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1. Introduction

In this paper, we consider a system of wave inequalities in an exterior domain of the half-space, under
inhomogeneous Dirichlet-type boundary conditions. Let N > 2, we study the following problem

Onu — Au > |ulP in  (0,00) x Q,
Opv — Av > Jul? in  (0,00) x Q, (1.1)
(u(t,z),v(t,x)) > (0,0) on (0,00) x Iy, )
(ult,2),0(t,2)) = (at)f(@),b(t)g(x)) on (0,00) x Ty,

where Q = {z e@: 2| > 1}, RY = {2 = (z1,29, - ,an) € RV a2y > 0}, T = {z € Q: 2y = 0},

I'y={zeQ:zy>0z| =1} p,g>1, f,g € L'(T'1), and a(t), b(t) are nonnegative locally integrable
functions to be specified later. Here, by v; (i = 0,1) we will denote the outward unit normal vector on T';,
relative to €2, and by > we mean the partial order in R? given as

(w1, wg) = (21,22) <= w; > 2, i =1,2.

Furthermore, for w, 2 € R? we write w > z to indicate that w > z and w # z. Theoretically we are interested
in establishing whether global weak solutions to problem (1.1) do not exist. Some motivations for studying
problems of type (1.1) are mentioned below.

In the case of the whole space, the large-time behavior of solutions to the wave equation

Opu — Au = |uP in (0,00) x RN (1.2)

has been investigated in several works, see e.g. [4-6,12,15,21,22,24,25 28] and the references therein. For
example, in [4] the authors discuss the existence of unique global solution under suitable weighted Strichartz
estimates and without spherical symmetry, and [25] adds information about the solution to the so-called
Strauss conjecture for (1.2), with dimension N > 4. The similar result as in [25] can be established by
different method (see Zhou [28] for more details and information). In [15], the authors study an initial
boundary value problem of semilinear wave equation in exterior domain in two space dimensions with
critical power. Hence, they show that the solution will blow-up in a finite time. Thanks to these works, we
know that for every N > 2, (1.2) admits a Fujita-type critical exponent (Strauss exponent)

~ N+1++VN2+10N -7
B 2(N —1) ’

ps(NV)

More precisely, we note that

(i) if 1 < p < ps(NN), then for any compactly supported initial values with positive average, the solution
to (1.2) blows-up in a finite time;

(ii) if p > ps(IN), then the solution to (1.2) exists globally in time for suitable compactly supported initial
values.

In [2], the authors investigate the system of wave equations

|
=
S

Opru — Au in (0,00) x RV,
Opv—Av = |ul? in (0,00) x RV,

where p,q > 1. Namely, it was shown that, if
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N-1 {er2+(1‘1 q+2+p‘1}
< max s
pg—1 pg—1

then (under certain conditions on the initial values) (1.3) has no global solution. Moreover, for (p,q) be-
longing to a subset of the p&q plane

pg>1, Y1 {p+2+q_l q+2+p_l}

> max s
2 pqg—1 pqg—1

(1.3) has a global solution, provided the initial values are sufficiently small. For other works related to
(1.3), see e.g. [1,3,7,14] and the references therein. For example, in [7] the authors study the impact of a
framework of test functions on obtaining sharp estimates of solutions to both nonlinear wave equations and
systems of nonlinear wave equations. A class of variational inequalities of Kirchhoff-type is studied in [29],
where the authors establish the existence of infinite radial solutions in RY, by the non-smooth critical point
theory based on Szulkin functionals. Before continuing the discussion of our setting, we also mention the
work [26], where the authors consider a wide class of evolutionary variational-hemivariational inequalities
of hyperbolic types, with the functional framework given in an evolution triple of spaces. By exploiting
the Rothe approximation method, the authors establish results on existence, uniqueness, and regularity of
solution to inequalities involving both a convex potential and a locally Lipschitz superpotential. Now, the
study of wave inequalities in the whole space was first considered in [13] in the following form:

Opu — Au > |uP in (0,00) x RV, (1.4)
In [13], another critical exponent (namely, Kato exponent) was obtained in the following form

N+1
N)=——.
pr(N) N _1
In [20], the authors generalize the result in [13] and point out the sharpness of px (N). In fact, it was shown
that for N > 2, we distinguish the following two cases:

(i) if 1 <p < pg(N) and

/ Owu(0,z) dx > 0, (1.5)

RN

then (1.4) admits no global weak solution;
(ii) if p > pr(N), then there are positive global solutions to (1.4) satisfying (1.5).

For other contributions related to hyperbolic inequalities in the whole space, see e.g. [9,17,19] and the
references therein. In the recent work [9], the authors investigate the effect of suitable gradient terms on
the large-time behavior of solutions to certain classes of hyperbolic inequalities. Some nonexistence results
for hyperbolic inequalities on Riemannian manifolds can be found in [10,18]. In [18], the authors obtain
necessary conditions for the existence of solutions, extending previous nonexistence results for the wave
operator with power nonlinearity on R¥. In [10], test functions are used to study higher order evolution
inequalities, with respect to the time variable, hence the authors need also to estimate the second derivatives
of the test functions.
In [16], among other problems, the author considers the hyperbolic inequality

Opu — Au > |ulP  in (0,00) x K, (1.6)
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under the Dirichlet-type boundary condition
u(t,z) >0, on (0,00) X OK, (1.7)
where K is the cone defined by
K={(r,w): r>0,we}

and €2 is a domain of SV~! (IV > 3). It was shown that, if the condition

1l<p<1+

s*+1
holds, where

2
s = N72+ <N2) + A1
2

and Ap is the first eigenvalue of the Laplace Beltrami operator on €2, then problem (1.6) under the boundary
condition (1.7) has no nontrivial global weak solution. Notice that in the special case K = Rf , one has
M=N-land 1+ 25 =1+%.

Now, a natural question is to understand the wave equation or inequality on other unbounded domains
of RY. The study of blow-up for wave equation on exterior domains was initialized in [27]. Namely, the
author considers the inhomogeneous problem

Opu — Au = |z|%ul?  in (0,00) x D°, (1.8)

under the Neumann boundary condition

0
6—”(75733) = f(z) on (0,00) x 9D, (1.9)
v
where D is a smooth bounded set of RY, N > 3, D¢ is the complement of D, o > —2 and f(x) > 0. In
this case, it was shown that the critical exponent is equal to %t‘; More precisely, it was shown that the

following are the cases:

(i) if 1 <p < {2 and f # 0, then (1.8)-(1.9) admits no global solution;

(i) if p > &£2, (1.8)-(1.9) has global solutions for some f > 0.

In [8], among other results, it was shown that p = §£2 belongs to the blow-up case. In [11], the authors

consider the system of wave inequalities

Opu—Au > |z|*v|P in (0,00) x D, (1.10)
Opv—Av > |z’lul? in (0,00) x D°, '
where p,q > 1, (a,b) = (—2,—2) and N > 2, under three types of boundary conditions:
the Dirichlet-type condition:
(u(t,z),v(t,z)) = (f(2),9(z)) on (0,00) x ID; (1.11)

the Neumann-type condition:
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(Setta) fote.) = () g() on (0,) x o1 (112

the mixed-type boundary condition:

av

(u(t,ac), £ (t,m)) = (f(z),g(x)) on (0,00) x ID, (1.13)

where f,g € L'(0D) and ([, f do, [5, gdo) = (0,0). It was shown that all the above problems share the
same critical behavior. Namely, we note that, if N = 2; or N > 3 and

2 1) + pb 2 1 b
L 2pla+1) +p +a’sgn /gdd L 2alp+ 1) +qat 7 (1.14)

N < max { sgn /fdo
; pq—1 pq—1

D

then we get the following conclusions:

(i) problem (1.10)-(1.11) admits no global weak solution if f,g > 0;
(ii) problem (1.10)-(1.12) admits no global weak solution;
(iii) problem (1.10)-(1.13) admits no global weak solution if p > 2 and f > 0.

Moreover, if D is a ball, the sign condition for f and g can be erased in (i) and (iii). Notice that the sharpness
of (1.14) was justified in [11] (see [11, Remarks 1.5-1.6)].

As far as we know, the study of the large-time behavior of evolution inequalities in an exterior domain of
the half-space was not addressed in the literature. Motivated by this fact and the above mentioned works,
problem (1.1) is investigated in this paper.

Before stating our obtained results, let us mention in which sense the solutions to (1.1) are considered.
Just before, let

D = (0,00) x Q, T = (0,00) x I'y, T'* = (0,00) x T.
We introduce the functional space

I
i =0
T ’ ('91/1-

@Z{@ECE(D):@EO,@ piSO,iZO,l},

where C2(D) is the space of C? functions compactly supported in D. Notice that I'' C D for all i = 0, 1.

Definition 1.1. We say that (u,v) € L, (D) x L} (D) is a global weak solution to (1.1), if

loc

/|v|p<,0dx dt — /a(t)gif(ac) doy dt < /u(@ttcp — Ayp) dzdt (1.15)
v
D It ' D
and
Iy
/|u|q<p dx dt — /b(t)a—g(x) doy dt < /v (O — Ap) da dt (1.16)
V1
D I D

for every ¢ € ®.
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For h € L'(T'1), we introduce the integral
Ih = /xNh(x) dO’l.

Iy

Then, our main result for problem (1.1) is the following existence result.

Theorem 1.2. Assume that a(t) ~ t* and b(t) ~ t° near infinity, where o, 3 € R. Let f,g € L*(T1) be such
that (Zy,Zy) > (0,0). If the following condition is satisfied

ot <o fon@ (a8 D) gy (50 20EY)

then (1.1) admits no global weak solution.
Remark 1.3. Notice that the condition (1.17) is equivalent to the following assumptions

2p(q+1)

Iy >0and N+ 1< a+ ;
pg—1

or

2(p +1
Ig>0andN+1<ﬁ+Z)(qp_+l).

Remark 1.4. Observe that for suitable values K1, K5 > 0, we get that

(o) (t) = (Kalt+ 1) Kot + 1) 52

is a global solution to (1.1) with f = g = 0. This shows the necessity of the assumption (Zf,Z,) > (0,0) in
Theorem 1.2.

In the special case a = b =1 (so a« = 8 = 0), we deduce from Theorem 1.2 the following nonexistence
result.

Corollary 1.5. Let a =b =1 and f,g € L*(I'1) be such that (Z;,Z,) = (0,0). If the following condition is
satisfied

N+1<

2 mmax {sen(Zy)pla + 1) se0(Z,)a(p + 1) (1.18)

then (1.1) admits no global weak solution.

Remark 1.6. At this time, we do not know whether the condition (1.17) is sharp or not. However, in the
special case a = b = 1, our condition (1.18) is sharp. Namely, assume that

N+1> 2 1rnax{p(q+1),q(p—|—1)}. (1.19)

Furthermore, let

(s, v4) (@) = exn (|2|, |2]),
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where do = ddy, with

p+1+plg+1)

P < 6 <max{N,(N —1)p—1}, (1.20)
1 p+1 {N q+1}
-+ <d<maxq—,q— 1.21
p 0w 51 s (1.21)
and
0 < e < min {(61(N — 61))7 T, (82(N — 52))%1}. (1.22)

Then, we can check that (., v.) is a stationary solution to (1.1) for suitable f, g > 0. Notice that under the
condition (1.19), the set of values d; satisfying (1.20) is non-empty. Moreover, under the condition (1.20), the
set of values d satisfying (1.21) is non-empty. Notice also that from (1.20) and (1.21), we have 0 < d; < N,
i = 1,2. Thus, the set of values € satisfying (1.22) is non-empty.

If p = q in Corollary 1.5, we have the following nonexistence result.

Theorem 1.7. Leta=b=1,p = q and f,g € L*(I'1) be such that (Zs,Z,) + (0,0). If the following condition
is satisfied

2p
N+1l=-—"- 1.2
=7 (1.23)

then (1.1) admits no global weak solution.

Clearly, Corollary 1.5 and Theorem 1.7 yield nonexistence results for the corresponding stationary prob-

lem
—Au > |oP i Q
—Av > |ul? in Q
(u(z),v(z)) = (0,0) on T, (1.24)
(u(z),v(z)) = (f(x),g(x)) on TYy.

We state this result in the form of the following corollary.
Corollary 1.8. Let f,g € L*(I'1) be such that (Z¢,Z,) = (0,0). If one of the following conditions is satisfied:

(i) (1.18) holds;
(ii) p=q and (1.23) holds,

then (1.24) admits no weak solution.

Remark 1.9. Consider the case of a single inequality

Opu—Au > |ulf in  (0,00) x Q,
u(t, x) > 0 on (0,00) x Ty, (1.25)
u(t, x) > f(x) on (0,00)xT;.

By Corollary 1.5 and Theorem 1.7, we deduce that, if Z; > 0 and
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N+1
1<p<
PS N

then (1.25) admits no global weak solution. Moreover, by Remark 1.6, we deduce that % is the critical

exponent (in the sense of Fujita) for problem (1.25). The same result holds for the corresponding stationary

problem
—Au > |uf in Q
u(z) > 0 on I,
u(z) > f(z) on Tj.

It is interesting to observe that % is exactly the Kato critical exponent for (1.4).

Finally, we mention a related work of nonlocal nature, see the paper of Straughan [23] where the author
discusses a computational procedure to get the neutral curves for instability associated with thermal convec-
tive phenomena. This study shows how an investigation of critical cases and nonexistence criteria of solutions
can be successfully applied to control certain physical systems in hydrodynamics. Indeed Straughan’s work
depicts an useful strategy to employ in the minimization process over all wave numbers.

The rest of the paper is organized as follows. In Section 2, we establish some estimates that will play
a crucial role in the proof of our main results. Section 3 is devoted to the proof of Theorems 1.2 and 1.7.
Finally, some open questions are raised in Section 4.

2. Preliminaries

Throughout this paper, the symbol C' denotes always a generic positive constant, which is independent
of the scaling parameter T and the solutions u, v. Its value could be changed from one line to another. First
we derive two useful a priori estimates of integral type, then we introduce some appropriate test functions
to obtain other auxiliary estimates.

2.1. A priori estimates

For m > 1 and ¢ € ®, let

Ln(9) = [ 71 || T da dt (2.1)

b\

and

Inle) = [ ¢ AplF do . (2:2)
D

The following a priori estimates for problem (1.1) will play a crucial role in the proof of Theorems 1.2 and
1.7.

Lemma 2.1. Let (u,v) € L} (D) x LY (D) be a global weak solution to (1.1). Assume that there exists ¢ € @
such that

/a(t)g—: (z) doy dt < 0. (2.3)

T1
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Then, we have

q pq
g—1 p—1 P

- [H52 9@ dordt < (1,60 + 00T ) T (LT + 5@ F)" L 29
&

provided that I,,(¢) < 0o and Ju, () < 0o, m € {p, q}.

Proof. Let (u,v) € L{, (D) x L}

loc

Using (1.15) and (2.3), we obtain

(D) be a global weak solution to (1.1). Let ¢ € ® be such that (2.3) holds.

/|v|p<pdxdt < /|u||8tt<p|dmdt+/|u\|Agp|dmdt. (2.5)
D D D

On the other hand, by means of Holder’s inequality, we get

1
q

q—

/|u\|8tt<p|dxdt§ /\u|q<pdxdt I,(p) (2.6)
D D

and

1
q
q—1

/|u||Ag0|dxdt§ /|u\qg0da:dt Jo(p) . (2.7)
D D

In view of the inequalities (2.5), (2.6) and (2.7), we obtain that

1
q

/|v|pgodxdt < /|u\qg0d:17dt (Iq(cp)q_;l JrJq((p)qq;l). (2.8)
D D

Similarly, by (1.16) and using Holder’s inequality, we deduce that

p

/|u|qcpdxdt—/b(t)887¢g(x) doy dt < /\v|pcpdxdt (IP(@)”—? +Jp(<p)%1). (2.9)
1
D T D

Combining (2.8) with (2.9), we get the following inequality

/|u|qu da dt — /b(t)a—“og(x) do dt
8y1
D r

1 (2.10)

rq
p—1

< | [rpdear) (L)% +00)") ()7 + )5
D

On the other hand, by means of e-Young inequality with 0 < & < 1, we have
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/ pdrdt) (1605 + 507 (1(0)F
(2.11)

<e / ultpdadt + 0 (I(9)'T +1,(0)"T )" (L(0)7 +0(0) 5 )"
Thus, it follows from (2.10) and (2.11) that

(175)/|u|q<pda:dtf/b(t)a—¢g(:z:) dory dt
8V1
D

1

Pq
p—1 P

g=1 g=1 ﬁ!—l p—1 p—=1Y\ pg—1
<C(L@)"T + 7)) (Be) T + )7 )"
Since 0 < € < 1, we conclude that (2.4) holds true. O
Proceeding as in the proof of Lemma 2.1, we obtain the following a priori estimate.

Lemma 2.2. Let (u,v) € L}

loc(D) X Lp
such that

loc

(D) be a global weak solution to (1.1). Assume that there exists ¢ €

/b dO’ldt<0

Then, we get

- [at03E f@dordt < € (1) 4 307 )7 (1) 4 40T )

1“1

provided that I,,(¢) < 0o and Jo, () < 0o, m € {p, q}.
2.2. Test functions and some estimates
We introduce the function
H(x)=ay (1—|z|™Y), 2= (z1,22,- ,2n) € Q. (2.12)

Now, it can be easily seen that H > 0 and it satisfies the following

—-AH = 0 in
’ 21
{ H = 0 on Fo U Fl. ( 3)
We need also two cut-off functions. So, let £, € C°°(R) be such that
0<¢&<, &(s)=1if|s| <1, &(s)=0if|s| > 2. (2.14)

and

n >0, supp(n) CC (0,1). (2.15)
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For T' > 0 and sufficiently large ¢, we introduce the functions

o(t) =1 (;)Z t>0, (2.16)

and

o(t,z) = p(t)u(x), (t,x) € D. (2.17)
Here, 8 > 0 is a constant to be chosen later.
Lemma 2.3. For sufficiently large T and ¢, the function ¢ defined by (2.17), belongs to ®.

Proof. It is clear that ¢ > 0 and for sufficiently large ¢, we have p € C2(D). Moreover, by (2.13), we have
@|ri =0 for all i = 0, 1. Hence, we need just to show that

g“” <0, i=0,1 (2.18)
v i
On the other hand, we have
2’
Vi) =V <H<x>s (%) )
212\ * 212\ *
=¢ <|T—|2) VH(z)+ H(x)V |€ <|T—|2)

, (2.19)

N
()

L
() 0w

where exy = (0,---,0,1) € RY. Then, by (2.19), for x € Ty, we get

|z

Vu(z) =¢ (W)é (1—1z["V)en,

which yields

op || ’ -N

Fay=—¢(2L) - <.

) =—¢(55) (-1l <o
Thus, by (2.15) and (2.17), we obtain

g—j;(t,x) =p(t)=—(x) <0, (t,x) el

Again, by (2.19), for z € I'; we get
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On the other hand, by (2.14), for sufficiently large T', we deduce that
)
Then, we note that for sufficiently large T', the following is the case
Vu(z) = Nenz,
which yields
——(t,x) = =Nanp(t) <0, (t,z)cTy. (2.20)

Thus (2.18) is proved. O

Lemma 2.4. Let a(t) ~ t* near infinity, o € R and Iy > 0. Then, for sufficiently large T, the following
inequality holds

- / a(t)g—z (z) doy dt > CT?CHV T, (2.21)
Tt

Proof. In view of (2.20), we obtain

- / a(t)a—@f(z) doydt =N / a(t)p(t)xy f(x) doy dt
Fl

(91/1
T1

- N 7(1(75)77 <%>Z dt | 7;. (2.22)
0

On the other hand, by (2.15), for sufficiently large T', we have (notice that a(t) > 0)

W=

and hence we conclude that
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x° ‘
t
/a(t)n (T9> dt > cToe+h), (2.23)

0

Combining (2.22) with (2.23), we obtain the inequality (2.21). O
Following the proof of Lemma 2.4, we deduce the following estimate.

Lemma 2.5. Let b(t) ~ t° near infinity, f € R and Z, > 0. Then, for sufficiently large T, the following
inequality holds

Tt

We give next result with complete proof.

Lemma 2.6. Let m > 1. For sufficiently large T and £, the following inequality holds

In(p) < o7V 00, (2.24)

Proof. By (2.1) and (2.17), we have

T (. (2.25)

On the other hand, we have

[uwar= [ ex-lie (';—)e o

Q 1<|z|<V2T,z x>0

< / Ty dx

1<|z|<V2T,x N >0

< / |z| dx

1<|x|<V2T,x N >0

< / || dx:

1<|z|<V2T

<cThN+L (2.26)
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Moreover, by (2.15), for sufficiently large ¢, we have

0

o0 T + ;[1 d2 t L %
T | T — _ " R _
[oormirorta= [a(5) " |50 (79)
0 0
T°
72971n t 577571
S CT m— n ﬁ dt
0
1
= CTTr?ET+6/n(s)Z77§T1 ds’
0
that is,
00
—1 " _m_ 70<m+1>
p(t) =1 |p" (t) |71 dt < OT "\m=1), (2.27)
0

Hence, (2.24) follows from (2.25), (2.26) and (2.27). O
Now, we provide an estimate for J,, ().

Lemma 2.7. Let m > 1. For sufficiently large T and ¢, the following inequality holds

Jm(p) < CTNHI=725+0, (2.28)
Proof. By (2.2) and (2.17), we have
o0
=1 _m_
Inle) = | [ o0t ) [ no)7 ap(e) 75 da. (229)
0 Q
On the other hand, by (2.15), we have
/p(t)dt—/n<w> dt
0 0
T° N
- [o(z)
0
1
=1 [ n(s)"ds.
0
that gives us
/ p(t)dt = CT?. (2.30)
0

Moreover, using (2.13), for = € ) we obtain
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() = A <H<x>5 ('Ti)e>

:g(%)ZAH(x)+H(I)A 5(5%2)@ +2v 5('?—22)8 VH(z)
= H(z)A 5('?22)8 +2V 5('?22)[ - VH (x), (2.31)

where “-” denotes the inner product in RY. On the other hand, by (2.14), for 2 € Q with T < |z| < /2T,

we have
o2\ 3 2\ e (2P
and
EaY Lo (PN (e N N2
\Y, f(F) -VH(z)=2(T £<F> 13 (F>m((1—|x| )en + Nzy|z| )

— 7% (ﬁ)“f' ('x—) (1= Jo| =) o + Nala| ™)
T2 T2 N N

e (12PN (2 NN
— 20T % (2 &\ ) ov (L+ (V= DY),

which yield

-VH(z)| < OT™2%¢ (F) TN (2.33)

2 Z
(&)

Hence, by (2.14), (2.31), (2.32) and (2.33), for sufficiently large T and ¢, we obtain

‘v

[ @) | A(a) 75 do
Q
—2m ey (2P ot
< CTw-1 zy (1—|z[7Y) 13 T2 dx
2€Q,T<|z|<V2T
f— 2m_
< CT% x @ " d
p— m Ng T2 :'L.
2€Q,T<|x|<V2T
_2m _2m_
—orveE [ )
1<]y|<V2,yn >0
that is,
/ (@) | Ap(z) |71 de < TN m (2.34)
Q

Hence, (2.28) follows from (2.29), (2.30) and (2.34). O
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The following lemma in some sense is a byproduct of Lemmas 2.6 and 2.7.

Lemma 2.8. Let m > 1 and 0 = 1. For sufficiently large T and ¢, the following inequality holds

m—1 m—1

Ln(e) ™ + Jm(p) ™

< oV (7). (2.35)

Proof. By (2.24) and (2.28), for sufficiently large T and ¢, there holds

m—1 m—1

<C(TM +T7),

where

= (Voo () ()
e (v 2 ) ()

Ay — Ay =2(0 — 1).

and

Observe that

So, taking 8 = 1, we obtain

2 -1
e (v 20) (5).
m—1 m

which yields (2.35). O
Appealing to Lemma 2.8 we can obtain the following result.

Lemma 2.9. Let § = 1. For sufficiently large T and £, the following inequality holds

rq
q—1

_aq 3 B g
(]q(@“% + Jq(sp)T> v (Ip(go)’% n Jp(gp)’%) P ot (N42) (=) =20(p+1)) (2.36)

Proof. Using Lemma 2.8 with m = ¢, we obtain

9 _
(L) + Tol0) ™)™ < op(v+2-2) (52) (2.37)
Similarly, using Lemma 2.8 with m = p, we obtain

(Ip(sﬁ)%l + Jp(go)p—Zl)m < or(N+2- 22 ) (42282)

(2.38)
Hence, (2.36) follows from (2.37) and (2.38). O

Similarly, using again Lemma 2.8, we get the following estimate.
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Lemma 2.10. Let 0 = 1. For sufficiently large T and ¢, the following inequality holds

(L) + Jp(w)p%)p%l (L)% + Jq(w)%>% < OT s (N42)(pa=1)=2p(a+1)).

For the study of the critical case, we need to introduce another cut-off function. So, let A : R — [0,1] be
a smooth function satisfying the conditions:

A(s)=1ifs <0, A(s)=0if s> 1. (2.39)
For T > 0 and sufficiently large ¢, we consider the function

In (\I}I‘%) !

ps () = H(x)A n(vT) |

T €,

where H is the function defined by (2.12). Hence, we introduce the new test function

@x(t,x) = p(t)px(x), () € D, (2.40)
where p is the function defined by (2.16).
Lemma 2.11. For sufficiently large T and £, the function p, defined by (2.40) belongs to .

Proof. We need just to show that

0, i=0,1. (2.41)

We have the following calculations

Vis(z) =V

>

lz| m)
VT VT
(m 77 VH(z)+ H(x)V | A )

(2.42)

Then, by (2.42), for = € Ty we get

Viws(z) = A
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which yields

Ot _ VT
81/0 (Z‘) =-A ln(\/T)

Thus, by (2.15) and (2.40), we deduce that

0, Olbs

v (t,z) = p(t) o, () <0, (t,x)eT".

Again, by (2.42), for x € 'y we get

In (%
Vis(x) = NeyA m x.

S
~—

On the other hand, by (2.39), for sufficiently large T', we conclude that

()
In(VT)

Then, for sufficiently large T', we deduce that
Viys(z) = Nzyz,
which yields

Op.
8V1

(t,x) = —Nznp(t) <0, (t,z)eTly. (2.43)

Thus the conditions in (2.41) are proved. O
Using (2.43) and following the proof of Lemma 2.4, we obtain the following estimates.

Lemma 2.12. Assume that Zy > 0. Then, for sufficiently large T, the following inequality holds

0.
— / a0, f(x)doy dt > CTZ;.
Tt

Lemma 2.13. Assume that Z, > 0. Then, for sufficiently large T, the following inequality holds

31/1

1“1

g(z)doy dt > CT T,

For the next result, we provide complete proof.

Lemma 2.14. Let m > 1. For sufficiently large T and £, the following inequality holds

m+1)

Ln(ps) < CTV =03, (2.44)
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Proof. By (2.1) and (2.40), we have

T (. (2.45)

In (1L
:/xN (1— |x|—N)A (7111((\/\/;))) dz.

Q

Using (2.39) and the fact that 0 < A < 1, for sufficiently large T', we obtain the following chain of inequalities

ln(m) !

Q 1<|z|<T,xn>0
1 |z ¢
n (12l
%)
< sy | ——=~ dx
N / N (111(\/?))
1<|z|<T,xNn>0
< ry dx
1<|z|<T,xn>0
<orNtL (2.46)

Hence, inequality (2.44) follows from (2.45), (2.46) and (2.27). O

Lemma 2.15. Let m = % For sufficiently large T and ¢, the following holds

Tm(y) < CT?(InT)~-1 (2.47)
Proof. By (2.2) and (2.40), we have
Tn() = ( [ o0 dt) [ @7 A )] 7 (2.48)
0 Q

Moreover, using (2.13), for « € 2, we obtain

In

1zl
Ap(a) = A | H( )A(mw)

4
— A (%) AH(z) + H(z)A | A (M

SISE

ln(\/_) In(

N
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¢
(2
+2v ( T ()

(T o, (R

=H(z)A [A ( (VT +2V |A (VT -VH(x). (2.49)
On the other hand, by (2.39), for 2 € Q with VT < |z| < T, we have
‘ =2

i () )

H(z)A |A (hl(\/T) < C(InT) Hz| <A n(vT) TN (2.50)

and

! o (%) . A (%) -N ~N-2
- ‘$|21H\/TA (111(\/T) ) A ln(\/ff) z- ((1—|z|™") en + Nan|z| )
(

-1
AN 61 ) A RV 1 G ) A WO _N
_ln\/TA<ln(\/T) A (V) 2|72 (1= |z|™) 2n + Nay|z| ™)
-1
AN EIC ARG A _N
ln\/TA ( In(v/T) A In(v/T) o (L4 (V =Dl ™).
It follows that
In (%) ! L In (%) 2
\Y% A(ln(\/T) -VH(z)| < C(InT) x| 2A /T TN. (2.51)

—m —2m o (In( A& "
<cmny= mN|m|m(1—|x|—N)mIA(ln((gz) &

z€QVT<|z|<T

< C(InT)m= / |x|1_% "
eQVT<|z|<T
T
< C(InT)m / N— gz
r=vVT
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T

—m

=C(InT)m-1 / r~ldr
r=VT
<C(lnT)mr,

which gives us the inequality

m

7T de < C(InT)V 1. (2.52)

[ @7 80 2)
Q

Hence, we can conclude that the estimate (2.47) follows from (2.48), (2.52) and (2.30). O
3. Proof of the main results

In this section, we prove Theorems 1.2 and 1.7. We recall that both these results concern the nonexistence
of global weak solutions to (1.1).

Proof of Theorem 1.2. We argue by contradiction, supposing that (u,v) € L (D) x L} (D) is a global
weak solution to (1.1). We first consider the case
2p(g+1)

Iy >0and N+1<a+
pg—1

(3.1)

For sufficiently large T' and ¢, let ¢ be the test function defined by (2.17). Since Z, > 0, by Lemma 2.5, we
get

—E’Lgx doy dt < 0.
/b(t)ayl ()doy dt <0
rt

Hence, by Lemmas 2.2, 2.3 and 2.4, we obtain

rq
P p—1 q—1
P

_p B q
T, < C (o) 7 + (@) 7)™ (L)' + () T) 7
Taking 6 = 1 in the above inequality, we deduce from Lemma 2.10 that
1, < o, (3.2)

where

1
A= (N+2)(pg—1)=2p(¢+1)) —a— 1.
pg—1
Observe that by (3.1), we have Zy > 0 and A < 0. Hence, passing to the limit as 7" — oo in (3.2), we obtain
a contradiction with the assumption that Z; > 0.
Now, we focus on the case

2q(p+1)

Iy >0and N+1< S+
pqg—1

(3.3)

As in the previous case, for sufficiently large T' and ¢, we use the same test function ¢ defined by (2.17).
Since Z;y > 0, by Lemma 2.4, we get
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/a(t)g—: (2) dow dt < 0.

T1
Hence, by Lemmas 2.1, 2.3 and 2.5, we obtain

-1

a a=1\ pa=1 p=1 p=1\ P4-1
T, < O (L)' 7 + 7,0 )" (L) +5(0) )"
Taking 6 = 1 in the above inequality, we deduce from Lemma 2.9 that
I!J < CTK) (34)

where

K= o (V20— ) = 200+ 1)~ - 1,

On the other hand, in view of (3.3), we have Z, and x < 0. Hence, passing to the limit as T'— oo in (3.4),
we obtain a contradiction with the assumption that Z, > 0. This completes the proof of Theorem 1.2. O

Now, we present the complete proof of Theorem 1.7.

Proof of Theorem 1.7. We use also the contradiction argument. Namely, suppose that (u,v) € LY (D) x
L} (D) is a global weak solution to (1.1). Without restriction of the generality, we may assume that Z; > 0.
At this time, for sufficiently large T and ¢, we use the test function ¢, defined by (2.40). Since Z, > 0, by

Lemma 2.13, we get

0.
81/1

g(x)doy dt < 0.

1
Hence, by Lemma 2.2 (with a =b=1 and p = ¢), Lemma 2.11 and Lemma 2.12, we obtain

—1

T < € (Lo T + Jplen) 7 )
which yields
Ty < C(Ip(p) + Jp(04)) - (3.5)

On the other hand, by Lemma 2.14 (with m = p) and Lemma 2.15 (with m = p; notice that by (1.23), we

have p = %), we obtain

(o) + o) < € (T 4oy, (36)

Then, in view of (3.5) and (3.6), we get

20p
e

I, <C (TN+1— " 4 (In T)N%"H) . (3.7)

Thus, taking 6 > % =1(e, N+1- % < 0) and passing to the limit as 7' — oo in (3.7), we

obtain a contradiction with the assumption that Z; > 0. This completes the proof of Theorem 1.7. O
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4. Further remarks

In Theorem 1.2, the critical case

%22 81w ) (o 2D iy (5 20 0Y)

for system (1.1) is not completely investigated here. Namely, by Corollary 1.5 and Theorem 1.7, we know
only that, if p = ¢ and « = 8 = 0, then (4.1) belongs to blow-up case. It should be interesting to decide
whether in general, the critical curve (4.1) in p&q plan belongs to the blow-up situation.

In Theorem 1.2, the sharpness of the condition (1.17) was established only in the special case a = b =1
(see Remark 1.6). It should be interesting to study the existence of global solutions to system (1.1) in the
general case when

1 o ) (o 22E0) ) (1 225 0)),
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