

4. Rate of convergence

In approximation theory much interest is placed not only on the convergence but also the rate of con
vergence or, in different words, order of approximation (for some literature about various operators see 
[3,9,14,22,23,25,27,29,35,36,45]). Indeed, higher order means faster convergence and reduced approximation 
errors.

In the following theorem we prove quantitative estimates for the Hermite-type sampling operators, which 
state in particular that the rate of convergence increases for higher value of n. We recall that, for δ > 0, the 
modulus of continuity of a uniformly continuous function g : R → R is

ω(g, δ) = sup 
|x−y|<δ

|g(x) − g(y)|.
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The modulus of continuity has the following properties

(i) ω(g, δ′) ≤ ω(g, δ) if δ′ < δ;
(ii) lim

δ→0
ω(g, δ) = 0;

(iii) ω(g, λδ) ≤ (1 + λ)ω(g, δ) if λ > 0.

Theorem 8. Let χ be a kernel of order n.

(i) If f ∈ Cn(R), then ∥Gn,wf − f∥∞ = o(w−n) for w → +∞.
(ii) If f ∈ Cn(R), Mn+1(χ) < ∞ and w > 0, then

∥Gn,wf − f∥∞ ≤ ω(f (n), 1 
w )(Mn(χ) + Mn+1(χ))

n!wn
.

(iii) If f ∈ Cn+1
b (R), Mn+1(χ) < ∞ and w > 0, then

∥Gn,wf − f∥∞ ≤ ∥f (n+1)∥∞Mn+1(χ)
(n + 1)!wn+1 . (27)

In particular, ∥Gn,wf − f∥∞ = 𝒪(w−(n+1)) for w → +∞.

Proof. Statement (i) follows from (18) by showing that

lim
w→+∞

∑︂
k∈Z

⃓⃓⃓⃓
f (n)

(︃
k

w

)︃
− f (n)

(︂
ξx, k

w

)︂⃓⃓⃓⃓
|wx− k|n |χ(wx− k)| = 0.

The latter is proved, as in the final part of the proof of Theorem 7, by splitting the series and by applying 
the uniform continuity of f (n) and Lemma 1(iv). 
For statement (ii), we start again from (18) and make the following steps applying the definition and 
properties of the modulus of continuity,

|(Gn,wf)(x) − f(x)| ≤ 1 
n!wn

∑︂
k∈Z

⃓⃓⃓⃓
f (n)

(︃
k

w

)︃
− f (n)

(︂
ξx, k

w

)︂⃓⃓⃓⃓
|wx− k|n |χ(wx− k)|

≤ 1 
n!wn

∑︂
k∈Z

ω

(︃
f (n),

⃓⃓⃓⃓
k

w
− ξx, k

w

⃓⃓⃓⃓)︃
|wx− k|n |χ(wx− k)|

≤ 1 
n!wn

∑︂
k∈Z

ω

(︃
f (n),

⃓⃓⃓⃓
k

w
− x

⃓⃓⃓⃓)︃
|wx− k|n |χ(wx− k)|

= 1 
n!wn

∑︂
k∈Z

ω

(︃
f (n),

⃓⃓⃓⃓
wx− k

w

⃓⃓⃓⃓)︃
|wx− k|n |χ(wx− k)|

≤ 1 
n!wn

∑︂
k∈Z

(1 + |wx− k|)ω
(︃
f (n),

1 
w

)︃
|wx− k|n |χ(wx− k)|

=
ω
(︁
f (n), 1 

w

)︁
(Mn(χ) + Mn+1(χ))
n!wn

.

Finally, to prove statement (iii), we suppose that f ∈ Cn+1
b (R), thus working with the Taylor formula as in 

Theorem 6 we can write (16) as
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Fig. 2. Comparison between plots of f (in blue), the approximation G0,3f = G3f by the generalized sampling operator (in red), 
the approximations G1,3f (in orange), G2,3f (in purple) and G3,3f (in green). The function f is given by f(x) = 1+x 

1+x2 (the same 
function of Fig. 1) and for all the Hermite-type sampling operators the kernel is the B-spline B5.

(Gn,wf)(x) − f(x) = 1 
(n + 1)!

∑︂
k∈Z

f (n+1)
(︂
θx, k

w

)︂(︃
x− k

w

)︃n+1

χ(wx− k), (28)

where, for every k ∈ Z, θx, k
w

is a number between x and k
w . In conclusion, the statement follows by the 

inequalities

|(Gn,wf)(x) − f(x)| ≤ 1 
(n + 1)!wn+1

∑︂
k∈Z

⃓⃓⃓
f (n+1)

(︂
θx, k

w

)︂⃓⃓⃓
|wx− k|n+1 |χ(wx− k)|

≤ ∥f (n+1)∥∞Mn+1(χ)
(n + 1)!wn+1 .

Example 2. Fig. 2 shows the plots of the function f(x) = 1+x 
1+x2 and of the approximations Gn,wf , for values 

of n from 0 to 3 and for w = 3 fixed. The kernel used is the B-spline of order 5 in every case. We recall that 
G0,w corresponds to the generalized sampling operator Gw. As can be observed in the figure, increasing the 
order produces the effect of a better approximation in accordance to Theorem 8. This can be checked also 
from the numerical errors:

∥G0,3f − f∥∞ = 0.054, ∥G1,3f − f∥∞ = 0.044,

∥G2,3f − f∥∞ = 0.013, ∥G3,3f − f∥∞ = 0.003.

Considering once again the same function f and the same kernel B5, in Fig. 3 we can see the errors 
En(w) = ∥Gn,wf − f∥∞ in terms of w (for n = 1, 2) and the corresponding bounds given by Theorem 8(iii).

A faster rate implies a smaller value of w to reach a given error. This is shown in Table 1 comparing 
the generalized sampling operator Gw and the Hermite-type sampling operator G2,w (applied on the same 
function f of this example and with the kernel B5). Table 1 puts in comparison also the total number of 
samples in an interval of length one that we need to calculate Gwf and G2,wf . For the total number of 
samples we mean just the number of samples f( k

w ) for Gw and the number of samples f( k
w ), f ′( k

w ), f ′′( k
w )

for G2,w. 
In the first column of Table 1 two L∞ errors are fixed. In the second (resp., third) column the required value 
of w for Gw (resp., for G2,w) to have the corresponding error is indicated. In the fourth (resp., fifth) column 
the total number of samples required by Gw (resp., by G2,w) on a interval of unitary length is shown. As 
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Fig. 3. In (a): the solid line is the plot of the error E1(w) = ∥G1,wf −f∥∞ depending on w; the dashed line is the plot of the bound 
T1(w) = ∥f ′′∥∞M2(χ)

2w2 of Theorem 8(iii). 
In (b): the solid line is the plot of the error E2(w) = ∥G2,wf − f∥∞ depending on w; the dashed line is the plot of the bound 
T2(w) = ∥f ′′′∥∞M3(χ)

6w3 of Theorem 8(iii).

Table 1
Values of w and total numbers of samples in an interval of length one required by the 
operators Gw and G2,w to obtain a given approximation error. The values of w are rounded 
to the nearest integer.

L∞ error w for Gw w for G2,w n. of samples for Gw n. of samples for G2,w

0.001 24 7 24 21

0.0001 73 13 73 39

one can read in Table 1, the values of w for the Hermite-type sampling operator are much smaller than 
those for the generalized sampling operator. To reach the error equals to 0.001 we need more or less the 
same number of samples, while for the error equals to 0.0001 the operator G2,w requires a significant lower 
number of samples.

Remark 1. The Hermite-type sampling operator Gn,w is a generalization of Gw, therefore a discussion of 
their rates of convergence is meaningful. By [20, Theorem 2], if for some r ∈ N, r > 1,

mj(u, χ) = 0, ∀u ∈ R, j = 1, . . . , r − 1, (29)

or equivalently (in the case where ˆ︁χ is r − 1 times differentiable) if the Strang–Fix type conditions

ˆ︁χ(j)(2πk) =

⎧⎪⎪⎨⎪⎪⎩
1 k = j = 0,
0 k ∈ Z\{0}, j = 0
0 k ∈ Z, j = 1, . . . , r − 1

hold (see [20, Lemma 3]), and Mr(χ) < ∞, then for every f ∈ Cr(R) we have

∥Gwf − f∥∞ ≤ ∥f (r)∥∞Mr(χ)
r!wr

. (30)

For a first comparison, if (29) is satified for r = n and f ∈ Cn(R), then ∥Gwf − f∥∞ = 𝒪(w−n) for 
w → +∞, while by Theorem 8(i) we have a stronger rate, ∥Gwf − f∥∞ = o(w−n) for w → +∞.

In the case where (29) is satified for r = n + 1 and f ∈ Cn+1(R), then the bound in (30) is the same of 
(27) for the Hermite-type sampling operator of order n. Anyway, (30) holds under the conditions (29) which 
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are quite strong if we require a great value of r. Indeed, the common kernels χ we presented in Section 2, 
χ = Bm and χ = Fm (with m > 2) and χ = bη (with η > 2), satisfy (29) only for the low value r = 2, since

ˆ︁χ(0) = 1, ˆ︁χ(2πk) = 0 for every k ∈ Z\{0}, ˆ︁χ′(2πk) = 0 for every k ∈ Z and ˆ︁χ′′(0) ̸= 0.

Thus, for a function f ∈ Cn+1(R), n ≥ 2, and for a kernel among those above, we have

∥Gwf − f∥∞ = 𝒪(w−2) as w → +∞,

while the rate for the Hermite-type sampling operator with the same kernel (with m, η sufficiently large, in 
the cases of Fm or βη) is higher, i.e.

∥Gn,wf − f∥∞ = 𝒪(w−(n+1)) as w → +∞.

The operators Gn,w have then an advantage about the order of approximation in comparison to the general
ized sampling operator Gw. Of course, it is possible to construct new kernels with more null initial moments 
and then the operator Gw provides a greater order of approximation. Anyway, it will still be limited to a 
specific order. For instance, if we want a rate at least of 𝒪(w−4), then we can construct a kernel χ with 
m1(·, χ) = m2(·, χ) = m3(·, χ) = 0 and have indeed ∥Gwf − f∥∞ = 𝒪(w−4) as w → +∞. Anyway, if in a 
next phase we desire a faster rate, say 𝒪(w−5), then χ may not be good (exactly if m4(·, χ) turns out to be 
not null). Hence, in this case we have to construct another kernel for the rate 𝒪(w−5).

This problem is not present if we use the Hermite-type sampling operator Gn,w, because the rate given 
by Theorem 8 does not require particular conditions on the kernel besides that Mn+1(χ) < ∞ (which is 
satified, for what said in Section 2, by any B-spline, no matter the value of n, by the kernels Fm for 
m > n + 2 and bη for η ≥ n + 2).

Furthermore, we can make another remark on the aspect above. In [20, Section 5.2.2] a way to construct 
kernels as linear combinations of B-splines and with null discrete moments up to a prfixed value is provided. 
In particular, these examples can be found:

(i) χ2(u) = 3B2(u− 2) − 2B2(u− 3), giving

∥Gwf − f∥∞ ≤ 15∥f
′′∥∞
w2 , ∀f ∈ C2(R);

(ii) χ3(u) = 1
8 (47B3(u− 2) − 62B3(u− 3) + 23B3(u− 4)), giving

∥Gwf − f∥∞ ≤ 54∥f
′′′∥∞
w3 , ∀f ∈ C3(R);

(iii) χ4(u) = 1
6 (115B4(u− 3) − 256B4(u− 4) + 203B4(u− 5) − 56B4(u− 6)), giving

∥Gwf − f∥∞ ≤ 968∥f
(4)∥∞
w4 , ∀f ∈ C4(R).

These estimates derive from (30) by rounding the factors Mr(χ)
r! to the nearest larger integer number; in 

fact, we have

M2(χ2)
2! = 15 

M3(χ3)
3! = 53.29... M4(χ4)

4! = 967.37...

Even though the rate of convergence of the generalized sampling operator is improved by constructing these 
new kernels, we see that the factors are relatively high. The estimates in (i)-(iii) turn out to be less optimal 
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than the ones for the Hermite sampling operator with, for instance, the simple kernel χ = B3. Indeed, since 
M2(B3) = M3(B3) = M4(B3) = 1

4 , estimates (27) become

∥G1,wf − f∥∞ ≤ 1
8
∥f ′′∥∞
w2 , ∀f ∈ C2(R);

∥G2,wf − f∥∞ ≤ 1 
24

∥f ′′′∥∞
w3 , ∀f ∈ C3(R);

∥G3,wf − f∥∞ ≤ 1 
96

∥f (4)∥∞
w4 , ∀f ∈ C4(R).

5. Voronovskaya-type formula

Voronovskaya-type formulas are asymptotic relations for the pointwise approximation by operators of 
functions in terms of derivatives (see [1,4--6,13,27,34,45] for the Voronovskaya formulas of some operators 
in approximation theory). For the Hermite type sampling operator Gn,w we prove the following result.

Theorem 9. Let χ be a kernel of order n + 1 with constant discrete moment mn+1 and not null,

mn+1(u, χ) = A ̸= 0, ∀u ∈ R. (31)

Moreover, let w > 0 and f ∈ Cn+1
b (R). Then, for any x ∈ R,

lim
w→+∞wn+1((Gn,wf)(x) − f(x)) = f (n+1)(x)

(n + 1)! A.

Proof. First of all, (31) implies that Mn+1(χ) = |A| < ∞. Let x ∈ R. From (28) we get

wn+1((Gn,wf)(x) − f(x)) = 1 
(n + 1)!

∑︂
k∈Z

f (n+1)
(︂
θx, k

w

)︂
(wx− k)n+1

χ(wx− k),

where, for every k ∈ Z, θx, k
w

is a number between x and k
w . Therefore, by (31),

wn+1((Gn,wf)(x) − f(x)) − f (n+1)(x)
(n + 1)! A =

= 1 
(n + 1)!

∑︂
k∈Z

(︂
f (n+1)

(︂
θx, k

w

)︂
− f (n+1)(x)

)︂
(wx− k)n+1

χ(wx− k).
(32)

Now let ϵ > 0. By the definition of continuity of f (n+1), there exists δ > 0 such that |f (n+1)(x)−f (n+1)(y)| <
ϵ for every |x− y| < δ. Hence, we can write the series in (32) as I1 + I2 where

I1 = 1 
(n + 1)!

∑︂
k∈Z:

⃓⃓
x− k

w

⃓⃓
<δ

(︂
f (n+1)

(︂
θx, k

w

)︂
− f (n+1)(x)

)︂
(wx− k)n+1

χ(wx− k),

I2 = 1 
(n + 1)!

∑︂
k∈Z:

⃓⃓
x− k

w

⃓⃓≥δ

(︂
f (n+1)

(︂
θx, k

w

)︂
− f (n+1)(x)

)︂
(wx− k)n+1

χ(wx− k).

The first object can be estimated as follows

|I1| ≤ ϵ 
(n + 1)!

∑︂
k∈Z:

⃓⃓
x− k

w

⃓⃓
<δ

|wx− k|n+1 |χ(wx− k)| ≤ Mn+1

(n + 1)!ϵ. (33)
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Moreover, by Lemma 1(iv) with u = wx and R = wδ we have

|I2| ≤ 2∥f (n+1)∥∞
(n + 1)! 

∑︂
k∈Z:

⃓⃓
x− k

w

⃓⃓≥δ

|wx− k|n+1 |χ(wx− k)| ≤ 2∥f (n+1)∥∞
(n + 1)! ϵ. (34)

Summarizing, by (32)-(34), we find that⃓⃓⃓⃓
wn+1((Gn,wf)(x) − f(x)) − f (n+1)(x)

(n + 1)! A
⃓⃓⃓⃓
≤ Mn+1 + 2∥f (n+1)∥∞

(n + 1)! ϵ

which proves the statement.

An equivalent condition of constant moment can be given employing the Poisson’s summation formula 
(see the proof of [20, Lemma 3]): if the function g(u) = un+1χ(u) belongs to L1(R), then (31) holds if and 
only if

ˆ︁χ(n+1)(2πk) =
{︄

(−i)n+1A k = 0,
0 k ∈ Z\{0}.

A direct consequence of Theorem 9 is a saturation result. Actually, we prove it relaxing the condition of 
constant moment. We recall that, if f ∈ Cn(R), then ∥Gn,wf − f∥∞ = o(w−n) for w → +∞ (Theorem 8).

Corollary 10. Let χ be a kernel of order n + 1 such that infu∈R |mn+1(u, χ)| > 0. Moreover, let w > 0 and 
f ∈ Cn+1

b (R). If ∥Gn,wf − f∥∞ = o(w−(n+1)) as w → +∞, then f is constant.

Proof. By (28), for any x ∈ R we have the following equality analogous to (32)

wn+1((Gn,wf)(x) − f(x)) − f (n+1)(x)
(n + 1)! 

∑︂
k∈Z

(wx− k)n+1
χ(wx− k) =

= 1 
(n + 1)!

∑︂
k∈Z

(︂
f (n+1)

(︂
θx, k

w

)︂
− f (n+1)(x)

)︂
(wx− k)n+1

χ(wx− k),

which can be written also as

f (n+1)(x)
(n + 1)! 

∑︂
k∈Z

(wx− k)n+1
χ(wx− k) =

=wn+1((Gn,wf)(x) − f(x))

− 1 
(n + 1)!

∑︂
k∈Z

(︂
f (n+1)

(︂
θx, k

w

)︂
− f (n+1)(x)

)︂
(wx− k)n+1

χ(wx− k).

Since infu∈R |mn+1(u, χ)| > 0, there exists c > 0 such that

c|f (n+1)(x)| ≤ |wn+1((Gn,wf)(x) − f(x))|+

+ 1 
(n + 1)!

⃓⃓⃓⃓
⃓∑︂
k∈Z

(︂
f (n+1)

(︂
θx, k

w

)︂
− f (n+1)(x)

)︂
(wx− k)n+1

χ(wx− k)

⃓⃓⃓⃓
⃓ . (35)

The hypothesis ∥Gn,wf − f∥∞ = o(w−(n+1)) as w → +∞ means that
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lim
w→+∞wn+1((Gn,wf)(x) − f(x)) = 0, ∀x ∈ R.

Furthermore, as in the proof of Theorem 9, the term on the second line in (35) goes to 0 when w → +∞. 
Hence, from (35) we have f (n+1)(x) = 0 for every x ∈ R, so f is a polynomial of degree less or equal to n. 
In particular, since f is bounded, f is necessarily constant.
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