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In the context of complex networks, designing a null model that preserves certain properties of the original
network is a fundamental problem. While for binary bipartite networks, the problem has been solved by the
curveball algorithm, which preserves the degree of each node exactly, for weighted bipartite networks, finding a
null model that strictly preserves some features of the original network is still an open challenge. In this work, we
present a microcanonical algorithm that preserves exactly the degree and the strength of each node in a weighted
bipartite network. The algorithm is based on an edge-swap procedure that combines three different moves: weight
shuffling, simple edge swap, and bridge edge swap. The algorithm has been built to guarantee that the underlying
transition matrix of the Monte Carlo Markov chain (MCMC) is symmetric, which is a crucial property to obtain
an unbiased sample of random graphs. We validate our algorithm empirically, showing through a x-square test
that for small graphs, the algorithm produces an unbiased sample of graphs. Finally, we also provide a heuristic

method to estimate the mixing time of the MCMC.
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I. INTRODUCTION

In network science, one of the central challenges is to
distinguish structural properties of a network from features
arising from randomness. In this regard, considerable efforts
have been made to find a null hypothesis that satisfies a certain
set of constraints. This problem can be addressed in two
ways: through the microcanonical approach, which preserves
exactly the required constraints, generating a sample of ran-
dom graphs, or through a canonical approach, which preserves
the constraints only on average [1,2]. One of the earliest
works adopting a microcanonical approach was carried out
by Maslov and Sneppen [3], who formalized an edge-swap
algorithm to randomize a binary network while preserving the
in- and out-degrees of each node. Another successful micro-
canonical method is the curveball algorithm [4,5], which is
designed to randomize binary bipartite networks.

In this paper, we propose a new microcanonical method to
sample random weighted bipartite graphs with integer weights
under the hard constraint of preserving both the degree and
the strength sequences. We call this algorithm BiWES
(bipartite weighted edge swap). From a microcanonical
perspective, some methods have already been proposed to
randomize weighted graphs, although under different sets
of constraints [6—8]. The closest works to our approach are
the canonical method proposed in Ref. [9], which formalizes
a null hypothesis that preserves, on average, the degree
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and the strength of each node, and the information filtering
methodology proposed in Ref. [10], both developed for
weighted unipartite networks.

BiWES works by randomly performing three moves:
weight shuffling, simple edge swap, and bridge edge swap.
Each move, when considered individually, preserves the de-
gree and strength of each involved node, and all three are
required to fully explore the configuration space. Weight shuf-
fling modifies the weights of selected links while preserving
the network topology. Simple edge swap alters the network
topology while preserving the edge-weight distribution. Fi-
nally, bridge edge swap modifies both the topology and the
weights simultaneously. These three moves are combined in a
Monte Carlo Markov Chain that allows for switching among
graphs until complete randomization is reached. We show
that, under the proposed move-selection scheme, the underly-
ing transition matrix that generates the Monte Carlo Markov
Chain is symmetric, which is a crucial requirement for ob-
taining an unbiased sample when using any edge-swap-based
algorithm. This is done by considering small networks for
which it is computationally feasible to enumerate the entire
configuration space, and we perform simulations showing that
each graph is sampled with equal probability. We also provide
an empirical estimate of the number of moves required to
randomize the network.

The manuscript is organized as follows: in Sec. II, we intro-
duce the three moves that enable the randomization process.
In Sec. 111, we describe how the three moves are combined to
construct the BIWES. In Sec. IV we empirically demonstrate
that the algorithm produces an unbiased sample. We draw our
conclusions in Sec. V. The code to enumerate the configura-
tion space and to randomize a bipartite weighted network is
available as a Python package [11].

Published by the American Physical Society
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FIG. 1. Example of weight shuffling.

II. RANDOMIZATION MOVES

This paper introduces an algorithm to randomize a
weighted bipartite network with integer weights under the
following constraints: the degree and the strength must be
preserved simultaneously. In other words, we want to preserve
both the degree sequence and the strength sequence of the two
sets of nodes simultaneously. We approach this problem using
a generalized edge-swap algorithm, and we identified three
different moves that allow us to shuffle a bipartite network
while maintaining these constraints. In this section, we intro-
duce the three moves, analyzing their properties.

A. Weight shuffling

Weight shuffling (WS) is a move that changes the edge
weight distribution, but preserves the network topology and
the strength of each node. This type of move was first formal-
ized in 1998 in Ref. [12], to randomize a contingency table.
Weight shuffling requires 4 nodes, two from the set A, and
two from the set B: uy, uy, vy, vy, arranged in a square. Specif-
ically, the network must contain four links: e;; = (uy, vy),
e = (up, 17), e12 = (U1, v2), and ep; = (uy, v1). Without los-
ing generality, considering the graphical representation of the
square Fig. 1, we will say that the links e;; and ey, are
parallel, and also the two links e, and e;; are parallel. The
idea of this move is the following: If a pair of parallel links
transfers a fraction A of their weight to the other pair of
parallel links, then we will obtain a new graph with shuffled
weights, Fig. 1. This move always preserves the strength of
each node involved, but we also want to preserve the degree
of each node, or even the meaning of the graph, by avoiding
negative weights. Considering that we subtract A from some
weight links, it is necessary to force A within a certain range
to ensure that every link involved can reach 1 as a minimum
possible value. To understand the constraints on A, it is useful
to write how this move changes the biadjacency matrix.

Let A’ be the current biadjacency matrix, where w!,
is the weight of the link between node u € A and node v € Bin
the current state. The new matrix A’*! is obtained by changing
the four elements corresponding to the edges of the square:

AL ot A, AL ot A,
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To ensure that the new weights are positive integers, we
must derive bounds for A. From the first two equations, we
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This gives us the lower bound: A > 1 — min(w,,,,,, w,,, ) =
a. Therefore, A must be an integer in the interval [a, b].

If we select a random integer A belonging to that inter-
val and then apply the changes to the biadjacency matrix,
then we are effectively performing a random selection of one
configuration out of all possible configurations that satisfy our
initial constraints on the degree and strength of the nodes. It
is important to note that, after applying the move, it is always
possible to “invert” it, selecting the same square and choosing
the appropriate A.

B. Simple edge swap

While WS generates a new realization of the network that
preserves its topology, the move we refer to as a simple edge
swap (SES) allows the network topology itself to be mod-
ified. This move is inspired by the classic Maslov-Sneppen
algorithm [3], which was originally introduced to randomize
binary networks under the sole constraint of preserving the in
and out degree sequences.

Consider two links from the network, e = (uy, vy)
and ey = (up, v2). If the two links have the same weight
w and there are no existing links between the nodes (i, v,)
and (up, v1), then it is possible to perform an edge swap.
The edge swap consists of deleting the original links and
creating two new links, ej5 = (u;, v2) and e;1 = (up, vy), as
illustrated in Fig. 2. To preserve the strength sequence, the
two original links must have the same weight w as e;; and
ey. This constraint implies that, after this move, not only are
the degree and strength sequences preserved, but also the edge
weight distribution.

FIG. 2. Example of simple edge swap.
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FIG. 3. Example of bridge edge swap.

The two moves described so far are complementary. In fact,
WS changes the edge weight distribution but preserves the
topology, whereas the SES changes the topology but preserves
the edge weight distribution. To construct an algorithm capa-
ble of exploring the entire space of graphs with fixed degree
and strength sequences, both moves are necessary.

It is important to note that the move can be inverted. In fact,
after applying a SES move, the algorithm can go back to the
previous state, selecting as two links for the next swap e, and
e»1, obtaining the two original links.

C. Bridge edge swap

Even though the two previous moves can generate net-
works with different topologies and edge weight distributions,
it is necessary to introduce a third move. There are certain
configurations where neither of the previous moves can be
applied, despite the existence of other valid networks that
satisfy the constraints. In the 5-node network shown in Fig. 3,
there are no squares, meaning that weight shuffling cannot be
applied. At the same time, there are no pairs of links with iden-
tical weights, which makes a simple edge swap impossible.
Nevertheless, as shown below, there exists another configura-
tion that cannot be reached using only the two previous moves.

The core concept of this move, which we call bridge edge
swap (BES), is to perform an edge swap while preserving the
strength sequence, even when the two selected edges have
different weights. This is possible only if there exists a fifth
node that acts as a bridge between the two edges.

Bridge edge swap is defined as follows:

(1) Selection of edges. Select two edges e;; = (u;, v;) and
exn = (up, vy) with weight wi; # wy,. To apply the move, it
is necessary to have a bridge node u3 such that the two links
e31 and e3; exist.

(2) Edge swap. Remove the edges e;; and ey, and create
the edges ej» = (u1, v2) and ep;(up, vy), assigning weights
w1 and wyy, respectively. This operation preserves the degree
sequence but induces a strength imbalance on nodes v; and
vy, central panel in Fig. 3.

(3) Strength compensation. Let us define y = |w; —
wa|. If wyy > wyy, then node v, has an excess of y units
of strength and node v; has a deficit of the same amount
(and vice versa otherwise). The imbalance is compensated by
decreasing (or increasing) the weight of edge e3; by y and
increasing (or decreasing) the weight of e3; by y.

(4) Validity condition. The move is accepted only if, after
the weight adjustment, all the weights remain greater than O,
ensuring that all weights remain positive and that the degree
sequence is preserved. In particular, if wy; > wy,, then it is
necessary that ws; > y + 1. Instead, if w;; < wyy, then it is
necessary that wz; > y + 1.

The fifth node, which is not present in the SES, is crucial
here, because otherwise it would be impossible to adjust the
weight for nodes v; and v,. Therefore, a chain of five nodes
is the simplest structure that allows an edge swap between
links with different weights while preserving the strength. It is
worth noting that if w;; = wy,, then the weight compensation
y would be equal to 0, and the move would become identical
to SES. Such a condition would break the symmetry of the
transition matrix generated by the BIWES algorithm. For this
reason, the condition w;; # wy; is explicitly enforced in the
first step of the procedure. Also, in this case, it is important
to note that after applying the move, it is always possible to
find a move that inverts it. In fact, after the move is applied, the
five-node structure is preserved, and it is still possible to apply
a BES move by removing the links e, and e,; and recreating
e11 and ey;. From the tests conducted in Sec. IV, these three
moves are sufficient to fully explore the configuration space.
For this reason, we did not search for additional or more
complex moves involving other sub-network structures.

D. Pairwise disjointness property of the move set

In this section, we want to address the issues associated
with implementing a randomization algorithm as an MCMC.

As we will show, one of the key requirements for obtaining
unbiased sampling is that the transition matrix of the Markov
chain be symmetric. In this section, we introduce a property
of the three moves that will be crucial in proving that the
transition matrix induced by our algorithm is symmetric. In
fact, we will prove that the sets of reachable networks, after
applying a single move, are pairwise disjoint.

Let us consider a network G where any of the three moves
can be applied. With just one move, we can reach a limited
number of networks. If we apply a WS to G, then we can
reach a certain set of networks G,,; if we apply a SES move,
then we can reach a graph in the set G; finally, if we apply a
BES move, then we can reach a graph in the set G,. We want
to prove that these three sets are pairwise disjoint:

gwmgszg and gwmghzg and gsmghzg-

This property follows directly from the definition of the three
moves. WS modifies only the weights of four links while
preserving the network topology. SES, instead, alters the
topology of the network. Therefore, the set G,, is disjoint from
both G; and G,. The two edge swap moves do similar things
to the graph, but in a different way. Both of them swap two
edges, but simple edge swaps do not alter edge weights.

Conversely, a BES changes the weight of the two links used
as a “bridge.” For this reason, we can conclude that G; and G,
are also disjoint sets.
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From this property, it follows that, if a move of a given type
transforms a graph G into G*, then the inverse transition from
G* back to G can only be obtained by applying a move of the
same type.

III. BIPARTITE WEIGHTED EDGE SWAP ALGORITHM

In this section, we will describe how these moves can be
employed to design an algorithm that produces a randomized
version of a bipartite network. We will refer to the algorithm
as BiWES. The problem of obtaining a random graph using
an edge swap algorithm can be formalized with a Monte
Carlo Markov Chain (MCMC) [13]. Therefore, it is essential
to clarify the properties that the Markov chain must have to
ensure that the final algorithm produces an unbiased sample of
random graphs. One of these properties is the symmetry of the
transition matrix. For this reason, in this section, we explain
exactly how the algorithm decides the next move, showing
that for every move, the probability P;; of transitioning from
state i to state j is equal to the probability P;; of transitioning
from state j to state i.

A. Monte Carlo Markov chain properties to perform
an unbiased sample

We can formally define G = {G}, Ga, ..., G|g|} as the set
of all bipartite graphs with a given strength and degree se-
quence. |G| is the number of possible configurations. Each
graph G; € G can be considered a state of a MCMC process.
Every time we apply one of the three previously defined
moves to the graph G,, we obtain a new graph G, that still
belongs to the set G. From this perspective, we can randomize
a graph by applying a single move. Clearly, this approach is
not sufficient, because for large graphs a single move allows
us to reach only a subset of G. Since we are working within
an MCMC framework, it is crucial to understand which prop-
erties the Markov chain must satisfy to produce an unbiased
sample of random graphs. This topic is well discussed in Ref.
[13], but for the sake of completeness, we briefly recall the
key points here.

Following the lines of [13], there are two necessary (but not
sufficient) conditions that are required to perform an unbiased
uniform sampling of a state from an MCMC:

(1) The underlying Markov chain must be irreducible.

(2) The underlying Markov chain must be aperiodic.

If the underlying Markov chain is aperiodic and irre-
ducible, then it is called an ergodic Markov chain.

The aperiodicity is the easiest condition to obtain in the
MCMC algorithm. A sufficient condition to guarantee the
aperiodicity is that all the states are aperiodic [14,15]. This
means that for each state i, there is a probability P; > 0 of
remaining in the same state. This is an easy condition to add
to any MCMC algorithm because it is sufficient to add an
acceptance probability to every single move [15].

A Markov chain is said to be irreducible if, for any pair
of states i and j, the probability of reaching state j from
state i in a finite number of steps is greater than zero. In
other words, if we imagine the Markov chain as a directed
graph, then it must be a strongly connected graph. So, we
want to be sure that by applying the three moves defined in

the previous section several times, we can reach every graph in
the set G. This condition is related not only to the way one can
construct an edge swapping algorithm, but most importantly,
to the randomization moves. As we saw in the section dedi-
cated to BES, we are sure that if we remove this move from
the final algorithm, then there are some configurations that
the algorithm would never visit. So far, we do not have any
mathematical proof that our algorithm produces an irreducible
Markov chain. But as we will show below, all the tests that we
conducted on small networks, when we can actually enumer-
ate all the possible configurations given our constraints, gave
us positive results, thus suggesting that indeed the algorithm
can visit all the possible states.

As we have already mentioned, if the two previous condi-
tions are satisfied, then the Markov chain is said to be ergodic.
Ergodicity is a sufficient condition to guarantee the existence
and the uniqueness of a stationary distribution

1= {7‘[1,7‘[2, . .,7T|g|}

associated with the Markov chain. The stationary distribution
represents the long-term behavior of the chain: after a suf-
ficiently large number of steps t*, the probability of being
in the state i converges to m;, regardless of the initial state.
In the context of edge swap algorithms, we aim to produce
an unbiased sampling. In other words, we want to simulate
a uniform sampling from the set G, meaning that each graph
should be sampled with the same probability. This implies that
every edge swap algorithm must have a stationary distribution
such that

S
LG

If the underlying Markov chain is ergodic, then a sufficient
condition to achieve this property is that the transition matrix
of the process has to be symmetric, P;; = P;; [13]. In the
context of edge-swapping algorithms, we do not know the
transition matrix explicitly; we simply apply moves to ran-
domize the network. As we will show later, it is not trivial to
obtain a symmetric transition matrix, and even small imple-
mentation details can change the stationary distribution.
There is one last important condition that we have to
discuss to guarantee an unbiased sample. It is possible to
construct an ergodic Markov chain with a symmetric tran-
sition matrix, but if only a single move is applied, then the
resulting network, although it is a randomized version of the
original one, will be extremely similar to the original one.
This is a well-known problem in the context of MCMC:
even though we know that a stationary distribution exists for
the Markov chain, we do not know how many steps ¢* are
required to sample from the distribution I1. In an MCMC
procedure, there are typically two phases: a burn-in phase
and a stationary phase [16]. The number of steps required to
exit the burn-in is commonly referred to as the mixing time.
In the context of the edge-swap algorithm, the mixing time is
the number of moves needed to obtain a fully randomized ver-
sion of the network. Estimating the mixing time analytically
remains an open problem, both in the context of edge-swap
algorithms and in the broader context of MCMC. For our algo-
rithm, in Sec. IV B, we will propose a method to empirically
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estimate the number of necessary moves to ensure unbiased
sampling.

B. How the algorithm picks a move
1. WS move implementation

Given a square in the network, weight shuffling modifies
the weights of all its links, while preserving the strength of
each involved node. Therefore, performing this move requires
selecting a random square in the network. At first glance,
it may seem reasonable to maintain a list of all squares in
the network, randomly select one of them, and apply the
move. However, although this approach appears theoretically
simple, it turns out to be computationally inefficient. After
any edge swap move, the topology of the network changes:
some squares may be broken, and some other new squares
may be created. As a result, the algorithm should update the
square list after every edge swap move. This update cannot be
done in a computationally constant time. Since large graphs
require a huge number of moves to be properly randomized, it
is essential that each move be extremely fast.

For this reason, we decided to adopt another strategy to
find a random square. We employ a technique known as path
sampling [17]. The idea is to start from a randomly chosen
node, explore its neighbors step by step, and stop when the
desired structure is found. The algorithm that we used to select
a random square is the following:

(1) Select the first node. Select a random node a and deter-
mine the set of its neighbors A/,.

(2) Select two random neighbors. Select two random
neighbors of a from the set NV, and call them b and c. These
nodes have their own neighbor sets A}, and A,. If node a has
fewer than two neighbors, then the algorithm does not return
any square.

(3) Find the fourth node. Randomly select one node be-
tween b and c; for example, assume b is chosen. From the
set N\Vp, select a node different from a and call it d. Check
whether d also belongs to N.. If this condition is satisfied,
then a square has been found; otherwise, the algorithm does
not return any square.

Using an adjacency list as a way to represent the graph, this
algorithm has a computational cost of O(1). However, it does
not guarantee that a square is found at every call. When no
square is identified, the algorithm simply remains in the same
graph for one more step.

We also want to emphasize that this selection process is
biased; it does not select any square in the graph with the
same probability. This is not a problem for the symmetry of
the transition matrix. What is crucial is that the probability
of each square is the same before and after the move. This is
always true, considering that WS does not change the network
topology.

2. SES move implementation

To perform a simple edge-swap move, two links with the
same weight are required. Therefore, after each move, we can
define and update a data structure that associates each unique

weight with the links that have that weight:

wy : (G, J1), (2, j2)s -2 )

5 _ ?-UZ : {(i3’ j3)7 (i47 j4)a .o }a

;'Uk : {(im9 jm)v e }

We implemented the simple edge-swap algorithm as fol-
lows:

(1) Selectarandomweight. A random weight w is selected
among all available weights.

(2) Select two random links. Considering all the links with
weight w, select two random links e; = (u1, v1) and ey =
(u2, v2).

(3) Perform the swap. Delete the original links e;; and ey,
and create two new links e, = (11, v2) and e = (uz, vy).
The swap can be performed only if the two new links do not
already exist. Otherwise, the algorithm does not perform any
move and remains on the same graph for an additional step.

However, not all weight classes contain the same number
of edges. Consequently, when selecting the weight uniformly
from the set of all unique weights, links belonging to less
populated weight classes will have a higher probability of
being chosen. In other words, this procedure introduces a bias
in the link selection, since edges from rare weight classes
are overrepresented in the sampling process. This selection
bias is not a major issue. In fact, as long as the probability
of selecting the same link in the next step remains the same,
the transition matrix will stay symmetric. This is always true
using this link selection criteria.

This can be proven as follows. Suppose the algorithm is
currently in the graph G; and selects an SES as the next move.
The probability of selecting a specific pair of links to perform
the swap is

Pij = p1 - pa,

where p; is the probability of selecting a random weight w,
and p, is the probability of selecting a random pair of links
(u1, v1) and (u2, vo) with weight w. Since the weight is chosen
uniformly from the set of distinct weights, we have

1

W 9

where W is the number of unique weights in the network.
Moreover, if X, denotes the number of links with weight w,

then the probability of selecting a specific pair of links with
that weight is

P =

2

pr= )‘«w()\w - 1)

After applying the SES move, the algorithm deletes the two
selected links and creates two new links (i, v,) and (uy, v1),
resulting in a new graph G;. As shown in Sec. II D, the only
way to return from G; to G; is by performing another SES
move. In particular, this requires selecting the same weight
w and the two links created by the previous swap, namely
(u1, vp) and (un, v1). Since the SES move does not alter either
the set of unique weights or the number of links associated
with each weight, both W and X, remain unchanged. As

014312-5



G. GLAVIANO AND S. MICCICHE

PHYSICAL REVIEW E 114, 014312 (2026)

>0 0

FIG. 4. Example of a random walk to randomly find a five-node
structure.

a result, the reverse transition probability satisfies P;; = P;;,
which proves that the transition matrix is symmetric also

for SES.

3. BES move implementation

To perform a BES move, it is required to find a five-node
structure that consists of a chain of five nodes. Also in this
case, to randomly select this kind of structure, we use path
sampling with the following algorithm.

(1) Select the first node. Select a random node A.

(2) Perform a random walk. One of the neighbors of A is
selected at random and labeled B. Then, one of the neighbors
of B is selected at random. The random walk continues in this
way until a chain of five nodes is reached.

(3) Check for dead ends. If, during the random walk, a
node with only one neighbor is selected (except for the first
and the last nodes), then the random walk reaches a dead end.
In this case, the process is stopped, and the algorithm proceeds
to the next step while keeping the current graph unchanged.

(4) Validate the structure. If the algorithm successfully
identifies a chain of five nodes, then it checks whether the
chain satisfies all the constraints required to perform the BES
moves described in Sec. II C. If the chain is valid, then the
move is applied; otherwise, the algorithm proceeds to the next
step while keeping the current graph unchanged.

This algorithm does not select the structure uniformly from
the network. To show this, we can compute the probability
Sar of obtaining the structure corresponding to the red path
in Fig. 4, and compare it with the probability S4; of obtaining
the structure corresponding to the green path. An important
property of the search algorithm described above is that, to
find any five-node structure, the first randomly selected node
must be one of the two endpoints of the chain. Therefore,
in the example shown, to obtain the red path, the algorithm
must select either node A or node F as the starting node.
Consequently, to compute S4r, it is sufficient to evaluate two
probabilities: S4_, 7, the probability that, starting from node
A, the random walk follows the red path and reaches F'; and
Sr_.4, the probability that, starting from node F', the random
walk reaches node A along the same path. Finally, Sar can be

written as

1
Sar = E[SA—>F + Sral. 2)

The constant % is the probability of randomly selecting a
specific node. Since the algorithm does not allow the random
walk to step backwards, once the algorithm selects the node F,
it is forced to follow the red path until the node A, so Sp_4 =
1. However, if A is the first node selected, then the probability
of moving to B is % Once node B is selected, the algorithm is
forced to reach the node F, therefore Sy_.r = %, and finally
using Eq. (2) we find Sap = 11—0. The probability of obtaining
the green path is instead given by

1

SaL = E[SAﬁL + Si-al. 3)

The probability S, is % X _%, because starting from A the
probability of reaching G is %, from G there is a probability

of % of choosing H as the next step. Instead, starting from the
node L, the probability of following the green path until A is
reached is S; 4 = % Using Eq. (3) we find Sy, = %. This
proves that this selection algorithm is biased.

As mentioned in Secs. III B 1 and III B 2, this bias in the
move selection is not a significant issue as long as the transi-
tion matrix remains symmetric. Let us therefore prove that our
matrix is indeed symmetric. Let us assume that the algorithm
is currently in the state represented by the graph G;, and
that BES is selected as the next move. Suppose that a valid
structure that connects the node A to the node F is found, so
in the next step, the algorithm will reach the state G;. The
probability of reaching this state is

Pj = Sur, “)

where S’ denotes the probability of choosing a five-node
structure that has the nodes A and F as endpoints in the
graph G;. As discussed in Sec. II D, returning from state G; to
the state G; is only possible by applying another BES move.
As shown in Fig. 3, after applying the move, the five-node
topological structure remains unchanged, in the sense that all
the nodes are still connected in a chain with the same two
nodes as endpoints. Therefore, starting from the state G, the
inverse move leading back to G; can only occur if a BES move
is applied and the same five-node structure is selected. So, we
can write the probability Pj; as

Pji = Sir, (5

where S/’;F is the probability of choosing a five-node struc-
ture with nodes A and F as endpoints for graph G;. So we
only need to prove that S, = S/{ - Given that the number of
neighbors of each node is the same before and after the move,
the previous equality is satisfied. Consequently, the transition
matrix is symmetric.
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ALGORITHM 1. BiWES.

Require: Initial Graph G, Number of steps K
Ensure: Randomized Graph G

1: data_structures < PRECOMPUTEDATASTRUCTURE(G)

> Initialize all the data structures

2:for k < 1to K do

PHYSICAL REVIEW E 114, 014312 (2026)

3:  r < random number in [0, 1)

4:  Move Selection:

5. ifr < 1/3 then > Attempt Weight Shuffling (WS)
6: S < FINDRANDOMSQUARE(G) > Returns a square or ¢
7: if S # ¢ then

8: G <« APPLYWEIGHTSHUFFLING(G, S, data_structures)

9: data_structures <— UPDATE_DATA_STRUCTURESDATA_STRUCTURES

10: end if

11: > If § = §, G remains unchanged
12:  elsif r <2/3 then > Attempt Simple Edge Swap (SES)
13: w < select a random weight from the list of all weights

14: e, e < Select two uniform random edges with weight w

15: if ISSWAPFEASIBLE(e 1, ¢2,) then

16: G < APPLYSIMPLEEDGESWAP(G, ey, €3,, data_structures)

17: data_structures <— UPDATE_DATA_STRUCTURESDATA_STRUCTURES

18: end if

19: > If the swap is not feasible, G remains unchanged
20: else > Attempt bridge edge swap (BES)
21: C < FINDFIVENODECHAIN(G) > Returns chain or ¢
22: if C # () and CANPERFORMBES(C) then

23: G < APPLYBRIDGEEDGESWAPG, C, data_structures

24: data_structures <—UPDATE_DATA_STRUCTURESDATA_STRUCTURES

25: end if

26: > If search failed or move invalid, G remains unchanged
27: end if

28: end for

29: return G

C. Algorithm implementation

The previous sections introduced the three algorithms used
to select a specific move. Now we will describe the algo-
rithm that takes a graph G as input, randomly repeats these
three moves K times, and finally outputs the randomized
graph G,.

At each step, the algorithm has a probability % of select-
ing any one of the three moves. Once the move is chosen,
the algorithm will look for a valid structure, as described in
the previous sections. If a valid structure is found, then the
algorithm applies the move, and a new network configuration
is obtained; otherwise, the algorithm proceeds to the next step,
keeping the graph unchanged.

The overall procedure is described in the pseudo-code re-
ported in Algorithm 1. In this algorithm, we make extensive
use of the variable data_structures and of the function up-
date_data_structures, which updates them. To ensure that the
computational cost for each move time does not increase with
the network size, it is necessary to simultaneously maintain
multiple representations of the current network and update
them after every single move. For the interested reader, we
described in the Appendix all the algorithms and data struc-
tures we used to optimize the code.

IV. ALGORITHM TESTS

We have shown that the algorithm induces a symmetric
transition matrix. Moreover, since at each step there is a
nonzero probability of remaining in the same state (P; # 0),
the corresponding Markov chain is aperiodic. However, a
formal proof of irreducibility is still lacking; in particular, it
is not guaranteed that the three proposed moves are sufficient
to generate every graph in the set G.

In the following, we provide numerical evidence suggest-
ing that the Markov chain is irreducible and that the algorithm
performs an unbiased sample of graphs. For sufficiently small
networks, it is possible to explicitly enumerate the entire
set G within reasonable computational time using an exact
algorithm, available at [11]. For these restricted cases, corre-
sponding to specific degree and strength sequences, we verify
that all graphs in G are visited by the chain. Furthermore, we
observe that, for sufficiently large values of K, each graph is
sampled with equal probability ﬁ

A. Empirical evidence for unbiased sampling

An unbiased sample process can be thought of as an urn
model, where the set G represents the urn, and each graph
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FIG. 5. Starting graphs used as a test to show empirically that the sampling is unbiased. (a) 11 links |G| = 427. (b) 12 links |G| = 1904.

(c) 17 links |G| = 50722. (d) 18 links |G| = 216652.

corresponds to an element that can be drawn with equal prob-
ability p = ﬁ The process of drawing Z elements from this
urn with replacement follows a uniform distribution. Under
this null hypothesis, when performing a random sample of Z
graphs, the expected number of times each graph is sampled,
E;, is given by

E 74 z

TP gl

Therefore, if we perform an actual sample of Z graphs using
BiWES, then we can count how many times each graph G;
is drawn, creating a counting vector O, where the entry O;
represents the number of times the graph G; has been drawn.
By comparing the expected counts E with the observed counts
0, using the x-square test, we can check whether the sample
obtained using the BiWES is unbiased.

In Fig. 5 we show four example networks with 12 nodes
with different link densities. For each network, we computed
the degree and strength sequences, as well as the full config-
uration space consistent with those sequences. Although the
graphs are relatively small, the number of possible configu-
rations, |G|, grows rapidly as the number of links increases,
ranging from 427 to over 200000. For the first two cases
[Figs. 5(a) and 5(b)], we performed the test by sampling
Z = 10° graphs, each obtained by applying 1000 moves to
the original graph. Due to the larger size of the configuration

space, for the graph in Fig. 5(c) we performed Z = 2 x 10°
simulations, while for graph in Fig. 5(d) we performed Z =
107 simulations. In all cases, the p-value associated with the
X -square test is greater than 0.3, providing empirical support
that the sampling procedure is unbiased. This type of test
can only be performed on small graphs, since the number
of possible configurations increases very rapidly with the
number of nodes and links, making the enumeration problem
computationally infeasible within a reasonable time.

B. Empirical estimation of the mixing time

Estimating the mixing time of an MCMC Markov chain
is a nontrivial task. In the context of edge swapping algo-
rithms, the mixing time is typically assessed by monitoring
the evolution of specific network characteristics over time,
such as the number of triangles or squares [18], or, in the
case of directed networks, the number of feed-forward loops
[19]. For binary bipartite networks, Neal proposed a method
based on computing the distance between the networks during
the randomization process [20]. We propose a new heuristic
method based on the convergence of the empirical probability
distribution of edge weights.

Let us consider a probability matrix P of size n, x ny,
where the entry P;”‘e represents the probability that nodes i
and j are connected by a link with weight greater than or equal
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distributions.

to the observed weight w?}’s. One possible way to estimate this
matrix is to generate Ny, randomized versions of the network
and count how many times the randomized weight satisfies
wfj’) > wP. We decided to study the evolution of the matrix
P for estimating the mixing time for a practical purpose
that we did not address in this work, namely, the statistical
validation of links through a microcanonical graph ensemble.
Indeed, the entry P;; represents the p-value associated with
the link having observed weight w;’J'?S. Therefore, we consider
the study of the mixing time through the matrix P as the basis
for future work.

Starting from the original network G, after t randomization
moves we sample a single network G" and, for each entry,
check whether wlg;) > wfbs. After this check, G' is taken as
the new input, and the chain is allowed to evolve for another
t steps before the next sample is collected. This procedure is
known as thinning in the context of MCMC methods [21].

This process leads to the construction of a counting matrix
C. An estimate of the matrix P is then obtained by dividing
the counting matrix by Nyp:

1
Nrun

The estimation of P may depend on the thinning step .
If ¢ is too small, then the samples may be biased because the
Markov chain has not yet passed the burn-in phase. Once the
burn-in phase has been reached, further increasing the thin-
ning step does not lead to significant changes in the estimated
probability matrix P.

With this in mind, we conducted experiments on a set of
real networks, each taken from [22], to empirically investigate
the typical mixing time of our algorithm. For each real graph
G with L links, we fixed the number of simulations to Ny, =
10° and computed multiple realizations of the probability ma-
trix P. We denote by Pka single realization, where k indicates
that, before generating each randomized version of the graph,
we applied L - k moves. In all our tests, k € [1, 500].

The matrix P3% is expected to be the closest approxima-
tion to the true matrix PT, even though, from a theoretical

P =

C. (6)

standpoint, we have no guarantee that S00L moves are suffi-
cient to randomize the network. Nevertheless, we can compare
’P,-S.OO with the matrices obtained for smaller values of k.
Specifically, for each k, we can compute the average relative
error as follows:

1
5k=@ >

(0, /)eR

| Pk — P30

s @)
ij

where |€2| denotes the cardinality of the set Q = {(i, j):

w;; >0 A PiSjOO > 10~*}. We restrict our analysis to prob-

abilities larger than 107*, since, given that Ny, = 10°,
considering smaller probabilities may lead to large relative
errors in the probability estimates.

The left panel of Fig. 6 shows the behavior of the mean
relative error & as a function of the parameter k, for four
different real-world networks [23—-26]. All four curves exhibit
a monotonically decreasing behavior of §; as the number of
moves used to randomize the network increases. This de-
cay continues until a plateau is reached for all curves. We
identify the onset of this plateau as the critical mixing time,
denoted by k.. Beyond this point, allowing the MCMC to
further evolve does not provide any additional advantage in
the estimation of P. From Fig. 6, we infer that 50 < k. < 70.
Consequently, this test suggests that the number of moves
required to obtain an unbiased sample using BiWES lies in the
range S0L <t < 70L.

We compared our approach for estimating the mixing time
with the stopping rule proposed by Ref. [20]. Here, we briefly
summarize Neal’s method. Let A be the biadjacency matrix of
the initial graph. We create an ensemble of V identical copies
of A and let them evolve independently. After ¢ swaps, we
measure the distance between the original matrix A and each
randomized matrix AE’) in the ensemble. This yields a vector
D, of length V, which represents the distance distribution
from the original matrix after ¢ swaps. Subsequently, we per-
form Ar additional swaps on all matrices and again compute
the distances from the original matrix, obtaining a new vec-
tor D,;a,. The method iteratively compares the distributions
D; and D,, A, using the two-sample Kolmogorov-Smirnov
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FIG. 7. Runtime of the BiWES algorithm as a function of the
number of links for different network sizes.

test, stopping when the resulting p-value exceeds the 0.05
threshold, which indicates that the distance distribution has
stabilized. For each graph tested, we set V = 500, computed
each p-value 1000 times, and used the average as a reference
for the test. To measure the distance between graphs, we used
the normalized Manhattan distance, which is the same metric
that Neal uses in his paper.

We applied Neal’s test to the same four real-world net-
works we used to perform our test based on the matrix P. The
results are summarized in the right panel of Fig. 6. The mixing
time estimated by this test is higher. In fact, the average
p-value appears to stabilize with a number of swaps around
200-300 times the number of links. Nevertheless, our tests
show that, if this algorithm is used for statistical validation,
then a less conservative approach using a number of swaps
equal to 50 or 70 times the number of links is still reliable,
considering that no significant differences are observed in the
computed p-values as the number of swaps increases.

Once the mixing time has been estimated, it is important to
evaluate the computational cost of the algorithm in terms of
runtime. In Appendix, we show how the algorithm is imple-
mented so that each move has constant computational cost.
In this section, we demonstrate that the number of moves
required to randomize a network scales linearly with the
number of links. Therefore, the expected computational cost
of the BiWES algorithm is O(L). We empirically test this
hypothesis using the following setup: we generate random
weighted bipartite networks, increasing the number of nodes
from 2,000 up to 12,000, and increasing the number of links
from 10000 up to 800000. For each generated network, we
apply BiWES for 50 x L moves, measuring the required run-
time. In Fig. 7, we report the results. As expected, the runtime
increases linearly with the number of links. Moreover, the
slope (angular coefficient) increases as the number of nodes
becomes larger. This effect is due to the fact that, although
each swap is performed in constant time, increasing the num-
ber of nodes increases the constant factor associated with each
operation. From this plot, it can be seen that although a single
realization can be obtained in a reasonable amount of time
even for graphs with 10000 nodes, generating an ensemble

of millions of graphs would be too computationally expensive
for this microcanonical algorithm. It is nonetheless important
to emphasize that, when multiple realizations are required,
the algorithm can be easily parallelized across multiple cores,
since each realization is independent. The simulation in Fig. 7
was performed using an Intel Core 17-14700K processor.

V. CONCLUSIONS

In this work, we propose a new microcanonical algorithm
to randomize a bipartite weighted network, preserving the
degree and the strength of each node. Compared to other
edge-swap algorithms, this method features three different
moves: WS, SES, and BES, which are applied randomly to
the network.

We formalized this problem as an MCMC and described
the properties to obtain an unbiased sample of graphs, namely
ergodicity and the symmetry of the transition matrix. In
Sec. IIIB, we proved that BiIWES produces a symmetric
transition matrix; However, at the present stage, a rigorous
mathematical proof of ergodicity is still lacking. This theo-
retical limitation represents the main issue of the algorithm.
Indeed, if irreducibility were not satisfied, then the algorithm
would produce biased graph sampling. Although this theo-
retical limitation remains, we have shown that, at least for
small graphs where it is possible to fully enumerate the state
space, the algorithm is always able to successfully explore
the entire space of graphs with a fixed degree and strength
sequence. While this test, performed in Sec. IV A, cannot
replace a formal proof of ergodicity of the algorithm, we
would like to emphasize that no combination of degree and
strength sequences has been found that exhibits fragmenta-
tion of the state space. The irreducibility of BIWES remains
an open theoretical problem, and it would be interesting to
investigate in future work whether this algorithm does or does
not generate an irreducible Markov chain.

We also derived, using two different methods, the number
of moves required to achieve unbiased sampling. The stop-
ping rule suggested by Ref. [20] indicates that the number
of moves required is in the range of 200 to 300 times the
number of links. However, our tests based on the convergence
of the p-value suggest that there are no substantial changes in
the p-value estimates after 50-70 times the number of links,
showing that, at least for future statistical validation purposes,
it is possible to use this less conservative range.

A slow mixing time leading to high computational costs
is undoubtedly the main limitation of all microcanonical null
models on graphs. This slow convergence to the stationary
distribution can result in prohibitive computational costs when
the size and the number of links in a graph become too large,
and in such cases, the use of canonical models based on
the maximum entropy principle is the only computationally
feasible solution. However, for small graphs, microcanonical
algorithms such as BiWES are preferred. finite-size effects
and statistical fluctuations inherent to canonical models are
large. In these cases, the estimation of some observables may
be too affected by fluctuations.

The importance of the methodology we illustrated here is
twofold. On one side, we provide a microcanonical methodol-
ogy for shuffling a bipartite network while preserving degree
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and strength simultaneously. This is the first such algorithm,
to our knowledge. On the other side, this algorithm could be
used anytime one needs to formulate realistic null hypotheses
on bipartite networks.

This is the case when one is interested in validating the
links of a bipartite network. For this purpose, BIWES can pro-
vide a null hypothesis for a computationally based statistical
validation of the links. In Sec. IV B, we started to develop
a framework for statistical validation, which will be further
investigated in future work.

Other examples are given by the search of communities
in bipartite networks. In this case, BIWES might be used to
create a generalized modularity [27] that takes into account
both degree and link weights.
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DATA AVAILABILITY

The data used in this paper consist of four real-world
networks, all publicly available online [22]. The code used
to reproduce all results is available both as a Python package
and through the associated GitHub repository [11]. All the
algorithms discussed in this paper are available as a Python
library [11].

APPENDIX: TECHNICAL DETAILS

In this Appendix, we describe the implementation details
of the BiWES, providing a clear overview of the data struc-
tures and algorithms employed. As will be discussed, we use
multiple data structures to represent the same network. This
design choice allows each elementary move to be performed
in constant time, at the cost of increased memory usage. Since
the additional memory overhead is not prohibitive, we con-
sider this approach to be the most effective way to ensure that
the algorithm remains practical and efficient when applied to
real-world networks. One of the most commonly used data
structures to represent a network is the adjacency matrix. In
our case, since we are dealing with an undirected weighted
bipartite graph, we employ a biadjacency matrix. This data
structure allows us to check the weight of a given link in O(1)
time, which is useful for all three types of moves. Moreover,
when the weight of any link changes, updating the biadjacency
matrix can also be done in constant computational time.

During the execution of the algorithm, applying a weight
shuffling move or a complex edge swap requires a random
walk within the network. After randomly selecting the first
node, one must inspect its nearest neighbors, randomly choose
one of them, and continue this process until the required struc-
ture is reached, as described in the preceding sections. Given
a node in the set A, finding all its nearest neighbors requires
O(nyp) computational time when using the biadjacency matrix,

[

: [3,4],

1 [3,4,5],
adj list =< 3:[1,2],

: [1,2],
:[2]

:{3:0,4:1},
:{3:0,4:1, 5:2},
:{1:0, 2:1},
:{1:0, 2:1},
:{2:0},

N

'S

(1]

comp_adj_list =

s W N -

FIG. 8. Example of adjacency list and complementary adjacency
list of a graph.

making an algorithm based solely on this data structure ex-
tremely slow.

Typically, when frequent access to the set of nearest neigh-
bors of a node is required, a more convenient data structure
is the adjacency list, implemented as a hash map, commonly
called a dictionary in Python. Therefore, at the beginning of
the simulation, we precompute a dictionary that is updated
during the simulation. The dictionary maps each node i to a
Python list containing the indices of all its neighbors:

1:[a1,a3,a3,...1,
Zl[bl,bz,:..],
3:

adj_list = [c1, e, ],

This adjacency list allows us to perform two operations in
constant time: retrieving the list of all neighbors of a node and
randomly selecting one neighbor from that list. However, after
an SES or CES move, two new links are created, and two are
deleted, so the sets of nearest neighbors for the four nodes
change, and the dictionary must be updated accordingly.
Adding a new link (7, j) is computationally straightforward
with this data structure because accessing the neighbors of
i or j requires constant time, and appending j to the list of
neighbors of i also requires constant time using the append
method. The problem arises when removing a link from the
network, since removing j from the list of neighbors of i
requires O(degree[i]) computational time, which can again
lead to inefficiency. To solve this problem, we decided to use
a well-known technique called swap-and-pop, which requires
another Python dictionary (or more generally another hash
map) extremely similar to the adjacency list that we called
complementary adjacency list. Specifically, the primary key of
this dictionary is the index of a node, denoted by i. However,
the value associated with i is not a simple list of neighbors,
but rather a nested dictionary. In this inner dictionary, the keys
correspond to the neighbors j of node i, while the associated
values store the index position currently occupied by j in
the adjacency list of i. In essence, the standard adjacency list
answers the question: “Who is the kth neighbor of node i?,”
whereas the complementary adjacency list addresses the in-
verse query: “At which index k can neighbor j be found within
the adjacency list of node i?” To better understand these two
complementary dictionaries, an example is shown in Fig. 8.
The complementary adjacency matrix allows us to remove
a node from the list of neighbors, because it guarantees fast
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access to the index in which the node to remove j is stored,
allowing the swap-and-pop.

To perform a simple edge swap, it is necessary to identify
two links sharing the same weight. For this reason, it is con-
venient to store an additional dictionary that associates each
distinct weight with the set of links having that weight:

wq : [(a,b), (b,c), ...],
wy [(6, f)» (g’ h)a .. ']a

weight_dictionary =

Whenever the weight of a link is modified, this dictionary
must be updated by adding or removing the corresponding
link. This update operation poses the same challenge en-
countered when maintaining the adjacency list. To address
this issue, we again rely on a complementary dictionary that
enables the use of the swap-and-pop technique, ensuring
constant-time updates.

To achieve a significant speed-up, every function that com-
poses BiWES is compiled using Numba [28].
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