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The generalized sampling operator is able to approximate bounded continuous
functions. It is modeled on the sampling expansion for band-limited functions
given by the Whittaker-Kotel’'nikov-Shannon theorem. During the decades, some
variations of this classical theorem have been proposed. One of them (dating back
to Jagerman and Fogel and, in a more general form, to Linden and Abramson)
takes into consideration also the derivative samples for the reconstruction of band-
limited functions, with a consequent benefit of a larger sampling rate compared to
the Whittaker-Kotel’nikov-Shannon theorem. Motivated by this new reconstruction,
we modify the generalized sampling operator including the samplings of derivatives
up to a generic order to approximate non necessarily band-limited functions. One

of the main features of this new operator (which we call an Hermite-type sampling
operator) is the faster order of approximation. Besides the convergence and its rate,
we study well-posedness, regularity, simultaneous approximation and Voronovskaya-

type formula.
© 2025 The Author. Published by Elsevier Inc. This is an open access article
under the CC BY license (http://creativecommons.org/licenses/by/4.0/).

1. Introduction

The Whittaker-Kotel'nikov-Shannon (WKS) theorem [44,32,42] is a celebrated result about the recon-
struction of band-limited functions from their samples at a uniform grid. More precisely, it affirms that if
f: R — R is square integrable (in symbols, f € L?(R)) band-limited and continuous function with Fourier
transform' vanishing outside | — 7W, 7W|, then

f(x):Zf(k‘T)sinc<§—k’>, T:%, (1)

kEZ

for every x € R. Here, sinc is the function defined by

E-mail address: rosario.corso02Q@unipa.it.
! In literature, the Fourier transform can be found in more versions with different factors in the expression. In this paper the
Fourier transform is defined for an integrable function f (in symbols, f € L*(R)) as f(v) = jj;c f(z)e *"®dz, v € R.
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. sin(mwu) u # 0
sinc(u) = i
1 u=0

and 7 is the so-called sampling rate. In the same paper [42] concerning this theorem, Shannon stated that
the reconstruction is possible also considering the samples of f and its derivative. The result, which was
proved later by Jagerman and Fogel [28], says that if f € L?(R) is a band-limited and continuous” function
with Fourier transform vanishing outside the interval | — 7W, 7 W[, then

f@) =3 (Fkr) + £ br) @ — k) sine® (T~ k), 7= g5 @
keZ

for every z € R. We remark that in (2) the sampling rate is doubled in comparison with (1). The new rate
has a clear advantage: being larger than the case of (1), it allows to approximate the function using a less
number of sampling points over an interval of the same length.

Subsequently, Linden and Abramson [33] considered the more general framework of the derivatives up
to an order n > 1. The result (with a rigorous proof given by Rawn [39]) can be stated as follows: let
f € L%(R) be a band-limited and continuous function with Fourier transform vanishing outside the interval
| — #W, 7W], then

f(:v)zz Z%fj(k‘T)(w—kT)j sinc”“(%—kz), T = n—&—l’ (3)

kez \j=0""

for every = € R and for an even greater sampling rate 7. Here,

fi(@) = zg <J> (n”fl)j_ir3;‘+i1<o>f<i><x>, D (o) = <ﬁ> >+

1=

Similarly to the Hermite interpolation [43], equations (2) and (3) are called Hermite sampling expansions
in literature, see e.g., [11,26]. Other relevant works on the reconstruction of band-limited functions with
derivative sampling are [37,7,24,10,38].

Coming back to WKS theorem, in order to extend the convergence of (1) to more general functions, the
generalized sampling operator was introduced in [40] and it defined for a bounded function f by

Guple) = X £(5) xtws -y, wem (@
keZ

where x is a kernel, i.e. a continuous function x : R — R such that ), ., x(u — k) = 1 for every u € R and
> kez Ix(u — k)| is convergent uniformly for u € R.

Despite the similarity between the expression of G, f and the series in (1), a result of the type f(z) =
(G f)(x) for some w > 0 is not available when f is just a bounded continuous function. Actually, as proved
in [19] the convergence is asymptotic, i.e. if f is a bounded function then

(Guwf)(x) = f(x) as w — +o0

at any point z of continuity of f. In addition, the convergence is uniform, i.e.

2 As well-known, a band-limited and continuous function in L?(R) is also smooth.
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Jim [Guf ~ flloe =0,

if f is bounded and uniformly continuous [40,19]. Generalized sampling operators have been further studied
in relation to Voronovskaya-type results [13], approximation of curves [21], simultaneous approximation [3]
and have been modified in the multivariate case in [16,17] and for LP functions in [12].

Inspired by the derivative samplings in the expressions of (2) and (3), in this paper we introduce a new
class of operators and study approximation results. Namely, for a kernel x (satisfying some assumptions
below), n € N and an n times differentiable function f: R — R we define the following operators

(Grawf) (@)= Z ( )(x—%)J x(wz —k), z€R, (5)

kezZ ]0

if the series is absolutely convergent for any x. We call G, ., an Hermite-type sampling operator of order n
in coherence to the name of expansions (2) and (3) above.? In the case n = 0 we recover the generalized
sampling operator G, = G, while Gy 4, is related to the series in (2), taking w = % Note that, in the
general case, the expression in the brackets of Gy, ., has a different form compared to (3) since the functions
fj in (3) are linear combinations of the derivatives. We decide to consider the expression of (4) because it
is more natural.

Considering the operator Gy, ,, we assume in particular that x is kernel of order n, i.e. a continuous function
satisfying the following conditions

(i) for every u € R,

> xw—k)=1; (6)

kEZ

(ii) the series

D lu— k" (u k)| (7)

keZ

is convergent uniformly® for u € R.

The new operator approximates bounded and n times differentiable functions f with continuous and bounded
derivatives up to the order n, in the sense that hr—? |Grwf — flloo = 0 (see Theorem 6). Moreover, the
w—r+00

fact that the sampling rate in (2) is larger than in (1) gives a strong indication that the rate of convergence
of (5) may be higher for larger values of n. This is exactly the case; indeed in Theorem 8 we prove that
|Grwf—Flloo = 0o(w™™) for w — 400, when f and its first n derivatives are uniformly continuous. Therefore,
our study was not motivated only by the inspiration of adding derivative samplings in the expression of the
operator, but also by the improved order of approximation which provides a faster convergence and smaller
errors.

We remark that the Hermite-type sampling operators are different to the m-th order Kantorovich type
sampling series [2] which is constructed starting from the generalized sampling operator, the differential and

the anti-differential operators. In [41] approximations by series similar to (5) were studied but with a linear
k

w

combination of derivatives with complex scalars instead of the terms f(q—’f}) (:E — )] (see also the related

3 The name “Hermite-type sampling operator of order n” is also simpler than “generalization of the n-th order of the generalized
sampling operator”, terminology that could be adopted from [29].
4 Actually, it is sufficient that the series (7) is convergent uniformly for u € [0, 1] since it is periodic in uw with period 1.
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works [30,31]). Reconstruction in shift-invariant spaces with derivative samplings were considered in [24]; the
authors gave also approximation results but assuming as additional hypotheses the Strang—Fix conditions
of a certain order on the generator of the space. In [38] the authors have studied the expansions in shift-
invariant spline spaces by operators involving derivatives and reconstruction functions, which are obtained
from the generator of the space and a block Laurent operator. They also studied the approximation under
the condition that the operators fix the polynomials up to a certain order. Finally, the values of derivatives
have been considered also in the expression of other types of operators, see for instance [8,9,14,29].

The structure of the paper is as follows. In Section 2 we give some properties and examples of kernels.
Next, in Section 3 we prove preliminary results on the Hermite-type sampling operators about sufficient
hypotheses on f in order that (5) is well-defined, about continuity and regularity. Moreover, we show the
convergence results for w — 400 to the function and to its first derivatives (Theorems 6 and 7). In Section 4
we investigate the rates of convergence (Theorem 8) and, in particular, estimates for G,, ., f — f in terms
of powers of w. After that, we make a discussion comparing the rates of convergence of the operators
Gn.w and Gy A result from [20] establishes high rates of convergence O(w™"), r > 1, for the generalized
sampling operator G, imposing opportune assumptions (the so-called Strang-Fix conditions) on the kernels.
In contrast, our operators have the advantage of reaching higher rates without specific hypothesis on the
kernels besides the finite moments. Finally, in Section 5 we prove Theorem 9 about a Voronovskaya-type
formula (an asymptotic and pointwise equality). Throughout the paper graphical examples and plots can
be found to support the results obtained from the theory.

2. Preliminaries

First of all, we fix the notation used in the paper. We denote by C}'(R) (respectively, C™(R)) the space
of the bounded and n times differentiable functions f : R — R with bounded and continuous (respectively,
bounded and uniformly continuous) derivatives up to the order n. We remark that a differentiable function
with bounded and continuous derivative is uniformly continuous. Therefore, f € C™(R) if and only if
feCPR) and f (") is uniformly continuous. For n = 0 we simply write C;(R) and C(R), respectively.
Moreover, for a bounded function f : R — R we write, as usually, || f||cc = sup,cg |f(2)]-

For any kernel x and a > 0 we denote by

me (u, x) := Z(u—k)ax(u—k), ueR,
keZ

the discrete moment of x of order o and by

Mo (x) = sup »_ |u— k[*[x(u — k)], (8)
uGRkez

the absolute discrete moment of order a. Actually, the supremum can be calculated in the interval [0, 1]
because of the periodicity of the series in (8).

In general, there is no guarantee that M, (x) is finite. Anyway, if x is a kernel of order o = n or higher, in the
sense specified in the introduction, then it is clearly true. This is stated in the following lemma alongwith
other useful properties of kernels.

Lemma 1. Let x be a kernel of order a. The following statements hold.

(i) My(x) < +o0.
(i1) x is a kernel of order B, for any 0 < 8 < a. In particular, Mg(x) < +o00 for any 0 < 8 < a.
(iii) If x(u) = O(|u|=#~7) as |u| — +oo for some y > 1, then x is of order j3.
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(iv) R1—1>r£oo Z lu — k|%|x (v — k)| = 0 uniformly in u € R.
k€Z:lu—k|>R

Proof. Statement (i) is simply due to the fact that (7) defines a continuous periodic function. Statement
(ii) follows from the inequality |u— k|®|x(u—Fk)| < |u—k|*|x(u—k)| for [u—k| > 1 and 0 < 8 < « and from
(i). The third statement is a clear consequence of the convergence condition of the generalized harmonic
series.

Finally, let € > 0. Since (7) is convergent uniformly for u € R, there exists R > 0 such that

Z lu —K|%|x(u— k)| <e, Yu € R. (9)
|k|>R

Now let R:= R+ 1 and any u € R. Denoting by |u] the floor of u, we define ug = u — |u|. Thus, writing
k' =k — |u], we have

Yo lu— kP x(u—k) = Y luo—K|%x(uo — K. (10)

kEZ:lu—k|>R k'€Z:|luo—k'|>R

Taking into account that 0 < ug < 1, the inequality |[ug — &’| > R implies |k’| > R — 1 = R. Hence, by (10)
and (9)

Yoo Ju—k =k < Y fuo —K|¥|x(uo — K)| <.

k€Z:|u—k|>R |k’'|>R
This proves statement (iv).

If M,(x) < 400, then clearly m, (u, x) is a well-defined real function on u. A useful criterion to establish
the validity of condition (6) of approximate identity is given by of [20, Lemma 2]. Indeed, if x € L'(R),
then (6) is equivalent to

1, k=0

0, k#0. (1)

ﬂ%m:{

We now present classical examples of kernel with their properties (see for instance [12,18,40]). The B-spline
of order m € N7 is the function defined for m = 1 by

Bl(u) _ {1 u € [7%’%]

0 otherwise,

and for m > 2 by
1 o j(m m Co\m-1
=0

J

or equivalently by B,, = B,,_1 * By, where x is the convolution product. The Fourier transform of B,, is

E;(v) = sincm(%> .

Consequently, (11) holds and then (6) is satisfied. Also (7) is true since B,, has compact support (that is
[ m m

—%,%]). In conclusion, B,, is a kernel of any order.
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For m € N, m > 2 we define

+oo -1

. u . u
Fp(u) = ¢ sine™ (—) ,  where ¢, = sinc™ (—) du
m m

— OO

In the particular case m = 2 we have the Fejér kernel F(u) = § sinc? (%) and, in general, if m is even, then
F,,, is a Jackson-type kernel. The Fourier transform of F},, is

ﬁ‘r\n(v) = CmBm(%:) )

which says that F,,, is bandlimited and that (6) holds, since (11) is satisfied. Moreover, for the fact that
F,.(u) = O(Ju|™™) as |u| — 400, the kernel F,, is of order « for any 0 < aw < m — 1, by Lemma 1.
The Bochner—Riesz type kernels are

A a1
bofu) = =+ Dlul T ()

where 17 > 1 and J) is the Bessel function of order A and I' is the Euler gamma function. The functions b,
are in fact kernels of order 7 — 1. Indeed,

b (0) (1= <1
v) =
! 0 o] > 1,

o (11) is true and hence (6) is satisfied. Moreover, b, (u) = O(|u|="!) as |u| — 400 since J(u) = O(Jul~2)
as |u| — +oo (see [15]). Thus, Lemma 1 implies that (7) holds with § = n—1. In addition, b, is bandlimited.

3. Basic properties and convergence theorems

In this section we start to give results about the Hermite-type sampling operator G,, ,,. In particular, we
provide sufficient conditions on x and f under which G, 4, f is well-defined, we study the continuity and
regularity of the operators and we also prove convergence results.

Proposition 2. Let x be a kernel order n € N, w > 0, and f : R — R be an n times differentiable function.
Then Gy f is well-defined if one of the following statements holds:

(i) for any j=0,...,n, f9) is bounded;

(ii) for any j =0,...,n, fY9) grows no more than a polynomial of order n — j, i.e
[P ()] < pu—j(z),  Vz€eR, (12)

where p,_; is a polynomial of order n — j;

(iii) the limits lirin Lf) are finite and not null.
r—+oo I

Proof. We firstly note that, by Lemma 1, M;(x) < oo for every j =0,...,n.

(i) If fU) is bounded for any j = 0,...,n, then a straightforward calculation

il ()

n

> |25

keZ \j=0

j )

'w]

j'
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shows that the series in (5) is absolutely convergent for every = € R.
(ii) For any j = 0,1,...,n, let p,—; be as in (12). We write p,—_;(z) = aj ;2" 7 + ajp_j_12" 771 +
-+ aj,0. Making use of Jensen’s inequality, we have for k € Z and j <n

N
o(E)

< 2”jWamn—j|<Lﬂ"j-+

n—j

+- 4 lago

w

r— —
w

k|
o fagol

and, for j = n, < agp.

ﬁﬂ(ﬁ)
w

Therefore, for some positive numbers b; ,—;, b n—j—1,-..,b;0, we have

’ﬂﬂ(ﬁ)
w

|

lwa — k|’
z— = /e
w

< (Bjmgle™ A+ bjmjaleT T A b)) ——

|wz — k|™

wn

lwa: — k|"!

lwa — k|
wn—1 j :

+bjn—j
Jin—j wi

+bjn—j-1 +---+bjo

In conclusion, the series in (5) is absolutely convergent for any = € R, since
ok
w

are finite there exist ag, R > 0 such that |f(z)| < ap|z|™ for |z| > R. Moreover,

n

DI

1
kez \j=07

NEELIED SRIE

k
T — —
w w

=0

for some polynomials g, ;.

(iii) Since lim %)
r—+oo M
exploiting the continuity of f and denoting by Sy = [m}?)é] |f(z)|, we can write | f(x)| < aglz|™ + Bo

for every z € R.
o - flx)
The hypothesis that Em

, T—+o0 1'—”
also lim (@)
z—+oo gn—1
such that |f/(z)| < aq|z|"~t + B, for every = € R.
Repeating the argument, also bounds for the other derivatives can be obtained, i.e. for j =0,1,...,n—1
there exist a;, 3; > 0 such that |f()(z)| < a;|z|"~7 + B; and there exists 3,, > 0 such that | £ (z)| <
B, for every x € R.

# 0 implies that |f(z)] = 4+o00. Thus, by the L'Hépital’s rule,

lim
r—+o0

is finite and not null. With similar considerations as above, there exist ay,8; > 0

Therefore, the conclusion is obtained arguing as in the step (ii).

As stated above, G,, ., f exists if f and its derivatives grow less than polynomials of certain orders.
Actually, by Taylor formula and (6), the operator fixes the polynomials of degrees less or equal to its order.

Proposition 3. Let f be a polynomial of order less or equal to n € N. Then Gy, ., f = f for every w > 0.

We now move on the continuity question of Gy, ., f. The property essentially holds because the kernel is
continuous and the boundedness of f and of its derivatives is sufficient as requirement.

Proposition 4. Let x be a kernel of order n, w > 0 and f € CP(R). Then Gpwf is continuous. If, in
addition, x is uniformly continuous, then the same holds for Gy, 4 f.
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Proof. The kernel y is of order n and then also of lower order j by Lemma 1. In particular, the series in
(7) is, with j instead of n, convergent uniformly for u € R. This means that for € > 0 it is possible to find
K > 0 such that

S lu-kPlx(u—k)<e,  VueRVj=0,1,...,n. (14)
|k|>K
Now let
k J
sk (x) = Z Z fj)( )(m——) x(wx — k) for z € R.
k<K \j=0"7 v
By (14),

n ) (9
(G () <> WEPee ™ oz — b1 s |<ez"f,w'j°o
=0

|k|>K

for every x € R. Thus, the sequence of functions (sx)xen+ is uniformly convergent to G, . f. Further-
more, sk is a continuous function because sums of continuous functions (we recall that, as defined in the
introduction, a kernel is continuous). Therefore, G, ., f is a continuous function, too. The second part of
the statement follows by similar arguments.

Further regularity requires additional assumptions on the kernel. More precisely, we can state the following
result.

Proposition 5. Let x € C}"(R) be a kernel of order n such that, for every £ =0,1,...,m, the series

Z lu — k"X (u — k)| is convergent uniformly for u € R.
keZ

Moreover, let f € C'(R). Then Gnwf € CJ*(R) for every w > 0. If, in addition, x € C™(R), then
Gnwf € C™(R) for every w > 0.

Proof. The proof is similar to that of Proposition 4 so we give only a sketch. The assumptions and Lemma 1
imply that for r =0,1,...,nand £=0,1,...,m

Z lu — k|"|x'9 (u — k)| is convergent uniformly for u € R. (15)
keZ

Let € > 0. The function sk belongs to C{*(R) and its derivative of order m is a linear combination of
functions of type (wz — k)" x¥) (wz — k) for opportune values of r = 0,1,...,nand £ = 0, 1,...,m. Hence, by
(15) and by the boundedness of f and its derivatives, the sequence (s% ) is uniformly convergent. Since (sx)
converges to Gy, ., f, then the latter must be differentiable. Moreover, the hypothesis ensures that (G, . f)’
is bounded, so Gy, ., f belongs to Cy(R). Iterating the arguments for the greater orders it is possible to prove
that G wf € CJ*(R).

In the case in which x € C™(R), then sk is in C"™(R) and with the same steps also G, ,,f belongs to
C™(R).

Under the assumptions about the kernel of Proposition 5, and from estimate (13) we find that G, :
Cl'(R) — CJ*(R) is a well-defined and bounded operator. The next result is one of the main theorems of
the paper and concerns the convergence for w — +oc0.
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Theorem 6. Let x be a kernel of order n and f € CI*(R). Then

lim ||Gpwf— flleoc =0.

w—+00

Proof. Let w > 0 and z € R. By (6) we have
kN7
(Crh)@) — f@) = 3 Z FO(E) (= EY - s ) st = (16)
keZ \j= =0/
For any k € Z, by Taylor formula, there exists {, B between = and 5, such that
sy A k)"
() ) = -z
-3 50 () (- n) =) () )

Inserting (17) in (16) we obtain

Coun ) = 1) = 3 (1 () =5 (e ) ) (5= ) stwe -

keZ
Thus
(G D))~ fa)] < 0 3 f“”(ﬁ) = 1 (&, )| lwe = K" [x(we - k)| (18)
e — nlwn fyert w T X

and by the boundedness of f(™) we have

201 ™ lloo Min (x)

nlw™

”Gn,wf - f”oo < (19)

which shows that grf 1Grwf — fllo =0.

Example 1. We can view the convergence result of Theorem 6 with the help of Fig. 1. The function f(x) =

142
1422

increasing values of w, namely w = 3,4,5, and with kernel F3. Some details of the plots of these functions
are in the bottom of Fig. 1 and the approximation errors are |Gz 3f — flooc = 0.0072, ||G2.4f — f|lcc = 0.0015
and ||G275f — f”oo = 0.0003.

is considered and its plot is showed on the top of Fig. 1. We applied the operator G5, on f for

Since the Hermite-type sampling operators G, , n > 1, are defined for functions with a certain degree
of smoothness, it is natural to ask if the derivatives of the G, ,,f converge to the derivatives of f. For the
generalized sampling operator a result about this topic, i.e. about the simultaneous approximation, has been
given in [3]. The following theorem gives an answer to this question.

Theorem 7. Let x € C7'(R) be a kernel of order n such that, for every £ =0,1,...,n, the series

Z lu — k|"|x\9(u — k)| is convergent uniformly for u € R.
keZ

Moreover, let f € C™(R). Then, for every £ =0,1,...,n

Him  [[(Gwf)? — FO o = 0. (20)

w—+00
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3 2 12 3
031
1968  -1966  -1.964  -1.962  -196  -1958
T T T T T T 1.212 +
1-0.197
/ 121
1-0.197
01975 4208

{-0.198 1.206 R

1.204 -
1-0.1985

1.202

1-0.199

0.4 0.41 0.42 0.43 0.44 0.45

Fig. 1. Details of the plots of f given by f(z) = 111';2 (in blue), G2 3 f (in red), G2 4f (in orange) and Ga,5f (in purple), with kernel

F5. (For interpretation of the colors in the figure(s), the reader is referred to the web version of this article.)

Proof. In this proof, we indicate for convenience the kernel in the operator symbol, so we write G¥ ,, instead
of G- By Proposition 5, G, f is n times differentiable. Let us fix £ = 1,...,n (the case £ = 0 is covered
by Theorem 6). Arguing as in Lemma 1, the hypotheses ensure that MT(X(Z)) < oo for every r =0,...,n.
Moreover, the following relation holds

¢
E i (i) —q
(G5uf) @ =3 ()G £ (21)
i=0
where G} _, i has the same expression of the Hermite-type sampling operator but with y(*) instead of .

We note that, by (6), for every i =0,...,n,

Z X (u—k) =0, Yu € R. (22)
keZ

X

~_ . With kernel x, and order

Taking ¢ = 0 in (21), we have exactly the Hermite-type sampling operator G
n — £. Hence, by Theorem 6,

lim [GY_, /O = ) =0. (23)

w—400 n—tw

For i =1,...,¢, we apply Taylor formula and (22) to obtain
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n—~_0+1

wi(Gﬁzﬂ SN = S Y _i'f(e—iﬂ') (E) (x - E)J D (wz — k)
’ kez \ j=0 7’ v v
n—~04+1
= wi Z (f(gi) (33) + m (f(n) (g) - f(n) (51@,%)) (x - g) )X(i)(wx - k) (24)
kezZ ’

1 k n—_0+i_ (4
= CEYET 2 (f(n) (E) _ f(n) (gl%%)) (wx — k) 0+ X( )(wx — k)
(S

. E
where §; & s between x and ;”. Clearly,

i x® —i 20| |oo
(@i 7)) <

— M,y (@) i=1,...,0 2
= (n—f—i—i)!w”—é £+ (X )7 ? 9 5 ( 5)

Therefore, putting together (21), (23) and (25), we prove (20) for £ < n.
Now, we consider the final case £ = n. Firstly, thanks to the hypothesis on x and similarly to the proof of
Lemma 1(iv), we can establish that

. i@ _ . .
Rgr-:ﬁ(-loo Z lu — k)" |x* (v — k)| = 0 uniformly in u € R. (26)
kEZ:|u—k|>R

Since f(™ is uniformly continuous, for every e > 0 there exists § > 0 such that |f(™ (y) — f(")(2)| < € when
ly — z| < 4. Now, we write the last row of (24) as I; + I where

n=g X ((E) (6w - m -,

’ kEZ:{z7§‘<5

I, = % Z <f(") (g) — ) (5”5)) (wx — k)ix(i)(wx — k).

' kGZ:!m—%‘Z&

Thus, by the uniform continuity and by (26) (with v = wz and R = wd), we can write for w sufficiently
large
M; (@ 2/ £ || o
|[1|§6¢’ ‘[2|§6M'
il 7!
This proved that for every i = 1,...,¢, (24) vanishes as w — +o0o and uniformly in € R. Together with
(21) and (23), statement (20) is proved also for ¢ = n.

4. Rate of convergence

In approximation theory much interest is placed not only on the convergence but also the rate of con-
vergence or, in different words, order of approximation (for some literature about various operators see
[3,9,14,22,23,25,27,29,35,36,45]). Indeed, higher order means faster convergence and reduced approximation
errors.

In the following theorem we prove quantitative estimates for the Hermite-type sampling operators, which
state in particular that the rate of convergence increases for higher value of n. We recall that, for § > 0, the
modulus of continuity of a uniformly continuous function g : R — R is

w(g,0) = | §u1|o<6 lg(z) — g(y)|.
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The modulus of continuity has the following properties
(i) w(g,d") <wl(g,d) if ' < 6;

(i) lim w(g.9) = 0
—
(iii) w(g, M) < (1 + Nw(g,0) if A > 0.

Theorem 8. Let x be a kernel of order n.

(1) If f € C*(R), then ||Gnwf — flloo = o(w™™) for w — +o0.
(i) If f € C™"(R), My11(x) < 00 and w > 0, then

(£, )M () + Mo (00)

nlwm

||Gnﬂﬂf - .fHOO S

(iii) If f € CPTH(R), Mpy1(X) < 0o and w > 0, then

||f(n+1)||ooMn+1(X)
(n+ 1)lwnt!

”Gn,wf - f”oo < (27)
In particular, ||Gpwf — flloo = O(w™ ") for w — +oo.

Proof. Statement (i) follows from (18) by showing that

lim Z
w—+00

kEZ

7 <§> —10(62) ’ we —k[" [x(wz — k)| =0.

The latter is proved, as in the final part of the proof of Theorem 7, by splitting the series and by applying
the uniform continuity of (™ and Lemma 1(iv).

For statement (ii), we start again from (18) and make the following steps applying the definition and
properties of the modulus of continuity,

(@)~ @) € 2 3

7 () = 1 () | oo = b1 etz = )

nlwm w
keZ
! w |k "
< n!wnZw I, E_fz% |lwz — k" |x(wz — k)]
keZ
1 ) |F n
Sn!wnzw A E_x |wz — k" |x(wx — k)|
keZ
1 vz —k "
= I Zw(f( )’ p” D |lwz — k" |x(wz — k)|
keZ
L m 1 n
—nlwnz(lﬂwfﬂ*kl)w f ‘o |lwz — k|" |x(wz — k)]
’ keZ
w0 (f, 1) (Mo (30) + Mai1()
nlwm ’

Finally, to prove statement (iii), we suppose that f € C’Z?H(R), thus working with the Taylor formula as in
Theorem 6 we can write (16) as
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Fig. 2. Comparison between plots of f (in blue), the approximation Go,3f = G3f by the generalized sampling operator (in red),
the approximations G1,3f (in orange), G2 3f (in purple) and G3,3f (in green). The function f is given by f(z) = % (the same

function of Fig. 1) and for all the Hermite-type sampling operators the kernel is the B-spline Bs.

w

<Gmwfﬂx>—fmo=>@jéﬁi§jfm+”05$)(x—-5)n+3wa—km (28)
keZ

where, for every k € Z, 6, » is a number between z and % In conclusion, the statement follows by the

k
Y w

inequalities

(G f) (@) = f(2)]

1 . n
e SO o) s s
keZ

1O oM ()
=T (ot Dl

1+
1+x2

of n from 0 to 3 and for w = 3 fixed. The kernel used is the B-spline of order 5 in every case. We recall that

Example 2. Fig. 2 shows the plots of the function f(z) = and of the approximations Gy, 4, f, for values
Gy, corresponds to the generalized sampling operator G,,. As can be observed in the figure, increasing the
order produces the effect of a better approximation in accordance to Theorem 8. This can be checked also
from the numerical errors:

1Gosf — flloo = 0.054, [[G13f — flloo = 0.044,
|G23f — flloo = 0.013, [|G33f — flloo = 0.003.

Considering once again the same function f and the same kernel By, in Fig. 3 we can see the errors
E,(w) = ||Gnwf — flloo in terms of w (for n = 1,2) and the corresponding bounds given by Theorem 8(iii).

A faster rate implies a smaller value of w to reach a given error. This is shown in Table 1 comparing
the generalized sampling operator G,, and the Hermite-type sampling operator G ,, (applied on the same
function f of this example and with the kernel Bs). Table 1 puts in comparison also the total number of
samples in an interval of length one that we need to calculate G,,f and Gs,, f. For the total number of
samples we mean just the number of samples f(£) for G, and the number of samples f(Z£), f'(£), f"(£)
for Gg.4-
In the first column of Table 1 two L errors are fixed. In the second (resp., third) column the required value
of w for G,, (resp., for G2 .,) to have the corresponding error is indicated. In the fourth (resp., fifth) column
the total number of samples required by G,, (resp., by G2 ,) on a interval of unitary length is shown. As
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0.025 5(

\

002
00151 |y

001 %

0.005 ~

(a)

Fig. 3. In (a): the solid line is the plot of the error Eq1(w) = ||G1,wf — f|loo depending on wj; the dashed line is the plot of the bound
Ty (w) = M of Theorem 8(iii).

In (b): the sohd line is the plot of the error Es(w) = ||G2,wf — fl|lec depending on w; the dashed line is the plot of the bound
Tr(w) = Mj‘in‘m of Theorem &(iii).

Table 1

Values of w and total numbers of samples in an interval of length one required by the
operators G, and G2, to obtain a given approximation error. The values of w are rounded
to the nearest integer.

L°° error w for G, w for G2, n. of samples for G, n. of samples for G .,
0.001 24 7 24 21
0.0001 73 13 73 39

one can read in Table 1, the values of w for the Hermite-type sampling operator are much smaller than
those for the generalized sampling operator. To reach the error equals to 0.001 we need more or less the
same number of samples, while for the error equals to 0.0001 the operator G ,, requires a significant lower
number of samples.

Remark 1. The Hermite-type sampling operator G, ., is a generalization of G, therefore a discussion of
their rates of convergence is meaningful. By [20, Theorem 2], if for some r € N, r > 1,

mj(u,x) =0, VueR,j=1,...,7r—1, (29)
or equivalently (in the case where X is r — 1 times differentiable) if the Strang—Fiz type conditions

1 k=j=0,
XD @2rk)=<{0 kez\{0},j=0
0 kezZ,j=1,...,r—1

hold (see [20, Lemma 3]), and M, (x) < oo, then for every f € C"(R) we have

IO ()

rlwr

[Guwf = flloo (30)

For a first comparison, if (29) is satisfied for r = n and f € C™(R), then |Gy f — flloc = O(w™™) for
w — 400, while by Theorem 8(i) we have a stronger rate, |Gy f — flloc = o(w™™) for w — +o0.

In the case where (29) is satisfied for r = n + 1 and f € C"*1(R), then the bound in (30) is the same of
(27) for the Hermite-type sampling operator of order n. Anyway, (30) holds under the conditions (29) which
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are quite strong if we require a great value of r. Indeed, the common kernels xy we presented in Section 2,
X = By, and x = F,,, (with m > 2) and x = b, (with > 2), satisfy (29) only for the low value r = 2, since

(0)=1, Xx(27k) =0 for every k € Z\{0}, X' (27k) = 0 for every k € Z and X" (0) # 0.

=)

Thus, for a function f € C"T1(R), n > 2, and for a kernel among those above, we have
Hwa - f”oo = O(w_Q) as w — +00,

while the rate for the Hermite-type sampling operator with the same kernel (with m, 7 sufficiently large, in
the cases of F,,, or §,) is higher, i.e.

||Gn wf— f”oo = O( n+1)) as w — +00.

The operators Gy, ,, have then an advantage about the order of approximation in comparison to the general-
ized sampling operator G,,. Of course, it is possible to construct new kernels with more null initial moments
and then the operator G, provides a greater order of approximation. Anyway, it will still be limited to a
specific order. For instance, if we want a rate at least of O(w™?), then we can construct a kernel y with
mi(-,x) = ma(-,x) = m3(-, x) = 0 and have indeed |G f — fllo = O(w™?) as w — +oo. Anyway, if in a
next phase we desire a faster rate, say O(w %), then y may not be good (exactly if my4(-,x) turns out to be
not null). Hence, in this case we have to construct another kernel for the rate O(w=5).

This problem is not present if we use the Hermite-type sampling operator G, ., because the rate given
by Theorem 8 does not require particular conditions on the kernel besides that M, 1(x) < oo (which is
satisfied, for what said in Section 2, by any B-spline, no matter the value of n, by the kernels F,, for
m >n+ 2 and b, for n > n+2).

Furthermore, we can make another remark on the aspect above. In [20, Section 5.2.2] a way to construct
kernels as linear combinations of B-splines and with null discrete moments up to a prefixed value is provided.
In particular, these examples can be found:

(1) x2(u) = 3B2(u — 2) — 2B3(u — 3), giving

Gt — o <1510 v e ooy,

(i) x3(u) = §(47Bs(u — 2) — 62B3(u — 3) + 23Bs(u — 4)), giving

1Gwf — f||m§54”fm”°°, Vf e C3(R);

(ili) xa(u) = §(115B4(u — 3) — 256B4(u — 4) + 203By(u — 5) — 56 B4(u — 6)), giving

||f4 ||oo

[Guwf = flloo <968°—=,  Vfe CYR).
These estimates derive from (30) by rounding the factors M:gX) to the nearest larger integer number; in
fact, we have
M. M. M.
22(?(2) =15 3?E,X3) — 53.20... 434) — 967.37...

Even though the rate of convergence of the generalized sampling operator is improved by constructing these
new kernels, we see that the factors are relatively high. The estimates in (i)-(iii) turn out to be less optimal
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than the ones for the Hermite sampling operator with, for instance, the simple kernel xy = B3. Indeed, since
M5(B3) = M3(B3) = My(Bs) = i, estimates (27) become

e )
lLaw) — oo = g 2 ;

IC10f = flloo < 1 v/ € C*(R)
1 111 oo

1Gomf — flloo < oMl p e oa(w),
24w
11/

1Gsaf — flloo < =00y p e 0wy,
9% w

5. Voronovskaya-type formula

Voronovskaya-type formulas are asymptotic relations for the pointwise approximation by operators of
functions in terms of derivatives (see [1,4-6,13,27,34,45] for the Voronovskaya formulas of some operators
in approximation theory). For the Hermite type sampling operator Gy, ., we prove the following result.

Theorem 9. Let x be a kernel of order n + 1 with constant discrete moment my11 and not null,
Mpt1(u,x) = A #0, Yu € R. (31)

Moreover, let w > 0 and f € Cf'T'(R). Then, for any x € R,

(n+1) (5
im0 (G o) = flo) = L)

Proof. First of all, (31) implies that M,,+1(x) = |A] < c0. Let z € R. From (28) we get

W (Gwf) (@) — f(2)) = ﬁ kz% fntn) (GI ﬁ) (wz — k)" y(wz — k),

Y w

where, for every k € Z, 0, « is a number between z and g Therefore, by (31),

n+1 f(n+l)(x) _
W' (G f) () — f(z)) — WA =

1 » (32)
= F I; (f(n+l) (ez k) - f(”+1)(g:)) (wa — k)" x(wz — k).

*w

Now let ¢ > 0. By the definition of continuity of f("*1) there exists § > 0 such that | f"+) (z)— f+1) ()| <
e for every |z — y| < 0. Hence, we can write the series in (32) as I; 4+ I where

I, = 1 : ) (f(n+1) (9%%) _ f("“)(x)>(wx )"y (wz — k),

’ kEZ:‘17§‘<5

I, = 1 : Z (f(nﬂ) (9%%) _ f("“)(x)>(wx )y (wz — k).

' kEZ:‘zfg‘Zé

The first object can be estimated as follows

Mn+1 €
(n+1)!

€ 1
hls ot 5 ek - b <
’ kEZ:‘17§}<5
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Moreover, by Lemma 1(iv) with u = wz and R = wd we have

2]/ Dl n 20/
|I2| < W E lwa — k| i Ix(wz — k)| < Wﬂ (34)
C kEZiz—E|>s '

Summarizing, by (32)-(34), we find that

@) | Mg + 204D

W (G @) = () = TP Al < T

which proves the statement.

An equivalent condition of constant moment can be given employing the Poisson’s summation formula
(see the proof of [20, Lemma 3]): if the function g(u) = u™**x(u) belongs to L'(R), then (31) holds if and
only if

(—i)"1A k=0,

S D) (9 k) —
X k) {o k e Z\{0}.

A direct consequence of Theorem 9 is a saturation result. Actually, we prove it relaxing the condition of
constant moment. We recall that, if f € C™(R), then |Gy wf — flloc = o(w™™) for w — 400 (Theorem 8).

Corollary 10. Let x be a kernel of order n 4+ 1 such that inf,ecr |mn11(u, x)| > 0. Moreover, let w > 0 and
feCIHR). If |Grwf — Flloo = o(w™"+)) as w — +o00, then f is constant.

Proof. By (28), for any « € R we have the following equality analogous to (32)

fFrtD(z)

W (G f)(@) = f(2)) — (n+1)!

Z (w — k)" x(wz — k) =

kEZ

= ﬁ Z (f(n+1) (91,5) _ f(”+1)(:v))(wx — By (wa — k),
keZ

which can be written also as

f(”“)(:p)

T o (e =B (w1 =

keZ

=" (G f) () = f(2))
— (n—il- i kz; (f(n+1) (‘gz,ﬁ) — f("+1)(x))(wx _ k)nJrl Y(wz — k).

w

Since inf,er [mn+1(u, x)| > 0, there exists ¢ > 0 such that
e f D ()] < " (G f) (@) = (@) ]+

-l-ﬁ l; (f(n+1) (917%) _ f("+1)(x)) (wa — k)’ﬂJrI Y(wz — k).

The hypothesis ||Gpwf — flloo = o(w™("*1) as w — +o0o means that
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lim w™ (Gpwf)(@) — f(z)) =0,  VzeR.

w—r—+00

Furthermore, as in the proof of Theorem 9, the term on the second line in (35) goes to 0 when w — +o0.
Hence, from (35) we have f("+1)(z) = 0 for every = € R, so f is a polynomial of degree less or equal to n.
In particular, since f is bounded, f is necessarily constant.
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