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Editor’s Preface

Welcome to the ninth edition of the Future Technologies Conference (FTC 2024), held
on the 14th and 15th of November 2024 in the vibrant and historic city of London, United
Kingdom. We are delighted to host this premier event, which has become the world’s
foremost forum for reporting and discussing groundbreaking research in Artificial Intel-
ligence, Computer Vision, Data Science, Computing, Ambient Intelligence, and related
fields.

Since its inception, FTC has grown to be the pre-eminent global gathering for pro-
fessors, academic researchers, Ph.D. and graduate students, research institutions, and
industry developers. Each year, the conference brings together a diverse and dynamic
community dedicated to advancing the frontiers of technology and innovation. This ninth
edition of FTC promises to be an exceptional event, filled with insightful presentations,
stimulating discussions, and unparalleled networking opportunities.

This year, we are pleased to report that FTC 2024 received an impressive total of
476 paper submissions from across the globe. After a rigorous and meticulous peer
review process, 173 papers have been selected for publication. These papers represent
the cutting edge of research and significant advancements in their respective fields. The
high quality and diversity of the accepted papers are a testament to the vibrant and
dynamic nature of the research community that FTC fosters.

We extend our deepest gratitude to all the authors who submitted their work to FTC
2024. Your contributions are the lifeblood of this conference and are crucial to its success.
We also want to express our sincere appreciation to our reviewers, who dedicated their
time and expertise to ensure the high quality of the conference proceedings. Your efforts
have been invaluable in maintaining the rigorous standards of FTC. Special thanks go
to our Technical Program Committee (TPC), whose commitment and hard work have
been instrumental in shaping the conference program. We are also deeply grateful to
the session chairs for their leadership and to the distinguished speakers for sharing their
invaluable insights and knowledge with us.

FTC 2024 is not just about presenting research; it is about creating a platform for
knowledge exchange, collaboration, and inspiration. We are confident that the presen-
tations and discussions over these two days will spark new ideas, foster collaborations,
and drive future innovations in the ever-evolving fields of technology.

Thank you for joining us at FTC 2024. We look forward to an inspiring and productive
conference and hope that you find it as stimulating and rewarding as we have in organizing
1t.

Kind Regards,
Kohei Arai
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Practical Quantum Combinatorial String
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3 Dipartimento di Matematica e Informatica, Universita di Palermo,

Via Archirafi n.34, 90123 Palermo, Italy

Abstract. This paper focuses on the practical implementation of quan-
tum computation for various combinatorial problems in strings. We pro-
vide a detailed description of all the operators involved in solving the
problems addressed in this paper, along with practical implementation
details of our solution. The algorithms developed for quantum computa-
tion provide polylogarithmic solutions, showcasing a complexity improve-
ment compared to classical solutions, with the best results achieving lin-
ear complexity.

Keywords: String algorithms - Quantum computing - Combinatorial
algorithms

1 Introduction

Quantum computing, positioned at the convergence of computer science and
quantum mechanics, proposes a groundbreaking methodology for data process-
ing. Utilizing quantum bits, or qubits, which can simultaneously exist in multiple
states and become entangled to execute joint operations, quantum computers
operate on principles fundamentally different from those of classical comput-
ers. These unique characteristics enable faster and more efficient operations,
particularly advantageous in domains requiring complex computations such as
cryptography and optimization.

Significant advancements in quantum computing include algorithms like
Shor’s for integer factorization [21] and Grover’s for unstructured search [11],
both of which surpass their classical equivalents. These developments not only
highlight the theoretical potential of quantum computing but have also spurred
extensive research aimed at leveraging this potential across various computer
science applications.

© The Author(s), under exclusive license to Springer Nature Switzerland AG 2024
K. Arai (Ed.): FTC 2024, LNNS 1156, pp. 653-669, 2024.
https://doi.org/10.1007/978-3-031-73125-9_42
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One particularly intriguing application of quantum computing is in text-
processing, where the efficiency of string matching algorithms is crucial due
to the vast amounts of textual data processed in fields such as data mining,
bioinformatics, and text retrieval. Classical string matching solutions [8], like the
Boyer-Moore-Horspool algorithm [3,13], though efficient, still face limitations in
speed and scalability. Quantum computing presents a pathway to surpass these
limitations.

Quantum solutions to the exact string matching (ESM) problem, which
involve verifying or locating a pattern within a text, have shown promise. Initially
examined in the quantum query complexity model [17,20], these approaches uti-
lized Grover’s algorithm [11] to achieve substantial reductions in query com-
plexity and operational time. The pioneering work by Ramesh and Vinay [20]
introduced a quantum solution to the ESM problem, significantly accelerating
the verification process to a complexity of O(\/ﬁ) queries, and identifying all
occurrences within O(\/pT”L) time where p is the density of pattern occurrences.

Recent advancements have extended these principles into the quantum circuit
model [23], with researchers like Niroula and Nam [4,9,18] developing circuits
that operate with similar time complexity. This approach is particularly relevant
given the prominence of the circuit-based quantum model, supported by modern
quantum programming environments such as IBM’s Qiskit, Microsoft’s Q#, and
Google’s Cirgq.

Other quantum solutions to string problems have focused mainly on the edit
distance [16]. Nonetheless, the question of whether a quantum algorithm can
outperform classical algorithms for the edit distance remains open [6]. Further
research has also concentrated on the Longest Common Substring (LCS) and
Longest Palindromic Substring (LPS) problems [10,15], which are pivotal in
string processing.

In this paper, we aim to explore the practical implementation of quantum
circuits for addressing combinatorial problems in string comparison, building on
the theoretical foundations laid by earlier research [5].

Given two strings,  and y, composed by characters drawn from the same
alphabet X' of size o, having both length n, and given d, with 0 < d < n, we
address the following problems:

— the Fized Prefix Matching (FPM) problem, which verifies the existence of
a prefix of fixed length d common to both strings. This problem can be
generalized to cases where x has length n and y has length m and n > m, by
solving the FPM problem for the strings z[0...m — 1] and y.

— the Fized Factor Matching (FFM) problem, starting from an index 7, with
0 < i < n—d, verifies that the two strings share a substring of length d starting
at position . More formally, it checks whether x[i...i+d—1] = y[i...i+d —1].
This problem can also be generalized to strings of different lengths. Notably,
the FPM problem is equivalent to the FFM problem with index ¢ = 0.

— the Shared Fized Substring Checking (SFC) problem, which checks for the
existence of a common substring between x and y starting at the same position
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in both strings. Formally, SFC verifies that
Jj:0<j<n—dand z[j.j+d—1]=y[j..j+d—1].

Note that the SFC problem corresponds to the logical OR of the solutions
returned by FFM for indices ¢ varying from 0 to n — d — 1. Thus, the SFC
problem is computationally more challenging than the previous ones.

These problems, though less explored, offer valuable insights and applica-
tions across various domains. Therefore, solving these problems is of paramount
importance in this domain.

Traditionally, these problems have been efficiently addressed using classical
computation techniques, often exploiting simple data structures such as general-
ized suffix trees. However, Cantone et al. [5] propose quantum computation-based
solutions for these problems, enabling solutions to be achieved in polylogarithmic
time. Specifically, their approach, grounded in the circuit-based computational
model, adeptly addresses this challenge, yielding a computational time complex-
ity of O(log®(n)) for binary strings and O(log*(n)) in the general case.

In this paper, we present a practical implementation of their quantum algo-
rithm to solve the three different problems, providing also the pseudo-code and
some experimental results.

The paper is organized as follows. In Sect.2 we provide some basic notions
of Quantum Computing, while in Sect. 3, we detail our implementation using
Qiskit, discussing the algorithm implementation of all the operators involved.

In Sect. 4 we demonstrate the practical approach for each of the three com-
binatorial problems discussed in the paper, solving each of them using the oper-
ators previously defined. Finally, in Sect. 5, we draw our conclusions.

2 Basics of Quantum Computation

In this paper, we assume the reader has some familiarity with quantum com-
puting. However, to make the paper self-contained, we introduce the essential
notions of quantum computation useful for understanding our presentation.

We employ the model of reversible quantum circuits for our computational
framework. Quantum circuits consist of wires that transmit qubit values to and
from gates, which perform elementary quantum operations and enable the linear
transfer of qubits throughout the circuit. Input values are fed into the circuit from
the left, and outputs are collected on the right. In this model, each wire may
interact with no more than one gate at any given time step. To address complex
computational tasks, ancillary qubits, or ancille, are often integrated into the
circuit architecture.

The complexity of a quantum circuit in this model can be quantified by its
size, i.e., the number of gates it contains. However, a more nuanced metric is
the circuit’s depth, defined by the number of discrete time steps required for
the circuit’s execution. During each time step, a single gate operation can be
conducted. It is important to note that the circuit’s depth is distinct from the



656 D. Cantone et al.

total count of gates, as multiple gates that operate on non-intersecting sets
of qubits may execute concurrently, allowing for parallelism within the circuit
operations.

A simple yet effective example is the initialization of a quantum register of
n qubits to a quantum state characterized by the superposition of all possible
2" values. This initialization, achievable through n Hadamard operators, each
acting on a different qubit, requires constant time as the Hadamard gates are
executed in parallel.

In this field, operators are constructs that describe functional processes alter-
ing the state of quantum registers. Implementing operators that functions in
constant time on a fixed-size quantum register poses no technical challenge.
However, operators that handle quantum registers of variable size necessitate
the use of a composite of elementary gates.

In this study, we specifically focus on a selection of gates central to our
analysis. The Pauli-X gate, also known as the X or NOT gate, serves as the
quantum analogue of the classical negation gate within the standard basis states
|0) and |1). This gate alters a single qubit’s state, flipping |0) to |1) and vice
versa.

Another pivotal gate in our discussion is the Hadamard gate, denoted as H.
This single-qubit operation transforms the state |0) to %(|0> +11)) and |1) to
%UO} —|1)). By executing this transformation, the Hadamard gate generates a
superposition of the two basis states, each with equal amplitude.

The controlled NOT gate (or CNOT) is a quantum logic gate operating on a
register of two qubits |qg, ¢1). If the control qubit |gg) is set to 1, it inverts the
target qubit |g;); otherwise, all qubits remain the same. Formally, it maps |qo, g1)
to |qo, g0 © q1)-

The Toffoli gate, also known as the CCNOT gate, is a fundamental reversible
logic gate that operates on three qubits. When the first two qubits are both in
the state 1, the third qubit is flipped; if not, the state of all qubits remains
unchanged. Mathematically, it transforms a three-qubit register |qo, ¢1,¢2) into
190,91, 001 © g2)-

The Swap gate is a two-qubit operator. Expressed in basis states, it swaps
the state of the two qubits |go, ¢1) involved in the operation, mapping them to
91, 0)-

Generalizations of the CNOT gate include the n-ary fanout operator and the
multiple-CNOT gate. The n-ary fanout operator utilizes a single control qubit to
influence n —1 target qubits, whereas the multiple-CNOT uses n— 1 control qubits
to act upon a single target qubit.

While theoretically, a constant time fanout could be achieved using a series of
n controlled-not gates, practical limitations arise due to the no-cloning theorem,
which restricts the direct duplication of qubit states in constant depth [14]. Nev-
ertheless, if the target qubits are initialized to |0), a fanout operation can be effi-
ciently computed in logarithmic depth, @(log(n)), through a divide-and-conquer
strategy employing controlled-not gates and 0 ancillary qubits [7].
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For implementing a multi-controlled NOT gate, foundational strategies from
classical Boolean logic are often adapted, as first illustrated in classical circuit
contexts [22] and later in quantum settings [2]. This approach, however, neces-
sitates the use of n — 2 ancillary qubits for storing intermediate results. Such
configurations generally result in a circuit whose depth is linear relative to the
number of control qubits, as parallel processing opportunities are limited under
this scheme. Recent advancements in circuit design have demonstrated that rear-
ranging gate sequences to promote parallel execution can reduce the circuit depth
to logarithmic scales, necessitating either n — 2 or n/2 ancillary qubits depend-
ing on the specific implementation strategy [1,12].

3 A Practical Implementation

In this section, we outline the quantum circuits involved in the computation
of the Fixed Substrist MAtching Problems listed in Sect. 1 and provide a com-
prehensive practical implementation of all the operators necessary to solve our
combinatorial problem, using Qiskit, an open source toolkit developed by IBM
and based on the Python language.

In addition to showing the Qiskit code useful for the implementation of
quantum algorithms, during our discussion we will show the circuits generated by
our code and, where necessary, we will show the result of the simulation of these
circuits to verify their correct functioning. Furthermore, we will discuss, where
appropriate, the complexity of the circuits obtained, both in terms of size and
depth, adding useful information to what has already been discussed in [5].
The codes shown in this paper can be consulted and executed online in this
Colab Tutorial.

Initially, we introduce the Parameterized Cyclic Rotation Operator
(Sect. 3.1), subsequently we show the implementation of the Matching Substring
Vector (Sect.3.2) made by the Match operator and the Extension operator.
Afterwords we show how to implement the Register Reversal Operator (Sect. 3.3)
and the Copy Operator with Reversal Control (Sect.3.4). Finally, we propose
an implementation of the two circuits for the bitwise conjunction operator (A)
(Sect. 3.5) and the disjunction operator (V) (Sect. 3.6).

3.1 The Parameterized Cyclic Rotation Operator

The first operator whose implementation we describe is the Circular Rotation
Operator. In this work we will use the implementation carefully described by
Pavone and Viola in [19].

A circular shift operator, denoted as Ry, is employed in quantum computing
to perform a shift of s positions on a register comprising n qubits. In this work
we are interested in applying left rotations to our quantum registers, both for
the pattern register and for the text register. This operation ensures that the
element at position (i4s) mod n is shifted to position 4, implementing a circular
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arrangement for elements beyond the register size n. Formally, the action of the
operator R, is represented by the permutation:

|q07q1, .. 'aQ’rL—1> - ‘q57qs+17 3 qn—-1,490,492, - - - ,qs—1>

For example, rotating a quantum register representing the state [10110001)
3 positions to the left would obtain the new configuration [10001101).

In quantum computing, a rotation operation of a register can be viewed as a
permutation of its elements, allowing it to be decomposed into a series of Swap
operations. This decomposition typically requires at most n Swaps to transform
a sequence into the desired permutation. However, within a quantum circuit, the
application of multiple Swap operators can occur concurrently, particularly when
dealing with mutually disjoint pairs of qubits.

For a register comprising n qubits, it becomes feasible to execute up to n/2
Swap operations simultaneously. This parallel execution facilitates the efficient
movement of n/2 qubits to their final positions within a single time step. The
optimal scenario arises when the register requires rotation precisely by n/2 posi-
tions, necessitating only n/2 parallel Swaps. Specifically, this entails exchanging
¢; with g, /214, for i = 0..n/2 — 1. Such an operation exhibits a time complex-
ity of O(1), signifying constant-time execution and exemplifying the efficiency
achievable within quantum circuits.

Pavone and Viola present in their work [19] a comprehensive procedure for
constructing the circular rotation operator for registers of any size n and any
shift amount s, where both n and s are powers of 2. They prove that the result-
ing circuit exhibits a depth of O(log(n)). Although we refrain from providing
a formal proof of this assertion in our current study, it is evident that, in the
worst-case scenario, employing n/2 swap operations effectively positions a max-
imum of n/2 elements, thus leaving the remaining n/2 elements for subsequent
positioning. With each subsequent step, the number of qubits requiring accurate
positioning decreases by half, enabling a complete rotation in O(log(n)) steps.

Figure 1 shows the procedure rot(n, s) for the construction of the left rotation
quantum operator together with the circuits generated by the procedure for a
quantum register of 8 qubits and shift quantities equal to 1, 2 and 4 positions
respectively.

In our implementation we need to apply, in superposition, all possible rota-
tions to the quantum register of size n representing the text. Thus the circular
shift operator needs to apply a rotation dependent on an input parameter j. In
this context, the operation involves two quantum registers within the circuit:
the first register is the parameter |j), which stores the input value related to
the rotation amount, with a size of [log(n)]; the second register |q), of size n,
represents the register to be rotated. The initialization of |j) is expressed as
l7) = ®1.Lf§("”_1 |7:), where |j;) is initialized with the i-th least significant bit
of the binary representation of k.

Figure 2 showcases the procedural framework, prot(n), responsible for con-
structing the parameterized rotation circuit. In the middle, a circuit diagram
instantiated by this procedure, exemplified for n = 8, is depicted. Notably, the
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def rot(n, s):
qc = QuantumCircuit(n)
for i in range(l, log2(n)-log2(s)+2):
for j in range(0, n/(s*(2%¥i))):
for q in range (j*s*2x*i,s*(j*2**i+1)):
gc.swap(n-1-(g+s), n-1-(q+2**(i-1)*s+s))
return qc.to_gate(label="ROT’+str(s))

def rot_gate(n,s):
return rot(n,s).to_gate(label=’Rot’+str(s))

rot(8,1) rot(8,2) rot(8,4)
q_0: —X—X: q 0: —X X— q0: ————x—
g 1: —X— q 1: X——X—1— g 1: X—1—
q 2: —>|<——x—x— q2: —X g2 —X
g 3: =% g 3: =X I g 3: =X
q_4: —>|<——X—— q 4: %x X— q 4: X—
q_5: —>|< I g 5: =X X q_5: X
q_6: —X—F—X—X— q 6 —X. g 6: |—X
q 7: —X q 7 X- q 7: =X

Fig. 1. On top: the Qiskit procedure rot(n, s) for implementing the left-rotation
quantum operator which cyclically rotate a register with size n of s positions to the
right. On bottom: three leftward rotation operators generated by the procedure for a
quantum register of 8 qubits and shift amounts equal to 1, 2 and 4, respectively.

circuit initializes the parameter k using Hadamard operators, thereby represent-
ing all feasible shift values between 0 and n — 1, in superposition.

For any given value of i, such that 0 < ¢ < log(n), the application of the
rotation operator ROT2? to register |q) is controlled by the qubit |j;). It is note-
worthy that the rotation operator ROT2 can be constructed using a circuit with
a depth which is, at most, log(n).

We observe that the possibility that such an operator is controlled by a
single qubit, i.e. |j;), is realized through the application of a technique capable of
creating multiple copies of the control qubit and which involves the use of log(n)
ancillary qubits (these ancillee qubits are implicit in the Qiskit implementation).

On the bottom of Fig. 2, we show measurements obtained from 1000 runs of
the circuit delineated on the left. It’s discernible that the resultant alternatives
from the measurements correspond to all configurations of the rotated input
string 10001110, each bearing an equiprobable likelihood of measurement.

In summary, the parameterized leftward circular shift operator, contingent
on the value of an input quantum k, utilizes n+ [log(n)] — 1 input qubits, along
with [log(n)] — 1 ancilleequbits, exhibiting a depth equal to O(log?(n)).
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def parametrized rot(m):

logn = int(np.log2(n))

jr = QuantumRegister(logn,’j’)

yr = QuantumRegister(n,’y’)

qc = QuantumCircuit(jr,yr)

for i in range(logn):
crot = rot_gate(n,2+**i).control(l)
qc = qc.compose(crot, [jrlill+yr[:1)

return qc
) = Rotate 10001110 Leftward in Superposition
136 137 139
51 = 128
120
115 117
j 2: i 120 108 -
- 1
y 0: 40 HO HO0
-
y 1: 41 H1 H1 S 801~
S
y 2: 42 H2 H 2
y_3: 43 H3 H3 + a4 00 B e B e
ROT_1 ROT_2 ROT_4
y 4: 14 H 4 H 4
y 5: 45 H5S HS
~ o ) ~ ~ (<) ~ o
0 [ A § 55835553
y 7: 47 H 7 H7 s 5 5§ 5 8 7 8§ 3
s & & & 8 S I 5

Fig. 2. The parameterized cyclic rotation operator. The Qiskit code useful for building
the quantum circuit for a string of length n is shown above. Below, on the left, the
circuit generated by the procedure for a string of length n = 8 is shown. On the right,
we show the measurements obtained from 1000 runs of the circuit delineated on the
left.

3.2 Constructing the Matching Substring Vector

Consider ¢ > 0 representing the matching substring vectors A;, for 0 < i < log(d),
described as bit-vectors of length n such that, for 0 < 57 < n — 1, A; has a bit
set at position j only if the substring of = of length 2¢ starting at position j
matches the corresponding substring in y. In quantum computing, each vector
A; is depicted by a quantum register |);) of identical size.

To develop the Matching Substring Vector, two operators are crucial: the
Match operator and the Eztension operator.

The Match operator generates the initial matching substring vector Ag. It
performs the following transformation for all z, y € {0,1}™:

M|z)[y)|0") = |2)|y)|Ao)
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def M(n): def EXT(idx,n,m):
x = QuantumRegister(n,’x’) x = QuantumRegister(n,’x’)
¥y = QuantumRegister(n,’y’) ¥y = QuantumRegister(m,’y’)
A = QuantumRegister(n,’\’) gqc = QuantumCircuit(x,y)
qc = QuantumCircuit(x,y,\) for i in range(n-idx):
for i in range(n): qc.cex(x[i] ,x[i+idx],y[i])
qec.mex(x[i],y[i],A[i]) return qc
for i in range(n):
qc.x(x[i])
qc.x(y[i])

for i in range(n):
gec.mex(x[il,y[i],A[i])

for i in range(n):
qc.x(x[il)
qc.x(y[i])

return qc

Fig. 3. The two Qiskit procedures for creating the M match operator and the EXT
extension operator

This transformation is based on the relation:
Aolil = (75 =1Ay; =1) @& (~(z; = 1) A~(y; = 1))

The matching gate M can be constructed using two sets of n parallel Toffoli
gates, with the second set interleaved with two arrays of parallel X gates. Figure 3
demonstrates the practical construction of the match operator.

The subsequent |)\;) registers, for ¢ > 0, are derived from |\;_1) using the
extension operator, denoted as FXT;.

The EXT; operator can be implemented with a series of Toffoli gates. Figure 4
presents the Qiskit procedure for constructing the FXT operator.

The extension operator functions in constant time, using two sets of parallel
Toffoli gates: one set for even positions and another for odd positions. As a
result, the computation of all |\;) registers, for 0 < i < log(n), has a depth of
O(log(n)).

The final circuit for the Matching Substring Vector is illustrated in Fig. 5,
with a practical execution plot shown in Fig. 5.

3.3 The Register Reversal Operator

The register reversal operator, denoted as =, transforms a single register |g) of
size n by reversing the order of its qubits. Specifically, for any ¢ € {0,1}", the
register reversal operator performs the following transformation:

This operation involves |n/2| swaps between pairs of qubits, but since these
swaps can be executed in parallel, the reversal of the entire register requires only
constant time.
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20 0:

A0_1:

A0_2:

A0 3:

A0_4:

205t

Fig. 4. Graphical depiction of the circuit used for computing the Matching Substring
Vector for two strings of length 6. The Matching Substring Vector is stored in the final
3-qubit register As.

Match with string x=1001

Frequency

Fig. 5. Plot of the Matching Substring Vector for the string x =" 1001" and the string y
in superposition. The x-axis shows all pairs (y, M (z,y)), while the y-axis indicates the
frequency of the results.
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def CORC(n): at: v
a = QuantumRegister(n,’a’) a_2: =
b = QuantumRegister(nm,’b’) ., ;. -
gc = QuantumCircuit(a,b) o < |
for i in range(n): - L
3 3 b 1: '_Xj
gc.cx(alil,b[i]) _
return qc b 2: My |
b_3 [« }

Fig. 6. Pseudocode and graphical representation of the CORC operator

In our algorithm, we employ the register reversal operator during the initial-
ization phase of the parameter d, which determines the length of the sub-strings
to be compared within x and y. Specifically, we derive d from the input parameter

d through the mapping = |d) — |d).

3.4 The Copy Operator with Reversal Control

The copy operator with reversal control (CRC operator) is a specialized copy
operator designed to transfer the value of the n qubits from a source register
|a) to a target register |b), which is initially set to |0™). Additionally, there is
a control qubit |¢) that determines whether the operation should be executed.
Specifically, this control qubit employs inverse logic: the operation is performed
when |c) is 0 and is inhibited when |c) is 1.

The CRC operator is implemented using n Toffoli gates. The i-th Toffoli gate,
for 0 < i < m, uses |¢) and |a;) as control qubits and |b;) as the target qubit.
Despite having a common control qubit |c), which prevents parallel execution,
we can use a well-known technique to copy the value of |c) onto n ancilla qubits.
This enables the parallel application of the n fanout operators.

This technique allows us to build a circuit for this operator with a depth of
O(log(n)). Figure 6 shows the practical implementation and the circuit.

3.5 The Controlled Bitwise Conjunction Operator

The bitwise conjunction operator performs a bit-by-bit logical AND operation
between two registers, |a) and |b), each containing n qubits, and stores the result
in a third register, |¢), also of size n. However, we focus on a controlled version
of this operator, where an additional register |c), composed of a single qubit,
acts as the control qubit. This means that the bitwise logical AND operation is
performed only when the control qubit is 0; otherwise, no operation is performed.

This operator can be implemented using n fanout gates, where each gate has
three control qubits: |¢), |a;), and |b;), and the target is |g;), for 0 < i < n.
Figure 7 illustrates the practical implementation and the circuit.
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a_1l: L
a_2: i
def CBC(n): a 3: { X P B
a = QuantumRegister(n,’a’) b 0 -
b = QuantumRegister(n,’b’)
q = QuantumRegister(n,’q’) °-!° n
qc = QuantumCircuit(a,b,q) b 2: =
for i in range(n): b3 -
qc.mcx([al[i],b[i]1],q[i]) Brj
return qc a9 l_x__|
q 1l l_X_I
L=
q2 [« |
L=

Fig. 7. Practical implementation and graphical representation of the C BC' operator

Even though these n fanout gates share a common control qubit |c), prevent-
ing parallel application, a known technique allows us to copy the value of |c)
onto n ancilla qubits. This enables the parallel execution of the n fanout gates.

Using this technique, we can construct a circuit for this operator with a depth
of O(log(n)).

3.6 The Register Disjunction Operator

The register disjunction operator, often called the disjunction operator, performs
a logical OR operation across the n qubits of the input register |a) and stores the
result in the output qubit |r).

This operator can be implemented using a fanout operation on the qubits in
|a), with |r) as the target. This process involves surrounding the fanout operation
with two layers of X gates applied to the qubits in |a). The practical implemen-
tation and the circuit for the disjunction operator are illustrated in Fig.8. The
depth of the resulting circuit is O(log(n)).

4 Solving the Three Cases

As mentioned above, all the gates and operators defined in the previous sections
will be necessary to solve three different combinatorial problems. The differ-
ences between these problems lie in the approach to the solution. In the original
paper|[5], the authors propose to solve the three problems using the same solution
only changing the way the input registers are initialized. Their final quantum
circuit has a depth equal to O(log®(n)). In this paper we define two easier and
more efficient solutions for the FPM and FFM problems, which requires a limited
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def V(n):

a = QuantumRegister(n,’a’)
r = QuantumRegister(1l,’r’) X r
qc = QuantumCircuit(a,r) < L
for i in range(n):

qc.x(alil) X r
gc.mex(al:n], r) 2 |
for i in range(n):

qc.x(alil) Xt
qc.x(r)

return qc

Fig. 8. Practical implementation and graphical representation of the disjunction oper-
ator

number of gates and operators compared with the previous version reducing
their complexity to O(log(n)). Whilst for the SFSC algorithm we use the same
specific provided in literature.

def FPM(x,y,d): def FFM(x,y,j,d):
xr = QuantumRegister(d, ’'x’) xr = QuantumRegister(n, ’x’)
yr = QuantumRegister(d ,’y’) yr = QuantumRegister(n ,’y’)
A = QuantumRegister(d,’A’) A = QuantumRegister(d,’A’)
r = QuantumRegister(1, ’r’) r = QuantumRegister(1, ’r’)
cr = ClassicalRegister(l, ’out’) cr = ClassicalRegister(1l, ’out’)
gc = QuantumCircuit(xr,yr,A,r,cr) qc = QuantumCircuit(xr,yr,A,r,cr)
qc = gc.compose(M(d) ,xr[:d]+yr[:d]+A[:]1) gqc = qc.compose(rot(n,j),xr[:n])
qc.mex(A[:d],xr) qc = qc.compose(rot(n,j),yr[:nl)
qc.measure(r,cr) qc = gc.compose (M(d) ,xr[:dl+yr[:d]+A[:])

qc.mex(A[:d],x)
qc.measure(r,cr)

Fig. 9. Practical implementation of the FPM and FFM algorithm

4.1 FPM Case

The first combinatorial problem which we take into account is the Fixed Prefix
Matching (FPM) problem, which checks for the presence of a common prefix
between x and y of a given length d, Formally:

2[0...d—1]=y[0...d 1]

Thus in this problem the only operator that we need to use as shown in Fig. 9
is the Match operator, which checks if exists a prefix match of length d.
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4.2 FFM Case

The second problem studied in this paper is the Fixed Factor Matching (FFM)
problem, which tests, for a given input parameter j, with 0 < j5 < n —d, for the
existence of a common factor between x and y, beginning at position j of both
strings, formally:

alj...j+d—1=ylj...j+d—1]

This second problem stands to be really similar to the previous one, only requir-
ing a pre-computed shift in order to align the two strings at position j, as shown
in the code at Fig. 10.

def SFSC(x,y,d):
n = len(x)
QuantumRegister(d, 'x')
QuantumRegister(d ,'y*)
int_to_binary_vector(d) [::-1]
[QuantumRegister(ceil(log2(n+1))?, £'D{i-1}’) for i in range(len(dr)+1)]
= QuantumRegister(d,’Xg’)
= QuantumRegister(1i, ’r’)
= ClassicalRegister(l, ‘out’)
qc = QuantumCircuit(xr,yr,A,Dr,r,cr)
for i in range(d):
A2 = QuantumRegister((len(A[i-1]1)-i),’ A +str(i))
A.append(Az)
for i in range(len(Dr[0])):
qc.x(Dr[0] [1])
qc = qc.compose (M(d) ,xr[:d]+yr[:d]+A[:1len(A)])
for i in range(1,len(dr)):
qe=qc.compose (EXT(i,len(A[i-1]),1len(A[i])) , Ali-1] [:len(A[i-1])T+A[i] [:1en(A[i]}])
for i in range(0,len(dr)):
if drli] == '1’:
gqc = qc.compose(CBC(len(A[i1)), A[i1[:1en(A[i]1)]1+Dr (i1 [:len(A[i])]+Dr [i41] [:1len(A[11)])
gc = qc.compose(rot(len(Dr[i+1]),2##i,1), Dr[i+1])
else:
qe = gc.compose (CORC(len(Dr[i])),Dr (il [:len(Dr[i])]+Dr[i+1] [:len(Dr[i+1])])
ge = gec.compose (V(len(Dr[len(dr)])),Dr[len(dr)] [:len(Dr[len(dr)])]+r[:1len(r)])
gc.measure (r,cr)

el
]

"R R

cr

Fig. 10. Practical implementation of the SFSC algorithm

4.3 SFSC Case

The Shared Fixed Substring Checking SFSC differs from the FFM for the sake of
the initial position of the match j is not previously defined. Formally it tests
weather:

Jj:0<j<n—-dand z[j.j+d—1]=y[j.j+d—1]

Although in the first two problems we just used the Rotation operator and the
Match operator separately, in this problem we use the Matching Substring Vector
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made by using both the Match operator and the Ezt operator. Subsequently
the C'BC operator will perform a controlled bit-to-bit logical AND between the
two registers while also a rotation is applied using the Rot operator. Finally
the Register Disjunction Operator computes the logic OR operation between n
qubits of the input register and deposit the result inside the output qubit. The
code of the algorithm is shown in Fig. 11.

SFSC with string x=10011

0.07 A

0.06

0.05 4

e

o

&
L

Frequency

0.03

0.02

0.01 1

Fig. 11. Plot generated running 1000 run of the SFSC algorithm over the string z =
10011 and the string y in super position. In the abscissa the values y and 1 is a match
is found and 0 otherwise, in the ordinates the frequency of each plot.

5 Conclusions and Future Works

This paper provides a comprehensive elucidation of several combinatorial prob-
lems in string processing within the domain of Quantum Computation. We intro-
duce an exhaustive exposition of the required operators and gates involved in the
computational circuitry. Subsequently, we present practical tutorials and imple-
mentations for all three problems discussed in this paper. We also improved the
circuits of previously exposed in literature for two of the three problem pre-
sented, gaining a cubic factor. In future research, we aim to explore alternative
string algorithms well-established in classical computation.



668

D. Cantone et al.

References

10.

11.

12.

13.

14.

15.

16.

17.
18.

19.

. Balauca, S., Arusoaie, A.: Efficient constructions for simulating multi controlled

quantum gates. In: Groen, D., de Mulatier, C., Paszynski, M., Krzhizhanovskaya,
V.V., Dongarra, J.J., Sloot, P.M.A. (eds.) ICCS 2022. LNCS, vol. 13353, pp. 179-
194. Springer, Cham (2022). https://doi.org/10.1007/978-3-031-08760-8_16
Barenco, A., et al.: Elementary gates for quantum computation. Phys. Rev. A
52(5), 3457-3467 (1995)

Boyer, R.S., Moore, J.S.: A fast string searching algorithm. Commun. ACM 20(10),
T762-772 (1977)

. Cantone, D., Faro, S., Pavone, A.: Quantum string matching unfolded and

extended. In: Kutrib, M., Meyer, U. (eds.) RC 2023. LNCS, vol. 13960, pp. 117-133.
Springer, Cham (2023). https://doi.org/10.1007/978-3-031-38100-3_9

Cantone, D., Faro, S., Pavone, A., Viola, C.: Quantum circuits for fixed substring
matching problems. CoRR, abs/2308.11758 (2023)

Chakraborty, D., Das, D., Goldenberg, E., Koucky, M., Saks, M.E.: Approximating
edit distance within constant factor in truly sub-quadratic time. J. ACM 67(6),
36:1-36:22 (2020)

Fang, M., Fenner, S., Green, F., Homer, S., Zhang, Y.: Quantum lower bounds for
fanout. Quantum Inf. Comput. 6(1), 46-57 (2006)

Faro, S., Lecroq, T.: The exact online string matching problem: a review of the
most recent results. ACM Comput. Surv. 45(2), 13:1-13:42 (2013)

Faro, S., Marino, F.P., Scardace, A.: Practical implementation of a quantum string
matching algorithm. In: TODO (ed.) Proceedings of Quasar. CEUR Workshop
Proceedings (2024)

Le Gall, F., Seddighin, S.: Quantum meets fine-grained complexity: sublinear time
quantum algorithms for string problems. Algorithmica 85(5), 1251-1286 (2023)
Grover, L.K.: A fast quantum mechanical algorithm for database search. In: Pro-
ceedings of the Twenty-Eighth Annual ACM Symposium on Theory of Computing,
STOC 1996, pp. 212-219. Association for Computing Machinery, New York (1996)
He, Y., Luo, M., Zhang, E., Wang, H.-K., Wang, X.-F.: Decompositions of n-qubit
Toffoli gates with linear circuit complexity. Int. J. Theor. Phys. 56, 2350-2361
(2017)

Horspool, R.N.: Practical fast searching in strings. Softw. Pract. Exp. 10(6), 501—
506 (1980)

Hgyer, P., Spalek, R.: Quantum fan-out is powerful. Theory Comput. 1, 81-103
(2005)

Jin, C., Nogler, J.: Quantum speed-ups for string synchronizing sets, longest com-
mon substring, and k-mismatch matching. In: Bansal, N., Nagarajan, V. (eds.)
Proceedings of the 2023 ACM-SIAM Symposium on Discrete Algorithms, SODA
2023, Florence, Italy, 22-25 January 2023, pp. 5090-5121. STAM (2023)

Kaye, P., Laflamme, R., Mosca, M.: An Introduction to Quantum Computing.
Oxford University Press, Oxford (2006)

Montanaro, A.: Quantum pattern matching fast on average (2015)

Niroula, P., Nam, Y.: A quantum algorithm for string matching. npj Quantum Inf.
7, 37 (2021)

Pavone, A., Viola, C.: The quantum cyclic rotation gate. In: Castiglione, G.,
Sciortino, M. (eds.) Proceedings of the 24th Italian Conference on Theoretical
Computer 2023. CEUR Workshop Proceedings, vol. 3587, pp. 206—-218. CEUR-
WS.org (2023)



20.

21.

22.

23.

Practical Quantum Combinatorial String Matching 669

Ramesh, H., Vinay, V.: String matching in O(n+m) quantum time. J. Discrete
Algorithms 1(1), 103-110 (2003). Combinatorial Algorithms

Shor, P.W.: Polynomial-time algorithms for prime factorization and discrete loga-
rithms on a quantum computer. STAM J. Comput. 26(5), 1484-1509 (1997)
Toffoli, T.: Reversible computing. In: de Bakker, J., van Leeuwen, J. (eds.) ICALP
1980. LNCS, vol. 85, pp. 632-644. Springer, Heidelberg (1980). https://doi.org/10.
1007/3-540-10003-2_104

Yao, A.C.-C.: The complexity of pattern matching for a random string. STAM J.
Comput. 8(3), 368-387 (1979)



