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Abstract

Factor analysis is a well-known statistical method to describe the variability of observed
variables in terms of a smaller number of unobserved latent variables called factors. Even
though latent factors are conceptually independent of each other, their influence on the
observed variables is often joint and synergistic. We propose to quantify the synergy of
the joint influence of factors on the observed variables using O-information, a recently
introduced metric to assess high-order dependencies in complex systems; in the proposed
framework, latent factors and observed variables are jointly analyzed in terms of their joint
informational character. Two case studies are reported: analyzing resting fMRI data, we
find that DMN and FP networks show the highest synergy, consistent with their crucial
role in higher cognitive functions; concerning HeLa cells, we find that the most synergistic
gene is STK-12 (AURKB), suggesting that this gene is involved in controlling the HeLa cell
cycle. We believe that our approach, representing a bridge between factor analysis and the
field of high-order interactions, will find wide application across several domains.

Keywords: latent factors; high order interactions; synergy; resting-state fMRI; cell gene
expression

1. Introduction
Utilizing latent variables to represent datasets provides a robust approach for identify-

ing the hidden structure and underlying drivers of complex systems, thereby enhancing
data manageability and interpretability. Factor analysis (FA) [1] is a powerful statistical
method widely used in a variety of fields, including behavioral sciences [2], social sci-
ences [3], life sciences [4], physical sciences [5] and business [6], to describe variability
among observed variables in terms of a smaller number of unobserved latent variables
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called factors. Specifically, observed variables are modeled as linear combinations of fac-
tors, short of some error or noise terms, and this method is extremely effective in reducing
the set of relevant variables in large datasets. Factor analysis is closely related to princi-
pal component analysis [7] and therefore to singular value decomposition [8]. Principal
component analysis entails a rotation of variable space in order to capture the maximum
variance from the new variables. The three methods become identical when the error terms,
or equivalently the variability not explained by the common factors, all have the same
variance [9].

Interestingly, even though latent variables derived from factor analysis (FA) are un-
correlated by design, they cooperate to produce effects on the observed variables. This
makes it valuable to localize, within the complex system, those observed variables whose
behavior relies on several factors, so we can quantify the synergistic impact of these factors.
Intuitively we expect that such variables, whose role is to integrate the information from
several factors, are those depending on more than one factor, as illustrated in Figure 1,
where two factors influence the observed variables: the observed variables which depend
on both factors are those encoding the joint action of the two factors, thus embodying
the cooperation of the two latent variables. This work aims to quantify the cooperative
effects of latent factors by using the concept of synergy, a notion recently developed within
the framework of partial information decomposition [10] to identify variables responsible
for integration in complex systems. In particular, we propose using the O-information
metrics [11] to quantify cooperation and localize synergistic effects in the complex sys-
tem. We refer the reader to [12] for a deep overview of the informational architecture of
complex systems and to [13] for a discussion about biases in O-information estimation.
While another method for localizing higher-order effects in complex systems, detailed in
[14], utilizes gradients of O-information on groups of observed variables, our distinctive
approach introduces latent variables to discard redundancy. This ensures that the net
impact of these latent variables on the observed variables is solely synergistic.

Figure 1. Diagram intuitively representing the proposed approach. Two hidden factors influence the
observed variables: the overlap between the two loading profiles L1 and L2 corresponds to variables
which are synergistic for factors f1 and f2.

2. Methods
Let us recall the definition of O-information [11], a metric measuring the balance

between redundancy and synergy, the two basic types of high-order statistical dependencies.
Let x = {x1, . . . , xn} denote a set of n stochastic variables, and let x−i denote the set of all
the variables in x but xi. The O-information is defined as [11]:



Entropy 2025, 27, 820 3 of 8

Oin f (x) = (n − 2)H(x) +
n

∑
i=1

[
H(xi)− H(x−i)

]
, (1)

where H is the Shannon entropy:

H(x) = −
∫

dx p(x) log p(x),

p(x) being the probability density function of x.
If Oin f > 0, the system is redundancy-dominated. On the other hand, when Oin f < 0, the

dependencies are better explained as patterns that can be observed in the joint state of multiple
variables but not in subsets of these; in other words, the system is synergy-dominated.

Now, we recall the generative model for FA, i.e.:

x = L f + η,

where x is the N-dimensional vector of observed variables, f is a vector of m latent factors,
and L is the N × m matrix of loadings whilst η is a vector of N Gaussian noise terms with
variances σ. Factors are assumed to be Gaussian zero mean unit variance independent
variables; factors and noise terms are uncorrelated. Given a suitable number of samples of
x, both loadings and factor scores can be estimated by maximum likelihood.

For clarity, we concentrate now on the case of a group of latent factors influencing a
single target variable. Let f1, f2, . . . , fm be m independent latent variables acting as drivers
for the target

x =
m

∑
i=1

Li fi + η,

where η is a Gaussian noise term with variance σ2. The structure corresponding to this equa-
tion is a collider, corresponding to net synergy. We recall that all fs are assumed to be zero
mean unit variance Gaussian variables and that x has unit variance, i.e., ∑m

i=1 L2
i + σ2 = 1.

The mutual information between the observed variable x and factor fi is given by
I(x; fi) = − 1

2 log (1 − L2
i ), with I(x; fi) ∼ 1

2 L2
i for small Li; it follows that the influence of

factors on the observed variable is controlled by loadings Li.
Now we turn to consider higher-order dependencies. Straightforward calculations,

based on the formula for the entropy of a multivariate Gaussian distribution [15], provide
the O-information for the group of n = m + 1 variables { f1 . . . , fm, x}:

Oin f =
1
2

log

(
1 − ∑m

i=1 L2
i
)m−1

∏m
i=1

(
1 − ∑k ̸=i L2

k
) (2)

Note that this quantity is always less than zero or it vanishes, thus confirming the
occurrence of net synergy. We remark that Oin f is zero if all Ls vanish but one. For small Ls,
Oin f is the order

Oin f ∼ − ∑
i ̸=k

L2
i L2

k .

The formula above quantitatively supports the scenario described in Figure 1, i.e., an
observed variable is synergistic for two latent factors only if it is dependent on both latent
factors. In the Appendix A, we report a theorem which generalizes the non-positivity of
Oin f , shown above for Gaussian variables, to the case of a general probability distribu-
tion, when a group of independent variables influence a target variable. This theorem
is useful in applications where latent factors are inferred by Independent Component
Analysis (ICA) [16].
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The calculation above suggests the following procedure to highlight synergy: (i) fix
the number of latent factors; (ii) fit the FA model to data and extract the latent factor scores;
(iii) for each observed variable, evaluate Oin f for the multiplet constituted by the observed
variable plus the latent factors −Oin f representing the net synergy; and (iv) the variables
with the most negative values of Oin f are the most involved in synergistic behavior; in
other words, they are responsible for integration in the system.

We remark that to evaluate −Oin f one may either (i) take the estimated loading
matrices and use Equation (2), or (ii) perform a direct evaluation by firstly estimating
samples of factors, then evaluating the Oin f of factors and the measured variables using (1);
in this work, we used (ii).

3. Results
In the following section, we describe two applications of the proposed framework

in biomedical engineering, i.e., the analysis of resting-state fMRI time series of healthy
subjects, and the analysis of gene expression data from HeLa cells.

3.1. fMRI Data

We use the public dataset described in Poldrack et al. [17]. This dataset was obtained
from the OpenfMRI database, with accession number ds000030, and was already used in [18].
We use resting-state fMRI data from 121 healthy controls and 152 time points. The demo-
graphics are reported in the original paper.

Data were preprocessed with FSL (FMRIB Software Library v5.0) [19]. The volumes
were corrected for motion, after which slice timing correction was applied to correct for
temporal alignment. All voxels were spatially smoothed with a 6 mm FWHM (full width at
half maximum) isotropic Gaussian kernel and after intensity normalization, a band pass
filter was applied between 0.01 and 0.08 Hz. In addition, linear and quadratic trends were
removed. We next regressed out the motion time courses, the average cerebrospinal fluid
signal, and the average white matter signal. Global signal regression was not performed.
Data were transformed to the MNI152 template, such that a given voxel had a volume of
3 mm × 3 mm × 3 mm. Finally, we averaged the signal in 268 ROIs. In order to localize
the results within the intrinsic connectivity network of the resting brain, we assigned
each of these ROIs to one of the nine resting-state networks (seven cortical networks,
plus subcortical regions and cerebellum) as described in [20]. Time series from subjects
were firstly z-scored and then concatenated in a matrix with 268 observed variables and
152 × 121 = 18392 samples.

We applied the factor analysis function factoran of MATLAB to fit this matrix, with the
number of hidden factors fixed at 20 (we found that results are robust to slight variations
of the number of factors). Some factors thus obtained were recognized to be related to
common trends of data; therefore, we removed from the subsequent analysis 3 factors
mostly correlated to the common trend, and we were left with 17 factors.

Then, for each region, we evaluated the O-information of that region and the 17 latent
factors; the statistical significance of Oin f can be assessed using surrogates obtained by
random permutation of the samples of the target region.

The results are shown in Figure 2. We find that FP and DMN show the highest synergy,
and that generically synergy is higher in associative areas supporting cognitive functions
and lower in sensory-motor areas, consistent with previous analyses which use other tools
to evaluate higher-order dependencies [21–23].
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Figure 2. The opposite of the O-information (measuring net synergy) is plotted for the 268 regions in
the fMRI dataset.

3.2. HeLa Data

We apply the proposed approach to data from the cell culture HeLa. The data corre-
spond to 94 genes and 48 time points [24], with an hour interval separating two successive
readings (the HeLa cell cycle lasts 16 h). The 94 genes were selected, from the full dataset
described in [25], on the basis of the association with cell cycle regulation and tumor devel-
opment. Since the number of samples is less than the number of variables, in this case we
use principal component analysis instead of FA. As described in [26], the first two principal
components show exponentially decaying correlations whilst the third principal compo-
nent seems to be connected with cell cycle as it shows oscillations with a period close
to 16. We discard the first principal component and consider here the second and the third
components to find the genes which exhibit synergy with regard to these two factors.

The results are depicted in Figure 3; 24 genes, out of 94, show a synergy which is
statistically higher than those from surrogates after Bonferroni correction. The highest
synergy is obtained in correspondence of STK-12 (Aurora Kinase B), which is known to
work as a transcriptional brake, controlling the expression of genes involved in cellulase
production [27]. A synergistic interaction between Aurora B and ZAK has been found in
triple-negative breast cancer [28]: our analysis shows that it may also play a key role also
in the control of the HeLa cell cycle.

Figure 3. The opposite of the O-information (measuring net synergy) is plotted for the 24 genes
in the HeLa dataset whose synergy is recognized as statistically significant against surrogates after
Bonferroni correction. The highest synergy is obtained in the correspondence of the gene STK12.
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4. Discussion
Many complex systems can be effectively described by latent factors that influence

observable variables: this representation helps eliminating data redundancy, so as to reveal
synergies that might otherwise be hidden. In this work, we introduce a novel perspective
on analyzing higher-order dependencies. We propose evaluating the informational charac-
teristics of circuits that include both latent factors and observed variables. This method
allows us to pinpoint specific variables within the system whose behavior synergistically
depends on these factors, thus identifying them as information integrators. Specifically, we
suggest using O-information to assess the informational character of groups of variables
comprising the latent factors and each individual observed variable. This enables us to
quantify the synergistic role played by each observed variable.

We apply the proposed methodology to fMRI data from healthy individuals, and found
less synergy in sensory networks with regard to networks which support complex cognitive
processes such as planning and execution of goal-directed behavior [29]. Applying our
method to genetic data from HeLa cells, we found that the most synergistic gene is STK-12,
whose synergistic role was already assessed by performing an analysis at the level of
observed gene expressions.

We believe this approach can offer further insights into complex systems that lend
themselves to a suitable representation using latent variables.

Further research will focus on integrating our proposed approach with other methods
for inferring latent factors, such as ICA, as well as tackling the crucial problem of selecting
the most appropriate factors for analysis. Indeed, choosing the optimal number of factors
can significantly impact the results; there is no single perfect method to fix it, and instead,
it is often a combination of statistical criteria, theoretical considerations, and practical
judgment. We remark that increasing the number of factors cannot decrease the synergy
of any observed variable, according to (2); however, the relative synergy of two observed
variables may change. The topic of further investigation will be the search for a protocol
for the suitable number of latent variables to measure synergies. Another interesting area
of study will be to explore the relationship between the synergies of factors (as introduced
here) and those measurable on groups of observed variables. This essentially means
investigating the connection between underlying mechanisms and emergent behaviors
within this context [30].
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Appendix A
Here we prove a theorem about the non-positivity of the O-information, for arbitrary

probability distributions, when a group of independent variables influence a target variable.
Consider n random variables Xn = (X1, . . . , Xn) that follow a joint distribution with the
following structure: p(x) = p(xn|xn−1)∏n−1

i=1 p(xi).

Statement 1. Oin f (Xn) ≤ 0.

Proof. Firstly we recall that O-information is the difference between the total correlation
(TC) and the dual total correlation (DTC) [11], i.e., Oin f (Xn) = TC(Xn)− DTC(Xn). It can
be shown that

TC(Xn) =
n

∑
j=2

I(X j−1; Xj), (A1)

DTC(Xn) = I(Xn−1; Xn) +
n−1

∑
k=2

I(Xk−1; Xk|Xn
k+1), (A2)

where X j
i = (Xi, . . . , Xj) is a shorthand notation. Then, because of the joint distribution of

Xn, it is clear that
I(X i−1; Xi) = 0 (A3)

for all i < n. This implies that, for this particular type of joint distribution, we have

TC(Xn) = I(Xn−1; Xn). (A4)

Note that this is the first term in the expression for the DTC above, and hence this implies
TC(Xn) ≤ DTC(Xn) for this type of distribution. Moreover, we can represent the value of
the O-information in this case as follows:

Oin f (Xn) = TC(Xn)− DTC(Xn) = −
n−1

∑
k=2

I(Xk−1; Xk|Xn
k+1) ≤ 0, (A5)

which proves the statement.
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