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Time-based Chern number in periodically driven systems in the adiabatic limit
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To define the topology of driven systems, recent works have proposed synthetic dimensions as a way to
uncover the underlying parameter space of topological invariants. Using time as a synthetic dimension, together
with a momentum dimension, gives access to a synthetic two-dimensional (2D) Chern number. It is, however,
still unclear how the synthetic 2D Chern number is related to the Chern number that is defined from a parametric
variable that evolves with time. Here we show that in periodically driven systems in the adiabatic limit, the
synthetic 2D Chern number is a multiple of the Chern number defined from the parametric variable. The synthetic
2D Chern number can thus be engineered via how the parametric variable evolves in its own space. We justify
our claims by investigating Thouless pumping in two one-dimensional (1D) tight-binding models, a three-site
chain model, and a two-1D-sliding-chains model. The present findings could be extended to higher dimensions
and other periodically driven configurations.
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I. INTRODUCTION

Periodically-driven quantum systems under an external
time-dependent driving source have emerged as a platform for
generating new exotic matter states in a wide range of ma-
terials such as atomic gases, two-dimensional (2D), twisted,
and bulk materials [1–5]. These systems can be interpreted
in terms of quasiparticles that are modified or dressed by
the harmonics of external driving sources from low to high
frequencies [2,6,7]. The quasiparticles band structures can in
turn be classified by the band topological invariants [4].

The 2D Chern number, a topological invariant on a closed
surface, is usually evaluated in the space-related dimensions,
e.g., Brillouin zone, of solid state materials, which are limited
at most to the three-dimensional (3D) spatial space. To extend
the classification to dimensions other than spatial dimensions,
the so-called synthetic (nonspatial) dimensions have been
proposed to expand the concepts of topology to higher di-
mensions, opening a new way to design materials properties
[8–13].

For periodically-driven systems, one of the relevant syn-
thetic dimensions is the Floquet frequencies of an external
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driving; based on the topological invariants of the synthetic
dimensions, a number of interesting physical phenomena such
as quantized energy exchange between the external driving
fields have been predicted [14–18]. In contrast to such a di-
mension formed by the Floquet frequencies, using time itself
directly as a synthetic dimension is somewhat less intuitive,
and this is what we are going to explore in the present work.

Indeed, causality sets that we cannot move backward in
time to define a closed loop in parameter space that is needed
when computing a 2D Chern number that involves the time
dimension. Nevertheless, time has been used as a synthetic
dimension, together with the momentum dimension, to com-
pute a 2D Chern number for a time- and spatially-periodic
Hamiltonian H (t + T, x + a) = H (t, x), where t is time, T
the time period, x the spatial coordinate, and a the lattice
constant [19]. In such cases, the Chern number represents
the number of pumped quantum charges, known as Thouless
(or quantum) pumping [20], which has been demonstrated in
many different experiments [19,21,22].

In this work we reveal that in a periodically driven system,
even though the time dependence is parametric, the synthetic
2D Chern number–obtained using time as one of the two
dimensions–can be built upon another Chern number defined
on the parametric dimension α, which evolves with time and
can define a loop in its parameter space, e.g., the position of
the nuclei in a solid, the vector potential of an external field,
etc. We provide an analytical proof that, in the adiabatic limit
the 2D Chern number C{t-k}, which involves the time t di-
mension and a spatial (momentum) k dimension, is always an
integer multiple of another, more fundamental 2D Chern num-
ber C{α-k}, which involves a periodic parametric function α(t )
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that follows α(t + T ) = α(t ) + l where l is an integer. This
integer multiple can thus be used to classify a periodically-
driven system in the adiabatic limit. Our finding suggests
that the proposed synthetic 2D Chern number C{t-k} can be
designed via the trajectory of the parametric variable α(t ).

II. TIME AS A SYNTHETIC DIMENSION

For the sake of simplicity and without loss of gener-
ality, suppose we have a one-dimensional (1D) real-space
periodic Hamiltonian H (α, x + a) = H (α, x) with a tuning
time-dependent parameter α(t ); here a is set to 2π below
without loss of generality. It is convenient to transform the
Hamiltonian to the momentum space H (α, k), with the crystal
momentum k in the first Brillouin zone. Starting from such
Hamiltonian, we make the following assumptions. The Hamil-
tonian is periodic in the α parametric space H (α + 1, k) =
H (α, k); we are allowed to do so as α can always be con-
veniently rescaled. We further assume that no gap closure
occurs–adiabatic approximation–for any value of α, enabling
us to compute the Chern number later; we will address the
interesting case of gap closing in a follow up work. For a
given α value, the eigenstates for the Hamiltonian H (α, k)
are the Bloch waves with a band index n, |un(α, k)〉. Below
we use the periodic gauge for the Bloch wave functions,
i.e., |un(α, k + 1)〉 = |un(α, k)〉 [23]. The Chern number for
the Bloch wave function with band index n on the α − k
plane is computed using the standard definition [23]: C{α-k}

n =
1

2π

‚
Sαk

�n,αk dαdk, where the integration is over the 2D
closed surface Sαk formed by the two dimensions, α and
k. The Berry curvature is then defined as �n,αk = ∂αAn,k −
∂kAn,α , where ∂α = ∂/∂α, ∂k = ∂/∂k, and the Berry connec-
tion An,α/k = 〈un(α, k)|∂α/k|un(α, k)〉.

Now we explicitly consider the time periodicity in the
Hamiltonian H (t + T ) = H (t ) under the assumption that the
time-dependent change is adiabatic at each time. To make
sure that the Hamiltonian is invariant after one T period, the
path of the parametric variable α(t ) must satisfy α(t + T ) =
α(t ) + l , where l is an integer, such that H[α(t + T )] =
H[α(t ) + l] = H[α(t )]. Here we state our main result: The
Chern number on the t-k plane, C{t-k}

n , is a multiple of that
evaluated on the α-k plane, i.e., C{t-k}

n = lC{α-k}
n . The impli-

cations of the connection between the two invariants are as
follows: (i) a periodically-driven Hamiltonian in the adiabatic
limit can be categorized into different groups based on the
integer l; (ii) the Chern number on the α-k plane, C{α−k}

n ,
forms the building block for the Chern number on the t-k
plane, C{t-k}

n [24]. The physical meaning of the integer l is
how many copies of the Chern number C{α-k}

n the trajectory
α(t ) picks up within a time period.

Here we prove the above statement as follows:

C{t-k}
n = 1

2π

ˆ T

0
dt
ˆ 1

0
dk �n,tk = 1

2π

ˆ T

0
dt
ˆ 1

0
dk ∂t An,k

= 1

2π

ˆ T

0
dt ∂t

(ˆ 1

0
dk An,k

)
= 1

2π

ˆ T

0
dt ∂tφ

(k)
n

= 1

2π

ˆ α(T )

α(0)
dα ∂αφ(k)

n

= l ×
[

1

2π

ˆ α(0)+1

α(0)
dα ∂αφ(k)

n

]
= lC{α-k}

n . (1)

FIG. 1. Schematic illustration of the formula C{t-k}
n = lC{α-k}

n .
(a) The path for the parametric variable α(t ) = t/T where T is the
period. (b) The extension of (a) with a newly defined period T ′ = 2T .
(c) and (d) Two deformed parametric paths and the corresponding
number of pumped charges as a function of time within the new time
period T ′.

For the last equality in the first line, the integration of ∂kAt

over the k coordinate vanishes due to the periodic gauge for
the Bloch wave function. At the end of the second line, we
define the Berry phase along the k coordinate as φ(k)

n . In the
third line, we change the variable from t to α. In the last
line, the integration interval [α(0), α(0) + l] can be exactly
separated into l intervals, i.e., [α(0), α(0) + 1],..., [α(0) + l −
1, α(0) + l], for each of which the Chern number C{α-k}

n is
the same. In 1D, the Berry phase φ(k)

n is related to the center
of the Wannier function via the formula aφ(k)

n /2π [23]. The
center can be regarded as the position of the charge, which
may move after one parametric loop, i.e., quantum pumping.
The number of pumped charges is equal to the Chern number
C{α-k}

n obtained on the α − k plane.
With the general concept of quantum pumping in mind,

Fig. 1 provides a conceptual illustration of the implications of
Eq. (1) and the meaning of the integer l . We chose α(t ) = t/T
such that the time dimension is equivalent to the parametric
dimension. Figure 1(a) shows the parametric variable and the
number of pumped charges as a function of time, assuming
a Chern number C{α−k} = C{T −k} = 1; that is, the number
of pumped charges is +1 when α goes from 0 to 1, while
−1 along the opposite direction. We now consider the same
periodically driven system but extend its period to 2T . We use
the same parametric path and redefine the period as T ′ = 2T ,
as shown in Fig. 1(b). In this case the number of pumped
charges, or C{T ′-k}, becomes 2. Deforming the parametric path
in this new period while fixing the initial and final values of
α like the ones shown in Figs. 1(c) and 1(d) does not affect
the Chern number C{T ′-k}, which remains 2. This example
illustrates the topological nature of the formulation and how
the integer l naturally emerges from the extension of the old
period and the redefinition of a new period. In addition, if
we use the number of pumped charges during one period as
a classification approach, any periodically-driven system with
the same number of pumped charges within the adiabatic limit
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FIG. 2. Bulk 1D periodic three-site tight-binding model with a
nontrivial quantum pumping. (a) The unit cell with the parameters
described in the main text. (b) The evolution of the center of the Wan-
nier function for the lowest band (labeled by 1) along a loop of the
parametric variable α. The Chern number on the α − k plane C{α-k}

1

is 1. (c) Three chosen paths for α(t ). Path1: α(t ) = sin2(πt/T );
Path2: α(t ) = t/T ; Path3: α(t ) = 2t/T . (d) The evolution of the
center of the Wannier function for each path within one period. For
comparison, we provide a trivial case [see Eq. (3)], of which the
Wannier function remains a constant, in this case, 0.07. (e) and (f)
The Berry curvature on the t-k plane for Path1 (C{t-k}

1 = 0) and Path3
(C{t-k}

1 = 2), respectively.

belong to the same group. On the other hand, if we classify
the system in terms of the topology hidden in the parametric
function α, systems with different periodicity in the driving
can still be classified as in the same class in the α-k plane.

III. RESULTS AND DISCUSSION

Here we use two 1D-spatially-periodic lattice models to
demonstrate our above claims. The first example is an infinite
1D periodic tight-binding chain with three sites in a unit cell,
while the second one consists of two-parallel-1D tight-binding
chains described by two atoms in a unit cell. Below we use the
code PythTb [25] to construct the tight-binding Hamiltonians
and compute the Berry phase, Berry curvature, and Chern
number. The details on the parameters for the Hamiltonians
can be found below.

A. Three-site 1D tight-binding model

We use a standard 1D three-site model shown in Fig. 2(a),
a simple toy model used for explaining the fundamental con-

cepts of topology, e.g., Berry phase and Chern number, in
Ref. [23]. The Hamiltonian is

H (α) = − 2�
∑

i

cos[2π (α − xi )]c
†
i ci

+ γ
∑

i

[c†
i+1ci + c.c.], (2)

where � is the onsite-potential amplitude, α the parametric
variable to control the phase of each site, xi the atomic position
in terms of the lattice constant a, γ the coupling constant
between the nearest neighbors, and ci(c

†
i ) the annihilation

(creation) operator for an electron at site i. To make the system
insulating for any α value, we use � = 2.0 and γ = −1.0. As
a result, the Hamiltonian has a nontrivial Chern number C{α-k}

n
for each band n. The Chern numbers for all the three bands
(n = 1, 2, and 3) on the α-k plane C{α-k}

n are 1, −2, and 1,
respectively. In practice, this model can be realized, e.g., using
a series of connected quantum dots, each of which is coupled
to an external voltage to control the onsite potential. Here we
focus on the lowest band–i.e., by considering it completely
filled–but all the features and phenomena discussed below are
also observed in the other bands. Figure 2(b) shows the center
of the Wannier function of the lowest band as a function of
α; indeed, the number of pumped charge is equal to 1, i.e.,
C{α-k}

1 = 1.
We now consider the time profile of the parametric variable

α(t ). Figure 2(c) shows three arbitrary paths for α(t ) within
one T period. The paths are chosen such that the α value
differs by one integer l after one period; this guarantees time
periodicity in the Hamiltonian. For Path1, 2, and 3, the l
values are 0, 1, and 2, respectively. The time evolution of
the Wannier center for each path in one T period is shown
in Fig. 2(d). If we count the number of net pumped charges at
x = 0.5a, the number for Path1 (2, 3) is 0 (1, 2). The number
is equal to the Chern number evaluated on the t-k plane,
C{t-k}

n .
Figures 2(e) and 2(f) show the Berry curvature on the t-k

plane for Path1 and 3, respectively, within one T period. The
Berry curvature for Path1 shows a symmetric feature: positive
and negative values before or after t/T = 0.5, respectively.
This is because α(t ) returns to its original value after one
period [see Fig. 2(c)] so does the corresponding center of the
Wannier function [see Fig. 2(d)]. Within one T period, both
Path1 and Path3 access all the possible Hamiltonians H (α)
because of H (α + 1) = H (α); in this case, α covers all the
value in the interval [0, 1]. Interestingly, the Berry curvature
and the Chern number are different for these two paths: one
has a Chern number of 0, and the other 2. For Path2, the value
of its Berry curvature is just half of that for Path3 with the time
range [0, 0.5] and its Chern number is 1; this Berry curvature
is equivalent to the Berry curvature on the α-k plane because
of α(t )=t/T. The results demonstrate that one can create a
different topological invariant in the t-k space by designing
how the parametric variable evolves in its own space. In
addition, the Chern number on the t-k plane is exactly equal
to the multiplication of the integer attached to each path and
the Chern number obtained on the α-k plane. This suggests
that we can use the integer l to classify a periodically-driven
Hamiltonian.
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FIG. 3. Deformation of the parametric paths with the same Chern
number on the t-k space. (a) Three paths with the same initial value
α(t = 0) = 0 and the same final value α(t = T ) = 2 within one
period. (b) The evolution of the center of the Wannier function for
each path within one period.

Based on Eq. (1), the Chern number evaluated on the t-k
plane C{t-k}

1 does not change, if we deform the parametric paths
by keeping the same starting and ending value within one T
period. Figure 3(a) shows three possible such paths. The time
evolution of the center of the Wannier function for each path
is plotted in Fig. 3(b). The number of net charges passing
through the unit cell, i.e., C{t-k}

1 = 2, is indeed the same for
all the chosen paths.

To compare with the above nontrivial case, we construct
another similar Hamiltonian with a different onsite potential
form:

H (α) = − 2�
∑

i

[
cos(2πα) + 3

2

(
xi%1 − 2

3

)]
c†

i ci

+ γ
∑

i

[c†
i+1ci + c.c.], (3)

where % is the modulo operator. In this case, the onsite poten-
tial of each site oscillates with the same phase and amplitude;
� = 0.2 and γ = −1 are chosen to make the system have
a trivial Chern number C{α-k}

n = 0. We use the same three
parametric paths α(t ) as in the previous nontrivial case [see
Fig. 2(c)] to compute the time evolution of the center of
the Wannier function for the lowest band, which shows no
charge pumping C{t-k}

1 = 0 [see Fig. 2(d)]. The results from
the nontrivial and trivial case imply that the Chern number
C{α-k} is the building block for the Chern number C{t-k}.

B. Two-chains tight-binding model

The second example consists of two parallel 1D chains
with the upper chain sliding with respect to the fixed lower one
as shown in Fig. 4(a). This model is inspired by recent exper-
iments where interlayer sliding has been demonstrated in van
der Waals crystals and carbon nanotubes [26–28]. Compared
to the previous example where the ions or sites are fixed, we
demonstrate here that the formula [Eq. (1)] can also be applied
to those cases where the ions are moving. The Hamiltonian
with a parametric variable xt –the x coordinate of the atom in
the upper(top) chain–can be written as [29]

H (xt ) =
∑
j=t,b

δ j

∑
i

c†
j,ic j,i +

∑
j=t,b

γ j

∑
i

(c†
j,ic j,i+1 + c.c.)

+
∑

i j

{t[r(t,i),(b, j)(xt )]c
†
t,icb, j + c.c.}, (4)

FIG. 4. Two-1D-parallel-chains tight-binding model with the up-
per chain sliding and the lower one fixed. (a) The unit cell is shown
using the dash lines. The onsite potentials of the two atoms in the unit
cell are −δ and δ, respectively. The other parameters are described
in the main text. The atomic position for the lower chain in the
unit cell is (0, 0), while that for the upper one is (xt , yt ). (b) The
evolution of the Wannier function as the upper chain moves through
a unit cell. (c) The evolution of the atom position xt for three paths.
Path1: xt = sin(2πt/T ); Path2: xt = t/T ; Path3: xt = 2t/T . (d) The
evolution of the center of the Wannier function for each path shown
in (c).

where the first line describes the onsite potential and the intra-
chain couplings, and the second line the interchain couplings.
Here δ j is the onsite potential for each site of the bottom (b)
or top (t) chain, and γ j the intra-chain coupling for the nearest
neighbors. For the interchain coupling t (r), which depends
on the distance r between one atom in the bottom chain and
another one in the top chain, we use t (r) = tmaxe−(r−yt )2/2σ 2

,
where tmax is the maximum coupling when the atom in the
upper chain is just on top of the one in the lower chain, yt

is the y coordinate of the atom in the upper chain, and σ is
the effective coupling range. The distance r(t,i),(b, j)(xt ) can be
evaluated using {[xt + ( j − i)a]2 + y2

t }1/2. Below we solve the
Hamiltonian in k space, and use a σ value to consider only
the coupling between the nearest sites in the upper and lower
chain.

The system is set up to remain in the insulating state for
any xt value when the upper chain slides or oscillates. The
parameters for the Hamiltonian are γb = −2.0, γt = −0.3,
tmax = −4.0, σ = 0.5, and δ = 0. The evolution of the center
of the Wannier function for xt is shown in Fig. 4(b), and the
number of net charges pumped within one parametric loop
is 1, i.e., the Chern number for the lowest band. Notice that
in this case, we do not directly compute the Chern number
because of the basis change in the tight-binding model due to
the movement of the upper atom in the unit cell; instead, we
use the number of net pumped charges to represent the Chern
number.

We choose three arbitrary paths for xt as shown in Fig. 4(c).
Path1 corresponds to the top chain oscillating around xt = 0.
Path2 and 3 correspond to the top chain sliding with respect
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to the bottom chain with a velocity of 1 and 2 (in the unit
of a/T ), respectively. The time evolution of the associated
Wannier center for each path is shown in Fig. 4(d). Within
one T period, the numbers of net pumped charges in a unit
cell for Path1, 2, and 3 are 0, 1, and 2, respectively. Again, the
Chern number on the t-k plane is a multiple of that on the xt -k
plane.

Here we outline a few potential future directions. Our
formula [in Eq. (1)] can also be extended to include higher
spatial dimensions, together with time as another dimension.
In higher spatial dimensions, a periodically-driving system
can have relative motions including rotation besides sliding,
e.g., rotating bilayer materials [30]. Regarding experimental
realizations, the list of parametric variables in a Hamiltonian
is not restricted to the above two cases, onsite potentials
and atomic positions; one can also choose an external time-
dependent field coupled to the Hamiltonian.

IV. CONCLUSION

In summary, we have developed a general formula to show
that the synthetic Chern number involving the time dimension
is a multiple of another more fundamental Chern number
obtained from a parametric variable α. The integer (multiple)

that connects the two Chern numbers can be used to classify
a periodically-driven system in the adiabatic limit. To sum
up, our formula provides a tool to investigate and classify the
topological properties for periodically-driven systems that can
be applied within the adiabatic approximation.
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