ON PROBLEMS DRIVEN BY THE (p(-),q(:))-LAPLACE OPERATOR

CALOGERO VETRO, FRANCESCA VETRO

ABSTRACT. The aim of this paper is to prove the existence of at least one nontrivial
weak solution for equations involving the (p(-), q(+))-Laplace operator. The approach
is variational and based on the critical point theory.

1. INTRODUCTION

Let Q2 C R™ be an open bounded domain with smooth boundary. We consider the
problem with Dirichlet condition:

u=0 on 0f), u > 0.

where Apyu = div(|[VulP®2Vu) and Aypu = div(|Vu|?®2Vu) are the p(-)-

Laplace and ¢(-)-Laplace operators. Let p,q € C(€2) be such that

L<q :=infg(x) <g(w) <q" :=supg()

z€eQ
<p = inf p(z) < p(z) < p" = supp(z) < +o0.
e 2€Q

The study of equations driven by the p(x)-Laplace operator presents major difficulties
than the classical ones driven by the p-Laplace operator. Indeed, the p(x)-Laplace
operator is inhomogeneous.

Here, the function h(z,z) (reaction term) is Carathéodory (that is, for all z € R,
x — h(z, z) is measurable and for a.a. x € Q, z — h(z, z) is continuous).

) np(z)
Let p*(x) ——

h:Q xR —=Ris as follows:

if p(z) < n and p*(x) = +oo if p(xr) > n. The hypothesis on

(h1) there exist constants by, by € [0, +oo[ and 3 € C(Q) with 1 < B(z) < p*(x) for each
x € (), such that

\h(z,€)| < by 4 bo|€|P@~1 forall z € Q, all € € R.

We give two easy examples of functions satisfying the hypothesis (hq):

o h(&) =@ 4 ¢r@=1 for all € > 0, with p,q,7,s € C(Q) such that 1 < s(z) <
q(z) < plz) <r(z) <p(z). _
o h(&) = ¢P@1n(14€), for all € > 0, with p € C(Q) such that 1 < p(z) < p*(z).
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The solution to (1) is understood in the weak sense, that is, a function u € W,” (x)(Q)
such that

/|Vu|p(m)_2Vqudx+/ |Vu|q(w)_2Vqudx:,u/h(x,u)vdx,
Q Q 0

for all v € WyP"™(Q). Here, by Wi"™(Q), we denote the closure of CS°(Q) in
Wir@)(Q), where WP (Q) is the generalized Lebesgue—Sobolev space considered in
Section 2.

Existence and multiplicity theorems for boundary value problems involving the p(-)-
Laplace and (p(-), q(+))-Laplace operators were recently obtained by Bonanno-Chinni
[2], Gasinski-Papageorgiou [5], Papageorgiou-Vetro [9], Tan-Fang [10], Vetro [11], and
Zhou [12].

The structure of problem (1) is variational and hence we approach it by using critical
point theory. So, we wish to prove two results concerning the existence of at least
one and three weak solutions. Precisely, we construct our proofs on two critical point
theorems due to Bonanno [1, Theorem 2.3] and Bonanno-Marano [3, Theorem 3.6].
Here we recall the following statements.

Theorem 1 ([1]). Let X be a real Banach space and let A,B : X — R be two
continuously Gateaux differentiable functionals such that inf,cx A(u) = A(0) = B(0) =
0. Assume that there exist v > 0 and u € X, with 0 < A(u) < r, such that
1 B(u)
j) 0 =— sup B(u) < —= =p;
) r A(u)<r ( ) A(U)
(3j) for each p € o=t 67| the functional J, := A — uB satisfies (P.S.)I'-condition.

Then, for each € Jo=", 67", there is ug, € A7'(]0,7[) such that J|(uo,) = Vx- and
Ju(ug,,) < J,(u) for alluw € A71(]0, r[).

Theorem 2 ([3]). Let X be a reflexive real Banach space and let A : X — R be a
coercive, continuously Gateauz differentiable and sequentially weakly lower semi-continuous
functional whose Gateaux derivative admits a continuous inverse on X*, B : X — R
be a continuously Gateaux differentiable functional whose Gateauz derivative is compact
such that inf,c x A(u) = A(0) = B(0) = 0. Assume that there exist r > 0 and u € X,
with 0 < r < A(u), such that

, 1 B(u)
j) 6 == sup B(u) < ——= = p;
(1) 0= Jup (u) A7)
(jj) for each p € |0t 87 the functional J, :== A — uB is coercive.
Then, for each p € Jo~', 87, the functional J, := A — uB has at least three distinct
critical points in X.

2. MATHEMATICAL BACKGROUND

Let X be a Banach space. By X* we denote its topological dual and by (-,-) the
duality brackets for the pair (X*, X). In the analysis of problem (1), we work with
the spaces LP(*)(Q)) (variable exponent Lebesgue space) and W'P(®)(Q) (generalized
Lebesgue—Sobolev space). We mention that both LP®)(Q) and W@ (Q), endowed
with the norms |[ul| pp@) ) and [Jully1se) () (see below), are separable, reflexive and
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uniformly convex Banach spaces (see [6]). So, we have
LPO(Q) = {u : Q0 — R : uis measurable and p,(u / lu(z) P dx < —l—oo}

W@ (Q) = {u € LP@(Q) : |Vu| € LP@(Q)}.

Next, we consider the norms:

ulz p(z)
nwmwm:{u>m/“il dr<1b)
ol H
tlhwsotoray = el ooy + 1| 19] vy

We recall that
ull Loy < ClIIVUl| o) ) for all u € Wol’p(x)(Q), for a specific constant C' > 0,

(see [4, Theorem 8.2.18] and [6, Proposition 2.5(iii)]). So, the norms |luly 1se) )

and || |Vul || e ) are equivalent on Wol’p(x)(ﬂ). Therefore, we can use || [Vul || 1pe) (g
instead of ||ul[y1.p@) o) so that we put

lull = 1Vl sy in W™ ()
The following result is a generalization of the classical Sobolev embedding theorem.

Proposition 1. [6, Proposition 2.5(ii)] Assume that p € C(Q) with p(x) > 1 for each
x e If e C(Q) and 1 < f(x) < p*(x) for all x € Q), then there exists a continuous
and compact embedding W@ (Q) — LA@)((Q).

We will also use another basic theorem, linking || - [| o) () to py(+) (see, for example,
Theorem 1.3 of [7]).

Theorem 3. Let u € LP®)(Q). Then, the following relations hold:
() Nullppor@ <1 (=1, >1) & pp(u) <1 (=1, >1);
() if ull ooy > L, then [l g < () < [l o
(31) if [[ull priory < 1, then [[ull gy < pp(u) < [l o) -

Next, let H : Q x R — R defined by
t
H(z,t) = / h(z,£)d¢ for allt € R, z € Q,
0
and consider the functional B : W, * (Q) — R defined by

/H z,u(z))dz, for all u € WP ().

By the hypothesis (h1) on the reaction term, we have B € C’l(WOl’p(x)(Q), R).

Remark 1. Proposition 1 ensures that B admits a compact Gateaux derivative given by

(B'(u),v) = /Qh(x,u(x))v(x) dz, for all u,v € W(Jl’p($)(Q).
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Now, let Ay, Ay, A : WP(Q) — R be the C'-functionals defined by

Al(u):/QL]Vu(wﬂp(I)dw, A2(u):/QL

w(2)|99 dg
(@) Ve

and

A(u) = Ar(u) + Az(u),
for all u € W,* @)(Q2). We note that A, A, and A are convex, sequentially weakly lower
semi-continuous with Gateaux derivatives A}, A}, A : Wy (Q) = (W™ (Q))* given
by

(A (u),v) :/ IVulP@=2VuVudz, (Ay(u),v) :/ V| "2V uVuds
Q Q

and
(A'(u), v) = (Al (), v) + (A5(u),v),
for all u,v € Wy ™(Q).

Remark 2 (see [6], Theorem 3.1(ii)). A}, A} are mappings of type (S,.), that is, if u, — u
in W, P“(Q) and lim SUP, 400 (Al (), up —u) <0, then u, — u in WP (Q), i =1,2.
Of course, A" is a mapping of type (S;) too.

Remark 3 (see [6], Theorem 3.1(1)). A}, A} : WoP™ () — (W™ (Q))* are continuous
strictly monotone mappings. Consequently, A’ : WiP™(Q) — (WeP™(Q))* is a
continuous strictly monotone mapping (hence maximal monotone too). The continuity
is obvious. We prove that A’ is strictly monotone. In fact, if (u,u*), (v,v*) € Gr(4'),

then there exist z*, w* € (Wol’p(x)(ﬂ))* such that (u,z*), (v,w*) € Gr(A4)) and (u,u* —
2*), (v,v* —w*) € Gr(A4}). So, we have
(W —v u—v)y =="—w"+ (v —2") — (v —w*),u —v)
=(z"—wu—v)+ (v —2")— (v —w),u—v) >0,
since
(zF —w ' u—wv), (v —2%) — (V" —w"),u—v) >0.
Moreover, from (z* — w*,u —v) > 0 for u # v it follows

(W —vu—v)y >0 ifu#o.

Remark 4. The mapping A’ : Wy (Q) — (Wy"™)(€))* has a continuous inverse
(A) 1= (W™ (€))7 = Wy (@),

Indeed, from Remark 3 it follows that A’ is injective and maximal monotone. Since
A’ is also coercive, then A’ is surjective (see Theorem 2.55 of Motreanu-Motreanu-
Papageorgiou [8], p. 33). This ensures that A’ has an inverse mapping (A")~! :

(W " (@) = Wy ™).

Now, we prove that (A’)~! is continuous. Let s,,s € (Wol’p(x)(Q))* with s, — s. For
every n € N, there exists (a unique) u,, € Wol’p(x)(Q) such that A'(u,) = s,. Also, there
exists u € Wol’p(x)(Q) such that A'(u) = s. Since A’ is coercive and A'(u,) — A'(u), we
get that {u,} C W™ (Q) is bounded. So, by passing to a subsequence if necessary,
we can assume that there exists ug € Wol’p(x)(Q) such that u, — ug. Since s, — s, we
have

nl—i>rfoo<A/<u”) — A'(ug), uy, — ug) = nl_i>rfoo<sn, Up — Ug) =0,
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= u, > uy (as A" is of type (S4), see Remark 2).

The continuity of A’ implies that s, = A'(u,) — A'(u) = s = A’'(u). The strictly
monotonicity of A’ implies that u = uy. So, we conclude that u,, — u, and hence (A")~!
1s continuous.

We consider the functional .J, : W™ () — R given as J,(u) = A(u) — uB(u) for
all u € Wol’p(x)(Q). We note that
inf  A(u) = A(0) = B(0) =0.

uewy ()

Since the concept of (P.S)-condition appears in the statement of Theorem 1, we
recall it.

Definition 1. Let (X, X*) be a Banach dual pair. We say that J, : X — R has the
Palais-Smale cut off upper at r property, for r €] — 0o, +00] fixed, if every {u,} C X
such that:

(3) {Ju(un)} is bounded;
(i) 15 (ua) |l x — 0 as n — +oo;
(Jij) Alup) <,
admits a convergent subsequence.

3. MAIN RESuULTS

Firstly, we prove a theorem producing at least one nontrivial weak solution for the
problem (1). We impose the growth condition (ki) on the reaction term. Define the
function ¢ : Q — R by ((x) = d(z,09Q), where d is the Euclidean distance. Let zy € Q be
a point of maximum for ¢ and let 6 := ((x), then B(xo,8) = {x € R" : d(zg,x) < 0} C

2. For notational convenience, we fix n €]1,4o00[ and put 79 = 1/n and wy = =L

Clearly, (1 —ng)fwy = 1. Also, for ¢ > 0 and k € C(2) with 1 < kK, we put
(] == max{c" ,¢* } and [d, :=min{c" " }.
We impose the following condition on H : 2 x R — R:

(hs) limsup ———— = +o0.
t—0+ 4

Example 1. Let 8 € C(Q) with 1 < 3(x) < p*(x) for each x € Q, and g : Q — R such
that g € L*(Q) with 0 < a < g(z) < by < +oo for all x € Q. Consider the function
h:Q xR —=R given as

W) = g(x) + ct?@-1 >0,
no= g(x) t <O0.

Clearly h satisfies (hy) and H satisfies (hg).

—1
Now, put pu* = (blxl(p+)1/p_ + g—%[xg]ﬁ(p+)5+/p_> , with x; and xz denoting the

constants of the compact embeddings Wol’p(x)(Q) — L'(Q) and Wol’p(m)(ﬂ) — LP@(Q).
So, we prove our first theorem.
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Theorem 4. For each pu €]0, p*[, problem (1) has at least one nontrivial weak solution,
provided that (hy) and (hy) hold.

Proof. We consider the Banach space X := VVO1 P (x)(Q) and work with A, B defined
above (see Section 2). We wish to apply Theorem 1, so we check its hypotheses in the
case r = 1. Supported by the fact that A, B € C'(X,R) and the compactness of B, we
point out that J, satisfies the (P.S.)I"-condition for all 7 > 0 (see Bonanno [1]). This

27rn/2

means that Theorem 1(jj) holds. Let m := ENCYE) be the measure of the unit ball of R",

where T' is the Gamma function. Now, fixed p €]0, u*[, by using the hypothesis (hs),
we have

- 1/q~
. q

2 0<(,<ming 1,
@ G { (e @ o) }
so that
(3) qing infﬂ?EQ H(I’, CM) > l

(1 =) ([wol? + [wo] ) (C) T~ ~ o
If | - | denotes the Euclidean norm on R”, define u, : @ — R by

0 ;L’EQ\B(I(],H),

uu(x) = gu S B@Oﬂhﬁ);

C“wg(e — |z —20]) € B(x0,0) \ B(0,790).
We have

w) = L wl(x) [P@ dr L w(z) 9@ g
Atw) = | S Vula)P s+ [ S Tu(@)a
1
p-
S
=

P mlwgP(1— )8 + qi«u)qm[we]q(l e

(Gu)* m(1 = ng)6" ([we]” + [wel?),

Also, we get

Blu)z [ Hlzu)de > inf His G)mupe" (by (3))
B(z0.m69) el

B(uy,) q g infreo H(x, ) 1

Aluy) = =) (wol” + ol (G~ 5

For each u € A7'(] — oo, 1]), by using Theorem 3, we have

wl(z)[P@) 1/p
IVl iy < [op(| V() )7 < [f / %dﬁ}

< [ptP = (pt)ir,
(4) = lull = || Vul || gy < ()P
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By Proposition 1 and Theorem 3, we have
() /Q|U($)\W)dx = pp(u) < [Jlull s @)’ < Ixgllull) for all u € X.

By hypothesis (h;), (4), (5) and the compact embedding X < L'(Q), for each u €
A7Y(] — 00, 1]) we get

B(u) < by / ula)|dz + ;’— / (@)@ da < by ul] + g—i[mﬂwumﬁ

b -
< boa ()" + sl (")

57
_ b - 1 1
= sup B(u) < b1X1(p+)1/p + —i[XB]’B(er)ﬁﬂp =—<-
Aw)<1 B W
1 B
= sup B(u) < —< (u“)
Au)<1 o Auy)
Aluy) 1

So, Theorem 1(j) is satisfied. Since u €] [, we apply Theorem 1 to

B(up)? sup (uy<1 B(u)
conclude the existence of a local minimum point v, for J, with 0 < A(v,) < 1. Thus,
v, is a nontrivial weak solution of (1). d

Next, we prove a multiplicity result for the problem (1). We impose the following
conditions on H : Q@ x R — R:

(hs) there exist ¢ € [0, +o00[ and v € C(Q) with 1 <y~ < 4% < p~ such that
H(z,t) <c(1+tP®) forallz € Q,all t € R;
(hy) H(z,t) >0 for all x € Q, all t € RT;
(hs) there exist r > 0 and ¢ > 0 with r < 17—1+(C)p+m(1 —ny)0" ([welp + [welq) such that
1 - ba + I q g infreq H(x, ()
R::—bxp+1/p Tl/p+_Xﬂp+B/p r11/P8Y .
7"{ 1 1( ) [ ] 5,[ [3] ( ) H ] ] } (1_ng)([w€]p_'_[w0]q)(g)q

Example 2. Let v € C(Q) with 1 < v~ < ~" < p~ for each x € Q, and g : Q@ - R
such that g € L'(Q) with 0 < a < g(z) < by < +oo for all x € Q. Consider the function
h: QxR —R given as

v(x)—1
W) = g(z) +ct t>0,
0 t <0.
Clearly h satisfies (h1) and H satisfies (hs), (hs) and (hs).

Now, we can have the existence theorem producing at least three weak solutions.

(1 = ng)([wol” + [wo]) (O 1
¢y infecq H(z,C) "R
least three weak solutions, provided that (hy), (hs), (hs) and (hs) hold.

Theorem 5. For each p € © :=

, problem (1) has at

Proof. From same notation and similar arguments as in the proof of Theorem 4, we
deduce that the requirements of Theorem 2 (see also Remark 4) are met.
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For r, ( satisfying (hs), we define w : Q@ — R by
0 x € Q\ B(xo,0),
w(z) =4 ¢ x € B(xo,190),
Cwy(0 — |z — x0]) x € B(xo,0) \ B(zo,m60).
From (hy), in the lines of the proof of Theorem 4, we get
Bw) | qupink,en H(r.C)
A(w) — (1= ng)([wol? + [wo])(C) T

Also, we have

Aw) 2 (0P m(1 = )8 (aly + Lol
Since r < p%,(g“)lﬁm(l —n3)0" ([welp + [welq), we get r < A(w). So, we have
(6) /Q|u(ﬂf)|ﬁ(x)dﬂf = pp(u) < [[lull s o)) < Ixsllul]” for all u € X,

(by Proposition 1 and Theorem 3). For each u € A~!(] — oo, r]), thanks to Theorem 3
we get

) p@) P
IVull oy < lop (Va7 < [ dx}
< [p+A( )]1/10 < [ (p )1/p [ ]1/:0
(7) = lull = || |Vul ||Lp<m><m < (pH)MP ]

Now, (h1), (6), (7) and the compact embedding X — L'(2), for each u € A7 (]— o0, 1]),
give us

Blu) <t [ fu@)de + 2% [ fule)*“de < boalull+ bl (lul)?

< b)Y 1+ S )

3
- 1 sup B(u) < 1{bl><1(z9+)1/” [r]? + 2[X,B]ﬁ(p*)ﬁwp[[7“]1/1"]6},
T A(u)<r r ﬁ
1 B(w)
= ;A?B)ETB(u) < —A(w)’

= Theorem 2(i) is true.

We wish to show that J, := A — uB, for each p1 > 0, is coercive. We point out that

(8) /QIU(QJ)\”(I)M = py(u) < {llullpre o))" < Dy llufll” for all u € X,

(by Proposition 1 and Theorem 3), where ., is the constant for the compact embedding
X — LY@(Q). From (hs) and (8), for each u € X with |lul| > max{1, x;'} we have

= x,u(z))dr c w(x)|" ) dz
— [ Hatads < [ e u@) @

< {9+ D llul]7} = {19 + D] lull” ), 19 is the Lebesgue measure of €.
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So, we have

u L lP®de + [ V()@ de — e Nyl
B2 [ i@+ [ T = 9]+ Pl

1 - +
> p—+IIUIIP = pe{ |9 4 D ™}

= J, is coercive.

A

By Theorem 2, © C (w)’ I implies that J, (for each p € ©) has at
B(w) SUP A(u)<r B(“’)

least three critical points, which are weak solutions of (1). U

Acknowledgment: The authors wish to thank the knowledgeable referee for his/her
important remarks.
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