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Introduction 

In recent decades, uncontrolled anthropogenic development has accelerated a range of detrimental 

social and environmental phenomena that pose existential threats to the survival of the human species. 

Chief among these is climate change, which affects populations worldwide. The pursuit of a distorted 

development model, driven by the unregulated exploitation of natural resources, including water, soil, 

flora, fauna, and even humans, is rapidly pushing mankind to the brink of collapse.  

Science and technology, once seen as instruments for improving human life and fostering progress, 

are often subordinated to the same exploitative logic that threatens our future. A paradigm shift is 

more necessary than ever. The global scientific community has already issued a stark warning: to 

prevent severe and irreversible damage to the planet, it is essential to achieve net-zero carbon 

emissions as soon as possible. 

This goal demands a radical rethinking of how goods and services are produced and distributed. 

Within this ongoing revolution, traditional chemical engineering processes, primarily based on 

thermal technologies, are increasingly being replaced by innovative systems that embrace circular 

principles and adopt more efficient and environmentally sustainable solutions. Among the most 

promising of these emerging solutions are electrochemical technologies, which are rapidly becoming 

essential across various sectors, from energy production and storage to the synthesis and recovery of 

chemicals. The main advantages of electrochemical processes over thermal ones are their inherently 

higher efficiency and their natural compatibility with renewable energy sources. 

Broadly speaking, electrochemical technologies enable the interconversion between electrical and 

chemical energy and can be conceptually represented as assemblies of two electrodes separated by 

an electrolyte and connected by an external electronic circuit. Their operation relies on a complex 

interplay of heterogeneous electrochemical reactions and coupled mass and charge transport 

phenomena. 

A significant subclass of electrochemical technologies is represented by electromembrane 

technologies, all of which feature a specific kind of solid-state electrolytes known as ion-exchange 

membranes (IEMs). These membranes act as barriers to mass and charge transport, enabling the 

selective passage of ions based on their charge. This property makes IEMs core components in a wide 

range of technologies, including electrolysers, fuel cells, flow batteries, membrane reactors, and 

electrodialysis-based systems. Since IEMs play a central role in determining the performance of these 

technologies, scientific interest in their properties has surged in recent decades (see Figure 1). 
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Figure 1 Number of IEM-related publications over the years. Data were collected from Web of 

Science using the following keywords: “ion exchange membrane”, “electromembrane”, 

“electrodialysis”, “membrane electrolysis”, “bipolar membrane”, and “membrane capacitive 

deionization”. 

The performance of all technologies relying on IEMs is strongly influenced by the membranes’ ability 

to either transport selectively or reject specific ionic species. For well-established technologies such 

as ElectroDialysis (ED), IEMs properties like ionic conductivity and permselectivity now represent 

a bottleneck to further improvement [1–3]. Conversely, emerging electromembrane processes, such 

as electrodialysis with bipolar membranes (EDBM), still suffer from high Specific Energy 

Consumption (SEC) and low Specific Productivity (SP), which currently hinder their industrial-scale 

deployment [4,5]. Consequently, the development of high-performance, next-generation IEMs has 

become imperative to simultaneously reduce the energy demand of electromembrane technologies 

and enhance their separation efficiency. 

Achieving this goal requires a deep understanding of the fundamental physical laws governing mass 

and charge transport in these systems. However, despite considerable progress in this area, a 

substantial gap in fundamental knowledge persists, giving rise to ongoing debate within the scientific 

community. This gap becomes especially critical when attempting to describe mass and charge 

transport in IEMs exposed to highly concentrated, multi-ionic solutions, a scenario that has been 

relatively overlooked in favour of studies on membranes equilibrated with moderately concentrated, 

single-electrolyte systems. 

The present work aims to advance IEMs modeling by conducting a fundamental investigation of ionic 

transport in IEMs, with a particular focus on highly concentrated systems.  
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A significant part of the work was devoted to the systematic study of the fundamental theories of 

thermodynamics and transport phenomena. Particular attention was also dedicated to uncovering and 

critically examining elements of the current state of the art that remain underexplored or insufficiently 

disseminated. Furthermore, an important objective was to integrate concepts from traditionally 

distinct disciplines, bridging fundamental physicochemical theory with more applied, engineering-

oriented approaches. 

Another fundamental part of the present thesis focused on the development of novel thermodynamic 

models for the prediction of equilibrium ion distribution in IEMs, and of theoretical and numerical 

frameworks for the computation of fundamental ionic transport properties from macroscale 

experimental data. 

The models presented herein are framed within a mesoscopic scale, consistent with the continuum 

hypothesis typically adopted in chemical engineering. In this context, the term mesoscale is used to 

refer to an intermediate length scale between the microscopic domain, characterized by atomic and 

molecular dimensions and typically addressed by fundamental physical theories such as statistical 

thermodynamics and the kinetic theory of gases, and the macroscopic scale, which is commonly 

adopted in engineering disciplines for tasks such as the conceptual design of equipment and unit 

operations. The mesoscale considered here thus coincides with the scale inherent to classical 

thermodynamics, computational fluid dynamics, and transport phenomena. These frameworks serve 

as foundational theories that effectively bridge the gap between microscopic models, used to estimate 

mesoscale properties such as activity coefficients and diffusion coefficients based on ionic and 

molecular characteristics, and macroscopic applications. 

Although theoretical modeling forms the core of the study, the modeling activities were rigorously 

supported by an extensive and carefully designed experimental campaign, which provided the data 

necessary for the development and validation of the theoretical models. 

The structure of the thesis reflects the two main areas of investigation: thermodynamics and transport 

phenomena. These two aspects are intrinsically interconnected, and a comprehensive study of 

transport phenomena cannot be achieved without a solid thermodynamic foundation.  

The thesis is therefore divided into 3 chapters; the first two, devoted to thermodynamics and transport 

phenomena in IEMs, are further divided into 3 main sections, focusing on theoretical modeling, 

experimental characterization and numerical simulations; the third chapter is devoted to the practical 

implementation of IEMs thermodynamic and transport models, and is divided into 2 main sections 

presenting real case-study of electromembrane processes implementation in the field of brines 

valorisation.  
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In detail, the thesis is structured as follows: 

• Section 1.1 introduces the fundamentals of IEMs thermodynamics and presents the ion-

partitioning models developed. 

• Section 1.2 describes the experimental investigation of IEMs equilibrium properties. 

• Section 1.3 presents simulations and validation of the proposed thermodynamic models. 

• Section 2.1 focuses on the fundamentals of transport phenomena in IEMs and introduces the 

corresponding transport models. 

• Section 2.2 reports the experimental investigation of IEMs transport properties. 

• Section 2.3 presents simulations and validation of the proposed transport models. 

• Section 3.1 focuses on the multi-scale modelling of a specific electromembrane unit for 

lithium recovery 

• Section 3.2 present the modelling of an integrated process chain for the valorisation of salt 

bitterns (i.e. the waste solution produced in saltworks). 

A graphical representation of the thesis outline is provided in Figure 2. 

 

Figure 2 Graphical representation of the thesis outline. 
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1. Thermodynamics of ion-exchange membranes  

The first chapter is devoted to the study of IEMs thermodynamic properties. The chapter is divided 

into 3 main sections focusing respectively on theoretical modelling, experimental investigation and 

numerical simulations of IEMs thermodynamics into highly concentrated systems

1.1 Thermodynamics of ion-exchange membranes: theoretical 

foundations and modelling 

The present section focuses on the theoretical foundations and modelling of IEMs thermodynamics. 

It opens with a brief overview of the structure, synthesis, and applications of IEMs. Hereinafter, 

fundamental concepts of electrolyte thermodynamics are introduced. These serve as the basis for the 

thermodynamic modeling of IEMs and will be employed throughout the dissertation. The fourth 

section presents and critically examines the thermodynamic equilibrium equations relevant to ion 

transport in these systems. The final section focuses on thermodynamic models for the prediction of 

ion activity coefficients in IEMs. The state of the art of such models is critically reviewed, and novel 

modeling approaches are introduced and discussed.  

1.1.1 IEMs synthesis and structure 

IEMs are a broad class of selective membranes in which the transport of chemically charged species 

(i.e., ions) is either favoured or suppressed depending on their charge. Based on this fundamental 

property, IEMs can be broadly classified into Cation-Exchange Membranes (CEMs) or Anion-

Exchange Membranes (AEMs), depending on whether they promote respectively the transport of 

cations or anions. Ions whose transport across the membrane is favoured are usually defined as 

counter-ions, whereas those whose transport is hindered are termed co-ions. This peculiar property is 

due to the presence of ionizable chemical groups, integral with the structure of the membrane, that 

are usually referred to as fixed charges. The selectivity of an IEM is strongly related to its fixed charge 

density, typically quantified in terms of Ion-Exchange Capacity (IEC), defined as moles of fixed 

charges per mass of dry membrane [6,7]. Depending on the nature of the fixed chemical groups, IEC 

can vary, for instance, with the pH of the external electrolyte. However, in this work, only IEMs with 

invariant IEC were studied. 

IEMs are typically made of organic materials. Though inorganic IEMs, such as ceramic or composite 

IEMs, represent a considerable class of IEMs with various applications [8,9], polymeric IEMs are by 

far more prominent in terms of volume of production and industrial relevance. These membranes 
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consist of a polymeric backbone, generally made either of perfluorocarbon or hydrocarbon polymers, 

functionalized with ionizable groups. Typical functional groups in CEMs include sulfonic (-SO3H), 

carboxylic (-COOH), and phosphonic (-PO3H2) groups, whereas AEMs are generally functionalized 

with binary, ternary, or quaternary ammonium groups (-NH2R, -NHR2-, NR3) [6]. To ensure 

mechanical integrity, IEMs are often reinforced using a backing made of polymeric material as well, 

such as PE, PP, or PVC fibers [10]. The nature of the backbone and the functional groups determine, 

to a large extent, the mechanical and chemical properties of the IEMs. Another fundamental 

characteristic of the IEMs is the microstructure, which depends on the synthesis method. IEMs are 

conventionally defined as homogeneous when the ion-exchange groups are evenly distributed 

throughout the membrane structure, in contrast to heterogeneous membranes, consisting of ion-

exchange particles incorporated into an inert polymeric matrix. This classification is more of a 

convention rather than a true description of the IEMs structure, given that, depending on the 

observation scale, a certain degree of heterogeneity can also be observed in homogeneous IEMs 

[11,12]. The synthesis method and hence the microstructure can heavily affect IEMs properties in 

terms of selectivity and ionic conductivity [13]. In the present work, only commercial 

macroscopically homogeneous IEMs are investigated. Homogeneous IEMs can be obtained through 

polymerization and polycondensation of suitable functionalized monomers. One of the most common 

synthesis method consists of a solution-casting step followed by controlled phase-inversion [14]. 

Synthesis protocols, however, can vary widely in terms of formulation, procedure, and processing 

conditions, and a comprehensive description of such methods lies beyond the scope of this work. 

Among the most critical parameters to control during synthesis is the degree of crosslinking, which 

is often essential to prevent excessive swelling due to water absorption in the membrane matrix. 

Crosslinking has a profound effect on the microstructure and, in turn, on membrane performance 

[15,16]. For instance, it is known that the absence of crosslinking in commercial membranes like 

Nafion can induce phase separation into macroscopic polar and non-polar domains [17]. From a 

modeling perspective, understanding IEMs morphology is essential for the development of models 

faithful to reality. Nonetheless, accurately determining the microstructure of such systems through 

experimental means remains a highly nontrivial task. Consequently, various schools of thought still 

coexist regarding the physical modeling of IEMs. 

1.1.2 IEMs applications 

IEMs are employed in a wide range of processes in the field of energy recovery, storage, and 

conversion, chemical recovery and synthesis, and effluent treatment. A brief and non-exhaustive 
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overview of the primary electromembrane technologies investigated in this study is presented below. 

Mathematical models and process simulations of these latter are reported in Chapter 3. 

1.1.2.1 Electrodialysis (ED) 

ED is the most mature electromembrane technology, being the very first electromembrane process to 

be implemented on a large industrial scale. The first electrodialysis plants were built between the late 

1950s and the early 1960s to perform brackish water desalination. An electrodialysis cell consists of 

a series of anion- and cation-exchange membranes, arranged in alternating patterns, and divided by 

spacers that allow electrolytic solutions to flow between them. Each repetitive unit, called cell pair, 

is then composed of a CEM, a concentrate channel, an AEM, and a dilute channel. The cell pairs are 

then assembled to form a stack, which can be composed of a few to hundreds of cell pairs, at whose 

ends are placed two plane electrodes used to apply the electrical potential necessary to deionize the 

concentrate solution. A schematic representation of an ED unit is reported in Figure 3 

 

Figure 3 Schematic of an ED unit 

When an electrolytic solution is pumped inside the channels, thanks to the applied electric field, the 

positively charged ions will move towards the cathode across the CEM, while the negatively charged 
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ions will move towards the anode through the AEM, causing the depletion of ions in the dilute 

channels. Nowadays, electrodialysis finds several applications in the field of:  

• Large-scale seawater and brackish water desalination  

• Waste-water treatment  

• Food industry  

1.1.2.2 Reverse Electrodialysis (RED) 

RED is an electromembrane technology formally analogous to ED in structure and functioning 

principles. However, differently from ED which requires the employment of a power supply, RED is 

meant to produce electrical energy from the controlled mixing of a dilute and concentrated saline 

solution, and can be therefore used to power an external load. Thanks to the permselectivity of the 

IEMs, the concentration difference across two adjacent compartments is transformed into an 

electromotive force that induces the conductive transport of ions from the concentrated compartment 

into the dilute one. In other words, RED exploits the salinity gradient between two solutions at 

different salt concentrations to generate an electrical current that can be used to power an external 

load [18,19]. Therefore, RED is typically employed to recover energy from waste brine, such as 

reverse osmosis brines, whenever a dilute saline stream is available. 

1.1.2.3 Electrodialysis with Bipolar Membranes (EDBM) 

Similarly to RED, Electrodialysis with Bipolar Membranes (EDBM) is an electromembrane 

technology belonging to the broader class of electrodialysis processes. EDBM is named after the use 

of a particular type of ion-exchange membrane known as a BiPolar Membrane (BPM), which consists 

of an Anion-Exchange Layer (AEL) and a Cation-Exchange Layer (CEL), separated by a catalyst 

layer. When subjected to an electric field, the catalyst promotes the dissociation of water molecules 

into protons (H⁺) and hydroxide ions (OH⁻). This feature enables EDBM to be employed in targeted 

applications such as chemical synthesis and energy recovery from pH gradients [5,20]. A typical 

EDBM stack is composed of multiple repeating units, called triplets, placed between two flat 

electrodes. Each triplet includes an AEM, a CEM, and a BPM, separated by spacers that define inter-

membrane channels for solution flow. This configuration creates three distinct flow compartments 

within each triplet: a salt channel, an acid channel, and a base channel. Upon applying an electric 

potential difference across the stack, the ionic species in the salt solution are forced to migrate in 

opposite directions towards the electrodes through the membranes, causing a reduction of salt 

concentration in the salt channel. Simultaneously, within the bipolar membrane, water dissociation 

occurs, and the generated H⁺ ions and OH⁻ ions migrate through the CEL and AEL, respectively, 
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increasing their concentration in the acid and base channels. A schematic representation of an EDBM 

unit is showed in Figure 4. 

 

Figure 4 Schematic of an EDBM unit 

Analogously for conventional ED, the mechanism of EDBM can be reversed to obtain the so-called 

REDBM process, which exploits the pH gradient between an acid and an alkaline solution to generate 

an electrical current. Along with its reversal process, EDBM technology also finds application in the 

field of flow batteries for the conversion and storage of renewable energies [21]. 

1.1.3 Fundamentals of electrolyte thermodynamics 

Before asking ourselves how a physical system evolves from one state to another, we must know why 

such a system should evolve. For such a reason, trying to approach transport phenomena without a 

solid understanding of the thermodynamics of a system will inexorably lead to failure. 

Thermodynamics is the part of physics concerned with the study of the energetics of physical systems 

and of their equilibrium state, i.e., the state toward which any system, let free to evolve, tends. By 

system, we mean any portion of the universe containing matter, composed of one or more phases, 

any of which can be defined and characterized by some variables of state (e.g., temperature, pressure, 

composition). The astounding beauty of thermodynamics lies in its capabilities of describing the 
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results of physical transformation with a limited understanding of the underlying phenomena. To do 

that, the entire building of thermodynamics is based on conveniently defined functions, called 

functions of state, whose variation only depends on the initial and final values of the variables of 

state. The major outcome of thermodynamics is the definition of fundamental functions of state called 

Helmholtz free energy and Gibbs free enthalpy, adopted to quantify how much a system is close or 

far from its equilibrium state. Given a specific homogeneous phase, the free energy (or enthalpy) 

generally depends on temperature, pressure, and composition of the phase, but more generally it may 

depend on various variables accounting for other energy contributions (e.g., gravitational, 

electrostatic, interfacial) [22,23].  

1.1.3.1 Chemical and electrochemical potential  

For a bulk, electroneutral system, composed of 𝑁 species, the differential of the Gibbs free enthalpy 

is defined as follows:  

𝑑𝐺 = 𝑉𝑑𝑃 − 𝑆𝑑𝑇 + ∑(
𝜕𝐺

𝜕𝑛𝑖
)|

𝑇,𝑃,𝑛𝑗≠𝑛𝑖

𝑁

𝑖=1

𝑑𝑛𝑖 (1.1) 

where 𝑉  and 𝑆 are the volume and the entropy of the system, 𝑃  and 𝑇  are the pressure and the 

temperature, while 𝑛𝑖 is the number of moles of the species i. Equivalently, the Helmholtz free energy 

𝐹 can be defined as: 

𝑑𝐹 = −𝑃𝑑𝑉 − 𝑆𝑑𝑇 + ∑(
𝜕𝐹

𝜕𝑛𝑖
)|

𝑇,𝑉,𝑛𝑗≠𝑛𝑖

𝑁

𝑖=1

𝑑𝑛𝑖 
(1.2) 

𝐺 and 𝐹 are generally used to formulate the equilibrium condition of a system respectively at constant 

𝑇 and 𝑃 or 𝑇 and 𝑉. However, as it will be discussed in section 1.1.4.1, mass transfer equilibrium 

between two phases at different pressure is typically and conveniently expressed in terms of 𝐹.  

The partial derivatives appearing in the last term of equations (1.1) and (1.2) correspond to the 

chemical potentials of the system’s component, defined as: 

𝜇𝑖 = (
𝜕𝐺

𝜕𝑛𝑖
)|

𝑇,𝑃,𝑛𝑗≠𝑛𝑖

= (
𝜕𝐹

𝜕𝑛𝑖
)|

𝑇,𝑉,𝑛𝑗≠𝑛𝑖

 
(1.3) 

The chemical potential plays a central role in thermodynamics, as it represents the reversible work 

required to transfer a given species from one point to another [24]. Importantly, the derivative in 
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equation (1.3) is taken at constant temperature, pressure, and fixed amounts of all other components, 

a condition that is crucial when dealing with charged species, as will be discussed in section 1.1.3.7. 

When the component 𝑖 is charged, the corresponding work also depends on the electrical state of the 

phase. Consequently, in ionic systems, the result of equation (1.3) is usually defined as 

electrochemical potential 𝜇̃𝑖 , to stress its dependence on the electrical state of the system. 

Accordingly, in a system where pressure, temperature, and composition are uniform, the reversible 

work of transfer one mole of the species i between two points under the influence of an electric field 

is given by: 

𝑤𝑒𝑙 = 𝜇̃𝑖
𝛼 − 𝜇̃𝑖

𝛽
= 𝑧𝑖ℱ(𝜑𝛼 − 𝜑𝛽) (1.4) 

Where ℱ  is the Faraday constant, 𝑧𝑖  is the valence of the 𝑖-th species, and 𝜑  is the electrostatic 

potential of the phase.  

1.1.3.2 Conventional electrochemical potential and ionic activity coefficients  

The electrochemical potential 𝜇̃𝑖  of a charged species, as defined by equation (1.3), is in general a 

function of temperature, pressure, composition, and electrical state of the phase. Following the 

conventional expression originally derived for perfect gases, the dependance of 𝜇̃𝑖 from the state 

variables is commonly expressed as follows: 

𝜇̃𝑖 = 𝜇𝑖
𝑐ℎ𝑒𝑚 + 𝑧𝑖ℱ𝜑 = 𝜇𝑖

∗ + 𝑅𝑔𝑇𝑙𝑛𝑎𝑖 + 𝑧𝑖ℱ𝜑 (1.5) 

where 𝜇𝑖
𝑐ℎ𝑒𝑚  is the chemical part of the electrochemical potential,  𝜇𝑖

∗ is the reference state chemical 

potential of the component (also called secondary reference state), which is a function of 𝑇 and 𝑃, 𝑅𝑔 

is the universal gas constant, while 𝑎𝑖 is the activity of the component. In the latter equation, 𝜑 is 

conventionally called “electrostatic potential”. Clearly, if the net charge of a component is zero, 𝑧𝑖 =

0 and hence 𝜇̃𝑖 = 𝜇𝑖
𝑐ℎ𝑒𝑚 . The underlying assumption in equation (1.5) is that the electrochemical 

potential of a charged species can be split into a chemical contribution, 𝜇𝑖
𝑐ℎ𝑒𝑚 , and an electrical 

contribution, described by the variable 𝜑. This assumption usually simplifies the modelling of ionic 

transport, as it enables the explicit definition of an electrical variable amenable to analytical treatment. 

However, how it will be discussed in section 1.1.3.7, this assumption is both arbitrary and 

unnecessary when working with non-infinitely dilute systems. On the other hand, the 𝑅𝑔𝑇𝑙𝑛𝑎𝑖 term 

is used to account for the concentration dependence of the electrochemical potential in non-ideal 

systems. Therefore, 𝑎𝑖 is usually defined as follows [25]: 



1.1 Thermodynamics of ion-exchange membranes: theoretical foundations and modelling 

12 

 

𝑎𝑖 =
𝛾𝑖𝐶𝑖

𝐶𝑖
∗  

(1.6) 

where 𝐶𝑖  is the molar concentration of the component, 𝐶𝑖
∗ is the molar concentration of the same 

component in the chosen ideal reference state1, while 𝛾𝑖 is the molar-based activity coefficient of the 

component2. The activity coefficient accounts for the deviation from the ideal condition and it is 

thermodynamically defined as follows:  

𝑙𝑛𝛾𝑖 =
1

𝑅𝑔𝑇
(
𝜕𝐺𝑒𝑥

𝜕𝑛𝑖
)|

𝑇,𝑃,𝑛𝑗≠𝑛𝑖

=
1

𝑅𝑔𝑇

𝜕(𝐺 − 𝐺𝑖𝑑)

𝜕𝑛𝑖

|
𝑇,𝑃,𝑛𝑗≠𝑛𝑖

 
(1.7) 

where 𝐺𝑒𝑥  is the excess free enthalpy of the system, while 𝐺𝑖𝑑  is the free enthalpy in the arbitrary, 

hypothetical ideal state. Noticeably, according to equation (1.7), in the ideal state the activity 

coefficients are unitary. Hence, defining a secondary reference state corresponds to choose the state 

at which the activity coefficients are defined to be one [26]. Therefore, the proper definition of the 

chemical potential always requires the definition of the ideal state as follows [24]: 

{
𝜇𝑖

𝑐ℎ𝑒𝑚 = 𝜇𝑖
∗ + 𝑅𝑔𝑇𝑙𝑛𝛾𝑖𝐶𝑖

𝐶𝑖 → 𝐶𝑖
∗ ⇒ 𝛾𝑖 = 1

 
(1.8) 

The previous definition is actually strictly valid in a binary solution, given that the activity coefficient 

of a given solute can be influenced by the presence of a second solute [25]. Conventionally, in a 

multi-ionic aqueous solution, two opposite secondary reference states can be adopted: the 

unsymmetric and the symmetric reference state [27,28]. In the unsymmetric reference state, the 

activity coefficients are set to one in the limit of all the solutes’ concentration tending to zero, or 

equivalently, when the concentration of the solvent tends to its value in the pure state3: 

 
1 The reference concentration 𝐶𝑖

∗ depends on the chosen ideal reference state. Since it is constant, for the sake of brevity 

it is often omitted in the expression of the activity 𝑎𝑖 and included in the reference chemical potential 𝜇𝑖
∗ 

2 As discussed in 1.1.3.9, activities and activity coefficients can be based on several concentration scales and proper 

conversion formulas must be employed to pass from a scale to another. 
3 The difficulty of employing a molar scale as the concentration variable becomes evident from the need to define such a 

hypothetical standard state when developing predictive thermodynamic models. As will be discussed in Section 1.1.3.9, 

a rigorous approach should be based on the use of mole fractions, which allow for the unambiguous definition of a pure 

fused electrolyte state. 
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{
𝜇𝑖

𝑐ℎ𝑒𝑚 = 𝜇𝑖
∗ + 𝑅𝑔𝑇𝑙𝑛𝛾𝑖𝐶𝑖

𝐶𝑤 → 𝐶𝑤,𝑝𝑢𝑟𝑒 ⇒ 𝛾𝑖 = 1
 (1.9) 

where 𝐶𝑤 is the solvent (i.e., water) concentration. Conversely, in the symmetric reference state, the 

activity coefficients of the solutes are set to be 1 in the hypothetical pure fused electrolyte state [27]: 

{
𝜇𝑖

𝑐ℎ𝑒𝑚 = 𝜇𝑖
∗ + 𝑅𝑔𝑇𝑙𝑛𝛾𝑖𝐶𝑖

𝐶𝑖 → 𝐶𝑖,𝑝𝑢𝑟𝑒 ⇒ 𝛾𝑖 = 1
 (1.10) 

This latter state is clearly hypothetical and not physically achievable due to the limited solubility of 

the electrolytes. Nonetheless, this convention is of more general applicability. For instance, it is useful 

for the development of thermodynamic models for the prediction of excess thermodynamic functions 

in the presence of mixed solvents.  

1.1.3.3 Dependence of electrochemical potential on pressure 

When defining the electrochemical potential 𝜇̃𝑖, it was stated that it is a function of temperature, 

pressure, composition, and electrical state. While the dependence on these latter was explicated in 

equation (1.5), the dependence on 𝑇 and 𝑃 was left implicit. In the analysis of transport phenomena, 

isothermal systems are commonly considered, while isobaric conditions are addressed less frequently. 

As a result, it is sometimes necessary to explicitly express the dependence of the electrochemical 

potential on pressure. According to the definition of 𝜇̃𝑖 (eq. (1.3)), the following equation can be 

derived4: 

(
𝜕𝜇̃𝑖

𝜕𝑃
)|

𝑇,𝑛𝑖

= (
𝜕𝜇𝑖

∗

𝜕𝑃
)|

𝑇,𝑛𝑖

= 𝜐𝑖  
(1.11) 

where 𝜐𝑖  is the partial molar volume of the generic component. For condensed phases, 𝜐𝑖  do not 

typically change considerably with 𝑃 . Therefore, by integrating equation (1.11), the following 

equation can be obtained: 

 
4 The implicit assumption in equation (1.11) is that 𝑎𝑖 ≠ 𝑓(𝑃), which is not strictly true given that the activity coefficients 

may show a certain dependence on the pressure [24,31]. However, such dependence is usually negligible in condensed 

system. 
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𝜇𝑖
∗ ≈ 𝜇𝑖

0 + 𝜐𝑖(𝑃 − 𝑃0) (1.12) 

where 𝜇𝑖
0 is the primary reference state chemical potential at the reference pressure and temperature 

𝑃0  and 𝑇0 . Equation (1.12) can then be substituted in equation (1.5) to get a formulation of 𝜇̃𝑖 

applicable to non-isobaric systems: 

𝜇̃𝑖 = 𝜇𝑖
0 + 𝑅𝑔𝑇𝑙𝑛𝑎𝑖 + 𝑧𝑖ℱ𝜑 + 𝜐𝑖(𝑃 − 𝑃0) (1.13) 

1.1.3.4 Osmotic coefficient and osmotic pressure 

In general, activity coefficients can be defined for all the components of a system. However, for 

solutions with non-volatile solvents such as water, it is more common and useful5 to describe the 

deviation from the ideal behaviour of the solvent by defining a different coefficient, called osmotic 

coefficient6, as follows: 

𝜙 =
𝜇𝑤

0 − 𝜇𝑤

𝑅𝑔𝑇𝜐𝑤 ∑ 𝐶𝑖𝑖
 

 

(1.14) 

From the previous definition, it follows that the solvent chemical potential can also be expressed as: 

𝜇𝑤 = 𝜇𝑤
0 − 𝜙𝑅𝑔𝑇𝜐𝑤 ∑ 𝐶𝑖

𝑖≠𝑤

 
(1.15) 

Another fundamental thermodynamic function related to the solvent chemical potential is the osmotic 

pressure, which is defined as follows7: 

𝛱 =
1

𝜐𝑤

(𝜇𝑤
0 − 𝜇𝑤) = −

𝑅𝑔𝑇

𝜐𝑤
𝑙𝑛𝑎𝑤 

(1.16) 

By combining equation (1.15) and (1.16), the traditional definition of osmotic pressure can be 

obtained: 

 
5 For moderately concentrated solution of non-volatile solvents, the activity coefficient of the solvent often does not 

deviate consistently from one. Therefore, its variation is, much more appreciable in a logarithmic than in a linear scale 
6 An analogous definition can be provided for the osmotic coefficient in the molal scale [25]. The two of them are different 

and proper conversion equation can be obtained according to the procedure reported in Section 1.1.3.9 
7 This latter and most common definition is based on the assumption that 𝜐𝑠 is independent from 𝑃.  
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𝛱 = 𝜙𝑅𝑇 ∑𝐶𝑖

𝑖

 
(1.17) 

1.1.3.5 The Gibbs–Duhem equation  

A fundamental property of the electrochemical potential is that it corresponds to the partial molar 

variable of the free enthalpy 𝐺. Therefore, by Euler's first theorem for homogeneous functions, 𝐺 can 

be equivalently defined as follows: 

𝐺 = ∑ 𝑛𝑖𝜇̃𝑖

𝑖

 
(1.18) 

A similar equation can be written for all the other extensive thermodynamic variables like volume 

[22]: 

𝑉 = ∑ 𝑛𝑖𝜐𝑖

𝑖

 
(1.19) 

From a mathematical standpoint, this corresponds to state that 𝐺  and 𝑉  are Euler homogeneous 

functions of order 1 with respect to the electrochemical potentials and to the partial molar volumes 

[29]. Differentiation of equation (1.18) leads to: 

𝑑𝐺 = ∑𝑛𝑖𝑑𝜇̃𝑖

𝑖

+ ∑𝜇̃𝑖𝑑𝑛𝑖

𝑖

 
(1.20) 

If we now substitute equation (1.20) into equation (1.1) we obtain: 

𝑆𝑑𝑇 − 𝑉𝑑𝑃 + ∑𝑛𝑖𝑑𝜇̃𝑖

𝑖

= 0 
(1.21) 

which is a form of the well-known Gibbs-Duhem equation valid for bulk, electroneutral systems. 

Equation (1.21) constitutes a constraint between the thermodynamic variables 𝑇, 𝑃  and 𝜇̃𝑖  that 

reduces the thermodynamic degrees of freedom of the system. For an isothermal transformation, 

equation (1.21) can be rewritten as follows: 

https://en.wikipedia.org/wiki/Homogeneous_function#Elementary_theorems
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∑𝐶𝑖𝑑𝜇̃𝑖

𝑖

= 𝑑𝑃 
(1.22) 

Where the left and right side of the equation have been divided by the total volume 𝑉. The isothermal 

Gibbs-Duhem equation (1.22) can be used to relate the variation of the electrochemical potential of 

the components to the variation of pressure in non-isobaric systems. In an isothermal, isobaric system, 

the previous equation can be further simplified as follows: 

∑𝐶𝑖𝑑𝜇̃𝑖

𝑖

= 0 
(1.23) 

According to equation (1.23), in an isothermal, isobaric system, the number of independent 

electrochemical potentials is 𝑁 − 1, where 𝑁 is the number of components of the system. Therefore, 

equation (1.23) is commonly employed to express the variation of the solvent chemical potential as 

a function of the electrochemical potential of all the other components: 

𝐶𝑤𝑑𝜇𝑤 = − ∑ 𝐶𝑖𝑑𝜇̃𝑖

𝑖≠𝑤

 
(1.24) 

For an electroneutral system, the previous equation is equivalent to: 

𝐶𝑤𝑑𝑙𝑛𝑎𝑤 = − ∑ 𝐶𝑖𝑑𝑙𝑛𝑎𝑖

𝑖≠𝑤

 
(1.25) 

When properly integrated, the previous equation can be used to evaluate the activity of the solvent 

when the activity of all the other components is determined.  If we further substitute the definition of 

osmotic pressure (eq. (1.16)) in the previous equation, the following alternative formulation for the 

osmotic pressure can be obtained: 

𝑑𝛱 =
𝑅𝑔𝑇

𝐶𝑤𝜐𝑤
∑ 𝐶𝑖𝑑𝑙𝑛𝑎𝑖

𝑖≠𝑤

 
(1.26) 

1.1.3.6 Chemical potential of neutral electrolytes and mean ionic activity coefficient 

So far, ionic species have been treated as independent thermodynamic components, and for each of 

them, a thermodynamic variable, the electrochemical potential, has been introduced. Indeed, ions 
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derive from the total (or partial) dissociation of neutral electrolytes according to the following 

stoichiometric relation: 

𝑀𝜈𝑖
𝑁𝜈𝑗

⇌ 𝜈𝑖𝑀
𝑧𝑖 + 𝜈𝑗𝑁

𝑧𝑗  (1.27) 

where 𝑀 and 𝑁 are two generic ionic species, 𝜈𝑖 and 𝜈𝑗 are the stoichiometric coefficients of ions 𝑖 

and 𝑗. Since the electrolyte is electrically neutral, 𝜈𝑖 and 𝜈𝑗 are subjected to the following restriction, 

usually called Guggenheim’s equation: 

𝑧𝑖𝜈𝑖 + 𝑧𝑗𝜈𝑗 = 0 (1.28) 

At equilibrium conditions, the following equilibrium equation must be satisfied between the ions and 

the electrolyte: 

𝜇𝑖𝑗 = 𝜈𝑖𝜇̃𝑖 + 𝜈𝑗𝜇̃𝑗 (1.29) 

The former equation can be used to relate the chemical potential of the neutral electrolyte, 𝜇𝑖𝑗 , to the 

electrochemical potentials of the ions formally derived from its dissociation8 [24,30]. Being a neutral 

component, 𝜇𝑖𝑗  does not depend on the electrical state of the phase. Indeed, if equation (1.5) is 

substituted in the former equation, the dependence on the electrical potential of the phase vanishes 

due to the requirement of the Guggenheim’s relation (eq. (1.28)): 

𝜇𝑖𝑗 = (𝜈𝑖𝜇𝑖
∗ + 𝜈𝑗𝜇𝑗

∗) + 𝑅𝑔𝑇𝑙𝑛 (𝐶𝑖
𝜈𝑖𝐶

𝑗

𝜈𝑗) + 𝑅𝑅𝑔𝑇𝑙𝑛 (𝛾𝑖
𝜈𝑖𝛾

𝑗

𝜈𝑗) (1.30) 

The first term on the right side of eq. (1.30) correspond to the reference state chemical potential of 

the neutral electrolyte 𝜇𝑖𝑗
∗ . By defining 𝜈 = 𝜈𝑖 + 𝜈𝑗, the former equation can be manipulated to get: 

𝜇𝑖𝑗 = 𝜇𝑖𝑗
∗ + 𝜈𝑅𝑔𝑇𝑙𝑛(𝐶𝑖̅𝑗𝛾̅𝑖𝑗) (1.31) 

Where 𝐶𝑖̅𝑗  and 𝛾̅𝑖𝑗  are respectively the mean ionic concentration and the mean ionic activity 

coefficient, defined as follows: 

 
8 Equation (1.27) is derived imposing the dissociation equilibria of the electrolyte. Therefore equation (1.29) tell us that 

that linear combination of electrochemical potential has a specific physical meaning: it represents the chemical potential 

of the virtually undissociated part of the electrolyte.  
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𝐶𝑖̅𝑗 = (𝐶𝑖
𝜈𝑖𝐶

𝑗

𝜈𝑗)

1
𝜈
 (1.32) 

𝛾̅𝑖𝑗 = (𝛾𝑖
𝜈𝑖𝛾

𝑗

𝜈𝑗)

1
𝜈
 (1.33) 

The mean ionic activity coefficient 𝛾̅𝑖𝑗  has a fundamental importance in the thermodynamics of 

electrolytes. In fact, as it will be discussed in section 1.1.3.7, only neutral combinations of 

thermodynamic properties can be experimentally determined. 

1.1.3.7 Reformulation of traditional electrochemical potential: the quasi-

electrostatic potential 

The thermodynamic framework presented thus far is formally valid in the case of electrically neutral 

systems. A thermodynamic phase is said to be electroneutral if the local electrical charge density 𝜌𝑒  

can be assumed to be null everywhere, hence: 

𝜌𝑒𝑙 = ℱ ∑𝑧𝑖𝐶𝑖

𝑁

𝑖=1

≈ 0 
(1.34) 

where 𝐶𝑖  is the molar concentration of the 𝑖-th species. This assumption is justified by the huge 

amount of energy required to charge a macroscopic system9: according to Guggenheim, the electric 

potential required to provide a charge density of around 2∙10-5 C m-3 to a spherical, electrically 

insulated system barely corresponds to 105 V [31]. In other words, according to equation (1.34), the 

degrees of freedom of an electroneutral system are reduced by one, i.e., it is not possible to arbitrarily 

vary the concentration of one charged component while keeping all the other constant. The direct 

consequence of this requirement is that, from a mathematical standpoint, the definition of the 

electrochemical potential of an ion is not operational [22]. As stated in section 1.1.3.1, the evaluation 

of the electrochemical potential of a generic component requires taking the partial derivative of 𝐺, as 

shown in equation (1.3), while keeping temperature, pressure, and the number of moles of all other 

components constant. However, this condition conflicts with the electroneutrality requirement. The 

direct consequence of this fact is that ions are not thermodynamic components of the system but 

merely constituents, in the sense that their concentration cannot be varied arbitrarily. In other words, 

 
9 Depending on the observation scale, this condition may not be formally true. For instance, at the interface between an 

electrode and an electrolytic solution, a charge separation occurs in a region of space whose extension depends on the 

Debye length of the solution [30,32] 
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the electrochemical potential of an ion is, strictly speaking, theoretically ill-defined [32]. Afar from 

being a pure mathematical question, this fact stems from an unavoidable physical limitation: it is not 

possible to experimentally determine, and hence to measure, the variation of the electrochemical 

potential of a charged species. Indeed, according to equation (1.4), the only measurement that can be 

made (direct or indirect) is the electric potential difference between two points of a phase of 

homogeneous composition. Whenever the composition of the system is not uniform, or in general, 

the chemical environment changes, the difference in the electrochemical potential can still be related 

to the reversible work of transfer, but this cannot be related to an electric potential difference 

anymore. In other words, it is not possible to separate the effect of the “chemical” interactions from 

the “electrical” ones. This stems from the fact that ions, which deviate significantly from the idealized 

concept of point charges, engage in “chemical” interactions with their surrounding medium. As stated 

by Guggenheim, “the electrostatic potential difference between two points is admittedly defined in 

electrostatics, the mathematical theory of an imaginary fluid called electricity”. The ultimate 

consequence of this is that any decomposition of the electrochemical potential into a concentration-

dependent part and an electrostatic-dependent one is arbitrary and lacks a physical basis. Therefore, 

the former and traditional formulation of 𝜇̃𝑖 (eq. (1.5)), based on the decoupling of a concentration-

dependent term and an electrical-dependent term, is arbitrary and not physically grounded. Given that 

ion electrochemical potential variation is not experimentally accessible, the same holds for the single 

ion activity coefficient, formally defined through equation (1.7). The only experimentally accessible 

properties are those of neutral combinations of ions, such as the mean ionic activity coefficient.  

Traditionally, whenever it is useful to define the activity coefficient of charged species, an arbitrary 

convention is adopted to virtually reduce the mathematical degree of freedom of the system10. This 

fact led Guggenheim to formulate an alternative expression for the electrochemical potential [31]: 

𝜇̃𝑖 = 𝑅𝑔𝑇𝑙𝑛𝜆𝑖 = 𝑅𝑔𝑇𝑙𝑛(𝜆𝑖
∗𝛾̃𝑖𝐶𝑖) (1.35) 

Where 𝜆𝑖 is called absolute activity. The difference between the former formulation and equation 

(1.5) is that while 𝛾𝑖  is improperly assumed to be independent of the electrical state of the phase, γ̃𝑖 

is not. By arbitrarily setting 𝜆𝑖  for a certain species to a reference value, all the other absolute 

activities could be subsequently determined. However, the inconvenience of equation (1.35) 

compared to equation (1.5) is that no electrical variable is explicitly defined. This may represent a 

limitation in the description of electrodiffusion. As it will be discussed in section 2.1, traditionally, 

 
1. 10  The most famous of such conventions are the MacInnes convention and the Debye-Hückel convention 

[22,213], which respectively assume 𝛾𝐾+ = 𝛾𝐶𝑙− = 𝛾𝐾𝐶𝑙 or ∑
𝐶𝑖

𝑧𝑖
𝑙𝑛𝛾𝑖𝑖 = 0. 
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the driving force for the ionic current density is expressed in terms of the gradient of an electrical 

potential. An elegant way to solve the issue was found by Smyrl and Newman with the formulation 

of the so-called quasi-electrostatic potential [26,33]: 

𝜇̃𝑛 = 𝑅𝑔𝑇𝑙𝑛𝐶𝑛 + 𝑧𝑛ℱ𝜑 (1.36) 

Where 𝑛 identifies a generic species for which the activity coefficient is set to be 1 [34]. In doing so, 

the electric variable 𝜑 is now unambiguously related to the electrochemical potential of a reference 

species. Indeed, equation (1.36) is thermodynamically consistent: when it is applied to evaluate the 

electrical work required to move one mole of the species 𝑛 from a phase 𝛼 to a phase 𝛽 of identical 

composition, it reduces to equation (1.4). Therefore, the quasi-electrostatic potential defined through 

equation (1.36) can effectively be used to track the electric state of a phase relative to a second phase 

of equal composition. The term “quasi-electrostatic” arises from the fact that, in the limit of infinitely 

dilute solutions, any neutral combination of ionic activity coefficients becomes equal to one11. Hence, 

in this limiting condition, equation (1.36) would correspond to equation (1.5) and 𝜑  would 

correspond to the traditional potential defined in electrostatics. Having unambiguously defined the 

variable 𝜑, the electrochemical potential of any other ionic species can be expressed as: 

𝜇̃𝑖 = 𝜇𝑖(𝑛)
∗ + 𝑅𝑔𝑇𝑙𝑛(𝛾𝑖(𝑛)𝐶𝑖) + 𝑧𝑖ℱ𝜑 (1.37) 

Where the subscript (𝑛) is used to stress the fact that 𝛾𝑖(𝑛) correspond to the activity coefficient of 

the species 𝑖 when the quasi-electrostatic potential is expressed in relation to the electrochemical 

potential of the species (𝑛). The arbitrariness of such a definition is apparent from the need to choose 

a particular reference species. As it will be discussed in section 2.1, this fact will have important 

consequences in the evaluation of ionic transport properties in concentrated systems. 

1.1.3.8 Relation between Newman’s and conventional mean ionic activity coefficient 

By arbitrarily defining 𝜑 according to equation (1.36), we have also univocally identified the activity 

coefficients of all ionic species, given that the same coefficient has been set to 1 for the reference 

species (𝑛). As stated in the previous sections, the only measurable properties are those related to 

neutral combinations of ionic species, such as the mean ionic activity coefficient (see section 1.1.3.6). 

At this stage, it is essential to examine the relationship between the ionic activity coefficient as 

defined within quasi-electrostatic theory and the mean ionic activity coefficient, typically measured 

 
11 This is strictly true if the unsymmetrical convention based on the state of infinite dilution is taken as the secondary 

reference state for all the ionic solutes. 
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and reported in the literature for aqueous electrolytes. To address this question, it is important to 

emphasize that any formally electroneutral linear combination of electrochemical potentials is 

independent of the electrical state of the phase, and therefore of the convention adopted to define the 

electrical variable. Therefore, 𝜇̃𝑖 can be rewritten as follows: 

𝜇̃𝑖 = (𝜇̃𝑖 −
𝑧𝑖

𝑧𝑛
𝜇̃𝑛) +

𝑧𝑖

𝑧𝑛
𝜇̃𝑛 

(1.38) 

If the electrochemical potentials in the round brackets are substituted with their formulation provided 

in equation (1.5), while 𝜇̃𝑛 outside the brackets being expressed through equation (1.36), the former 

equation can be rewritten as: 

𝜇̃𝑖 = 𝜇𝑖(𝑛)
∗ + 𝑅𝑔𝑇𝑙𝑛𝐶𝑖 + 𝑅𝑔𝑇𝑙𝑛 (𝛾𝑖𝛾𝑛

−
𝑧𝑖
𝑧𝑛) + 𝑧𝑖ℱ𝜑 (1.39) 

By comparing equation (1.39) with equation (1.37), it is evident that: 

𝛾𝑖(𝑛) = 𝛾𝑖𝛾𝑛

−
𝑧𝑖
𝑧𝑛 (1.40) 

Therefore, according to Guggenheim’s relation (eq. (1.28)), 𝛾𝑖(𝑛) can be related to the mean ionic 

activity coefficient (defined in eq. (1.33)) as follows: 

𝛾𝑖(𝑛) = 𝛾̅
𝑖𝑛

𝜈
𝜈𝑖  (1.41) 

1.1.3.9 Choice of concentration scale 

The theoretical framework presented so far is based on the use of molar concentrations as composition 

variables. For practical reasons, this choice is widespread in the field of transport phenomena. 

However, molar concentrations are not well suited for rigorous thermodynamic treatments, where 

molalities or, more commonly, mole fractions are preferred. Consequently, it is often necessary to 

convert between different concentration scales. The following section provides the formulas required 

to carry out these conversions: 
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𝑚𝑖 =
𝐶𝑖

𝜌𝑡𝑜𝑡 − ∑ 𝑀𝑊𝑖𝐶𝑖𝑖≠𝑤
 (1.42) 

𝑥𝑖 =
𝑀𝑊𝑤𝑚𝑖

1 + 𝑀𝑊𝑤 ∑ 𝑚𝑖𝑖≠𝑤
 (1.43) 

𝐶𝑖 = 𝜌𝑡𝑜𝑡

𝑥𝑖

∑ 𝑀𝑊𝑖𝑥𝑖 + 𝑀𝑊𝑤𝑥𝑤𝑖≠𝑤
 (1.44) 

In the latter equations, 𝑚𝑖, 𝑥𝑖 and 𝑀𝑊𝑖 are respectively the molal concentration, molar fraction and 

the molar mass of the generic component, while 𝜌𝑡𝑜𝑡 is the mass density of the solution, which needs 

to be evaluated separately by employing a proper equation of state or a semi-empirical predictive 

model [35,36]. It must also be emphasized that different choices of the composition variable lead to 

different primary and secondary reference states in the formulation of the electrochemical potentials 

of the solutes. As a result, the activity coefficient of a given component in one concentration scale 

generally differs from that in another scale. This fact is often overlooked, leading to gross errors when 

dealing with highly concentrated systems, where differences between activity coefficients across 

scales become significantly amplified. The conversion equation can be straightforwardly obtained by 

considering that the electrochemical potential of a component in a given solution is unaffected by the 

choice of the concentration scale [24,25]. Hence: 

𝜇̃𝑖
(𝐶)

= 𝜇̃𝑖
(𝑚)

= 𝜇̃𝑖
(𝑥)

 (1.45) 

where the superscript (𝐶), (𝑚) and (𝑥) denote respectively the electrochemical potential formulated 

using the molar concentration, molal concentration, or molar fraction. By substitution of equation 

(1.5) and properly rearranging, the following equation can be obtained: 

𝑚𝑖𝛾𝑖
(𝑚)

𝐶𝑖𝛾𝑖

(𝐶)
= 𝑒

𝜇𝑖
∗(𝐶)

−𝜇𝑖
∗(𝑚)

𝑅𝑔𝑇  (1.46) 

Given that 𝜇𝑖
∗(𝐶)

 and 𝜇𝑖
∗(𝑚)

 are independent of the composition, the term on the right side of the latter 

equation is constant. When approaching the infinite diluted condition, 𝛾𝑖
(𝑚)

 and 𝛾𝑖
(𝐶)

 tend to 1, while 

according to eq. (1.42) 
𝑚𝑖

𝐶𝑖
→

1

𝜌𝑤
. Therefore: 
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𝑒

𝜇𝑖
∗(𝐶)

−𝜇𝑖
∗(𝑚)

𝑅𝑔𝑇 =
1

𝜌𝑤
 (1.47) 

and: 

𝛾𝑖
(𝑚)

𝛾
𝑖

(𝐶)
=

𝐶𝑖

𝑚𝑖

1

𝜌𝑤
 (1.48) 

The latter equation can then be employed to convert 𝛾𝑖
(𝐶)

 in 𝛾𝑖
(𝑚)

 or vice versa. In a similar way, it is 

possible to derive the following equation to convert 𝛾𝑖
(𝑚)

 in 𝛾𝑖
(𝑥)

: 

𝛾𝑖
(𝑥)

𝛾
𝑖

(𝑚)
=

𝑚𝑖

𝑥𝑖
𝑀𝑊𝑤 (1.49) 

An analogous conversion formula can be derived to express the molar-based osmotic coefficient of 

the solvent, as defined in Equation (1.14), in terms of its molal-based counterpart, which is often used 

as a substitute for the activity coefficient12. In the following sections, to avoid unnecessarily intricate 

notation, the concentration scale of the activity coefficients will not be explicitly specified, except 

where required to prevent ambiguities. 

1.1.3.10  The Born theory of ion-solvent interactions 

A fundamental aspect of electrochemistry concerns the study of ion–solvent interactions. These 

interactions primarily depend on the chemical structure of the solvent molecules, which directly or 

indirectly determine key physicochemical properties of ionic solutions. Among inorganic solvents, 

water is by far the most common and important, for both practical and theoretical reasons. Owing to 

its high dipole moment, water exhibits one of the strongest solvating powers among known 

molecules. When an electrolyte is dissolved in water, or more generally, in any polar solvent, the 

solvent molecules surround the ions, forming a series of solvation shells that effectively screen the 

electrostatic fields generated by the ions. This process, known as ionic solvation, is typically 

accompanied by a significant decrease in the system's Gibbs free enthalpy. The difference between 

the free energy of a bare ion in vacuum and that of the same ion in solution is referred to as the 

hydration free energy, denoted by 𝜇𝑖
ℎ𝑦𝑑

. This quantity provides a useful measure of the strength of 

 
12 It must be kept in mind that, unlike solutes, the secondary reference state of the solvent, and thus its activity, is 

independent of the concentration scale adopted.  
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ion–solvent interactions [30,37–39]. The more negative the value of 𝜇𝑖
ℎ𝑦𝑑

, the greater the tendency 

of the ion to be solvated, and the larger the number of solvent molecules that effectively comprise its 

hydration shell. The hydration free energy depends on both the intrinsic properties of the ion and the 

structural characteristics of the solvent. A classical physicochemical model used to estimate 𝜇𝑖
ℎ𝑦𝑑

 is 

the Born model. In this framework, ions are idealized as charged spheres that interact with the 

surrounding medium solely through electrostatic forces13 [30,37]. The evaluation of 𝜇𝑖
ℎ𝑦𝑑

 is based on 

a hypothetical thermodynamic cycle in which the ion is first discharged in vacuum, then transferred 

into the solvent bulk, and finally recharged. The resulting free enthalpy change corresponds to the 

electrical work required to transfer the ion's charge, under its own electrostatic field, from an infinite 

distance to the ion surface and vice versa. By modeling the electrostatic potential as that produced by 

a uniformly charged sphere, Born derived the following expression: 

𝜇𝑖
ℎ𝑦𝑑

=
𝑁𝑎𝑒2

8𝜋𝜀0

𝑧𝑖
2

𝑟𝐵,𝑖
(
1

𝜀
− 1) (1.50) 

Where 𝑁𝑎 is Avogadro’s number, 𝑒 is the elementary charge, 𝜀0 and 𝜀𝑟 are respectively the absolute 

dielectric constant (or vacuum permittivity) and the relative dielectric constant (or relative 

permittivity) of the medium, while 𝑟𝑖 is the Born radius of the generic species. In the former equation, 

the effect of the solvent structure is exclusively accounted for by its relative permittivity, which 

quantifies the ability of solvent molecules to screen an electric field through their orientational 

polarizability. The greater the polarizability of a molecule, the more effectively it can screen the 

electric field generated by the ions, thereby stabilising them. As a result, highly polar solvents are 

typically characterised by high relative permittivity, which, in turn, as shown by equation (1.50), is 

associated with a strongly negative hydration free energy. On the other hand, the properties of the ion 

are described by its valence and its Born radius. According to eq. (1.50), the greater the net charge of 

an ion, the higher the absolute value of 𝜇𝑖
ℎ𝑦𝑑

. Conversely, the higher the Born radius, the lower is 

𝜇𝑖
ℎ𝑦𝑑

 in absolute value. Although in the original theory the bare crystal radius of the ions was used to 

evaluate 𝜇𝑖
ℎ𝑦𝑑

, it has been demonstrated that 𝑟𝑖 do not correspond to the ionic radius, especially for 

cations. This discrepancy arises from differences in the distribution of the electronic atmosphere 

around bare versus solvated ions, due to interactions with the electronic environment of the solvent 

[37]. In the field of ion-solvent interactions, ions are commonly modelled as empty spherical cavities 

with a permittivity equal to that of vacuum. The Born radius, in this framework, corresponds to the 

 
13 This treatment neglects specific short-range interactions between ions and solvent molecules. 
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effective size of such a cavity, i.e., the region around the ion in which the solvent's permittivity is 

significantly reduced due to the presence of the ion itself. Another way of explaining it is considering 

that the solvent molecules in the nearby of the ions are strongly polarized by the local electric field 

generated by the ions themselves. Consequently, the molecules formally constituting the ionic 

solvation shell would lose their ability to screen an externally applied electric field. The extent of this 

polarization depends on the charge density of the bare ion. Therefore, ions with a higher atomic 

number generally exhibit a larger Born radius and, consequently, a lower hydration free energy. An 

overview of relevant properties of the ions investigated in this work are reported in Table 1.  
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Table 1: Relevant properties of some inorganic cations and anions 

 Hydration 

Number [39] 

Crystal radius 

[Å][40] 

Stokes radius 

[Å][40] 

Hydrated radius 

[Å][40] 

Born radius 

[Å][37] 

Hydration free enthalpy  

[kJ mol-1][39] 

Limiting partial  

molar volume 

 [cm3 mol-1][41] 

Li+ 5.2 0.60 2.38 3.82 1.32 -475.0 18.7 

Na+ 3.5 0.95 1.84 3.58 1.68 -365.0 18.4 

K+ 2.6 1.33 1.25 3.31 2.17 -295.0 28.6 

Cs+ 2.1 1.69 1.19 3.29 2.51 -250.0 40.9 

Mg2+ 10 0.65 3.47 4.28 1.46 -1830 18.0 

Ca2+ 7.2 0.99 3.10 4.12 1.86 -1505 21.4 

Cl- 2.0 1.21 1.21 3.32 3.32 -340.0 49.0 

SO4
2- 3.1 2.90 2.33 3.79 2.58 -1080 76.5 
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1.1.3.11 The Debye-Hückel theory of ion-ion interactions 

Another fundamental topic in electrochemistry is the study of interactions among ions dissolved in 

solution. Understanding and modelling these interactions is of paramount importance, as they directly 

determine both fundamental thermodynamic and transport properties, namely, the ability of ions to 

move under the influence of a driving force. 

As a result, over the past century, numerous renowned scientists and physical chemists have devoted 

their efforts to developing physicochemical models capable of describing such interactions in systems 

of increasing complexity. Among them, Peter Debye and Erich Hückel are widely regarded as the 

founding figures in the study of ion–ion interactions. 

Their most significant contribution was the formulation of a fully predictive physicochemical model 

that quantifies the strength of electrostatic interactions between ions and the associated excess free 

energy, from which ionic activity coefficients can be derived. The Debye–Hückel model, named after 

its developers, is considered a cornerstone of electrochemical theory for ion–ion interactions, and its 

impact has often been compared to that of the ideal gas law in the field of classical thermodynamics. 

Although the original Debye–Hückel model has since been surpassed in terms of predictive accuracy, 

the fundamental concepts and methodological approach underlying its development continue to serve 

as the foundation for more advanced models, such as those describing the interactions between mobile 

ions and fixed charges in IEMs. Similarly to what is done in the development of the Born model, such 

interactions are related to the change in the ions' free energy when going from a hypothetically ideal 

state, in which no interactions are present, to the real state. At the basis of the original formulation of 

the Debye–Hückel model there are some fundamental assumptions [30]: 

1. The reference ion object of the thermodynamic analysis is assumed to be a point charge; 

2. All the other surrounding ions are smeared out into a continuous charge distribution; 

3. The solvent molecules are assimilated to a continuous dielectric medium with constant 

permittivity; 

4. Ions interact only through coulombic interactions. 

According to the latter assumption, the ion excess chemical potential can be solely related to the 

existence of such interactions. Therefore, similarly to what was done in 1.1.3.10 with the Born model, 

the electrical work required to charge the reference ion can be expressed as:  



1.1 Thermodynamics of ion-exchange membranes: theoretical foundations and modelling 

28 

 

𝑤𝑖
𝑒𝑙 = 𝜇𝑖

𝑒𝑥 =
𝑁𝐴𝑧𝑖𝑒

2
𝜑𝑐𝑙𝑜𝑢𝑑|𝑟=0 (1.51) 

where 𝜑𝑐|𝑟=0  is the electrostatic potential globally generated by the assembly (or cloud) of 

surrounding ions at the surface of the reference ion. According to the principle of superimposition of 

potentials, 𝜑𝑐𝑙𝑜𝑢𝑑 can be expressed as follows: 

𝜑𝑐𝑙𝑜𝑢𝑑 = 𝜑𝑡𝑜𝑡 − 𝜑𝑖 = 𝜑𝑡𝑜𝑡 −
𝑧𝑖𝑒

4𝜋𝜀0𝜀

1

𝑟
 (1.52) 

where 𝜑𝑡𝑜𝑡 is the overall electrostatic potential, 𝜑𝑖 is the electrostatic potential solely generated by 

the reference ion and 𝑟 is the radial position.  

According to Poisson’s equation14, the electrostatic potential distribution in a certain region of space 

with spherical symmetry can be related to the electrical charge density as follows: 

1

𝑟2

𝑑

𝑑𝑟
(𝑟2

𝑑𝜑𝑡𝑜𝑡

𝑑𝑟
) = −

𝜌𝑒𝑙

𝜀0𝜀
 (1.53) 

In the original model, the electrical charge density distribution around the reference ion is modelled 

through a linearized version of the Boltzmann’s distribution law [30]: 

𝜌𝑒𝑙 ≈ −
ℱ2

𝑅𝑇
∑𝐶𝑗

∞𝑧𝑗
2𝜑𝑡𝑜𝑡

𝑗

 (1.54) 

where 𝐶𝑗
∞ is the molar concentration of the generic species at the bulk of the system, i.e., at an infinite 

distance from the reference ion. By substitution of eq. (1.54) into eq.(1.53), the well-known linearized 

Poisson-Boltzmann equation is obtained: 

1

𝑟2

𝑑

𝑑𝑟
(𝑟2

𝑑𝜑𝑡𝑜𝑡

𝑑𝑟
) = −

ℱ2

𝑅𝑇
∑ 𝐶𝑗

∞𝑧𝑗
2𝜑𝑡𝑜𝑡

𝑗

 (1.55) 

 

 
14 The well-known Poisson’s equation is actually a form of the Maxwell’s law of electrostatic: Being 𝐸⃗  the electrostatic 

field function of position, according to the Gauss law ∇ ∙ 𝐸⃗ =
𝜌𝑒

𝜀0
. Given that 𝐸⃗  can expressed as 𝐸⃗ = −∇𝜑𝑡𝑜𝑡 , we 

conclude that: ∇2𝜑𝑡𝑜𝑡 = − 𝜌𝑒

𝜀0
 which is the vectorial form of equation Errore. L'origine riferimento non è stata t

rovata.). 
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In order to find the electrostatic potential distribution around the central ion, equation (1.55) must be 

integrated providing suitable boundary condition. Under the point-charge assumption, the lower 

bound integration limit corresponds to 𝑟 = 0 and the following equation for the total electrostatic 

potential distribution is achieved: 

𝜑𝑡𝑜𝑡 =
𝑧𝑖𝑒

4𝜋𝜀0𝜀

𝑒−𝜘𝑟

𝑟
 (1.56) 

where 𝜘 is the Debye screening parameter, defined as follows: 

𝜘 = √
ℱ2

𝜀0𝜀𝑅𝑔𝑇
2𝐼 (1.57) 

𝐼 =
1

2
∑ 𝐶𝑗

∞𝑧𝑗
2

𝑗

 (1.58) 

and 𝐼 is the ionic strength of the bulk solution. The Debye screening parameter is a fundamental and 

ubiquitous factor in electrochemical theory, playing a crucial role in the analysis of potential 

distribution within electrolyte solutions. It represents the inverse of the characteristic length over 

which electrostatic interactions are screened in an electrolyte solution. According to eq. (1.57), it is 

directly related to the ionic strength of the solution, reflecting how increased ion concentration 

enhances the attenuation of the electric potential around a charged species. In a sufficiently diluted 

solution (𝐼 ≤ 0.01 𝑀) , the electrostatic potential distribution (eq. (1.56)) can be linearised and 

substituted in eq. (1.52) and eq. (1.51) to evaluate the excess electrochemical potential as:  

𝜇𝑖
𝑒𝑥 = −

𝑁𝑎(𝑧𝑖
2𝑒2)

8𝜋𝜀0𝜀
𝜘 (1.59) 

By substitution of the latter equation into equation (1.7), the following formulation for the ion activity 

coefficient can be obtained: 

𝑙𝑛𝛾𝑖 = −
1

𝑅𝑔𝑇
[
𝑁𝑎(𝑧𝑖

2𝑒2)

8𝜋𝜀0𝜀
√

2ℱ2

𝜀0𝜀𝑅𝑔𝑇
√𝐼] (1.60) 

From which it is evident that, in the dilute regime under which the model was developed, the ion 

activity coefficient decreases with increasing ionic strength, approaching one for vanishing 𝐼.  
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Combination of eq. (1.60) according to eq. (1.33) for two oppositely charge ions leads to the following 

expression for the mean ionic activity coefficient of the corresponding neutral electrolyte: 

𝑙𝑛𝛾̅𝑖𝑗 = −𝜁(𝑧+𝑧−)√𝐼 (1.61) 

Where 𝜁  is a lumped parameter including physical constants and stoichiometric coefficients. 

According to the former equation, the mean ionic activity coefficients scales with the square root of 

the ionic strength. This result was experimentally validated up to ionic strength of 10 mM [42]. Above 

this threshold, significant deviance is observed. Indeed, eq. (1.61) is affected by all the simplifying 

assumptions made, and more accurate results can be achieved by relaxing some of these assumptions.  

For instance, the point-charge assumption implies the integration of the linearized Poisson-

Boltzmann equation (1.55) in the spatial domain [0;∞]. However, more precisely, the lower bound 

could be taken to be the radius of the central ion 𝑟0. Integration of the linearized Poisson-Boltzmann 

equation in the domain [𝑟0;∞], leads to the following expression for the electrostatic potential at the 

ion’s surface: 

𝜑𝑡𝑜𝑡(𝑟0) = −
𝑧𝑖𝑒

4𝜋𝜀0𝜀

𝜘

1 + 𝑟0𝜘
 (1.62) 

Consequently, the corresponding mean ionic activity coefficient has the following expression: 

𝑙𝑛𝛾̅𝑖𝑗 = −
𝜁(𝑧+𝑧−)√𝐼

1 + 𝛽√𝐼
 (1.63) 

where, likewise 𝜁, 𝛽 lumps a series of physical constants.  

1.1.4 Modelling of aqueous electrolytes–IEMs thermodynamic equilibria 

The thermodynamic modelling of equilibrium at the interface between a semipermeable membrane 

and an electrolyte solution is of considerable practical relevance, not only in the context of 

conventional membrane processes, but also in various biological disciplines. The distribution of 

mobile ions between the solution and the membrane drastically affects the performance of all 

electromembrane processes. Therefore, models able to predict the thermodynamic affinity of mobile 

species to the membrane are of great interest. The first theoretical treatment of partition equilibria at 

the solution–membrane interface was proposed by Donnan, who, in 1911, published a seminal paper 

introducing the model that now bears his name.  
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Building upon the thermodynamic formulation of equilibrium, this section provides a brief review of 

the fundamental relations governing partition equilibria at the solution–membrane interface. These 

relations are extensively employed throughout the present work for both analysis and numerical 

simulations, and constitute the theoretical foundation for the estimation of membrane activity 

coefficients from equilibrium experimental data (see section 1.3). 

1.1.4.1 Definition of thermodynamic and electrochemical equilibrium. 

Let us consider two phases 𝛼 and 𝛽, able to exchange matter across their contact interface. Providing 

that 𝛼 and 𝛽 are not necessarily at the same pressure, the equilibrium condition is formulated by 

minimising the Helmholtz free energy of the system. Hence: 

𝑑𝐹𝛼 + 𝑑𝐹𝛽 = 0 (1.64) 

By substitution of eq. (1.2) into (1.64), and assuming the two phases to be in thermal equilibrium 

(i.e., 𝑇𝛼 = 𝑇𝛽), the following equation is obtained: 

−(𝑃𝛼𝑑𝑉𝛼 + 𝑃𝛽𝑑𝑉𝛽) + ∑(𝜇̃𝑖
𝛼 − 𝜇̃𝑖

𝛽
)

𝑁

𝑖=1

𝑑𝑛𝑖 = 0 (1.65) 

where 𝑑𝑛𝑖 are the moles of the generic species exchanged between the two phases. If the transfer 

process is so slow that 𝑃𝛼 and 𝑃𝛽  can be considered at their steady-state value, the summation in the 

first round bracket in the former equation corresponds to the reversible work exchanged between the 

system and the surrounding environment, which must be zero at the equilibrium condition [24,31]. 

Consequently: 

∑(𝜇̃𝑖
𝛼 − 𝜇̃𝑖

𝛽
)

𝑁

𝑖=1

𝑑𝑛𝑖 = 0 (1.66) 

Provided that the former equation must be valid for any quantity of exchanged species, the following 

equilibrium relation can be derived: 

𝜇̃𝑖
𝛼 = 𝜇̃𝑖

𝛽
 (1.67) 

Ultimately, mass transfer equilibrium is reached when the electrochemical potential of any species is 

invariant. Importantly, the previous equilibrium condition applies to all and solely the species 

effectively able to cross the boundary interface between the two phases.  
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1.1.4.2 Ion partitioning equilibria: the Donnan model 

When an IEM is in contact with an aqueous electrolyte, the dissolved ions and the water molecules 

are free to move from the solution to the membrane (and vice versa). At equilibrium condition, 

equation (1.67) must be satisfied for all the mobile species. Hence: 

𝜇𝑖(𝑛)
0,𝑠 + 𝑅𝑔𝑇𝑙𝑛(𝛾𝑖(𝑛)

𝑠 𝐶𝑖
𝑠) + 𝑧𝑖ℱ𝜑𝑠 + 𝜐𝑖

𝑠𝑃𝑠 = 𝜇𝑖(𝑛)
0,𝑚 + 𝑅𝑔𝑇𝑙𝑛(𝛾𝑖(𝑛)

𝑚 𝐶𝑖
𝑚) + 𝑧𝑖ℱ𝜑𝑚 + 𝜐𝑖

𝑚𝑃𝑚  (1.68) 

where the superscript 𝑠 and 𝑚 respectively identify the solution phase and the membrane phase15. In 

this regard, it is relevant to highlight that speaking about a membrane phase can be rather misleading. 

Indeed, a thermodynamic phase is defined to be a macroscopically homogeneous and physically 

distinct portion of matter, characterised by uniform intensive properties and internal thermodynamic 

equilibrium. For instance, colloidal systems are not to be considered proper thermodynamic phases 

[23].  

While this notation is commonly employed in authoritative reference texts within the field, it may be 

deemed inappropriate in light of the lack of consensus within the scientific community regarding 

whether a macroscopically homogeneous IEM should be considered a genuine phase or rather a 

heterogeneous system comprising distinct hydrophobic and hydrophilic domains [6,12,43–45]. 

Therefore, in the following, the term phase associated with the membrane will refer to the hydrophilic 

domains containing water molecules and mobile ions. Molar concentration is consistently defined as 

moles per volume of solution, therefore excluding the volume of space in the membrane occupied by 

the polymeric chains. This choice is further justified by evidence indicating that the use of 

concentration values based on the swollen membrane volume results in a diminished predictive 

accuracy of ionic partitioning models, probably due to an underestimation of the concentration of 

fixed charges [46,47].  

Equation (1.68) is written adopting Newman’s definition of electrochemical potential (see section 

1.1.3.7), i.e., the quasi-electrostatic potential 𝜑 is defined according to equation (1.36), by selecting 

an arbitrary reference species and setting its activity coefficient to 1. The only requirement for this 

reference species is to be able to move across the phase boundary. Although the traditional 

formulation becomes equivalent to Newman's approach when a suitable convention for the activity 

coefficient is adopted, the latter is rarely employed by membrane engineers and is more commonly 

found in the work of applied chemical physicists [48–52].  

 
15 A similar equilibrium relation can be written in terms of molal concentrations and molal-base activity coefficients. 
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If the same reference states are adopted to formulate 𝜇̃𝑖
𝛼  and 𝜇̃𝑖

𝛽
, and assuming 𝜐𝑖

𝑠 = 𝜐𝑖
𝛽

= 𝜐𝑖 , 

equation (1.68) can be rewritten as follows: 

𝐶𝑖
𝑚 = 𝐶𝑖

𝑠 (
𝛾𝑖(𝑛)

𝑠

𝛾𝑖(𝑛)
𝑚 ) 𝑒−

𝑧𝑖ℱ
𝑅𝑇

𝛥𝜑𝑒
−

𝜐𝑖
𝑅𝑔𝑇

𝛥𝑃
 (1.69) 

where Δ𝜑 is the quasi-electrostatic Donnan potential and Δ𝑃 is the hydrostatic pressure difference 

between the membrane and the external solution. The former equation allows us to evaluate the 

equilibrium concentration in the membrane phase for a given external concentration, if all the other 

terms are known. Indeed, according to (1.36), a similar equilibrium relation can be formulated for the 

reference species 𝑛: 

𝐶𝑛
𝑚 = 𝐶𝑛

𝑠𝑒
−

𝑧𝑛ℱ
𝑅𝑔𝑇

𝛥𝜑
𝑒

−
𝜈𝑖

𝑅𝑔𝑇
𝛥𝑃

 
(1.70) 

To be thermodynamically consistent, equations (1.69) and (1.70) must also be coupled with the global 

electroneutrality condition in the membrane phase, which could be expressed as: 

∑𝑧𝑖𝐶𝑖
𝑚

𝑖

+ 𝑧𝑓𝑖𝑥𝐶𝑓𝑖𝑥 = 0 (1.71) 

where 𝑧𝑓𝑖𝑥  and 𝐶𝑓𝑖𝑥  are respectively the valence and concentration of the fixed charges in the 

membrane phase. In principle, 𝑧𝑓𝑖𝑥  depends on the chemical structure of the ionizable functional 

groups, but in most cases |𝑧𝑓𝑖𝑥| = 1 , while 𝐶𝑓𝑖𝑥  mainly depends on the IEC of the membrane. 

However, as discussed in section 1.2, 𝐶𝑓𝑖𝑥  varies also with the water content of the membrane.  

Disregarding the pressure-related contributions due to solvent partition (see section 1.1.4.3), 

according to equation (1.71) the quasi-electrostatic Donnan potential is directly related to the 

concentration of the reference species in the membrane phase, that will inevitably differ from that in 

solution due to the electroneutrality requirement (eq. (1.71)). Indeed, according to Donnan’s theory, 

the external solution and the membrane differ in the electrical state due to the presence of the fixed 

charged groups bound to the polymeric backbone of the membrane. Such groups are unable to move 

across the phase boundaries, and their presence drastically impedes the absorption of co-ions in the 

membrane phase. 

Typically, the equilibrium co-ion concentration in the membrane phase is order of magnitude lower 

than the external concentration. Accordingly, typical values of 𝛥𝜑 range between tens to hundreds of 
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millivolts, with the sign depending on the charge of the fixed counter-ions [13,53,54]. The co-ion 

exclusion phenomenon is also referred to as Donnan exclusion, and its extent is related to the salt 

concentration in the external solution, valence of the counter-ions and fixed charges concentration in 

the membrane phase.  

Although the Donnan model constitutes a well-grounded theoretical framework for the description of 

mobile ion partitioning in IEMs, its practical implementation is substantially limited by the necessity 

of determining the activity coefficients in the two phases at varying concentration and composition. 

While 𝛾𝑖(𝑛)
𝑠  can be easily evaluated through robust and extensively validated thermodynamic models, 

such as the Pitzer model [55–59] or the eNRTL model for aqueous electrolytes [60,61], the activity 

coefficients in the membrane phase remain elusive and lack a reliable and universally accepted 

theoretical framework for their accurate determination (further discussion on this topic is reported in 

section 1.1.5).  

For this reason, a simplified version of the Donnan model is frequently adopted, particularly by end-

users such as process engineers. This simplified formulation, known as the ideal Donnan model, is 

derived by neglecting thermodynamic non-idealities in both phases and by assuming that the osmotic 

effect associated with the pressure difference across the interface is negligible. Consequently, 

equation (1.69) is rewritten as follows: 

𝐶𝑖
𝑚 = 𝐶𝑖

𝑠𝑒
−

𝑧𝑖ℱ
𝑅𝑔𝑇

𝛥𝜑
 

(1.72) 

Noticeably, except for the pressure-related term, equations (1.72) and (1.70) are equivalent as the 

traditional formulation of the electrochemical potential and Newman’s one coincide when 

approaching the reference state. As it will be discussed in section 1.3, this oversimplified model can 

be useful to produce a very rough estimation of equilibrium ion concentration but leads to drastic 

failure in most cases [16,62–64]. 

By manipulating equation (1.69) the ion partition coefficient 𝐾𝑖
𝑝
 and the partition selectivity 𝑆𝑖,𝑗

𝑝
 can 

be defined as follows: 
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𝐾𝑖
𝑝

=
𝐶𝑖

𝑚

𝐶𝑖
𝑠 = 𝛷𝛾𝛷𝛥𝜑𝛷𝛥𝑃 (1.73) 

𝑆𝑖,𝑗
𝑝

=
𝐾𝑖

𝑝

𝐾𝑗
𝑝 = (

𝛾𝑖(𝑛)
𝑠

𝛾𝑖(𝑛)
𝑚

𝛾𝑗(𝑛)
𝑚

𝛾𝑗(𝑛)
𝑠 ) 𝑒

−
(𝑧𝑖−𝑧𝑗)ℱ

𝑅𝑔𝑇
𝛥𝜑

𝑒
−

(𝜈𝑖−𝜈𝑗)

𝑅𝑔𝑇
𝛥𝑃

 (1.74) 

According to the former equations, the partition coefficient and the partitioning selectivity of an ion 

depend on three contributions: non-ideal (𝛷𝛾), electrostatic (𝛷𝛥𝜑) and osmotic (𝛷𝛥𝑃). Among them, 

the effect of the difference in the electrical state of the two phases is generally the most relevant. 

1.1.4.3 Osmotic equilibrium 

In section 1.1.4.2, the Donnan equilibrium describing the ion partition between the solution and the 

membrane was derived starting from the equivalence of the electrochemical potential between the 

bulk of the solution and the membrane phases. While the latter was extensively studied and 

investigated, the corresponding partition equilibrium of water has been comparatively less 

investigated from a theoretical standpoint; however, this does not diminish its importance. 

Indeed, according to equations (1.69) and (1.74), a comprehensive modelling of ion partitioning 

should also include the osmotic effect due to the different pressure existing between the two phases. 

To find an expression for this contribution, we need to recall that the equilibrium equation must be 

applied to all the mobile species, including water. Therefore, equation (1.68) can be rewritten as 

follows: 

𝜇𝑤
0,𝑠 + 𝑅𝑔𝑇𝑙𝑛(𝑎𝑤

𝑠 ) + 𝜈𝑤
𝑠 𝑃𝑠 = 𝜇𝑤

0,𝑚 + 𝑅𝑔𝑇𝑙𝑛(𝑎𝑤
𝑚) + 𝜈𝑤

𝑚𝑃𝑚 (1.75) 

where the subscript 𝑤 denotes water. If the same reference states are adopted in the formulation of 

the chemical potential in the membrane and solution phases, and if variation of partial molar volume 

is neglected, the former equation can be rewritten as follows: 

∆𝑃 =
𝑅𝑔𝑇

𝜈𝑤
𝑙𝑛 (

𝑎𝑤
𝑠

𝑎𝑤
𝑚

) = 𝛥𝛱 (1.76) 

where in the last equality, the definition of osmotic pressure (equation (1.16)) was employed. At this 

point, it is necessary to focus on the meaning of water partition equilibrium within the membrane, a 

topic that is often overlooked or insufficiently addressed.  
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Equation (1.76), derived from the equivalence of the water chemical potential, indicates that, due to 

the difference in the water activity between the solution and the membrane phase, a pressure 

difference must arise between the bulk of the solution and the membrane. Since the solvent activity 

in the membrane phase will inevitably differs from that in the solution, at least due to the presence of 

the fixed charges, it follows, that, in general, ∆𝑃 ≠ 0.  

Nonetheless, water partitioning in water-permeable membranes is often modelled by imposing 

equality of water activity on both side of the interface, while assuming continuity of the pressure 

across the interface [10,65–68]. Furthermore, when the membrane is in contact with two solutions of 

different composition, ∆𝑃 at the two solution–membrane interfaces will generally differ. As a result, 

a pressure gradient will develop across the membrane.  

This seemingly trivial consideration stands in clear contrast with one of the fundamental assumptions 

of the mostly employed model to describe solvent transport through a membrane, namely, the 

solution-diffusion model, which assumes the hydrostatic pressure to be uniform across the membrane 

[69,70]. The supporters of such model suggest that an extra term accounting for the elastic pressure 

due to the polymer swelling should be added to the definition of the chemical potential of water in 

the membrane phase, but this term could be simply accounted for when evaluating the water activity 

[71] and no agreement among the scientific community can be found on the topic. Without purporting 

to resolve such a complex and debated issue, section 1.3 presents a series of simulations aimed at 

shedding light on certain physical and mathematical aspects of water partition equilibrium. 

1.1.4.4 Extended Donnan model: formulation and analysis of an integrated model 

for ion and water partition in IEM 

In the previous section, the fundamental thermodynamic relations describing ion and water partition 

at the solution-membrane interface were provided. It is essential to emphasize that a sound 

thermodynamic model is required not only for the development of predictive tools, but also to provide 

a theoretical framework through which fundamental insights can be extracted from raw experimental 

data. From equations (1.69) and (1.76), it is clear that ion and water partitioning equilibria are 

coupled. Indeed, ion partition coefficients depend on the ∆𝑃 term, which in turn depends on the water 

activity in the two phases. At the same time, the activity of water in the membrane phase, or 

equivalently its osmotic pressure 𝛱𝑚, is somehow influenced by the mobile-ions distribution between 

the two phases. Moreover, mathematical inspection of the former system of equilibrium equations, 

namely equations (1.69), (1.71) and (1.76), reveals that the system is dimensionally undetermined, 
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i.e., an equation is missing to solve the system. Therefore, in the following section, our purpose is to 

formulate an expression to relate water and ion partitioning equations. 

At this stage we need to recall that the solvent and the solutes activity in a given phase are related 

through each other through the Gibbs-Duhem equation (1.25), that in the previous section was 

rewritten to evaluate the osmotic pressure of the solvent in the given phase. By employing Euler’s 

equation for the total volume (eq. (1.19)), equation (1.26) can be rewritten as follows: 

𝑑𝛱𝑚 =
𝑅𝑔𝑇

1 − ∑ 𝐶𝑖
𝑚𝜐𝑖𝑖≠𝑤

∑ 𝐶𝑖
𝑚𝑑𝑙𝑛𝑎𝑖

𝑚

𝑖≠𝑤

 (1.77) 

where 𝐶𝑖
𝑚𝜐𝑖 represents the volumetric fraction of the generic solute in the membrane phase. For the 

sake of simplicity, in the following we will assume negligible the volume occupied but the ions (i.e., 

𝐶𝑤
𝑚𝜐𝑤 ≈ 1). Moreover, the solutes activity can be rewritten in terms of their activity coefficient, so 

that equation (1.77) can be rewritten as follows: 

𝑑𝛱𝑚 = 𝑅𝑔𝑇 ∑ 𝐶𝑖
𝑚𝑑(𝑙𝑛𝐶𝑖

𝑚 + 𝑙𝑛𝛾𝑖(𝑛)
𝑚 )

𝑖≠𝑤

 (1.78) 

Further manipulation of the former equation leads us to: 

𝑑𝛱𝑚 = 𝑅𝑔𝑇 ∑ 𝑑𝐶𝑖
𝑚

𝑖≠𝑤

+ 𝑅𝑔𝑇 ∑ 𝐶𝑖
𝑚𝑑𝑙𝑛𝛾𝑖(𝑛)

𝑚

𝑖≠𝑤

 (1.79) 

In order to evaluate Π𝑚 , equation (1.79) must be properly integrated from a reference state, 

corresponding to the secondary reference state chosen for the activity coefficients, and the generic 

state characterised by 𝐶𝑖
𝑚. Hence: 

𝛱𝑚 − 𝛱∗𝑚 = 𝑅𝑔𝑇 ∫ ∑ 𝑑𝐶𝑖
𝑚

𝑖≠𝑤

𝐶𝑖
𝑚

𝐶𝑖
∗𝑚

+ 𝑅𝑔𝑇 ∫ ∑ 𝐶𝑖
𝑚𝑑𝑙𝑛𝛾𝑖(𝑛)

𝑚

𝑖≠𝑤

𝐶𝑖
𝑚

𝐶𝑖
∗𝑚

 (1.80) 

Regardless of the chosen secondary reference state, 𝛱∗𝑚 corresponds to the lower bound value of the 

first integral on the right side of the former equation. Therefore, equation (1.80) can be rewritten as: 
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𝛱𝑚 = 𝑅𝑔𝑇 ∑ 𝐶𝑖
𝑚

𝑖≠𝑤

+ 𝑅𝑔𝑇 ∫ ∑ 𝐶𝑖
𝑚𝑑𝑙𝑛𝛾𝑖(𝑛)

𝑚

𝑖≠𝑤

𝐶𝑖
𝑚

𝐶𝑖
∗𝑚

= 𝛱𝑚,𝑖𝑑 + 𝛱𝑚,𝑒𝑥  (1.81) 

where 𝛱𝑚,𝑖𝑑 corresponds to the ideal value of the osmotic pressure in the membrane phase, while 

𝛱𝑚,𝑒𝑥  is the excess osmotic pressure due to the contribution of the non-ideal phenomena in the 

membrane phase. In recent works, Biesheuvel and co-workers arrived at a similar formulation but 

neglected this last term [43,72–74]. While activity coefficients are frequently incorporated in the 

modelling of ion partition, non-ideal phenomena influencing water partition are often neglected. Such 

omission, however, represents a rather crude approximation, as non-ideal interactions are expected 

to significantly contribute to the thermodynamic equilibria in complex, highly charged environments, 

particularly at high salt concentrations.  

This expectation is supported by experimental measurements of ion activity coefficients obtained for 

a series of commercial IEMs and reported in section 1.2. Further evidence comes from recent studies 

by Kamcev et al. and Geise et al.,[75,76] who investigated the state of water molecules in custom-

made IEMs. Their findings indicate that water molecules can be classified into two main populations, 

bound and freezable, depending on the strength of their interactions with the fixed charges of the 

polymeric matrix. As a consequence of these interactions, the two populations exhibit markedly 

different osmotic activities, with bound water being unable to freeze and incapable of forming 

hydrogen bonds with other water molecules. In the proposed thermodynamic framework, any 

possible deviation from ideal thermodynamics should be accounted for by means of the activity 

coefficients, regardless of the source of such non-ideal interactions. Therefore, if experimental values 

for 𝐶𝑖
m are accessible, equation (1.81) can be combined with equations (1.69), (1.71) an (1.76) to 

solve the extended Donnan model to evaluate 𝛾𝑖(𝑛)
𝑚  and 𝛱𝑚,𝑒𝑥 (see section 1.3). 

1.1.5 Modelling of ion activity coefficients in IEMs 

In the previous sections, theoretical frameworks for modelling ion and water partitioning equilibria 

in IEMs were outlined. These models, however, are not fully predictive, as any deviations from ideal 

thermodynamics are effectively embedded within the ion activity coefficients. It is therefore essential 

to develop thermodynamic models capable of describing the non-ideal interactions among the 

system’s components, as well as their dependence on the composition of the external electrolyte. 

Despite the extensive literature on ion partitioning in IEMs, comprehensive and reliable models 

remain lacking [77]. This gap in fundamental understanding becomes even more critical when dealing 

with multi-ionic solutions, since most studies up to date have focused on IEMs equilibrated with 
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single-salt systems. Recently, interest in the characterization and modelling of IEMs in contact with 

complex multi-ionic solutions has increased, driven by the development of novel electromembrane 

applications for the selective recovery of raw materials from waste brines [9,72,78]. By elucidating 

the physical mechanisms of ion partitioning in IEMs, thermodynamic models are not only valuable 

tools for guiding the design of tailor-made membranes for ion-selective separation processes, but also 

indispensable for integration into process-level simulations, where they enable reliable prediction of 

the performance of electromembrane units under realistic operating conditions.  

The following section presents and discusses a set of novel thermodynamic models developed for 

estimating ion activity coefficients in IEMs. These latter were derived as modifications or extensions 

of existing, yet limited, approaches, and their theoretical formulation is introduced by first outlining 

the key shortcomings of the currently available models. Parts of this section are adapted and expanded 

from an author’s previously published article [79]. 

1.1.5.1 Manning’s model: current formulation and its main limitations 

In recent years, the Manning model, derived from Manning’s counterion condensation theory [80], 

has emerged as one of the most promising frameworks for predicting ion partitioning in IEMs. The 

foundational version of Manning’s model was originally introduced by Gerald Manning in 1969 to 

describe the colligative behaviour of aqueous solutions of mixed salt-polyelectrolyte aqueous 

solutions. More recently, Kamcev and collaborators adopted Manning’s theory to model ion 

partitioning in IEMs, suggesting that an IEM in equilibrium with an aqueous solution can be viewed 

as a condensed polyelectrolyte solution [51,77,81].  

In his seminal work, Manning laid the theoretical groundwork of the counter-ion condensation theory, 

according to which, under certain conditions, a fraction of the counter-ions condenses onto the 

polyelectrolyte. The description of such phenomenon, akin to ion pairing in concentrated electrolyte 

solutions, is centered on a dimensionless parameter called the reduced linear charge density, denoted 

by 𝜉: 

𝜉 =
𝜆𝑏

𝑏
=

𝑒2

4𝜋𝜀0𝜀𝑚𝑘𝐵𝑇𝑏
 (1.82) 

where 𝜆𝑏  is the Bjerrum length, 𝜀𝑚  is the hydrated membrane relative dielectric constant and 𝑏 

presents the average spacing between fixed charges on the polyelectrolyte chain. This parameter 

quantifies the extent to which electrostatic fields surrounding fixed charges overlap, indicating 

whether the local electrostatic interactions are strong enough to induce counter-ion condensation [77]. 
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When 𝜉 exceeds a specific critical threshold (see equation (1.92)), enough counter-ions condense, 

neutralizing a portion of the fixed charges and lowering the effective linear charge density. These 

condensed counter-ions are thus localized in a region of space near the charged polymer backbone 

and no longer participate in osmotic equilibria, leading to a reduction in the activity of the mobile 

(i.e., uncondensed) ion population. By employing a Debye–Hückel approach on a polyelectrolyte 

solution with a single salt added, Manning arrived at the following formulation for the counter-ions 

and co-ions activity coefficients: 

𝛾𝑐𝑜𝑢
𝑚,(𝐶)

= 𝜃̅𝑐𝑜𝑢𝑒𝑥𝑝

[
 
 
 

−
1

2

𝐶𝑠𝑎𝑙𝑡
𝑚

𝐶𝑓𝑖𝑥

𝐶𝑠𝑎𝑙𝑡
𝑚

𝐶𝑓𝑖𝑥
+

𝜉
𝜉𝑐

|
𝑧𝑐𝑜𝑢

𝑧𝑓𝑖𝑥
| (𝜈𝑐𝑜𝑢 + 𝜈𝑐𝑜)]

 
 
 

 (1.83) 

𝛾𝑐𝑜
𝑚,(𝐶)

= 𝑒𝑥𝑝

[
 
 
 

−
1

2

𝐶𝑠𝑎𝑙𝑡
𝑚

𝐶𝑓𝑖𝑥
(

𝑧𝑐𝑜

𝑧𝑐𝑜𝑢
)
2

𝐶𝑠𝑎𝑙𝑡
𝑚

𝐶𝑓𝑖𝑥
+

𝜉
𝜉𝑐

|
𝑧𝑐𝑜𝑢

𝑧𝑓𝑖𝑥
| (𝜈𝑐𝑜𝑢 + 𝜈𝑐𝑜)]

 
 
 

 (1.84) 

where 𝜃̅𝑐𝑜𝑢 is the uncondensed fraction of counter-ions, 𝜉𝑐  is the critical threshold of 𝜉 and 𝐶𝑠𝑎𝑙𝑡
𝑚  is 

the neutral salt concentration. 

The success of this model lies in achieving good predictive accuracy despite its structural simplicity. 

Indeed, the model has been shown to provide quantitative predictions of ion partitioning for single-

salt systems over a wide range of commercial IEMs, particularly for highly charged membranes with 

high water content, in the external salt concentration range of 0.1–1 mol L⁻¹. 

However, the model showed significant limitations that effectively reduce its applicability. For 

instance, the model performs poorly at both very low and very high external salt concentrations 

[16,63]. As discussed later, this reduced accuracy likely arises from the breakdown of certain model 

assumptions and from unaccounted non-ideal phenomena that depend strongly on the external salt 

concentration. A further major limitation of the original Manning model is its inability to describe 

ion partitioning in multi-ionic systems. In fact, equations (1.83) and (1.84) were derived considering 

only two kinds of mobile ions. Furthermore, in Manning’s original formulation, ions are distinguished 

solely by their valence. Similar to the Debye–Hückel model for dilute aqueous electrolytes presented 

in section 1.1.3.11, Manning’s approach accounts exclusively for electrostatic interactions between 

mobile ions and the fixed charges. As a result, even accounting for the presence of multiple ions, it 

would inherently predict identical activity coefficients for all counter-ions of the same valence, 

disregarding any species-specific effects.  
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In practice, several types of IEMs exhibit different partitioning selectivity for counterions of similar 

valence [82–84]. For instance, Galizia et al. [64] investigated  ion partitioning in a commercial 

membrane equilibrated with different single-salt solutions, while Chen et al. [85] examined ion 

sorption in two commercial CEMs equilibrated with binary salt solutions. Both studies found that, at 

a fixed ionic charge concentration, counterions with a smaller hydrated radius, and therefore a larger 

crystal radius, displayed higher partition selectivity. These results suggest that a comprehensive 

partitioning model should account not only for ion valence but also for ion hydration state. Building 

on this, a novel multi-ionic formulation of the Manning model was developed incorporating a 

counterion condensation selectivity rule that reduces the number of calibration parameters while 

preserving high predictive capability.  

1.1.5.2 Multi-ionic extension of Manning’s model  

Within the proposed work, the multi-ionic extension of Manning’s model was derived starting from 

the original model formulation, where Manning considered a 1:1 electrolyte dissolved in a 

polyelectrolyte solution and adopted a Debye-Hückel framework to describe the electrostatic 

interactions between mobile ions and the linearly distributed fixed charges, idealized as an infinite 

charged line. As such, the underlying assumptions of the model closely resemble those of the Debye-

Hückel theory, discussed in section 1.1.3.11.  

In order to evaluate the ion activity coefficients, Manning expressed the total electrostatic potential 

(𝜑𝑡𝑜𝑡)  as the sum of that generated by the linear charge distribution (𝜑𝑐ℎ𝑎𝑖𝑛)  and that of the 

surrounding ionic cloud (𝜑𝑐𝑙𝑜𝑢𝑑), following the principle of superposition. Under the assumption of 

infinite dilution, the following expression for the electrostatic potential of the ionic cloud was derived 

[80,86]: 

𝜑𝑐𝑙𝑜𝑢𝑑 = 𝜑𝑡𝑜𝑡 − 𝜑𝑐ℎ𝑎𝑖𝑛 = −
2𝑧𝑓𝑖𝑥𝑒

4𝜋𝜀0𝜀𝑚𝑏
𝑙𝑛 (𝑏√

ℱ2

𝜀0𝜀𝑚𝑅𝑔𝑇
(𝐶𝑐𝑜𝑢𝜃̅𝑐𝑜𝑢 + 𝐶𝑐𝑜)) (1.85) 

where 𝐶𝑐𝑜𝑢 and 𝐶𝑐𝑜 are respectively the total concentration of counter-ions and co-ions coming from 

the 1:1 salt dissociation. The former equation represents the base for the traditional formulation of 

Manning’s activity coefficients valid for single-salt solutions (equations (1.83) and (1.84))[83,87–

89]. A generalized multi-ionic formulation can be obtained by recognizing that (1.85) is 

mathematically analogous to eq. (1.52). Therefore, in the general case, the argument of the logarithm 

term should be replaced with the general expression of the Debye screening parameter (eq. (1.57)). 
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By using equation (1.85) to calculate the electrical work associated with charging the polyion, the 

excess molar free enthalpy of the system can be expressed as: 

𝐺𝑒𝑥
𝑚

𝑀𝑤𝑅𝑇
= −𝜉𝑚𝑓𝑖𝑥𝑧𝑓𝑖𝑥

2 𝜃̅𝑓𝑖𝑥
2 𝑙𝑛 (𝜘̅𝑏) (1.86) 

where 𝑀𝑤 is the solvent mass of the system, 𝜃𝑓𝑖𝑥 is the fraction of uncondensed fixed charges and 𝜘̅ 

is the modified Debye screening parameter: 

𝜘̅ = √
𝑒2𝑁𝑎𝜌𝑠

𝜀𝑚𝜀0𝑘𝑏𝑇
∑𝑧𝑖

2𝜃̅𝑖𝑚𝑖
𝑚

𝑖

 (1.87) 

Where 𝜃̅𝑖 is the uncondensed fraction of species 𝑖, introduced in the previous expression to account 

for condensed counter-ions which do not contribute to the total ionic strength of the uncondensed 

phase. The above relations are formulated using molal concentrations, consistently with the scaling 

formula introduced in equation (1.42)16. It should be pointed out that equations (1.86) and (1.87) are 

strictly valid in the limit of infinite dilution. Particularly, equation (1.86) can be obtained from the 

linearization of the excess free energy assuming 𝜘̅𝑏 → 0 [86] ( i.e., when the Debye length 1/𝜘̅ is far 

greater than the average distance between fixed charges 𝑏 ). Ultimately, the novel multi-ionic 

formulation of Manning’s activity coefficient can then be obtained from the expression for the excess 

free energy, by applying equation (1.7) and multiplying the result by the uncondensed fraction of the 

i-th species to take into account the effective reduction in the concentration of the counter-ions due 

to the condensation [80]: 

𝛾𝑖
𝑚,(𝑚)

= 𝜃̅𝑖𝑒𝑥𝑝

[
 
 
 
−

𝜉𝑚𝑓𝑖𝑥𝑧𝑓𝑖𝑥
2 𝜃̅𝑓𝑖𝑥

2 𝑧𝑖
2𝜃𝑖

2∑ 𝜃𝑗𝑚𝑗
𝑚𝑧𝑗

2

𝑗 ]
 
 
 
 (1.88) 

The former expression represents a multi-ionic generalization of the classic Manning formula, 

applicable both to condensing and non-condensing systems. A similar expression was provided by 

Wang et al. [62], although they appeared to assume the condensed fraction of the mobile species to 

be negligible (i.e., approaching 1) when computing 𝜘̅ (equation (1.87))). This approximation was 

originally introduced by Manning, who argued that the Debye screening parameter is approximately 

unaffected by condensation when counter-ion concentrations vastly exceed that of the fixed charges 

 
16 To be consistent with the hypothesis of infinite dilution, eq. (1.42) was simplified to 𝐶𝑖 ≈ 𝑚𝑖𝜌𝑠 
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[90], a condition rarely met within IEMs, where these concentrations are typically comparable due to 

the Donnan exclusion mechanism. For this reason, a more rigorous formulation was adopted herein. 

The 𝜃𝑖 values in equation (1.87) are (1.88) are related to 𝜃𝑓𝑖𝑥 by the following charge balance: 

∑ 𝑧𝑖𝜃𝑖𝑚𝑖
𝑚

𝑖

+ 𝑧𝑓𝑖𝑥𝜃𝑓𝑖𝑥𝑚𝑓𝑖𝑥 = 0 (1.89) 

with: 

𝜃𝑖 = 1 − 𝜃𝑖 
(1.90) 

𝜃𝑓𝑖𝑥 = 1 − 𝜃𝑓𝑖𝑥  (1.91) 

In equation (1.89), the sum extends over all ionic species, with the understanding that only counter-

ions can condense (𝜃𝑖 = 0 for co-ions). The fixed charges condensed fraction is related to the value 

of the linear charge density 𝜉 before and after the counter-ion condensation has occurred: 

{
𝜃𝑓𝑖𝑥 = 1 −

𝜉𝑐

𝜉
 ⟺  𝜉 > 𝜉𝑐  

𝜃𝑓𝑖𝑥 = 0 ⟺  𝜉 < 𝜉𝑐

 (1.92) 

where 𝜉𝑐  is Manning’s parameter critical value (i.e., the equilibrium value of linear charge density) 

that can be related to the valence of the counter-ions and of the fixed charges: 

𝜉𝑐 =
1

|𝑧𝑐𝑜𝑢𝑧𝑓𝑖𝑥|
 (1.93) 

Equations (1.92) and (1.93) constitute the mathematical expression of Manning’s limiting law, which 

predicts that, at infinite dilution, condensation occurs only when 𝜉 > 𝜉𝑐  [77,80]. While widely 

reported in literature, the limiting law has been almost exclusively applied to single-salt systems. To 

the best of our knowledge, its application to multi-ionic systems has only been attempted once [62], 

but the authors did not report the value of 𝜉𝑐  effectively adopted.  

In fact, a key limitation of the Manning’s limiting law in multi-ionic contexts is the emergence of 

inconsistent equilibrium states for counter-ions of different valence. Manning later clarified that in 

such scenario condensation should occur only for the most highly charged counter-ion species, until 

the critical threshold 𝜉𝑐  is reached [86]. This suggests that the actual 𝜉𝑐  can be determined by 
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considering the maximum counter-ions valence. However, this leads to complications: when the 

condensed fraction of the most highly charged counter-ion reaches unity, its Manning activity 

coefficient vanishes, according to equation (1.88) implying an infinite concentration in the membrane 

according to the Donnan model (equation (1.69)). 

In the same work, Manning discussed whether a threshold value for counter-ions condensation exists 

even at finite ionic strength. Departing from the limiting law, counter-ions condensation should be 

viewed as a continuous process, rather than a threshold phenomenon. During this process, each 

counter-ion should partially condense to minimize the free energy of the system [91]. Due to the 

intrinsic presence of fixed charges, the infinite dilution condition (i.e., 𝜘𝑏 ≪ 1 [86]) cannot strictly 

be achieved in IEMs, even when the external solution concentration approaches zero. Hence, the 

limiting law does not rigorously apply to IEMs unless a large fraction of counter-ions is condensed, 

leading to a reduction the Debye screening parameter of the system. Despite this, the limiting law has 

been applied to IEMs owing to its simplicity. In the present work, it has been applied under the 

assumption that all counter-ions condense simultaneously to reach the critical linear charge density 

dictated by the most highly charged counter-ion. 

However, another inherent limitation of the limiting law is that it does not provide a way to evaluate 

the condensed fraction of each counter-ion, as equations (1.89), (1.92) and (1.93) are insufficient to 

determine the entire set of condensed fractions. A feasible approach can be derived from Manning’s 

general theory, according to which a mass-action-like relation can be introduced to relate the 

condensed fractions of counter-ions: 

𝜃𝑖

1 − 𝜃𝑖

𝜃𝑗

1 − 𝜃𝑗

= 𝑆𝑖,𝑗
𝑐 = 𝑒𝑥𝑝 (

𝛥𝜇𝑖,𝑗
𝑐𝑜𝑛𝑑

𝑅𝑔𝑇
) (1.94) 

where 𝛥𝜇𝑖,𝑗
𝑐𝑜𝑛𝑑  is the difference in condensation free energy between the counter-ions 𝑖 and 𝑗, and 𝑆𝑖,𝑗

𝑐  

is the corresponding condensation selectivity. Although is not possible to directly measure 𝛥𝜇𝑖,𝑗
𝑐𝑜𝑛𝑑, 

it may be related to the hydration state of the counter-ions [86]. Since the region near the polymer 

backbone likely has a reduced dielectric constant, condensed ions are expected to be at least partially 

dehydrated. Assuming that the condensation free energy corresponds to the energy required for the 

partial dehydration of the counter-ions, the difference in condensation free energy can be expressed 

by means of the Born model (equation (1.50)) [37]: 
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𝛥𝜇𝑖,𝑗
𝑐𝑜𝑛𝑑 = 𝛥𝜇𝑖,𝑗

ℎ𝑦𝑑
=

𝑁𝑎𝑒2

8𝜋𝜀0
(
1

𝜀𝑐
−

1

𝜀𝑢
) (

𝑧𝑖
2

𝑟𝑖
−

𝑧𝑗
2

𝑟𝑗
) (1.95) 

where 𝑟𝑖 and 𝑟𝑗 are the Born radii respectively of the counter-ion species 𝑖 and 𝑗, while 𝜀𝑐 and 𝜀𝑢 are 

respectively the relative dielectric constant of the condensed phase and uncondensed phase. 

Consequently, assuming 𝜀𝑐 < 𝜀𝑢 the model predicts higher condensation selectivity for ions with 

larger Born radii, which correlates with weaker hydration (Table 1). Empirical studies confirm that 

IEMs tend to preferentially absorb ions with larger crystal or smaller hydrated radii [13,64,85]. 

Consequently, several attempts were made to apply the Born model to predict partition coefficients 

in membrane [92–94]. However, the direct application of the Born model requires a way to estimate 

the dielectric constant in the condensed phase, which is rather unpractical given that the concept of 

condensed and condensed phases is currently ill-defined [77]. Alternatively, a novel, simplified rule 

based in line with the Born’s model prediction can is proposed: 

𝜃𝑖

1 − 𝜃𝑖

𝜃𝑗

1 − 𝜃𝑗

= 𝑆𝑖,𝑗
𝑐 =

𝑟𝑖
𝑟𝑗

𝑧𝑗
2

𝑧𝑖
2 (1.96) 

This empirical relation allows estimation of condensation selectivity in a multi-ionic system without 

adjustable parameters. According to equation (1.96), counter-ions with larger Born radii exhibit 

higher condensed fractions. By combining, equations (1.89), (1.92) and (1.96) the individual 

condensed fractions of counter-ions and fixed charges can be evaluated, and subsequently inserted 

into eq. (1.88) to compute the Manning activity coefficients for all mobile ionic species. 

1.1.5.3  Extended peNRTL model: a comprehensive framework for ion activity 

coefficients 

As discussed in sections 2.5.1 and 2.5.2, one of the main limitations of the Manning model lies in its 

restricted range of concentration validity. Indeed, the model has been primarily validated for external 

salt concentrations between 0.01 and 1 mol L⁻¹. Outside this interval, several studies have reported a 

significant decline in its predictive accuracy [63,81]. This discrepancy is often attributed to the 

breakdown of the model’s underlying assumptions, including the idealisation of infinite dilution. As 

noted by Manning himself, this assumption is only expected to hold for salt concentrations up to 

approximately 0.1 mol L⁻¹. 
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This latter limitation is likely related to the exclusive consideration of long-range electrostatic 

interactions between the mobile ions and the polyelectrolyte chains. While this simplification may be 

acceptable in dilute solutions, where ion–polymer long-range interactions dominate, it becomes 

inadequate at higher salt concentrations, where additional effects such as ion–ion electrostatic 

interactions and short-range (e.g., van der Waals-like) forces can significantly influence the system 

behaviour. These types of interactions are typically captured by more advanced thermodynamic 

models for aqueous electrolytes, such as the Pitzer model [58], which extend the concentration range 

over which the activity coefficients can be reliably calculated. 

A first attempt to address these limitations was done by Wells et al. [95] who proposed a modified 

version of the Manning activity coefficient that integrates the mean ionic activity coefficient of the 

salt in aqueous solution at the same salt concentration. This correction introduces an additional 

contribution to the total activity coefficient accounting for ion–ion interactions, but still neglects 

short-range interactions, typically dominant at very high concentrations. 

A more recent and comprehensive extension of Manning’s model was developed by Chen et al., who 

adapted the electrolyte Non-Random Two-Liquid (eNRTL) model, originally formulated for simple 

electrolyte solutions [27], to mixed salt–polyelectrolyte systems, resulting in the so-called 

polyelectrolyte NRTL (peNRTL) model [96]. The peNRTL model was successfully employed to 

describe the salt sorption behaviour of a set of tailor-made IEMs equilibrated with NaCl solutions in 

the 0.01–1 mol L⁻¹ concentration range [97]. The model assumes that various non-ideal phenomena 

contribute additively to the system’s excess free energy. Accordingly, the activity coefficient of a 

given ionic species in the membrane phase could be expressed as the sum of three distinct 

contributions: 

𝑙𝑛(𝛾𝑖
𝑚) = 𝑙𝑛(𝛾𝑖

𝑚,𝑃𝐷𝐻) + 𝑙𝑛(𝛾𝑖
𝑚,𝐿𝐶) + 𝑙𝑛(𝛾𝑖

𝑚,𝑀) (1.97) 

Here 𝛾𝑃𝐷𝐻,𝑖
𝑚  accounts for point-to-point (i.e., ion–ion) long-range electrostatic interactions while 

𝛾𝐿𝐶,𝑖
𝑚  represents the short-range interactions (e.g., van der Waals forces), as described by the standard 

eNRTL model. The third term, 𝛾𝑖
𝑚,𝑀

 is the Manning activity coefficient which quantifies the 

electrostatic interactions between mobile ions and the charged polymeric matrix. However, the use 

of the peNRTL model remained limited, as the original Manning framework was developed 

exclusively for single-salt systems. 
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In the present work, 𝛾𝑖
𝑚,𝑀

 is evaluated employing the multi-ionic extension of the Manning model 

(eq.(1.88)), presented in section 1.1.5.2, so that equation (1.97) can be employed to predict activity 

coefficients in multi-ionic systems at high concentration.  

Regarding the other two contributions in equation (1.97), they are evaluated according to the original 

version of the peNRTL model.  

The point-to-point electrostatic interaction term is evaluated through the Pitzer-Debye-Hückel model 

[98]; an improved version of the Debye-Hückel model outlined in section 1.1.3.11: 

𝑙𝑛(𝛾𝑖
𝑚,𝑃𝐷𝐻,(𝑥)

) = −𝐴𝜑 [(
2𝑧𝑖

2

𝜚
) 𝑙𝑛 [1 + 𝜚𝐼𝑚,(𝑥)1/2

] +
𝑧𝑖

2𝐼𝑚,(𝑥)1/2
− 2𝐼𝑚,(𝑥)3/2

1 + 𝜚𝐼𝑚,(𝑥)1/2
] (1.98) 

In the former expression17, 𝐴𝜑 and 𝜌 are respectively the Debye-Hückel constant and the closest 

approach parameter [98], while 𝐼𝑚,(𝑥) is the molar fraction-based ionic strength: 

𝐼𝑚,(𝑥) =
1

2
∑ 𝑧𝑖

2𝜃̅𝑖𝑥𝑖
𝑚

𝑖

 (1.99) 

where 𝑥𝑖
𝑚  is the molar fraction of species 𝑖 in the membrane, which can be related to the molal 

concentrations using equation (1.44). The activity coefficients in molar fraction can likewise be 

converted to molal-based values via equation (1.49). The PDH term reflects the change in excess free 

energy due to long-range electrostatic interactions: at low ionic strength, attractive forces dominate, 

leading to reduced activity coefficients; at high ionic strength, repulsive interactions prevail, 

increasing the excess free energy and hence the activity coefficients. Importantly, equation (1.99) 

predicts equal activity coefficients for species of identical valence, since the only ion-specific 

parameter is the valence. 

Instead, short-range interactions are modelled using a local composition approach tailored for charged 

systems and inspired by NRTL theory of Renon and Prausnitz [99]. The corresponding expressions 

for the local contribution to the activity coefficients are: 

 
17 Notably, the summation in equation (1.99), includes the fixed charges, while the factors 𝜃̅𝑖 account for the fraction of 

uncondensed ions.  
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1

𝑧𝑐
𝛾𝑐

𝑚,𝐿𝐶,(𝑥)
=

𝑋𝑤𝐺𝑐𝑤

∑ 𝑋𝑖𝐺𝑖𝑤𝑖
(𝜏𝑐𝑤 −

∑ 𝑋𝑖𝐺𝑖𝑤𝜏𝑖𝑤𝑖

∑ 𝑋𝑖𝐺𝑖𝑤𝑖
) +

∑ 𝑋𝑖𝐺𝑖𝑐𝜏𝑖𝑐𝑖≠𝑐

∑ 𝑋𝑖𝐺𝑖𝑐𝑖≠𝑐

+ ∑
𝑋𝑎𝐺𝑐𝑎

∑ 𝑋𝑖𝐺𝑖𝑎𝑖≠𝑎
(𝜏𝑐𝑎 −

∑ 𝑋𝑖𝐺𝑖𝑎𝜏𝑖𝑎𝑖≠𝑎

∑ 𝑋𝑖𝐺𝑖𝑎𝑖≠𝑎
) − (𝐺𝑐𝑤𝜏𝑐𝑤 + 𝜏𝑤𝑐)

𝑎

 

(1.100) 

 

1

𝑧𝑎
𝛾𝑎

𝑚,𝐿𝐶,(𝑥)
=

𝑋𝑤𝐺𝑎𝑤

∑ 𝑋𝑖𝐺𝑖𝑤𝑖
(𝜏𝑎𝑤 −

∑ 𝑋𝑖𝐺𝑖𝑤𝜏𝑖𝑤𝑖

∑ 𝑋𝑖𝐺𝑖𝑤𝑖
) +

∑ 𝑋𝑖𝐺𝑖𝑎𝜏𝑖𝑎𝑖≠𝑎

∑ 𝑋𝑖𝐺𝑖𝑎𝑖≠𝑎

+ ∑
𝑋𝑐𝐺𝑎𝑐

∑ 𝑋𝑖𝐺𝑖𝑐𝑖≠𝑐
(𝜏𝑎𝑐 −

∑ 𝑋𝑖𝐺𝑖𝑐𝜏𝑖𝑐𝑖≠𝑐

∑ 𝑋𝑖𝐺𝑖𝑐𝑖≠𝑐
) − (𝐺𝑎𝑤𝜏𝑎𝑤 + 𝜏𝑤𝑎)

𝑐

 

(1.101) 

𝐺𝑖𝑗 = 𝑒𝑥𝑝(−𝛼𝑖𝑗𝜏𝑖𝑗) (1.102) 

𝑋𝑖 = |𝑧𝑖|𝑥𝑖
𝑚

 (1.103) 

In the previous equations18, 𝑋𝑖 represent the effective molar fraction of species 𝑖, with the subscripts 

𝑐, 𝑎 and 𝑤 referring respectively to cations, anions and water. α𝑖𝑗 is the nonrandomness factor (equal 

to 0.2 [97]), while 𝐺𝑖𝑗  and 𝜏𝑖𝑗  are respectively the non-adjustable asymmetric binary interaction 

parameters between species 𝑖 and 𝑗, which are used to describe the short-range interactions19[27].  

In their work, Chen et al. introduced a secondary solvent to represent interactions with nonpolar 

segments of the polymer. While theoretically more comprehensive, this approach requires knowledge 

of the polymer's chemical structure to estimate the molar fraction of the nonpolar segments, an 

impractical task for commercial membranes. Therefore, in this work, we opted for a simplified model 

in which absorbed water is the only solvent. Additional details on the estimation of the binary 

interaction parameters are provided in section 1.3.2.3 

.

 
18 According to equations (1.100) and (1.101), the chosen reference state for the activity coefficients is the aqueous infinite 

dilution. 
19  In the summations, terms with 𝑖 ≠ 𝑐  or 𝑖 ≠ 𝑎  exclude cationic or anionic species, respectively, while 𝜏𝑖𝑖 = 0  by 

definition. Furthermore, the solvent charge number |𝑧𝑖| is taken as unity. 
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1.2 Thermodynamics of ion-exchange membranes: experimental 

investigations 

In the previous section, the development of fully or semi-predictive thermodynamic models for ion 

partitioning in IEMs has been discussed. The validation, and when necessary, the calibration of these 

models requires experimental information on the equilibrium properties of IEMs, specifically the 

distribution of mobile ions between the external saline solution and the membrane, as well as the 

membrane water content. These latter are determined not only by the composition and concentration 

of the external solution but also by the intrinsic structure of the membrane. For this reason, dedicated 

experimental investigations are essential to produce reliable data applicable to the specific IEMs 

under study. 

In the present section, the state of the art concerning the main characterization techniques is briefly 

reviewed. Subsequently, the experimental procedure adopted for the characterization of the selected 

set of commercial IEMs is described, followed by a presentation and discussion of the novel 

experimental results. 

1.2.1 State of the art of experimental characterization of ion partition  

The experimental characterisation of ion partition is essential for understanding the separation 

mechanisms of IEMs. As discussed in section 2.1, fundamental transport properties such as ionic 

conductivity and transport numbers strongly depend on the equilibrium concentration of the mobile 

species within the membrane. Once the equilibrium concentrations are determined, additional 

properties of interest, such as partition coefficients, selectivity, and activity coefficients can be 

derived. 

The most widely employed characterisation method is commonly referred to as the desorption 

technique. Already employed by Yasuda et al. in 1968 for the characterization of tailor-made hydrated 

polymer membranes [100], it has since become a standard technique for IEMs characterization 

[63,84,101–103]. This method involves two main steps: in the first, the membrane sample is 

equilibrated with the desired electrolyte solution; in the second, the mobile ions absorbed within the 

membrane matrix are desorbed in an exchange electrolyte. The choice of the exchange electrolyte is 

crucial, as it must effectively replace the absorbed counter-ions. The exchange solution is then 

analysed to quantify the amount of mobile ions released. As discussed in the following sections, this 

approach also allows for the determination of the IEC of the membrane. Despite being time-
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consuming, the desorption technique is relatively simple and does not require sophisticated 

instrumentation or experimental setups.  

An alternative approach is the ashing technique [64,104,105]. Similar to the desorption technique, it 

begins with the equilibration of the membrane in the desired solution. However, in this case, the 

equilibrated samples are subsequently dried, ashed, and dissolved in a suitable solution subsequently 

analysed with proper analytical techniques. This method is less commonly employed, as it requires 

specialized equipment for the ashing step and is typically limited to the quantification of counter-ion 

concentrations. Co-ion concentrations, in turn, are often determined separately through the desorption 

technique. Nonetheless, it is sometime adopted because, by bypassing the desorption step, it ensures 

to reliably measure the overall amount of absorbed counter-ions.  

Extensive investigations of mobile ion partitioning in both commercial and tailor-made IEMs have 

traditionally been carried out in moderately concentrated (up to 1 mol L⁻¹) single-salt solutions, 

including a variety of salts such as alkali and alkaline earth metal chlorides and sulphates 

[50,66,81,106]. Only recently some studies have begun to explore IEMs behaviour in highly 

concentrated or multi-ionic solutions [63,84,107], while highly concentrated multi-ionic mixtures 

remain largely unexplored.  

To address this gap and to collect the experimental data required to validate the proposed models over 

a wider concentration range [0.1–5 𝑚𝑜𝑙 𝐿−1], an extensive experimental campaign was conducted on 

a set of commercial IEMs equilibrated with both highly concentrated single-salt solutions and binary 

mixtures. 

1.2.2 Experimental characterization procedures 

In this section, the detailed rigorous procedure adopted for the experimental determination of the ion 

equilibrium concentration and water uptake in the investigated IEMs is presented.  

1.2.2.1 Materials 

Ion partition experiments were carried out on the CEMs Fumasep FKE-50 and Fumasep FKS-50, 

supplied by Fumatech BWT GmbH (Germany). These non-reinforced membranes are commonly 

employed in water demineralization technologies such as ED. The CEMs were delivered in dry foils 

in the H+ form. Their main specifications are summarized in Table 2. The electrolytes used during 

the equilibration and desorption steps, including sodium chloride (NaCl ≥ 99%), potassium chloride 

(KCl, ≥ 99.5%), magnesium chloride (MgCl2 > 99%), calcium chloride (CaCl2, ≥ 96%) and nitric 

acid (HNO3 ≥ 99.9%) were purchased from Carlo Erba Reagent (Italy). Solutions were prepared using 
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DI water (𝜎 <1 μS cm-1), obtained by reverse osmosis treatment of tap water followed by polishing 

with ion-exchange resins.  

1.2.2.2 Samples equilibration 

Ions’ equilibrium concentration in the investigated IEMs was evaluated through the desorption 

technique briefly outlined in section 1.2.1. Membrane foils were cut into square samples of variable 

size. Prior to equilibration, the samples were immersed in DI water for 24 h to remove residual 

solvents from the polymer matrix; the water was replaced after 6 h. 

The samples were then equilibrated for 24 h in 50 g of the desired salt solution, which was periodically 

renewed to ensure complete equilibration. This equilibration time was selected in accordance with 

literature data. In particular, Galizia et al. [64] demonstrated that 24 h are sufficient to achieve 

partition equilibrium for all the investigated salts.  

CEM samples were equilibrated in single-salt solutions (NaCl, KCl, MgCl₂, CaCl₂) and in binary 

equimolar mixtures (NaCl–KCl, NaCl–MgCl₂, MgCl₂–CaCl₂), over the concentration range 0.1–5 

mol L⁻¹. After equilibration, samples were quickly rinsed in DI water to remove surface salt, then 

blotted with tissue paper. The rinsing procedure is critical to prevent contamination of the subsequent 

desorption solution. 

To validate the reliability of this step, preliminary tests were conducted by varying the number and 

speed of rinses as well as the operator performing the procedure. In line with previous reports 

[108,109], no systematic effect on the final results was observed. After rinsing, wet samples were 

immediately weighed, to avoid weight losses due to drying, using an analytical balance (Ohaus 

Explorer EX324). 

1.2.2.3  Co-ion sorption 

To quantify co-ion sorption, after equilibration the samples were immersed in 50 g (or 40 g, 

depending on the expected IEC) of DI water for desorption of mobile salt. Since membranes with 

higher IEC exhibit stronger Donnan exclusion and thus absorb fewer co-ions, a smaller water volume 

was used in such cases to obtain measurable concentrations in the desorption solution. 

During preliminary tests, a two-step desorption over 48 h was performed, renewing the water after 

24 h. However, negligible additional salt release was detected in the second step, indicating that 

complete desorption occurs within 24 h. Therefore, subsequent experiments were carried out in a 

single 24 h step. 
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The desorption solutions were analyzed for cation and anion content using ion chromatography (IC, 

Metrohm 882 Compact IC Plus and Metrohm 930 Compact IC Flex). 

1.2.2.4 Counter-ion sorption 

Counter-ion concentrations were measured using an exchange electrolyte after the removal of co-

ions. Samples were immersed for 48 h in 50 g (or 40 g) of exchange solution. Specifically, FKE-50 

samples were treated with 0.5 mol L⁻¹ HNO₃, while FKS-50 samples were treated with 0.1 mol L⁻¹ 

CaCl₂. 

Initial trials with 0.1 mol L⁻¹ HNO₃ proved that HNO₃ concentration lower than 0.5 mol L⁻¹ were 

insufficient to release divalent counter-ions (Mg²⁺, Ca²⁺), due to their higher affinity for the membrane 

relative to H⁺. Conversely, in the case of CaCl₂, a lower concentration was enough to achieve 

complete counter-ions desorption given the strong affinity of Ca²⁺20.  

Preliminary tests confirmed that two successive desorption steps were sufficient to completely extract 

counter-ions, since no ions were detected in the third solution. Therefore, the exchange solution was 

renewed once after 24 h, and all solutions were analyzed by IC. 

1.2.2.5 Water uptake and water volume fraction evaluation  

After counter-ion desorption, samples were dried in a static oven (Argolab TCN50 Plus) at 40 °C for 

48 h, then weighed rapidly to minimize moisture uptake. The water uptake was calculated as: 

𝑤𝑢 =
𝑀𝑤

𝑀𝑑𝑟𝑦
=

𝑀𝑤𝑒𝑡 − (𝑀𝑑𝑟𝑦 + (𝑀𝑓𝑖𝑥.  𝑐𝑜𝑢. − 𝑀𝑒𝑥.  𝑐𝑜𝑢.) − 𝑀𝑠𝑎𝑙𝑡)

𝑀𝑑𝑟𝑦
 (1.104) 

where 𝑀𝑤𝑒𝑡 and 𝑀𝑑𝑟𝑦 are respectively the wet mass of the sample after the equilibration step and the 

dry mass of the sample at the end of the ion-exchange procedure. The extra terms at the numerator of 

eq. (1.104) are included to account for weight variation of the sample due to the ion-exchange 

procedure. 𝑀𝑓𝑖𝑥.  𝑐𝑜𝑢. and 𝑀𝑒𝑥.  𝑐𝑜𝑢. are respectively the mass of desorbed fixed counter-ions and the 

mass of exchange counter-ions, introduced in eq. (1.104) to account for the difference in the molar 

weight between the fixed counter-ions (i.e., those virtually balancing the fixed charges) and the 

exchange counter-ions (i.e., H+ or Ca2+). 𝑀𝑠𝑎𝑙𝑡 is the total mass of mobile salt released during the 

desorption steps in DI water. Such term is usually neglected in the literature because low 

concentration range are typically investigated. However, 𝑀𝑠𝑎𝑙𝑡 can be non-negligible when working 

 
20 Nitric acid was used for the FKE-50 as CaCl2 was among the investigated salt, therefore Ca2+ ions could not be used as 

exchange counter-ions. Conversely, FKS-50 was not tested with CaCl2. 
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with highly concentrated solutions. It is also important to stress that due to the chosen sequence in 

the desorption steps, at the end of the procedure the mass of the dry samples 𝑀𝑑𝑟𝑦 depends on the 

molar weight of the exchange counter-ions. Therefore, when comparing different water uptakes, it is 

necessary to specify the counter-ion form of the membrane. 

From the water uptake it is also possible to derive another important physical quantity which is the 

water volume fraction in the swollen membrane [81]: 

𝜙𝑤 =
𝑤𝑢

𝑤𝑢 +
𝜌𝑤

𝜌𝑝

 (1.105) 

In the previous equation 𝜌𝑝 correspond to the mass density of the dry polymer, while 𝜌𝑤 is the mass 

density of pure water. Equation (1.105) is derived by assuming additivity of polymer and water 

volumes (i.e., neglecting thermodynamic volume effects) and disregarding the volume contribution 

of mobile ions. Nonetheless, it is widely adopted to estimate water volume fraction, as direct 

measurements are prone to larger errors, while water uptake can be determined with higher accuracy 

[81]. 

1.2.2.6 Mobile ions and fixed charges concentration evaluation 

Following the desorption tests, the moles of desorbed ions can be evaluated using the following 

equation: 

𝑛𝑖
𝑚 =

∑ 𝑀𝑗
𝑑𝑠𝑤𝑖,𝑗

𝑑𝑠
𝑗

𝑀𝑊𝑖
 

(1.106) 

where 𝑤𝑖,𝑗
𝑑𝑠  is the mass fraction of ionic species 𝑖 in the 𝑗-th desorption solution of mass 𝑀𝑗

𝑑𝑠, obtained 

from the chromatographic analysis. The summation is extended to all the desorption steps. Using 

equation (1.104) the molal concentration of ions in the membrane was obtained as: 

𝑚𝑖
𝑚 =

𝑛𝑖
𝑚

𝑤𝑢𝑀𝑑𝑟𝑦
 (1.107) 

where the product 𝑤𝑢𝑀𝑑𝑟𝑦 corresponds to the mass of absorbed water 𝑀𝑤 .  

The evaluation of the molar concentration would require the knowledge of the solution density, 

according to equation (1.42). Typically, the solution density is assumed to be equal to that of pure 
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water. A more refined approach, tough still simplified, can be derived by applying Euler’s equation 

(1.19) taking limiting partial molar volumes (i.e., at infinite dilution, see Table 1), giving: 

𝐶𝑖
𝑚 =

𝑛𝑖
𝑚

𝜐𝑤𝑛𝑤
𝑚 + ∑ 𝜐𝑖𝑛𝑖

𝑚
𝑖

 (1.108) 

where 𝑛𝑤
𝑚 are the moles of sorbed water which can be straightforwardly evaluated from the mass of 

sorbed water 𝑀𝑤. 

Another important IEM property that can be derived from the ion partition tests is the fixed charge 

concentration, that can be easily quantified by applying the electroneutrality condition in the 

membrane 21  (equation (1.34)). Finally, the membrane ion-exchange capacity was evaluated 

according to the following equation: 

𝐼𝐸𝐶 = 𝑚𝑓𝑖𝑥𝑤𝑢  (1.109) 

While fixed charge concentration depends on membrane water uptake, the IEC of strongly 

acidic/basic membranes (i.e., with fully dissociated fixed groups) is independent of external solution 

concentration and composition. The values measured during ion sorption tests are reported in Table 

2. From equilibrium ion concentrations, partition coefficients and partition selectivity were also 

determined using equations (1.73) and (1.74). 

Table 2 Fumasep FKE-50 and FKS-50 properties. The “measured” quantities are mean values 

over all investigated concentrations and compositions. The fixed charges concentration, the water 

uptake and the IEC were determined following the procedure explained in section 1.2.2. All the 

previous quantities are tabulated in the H+, except for FKS-50 properties measured in the Ca2+ 

form. The dry thickness was measured using a micrometre; the dry density was determined as the 

ratio between the dry mass of the samples and their dry volume, evaluated as the product between 

the average thickness and the dry surface area. 

 
21 Although the charge density is rigorously defined per unit of volume, in an electroneutral system, the sum of ions 

equivalent per unit of mass of solvent (i.e., molal equivalents) must be equal to zero anyway  

CEM Source 
mfix 

 [mol kgw-1] 
wu  

[gw  gdry-1] 
IEC  

[mmol gdry-1] 
Dry Thickenss  

[μm] 
ρdry  

[gdry cm-3] 

FKE-50 
Measured 4.24 ± 0.40 0.35 ± 0.02 1.51 ± 0.04 54 ± 1.5 1.35 ± 0.03 

Manufacturer 
[110] 

4.35 ± 2.32 0.33 ± 0.18 1.45 ± 0.05 50 ± 5.0 1.6 ± 0.30 

FKS-50 
Measured 6.34 ± 1.20 0.22 ± 0.04 1.35 ± 0.08 47.0 ± 2.7 1.29 ± 0.04 

Manufacturer 
[111] 

7.37 ± 2.94 0.18 ± 0.07 1.3 ± 0.10 50 ± 5.0 1.58 ± 0.18 
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1.2.2.7 Experimental determination of activity coefficients in the membrane phase  

Once equilibrium concentrations are known, activity coefficients in the membrane phase can also be 

evaluated. Unlike partition coefficients or selectivity, which follow directly from definitions, activity 

coefficients are derived quantities, requiring a thermodynamic framework, such as the Donnan model 

(section 1.1.4.2) or its extended version (section 1.1.4.4). to be evaluated.  

In this case, equilibrium equations must be inverted to calculate activity coefficients. As discussed in 

section 1.1.3.7, single-ion activity coefficients are not physically meaningful and only neutral 

combinations can be measured. Following Newman’s approach, by defining a reference ion 𝑛, the 

activity coefficients of the other ions can be expressed as by proper combination of equations (1.69) 

and (1.70): 

𝛾𝑖(𝑛)
𝑚 = 𝛾𝑖(𝑛)

𝑠 (
𝐶𝑖

𝑠

𝐶𝑖
𝑚)(

𝐶𝑛
𝑠

𝐶𝑛
𝑚)

−
𝑧𝑖
𝑧𝑛

𝑒
−(𝜐𝑖−

𝑧𝑖
𝑧𝑛

𝜐𝑛)
𝛥𝑃
𝑅𝑔𝑇

 
(1.110) 

In order to solve equation (1.110), the swelling pressure ∆𝑃 must be evaluated by solving the full 

extended Donnan model, including the water partition equation. However, the overall model 

constitutes a system of non-linear equations which can only be solved numerically. This rigorous 

approach will be discussed in section 1.3.  

Therefore, unless otherwise stated, in this work activity coefficients are evaluated using the simplified 

expression: 

𝛾𝑖(𝑛)
𝑚 = 𝛾𝑖(𝑛)

𝑠 (
𝐶𝑖

𝑠

𝐶𝑖
𝑚) (

𝐶𝑛
𝑠

𝐶𝑛
𝑚)

−
𝑧𝑖
𝑧𝑛

 
(1.111) 

Here, 𝛾𝑖(n)
s  is Newman’s activity coefficient of the species 𝑖 in the external solution with reference to 

the species 𝑛. This can be evaluated through equation (1.41) if experimental values of the mean ion 

activity coefficient of the corresponding salt are known or, equivalently, by employing a 

thermodynamic model such as the Debye-Hückel or the Pitzer model. These models do provide a 

theoretical estimation of single-ions activity coefficients that can be combined through equation 

(1.40) to evaluate 𝛾𝑖(𝑛)
𝑠 .  

In the literature, it is more common to provide expressions for the activity coefficients in the form of 

the mean ion activity coefficient 𝛾̅𝑖𝑛
𝑚. However, as explained in section 1.1.3.7, this can be easily 

converted into 𝛾𝑖(n)
𝑚  by means of equation (1.41) and vice versa. 
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1.2.3 Experimental results on commercial IEMs 

In the following sections, the results of the ion partition experimental campaign on the investigated 

IEMs are presented and discussed. The experimental data herein showed were employed for the 

calibration and validation of the models described in section 1.1.5. A more detailed discussion of the 

validation procedure can be found in section 1.3. Following the procedure explained in section 1.2.2, 

the CEMs FKS-50 and FKE-50 were equilibrated with single-salt or mixed-salt aqueous solutions of 

NaCl, KCl, MgCl₂, and CaCl₂, covering concentrations from 0.1 mol L⁻¹ up to 5 mol L⁻¹ or the 

solubility limit of the respective salt. The investigated electrolyte systems were chosen such that Cl-

was the common co-ion. Consequently, differences in the experimental results can be ascribed to the 

specific nature of the counter-ions. 

1.2.3.1 Water uptake 

Water uptake is a key property of IEMs, as it exerts a significant influence on ion partitioning [65]. 

According to equation (1.109), the amount of absorbed water is inversely related to the fixed charge 

concentration, which in turn governs the extent of co-ion sorption.  

 

Figure 5 Fumasep FKE-50 (circles) and FKS-50 (triangles) water uptake versus total external 

concentration for the investigated single-salt and binary equimolar mixtures. 
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Figure 5 reports the water uptake of the investigated membranes as a function of the external solution 

concentration. For all the investigated CEMs, water uptake decreases markedly with increasing salt 

concentration. It is well established that water uptake depends on both the concentration and 

composition of the external electrolyte [16,64,104]. In particular, the limited uptake of mobile salt 

into the membrane phase increases the osmotic pressure difference between the external solution and 

the membrane when the external concentration is increased, thereby reducing water sorption in the 

IEM through the phenomenon known as osmotic deswelling [112]. At low external concentrations, 

the water uptake values measured with different salts do not converge to the same value. This 

behaviour can be attributed to differences in the hydration properties of the counter-ions, which 

render the membrane more or less hydrophilic depending on the ion. Furthermore, in the case of 

binary salt mixtures, the measured water uptake generally lies between the values obtained for the 

corresponding single-salt solutions. 

A further noteworthy comparison can be made between the FKS-50 and FKE-50 membranes. At 

comparable solution concentrations and compositions, FKE-50 exhibits a significantly higher water 

uptake than FKS-50. This difference is consistent with the higher IEC of FKE-50 (Table 2). Indeed, 

a higher IEC results in greater water uptake, since a larger minimum number of water molecules is 

needed to adequately solvate the fixed charges [76]. This phenomenon is widely recognized as a 

major challenge in the design and manufacturing of commercial IEMs [113–115]. In fact, on the one 

hand, a high IEC is desirable to increase the fixed charge concentration and thus improve co-ion 

exclusion; on the other hand, the concomitant increase in water uptake reduces the effective fixed 

charge concentration, limiting selectivity. 

1.2.3.2 Single-salt equilibrium concentration 

Figure 6 reports the ion equilibrium concentrations inside the membranes as a function of the external 

salt concentration. At low external concentrations, co-ion sorption is negligible owing to the Donnan 

exclusion effect; consequently, the counter-ion concentration is fairly constant and approaching the 

fixed charge concentration. Notably, the equilibrium concentration of Mg²⁺ and Ca²⁺ in the membrane 

phase is approximately half that of Na⁺ and K⁺, due to their divalent charge. 

At higher external salt concentrations, co-ion sorption increases due to the weakening of the Donnan 

exclusion effect, which is associated with a reduction of the Donnan potential. The increase in co-ion 

sorption is particularly pronounced in the case of divalent cations (Mg²⁺ and Ca²⁺), since the Donnan 

potential is inversely related to the valence of the counter-ions. Thus, at the same external 

concentration, divalent counter-ions give rise to higher co-ion concentrations in the membrane [85].  
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Figure 6 Fumasep FKE-50 (circles) and FKS-50 (triangles) ions molal concentration versus the 

external salt concentration for single-salt systems containing NaCl (A), KCl (B), MgCl2(C) or CaCl2 

(D). The empty circles are the experimental data. The associated error bars were plotted considering 

the maximum error between the theoretical error evaluated through the error propagation theory 

and the experimental error on at least two different tests. 
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Because electroneutrality must be preserved, the co-ion concentration is directly proportional to the 

amount of absorbed mobile salt, with equal equivalents of counter-ions and co-ions sorbed in the 

membrane. In absolute terms, FKS-50 exhibits a higher counter-ion concentration than FKE-50, 

despite its lower IEC. This can be explained by its lower water uptake, as shown in Figure 5. 

Conversely, the co-ion concentration in the FKS-50 membrane is always lower than in the FKE-50. 

This result is relatively surprising, given the higher fixed charge concentration of FKS-50 (see Table 

2). Indeed, according to the ideal Donnan model, IEMs with higher charge density are expected to 

absorb a lower amount of co-ions due to electrostatic repulsion. This implies that a partitioning 

mechanism different from Donnan exclusion is playing a significant role in determining co-ion 

sorption. Recent studies have highlighted how steric or dielectric exclusion may be relevant in 

determining IEMs selectivity [47,76,94]. Indeed, according to the Born model (eq. (1.50)), ion 

partition into the membrane phase is thermodynamically unfavoured due to the lower dielectric 

permittivity of the membrane phase. This can be physically attributed to dielectric saturation of the 

water molecules in the membrane phase. Indeed, the water molecules forming the solvation shell of 

the fixed charges in the membrane phase totally or partially lose their polarizability due to the strong 

interactions with the charged groups. Consequently, they lose their ability to solvate mobile ions 

[75,93]. According to Freger [116], such a dielectric exclusion effect would be particularly relevant 

in IEMs with high IEC, where water molecules polarizability is suppressed to a greater extent. This 

physical picture is consistent with the higher IEC of FKE-50, suggesting that dielectric exclusion 

could play a relevant role in determining co-ion partition in this membrane. 

Regarding the tests with MgCl₂ and CaCl₂ at external concentrations above 3 mol L⁻¹, the desorption 

analysis revealed negligible mobile ion concentrations for both membranes. This result is shown in 

Figure 11C for FKS-50 equilibrated with pure MgCl₂, while for FKE-50 additional measurements at 

slightly lower concentrations (< 3 mol L⁻¹) were carried out to provide sufficient data for model 

calibration and validation. Two possible explanations may account for this unexpected phenomenon. 

First, it may be hypothesized that when equilibrated with highly concentrated Mg²⁺ or Ca²⁺ solutions, 

the membranes retain the absorbed ions, preventing their release. This could result from scaling 

phenomena associated with the precipitation of neutral salts inside the membrane matrix, particularly 

given that MgCl₂ and CaCl₂ are well-known scaling agents. To support this hypothesis, the extended 

Donnan–peNRTL model (see sections 1.1.5.3 and 1.3.2.3) was employed to estimate the external 

concentrations at which salt precipitation would occur in the membrane phase (Figure 7). 

In these plots, the solid lines represent the ionic activity products in the membrane, while the dashed 

line corresponds to the salt solubility product. For both MgCl₂ and CaCl₂, the precipitation condition 
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is reached at external concentrations of approximately 3.5 mol L⁻¹, consistent with the experimental 

observation of negligible ion release.is reached at external concentrations of approximately 3.5 mol 

L⁻¹, consistent with the experimental observation of negligible ion release. 

 

Figure 7 Ion activity product in the membrane phase for the FKE-50 CEM equilibrated with single-

salt solution at various salt concentrations evaluated by means of the extended peNRTL model (see 

sections 1.1.5.3). The dashed lines represent the solubility product of the corresponding salts at 25°C. 

For the divalent cations Mg²⁺ and Ca²⁺, the solubility product of the corresponding hexahydrated salt 

(i.e., MgCl2•6 H2O and CaCl2•6 H2O) were considered given their lower solubility. 

A second explanation may be offered by considering the presence of nanometric pores, i.e., 

membrane domains occupied by mobile ions and water molecules. At high external ionic strength, 

osmotic deswelling could cause the shrinkage of such pores. Since divalent cations are more strongly 

hydrated than monovalent ones, steric effects associated with their hydration shells could impede 

their entry into the membrane, explaining the abrupt reduction in their observed desorption. 

At present, these interpretations remain speculative. Further dedicated investigations are required to 

elucidate the mechanisms underlying this intriguing behaviour. 

1.2.3.3 Binary salt mixtures equilibrium concentration  

Ion partitioning tests were also performed with equimolar binary mixtures, namely NaCl–KCl, 

MgCl₂–CaCl₂, and NaCl–MgCl₂. The experimental results are presented in Figure 8. For the NaCl–

KCl mixture, the counter-ions concentration in both CEMs remained nearly constant up to an external 

concentration of 1 mol L⁻¹. Beyond this point, co-ion sorption increased, leading to a corresponding 

rise in counter-ions concentration. The reduction in water uptake (Figure 5) likely contributes to this 

trend, given that ion concentrations are reported on a water-mass basis. Moreover, Figure 8D shows 

that K⁺ is preferentially partitioned into the membrane. However, notable differences arise between 

the two CEMs: in FKE-50, the K⁺/Na⁺ partition selectivity 𝑆𝐾+/𝑁𝑎
+  is approximately 1.4, with a slight 
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decrease at higher external concentrations; in FKS-50, instead, the selectivity increases with 

concentration. 

The preferential partitioning of K⁺ over Na⁺ has been previously reported [72,85] and is commonly 

attributed to differences in the hydration states of the two ions. Sorption in the membrane is generally 

more favourable for ions with larger crystal radii. According to Born’s model of ion solvation, ion 

transfer into a medium of lower dielectric constant is thermodynamically more favourable for ions 

with larger Born radii [92]. This explains the increase in 𝑆𝐾+/𝑁𝑎
+  observed for FKS-50: as water 

uptake decreases at higher salt concentrations, the dielectric constant of the membrane phase is 

reduced, further disfavouring Na⁺ partitioning, given its higher charge density. In contrast, this change 

in selectivity appears less relevant for FKE-50, likely due to its limited osmotic deswelling. 

Similar considerations apply to the MgCl₂–CaCl₂ system. The partition selectivity 𝑆𝐶𝑎
2+/𝑀𝑔

2+  is 

relatively independent of the external concentration as well and it is higher than 1, consistent with the 

larger crystal radius of Ca²⁺. Furthermore, the co-ion concentration trends (Figure 8C) resemble those 

obtained in the single-salt experiments with counter-ions of the same valence, suggesting that the 

presence of two counter-ions of equal charge does not significantly alter co-ion sorption. 

For the NaCl–MgCl₂ mixture, the partition selectivity 𝑆𝑀𝑔
2+/𝑁𝑎+  reported in Figure 8E is significantly 

higher than 1 at low external concentrations but decreases rapidly with increasing total concentration. 

This behaviour can be explained by the strong electrostatic contribution to ion partitioning, which 

favours divalent Mg²⁺ over monovalent Na⁺. As the external concentration increases, however, the 

growing co-ion content reduces the Donnan potential, thereby weakening the electrostatic 

contribution and lowering the observed Mg²⁺/Na⁺. selectivity
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Figure 8 Membrane equilibrium concentrations (A,B,C) and partition selectivity (D,E,F) for FKE-50 (empty circles) and FKS-50 (triangles) 

equilibrated with binary equimolar salt mixtures at various total concentrations.  
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1.3 Thermodynamics of ion-exchange membranes: numerical 

simulations and validation 

The present section is focused on the validation of the proposed thermodynamic ion-partitioning 

models. The experimental partition data presented in section 1.2 are employed both to calibrate the 

models, when necessary, and to assess the robustness of the different modelling frameworks, 

particularly under high-salinity conditions and in the presence of multiple ionic species. 

It should be emphasized that comprehensive thermodynamic models capable of accurately describing 

ionic equilibria under a wide range of operating conditions almost invariably require calibration 

parameters. More than a century has passed since Peter Debye and Erich Hückel introduced the first 

rigorous theoretical framework for representing thermodynamic non-idealities in aqueous electrolyte 

solutions. Yet, the complexity of the problem is such that no fully predictive model is currently 

available for describing ionic interactions in highly concentrated, multi-ionic systems. Even the most 

advanced and widely adopted approaches, such as the Pitzer and eNRTL models, rely extensively on 

empirical parameters derived from experimental data. Their effectiveness, however, stems from the 

solid theoretical foundations that enable them to represent non-ideal interactions in a physically 

meaningful manner. 

This section begins with an evaluation of the extended Donnan model as a theoretical framework to 

estimate activity coefficients in the membrane phase from ion partitioning data. In the subsequent 

parts, the conventional Donnan model is applied in combination with the developed thermodynamic 

models for ion activity coefficients to predict ion partitioning in the investigated IEMs. The 

calibration procedure is first introduced, followed by a critical comparison among the different 

models. 

1.3.1 Experimental evaluation of activity coefficients via extended 

Donnan model  

In sections 1.1.4.3 and 1.1.4.4 it was shown that, in the rigorous formulation of ion partition equilibria 

at the solution–membrane interface, water partition is intrinsically coupled to ion partition through 

the hydrostatic pressure difference ∆P. According to equation (1.73), this term represents an osmotic 

contribution to the ion partition coefficient. Such a contribution is typically neglected when applying 

the Donnan model, but this omission inevitably introduces errors in the evaluation of ions’ activity 

coefficients in the membrane phase from experimental partition data. 
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Furthermore, as discussed in section 2.1.3.6, the application of the extended Donnan model is 

necessary to rigorously describe water transport across an IEM separating two compartments at 

different salinity, since it is necessary to evaluate the pressure at both solution-membrane interfaces. 

Nonetheless, the modelling of water partition still remains largely disregarded.  

In order to perform such analysis, the extended Donnan model (See sections 1.1.4.2, 1.1.4.3 and 

1.1.4.4) must be solved for 𝑁 − 1 activity coefficients 𝛾𝑖(𝑛)
𝑚 , the Donnan potential 𝛥𝜑, the hydrostatic 

pressure difference ∆𝑃  and the osmotic pressure difference 𝛥𝜋, where 𝑁  denotes the number of 

mobile ionic species. If 𝐶𝑖
𝑚 and 𝐶𝑖

𝑠 are determined from ion partition tests, the overall number of 

unknowns is 𝑁 + 2. For each mobile species, including water, an equilibrium equation can be written, 

while the Gibbs–Duhem equation provides an additional relation between solvent and solute 

activities. This yields a total of 𝑁 + 2 independent equations, and hence the system is mathematically 

determined.  

In the following, the extended Donnan model is applied to the ion partition data collected for the 

FKS-50 CEM equilibrated with aqueous NaCl solutions at different concentrations. Taking Cl- as the 

reference species for the quasi-electrostatic potential, and making explicit the unknown variables, the 

extended Donnan model equations can be expressed as follows: 

𝛾𝑖,𝑛
𝑚 = 𝛾𝑖,𝑛

𝑠
𝐶𝑖

𝑠

𝐶𝑖
𝑚 𝑒

−
𝑧𝑖ℱ
𝑅𝑔𝑇

∆𝜑
𝑒

−
𝜐𝑖

𝑅𝑔𝑇
∆𝑃

 (1.112) 

∆𝜑 =
𝑅𝑔𝑇

𝑧𝑛ℱ
𝑙𝑛 (

𝐶𝑛
𝑠

𝐶𝑛
𝑚) (1.113) 

∆𝑃 = 𝛥𝛱 = 𝛱𝑚 − 𝛱𝑠 (1.114) 

𝛱𝑚 = 𝛱𝑚,𝑖𝑑 + 𝛱𝑚,𝑒𝑥 = 𝑅𝑔𝑇 ∑ 𝐶𝑖
𝑚

𝑗≠𝑤

+ 𝑅𝑔𝑇 ∑ ∫ 𝐶𝑖
𝑚𝑑𝑙𝑛(𝛾𝑖(𝑛)

𝑚 )

𝐶𝑖
𝑚

𝐶𝑖
∗𝑚𝑗≠𝑤

 (1.115) 

Compared to the ideal Donnan model (i.e., equation (1.72)), the above system is significantly more 

complex and cannot be solved analytically due to the integral equation (1.115) which originates from 

the Gibbs–Duhem relation. A useful simplification consists in neglecting the excess osmotic 

contribution in the membrane phase, i.e.: 
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𝛱𝑚 ≈ 𝑅𝑔𝑇 ∑ 𝐶𝑖
𝑚

𝑗≠𝑤

 (1.116) 

Although this assumption is quite strong, it has been adopted in some of the most influential works 

in the field [43,73,74]. Under this approximation, and by using the limiting (i.e., infinite dilution) 

partial molar volumes reported in Table 1 in equation (1.112), the extended Donnan model was 

employed to evaluate the hydrostatic pressure, osmotic pressure, and activity coefficients reported in 

Figure 9. 

 

Figure 9 (A) Hydrostatic and ideal osmotic pressure in FKS-50 equilibrated with NaCl solution at 

various concentration. (B) Na+ Newman’s activity coefficient with Cl- as reference ion in FKS-50 

equilibrated with NaCl solutions evaluated from ion equilibrium concentration either through the 

Donnan model (crosses) or the extended Donnan model (triangles). 

The activity coefficient in the membrane phase 𝛾𝑁𝑎(𝐶𝑙)
𝑚  increases with the external salt concentration 

following a power-law trend. At very high concentrations, it exceeds unity, suggesting unfavourable 

interactions between mobile ions and fixed charges within the membrane phase. This point is of 

particular relevance and is further analysed in section 1.3.3. A direct comparison between the 

traditional and extended Donnan model (Figure 9B) also reveals that the activity coefficient 𝛾𝑁𝑎(𝐶𝑙)
𝑚  

is only weakly affected by the osmotic contribution in equation (1.112), owing to the small values of 

the ionic partial molar volumes.  

Regarding the hydrostatic pressure in the membrane phase, it remains nearly constant at low 

concentrations but decreases sharply at high external salt concentrations, following an inverse trend 

-300

-200

-100

0

100

200

300

0.01 0.1 1 10

M
em

b
ra

n
e

-p
h

as
e 

p
re

ss
u

re
 [

b
ar

]

External salt concentration [mol L-1]

Hydrostatic

Osmotic
0.01

0.1

1

10

0.01 0.1 1 10

N
a+ (

C
l- )

  a
ct

iv
it

y 
co

ef
fi

ci
en

t

External salt concentration [mol L-1]

Donnan model
Extended Donnan model

A B



1.3 Thermodynamics of ion-exchange membranes: numerical simulations and validation 

66 

 

relative to the osmotic pressure. This behaviour can be rationalised by combining equations (1.114) 

and (1.116) with the definition of ideal osmotic pressure (equation (1.80)) 22 

𝑃𝑚 = 𝑃𝑠 + 𝑅𝑔𝑇 ∑(𝐶𝑖
𝑚 − 𝐶𝑖

𝑠)

𝑖≠𝑤

 (1.117) 

Due to Donnan exclusion, ions’ concentration inside the membrane increases sub-linearly with the 

external concentration. According to equation (1.117), this induces a reduction of the hydrostatic 

pressure within the membrane to ensure osmotic equilibrium. At high external concentrations, this 

reduction becomes so pronounced that 𝑃𝑚 turns negative. Such an unexpected outcome was admitted 

possible in a recent work, where Wang et al. [74] investigated osmotic equilibrium in uncharged 

membranes for reverse osmosis. The authors suggested that the hydrostatic pressure in the membrane 

can assume negative values due to the concentration difference across the interface, although they 

did not further elaborate on its physical meaning. From a thermodynamic standpoint, a negative 

absolute pressure is meaningless. However, mathematically, a negative pressure corresponds to a 

positive driving force for water partitioning in the membrane, suggesting either the breakdown of 

model assumptions or the absence of additional terms in the equilibrium equations. It is important to 

note that Wang et al. also neglected the excess osmotic contribution in the membrane phase. This 

term is expected to increase in magnitude with external concentration due to strong non-idealities.  

A more rigorous treatment therefore requires the use of the full definition of osmotic pressure given 

in equation (1.115). Applying this equation involves integrating the term 𝐶𝑖
𝑚𝑑𝑙𝑛(𝛾𝑖(𝑛)

𝑚 ) from the 

reference state to the experimental point. Mathematically, this can be solved by combining an 

integration method (e.g., the trapezoidal rule) with a numerical solver. However, this approach 

requires knowledge of ion activity coefficients over the entire integration domain. 

Considering that the reference state for activity coefficients is taken as infinite dilution in water, 

equation (1.115) can be rewritten as follows: 

𝛱𝑚 = 𝛱𝑚,𝑖𝑑 + 𝛱𝑚,𝑒𝑥 = 𝑅𝑔𝑇 ∑ 𝐶𝑖
𝑚

𝑗≠𝑤

+ 𝑅𝑔𝑇 ∑ ∫ 𝐶𝑖
𝑚𝑑𝑙𝑛(𝛾𝑖(𝑛)

𝑚 )

𝐶𝑖
𝑚

0𝑗≠𝑤

 
(1.118) 

At this point, two major issues arise. First, a large number of experimental data points would be 

required to adequately cover the integration range, which is practically impossible since ion 

 
22 This analysis is actually valid only if the osmotic coefficient in the external solution is assumed to be unitary. 
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partitioning experiments cannot be performed at concentrations below 0.01 M due to negligible salt 

uptake in membrane. Second, and more fundamental, because of the fixed charges in the membrane, 

it is impossible to reach vanishing ion concentrations in the membrane phase, even when approaching 

infinite dilution in the external solution. This makes the infinite-dilution state experimentally 

inaccessible and conceptually inconvenient. 

One might be tempted to overcome this limitation by selecting a different reference state. For 

instance, the state in which the IEM is in a particular counter-ion form and equilibrated with pure 

water. However, this choice would not resolve the problem. Changing the reference state in the 

membrane phase modifies the definition of the standard chemical potentials (see equation (1.68)) 

thereby introducing an additional unknown variable into the equilibrium equation. Yet, this unknown 

is also inherently present when the infinite-dilution reference state is retained. Indeed, by rewriting 

(1.118) in two separate contributions: 

𝛱𝑚,𝑒𝑥 = 𝛱𝑚,𝑒𝑥,0 + 𝛱𝑚,𝑒𝑥,𝑟𝑒𝑓

= 𝑅𝑔𝑇 ∑ ∫ 𝐶𝑖
𝑚𝑑𝑙𝑛(𝛾𝑖(𝑛)

𝑚 )

𝐶𝑖
𝑚,𝑟𝑒𝑓

0

+

𝑗≠𝑤

𝑅𝑔𝑇 ∑ ∫ 𝐶𝑖
𝑚𝑑𝑙𝑛(𝛾𝑖(𝑛)

𝑚 )

𝐶𝑖
𝑚

𝐶
𝑖
𝑚,𝑟𝑒𝑓𝑗≠𝑤

 

(1.119) 

with 𝐶𝑖
𝑚,𝑟𝑒𝑓

 being the ion concentration in the new arbitrarily chosen reference state, it becomes 

evident that the second term on the right-hand side of equation (1.119) is experimentally and 

mathematically accessible, while the first term reduces to a constant (𝛱𝑚,𝑒𝑥,0 ) that embodies a 

contribution to the excess osmotic pressure which cannot be evaluated from partitioning data alone. 

Therefore, regardless of the reference state adopted, an additional unknown parameter inevitably 

appears in the non-ideal formulation of extended Donnan equilibria. 

Following the latter formulation, the hydrostatic pressure in the membrane can be rewritten by 

combining equation (1.115), (1.118) and (1.119): 

𝑃𝑚 = 𝑃𝑠 + (𝛱𝑚,𝑖𝑑 + 𝛱𝑚,𝑒𝑥,0 + 𝛱𝑚,𝑒𝑥,𝑟𝑒𝑓 − 𝛱𝑠) (1.120) 

From a thermodynamic standpoint 𝛱𝑚,𝑒𝑥,0 represents the excess pressure energy required to transfer 

a mole of water molecules from infinite dilution to the chosen reference state in the membrane phase. 

This term cannot be directly computed from ion-equilibrium concentrations and would require 

additional experimental information, such as the hydrostatic pressure in the membrane. Although this 

quantity cannot be measured directly, it might be indirectly inferred from the membrane swelling 
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degree (i.e., the water volume fraction), provided that a suitable theoretical model (i.e., an equation 

of state coupling mechanical and thermodynamic properties of the membrane is available. 

Supporting this view, several authors [71,117] recently discussed, in reverse osmosis membranes, the 

necessity of including an additional contribution to the water chemical potential, termed elastic 

pressure, which is associated with the compression state of polymeric chains. Unlike hydrostatic 

pressure, elastic pressure can take negative values and has the physical meaning of a mechanical 

stress. Such additional contribution to the non-ideal chemical potential of water in the membrane 

phase may correspond to the unknown non measurable contribution to the excess osmotic pressure 

in the membrane phase 𝛱𝑚,𝑒𝑥,0. 

To conclude this discussion, a sensitivity analysis is reported to assess how different values of the 

unknown parameter 𝛱𝑚,𝑒𝑥,0 affect the evaluation of the hydrostatic pressure in the membrane phase: 

 

Figure 10 Hydrostatic pressure in FKS-50 at various external salt concentrations with varying 

𝛱𝑚,𝑒𝑥,0 

Figure 10 shows that, in order to maintain a positive hydrostatic pressure over the entire concentration 

range, 𝛱𝑚,𝑒𝑥,0 must be equal or lower than -10 MPa. In the framework proposed by Freger et al. [71], 

this would correspond to a negative polymer elastic pressure. According to this physical picture, the 

membrane would be in a tensile state induced by the uptake of water molecules from the external 

solution, with stretched polymer chains exerting a compressive effect on water molecules.  
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1.3.2 Ion partitioning models implementation and calibration 

As discussed in section 1.1.5, thermodynamic models typically include parameters that must be either 

estimated theoretically or determined through calibration against experimental data via a fitting 

procedure. The following sections present the mathematical implementation of the developed ion 

partition models, together with the procedure adopted to retrieve the unknown parameters. The 

discussion of the modelling results is provided in section 1.3.3 

1.3.2.1 Models’ implementation 

The thermodynamic models introduced in section 1.1.5.2 and 1.1.5.3 were implemented on MatLab® 

to perform ion partition simulations. Their main features are summarized in Table 3. 

 Table 3 Comparison of tested ion partition models. 𝑛 indicates the number of counter-ions in the 

system. 

Each thermodynamic model for ion activity coefficients was coupled with the Donnan model 

(equations (1.69) and (1.71)) to solve partition equilibria at the solution-membrane interface and 

evaluate equilibrium ions’ concentration within the membrane. Their predictive performance was 

then evaluated against the ideal Donnan model, which represents the simplest ion partition model as 

it neglects all non-ideal effects both in the external solution and in the membrane phase.  

In contrast, the Donnan–Manning and Donnan–peNRTL models incorporate non-ideal effects. 

Specifically, the external solution activity coefficients were computed with the eNRTL model, while 

those in the membrane phase were estimated either with the extended Manning model or with the 

extended peNRTL model. Since the membrane activity coefficients depend on the equilibrium ion 

  Ideal Donnan Donnan-Manning Donnan-peNRTL 
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Ext. Solution non-ideality   

Ion-Chain interactions   

Ion-Ion interactions   

Short-range interactions   

 Calibration parameters None ξ ξ, τi,j , τj,i 

 N° of calibration parameters 0 1 1 + 2𝑛 

 Suggested concentration 
range 

𝑚𝑠 ≫ 𝑚𝑓𝑖𝑥  𝑚𝑠 ≪ 𝑚𝑓𝑖𝑥 Any 

 Model complexity Simple 
Relatively 

simple 
Complex 

 Main equations (1.71)(1.72) (1.69)(1.71)(1.88) 
(1.69)(1.71)(1.88)(1.98) 

(1.100)(1.101) 
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concentrations, the resulting system of equations was solved iteratively. The initial guess for 

equilibrium concentrations was provided by the ideal Donnan model. A schematic representation of 

the implemented solving algorithms is shown in Figure 11.  

 

Figure 11 Schematic of the Donnan-Manning and Donnan-peNRTL solution algorithm implemented 

on MatLab®. As the membrane activity coefficients depend on the equilibrium concentrations, a 

built-in nonlinear solver was employed. The solver was initialized using the ideal Donnan model. 

Input molar concentrations were first converted to molal units through equation (1.42) 

1.3.2.2 Donnan-Manning model calibration 

sections 1.1.5.1 and 1.1.5.2 introduced a novel multi-ionic extension of the Manning model for ion 

activity coefficients in IEMs. The model relies on the normalized linear charge density 𝜉, which 

according to according to equation (1.82), depends only on the relative dielectric constant of the 

hydrated membrane and on the mean distance between fixed charges along the polymer backbone. 

Several authors have suggested that the dielectric constant of a hydrated membrane can be estimated 

as a weighted average of the water and dry polymer dielectric constants, as expressed in equation 

(1.121) [77]: 

𝜀𝑚 = 𝜙𝑤𝜀𝑤 + (1 − 𝜙𝑤)𝜀𝑝 (1.121) 

where 𝜀𝑤 and 𝜀𝑝 denote the dielectric constants of water and dry polymer, respectively, while 𝜙𝑤 is 

the water volume fraction in the membrane (related to water uptake according through equation 

(1.105)). For the FKE-50 CEM, all the necessary membrane properties were experimentally 

determined except for 𝑏 and 𝜀𝑝. The latter was fixed at an average value of 6, consistent with the 

range typically reported for commercial IEMs (2–10). As observed by Kamcev et al., Manning 

activity coefficient is relatively insensitive to the exact value of 𝜀𝑝 within this range [81,104].  

Conversely, the determination of the average distance between fixed charges, is less straightforward. 

Although some authors attempted correlations with membrane chemical structure and IEC [104,118], 

such approaches often yielded poor predictions, even for membranes with well-characterized 
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structures [97]. This is likely to be attributed to the complex structure of the membranes that makes 

the exact theoretical evaluation of 𝑏 unfeasible. Consequently, 𝜉 is commonly treated as an adjustable 

parameter when direct evaluation of 𝑏  is not feasible. This strategy enables the semi-predictive 

application of Manning’s model under different operating conditions, since 𝜉 is assumed independent 

of the external solution composition[10,85].  

Nevertheless, as the membrane water uptake varies with external concentration, 𝜉  is not strictly 

constant (see equation (1.82) and (1.121)). In this work, 𝑏 was therefore treated as an adjustable 

parameter to capture the influence of water uptake variations on 𝜉. Following other studies [10,96], 

calibration was performed by minimizing the Mean Relative Deviation (MRD) between experimental 

single-salt ion partitioning data presented in section 1.2.3.2 and model predictions, defined as: 

𝑀𝑅𝐷 =
1

𝑁
∑

|𝑚𝑖
𝑚,𝑒𝑥𝑝.

− 𝑚𝑖
𝑚,𝑝𝑟𝑒𝑑.|

𝑚𝑖
𝑚,𝑒𝑥𝑝.

𝑖

 (1.122) 

where 𝑁 is the number of experimental data points, 𝑚𝑖
𝑚,𝑒𝑥𝑝.

 the experimental ion molal concentration 

in the membrane, and 𝑚𝑖
𝑚,𝑝𝑟𝑒𝑑.

 the predicted value.  

1.3.2.3 Donnan-peNRTL model calibration 

The extended peNRTL model presented in section 1.1.5.3, is derived from the eNRTL framework for 

aqueous electrolytes, where the local excess Gibbs free energy associated with non-electrostatic 

interactions is expressed in terms of binary interaction parameters 𝜏𝑖𝑗  . These parameters can be 

obtained via the mixing rules reported in equations (1.123)-(1.131), if the corresponding adjustable 

interaction parameters are known. These latter must be retrieved from experimental equilibrium data 

through a fitting procedure. The number of interaction parameters grows with the number of ionic 

and molecular species, but a key advantage of local composition models is that once the parameters 

are determined for a set of species, they can be applied to any system containing those species, being 

composition independent. 

Accordingly, part of the required water–electrolyte parameters were retrieved from literature on 

aqueous electrolyte thermodynamics [60]. Table 4 lists the adopted values for the salts considered in 

this work.  
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Table 4 Literature eNRTL adjustable binary interaction parameters for water-electrolyte 

interactions. “w” stands for water component [60] 

Differently from the non-adjustable binary parameters that enter equations (1.100) and (1.101) 

explicitly, the adjustable parameters reported in Table 4 are defined for each couple of molecular and 

electrolyte component, where electrolyte stand for any possible neutral combination of a negative and 

a positive charged species, while molecular stands for any neutral (i.e., not charged) species. In 

practice, three categories of adjustable binary parameters are defined: electrolyte–electrolyte 

(𝜏𝑐𝑎,𝑐𝑎′) ,defined per each couple of electrolytes sharing a common ion, electrolyte–molecular 

(𝜏𝑐𝑎,𝑚), and molecular–molecular. For instance, modeling an aqueous NaCl–KCl solution requires 

four electrolyte–molecular parameters (𝜏𝑁𝑎𝐶𝑙,𝑤  , 𝜏𝑤,𝑁𝑎𝐶𝑙  , 𝜏𝐾𝐶𝑙,𝑤  , 𝜏𝑤,𝐾𝐶𝑙 ) and two electrolyte-

electrolyte parameters (i.e., 𝜏𝑁𝑎𝐶𝑙,𝐾𝐶𝑙  , 𝜏𝐾𝐶𝑙,𝑁𝑎𝐶𝑙).  

For CEMs, the fixed charged groups (CG⁻) in the polymer matrix must be treated as additional anionic 

species. Moreover, Yu et al. [97] suggested including a secondary solvent to represent interactions 

with nonpolar polymer domains, but without knowledge of the precise polymer structure this 

approach is impractical. To reduce complexity, sorbed water was considered the only molecular 

component in this work. Moreover, as suggested by Yu et al., electrolyte–electrolyte parameters 

involving CG⁻ were set to zero, as their contribution to ion partitioning was shown to be negligible 

[97].  

Under these assumptions, the number of adjustable binary parameters reduces to 2n, where n is the 

number of counter-ions. These correspond to the pairs 𝜏𝑐𝐶𝐺,𝑤 and 𝜏𝑤,𝑐𝐶𝐺 , with 𝑐 denoting a counter-

ion sorbed in the membrane. Importantly, the introduction of different co-ions does not increase the 

number of parameters, since CG⁻ can only be paired with cations.  

Once the adjustable parameters are identified, the following mixing rules yield the non-adjustable 

binary interaction terms 𝜏𝑖𝑗: 

i-j pair w-(Na+, Cl-) w-(K+, Cl-) w-(Mg2+, Cl-) w-(Ca2+, Cl-) (Na+, Cl-)-(K+, Cl-)  (Mg2+, Cl-)-(Ca2+, Cl-)  

τij 8.865 8.170 10.854 10.478 0.386 0.332 

τji -4.541 -4.153 -5.409 -5.291 -0.389 0.220 
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𝑌𝑐 =
𝑋𝑐

∑ 𝑋𝑐′𝑐′
 (1.123) 

𝑌𝑎 =
𝑋𝑎

∑ 𝑋𝑎′𝑎′
 (1.124) 

𝐺𝑐𝑚 = ∑𝑌𝑎𝑒𝑥𝑝(−𝛼𝜏𝑐𝑎,𝑚)

𝑎

 (1.125) 

𝐺𝑎𝑚 = ∑𝑌𝑐𝑒𝑥𝑝(−𝛼𝜏𝑐𝑎,𝑚)

𝑐

 (1.126) 

𝐺𝑚𝑐 = ∑𝑌𝑎𝑒𝑥𝑝(−𝛼𝜏𝑚,𝑐𝑎)

𝑎

 (1.127) 

𝐺𝑚𝑎 = ∑𝑌𝑐𝑒𝑥𝑝(−𝛼𝜏𝑚,𝑐𝑎)

𝑐

 (1.128) 

𝐺𝑐𝑎 = ∑𝑌𝑐′𝑒𝑥𝑝(−𝛼𝜏𝑐𝑎,𝑐′𝑎)

𝑐′

 (1.129) 

𝐺𝑎𝑐 = ∑𝑌𝑎′𝑒𝑥𝑝(−𝛼𝜏𝑐𝑎,𝑐𝑎′)

𝑎′

 (1.130) 

𝜏𝑖𝑗 = −
𝑙𝑛 𝐺𝑖𝑗

𝛼
 

(1.131) 

where 𝑋𝑐 and 𝑋𝑎 are the effective molar fractions of the generic cationic or anionic species defined 

by eq. (1.103). 

The fitting procedure followed the same strategy described in section 1.3.2.2. the Donnan–peNRTL 

model was applied and a multivariable optimization was carried out to minimize the MRD defined in 

equation (1.122) with respect to experimental single-salt data. The optimization variables included 

all missing parameters, as well as the fixed-charge distance 𝑏 calibrated separately for the Donnan–

Manning and Donnan–peNRTL models. The final calibrated parameters are reported in Table 5. 

Further discussion on the results of the calibration procedure is provided in section 1.3.3.1 
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Table 5 Fitted Manning parameters and peNRTL adjustable binary parameters. CG- stands for the 

negatively charged groups in the polymeric matrix. The two models were calibrated separately on 

single-salt tests experimental data. The average ξ was evaluated from b, considering the average 

water uptake. 

1.3.3 Ion partition models validation 

In the following sections, the results of the ion partition models’ simulations are presented. 

Particularly, the Donnan-Manning and Donnan-peNRTL model were applied to simulate ion partition 

in the FKE-50 CEM. The models’ calibration presented in section 1.3.2 was performed on single-salt 

partition data. Therefore, the results of these simulations are presented first. Subsequently, the models 

are applied to predict ion partitioning when the CEM is equilibrated with binary salt mixtures. A 

comparative analysis among the proposed models is done, elucidating the effect of the models’ 

structure on the predictive capabilities, especially at high external concentrations. 

1.3.3.1 Single-salt systems 

In Figure 12, the experimental ion partition data obtained for the FKE-50 CEM with single-salt 

solutions are compared with the simulations performed using the Donnan–Manning and Donnan–

peNRTL models. The simulations were carried out with the fitting parameters reported in Table 5. 

The values of 𝜉 were calculated from equation (1.82), adopting an average value for the relative 

dielectric constant. Since the parameter 𝑏 could not be experimentally determined, both models were 

independently calibrated to test their predictive capability under the most favorable conditions. The 

two fitted values of 𝑏 minimize the MRD of the respective models, ensuring that any alternative 

choice would lead to poorer agreement with the experimental data. 

Model i-j pair τij τji b [nm] Average ξ 

Donnan-Manning  - - - 9.630 0.228 

Donnan-peNRTL  

water - (Na+, CG-) -9.492 -3.189 0.135 16.05 

water - (K+, CG-) -8.211 -2.939   

water - (Mg2+, CG-) -8.164 -2.766   

water - (Ca2+, CG-) -7.945 -2.465   
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Figure 12 Ions molal concentration in FKE-50 CEM at various external salt concentration for single-

salt systems containing NaCl (A), KCl (B), MgCl2(C) or CaCl2 (D).Empty circles indiucate the 

experimental data. The associated error bars were plotted considering the maximum error between 

the theoretical error evaluated through the error propagation theory and the experimental error on 

at least two different tests. The dotted lines represent the predictions of the ideal Donnan model, the 

dash-dot lines represent the predictions of the Donnan-Manning model while the solid lines are the 

predictions of the Donnan–peNRTL model. 
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A direct comparison of the models in Figure 12 clearly indicates that the Donnan–peNRTL model 

provides superior predictions at high external concentrations. This outcome can be rationalized by 

analysing the electrolyte activity coefficients, as shown in Figure 13: 

 

Figure 13 Newman’s activity coefficients in FKE-50 CEM as a function of the external concentration 

for the single-salt systems containing NaCl (A), KCl (B), MgCl2 (C) or CaCl2 (D). The values on the 

Y axes were evaluated through equation (1.110) taking Cl- as reference ion. The empty circles were 

obtained from experimental concentration in membrane, the dash-dot lines are the prediction of the 

Manning model while the solid lines are the predictions of the peNRTL model. The black dashed lines 

refer to the external solution activity coefficients and were obtained by applying the eNRTL model. 

At external salt concentrations exceeding 1 mol L⁻¹, the activity coefficients within the membrane 

are consistently greater than unity for all the electrolytes considered. According to equation (1.88), 

the Manning model intrinsically fails to predict activity coefficients larger than one. This limitation 

arises from the functional form of the excess free energy of interaction between mobile ions and the 

fixed charges (1.86), whose derivative is always negative. Physically, this is caused by the reduction 

of the Debye length with increasing ionic strength, which causes a strengthening in the electrostatic 

interactions and a reduction of the electrostatic energy of the system. Counter-ion condensation 
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further contributes to the lowering of the activity coefficients. Consequently, the fitting procedure 

converges to 𝜉  values below the condensation threshold in order to minimize the MRD at high 

external concentrations.  

Interestingly, the optimal 𝜉 obtained for the Donnan–Manning model lies below the condensation 

threshold, whereas the 𝜉 value fitted with the Donnan–peNRTL model is well above 𝜉𝑐 . In practice, 

this means that, according to the Manning limiting law (equation (1.92)), counter-ions are totally 

uncondensed according to the Donnan–Manning model but partially condensed in the Donnan–

peNRTL framework.  

Such a discrepancy likely reflects the limited applicability of the Manning limiting law, from which 

𝜉 is derived. In IEMs, the condition of infinite dilution (i.e., 𝜘𝑏 ≪ 1 [86]) is never strictly satisfied, 

particularly when equilibrated with concentrated solutions [91]. For this reason, 𝜉 should be regarded 

as an empirical fitting parameter rather than as a physically meaningful constant when highly 

concentrated electrolytes are considered. 

Most literature studies apply the Donnan–Manning model in a semi-predictive fashion, calibrating 𝜉 

against partitioning data up to ~1 mol L⁻¹. Within this range, membrane activity coefficients remain 

below unity, and the assumptions of the Manning framework hold reasonably well. Consistently, 

most 𝜉 values reported in the literature exceed the condensation threshold for both monovalent and 

divalent counter-ions. However, as discussed in 1.1.5.1, Manning’s model assumptions break down 

at higher external concentrations. This is not surprising, since the model only accounts for long-range 

electrostatic interactions between mobile ions and the linear charge distribution of the polymer chains, 

neglecting short-range interactions that are likely to become dominant at elevated concentrations. 

Figure 13 illustrates that the failure of the Donnan–Manning model at high salt concentrations 

originates from the rise in solution activity coefficients, which is not mirrored by a corresponding 

increase in membrane activity coefficients. As a result, the Donnan relation (equation (1.69)), leads 

to an overestimation of salt uptake in the membrane. This issue was also observed by Galizia et al. 

[63] when modeling CaCl₂ sorption above 1 mol L⁻¹ using the Donnan–Manning framework. To 

overcome this limitation, they introduced an empirical correction to the membrane activity 

coefficients, estimated via the Pitzer model [58]. The Pitzer formalism successfully captures activity 

coefficients greater than unity by accounting for short-range ion–ion interactions, which dominate at 

high concentrations due to the reduced interionic distance. Similar effects are expected within the 

membrane phase. In fact, when the absorbed salt concentration approaches the fixed-charge density, 

short-range interactions are likely to outweigh ion–polymer interactions, which cease to dominate. 
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A quantitative comparison of the three models is reported in Table 6, where the MRD values are 

listed for each electrolyte system investigated. 

Table 6 Mean relative error of the investigated ion partition models. The reported values are 

calculated by applying equation (1.122) and accounting for the experimental error bars associated 

with the measurements. 

 

 

 

 

 

 

The Donnan-peNRTL model clearly outperforms the others, with an average MRD of only 6.3%, 

significantly lower than the values obtained with the ideal Donnan and Donnan–Manning approaches. 

Interestingly, for divalent counter-ion systems, the ideal Donnan model provides smaller errors than 

the Donnan–Manning model, in line with the findings of Galizia et al.[63] at high concentrations. 

This result supports the hypothesis that, when the mobile salt content in the membrane is very high, 

ion–polymer interactions lose relevance, and the membrane activity coefficients asymptotically 

approach those in the bulk solution. In such cases, the basic assumption of the ideal Donnan model 

becomes valid again, explaining its better performance under these conditions. 

By contrast, the Donnan–Manning model retains predictive accuracy only when the mobile salt 

concentration is low relative to the fixed charges, so that ion–polymer interactions dominate the 

behaviour of the system. The Donnan–peNRTL model, instead, explicitly incorporates short-range 

interactions through the local contribution of the non-random two-liquid framework. This feature 

enables the model to reproduce the increase of membrane activity coefficients at high external 

concentrations, thereby providing the most accurate description of salt sorption across the entire 

investigated concentration range. 

1.3.3.2 Binary salt mixtures systems 

The ion-partitioning data obtained from binary equimolar mixtures, presented in section 1.2.3.3 were 

used to validate the extended Donnan–peNRTL model for multi-ionic systems. The experimental 

results are compared with model predictions in Figure 14 .All simulations were performed using the 

same set of parameters reported in Table 5 which had been calibrated on single-salt systems. 

Test Ideal Donnan Donnan-Manning Donnan - peNRTL 

NaCl 82.5% 50.0% 6.6% 

KCl 72.3% 19.1% 5.1% 

NaCl-KCl 56.2% 39.7% 6.2% 

MgCl2 102.0% 149.3% 3.5% 

CaCl2 73.3% 111.8% 10.6% 

MgCl2-CaCl2 83.9% 148.2% 5.7% 

Average 78.4% 86.4% 6.3% 
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Figure 14 FKE-50 co- and counter-ions equilibrium molal concentrations in FKE-50 CEM against 

the total external salt concentration for the two equimolar mixtures of NaCl-KCl (A) and MgCl2-

CaCl2 (B) Empty circles indicate the experimental data, the dotted lines represent the predictions of 

the ideal Donnan model, the dash-dot lines represent the predictions of the Donnan-Manning model 

while the solid lines are the predictions of the extended Donnan–peNRTL model. 

Both the ideal Donnan and the extended Donnan–Manning models consistently overestimate the co-

ions concentration within the membrane, particularly at total external concentrations above 1 mol L⁻¹, 

with the largest discrepancies observed for the MgCl₂–CaCl₂ system. This behaviour stems from the 

inability of these models to capture the increase in activity coefficients inside the membrane at high 

external concentrations. In addition, both models fail to reproduce the partition selectivity of counter-

ions. Specifically, equation (1.72) implies that the ideal Donnan model predicts identical partition 

coefficients for counter-ions with the same valence, which is inconsistent with experimental 

observations.  

In the case of the extended Donnan–Manning model, the poor prediction of counter-ion selectivity 

can be explained by the 𝜉 values obtained during calibration, which were found to be lower than the 

critical condensation thresholds of the counter-ions. Consequently, the condensation selectivity rule 

described in equation (1.96) is not practically employed, since counter-ion condensation is not 

occurring. The resulting differences in equilibrium concentrations of Na⁺ vs. K⁺ or Mg²⁺ vs. Ca²⁺ are 

therefore solely dictated by their activity coefficients in the external solution. As shown in Figure 13, 

D - MD D - peNRTLExp.

0

1

2

3

4

5

6

0.01

0.1

1

10

0.01 0.1 1 10

Total external concentration [mol L-1]

B

Ca2+

Mg2+

Cl-

M
em

b
ra

n
e 

co
n

ce
n

tr
at

io
n

 [
m

o
l K

g w
-1

]

0

1

2

3

4

5

6

0.001

0.01

0.1

1

10

0.01 0.1 1 10
Total external concentration [mol L-1]

A

Na+

Cl-

K+

M
em

b
ra

n
e 

co
n

ce
n

tr
at

io
n

 [
m

o
l K

g w
-1

]



1.3 Thermodynamics of ion-exchange membranes: numerical simulations and validation 

80 

 

Mg2+ and Ca2+ have similar activity coefficients in the external solution. Consequently, the Donnan-

Manning model lines for these two ions are almost overlapped in Figure 14B.  

By contrast, the extended Donnan–peNRTL model accurately predicts both co-ion and counter-ion 

partition over the entire concentration range investigated. For both NaCl–KCl and MgCl₂–CaCl₂ 

mixtures, the counter-ion selectivity is well captured thanks to the incorporation of the condensation 

selectivity rule (equation (1.96))  

To the best of the authors’ knowledge, this is the first quantitative prediction of counter-ion 

distribution between an IEM and a multi-ionic solution at such high external concentrations. The 

success of the extended peNRTL framework can be attributed to its decomposition of the activity 

coefficient into three distinct contributions, which significantly broadens the model’s range of 

validity. As shown in Figure 15, the predicted increase in activity coefficients within the membrane 

prevents the unrealistic rise in mobile ion concentrations that characterizes the Ideal Donnan and 

Donnan–Manning models. 

 

Figure 15 Contributions to the activity coefficients of the peNRTL model (eq. (1.97)) in FKE-50 

equilibrated with binary equimolar solution of NaCl-KCl (A) and MgCl2-CaCl2 (B) versus the total 

external salt concentration. The solid lines are the Local Contribution (LC) activity coefficients (eq. 

(1.100) and (1.101)); the dashed lines are the Manning (M) activity coefficients (eq. (1.88)); the dash-

dot lines are the Pitzer-Debye-Hüchel (PDH) activity coefficients (equations (1.98)). 

A closer inspection of the three contributions (Figure 15) provides further insight. The PDH term is 

always lower than 1 and decreases with increasing concentration, reflecting the strengthening of long-

range electrostatic interactions at lower Debye lengths. Noticeably, the PDH contributions overlap 

for ions of the same charge number (Figure 15 A and B). 
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The Manning contribution is also lower than 1 but, unlike PDH, it increases with concentration. This 

effect is linked to counter-ion condensation: while the fraction of condensed fixed charges is constant, 

the number of absorbed counter-ions rises with increasing co-ion uptake. As a result, the fraction of 

condensed counter-ions decreases, producing higher Manning activity coefficients. 

Conversely, the local contribution is always positive, reflecting short-range repulsive interactions. Its 

magnitude increases with external concentration, following a trend similar to the co-ion concentration 

in the membrane. At high concentrations, short-range repulsions intensify due to reduced interionic 

distances, which explains the stronger and faster rise of the local contribution in the MgCl₂–CaCl₂ 

system compared with NaCl–KCl. At low concentrations, when the co-ion content approaches zero, 

both the local and PDH terms remain nearly constant, as the counter-ion concentration stabilizes. 

Interestingly, the absolute values of the local and PDH contributions are nearly identical and opposite 

in sign, so that the two effects cancel each other. Under these conditions, the Manning contribution 

becomes the dominant factor determining the activity coefficient. This finding suggests that, at 

external concentrations below 1 mol L⁻¹, co-ion partitioning is mainly governed by ion–polymer 

chain interactions. 
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1.4 Thermodynamics of ion-exchange membranes: conclusions 

In the previous Chapter, a thorough revision of fundamental IEMs thermodynamic was presented. 

Some of the most relevant thermodynamic models for ion partitioning in IEMs were critically 

examinated, highlighting their weaknesses. To address such limitations, novel formulations of the 

latter models were proposed, extending their applicability to highly concentrated multi-ionic 

solutions. The proposed models were positively validated against novel experimental data collected 

on commercial CEMs employed for desalination technologies. The proposed analysis, corroborated 

by the experimental data, revealed that in high salinity environment, the ion activity coefficients in 

the membrane phase can achieve values much higher than 1, reflecting the development of strong 

non-ideal short-range interactions that the existing models cannot properly described. 

Moreover, a critical analysis on water partition in IEMs was formulated to highlight some relevant 

but often disregarded limitations in the traditionally employed modelling approach of ions and water 

partition in IEMs. 

In the future, fundamental research should be carried out to better characterize the physical nature of 

short-range interactions in the membrane phase, elucidating the influence of the IEMs chemistry and 

structure on these latter. Regarding water partition, thermodynamic models should be improved to 

account for the dispersed nature of water molecules in the membrane, for instance including surface 

energy terms that could contribute to the variation of the hydrostatic pressure of water in the 

membrane phase. 
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2. Transport phenomena in ion-exchange membranes 

Alongside thermodynamics, transport phenomena represent a central topic in chemical engineering 

and, naturally, in membrane science. While mass and charge transport in liquid solutions are now 

relatively well understood, or at least adequately described, the same cannot be said for transport in 

membrane systems, where the fundamental mechanisms remain only partially clarified, fuelling 

ongoing debate within the scientific community.  

Building upon the concept of IEMs thermodynamics presented in Chapter 1, the following Chapter 

aims at providing a comprehensive and rigorous theoretical description of mass and charge transport 

in IEMs.  

The Chapter is therefore divided into three main sections, focusing respectively on theoretical 

modelling, experimental investigations and numerical simulation of mass and charge transport in 

IEMs
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2.1 Transport phenomena in ion-exchange membranes: 

theoretical foundations and modelling 

The modelling of mass and charge transport in IEMs is of fundamental importance, not only because 

it allows to describe and predict the behaviour of electromembrane units but more importantly also 

because, by unravelling the relation between IEMs structure and composition to transport properties, 

it can support the development of next-generation membranes. 

Typically, ionic transport in IEMs is described by means of the Nernst–Planck (NP) model, originally 

developed for liquid electrolytes but often employed also for solid-state electrolyte like IEMs. 

In the first part of the present section, the NP model is derived and discussed, focusing on its structural 

limitations. Hereinafter, a more advanced but scarcely investigated IEMs transport model based on 

the Maxwell–Stefan (MS) transport theory is presented. The theoretical derivation of this latter and 

its application to ionic transport in IEMs is thoroughly discussed, focusing on the main differences 

between the NP and the MS frameworks. 

Aiming at shedding light on the physical dependance of transport coefficients from operative 

conditions, the latter frameworks are employed in sections 2.3 to evaluate primitive transport 

coefficients from IEMs macroscale transport properties obtained through a dedicated experimental 

campaign, whose results are reported in section 2.2. 

2.1.1 Fundamentals of mass and charge transport 

Mass transport phenomena concern the mechanisms by which matter is transferred under the 

influence of a driving force. In a mixture composed of an arbitrary number of components, the relative 

motion of these species is generally referred to as diffusion. In ionic systems, i.e., systems in which 

the constituents are charged species, mass transport is inherently coupled with charge transport. 

Accordingly, the term electrodiffusion is commonly employed to describe this combined process. 

2.1.1.1 Fluxes, concentrations scale and reference frames  

Electrodiffusion is formally due to the differences in the average velocities of the various 

components, resulting from the interplay of multiple driving forces, and it is usually quantified in 

terms of flux, defined as follows [119]: 
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𝑁⃗⃗ 𝑖
# = 𝐶𝑖(𝑣 𝑖 − 𝑣 #) (2.1) 

where 𝑣 𝑖 and 𝑣 # are respectively the linear velocity of the generic component and an arbitrary chosen 

reference velocity, both defined with respect to an inertial reference frame (i.e., a laboratory fixed 

reference frame).  

In equation (2.1), the molar concentration 𝐶𝑖  was employed to define the flux. This choice is not 

mandatory, and other concentration scales, such as mass concentration, could be employed as well. 

Furthermore, regardless of the chosen concentration scale, multiple definitions of flux are possible. 

Indeed, the arbitrariness of the electrodiffusive flux definition is apparent in equation (2.1) from the 

need to select a reference velocity. In principle, the velocity of any component of the system could 

be taken as reference, but also any linear combination of the components’ velocities could be chosen 

as well. In practice, the choice of the reference frame is guided primarily by convenience [120].  

An important consequence of the arbitrariness of the reference frame is that flux densities expressed 

in different frames and/or concentration scales are not directly comparable, and appropriate 

conversion relations must be applied to transform fluxes from one frame to another [121,122]. 

Similarly, transport coefficients defined and evaluated on different reference frames can differ, 

especially in highly concentrated multi-component systems [22,123]. Therefore, when retrieving 

transport coefficients from experimental data, it is essential to clearly state the adopted reference 

frame to avoid misconceptions.  

If a laboratory-fixed reference frame is adopted (i.e., 𝑣 #=0), the generic flux becomes: 

𝑁⃗⃗ 𝑖 = 𝑁⃗⃗ 𝑖
# = 𝐶𝑖𝑣 𝑖 

(2.2) 

However, in the study of mass transport phenomena, a commonly chosen reference frame is the molar 

average velocity 𝑣⃗  defined as follows: 

𝑣⃗ =
∑ 𝐶𝑖𝑣 𝑖

𝑁
𝑖=1

∑ 𝐶𝑖
𝑁
𝑖=1

= ∑𝑥𝑖𝑣 𝑖

𝑁

𝑖=1

 (2.3) 

where 𝑁 defines the number of components, including the solvent. By defining the total flux as 

follows: 
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𝑁⃗⃗ 𝑡𝑜𝑡 = ∑𝑁⃗⃗ 𝑖

𝑁

𝑖=1

 (2.4) 

Substitution of equations (2.3) and (2.4) into equation (2.1), the net flux of a generic component with 

respect to a stationary (i.e., laboratory fixed) reference frame can be evaluated as: 

𝑁⃗⃗ 𝑖 = 𝑁⃗⃗ 𝑖
# + 𝑥𝑖𝑁⃗⃗ 𝑡𝑜𝑡 (2.5) 

According to the latter equation, the flux relative to a stationary reference frame can be evaluated as 

the sum an electrodiffusive component 𝑁⃗⃗ 𝑖
# and of the molar barycentric velocity contribution 𝑥𝑖𝑁⃗⃗ 𝑡𝑜𝑡 

usually called convective contribution. Importantly, by substituting the definition of 𝑣⃗  in eq. (2.1) it 

is easy to prove that: 

∑𝑁⃗⃗ 𝑖
#

𝑁

𝑖=1

= 0 (2.6) 

The previous result clearly indicates that there are only 𝑁 − 1 independent electrodiffusive fluxes. It 

should be pointed out that this outcome is not due to the specific reference velocity adopted, but rather 

to the coupling of electrodiffusive fluxes due to the definition of the reference velocity. 

2.1.1.2 Current density and transport numbers 

A fundamental variable describing charge transport in ionic systems is the current density defined as 

follows: 

𝐽 # = ℱ ∑𝑧𝑖𝐶𝑖

𝑁

𝑖=1

𝑁⃗⃗ 𝑖
# (2.7) 

Being formally a charge flux, the value of 𝐽 # depends on the chosen reference frame, i.e., on the 

chosen 𝑣 # [22,26,32]. By substituting equations (2.1) and (2.2), eq. (2.7) can be rewritten as follows: 

𝐽 # = 𝐹 ∑𝑧𝑖𝑁⃗⃗ 𝑖

𝑁

𝑖=1

− ℱ ∑𝑧𝑖𝐶𝑖

𝑁

𝑖=1

𝑣 #  (2.8) 

Further introduction of charge density definition (eq. (1.34)) leads to the following formulation of 𝐽 #: 
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𝐽 = 𝐽# + 𝜌𝑒𝑙𝑣 
#  (2.9) 

According to (2.9), the current density in a stationary reference frame can be generally expressed as 

a sum of an electrodiffusive contribution 𝐽 # , also referred to as conduction, and a convective 

contribution 𝜌𝑒𝑙𝑣 
#. The distinction of the two being solely dependent on the chosen reference frame. 

Nonetheless, in an electroneutral system, i.e., in a system where the local electroneutrality assumption 

holds, the local charge density 𝜌𝑒𝑙  is zero and the total current density reduces to its conductive 

component. Consequently, the current density is invariant with respect to the chosen reference frame 

only under electroneutral conditions. This point will be further discussed in section 2.2.  

From the definition of current density 𝐽 , the definition of the transport (or transference) number 

naturally follows: 

𝑡𝑖 =
𝑧𝑖 𝑁⃗⃗ 𝑖

∑ 𝑧𝑗𝑁⃗⃗ 𝑗𝑗

=
𝑧𝑖𝐶𝑖𝑣 𝑖

∑ 𝑧𝑗𝐶𝑗𝑣 𝑗𝑗
 (2.10) 

The transport numbers correspond to the fraction of current density carried by a given generic charged 

component. Although often overlooked by non-specialists, they are inherently dependent on the 

chosen reference frame, just as current density is. However, unlike current density, this dependence 

persists even under locally electroneutral conditions. This is simply demonstrated considering that 

equation (2.10) define the transport numbers with respect to a stationary reference frame, but 

alternative definitions can be formulated by adopting different frames of reference: 

𝑡𝑖
# =

𝑧𝑖 𝑁⃗⃗ 𝑖
#

∑ 𝑧𝑗𝑁⃗⃗ 𝑖
#

𝑗

=
𝑧𝑖𝐶𝑖(𝑣 𝑖 − 𝑣 #)

∑ 𝑧𝑗𝐶𝑗(𝑣 𝑗 − 𝑣 #)𝑗

 (2.11) 

Evidently, in an electroneutral system the denominator of the latter equation is independent of the 

chosen reference velocity, whereas the numerator is not. Therefore, whenever transport numbers are 

discussed, it is essential to explicitly specify the adopted reference frame. This notion is indeed of 

fundamental importance in the experimental evaluation of transport numbers, but it is very often 

ignored in scientific articles in the field of membrane processes. 

2.1.1.3 Constitutive transport equations: thermodynamics of irreversible processes 

In the previous sections, the electrodiffusive flux was defined. However, this definition alone 

provides no insight into the physical origins of 𝑁⃗⃗ 𝑖
#. Establishing constitutive equations that relate the 
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flux of a given component to its underlying driving forces is the primary aim in the study of transport 

phenomena. The simplest equation describing mass transport, originally formulated for binary 

mixtures, is Fick’s law of diffusion. Within the multicomponent Fickian framework, the diffusive 

flux of a neutral component is expressed as a function of the concentration gradients of the other 

components, as given by the following equation: 

𝑁⃗⃗ 𝐼
# = −∑ 𝐷𝐼,𝐽𝛻⃗ 𝐶𝐽

𝐽

 (2.12) 

where capital subscripts denote neutral components and 𝐷𝐼,𝐽  are the corresponding binary non- 

symmetric (i.e., 𝐷𝐼,𝐽 ≠ 𝐷𝐽,𝐼) Fickian diffusion coefficients. By means of current density and transport 

number definition (equations (2.7) and (2.11)), the electrodiffusive flux of a generic charged 

component (i.e., ion) can be defined as follows [22]: 

𝑁⃗⃗ 𝑖
# = −∑∑𝜈𝑖,𝐾𝐷𝐾,𝐽𝛻⃗ 𝐶𝐽

𝐾𝐽

+
𝑡𝑖
#𝐽 #

𝑧𝑖ℱ
 (2.13) 

Where the index 𝐽 and 𝐾 run over the number of independent neutral electrolyte virtually composed 

by the ionic species constituting the system. The first term on the right-hand side of the latter equation, 

also called diffusion-conduction equation, represents chemical diffusion while the second term 

represent ionic conduction. In principle, such multicomponent Fickian approach could be employed 

to describe mass and charge transport in ionic systems, given that in an electroneutral system, the 

number of independent ionic concentration gradient is 𝑁 − 2. Therefore, any arbitrarily chosen set 

of 𝑁 − 2  equivalent neutral electrolytes can be chosen to describe diffusion. However, several 

problems arise: first the Fickian diffusivities 𝐷𝐾,𝐽 and the ionic transport numbers are not independent 

from each other, thus making the integration of such transport equation rather complex. Also, Fickian 

diffusivities 𝐷𝐾,𝐽 are not symmetric, resulting in (𝑁 − 1)2 number of parameters required to describe 

a multi-component system. Moreover, the use of concentration gradients as driving force, without 

explicitly accounting neither for electrical coupling among charged components nor the dependence 

of the transport coefficient on the components thermodynamic activity, makes the Fickian 

diffusivities 𝐷𝐾,𝐽 highly dependent on the chosen reference frame, on concentration and even on the 

chosen set and sequence of equivalent electrolyte in the transport matrix. In addition, such coefficients 

are simple empirical coefficients and do not truly have a physical meaning, limiting their employment 

for the development of physicochemical predictive models.  
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An improved general framework to describe ionic transport in multi-ionic systems is provided by the 

thermodynamics of irreversible processes. According to this theory, firstly developed by Onsager as 

extension of classical thermodynamics, any departure from equilibrium gives rise to driving forces 

and, consequently, to fluxes that result in a net rate of entropy production. The theory relies on two 

fundamental assumptions: the continuum hypothesis and the local equilibrium hypothesis. Both are 

inherently linked to the spatial and temporal scales of observation. In particular, the latter assumes 

that transport phenomena occur over time scales much larger than those of molecular motion, thereby 

ensuring local thermodynamic equilibrium. This assumption is generally valid as long as the system 

remains sufficiently close to equilibrium conditions. Under these premises, electrodiffusive fluxes 

can be related to thermodynamic driving forces through linear phenomenological equations of the 

form: 

𝑁⃗⃗ 𝑖
# = −∑ 𝑙𝑖,𝑗𝛻⃗ 𝜇̃𝑗

𝑗

 (2.14) 

where 𝑙𝑖,𝑗  are the Onsager phenomenological coefficients, which were shown to be symmetric 

through the Onsager reciprocity relations [22,124]. Moreover, since transport phenomena are 

inherently spontaneous, the theory of irreversible thermodynamics requires that the transport 

coefficients 𝑙𝑖,𝑗  comply with the condition of a positive entropy production rate 𝛹, also known as 

dissipation function [22]: 

𝑑𝑠

𝑑𝑡
= 𝛹 = −

1

𝑇
∑𝑁⃗⃗ 𝑖

#𝛻⃗ 𝜇̃𝑖

𝑖

=
1

𝑇
∑∑𝑙𝑖,𝑗𝛻⃗ 𝜇̃𝑖𝛻⃗ 𝜇̃𝑗

𝑗𝑖

≥ 0 (2.15) 

where 𝑠  is the specific entropy per unit of volume. The inequality establishes that the diagonal 

elements of the transport matrix must always be positive, whereas the off-diagonal elements, also 

referred to as cross-phenomenological coefficients, may take either positive or negative values [6] 

In equation (2.14), the generic electrodiffusive flux depends on the driving force of each component23. 

This reflects the physical coupling of ionic fluxes arising from both long-range and short-range 

interactions among the different ions.  

 
23The driving force corresponds to the ions’ electrochemical potential gradient in the absence of externally applied forces 

(i.e., gravitational or magnetic fields) 
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As discussed in section 2.1.1.1, all flux densities 𝑁⃗⃗ 𝑖
# are not independent as they are linked through 

the definition of the reference velocity. Similarly, the driving forces 𝛻⃗ 𝜇̃𝑖 must locally satisfy the 

isothermal Gibbs-Duhem equation: 

∑𝐶𝑖𝛻⃗ 𝜇̃𝑖

𝒊

= 𝛻⃗ 𝑃 (2.16) 

Therefore, there are only 𝑁 − 1  independent components and driving forces. Consequently, by 

considering Onsager reciprocity relation, the total number of independent transport parameters 

required for a general description of ionic transport is 
𝑁

2
(𝑁 − 1) [32]. 

2.1.2 The Nernst–Planck model  

In section 2.1.1.3, it was shown that, according to thermodynamics of irreversible process, the general 

description of ionic transport is based on a complex system of transport equations where each flux is 

coupled with each driving force, thus requiring a considerable number of transport parameters. This 

clearly limits the practical application of such rigorous transport model in favours of simpler 

alternative such as the NP model [45,107,125]. 

2.1.2.1 Model derivation 

NP model is the most widely employed framework for describing ionic transport in solution and in 

IEMs. The derivation of the NP model is based on a fundamental assumption called principle of 

independence of ionic fluxes, according to which short-range interactions among ionic species can be 

neglected, or equivalently, ions can interact only by means of long-range electrostatic interactions. 

Consequently, the cross-phenomenological transport coefficients in equation (2.14) (i.e., the off-

diagonal elements of the transport matrix) can be neglected: 

𝑙𝑖,𝑗 = 0 ⇔ 𝑖 ≠ 𝑗 (2.17) 

Therefore, the phenomenological transport equation (2.14) can be approximated as follows: 

𝑁⃗⃗ 𝑖
# = −𝑙𝑖,𝑖𝛻⃗ 𝜇̃𝑖  

(2.18) 

At this stage, the dependence of 𝑙𝑖,i on the concentration is accounted for by introducing the ionic 

diffusion coefficient 𝐷𝑖 according to the following relation: 
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𝑙𝑖,𝑖 =
𝐷𝑖𝐶𝑖

𝑅𝑔𝑇
 (2.19) 

If thermodynamic ideality is assumed, by substituting equation (2.19) and the definition of the 

electrochemical potential (eq. (1.13)) into eq. (2.18), the traditional isobaric form of the NP equation 

is obtained: 

𝑁⃗⃗ 𝑖
# = −𝐷𝑖𝛻⃗ 𝐶𝑖 − 𝑧𝑖ℱ

𝐷𝑖𝐶𝑖

𝑅𝑔𝑇
𝛻⃗ 𝜑 (2.20) 

The first right-hand side of eq. (2.20) represents ionic diffusion due to concentration gradient, while 

the second describe ionic migration due to the gradient of electrical potential. Note that, as it is 

discussed in section 2.1.2.4, migration and conduction are different charge transport mechanisms. 

A fundamental implicit assumption made in the derivation of eq. (2.20) is that diffusion and migration 

can be described by the same transport coefficient, i.e., that electrochemical mobility and ionic 

diffusivity must satisfy the so called Nernst-Einstein equation (also called Einstein-Smoluchowski 

equation )[22,30]: 

𝑢𝑖 =
𝐷𝑖

𝑅𝑔𝑇
 (2.21) 

where 𝑢𝑖 is the electrochemical (or electrophoretic) mobility. Equation (2.21) is valid only if ions’ 

concentration follows a Boltzmannian distribution of the electric potential φ, which is strictly true 

only if ions do not interact through short-range forces [126]. This requirement, along with the 

neglection of the cross-phenomenological coefficients, make the NP equation strictly valid only at 

infinite dilution, i.e., when the Debye length of the system is high enough to prevent any short-range 

interactions among ions. As discussed in section 2.1.3.7, this condition is plausibly met within the 

range of validity of the Debye-Hückel theory, i.e., for 𝐼 ≤ 10 𝑚𝑁 [30]. 

Strictly speaking, the diffusion coefficients appearing in eq. (2.20) should correspond to the ionic 

mobilities determined under infinite-dilution conditions. These values are inherently independent of 

concentration, as they represent the mobility of individual ions surrounded exclusively by water 

molecules. Nevertheless, in order to extend the applicability of the Nernst–Planck model to finite-

concentration systems, such diffusivities are commonly treated as concentration-dependent 

parameters (see 2.1.2.7). The ionic mobilities and diffusivities at infinite dilution are summarized in 

Table 7. 
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Table 7 Electrophoretic mobility and ionic diffusivities of some inorganic ions in aqueous solution 

at infinite dilution and 25°C. Taken from the open-source software for geochemical calculations 

PhreeqC [127]. 

 ui [m
2
 mol s

-1
 J

-1
] Di [m

2 
s

-1
] 

Li
+
 4.2E-13 1.03E-09 

Na
+
 5.4E-13 1.33E-09 

K
+
 7.9E-13 1.96E-09 

Mg
2+

 2.8E-13 7.05E-10 

Cl
-
 8.2E-13 2.03E-09 

 

2.1.2.2 Thermodynamic correcting coefficients for concentrated systems 

As discussed in section 2.1.2.1, the theoretical derivation of the NP model relies on several 

assumptions, such as the equivalence between ionic concentration and thermodynamic activity, that 

limits its applicability to dilute systems. One consequence of these assumptions is that, when the NP 

model is applied to concentrated solutions, ionic diffusivities are expected to exhibit a strong 

dependence on concentration. To mitigate this effect, the NP equation can be modified to include the 

gradient of the activity coefficient. However, as discussed in section 1.1.3, the decomposition of the 

electrochemical potential into a concentration term and an electrostatic potential term is inherently 

arbitrary. To avoid relying on any arbitrary convention, the following formulation employs 

Newman’s quasi-electrostatic potential. Consequently, substitution of eq. (1.37) into eq. (2.18) allows 

the NP equation to be re-formulated as follows: 

𝑁⃗⃗ 𝑖
# = −

𝐷𝑖𝐶𝑖

𝑅𝑔𝑇
[𝑅𝑇𝛻⃗ 𝑙𝑛(𝛾𝑖(𝑛)𝐶𝑖) − 𝑧𝑖ℱ𝛻⃗ 𝜑] (2.22) 

Further manipulation of the former equation leads to [22,32,128]: 

𝑁⃗⃗ 𝑖
# = −𝐷𝑖𝛤𝑖(𝑛)𝛻⃗ 𝐶𝑖 − 𝑧𝑖ℱ

𝐷𝑖𝐶𝑖

𝑅𝑔𝑇
𝛻⃗ 𝜑 (2.23) 

where 𝛤𝑖(𝑛) is the ionic diffusivity thermodynamic corrective factor defined as follows [122]: 
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𝛤𝑖(𝑛) = 1 +
𝑑𝑙𝑛𝛾𝑖(𝑛)

𝑑𝑙𝑛𝐶𝑖
 (2.24) 

According to eq. (2.24), the contribution of 𝛤𝑖(𝑛) becomes negligible when approaching the chemical 

potential secondary reference state at which 𝛾𝑖(𝑛) = 1. When modelling highly concentrated systems, 

evaluation of 𝛤𝑖(𝑛) requires the knowledge of experimental values of 𝛾𝑖(𝑛) at various concentrations 

or the implementation of proper thermodynamic models such as the Pitzer model. Further discussion 

on the evaluation of thermodynamic correcting coefficients to ionic diffusivity in IEMs is provided 

in section 2.3.1 

2.1.2.3 Ionic conduction and diffusion potential 

A key advantage of the NP model over the Fickian approach is the explicit dependence of the ionic 

fluxes on the electrical potential gradient. Indeed, this very term allows to track the effect of the 

electric field on ionic transport. When such electric field is applied externallys it generates an ohmic 

conduction current density that can be evaluated by substituting the NP equation into eq. (2.8): 

𝐽 # = −
ℱ2

𝑅𝑔𝑇
∑𝑧𝑖

2𝐷𝑖𝐶𝑖

𝑖

𝛻⃗ 𝜑𝑜ℎ𝑚 (2.25) 

where 𝛻⃗ 𝜑𝑜ℎ𝑚 is the gradient of the externally applied potential. Comparison with the first Ohm’s law 

for ionic conduction24 allows to identify the NP ionic conductivity: 

𝜅# =
ℱ2

𝑅𝑔𝑇
∑𝑧𝑖

2𝐷𝑖𝐶𝑖

𝑖

 (2.26) 

Analogously, substitution of the NP equation into eq. (2.10) allows to evaluate the NP transport 

numbers: 

𝑡𝑖
# =

𝑧𝑖
2𝐷𝑖𝐶𝑖

∑ 𝑧𝑗
2𝐷𝑗𝐶𝑗𝑗

 (2.27) 

The overall electric field experienced by each ionic species is not determined solely by the externally 

applied field but is also influenced by the electric field generated internally by the charged species. 

 
24 The first Ohm’s law, valid for first and second species conductors, states that an electric current density arise in a 

system due to the application of an external potential gradient, usually called Ohmic potential, according to the following 

equation: 𝐽 
#

= −𝜅#𝛻⃗ 𝜑
𝑜ℎ𝑚
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The coupling of ionic fluxes arising from long-range interactions can be further understood by noting 

that the electrical potential in eq. (2.20) generally does not only correspond to the externally applied 

ohmic potential gradient. This can be readily demonstrated by substituting eq. (2.20) into eq. (2.8) 

and applying the definition of ionic conductivity (eq. (2.26)): 

𝐽 # = −𝜅# (𝛻⃗ 𝜑 +
ℱ

𝜅#
∑𝑧𝑖𝐷𝑖𝛤𝑖(𝑛)𝛻⃗ 𝐶𝑖

𝑖

) (2.28) 

By applying the first Ohm’s law (see 24), it follows that: 

𝛻⃗ 𝜑𝑜ℎ𝑚 = 𝛻⃗ 𝜑 +
ℱ

𝜅#
∑𝑧𝑖𝐷𝑖𝛤𝑖(𝑛)𝛻⃗ 𝐶𝑖

𝑖

= 𝛻⃗ 𝜑 − 𝛻⃗ 𝜑𝑑𝑖𝑓𝑓. (2.29) 

where 𝛻⃗ 𝜑𝑑𝑖𝑓𝑓.  is called diffusion potential. According to the former equation, such potential 

originates from concentration gradients due to the difference in the ionic diffusivities25, and it is 

directly responsible for the electrical coupling of ionic fluxes. Indeed, in the presence of an electrolyte 

concentration gradient, ions with opposite charge would diffuse with different velocities due to the 

difference in the ionic diffusivities. Such difference however induces a charge separation which in 

turn, according to Poisson’s equation (1.53) generates a local electric field accelerating the slower 

ions and decelerating the faster ones. In practice, the diffusion potential is also responsible for the 

establishment of a potential difference across any membrane separating compartments at different 

concentrations.  

2.1.2.4 Diffusion-conduction form of the Nernst-Planck equation 

Integration of the NP equation in the form of eq. (2.20) requires the knowledge of the potential drop 

as boundary condition. This can be rather cumbersome in the modelling of galvanostatic systems, 

where the current density must be set to a specific value and the potential drop is not known a priori. 

In this case, a more useful form of the NP equation can be obtained by substituting eq. (2.28) into eq. 

(2.20): 

 
25 Indeed if 𝐷𝑖 = 𝐷𝑗 = ⋯𝐷𝑛, due to the local electroneutrality restriction ∑ 𝑧𝑖𝛻⃗ 𝐶𝑖𝑖 , the diffusion potential would be null.  
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𝑁⃗⃗ 𝑖
# = −∑𝐷𝑖,𝑗𝛻⃗ 𝐶𝑗

𝑗

+
𝑡𝑖
#𝐽 #

𝑧𝑖ℱ
 (2.30) 

In the former equation 𝐷𝑖,j are called cross-diffusion coefficients and are defined as follows: 

𝐷𝑖,𝑗 = 𝐷𝑖𝛤𝑖(𝑛)𝛿𝑖,𝑗 +
𝑡𝑖
#

𝑧𝑖
𝑧𝑗(𝐷𝑖𝛤𝑖(𝑛) − 𝐷𝑗𝛤𝑗(𝑛)) (2.31) 

Where 𝛿𝑖,𝑗 is the Kronecker delta which assumes the following values:  

{
𝛿𝑖,𝑗 = 1 ⟺ 𝑖 = 𝑗

𝛿𝑖,𝑗 = 0 ⟺ 𝑖 ≠ 𝑗
 (2.32) 

Equation (2.30) is called the diffusion-conduction form of the NP equation, as the second term on the 

right-hand side of the equation explicitly account for ionic conduction.Conversely, the first term 

accounts for chemical diffusion, i.e., ionic transport solely due to the presence of concentration 

gradients. 

2.1.2.5 Nernst-Hartley electrolyte diffusion coefficient 

In the previous section it was shown that the strength of the NP approach over the Fickian one comes 

from the description of mass transport in terms of dissociated ions rather than neutral electrolytes. 

Nonetheless, in some cases, the Fickian approach can be useful owing to its structural simplicity. For 

instance, integration of transport equations to retrieve transport coefficients from macroscale 

experimental data in a single-salt system is easier in the Fickian framework (see section 2.3.2). Hence, 

it is useful to know the relation between the Fickian salt diffusivity and the NP ionic diffusivities. Let 

us consider a system composed of two oppositely charged ionic species for which the differential 

form of the local electroneutrality equation is satisfied: 

∑𝑧𝑘𝛻⃗ 𝐶𝑘

𝑘

= 0 (2.33) 

According to the diffusion-conduction form of the NP equation, chemical (or Fickian) diffusion is 

described by the first right-hand side term of eq. (2.30). Substitution of equations (2.31) and (2.33) 

into the former equation leads to: 
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𝑁⃗⃗ 𝑖
# = −(𝑡𝑖

#𝐷𝑗𝛤𝑗(𝑛) + 𝑡𝑗
#𝐷𝑖𝛤𝑖(𝑛))𝛻⃗ 𝐶𝑖 +

𝑡𝑖
#𝐽 #

𝑧𝑖ℱ
 

(2.34) 

Substituting the expression of the transport number in the NP approach (eq. (2.27)), the following 

formulation of the NP equation for a binary system can be obtained: 

𝑁⃗⃗ 𝑖
# = −𝐷̅𝑖𝑗𝛻⃗ 𝐶𝑖 +

𝑡𝑖
#𝐽 #

𝑧𝑖ℱ
 

(2.35) 

where 𝐷𝑖𝑗 correspond to the Nernst-Hartley diffusion coefficient of the dissociated electrolyte, related 

to the ionic diffusion coefficients as follows: 

𝐷̅𝑖𝑗 =
𝐷𝑖𝐷𝑗(𝑧𝑖

2𝐶𝑖𝛤𝑗(𝑛) + 𝑧𝑗
2𝐶𝑗𝛤𝑖(𝑛))

𝑧𝑖
2𝐷𝑖𝐶𝑖 + 𝑧𝑗

2𝐷𝑗𝐶𝑗

 (2.36) 

Please note that, depending on the chosen reference species for the quasi-electrostatic potential (i.e., 

𝑛 = 𝑖 or 𝑛 = 𝑗), either 𝛤𝑗(𝑛) or 𝛤𝑖(𝑛) would correspond to 1. In the absence of non-ideal interaction 

(i.e., Γ𝑖(𝑛) = 𝛤𝑗(𝑛) = 1 ), the Nernst-Hartley diffusion coefficient corresponds to the Fickian salt 

diffusion coefficient. This can be easily demonstrated considering that, in the absence of an ohmic 

current, due to the local electroneutrality (eq. (2.33)), the following relations hold: 

𝛻⃗ 𝐶𝑖𝑗 =
𝛻⃗ 𝐶𝑖

𝜈𝑖
 

(2.37) 

𝑁⃗⃗ 𝑖𝑗
# =

𝑁⃗⃗ 𝑖
#

𝜈𝑖
 

(2.38) 

where 𝑁⃗⃗ 𝑖𝑗
# and 𝛻⃗ 𝐶𝑖𝑗 are respectively the neutral electrolyte flux and concentration gradient and 𝜈𝑖 is 

a stoichiometric coefficient satisfying the Guggenheim’s relation (eq. (1.28)). Substitution of the 

former equations into eq. (2.35) leads to: 

𝑁⃗⃗ 𝑖𝑗
# = −𝐷̅𝑖𝑗𝛻⃗ 𝐶𝑖𝑗 (2.39) 

which is formally analogous to the first Fick’s law for binary diffusion. 
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2.1.2.6 Accounting for IEMs morphology in mass transport modelling 

As previously stated, the NP model is widely employed to describe ionic transport in IEMs. To this 

regard, it is relevant to highlight some critical aspects of the application of such model to IEMs.  

First and foremost, the way the membrane is modelled in equilibrium with the external solution, and 

the resulting definition of the system under consideration, has significant implications for both the 

governing equations and the transport parameters. Treating the membrane equilibrated with the 

external solution as either a one-phase system or a two-phase system, with the latter distinguishing 

between hydrophobic polymeric domains and hydrophilic, solution-containing domains. This point 

is further discussed in section 2.1.3.2.  

In the former case, our system includes the component membrane and the concentration should be 

consistently defined per unit of volume of swollen membrane. Conversely, in the latter case, 

concentrations per unit of volume of sorbed solution must be employed. The two concentrations are 

typically interconverted by means of the water volume fraction of the membrane: 

𝐶𝑖
𝑝

= 𝐶𝑖
𝑤𝜙𝑤 (2.40) 

In the former equation 𝐶𝑖
𝑝
 is the concentration per unit of volume of swollen membrane, while 𝐶𝑖

𝑤 is 

the concentration per unit of volume of sorbed solution26. The domains of the swollen membrane 

occupied by the solution are referred to as pores, even though there is not unanimous agreement in 

the scientific community on the proper usage of such term [12,129,130]. As a matter of fact, dense 

polymer membranes do not have fixed pores as strictly porous membranes, but due to the loose 

packing of polymer chains and to the water uptake from the external solution, free volumes (i.e., 

volume not occupied by polymer chains) where water molecules and solvated ions can move are 

created. 

The concentration scale per unit of volume of sorbed solution (i.e., number of moles per volume of 

pores or free volume) represents the most widely adopted approach and was therefore employed in 

the present work.  

Furthermore, when defining velocities, fluxes, and spatial coordinates, it is necessary to distinguish 

between fluxes expressed per unit of geometrical or pore surface area, as well as between geometrical 

 
26 Rigorously. 𝜑

𝑤
 should take into account also the volume occupied by the sorbed ions, but this contribution is usually 

neglected. 
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(i.e., linear) and curvilinear (i.e., following the tortuous path of the hydrophilic domains) spatial 

coordinates.  

The hydrophobic backbones of the polymeric chains act as a geometrical barrier to mass transport, 

which instead occurs within the hydrophilic channels containing water molecules, solvated ions, and 

fixed charges. The presence of this impervious solid matrix reduces the fraction of geometrical area 

available for transport, thereby increasing the interstitial velocity, while also elongating the trajectory 

of the diffusing species across the tortuous medium, which effectively increases the membrane 

thickness. These two effects can be accounted for through the ratio of porosity to tortuosity ϵ τ⁄  [131–

133]. This geometrical correction factor allows the conversion of interstitial fluxes N⃗⃗ i
′ into apparent 

fluxes 𝑁⃗⃗ 𝑖, when the geometrical area and thickness are employed: 

𝑁⃗⃗ 𝑖 =
𝜖

𝜏
𝑁⃗⃗ 𝑖

′ (2.41) 

The correcting coefficient appearing in the former equation can then be incorporated into the ionic 

diffusivity by defining an apparent diffusion coefficient: 

𝐷𝑖 =
𝜖

𝜏
𝐷𝑖′ (2.42) 

Because of this geometrical effect, the measurable apparent diffusivity 𝐷𝑖  is lower than the true 

interstitial diffusivity. Hence, knowledge of the correction factor   ϵ τ⁄ , is required to properly 

evaluate 𝐷𝑖′. 

The porosity 𝜖 corresponds to the fraction of free volume accessible for transport, which coincides 

with the volumetric water fraction 𝜙𝑤 , and can be readily determined from water uptake 

measurements (see 1.2.2.5). In contrast, tortuosity τ cannot be measured directly and is generally 

considered a function of both water volume fraction and the morphology of hydrophilic domains. 

For certain classes of materials, including IEMs, commonly employed theoretical or 

phenomenological models approximate tortuosity as a function of porosity alone. The most widely 

used relation is the Bruggeman expression [114,134,135]: 
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𝜏 = 𝜖𝑛  (2.43) 

with 𝑛 < 0. For a broad range of materials, including IEMs with moderate hydration, Bruggeman’s 

model yields good agreement with experimental data using 𝑛 = −0.5 [134]. Accordingly, 𝜖 𝜏⁄  can 

be rewritten as: 

𝜖

𝜏
=

𝜖

√𝜖
= √𝜙𝑤  (2.44) 

A popular alternative to Bruggeman’s model, is the Mackie & Meares model [136]: 

𝜖

𝜏
= (

𝜙𝑤

2 − 𝜙𝑤
)

2

 
(2.45) 

 

Figure 16 Porosity and tortuosity ratio as a function of water volume fraction in membrane 

evaluated with Bruggeman’s model and Mackie & Meares model 

As shown in Figure 16, the two models yield significantly different predictions of the correction 

factor ϵ τ⁄ , with the discrepancy becoming more pronounced as the water volume fraction decreases. 

Specifically, the Mackie–Meares model predicts a much sharper increase in tortuosity at low 

hydration [133]. For membranes with moderate to low water content (i.e., 𝜙𝑤 < 0.3), the deviation 

between the two models exceeds one order of magnitude. As a consequence, the apparent transport 

coefficients calculated using Mackie–Meares would be more than two orders of magnitude smaller 

than the corresponding interstitial values, which appears unrealistic. Therefore, this model is more 
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suitably applied to highly hydrated membranes (i.e., 𝜙𝑤 > 0.3) [77,137]. Given the moderate water 

uptake of the IEMs investigated in this work, the Bruggeman model (eq. (2.44)) was adopted in the 

present work to convert apparent transport parameters into true (i.e., interstitial) values. 

2.1.2.7 Limitation of the Nernst-Planck approach  

According to its theoretical derivation, the main limitation of the NP model is the neglect of the cross-

phenomenological transport coefficients, i.e., the off-diagonal elements of the transport matrix that 

relate the electrodiffusive flux densities with the driving forces. Consequently, transport of a given 

species is only related to its own electrochemical potential gradient. From a physical perspective, 

such assumption corresponds to neglect the mutual coupling among ionic fluxes due to the short-

range interactions acting on each component. As we discussed in section 2.1.2.3, within the NP 

approach ionic fluxes are coupled through the definition of the diffusion potential that arises to satisfy 

the local electroneutrality condition. However, such coupling is solely due to long-range electrostatic 

interactions and cannot account for the effect of short-range interactions on the transport rates of each 

component.  

In order to clarify this point, let us perform a virtual experiment in order to measure ionic diffusivities 

in an aqueous solution of a generic salt at variable concentration 𝐶𝑐𝑎 . This is typically done by 

performing two separate tests where salt diffusion and ohmic conduction are quantified (see section 

2.2). According to the NP theory, two transport coefficients are enough to describe diffusion and 

conduction in this system. These are the ionic diffusivities of 𝐷𝑐 or 𝐷𝑎 or, conversely, the Nernst-

Hartley salt diffusion coefficient 𝐷̅𝑐𝑎 (eq. (2.36) and the ionic conductivity 𝜅 (eq. (2.26)). Indeed, 

according to the Nernst-Einstein assumption, on which the NP model is based, the effect of an electric 

field or a concentration gradient on the motion of a charged particles must be described by the same 

coefficient. This clearly introduces a limitation on the values that this transport coefficients can 

assume. In fact, by combining equations (2.26) and (2.36) a second degree equation is obtained, and 

real solutions to this equation exist exclusively in the following domain: 

𝐷̅𝑐𝑎 ≤
𝑅𝑔𝑇

4ℱ2

𝜈𝑐 + 𝜈𝑎

𝜈𝑐𝜈𝑎

𝜅

𝐶𝑐𝑎
 (2.46) 

Such inequation clearly states that, taken 𝐷̅𝑐𝑎 and 𝜅 measured at the generic salt concentration 𝐶𝑐𝑎, 

NP ionic diffusivities exist, and hence the NP model can be successfully employed to describe ionic 

transport, only if experimental data satisfy inequation (2.46). 
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By way of example, graphical representation of the derived condition of validity of the NP model 

(i.e., inequality (2.46)) is depicted in Figure 17 at various salt concentrations. In the same figure, 

values of aqueous NaCl salt diffusivity and ionic conductivity are reported. At a given concentration, 

the Nernst-Planck model can be used to describe salt diffusion and ionic conduction, i.e., ionic 

diffusivities can be evaluated from experimental data, only if the experimental data lie below the 

corresponding dashed line. With increasing concentration, the dashed line moves downward. 

Consistently, the black dashed line represents the maximum salt concentration at which the NP model 

can be adopted to simultaneously describe diffusion and conduction. This outcome clearly 

demonstrate that ionic diffusion and conduction cannot be effectively described by the same transport 

parameters, especially at high concentration, at which the short-range interactions become dominant. 

Importantly, the upper limit of validity of the NP model, corresponding to 13 mM for NaCl, lies well 

below the ionic strength that is encountered in any commercial IEM. This proves that NP ionic 

diffusivities at nonzero concentrations are ill-defined and the application of the NP model to describe 

ionic transport in such cases is theoretically, and sometimes practically, unfeasible. 

 

Figure 17 Domain of validity of the Nernst-Planck model in a NaCl aqueous solution. The black 

crosses represent the experimental values of salt diffusivity and ionic conductivity measured at 

different salt concentrations ranging from 0.03 M to 5 M. Salt diffusivity was taken from Vitagliano 

et al.[138] while ionic conductivity was evaluated through the opensource geochemical software for 

aqueous solution properties PhreeqC [127]. The dashed lines are the graphical representation of 

inequation (2.46) at a given salt concentration. The green area represents the concentration 

domain of validity of the Nernst-Planck model. Conversely, the red area represents the 

concentration domain where the Nernst-Planck model fails in describing diffusion and conduction.  

This outcome is not simply related to the values that ionic diffusivities can assume. Conversely, it is 

due to a structural deficiency. The upper limit of validity of the NP model shown in Figure 17 is very 
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close to the upper limit of validity of the Debye-Hückel theory (~ 10𝑚𝑀, see section 1.1.3.11), 

further suggesting that the failure of the NP model is related to the emergence of strong ion-ion 

interactions not accounted for. Consequently, allowing ionic diffusivities to become concentration 

dependent is not sufficient to solve the problem; rather additional composition dependent parameters 

are required to develop a comprehensive transport model [32].  

To prove this, let us perform another virtual experiment and consider two adjacent compartments of 

an ED unit, containing an aqueous NaCl solution at same concentration, separated by a CEM. By 

applying an external ohmic potential difference across the membrane we would observe Na+ ions 

migrating across the CEM toward the negatively charged electrode, while the Cl- would be largely 

blocked. In addition, we would also notice the passage of water molecules in the same direction of 

Na+ ions. Such phenomenon, usually called electro-osmosis, can be explained assuming that water 

molecules are entrained by Na+ ions. In the framework of the NP model such phenomenon is 

surprising and inexplicable, given that the chemical potential of water is the same on both sides of 

the membrane.  

To understand and model such phenomenon, we need to account for short-range (i.e., non-

electrostatic) interactions, relying upon a more sophisticated transport theory, as that presented in 

section 2.1.3  

2.1.3 The Maxwell-Stefan model 

The Maxwell-Stefan model was originally derived by Maxwell and Stefan around 1870 to model 

isothermal diffusion in multi-component gas mixtures. Later, it was extended to liquid mixtures and 

also more complex media such as IEMs. Today, it remains one of the most sophisticated and 

comprehensive transport models. Yet, due to its inherent complexity, it is rather unexplored by 

chemical engineers.  

2.1.3.1 Model derivation  

The Maxwell-Stefan model is derived from a steady-state momentum balance equation applied to 

each component of the system [122]: 

𝑑 𝑖 = −∑𝐹 𝑖,𝑗
𝑗≠𝑖

 (2.47) 

In the former equation, 𝑑 𝑖  represents the overall mass transport driving force per unit of volume 

acting on the generic i-th component, while 𝐹 𝑖,𝑗 depicts the generic force per unit of volume exerted 
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on the i-th component by a different component of the system, with the understanding that the 

summation is extended to all the components except for the i-th component itself. Note that 𝑑 𝑖 and 

𝐹 𝑖,𝑗 in principle may represent forces either internal or external to the system.  

For an isothermal system, in the absence of any external body force (such as gravity) except 

electrostatic forces, 𝑑 𝑖 can be expressed as follows [131]: 

𝑑 𝑖 = 𝐶𝑖𝛻⃗ 𝜇̃𝑖  
(2.48) 

Conversely, according to its definition 𝐹 𝑖𝑗 represents a drag force opposed to the driving force 𝑑 𝑖. 

The magnitude of such force is taken to be proportional to the relative velocity of the two components, 

given that two bodies moving with the same velocity cannot exchange momentum. Such 

proportionality constant is herein called friction factor 𝐾𝑖,𝑗 and defined as follows: 

𝐾𝑖𝑗 =
𝐹 𝑖𝑗

(𝑣 𝑖 − 𝑣 𝑗)
 (2.49) 

where 𝑣 𝑖 and 𝑣 𝑗 are the components velocity with respect to any arbitrary reference frame. According 

to the previous equation, 𝐾𝑖,𝑗  assumes a specific physical meaning: it quantifies the strength of 

interaction among a generic couple of different components. Notably, in the considered special scale, 

there is no distinction among different particles of the same component, and the velocity herein 

introduced should be intended as the average velocity of the component. Consequently, particles of 

the same type cannot exchange momentum and hence the friction factor 𝐾𝑖,𝑖 is not defined. Moreover, 

due to Newton’s third law, or the Onsager reciprocal relations, the friction factors 𝐾𝑖,𝑗 are inherently 

symmetric i.e., 𝐾𝑖,𝑗 = 𝐾𝑗,𝑖. A pictorial representation of these interaction forces is given in Figure 18. 
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Figure 18 Schematic representation of the interactions between different kind of components in a 

ternary system. 

Importantly, in an inertial system 𝐹 𝑖,𝑗 is independent of the chosen reference frame and the same can 

be said about the relative velocity. Consequently, 𝐾𝑖,𝑗 is independent of the chosen reference frame 

as well. Furthermore, by definition, 𝐾𝑖,𝑗  do not depend on the components’ velocities nor on the 

driving force but do depend on the concentration of the components. Clearly, the more particles of a 

component per unit of volume are present, the higher is the intensity of the interaction. Therefore, 

𝐾𝑖,𝑗 is expressed as follows [32,139,140]: 

𝐾𝑖,𝑗 = 𝑅𝑔𝑇
𝐶𝑖𝐶𝑗

𝐶𝑡𝑜𝑡
𝑓𝑖,𝑗 = 𝑅𝑔𝑇

𝐶𝑖𝐶𝑗

𝐶𝑡𝑜𝑡

1

Ð𝑖,𝑗
 (2.50) 

where 𝐶𝑡𝑜𝑡 is the total molar concentration, while 𝑓𝑖,𝑗 and Ð𝑖,𝑗 are respectively the MS binary friction 

and diffusion coefficients27, which exhibit symmetry in the same way as 𝐾𝑖,𝑗. 

By substituting equations (2.48), (2.49) and (2.50) into eq. (2.47), the multi-component Maxwell-

Stefan equation is achieved: 

 

27Considering that such forces are presented as drag forces, the corresponding transport parameter should be the friction 

coefficient 𝑓𝑖,𝑗 . Nonetheless, MS diffusivities Ð𝑖,𝑗 were defined for historical reasons to be consistent with previously 

developed transport models.  

i

j

k
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𝐶𝑖𝛻⃗ 𝜇̃𝑖 = −
𝑅𝑔𝑇

𝐶𝑡𝑜𝑡
∑

𝐶𝑖𝐶𝑗

Ð𝑖,𝑗

(𝑣 𝑖 − 𝑣 𝑗)

𝑗

 (2.51) 

According to equation (2.51), the motion of the components is coupled due to the exchange friction 

forces, or equivalently, the motion of a generic component is influenced by the driving force of all 

the others. Please note that in an isothermal, isobaric system, the former equation can be applied to 

describe the transport of 𝑁 − 1 species, whit 𝑁 including the solvent. Indeed, summation over 𝑖 of 

both sides side of eq. (2.51)) gives: 

∑𝐶𝑖𝛻⃗⃗ 𝜇̃𝑖
𝒊

= −
𝑅𝑔𝑇

𝐶𝑡𝑜𝑡
∑∑

𝐶𝑖𝐶𝑗

Ð𝑖,𝑗
(𝑣⃗⃗ 𝑖 − 𝑣⃗⃗ 𝑗)

𝑗𝑖

 (2.52) 

The right-hand side of the former equation is null due to Newton’s third law, while the left-hand side 

is null due to the Gibbs-Duhem equation. Therefore, the number of transport properties required to 

apply the MS model is 
𝑁

2
(𝑁 − 1). This corresponds to the number of parameters required in the 

phenomenological approach (section 2.1.1.3).  

Importantly, one of the major advantages of the MS model is that, since species velocities only appear 

as differences, the extended MS transport equations are invariant with respect to the choice of 

reference velocity, thus the MS diffusion coefficients are independent from the reference velocity 

[26,130]. Furthermore, due to the inclusion of additional transport coefficients that account for the 

coupling between fluxes, MS diffusivities are inherently less sensitive to variations compared to those 

derived from the NP or Fickian frameworks. 

2.1.3.2 Maxwell-Stefan approach applied to IEMs: the Binary friction model 

Application of the MS model (eq. (2.51)) to IEMs is not trivial as it requires some modifications and 

careful specifications. Of fundamental importance is the choice of the portion of the system subjected 

to the momentum balance. Concentrations and thermodynamic properties must be defined and 

employed consistently with this choice. 

Traditionally, mass transport phenomena in dense membranes such as IEMs have been described in 

accordance with the solution-diffusion model [66,70,141]. According to such model, the system 

cannot support any pressure gradient, and solvent and solutes move down their activity gradient 

defined for the membrane-solvent mixture. This introduces the problem of defining the molecular 

mass of the component “membrane”. To avoid such inconvenience, mass or volumetric fractions are 

typically adopted instead of molar concentrations [142]. Yet, this leads us with the unsatisfactory 
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result of considering the membrane itself as a thermodynamic component of the system in question. 

Indeed, the component “membrane” is not subjected to partition equilibria with the external solution, 

and nothing can be said about its chemical potential. Consequently, the Gibbs-Duhem equation 

cannot be applied to evaluate the water activity in the membrane (see sections 1.1.4.3 and 1.1.4.4). 

Ultimately, the osmotic pressure of the solvent in the membrane is set to its ideal value. 

Apart from thermodynamic considerations, assuming the membrane-solvent mixture as a 

homogeneous thermodynamic phase can be rather questionable [48,143]. 

An alternative approach is considering the solution-equilibrated membrane as a two-phase system 

[144], with the polymer phase distinct from the aqueous, ion-containing phase. 

The system under investigation would correspond to the free volume not occupied by the polymer 

chains where water molecules and solvated ions are located.  

The polymeric chains composing the hydrophobic domains and the fixed charges in contact with the 

solution are considered external bodies which can exert forces on the system. Consistently, the steady-

state momentum balance equation (2.47) should include the contribution of such forces. Hence, the 

MS equation can be rewritten as follows: 

𝐶𝑖𝛻⃗ 𝜇̃𝑖 = −
𝑅𝑔𝑇

𝐶𝑡𝑜𝑡
∑

𝐶𝑖𝐶𝑗

Ð𝑖,𝑗
′ (𝑣 𝑖

′ − 𝑣 𝑗
′)

𝑗≠𝑚

− 𝐾𝑖,𝑚
′ 𝑣 𝑖

′
 (2.53) 

In the former equation, known as Binary Friction (BF) model [131,145], 𝐾𝑖,𝑚 is the friction factor 

describing the overall interaction between the generic mobile component and the membrane matrix, 

while the prime identifies interstitial quantities. 

By means of eq. (2.41) and (2.42), the interstitial velocity can be converted into superficial (i.e., 

apparent velocity) by including porosity and tortuosity correction into the friction factors and into the 

MS binary diffusion coefficients (see section 2.1.2.6): 

𝐾𝑖,𝑗 =
𝐾𝑖,𝑗

′

𝜖
𝜏

 (2.54) 

Ð𝑖,𝑗 =
𝜖

𝜏
Ð𝑖,𝑗′ (2.55) 

Therefore, eq. (2.53) can be rewritten as: 
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𝐶𝑖𝛻⃗ 𝜇̃𝑖 = −
𝑅𝑔𝑇

𝐶𝑡𝑜𝑡
∑

𝐶𝑖𝐶𝑗

Ð𝑖,𝑗

(𝑣 𝑖 − 𝑣 𝑗)

𝑗≠𝑚

− 𝐾𝑖,𝑚𝑣 𝑖 (2.56) 

Note that the velocity of the membrane corresponds to the velocity of the laboratory-fixed reference 

frame and hence is set to zero. If we sum over 𝑖 both sides of eq. (2.53), the contribution of the internal 

forces to the right-side membrane cancel out resulting in the following relation: 

∑𝐶𝑖𝛻⃗ 𝜇̃𝑖

𝑖

= −∑𝐾𝑖,𝑚

𝑖

𝑣 𝑖 (2.57) 

The right-hand side of the former equation represent the overall force exerted by the membrane on 

the system and it is in general non-null. According to the isothermal Gibbs-Duhem equation (2.16), 

this must imply that: 

𝛻⃗ 𝑃 = −∑𝐾𝑖,𝑚

𝑖

𝑣 𝑖 (2.58) 

Equation (2.58) dictates that a pressure gradient develops in the hydrophilic domains to counter-

balance the drag forces exerted by the membrane matrix on the mobile species, including water.  

To this regard, it should be noticed that the binary friction equation (2.53) inherently accounts for 

hydrodynamic flow, and superposing additional equations for the flow of water is incorrect [140]. 

This represents a substantial advantage of the MS approach over the NP one, as the NP equation does 

not describe water transport directly, necessitating an additional independent equation, such as the 

Schloegl equation [22,131], to account for it. 

It should be emphasized that, rather than being a demonstration of the actual presence of a pressure 

gradient in the membrane, eq. (2.58) is simply the result of the chosen modelling approach, which is 

consistent with the fundamental laws of physics and thermodynamics. 

2.1.3.3 Transport equation inversion 

A shortcoming of the MS approach is that transport equations cannot be directly employed in mass 

balance, as the velocities and hence the flux densities are not explicit in eq. (2.53). To express 

explicitly the components’ velocity, eq. (2.53) can be manipulated as follows: 
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𝐶𝑖𝛻⃗ 𝜇̃𝑖 = ∑ ℳ𝑖,𝑗𝑣 𝑖
𝑗≠𝑚

 (2.59) 

where ℳ𝑖,𝑗 is defined as follows: 

{

ℳ𝑖,𝑗 = 𝐾𝑖,𝑗  ⟺ 𝑖 ≠ 𝑗

ℳ𝑖,𝑗 = −𝐾𝑖,𝑚 − ∑ 𝐾𝑖,𝑗

𝑗≠𝑚

 ⟺ 𝑖 = 𝑗 
(2.60) 

By defining the corresponding transport matrix [ℳ𝑖,𝑗], eq. (2.59) can be rewritten as follows: 

[𝐶𝑖𝛻⃗⃗ 𝜇̃𝑖
] = [ℳ𝑖,𝑗][𝑣⃗⃗ 𝑖] (2.61) 

Inversion of the former equation leads to: 

𝑣 𝑖 = − ∑ ℒ𝑖,𝑗

𝑗≠𝑚

𝐶𝑗𝛻⃗ 𝜇̃𝑗 (2.62) 

where the coefficients ℒ𝑖,𝑗 is obtained from the negative inverse matrix of [ℒ𝑖,𝑗]: 

[ℒ𝑖,𝑗] = −[ℳ𝑖,𝑗]
−1

 
(2.63) 

Importantly, ℒ𝑖,𝑗  and ℳ𝑖,𝑗  are both symmetric coefficients and, following the former theoretical 

derivation, they are related to a laboratory-fixed reference frame [32].  

By means of eq. (2.5), equation (2.62) can be rewritten as follows: 

𝑁⃗⃗ 𝑖 = −𝐶𝑖 ∑ ℒ𝑖,𝑗

𝑗≠𝑚

𝐶𝑗𝛻⃗ 𝜇̃𝑗 (2.64) 

The former equation is structurally equivalent to eq. (2.14), proving that the MS approach is formally 

equivalent to the Onsager phenomenological approach. 

2.1.3.4 Conductivity and transport numbers 

By means of eq. (2.7), the ionic current density measured with respect to the laboratory reference 

frame can be evaluated as follows: 



2.1 Transport phenomena in ion-exchange membranes: theoretical foundations and modelling 

109 

 

𝐽 = −ℱ ∑𝑧𝑖𝐶𝑖

𝑖

∑ ℒ𝑖,𝑗

𝑗≠𝑚

𝐶𝑗𝛻⃗ 𝜇̃𝑗 (2.65) 

In a solution of uniform composition, 𝛻⃗ 𝜇̃j corresponds to 𝑧𝑗𝐹𝛻⃗ 𝜑 (see eq. (1.37)). Hence, eq. (2.65) 

can be rewritten as follows: 

𝐽 = −ℱ2𝛻⃗ 𝜑 ∑ 𝑧𝑖𝐶𝑖

𝑖≠𝑚

∑ ℒ𝑖,𝑗

𝑗≠𝑚

𝑧𝑗𝐶𝑗  (2.66) 

Comparison with first Ohm’s law allows to define ionic conductivity as follows: 

𝜅 = ℱ2 ∑ ∑ ℒ𝑖,𝑗

𝑗≠𝑚

𝑧𝑗𝐶𝑗𝑧𝑖𝐶𝑖

𝑖≠𝑚

 (2.67) 

Equation (2.67) is formally analogue to the ionic conductivity defined in the NP framework (eq. 

(2.26) even though proper distinction should be made. In fact, while ionic diffusivities are directly 

defined per each component, ℒ𝑖,𝑗 comes from an algebraic combination of all components transport 

coefficients. 

Regarding the ions transport number, it could be straightforwardly defined by combining equations 

(2.10) and (2.62): 

𝑡𝑖 =
𝑧𝑖𝐶𝑖 ∑ ℒ𝑖,𝑗𝑗≠𝑚 𝑧𝑗𝐶𝑗

∑ ∑ ℒ𝑖,𝑗𝑗≠𝑚 𝑧𝑗𝐶𝑗𝑧𝑖𝐶𝑖𝑖≠𝑚
 (2.68) 

2.1.3.5 Salt diffusive transport equation 

In section 2.1.2.5, it was shown how to apply the NP model to derive the transport equation for the 

diffusion of a neutral electrolyte under the effect of a concentration gradient, when no external ohmic 

potential is applied to the system. Such result is particularly useful as one of the main IEMs 

experimental characterisation techniques is the standard diffusion test (see section 2.2). At this point, 

we aim at deriving a similar result starting by employing the binary-friction model.  

Let us consider an IEM equilibrated with a strong electrolyte solution. According to eq. (2.53), mobile 

ions’ transport is described according to the following equations: 
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𝛻⃗ 𝜇̃𝑐 =
1

𝐶𝑐

[𝐾𝑐,𝑎(𝑣 𝑎 − 𝑣 𝑐) + 𝐾𝑐,𝑤(𝑣 𝑤 − 𝑣 𝑐) − 𝐾𝑐,𝑚𝑣 𝑐] (2.69) 

𝛻⃗ 𝜇̃𝑎 =
1

𝐶𝑎

[𝐾𝑐,𝑎(𝑣 𝑐 − 𝑣 𝑎) + 𝐾𝑎,𝑤(𝑣 𝑤 − 𝑣 𝑎) − 𝐾𝑎,𝑚𝑣 𝑎] (2.70) 

Where the subscripts 𝑐  and 𝑎  identify the mobile cation and anion virtually stemming from the 

dissociation of the neutral electrolyte and partitioned into the membrane. By multiplying the former 

equations for the relative stoichiometric coefficients and replacing the velocities with the 

corresponding ionic fluxes we obtain: 

𝜈𝑐𝛻⃗ 𝜇̃𝑐 =
𝜈𝑐

𝐶𝑐
[
𝐾𝑐,𝑎

𝐶𝑎𝐶𝑐

(𝐶𝑐𝑁⃗⃗ 𝑎 − 𝐶𝑎𝑁⃗⃗ 𝑐) +
𝐾𝑐,𝑤

𝐶𝑤𝐶𝑐

(𝐶𝑐𝑁⃗⃗ 𝑤 − 𝐶𝑤𝑁⃗⃗ 𝑐) −
𝐾𝑐,𝑚

𝐶𝑐
𝑁⃗⃗ 𝑐] (2.71) 

𝜈𝑎𝛻⃗ 𝜇̃𝑎 =
𝜈𝑎

𝐶𝑎
[
𝐾𝑐,𝑎

𝐶𝑐𝐶𝑎

(𝐶𝑎𝑁⃗⃗ 𝑐 − 𝐶𝑐𝑁⃗⃗ 𝑎) +
𝐾𝑎,𝑤

𝐶𝑤𝐶𝑎

(𝐶𝑎𝑁⃗⃗ 𝑤 − 𝐶𝑤𝑁⃗⃗ 𝑎) −
𝐾𝑎,𝑚

𝐶𝑎
𝑁⃗⃗ 𝑎] (2.72) 

If no ohmic potential is applied externally, the current density is zero, hence: 

𝑧𝑐𝑁⃗⃗ 𝑐 + 𝑧𝑎𝑁⃗⃗ 𝑎 = 0 (2.73) 

By applying Guggeneim’s relation (eq. (1.28)) the former equation can be written as follows: 

𝑁⃗⃗⃗ 𝑐
𝜈𝑐

=
𝑁⃗⃗⃗ 𝑎
𝜈𝑎

= 𝑁⃗⃗⃗ 𝑐𝑎 
(2.74) 

where 𝑁⃗⃗ 𝑐𝑎 is the neutral salt flux. Substitution of eq. (2.74) into equations (2.71) and (2.72) leads to: 

𝜈𝑐𝛻⃗ 𝜇̃𝑐 =
𝜈𝑐

𝐶𝑐
[
𝐾𝑐,𝑎

𝐶𝑎𝐶𝑐

(𝐶𝑐𝜈𝑎 − 𝐶𝑎𝜈𝑐)𝑁⃗⃗ 𝑐𝑎 +
𝐾𝑐,𝑤

𝐶𝑤𝐶𝑐

(𝐶𝑐𝑁⃗⃗ 𝑤 − 𝐶𝑤𝜈𝑐𝑁⃗⃗ 𝑐𝑎) −
𝐾𝑐,𝑚

𝐶𝑐
𝜈𝑐𝑁⃗⃗ 𝑐𝑎] (2.75) 

𝜈𝑎𝛻⃗ 𝜇̃𝑎 =
𝜈𝑎

𝐶𝑎
[
𝐾𝑐,𝑎

𝐶𝑐𝐶𝑎

(𝐶𝑎𝜈𝑐 − 𝐶𝑐𝜈𝑎)𝑁⃗⃗ 𝑐𝑎 +
𝐾𝑎,𝑤

𝐶𝑤𝐶𝑎

(𝐶𝑎𝑁⃗⃗ 𝑤 − 𝐶𝑤𝜈𝑎𝑁⃗⃗ 𝑐𝑎) −
𝐾𝑎,𝑚

𝐶𝑎
𝜈𝑎𝑁⃗⃗ 𝑐𝑎] (2.76) 

By taking the anion as reference species to define the quasi-electrostatic potential, the neutral salt 

chemical potential (eq. (1.29)) can be defined as follows: 
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𝜈𝑐𝛻⃗ 𝜇̃𝑐 + 𝜈𝑎𝛻⃗ 𝜇̃𝑎 = 𝑅𝑔𝑇 (𝜈𝑐𝛤𝑐(𝑎)

𝛻⃗ 𝐶𝑐

𝐶𝑐
+ 𝜈𝑎

𝛻⃗ 𝐶𝑎

𝐶𝑎
) 

(2.77) 

where 𝛤𝑐(𝑎) is the thermodynamic correcting factor accounting for the activity coefficient gradient 

(see section 2.1.2.2). Please note that in the former equation the dependence of the chemical potential 

on the pressure gradient was neglected. By summing equations (2.75) and (2.76), replacing the left-

hand side with eq. (2.77) and multiplying both members by 𝐶𝑐𝐶𝑎, the following equation is achieved: 

𝑅𝑔𝑇(𝐶𝑎𝜈𝑐𝛤𝑐(𝑎)𝛻⃗ 𝐶𝑐 + 𝐶𝑐𝜈𝑎𝛻⃗ 𝐶𝑎)

= − [
𝐾𝑐,𝑎

𝐶𝑎𝐶𝑐

(𝐶𝑐𝜈𝑎 − 𝐶𝑎𝜈𝑐)(𝐶𝑎𝜈𝑐 − 𝐶𝑐𝜈𝑎) + (
𝐶𝑎

𝐶𝑐

𝜈𝑐
2𝐾𝑐,𝑤 +

𝐶𝑐

𝐶𝑎

𝜈𝑎
2𝐾𝑎,𝑤)

+ (
𝐶𝑎

𝐶𝑐

𝜈𝑐
2𝐾𝑐,𝑚 +

𝐶𝑐

𝐶𝑎

𝜈𝑎
2𝐾𝑎,𝑚)] 𝑁⃗⃗ 𝑐𝑎 + [

𝐶𝑎

𝐶𝑤

𝜈𝑐𝐾𝑐,𝑤 +
𝐶𝑐

𝐶𝑤

𝜈𝑎𝐾𝑎,𝑤] 𝑁⃗⃗ 𝑤 

(2.78) 

By means of the differential form of the local electroneutrality equation (eq. (2.33)), the concentration 

gradient of the mobile species can be related as follows28: 

𝛻⃗ 𝐶𝑐 = −
𝑧𝑎

𝑧𝑐
𝛻⃗ 𝐶𝑎 (2.79) 

Consequently, the left-hand side of the latter equation can be rewritten as follows 

𝑅𝑔𝑇(𝐶𝑎𝜈𝑐𝛤𝑐(𝑎)𝛻⃗ 𝐶𝑐 + 𝐶𝑐𝜈𝑎𝛻⃗ 𝐶𝑎) = 𝑅𝑔𝑇 (𝐶𝑐𝜈𝑎 − 𝐶𝑎𝜈𝑐𝛤𝑐(𝑎)

𝑧𝑎

𝑧𝑐

) 𝛻⃗ 𝐶𝑎 (2.80) 

Therefore, by applying eq. (2.50) and further manipulating the resulting equation, the following salt 

diffusion equation is achieved: 

(𝐶𝑐𝜈𝑎 − 𝐶𝑎𝜈𝑐𝛤𝑐(𝑎)

𝑧𝑎

𝑧𝑐
) 𝛻⃗ 𝐶𝑎

= − [(
𝐶𝑎𝐶𝑤

𝐶𝑡𝑜𝑡

𝜈𝑐
2

Ð𝑐,𝑤
+

𝐶𝑐𝐶𝑤

𝐶𝑡𝑜𝑡

𝜈𝑎
2

Ð𝑎,𝑤
) +

(𝐶𝑐𝜈𝑎 − 𝐶𝑎𝜈𝑐)
2

𝐶𝑡𝑜𝑡Ð𝑐,𝑎
+

𝐾𝑐𝑎,𝑚

𝑅𝑔𝑇
] 𝑁⃗⃗⃗ 𝑐𝑎

+ [
𝐶𝑐𝐶𝑎

𝐶𝑡𝑜𝑡
(

𝜈𝑐

Ð𝑐,𝑤
+

𝜈𝑎

Ð𝑎,𝑤
)] 𝑁⃗⃗⃗ 𝑤 

(2.81) 

where 𝐾ca,m is called equivalent salt-membrane friction factor and defined as follows: 

 
28Equation (2.33) is strictly valid if fixed charges concentration gradient in the membrane due to differential swelling is 

neglected. 
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𝐾𝑐𝑎,𝑚 =
𝐶𝑎

𝐶𝑐
𝜈𝑐

2𝐾𝑐,𝑚 +
𝐶𝑐

𝐶𝑎
𝜈𝑎

2𝐾𝑎,𝑚  (2.82) 

Equation (2.81) is formally analogue to the Nernst-Hartley diffusion equation for a neutral salt (eq. 

(2.39). However, thanks to the MS approach, the salt diffusion coefficient was decomposed in a series 

of terms, each of them accounting for a specific kind of interaction affecting the salt transport rate. 

Indeed, the terms in the square bracket multiplying the salt flux in eq. (2.81) respectively accounts 

for ion-water interactions, ion-ion interactions and ion-membrane interactions. Moreover, eq. (2.81) 

directly takes into account the effect of the drag force that water molecules exert on the mobile ions. 

According to eq. (2.81), a water flux opposed to the salt flux imply a reduction of the salt flux itself. 

Form a physical point of view, this apparent transport resistance is due to the drag force that water 

molecules exert on the mobile ions moving in the opposite direction. 

2.1.3.6 Osmotic water transport equation 

As discussed in the previous sections, one of the main advantages of the MS approach is that it 

provides a comprehensive approach to model mass transport, including water transport in the 

membrane. In this section we aim at deriving the transport equation describing water osmotic flux 

when no ohmic potential gradient is applied externally (i.e., in the absence of an applied current 

density). By considering a membrane equilibrated with a single-salt solution, water transport equation 

can be derived from eq. (2.53) as follows: 

𝐶𝑤𝛻⃗ 𝜇𝑤 = [𝐾𝑤,𝑐(𝑣 𝑐 − 𝑣 𝑤) + 𝐾𝑤,𝑎(𝑣 𝑎 − 𝑣 𝑤) − 𝐾𝑤,𝑚𝑣 𝑤] (2.83) 

Substitution of the water chemical potential expression (eq. (1.13)) leads to:  

𝐶𝑤𝜐𝑤 (
𝑅𝑔𝑇

𝜐𝑤
𝛻⃗ 𝑙𝑛𝑎𝑤 + 𝛻⃗ 𝑃) = [𝐾𝑤,𝑐(𝑣 𝑐 − 𝑣 𝑤) + 𝐾𝑤,𝑎(𝑣 𝑎 − 𝑣 𝑤) − 𝐾𝑤,𝑚𝑣 𝑤] (2.84) 

By applying eq. (1.16) the water activity gradient can be expressed in terms of the osmotic pressure 

gradient as follows: 

𝐶𝑤𝜐𝑤(𝛻⃗ 𝑃 − 𝛻⃗ 𝛱) = [𝐾𝑤,𝑐(𝑣 𝑐 − 𝑣 𝑤) + 𝐾𝑤,𝑎(𝑣 𝑎 − 𝑣 𝑤) − 𝐾𝑤,𝑚𝑣 𝑤] (2.85) 

According to the latter equation, the net driving force to water transport in membrane is given by the 

difference between hydrostatic pressure and osmotic pressure gradient. Notably, the quasi-

electrostatic potential gradient does not explicitly appear in the driving force expression. However, it 
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indirectly affects the water molecules’ velocity by influencing the values of the mobile ions’ velocity. 

This further proves that, thanks to the coupling of water and ions’ fluxes, in the MS approach no 

further transport equations are needed to account for osmotic and electro-osmotic water transport. 

Assuming 𝐶𝑤𝜐𝑤 ≈ 1, substituting apparent velocities with fluxes and applying equations (2.74) and 

(2.50) we arrive at: 

(𝛻⃗ 𝑃 − 𝛻⃗ 𝛱) = 𝑅𝑔𝑇
𝐶𝑤

𝐶𝑡𝑜𝑡
(

𝜈𝑐

Ð𝑐,𝑤
+

𝜈𝑎

Ð𝑎,𝑤
) 𝑁⃗⃗ 𝑠 − 𝑅𝑔𝑇 [

1

𝐶𝑤

𝐾𝑤,𝑚

𝑅𝑔𝑇
+

1

𝐶𝑡𝑜𝑡
(

𝐶𝑐

Ð𝑐,𝑤
+

𝐶𝑎

Ð𝑎,𝑤
)] 𝑁⃗⃗ 𝑤  (2.86) 

In order to be solved for 𝑁⃗⃗ w, equation (2.86) must be coupled with the mobile salt transport equation 

(2.81) and with the local electroneutrality condition (eq.(2.79)) given that the mobile ions 

concentration profiles in the membrane are, in general, not known a priori. To do so, proper boundary 

conditions must be provided, i.e., mobile species concentration, hydrostatic pressure and osmotic 

pressure drop between the solution-membrane interfaces must be imposed in order to determine the 

mobile species’ velocity, or equivalently their fluxes. 

In practical applications, 𝛻⃗ 𝑃 in the membrane can be induced applying a pressure drop between the 

two compartments separated by the membrane. However, in section 1.1.4.3 it was demonstrated that 

hydrostatic pressure gradients can also have a thermodynamic origin, being induced by differences 

in salt concentration in the external solutions facing the membrane. Such values should be determined 

by imposing the electrochemical potential equilibria at the solution-membrane interface. However, 

in section 1.3.1 it was shown that, in the absence of experimental values of hydrostatic pressure in 

the membrane (if achievable), the excess osmotic pressure in the membrane is not univocally 

determined. Consequently, the hydrostatic pressure in the membrane is determined up to an arbitrary 

constant (𝛱𝑚,𝑒𝑥,0, see Figure 10).  

At this point, one could argue that, given that 𝛱𝑚,𝑒𝑥,0 does not change moving from the left-hand to 

the right-hand interface (and vice versa), 𝛻⃗ 𝑃  should not be affected by such arbitrary choice. 

However, such indeterminacy may cause the hydrostatic pressure in the membrane to assume 

negative values under certain circumstances. Nonetheless, eq. (2.84) can be solved anyway by 

defining an overall driving force as follows: 
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𝛻⃗ 𝑃𝑡𝑜𝑡 = 𝑅𝑔𝑇
𝐶𝑤

𝐶𝑡𝑜𝑡
(

𝜈𝑐

Ð𝑐,𝑤
+

𝜈𝑎

Ð𝑎,𝑤
) 𝑁⃗⃗ 𝑐𝑎 − 𝑅𝑔𝑇 [

1

𝐶𝑤

𝐾𝑤,𝑚

𝑅𝑔𝑇
+

1

𝐶𝑡𝑜𝑡
(

𝐶𝑐

Ð𝑐,𝑤
+

𝐶𝑎

Ð𝑎,𝑤
)] 𝑁⃗⃗ 𝑤  (2.87) 

where 𝛻⃗ 𝑃𝑡𝑜𝑡 = 𝛻⃗ (𝑃 − Π). The total pressure 𝑃𝑡𝑜𝑡 indeed is a different way of expressing the water 

chemical potential in the membrane phase [73,74], and differently form the hydrostatic pressure is 

univocally determined due to the equality of the water chemical potential at the solution membrane 

interface.  

2.1.3.7 Physicochemical models for interactions among mobile species 

In the present section, it was shown how the meaning and value of ionic diffusivities, and transport 

parameters in general, is not absolute and must always be related to the theoretical structure of the 

transport model through which they are defined. Indeed, diffusivities are no more than mathematical 

artifacts used to describe the extent of ions and molecules interactions. However, likewise models, 

some artifacts are more useful than others. 

For instance, NP ionic diffusivities do have a physical meaning only under the assumption of the NP 

model, i.e., at infinite dilution. Under this condition, they specifically describe the interaction between 

a mobile ion and the surrounding solvent molecules. At higher concentrations, other interactions 

become relevant, and nothing can be said about the physical meaning of NP ionic diffusivities. 

Consequently, any attempt to extrapolate physical information regarding fundamental physical 

properties from NP model outside its validity domain is likely meaningless. 

Most of the NP model limitation can be overcome relaxing the hypothesis of the independence of 

ionic fluxes. In this regard, the MS theory allow to describe a variety of interactions, allowing to 

describe complex multi-component systems also at high concentration.  

Indeed, the MS binary diffusion coefficients do have a specific physical meaning, as they quantify 

the strength of interaction among specific couples of components. This not only make such 

coefficients less concentration-dependent but also make them less dependent from the composition 

of the system, allowing for an easier modelling strategy. In light of these considerations, once the 

value of a generic binary diffusion coefficient Ð𝑖𝑗  is determined in a given system, the same value 

may be employed with sufficient accuracy to describe the 𝑖 − 𝑗 interactions in a different system 

[133,146]. 

For instance, the ion-water MS binary diffusion coefficients Ð𝑖𝑤  can be modelled according to the 

well-known Stokes-Einstein theory, which in the framework of the NP model can be used to estimate 

ionic diffusivities only in the limit of vanishing concentrations. According to the Stokes-Einstein 
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theory, the drag forces exerted by the solvent molecules on the mobile ions (and vice versa) is 

inversely related to the viscosity of the solution, according to the following equation [132,133]: 

Ð𝑖,𝑤 =
𝜖

𝜏

Ð𝑖,𝑤
∞0

𝜂𝑟
 

(2.88) 

where Ð𝑖,𝑤
∞0  is the infinite dilution ion-solvent binary diffusion coefficient, while 𝜂𝑟  is the relative 

viscosity of the solution, i.e., the ratio between the solution and the pure solvent viscosity, and 𝜖 𝜏⁄  

was used to account for porosity and tortuosity correction in the membrane. The relative viscosity of 

an aqueous electrolyte typically increases with the ionic strength due to the increased steric 

interactions among the ions and the solvent. Consequently, Ð𝑖,𝑤 typically decreases with the solutes’ 

concentration. According to the Einstein’s law, the relative viscosity can be satisfyingly modelled as 

follows [23]: 

𝜂𝑟 =
(1 + ∑ 𝐶𝑖𝜓𝑖/2𝑖≠𝑤 )

(1 − ∑ 𝐶𝑖𝜓𝑖𝑖≠𝑤 )2
 (2.89) 

where 𝜓𝑖 is the effective viscous molar volume of the ions, that is usually fitted from the electrolyte 

solution viscosity data. 

Regarding the ion-ion binary diffusion coefficient Ð𝑖,𝑗, its value can be estimated from the theory of 

ion-ion interactions. Wesseling and Chapman [132,133,147] demonstrated that Ð𝑖,𝑗  is roughly 

inversely proportional to the square root of the ionic strength of the solution, in accordance with the 

Debye-Hückel theory of ion-ion interaction (see section 1.1.3.11). According to Pinto et al. [146], a 

better estimation of the ion-ion interaction strength can be provided by including the effect of the 

finite ions size in the Debye-Hückel equation. Therefore, in the present work, Ð𝑖𝑗  is modelled by 

means of an equation formally analogue to eq. (1.63): 

Ð𝑖𝑗 = −
𝜖

𝜏

𝜁𝑖,𝑗(𝑧𝑖𝑧𝑗)𝐼
𝑐𝑖,𝑗

1 + 𝛽𝑖,𝑗𝐼
𝑐𝑖,𝑗

 (2.90) 

where 𝜁𝑖,𝑗 , 𝛽𝑖,𝑗 and 𝑐𝑖,𝑗 are constant parameters to be fitted on experimental aqueous electrolytes data. 

Figure 19 shows the agreement between the experimental values and the Stokes-Einstein and Debye-

Hückel models’ prediction of ion-ion and ion-water MS binary diffusion coefficients for aqueous 

solutions of NaCl and KCl at various concentrations. The fitting parameters of the two models are 

reported in Table 8 and Table 9. 
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Figure 19 Maxwell-Stefan binary diffusion coefficients for NaCl (A) and KCl (B) aqueous solutions 

at various salt concentration. The crosses represent the experimental values taken from [147], while 

the dashed lines represent the Stokes-Einstein (eq. (2.88) and (2.89)) and the Debye-Hückel (eq. 

(2.90)) models fitting applied respectively to ion-water and ion-ion binary coefficients. The 

corresponding fitting parameters are reported in Table 8 and Table 9 

Table 8 Einstein’ model (eq. (2.89)) parameters. Effective viscous radii were fitted to minimize the  

Mean relative Deviation (MRD) with the experimental data, while the viscous molar volume ψ was 
evaluated as the corresponding spheric volume divided by the Avogadro’s number 

  Effective viscous radius [Å] Viscous molar volume(ψi) [cm3 mol-1] 

Na+ 2.49 39.0 

K+ 0.30 0.07 

Cl- 1.41 7.12 

 

Table 9 Fitting parameters of the Debye-Hückel model (eq. (2.90)) for ion-ion binary diffusion 

coefficients  

  ζi,j [m3/2 mol-1/2] βi,j [m3/2 mol-1/2] ci,j [-] 

Na+,Cl- 2.14E-12 2.22E-14 0.593 

K+,Cl- 2.46E-12 2.22E-14 0.630 

 

 

 

1E-12

1E-11

1E-10

1E-09

1E-08

0.001 0.01 0.1 1 10

D
ij

[m
2
/s

]

Salt concentration [mol/L]

1E-12

1E-11

1E-10

1E-09

1E-08

0.001 0.01 0.1 1 10

D
ij

[m
2
/s

]

Salt concentration [mol/L]

Na+,w

Cl-,w

Na+,Cl-

Cl-,w

K+,w

K+,Cl-

Exp. value

Model

Exp. value

Model

A B



2.2 Transport phenomena in ion-exchange membranes: experimental investigations 

117 

 

2.2 Transport phenomena in ion-exchange membranes: 

experimental investigations 

In section 2.1, two distinct theoretical frameworks for mass transfer, the Nernst–Planck (NP) and the 

Maxwell–Stefan (MS) models, were investigated. These models allow the evaluation of mass and 

charge fluxes if the relevant transport coefficients are known. To determine such coefficients from 

measurable experimental quantities, the transport equations must be applied and solved under specific 

conditions. However, given the complexity of the topic, experimental determination of fundamental 

transport coefficients is rarely performed. In most studies, these coefficients are treated as mere 

adjustable parameters, or simpler models relying on macroscale coefficients are adopted. 

Consequently, literature data on fundamental transport coefficients in membranes are scarce, 

especially for multi-component or high-concentration systems. This is especially true for the MS 

binary diffusion coefficients, which are challenging to determine due to the inherent complexity of 

the MS framework. 

Furthermore, because these transport parameters can depend on the system’s concentration and 

composition, the importance of theoretical models capable of predicting their values across different 

operating conditions becomes evident. Such models can only be developed, or validated, using 

reliable experimental data obtained through robust characterization techniques combined with 

rigorous mathematical analyses. 

In the present work, an extensive experimental characterization campaign was performed on a 

commercial CEM to retrieve fundamental transport coefficients from raw experimental data. In the 

present section, the adopted characterisation techniques and the experimental results are presented 

and discussed. Part of the experimental campaign presented in the present section (sections 2.2.1.2, 

2.2.2 and 2.2.4) were conducted during a doctoral research stay at the facilities of the chair of 

chemical engineering at RWTH Aachen university (Germany) under the supervision of prof. Matthias 

Wessling and Dr. Christian Linnartz. 

The data presented herein are then employed in section 2.3 to solve the transport equations in 

membrane for the unknown transport coefficients.  

2.2.1 Ionic conductivity 

Ionic conductivity is a fundamental property of IEMs, as it directly affects ohmic losses and, 

consequently, the overall performance of the electromembrane technologies. According to the NP 

and MS transport theory, the ionic conductivity of a generic IEM is related to the concentration and 
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mobility of the species partitioned within the membrane. Therefore, conductivity measurement 

constitutes a fundamental characterization technique for investigating ion transport in IEMs. 

Ionic conductivity is indirectly evaluated by applying Ohm’s first law to describe ionic conduction 

[6,7]: 

𝐽 ′ = −𝜅𝑚
′ 𝛻⃗ 𝜑𝑜ℎ𝑚 (2.91) 

where 𝐽 ′ correspond to the interstitial (pore surface area-based) current density. In the absence of 

concentration gradients, 𝜅𝑚 is independent of the spatial position and the ohmic potential gradient 

𝛻⃗ 𝜑𝑜ℎ𝑚 corresponds to the overall potential gradient. Moreover, if 𝜑𝑜ℎ𝑚  is a function of a single 

spatial variable and 𝐽 ′ is invariant with the position, eq. (2.91) can be integrated over the membrane 

geometrical thickness to get: 

𝐽 =
𝜅𝑚

𝛿
∆𝜑𝑜ℎ𝑚 (2.92) 

where 𝛿 is the membrane geometrical thickness and the apparent conductivity 𝜅𝑚 is related to the 

true interstitial conductivity 𝜅𝑚
′  as follows (see section 2.1.2.6): 

𝜅𝑚 =
𝜖

𝜏
𝜅𝑚

′  (2.93) 

It should be noted that 𝜅𝑚
′  and 𝜅𝑚 are often confused in the literature, with the dependence of the 

apparent conductivity from the porosity and the tortuosity of the membrane frequently left implicit. 

Multiplying both sides of eq. (2.92) by the geometrical area of the membrane 𝐴𝑚  leads to the 

following equation: 

𝑅𝑚 =
∆𝜑𝑜ℎ𝑚

𝑗
=

𝛿

𝜅𝑚𝐴𝑚
 (2.94) 

Where 𝑅𝑚 is the electrical resistance of the membrane and 𝑗 is the electrical current. According to 

eq. (2.94), 𝜅𝑚 can be determined by measuring the potential drop and the current.  

In the literature several experimental methods are reported to measure the electrical resistance of an 

IEM. In general, 𝑅𝑚 is determined by placing the membrane between two electrodes, imposing a 

current or potential signal and measuring the system’s response. However, there is not a standardized 
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and widely accepted method and/or procedure to perform such measurements. Thus, the results may 

vary significantly depending on the chosen experimental setup and procedure [105,109,148].  

One of the main factors that can affect the experimental outcome is the configuration of the 

measurement cell. When the membrane is in direct contact with the electrodes, the setup is referred 

to as a direct contact or zero-gap method or configuration. Conversely, when the membrane is 

separated from the electrodes by electrolyte-filled channels, the setup is referred to as the difference 

configuration. 

Another significant factor is the frequency of the applied signal (AC vs. DC). DC measurements are 

increasingly avoided because the application of a DC current induces concentration polarization at 

the solution–membrane interface, affecting the measured membrane resistance [3,83,109,144]. 

Importantly, the derivation of Eq. (2.94) was derived assuming the absence of concentration gradient, 

which is not guaranteed under polarization conditions. Conversely, AC measurement are usually 

considered more reliable, given that the application of sinusoidal potential at high frequency prevents 

concentration polarization phenomena [149].  

2.2.1.1 Electrochemical Impedance Spectroscopy 

Electrochemical Impedance Spectroscopy (EIS) is an electrochemical technique widely used to 

investigate the properties of solid-state materials, liquid electrolytes, and both biological and 

synthetic membranes [150–152]. It can also be applied to complex electrochemical systems such as 

batteries, electrolyzers, fuel cells, and other devices[153].  

In EIS, the system to be investigated is connected to a potentiostat/galvanostat which applies a 

sinusoidal potential (or current) signal over a range of frequencies. The response of the system is 

analyzed by means of a frequency response analyzer, and the value of the sinusoidal potential and 

current are employed to evaluate the impedance of the system as follows: 

𝑍(𝑓) =
𝑗̂(𝜔)

𝜑̂(𝜔)
 (2.95) 

where 𝑗̂  and φ̂  are the sinusoidal current and potential respectively and 𝑍(𝜔)  is the frequency-

dependent impedance of the system under consideration.  

The connection to the cell is typically made via four different electrodes leads: Working Electrode 

(WE), Counter Electrode (CE), Reference Electrode (RE) and Sense Electrode (SE). The WE and CE 

form the current-carrying path, while the RE and the SE constitute the sensing circuit. Depending on 
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the way the four leads are connected to the cell, the cell may operate in two-, three-, or four-electrode 

configurations [152]. 

The main advantage of EIS over DC methods is that, by measuring the impedance of the system at 

various frequency, different electrochemical phenomena dominating the system at different 

frequency range can be investigated with a single measurement, and their effect on the overall 

resistance of the cell can be evaluated. The impedance of the system 𝑍(𝜔) can be decomposed into 

its real and imaginary parts: 

𝑍(𝜔) = 𝑍′(𝜔) + 𝑖𝑍′′(𝜔) (2.96) 

where 𝑍′(𝜔) and 𝑍′′(𝜔) are respectively the resistance and the reactance of the system, while i is the 

imaginary unit. During an EIS measurement, the value of 𝑅(ω) and 𝑋(ω) are plotted in a diagram 

called Nyquist plot from which information regarding the electrochemical behaviour of the system 

can be inferred. An example of Nyquist plot obtained from a high-frequency EIS analysis on an IEM 

is reported in Figure 20 

 

Figure 20 Example of Nyquist plot. The black dots represent the real (Z’) and imaginary (Z’’) part 

of the system impedance (Z). 

In order to quantify and extrapolate the electrochemical behaviour of the system from an EIS analysis, 

a suitable equivalent electrical circuit must be employed. Indeed, depending on the structure and on 

the components of the overall measuring cell, the measured impedance can be a complex function of 

the frequency. Therefore, a sufficient knowledge of the possible phenomena occurring in the 

investigated system is required to avoid misinterpreting the EIS results. 
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An IEM is often modelled with an equivalent electrical circuit (Figure 21) consisting of parallel 

resistances and capacitances, representing different phenomena, including solution–membrane 

interfacial effects such as electrical double layer charging and diffusion boundary layer formation 

[149,151,154].  

 

Figure 21 Equivalent electrical circuit of an IEM. RM, REDL and RDBL represent respectively the 

ionic, electric double layer and diffusion boundary layer resistances, while CEDL and QDBL are the 

capacitance and the constant phase element describing the capacitive behaviour of the IEM   

Such phenomena are heavily affected by the frequency of the imposed electric signal. When a DC 

signal is applied, the capacitive elements in the equivalent circuit get charged with a time proportional 

to the time constant of the RC circuit and therefore behave like open branches. Consequently, when 

𝜔 = 0 the equivalent resistance of the system corresponds to the sum of each of the elements shown 

in Figure 21. Therefore, DC measurement are not well-suited to measure IEM ionic conductivity as 

it is not possible to distinguish between the membrane contribution to the overall resistance and the 

extra contributions due to interfacial phenomena [149]. A clear evidence of this, is that experimental 

DC measurement performed on IEM contacted with solutions at low salt concentration showed 

significant increase in the apparent membrane resistance, which must be attributed to the diffusion 

boundary layer resistance due to the depletion of charge carriers at the interface favoured by the low 

salt concentrations [109,148]. 

Conversely, at high frequency, the impedance of the capacitive elements tend to zero, therefore the 

RC circuit depicted in Figure 21 collapse into short-circuited branches [155]. Under this condition, 

the reactance of the system is zero and the membrane impedance correspond to its ionic resistance. 
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If no other elements are included in the sensing circuit, the membrane resistance can be evaluated 

considering the intercept of the Nyquist plot on the real axis. 

Although the advantage of EIS over DC measurement are now quit well recognized, there is still 

uncertainty regarding the best operative configuration to adopt in order to get reliable results. 

In this work, both difference and direct contact methods were investigated and compared.  

2.2.1.2 Difference method 

In the difference method, the IEM is placed in a two-compartments cell equipped with planar 

electrodes. The channels facing the membrane are fluxed with an electrolytic solution at given 

concentration and composition. Depending on the potentiostat leads connection, the method can be 

employed in a two-electrode or four-electrodes configuration. Usually, the latter is most widely 

employed as it allows to exclude from the overall impedance of the cell the contributions of the 

components not situated between the RE and SE tips. However, such configuration needs to employ 

a couple of reference electrodes (i.e., typically Ag/AgCl electrodes) which are to be placed near the 

membrane surface by means of glass capillaries called Haber-Luggin capillaries. This complicates 

the electrochemical cell set-up and may further complicate the evaluation of the bare membrane ionic 

conductivity [156]. On the other hand, a two-electrode configuration does not allow to exclude from 

the impedance spectra the contributions from the electrochemical phenomena at the electrode-

solution interfaces, which in some cases can influence the quantification of membrane’s impedance. 

The measurements presented in this work were carried out by means of a two-electrode set-up, 

obtained by short-circuiting respectively WE with the SE and the CE with the RE. A schematic 

representation of the experimental set-up is depicted in Figure 22, while pictures of the 

electrochemical cell structure are provided in Figure 23. 
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Figure 22 Schematic of the electrochemical cell used to perform EIS using the difference method. A 

Frequency Response Analyser (FRA) is employed to measure the electrical response signal of the 

cell and quantify the system impedance. 

 

Figure 23 Pictures of the electrochemical cell employed to perform EIS with the difference method 

Due to the presence of the liquid electrolyte separating the membrane from the electrode’s surface, 

the membrane resistance cannot be measured directly, as the overall impedance contains 

contributions from the liquid electrolyte facing the membrane and the blank resistance due to the 

electronic resistivity of the external circuit, including the leads and the current collectors. Therefore, 

the membrane resistance must be evaluated by measuring the total resistance of the set-up and 

subtracting the blank and the liquid electrolyte resistance, measured in a separate test performed 

without the membrane sample: 

C
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𝑅𝑚 = 𝑅𝑡𝑜𝑡 − 𝑅𝐵  (2.97) 

In the previous equation, 𝑅𝑡𝑜𝑡 is the overall resistance including the membrane, while 𝑅𝐵 is the blank 

resistance i.e., the cell resistance measured without the membrane sample. 

EIS was performed on the FKS-50 CEM (already presented in section 1.2) to evaluate 𝑅𝑚 , with a 

modular electrochemical cell provided by flex-X-cell (RWTH Aachen University, Germany). The 

cell was equipped with two square graphite sheets as electrodes, placed over two titanium current 

collectors, and connected to a potentiostat/galvanostat (Iviumstat, The Netherlands) equipped with a 

Frequency Response Analyzer (FRA). The solution’s channels were realized by means of rubber 

gaskets of 0.5 mm thickness to minimize the distance between the electrodes and the membrane and, 

consequently, the resistance of the electrolyte. Square membrane coupons of 6x6 cm2 were 

sandwiched between two rubber gaskets of 0.5 mm of thickness and clamped between the two 

electrodes. The membrane active area exposed to the to the graphite electrodes was of 5x5 cm2. Liquid 

electrolyte at various salt concentration was prepared by dissolving NaCl or KCl (Carl ROTH + Co. 

KG GmbH, Karlsruhe, Germany) into DI water. The solution was pumped through the liquid frames 

of the cell using two gear pumps. The effect of the flow rate on the measured resistance was assessed 

by changing the pumps’ rotational speed between 0 and 200 rpm, but no effect on the measured 

resistance was observed as expected.  

Prior to perform the measurements, membrane’s sample were equilibrated for at least 24 hours with 

the salt same solution used to perform the measurements. After the equilibration time, the thickness 

of the membrane was measured using a micrometer. The measurements were performed in 

potentiostatic mode by applying a DC voltage of 0 V vs OCP with a superimposed AC voltage of 10 

mV, in the frequency range 50-500 kHz. The tests were performed at controlled ambient temperature 

of 23°C. An example of the resulting Nyquist plots is reported in Figure 24 
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Figure 24 Example of Nyquist plot of FKS-50 CEM in 0.1 M NaCl  

After the membrane resistance was evaluated through eq. (2.97), the apparent ionic conductivity 𝜅𝑚 

was evaluated by applying equation (2.94). The resulting conductivity is plotted against the external 

salt concentration in Figure 27. The discussion of the relevant results is reported in section 2.2.1.3. 

2.2.1.3 Direct contact method 

The direct contact tests reported in the following section were kindly performed by prof. J. Kamcev’s 

collaborators at the facilities of the Chemical Engineering Department of University of Michigan 

(Ann Arbor). 

The direct contact method provides an alternative to the difference method for performing EIS 

measurements on IEMs. The name stems from the measuring cell configuration, in which the 

membrane is directly clamped between two planar electrodes, avoiding the interposition of a liquid 

electrolyte between the membrane and the electrode surfaces. The primary advantage of this 

technique is that, by eliminating the electrolyte contribution to the overall cell resistance, a more 

accurate evaluation of the membrane resistance is achieved [105]. This is particularly relevant at very 

low electrolyte concentrations, where the membrane resistance determined via Eq. (2.97) can be 

affected by significant cancellation errors due to the large difference in magnitude between the 

membrane and electrolyte resistances. Direct contact between the membrane and the planar electrodes 

is realized using a specialized through-plane sample holder, depicted in Figure 25. 
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Figure 25 Schematic of the through-plane sample holder used to perform EIS on the investigated 

CEM with the direct contact method (taken with permission from [105]) 

Despite the absence of the electrolyte contribution, the measured total resistance still includes 

contributions unrelated to the membrane. For example, imperfect contact between the membrane and 

electrodes may introduce additional contact resistances. Moreover, the external circuit, including the 

potentiostat leads, contributes an additional blank resistance, which must be subtracted to obtain the 

actual membrane resistance. 

To account for such contributions, Diaz et al. [105] proposed a stacking method, in which the total 

resistance of a direct contact cell with a certain number of stacked membrane samples is measured 

via EIS. 

The measured total areal resistance depends on the total stack thickness as follows:  

𝑅𝑡𝑜𝑡𝐴𝑚 = 𝑅𝑚𝐴𝑚 + 𝑅𝐵𝐴𝑚 =
𝛿𝑡𝑜𝑡

𝜅𝑚
+ 𝑅𝐵𝐴𝑚 (2.98) 

where 𝛿𝑡𝑜𝑡 and 𝐴𝑚 are respectively the overall thickness of the stacked membranes and the active 

area (i.e., the contact area between the pile and the planar electrodes), while 𝑅𝐵 accounts for all the 

contributions to the total resistance other than 𝑅𝑚. By plotting 𝑅𝑡𝑜𝑡𝐴𝑚 vs 𝛿𝑡𝑜𝑡, 𝜅𝑚 and 𝑅𝐵 can be 

determined through linear fitting, with the slope and intercept corresponding respectively to 𝜅𝑚and 

𝑅𝐵𝐴𝑚 (see Figure 26). 
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Figure 26 Areal resistance of the stacked membranes vs thickness. The empty circles are the 

experimental data obtained via EIS with the direct contact method. The dashed line is the linear 

fitting performed to evaluate the apparent conductivity 

The tests were conducted on FKS-50 CEM samples equilibrated in NaCl and KCl solutions at the 

same concentrations used in the difference method. The apparent conductivity of the CEM, measured 

with both techniques, is reported in Figure 27 

 

Figure 27 Apparent ionic conductivity of FKS-50 CEM equilibrated with NaCl and KCl, measured 

with (○) Difference method and (Δ) Direct contact method.  

Notably, the apparent conductivity of the CEM in the K⁺ form, as measured by the direct contact 

method, was significantly higher than that in the Na⁺ form. This behavior can be attributed to the 
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smaller hydration shell of K⁺, which results in higher ionic mobility. In contrast, this difference 

becomes only marginal when the conductivity is measured using the difference method. 

Moreover, the apparent conductivity measured using the two techniques exhibits notable differences 

in both magnitude and trend. Independently of the equilibrating electrolyte, the apparent conductivity 

measured via the difference method is consistently lower than that obtained with the direct contact 

method. Moreover, 𝜅𝑚 measured with the direct contact method is nearly constant at low external 

salt concentrations and increases at higher concentrations. Conversely, 𝜅𝑚  measured via the 

difference method decreases significantly at high external salt concentrations. 

According to the NP and MS transport theories (see sections 2.1.2.3 and 2.1.3.4), the membrane 

conductivity is expected to increase with the concentration of ions in the membrane phase. Assuming 

that transport coefficients remain approximately constant within the investigated concentration range, 

an increase in 𝜅𝑚 would be expected at high external concentrations due to the weakening of the 

Donnan exclusion mechanism, which leads to higher mobile ion concentrations. Conversely, due to 

the reduced water uptake of the CEM (see Figure 5), a reduction in the apparent conductivity is 

expected due to the increased 𝜏 𝜖⁄  ratio (see eq. (2.93)). Hence, the observed trend of 𝜅𝑚 is the result 

of the interplay between these opposing phenomena. However, given the limited osmotic deswelling 

exhibited by the CEM, the increase in the mobile-ions concentration is expected to be the dominant 

factor influencing the apparent conductivity. 

In principle, a reduction in 𝜅𝑚 could also result from decreased ionic mobility due to ion-pairing 

within the membrane phase, which is favoured at high concentrations [38,88,135]. However, such 

effects should also be evident in direct contact measurements. Considering this, no physical 

explanation could be provided for the substantial reduction of 𝜅𝑚  observed with the difference 

method. 

Such reduction could be instead related to a poor cell configuration. Indeed, one of the main issues 

associated with the difference method is the identification of the active area, i.e., the effective area 

crossed by the current lines. In practice, this area does not correspond to the contact area between the 

membrane and the liquid electrolyte. The actual active area in an electrochemical cell depends on the 

distribution of current lines, which is influenced by the geometrical configuration of the cell and the 

electrolyte conductivity [148]. If the current distribution is non-uniform, the active area, i.e., the 

cross-sectional area of the current lines, is not uniquely defined, and Ohm’s law cannot be directly 

integrated to yield eq. (2.94). 



2.2 Transport phenomena in ion-exchange membranes: experimental investigations 

129 

 

The variation of the active area with electrolyte concentration can be attributed to the fringe-field 

effect, whereby current lines spread beyond the expected electrode area [157]. A graphical 

representation of this phenomenon is shown in Figure 28. 

 

Figure 28 Schematic of fringe-field in a two-compartment cell for IEMs’ conductivity measurement. 

The dashed lines represent the electric field distribution in the two compartments 

The fringe-field effect is particularly relevant in low-conductivity media and diminishes at high salt 

concentrations. Consequently, the effective active area decreases at higher salt concentrations, 

increasing the total cell resistance and reducing the apparent membrane conductivity. This 

phenomenon is negligible in direct contact cells, where fringing is minimized due to the small inter-

electrode distance. 

Therefore, the fringe-field effect can significantly influence IEM conductivity measurements 

performed with the difference method. Additionally, difficulty in identifying the true active area may 

explain the poor reproducibility of many experimental results obtained with this method [105]. 

Considering these aspects, transport simulations reported in section 2.3  are based on the experimental 

data collected using the direct contact method. 

2.2.1.4 Reference frame and conductivity measurement  

In the previous sections, two different methods for the experimental evaluation of IEMs’ ionic 

conductivity were presented. To this regard, it is necessary to make a consideration regarding the 

meaning of the measured ionic conductivity. 

In section 2.1.1.2 it was showed how the value of the current density 𝐽  can be generally written in 

terms of a convective contribution and a conductive contribution, whit this latter being described by 

Ohm’s first law. However, such distinction depends on the arbitrary choice of the reference frame. 

Therefore, the value of the observed conductive current density 𝐽 # in principle depends on the chosen 

reference frame as well. Given that the gradient of the ohmic potential is invariant with respect to the 
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reference frame, this leads us to the conclusion that the ionic conductivity appearing in Ohm’s first 

law must be dependent on the reference as well. This fact should not be surprising given that 𝜅#, like 

all other transport parameters, is in principle dependent on the reference frame.  

However, it was also demonstrated how, in an electroneutral system, 𝐽 # and then 𝜅# are invariant 

with respect to the chosen reference frame. Nonetheless, this condition is not strictly respected in 

IEMs. To clarify this point, let us recall the general definition of 𝐽 : 

𝐽 = 𝐹 ∑𝑧𝑖 𝑁⃗⃗ 𝑖
#

𝑁

𝑖=1

+ ℱ ∑𝑧𝑖𝐶𝑖

𝑁

𝑖=1

𝑣 #  (2.99) 

where N corresponds to the number of system’s components. Typical modelling strategies based on 

the NP model strictly speaking do not consider the membrane as a component of the system when 

writing down the transport equations. Consequently, ionic conductivity is always written by 

considering contributions only from mobile ions [108,118,158,159]. However, in doing so, the 

second summation at the right-hand side of eq. (2.99) (corresponding to the charge density) would 

assume a non-null value. Therefore, 𝐽 ≠ 𝐽 #. This fact should be kept in mind when extrapolating 

transport parameters from experimental data. Given that the molar or mass average velocity is 

typically taken as reference velocity for the evaluation of the diffusive fluxes 𝑁⃗⃗ 𝑖
# [128], 𝐽 # should be 

employed consistently to evaluate the corresponding ionic conductivity 𝜅𝑚
# . However, when 

measuring the impedance of an IEM placed between two stationary electrodes, the current density 

measured by the potentiostat is inherently referred to a stationary reference frame as well. In other 

words, the experimentally accessible quantity is 𝐽  and not 𝐽 #. To the best of the author’s knowledge, 

this fact is not taken into account in the reference literature, and had possibly led to misestimation of 

IEMs conductivity, especially in the case of IEMs with non-negligible water permeability. 

Two possible strategies can be implemented to solve this inconsistency: the measured 𝐽  can be 

corrected to account for the convective current to evaluate 𝐽 # or, alternatively, a laboratory-fixed 

stationary reference frame (i.e, 𝑣 # = 0) can be employed when measuring the diffusive fluxes. 

Therefore, if the uncorrected experimental ionic conductivity 𝜅 is employed, the ionic flux evaluated 

in the NP framework should not be corrected for the barycentric flux velocity (see section 2.3.2).  

Importantly, in the MS framework presented in section 2.1.3.2, such issue is not relevant as the 

Binary-Friction model inherently adopts a stationary-reference frame for the transport equations. 
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2.2.2 Ionic transport numbers  

Transport numbers represent the fraction of the current carried by a given ionic species under the 

effect of an externally applied electric field. In IEMs, transport numbers are typically determined 

through a standard permselectivity test, in which the membrane is placed between two electrolytes at 

different concentrations and the pseudo-steady-state transmembrane potential is measured using two 

reference electrodes [6,7,160]. However, this technique only provides an average transport number 

and is not suitable for evaluating individual ionic transport numbers in multicomponent systems. 

Therefore, an alternative approach based on ED selectivity tests was investigated [82,83]. The method 

relies on the use of a four-compartment ED cell in a closed-loop configuration, where the central 

compartments are separated by the membrane under investigation. A schematic of the experimental 

setup is depicted in Figure 29. 

 

Figure 29 Schematic of the four-compartment ED cell used to measure transport numbers in the 

investigated CEM 

In the preliminary tests, the FKS-50 CEM was used to separate the feed and receiver channels, which 

were circulated with aqueous NaCl solutions of equal concentration, ranging from 0.1 to 5 M. The 

solutions were pumped at a flow rate of 400 mL min-1 from two external 50 mL reservoirs using gear 

pumps. The electrode compartments were separated from the feed and receiver chambers by two 

Fumasep FAB-PK-130 AEMs (Fumatech BWT GmbH, Germany), characterized by a high proton-

blocking capacity. The effective active area of the IEMs was 5×5 cm². The anolyte and catholyte 

consisted of FeCl₂ and FeCl₃ solutions, respectively, prepared by dissolving the salts in 0.01 M HCl 

(pH=2). Graphite sheets were selected as electrode material. The Fe²⁺/Fe³⁺ redox couple was 

specifically chosen to reduce the applied potential due to its low thermodynamic redox potential and 

low electrode overpotential [161], thus minimizing water splitting at the electrodes.  
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The tests were performed in galvanostatic mode, applying a fixed current for a defined time interval. 

Under these conditions, ions were driven from the feed compartment toward the adjacent 

compartments across both the AEMs and the CEM. Conductivity, pH, and temperature were 

monitored in-line, while final ion concentrations in the compartments were determined via 

chromatographic analysis.  

By applying a mass balance to a generic component in the feed compartment, the following 

expression can be derived: 

𝑑(𝑉𝐹𝐶𝑖,𝐹)

𝑑𝑡
= 𝐴𝑚(𝑁𝑖,𝐴𝐸𝑀 − 𝑁𝑖,𝐶𝐸𝑀) 

(2.100) 

where 𝐴𝑚 is the membrane area, 𝑉𝐹  and 𝐶𝑖,𝐹 are respectively the volume and concentration of the 

feed compartment, while 𝑁𝑖,𝐶𝐸𝑀  and 𝑁𝑖,𝐴𝐸𝑀  are the total ionic fluxes across the CEM and the AEM. 

When considering the counter-ion (Na⁺), 𝑁𝑖,𝐴𝐸𝑀  can be neglected since AEMs largely exclude the 

passage of cations. This assumption was confirmed experimentally, as Na⁺ concentrations measured 

in the anolyte at the end of each test were negligible. In addition, the total mass of the solutions in 

each compartment, measured with precision balances, showed negligible variation, confirming the 

absence of significant water transport. Equation (2.100) can therefore be simplified to: 

𝑉𝐹

𝑑𝐶𝑐𝑜𝑢,𝐹

𝑑𝑡
= −𝐴𝑚𝑁𝑐𝑜𝑢,𝐶𝐸𝑀  

(2.101) 

The duration of the tests was selected to induce a concentration variation in the feed compartment of 

about 5%, sufficient to be experimentally detectable but not large enough to trigger significant 

diffusive fluxes across the CEM. Under these conditions, 𝑁𝑖,𝐶𝐸𝑀  is essentially driven by conduction. 

Since current density was kept constant under galvanostatic operation, Eq. (2.101) can be expressed 

as: 

𝑉𝐹

∆𝐶𝑐𝑜𝑢,𝐹

∆𝑡
≃ −𝐴𝑚

𝑡𝑐𝑜𝑢
𝑚 𝐽

𝑧𝑐𝑜𝑢ℱ
 (2.102) 

where 𝑡cou
𝑚  is the transport number of the counter ion in the membrane and ∆𝑡 is the test duration. 

Accordingly, 𝑡cou
𝑚  can be determined as: 
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𝑡𝑐𝑜𝑢
𝑚 ≃ −

𝑧𝑐𝑜𝑢ℱ

𝐽

𝑉𝐹𝛥𝐶𝑐𝑜𝑢,𝐹

𝐴𝑚∆𝑡
 (2.103) 

Equation (2.103) can, in principle, be applied to determine the transport numbers of the counter-ions 

in the investigated CEM. If Cl- is the only co-ion presents, its transport number can be 

straightforwardly evaluated as: 

𝑡𝑐𝑜
𝑚 = 1 − ∑ 𝑡𝑘

𝑚

𝑘≠𝑐𝑜

 (2.104) 

This approach has several advantages. First, it can be applied to multi-ionic systems. Moreover, 

changes in the composition of the feed and receiver compartments are prevented because:  

• Leakage of Fe3+and Fe2+ from the electrodic compartments is strongly impeded to the strong 

electrostatic and dielectric exclusion provided by the AEMs 

• The proton-blocking AEMs and relatively high pH in the electrodic compartments prevent 

significant H+ crossover 

• Cl- is the only anion present in the system 

In addition, the limited concentration gradient across the CEM allows transport numbers to be 

evaluated at well-defined electrolyte concentrations and compositions. However, even if the bulk 

concentrations of the feed and receiver compartments are initially equal, the concentrations at the 

solution–membrane interfaces can differ due to concentration polarization induced by the applied 

current density [45,162].  

Concentration polarization typically occurs at phase boundaries because of differences in transport 

numbers between external solution and IEM, which induce a compensating diffusive flux. In steady-

state, this diffusive flux balances the difference in conductive fluxes in the two phases, leading to 

interfacial concentrations that deviate from bulk values. The extent of polarization can be quantified 

by polarization coefficients 𝜗𝑖 defined as [162,163]: 

𝜗𝑖 =
𝐶𝑖

𝑠,𝑖𝑛𝑡

𝐶𝑖
𝑠,∞  (2.105) 

where 𝐶𝑖
𝑠,𝑖𝑛𝑡

 and 𝐶𝑖
𝑠,∞

 are respectively the concentrations of the generic component at the solution-

side of the interface and at the bulk of the solution. 
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According to the Nernst film theory, the concentration gradient is localized within the diffusion 

boundary layer (DBL), whose thickness depends on the hydrodynamics of the system [6,45]. By 

neglecting diffusive flux through the membrane, 𝜗𝑖 is usually estimated as [163,164]: 

𝜗𝑖 = 1 −
(𝑡𝑖

𝑚 − 𝑡𝑖
𝑠,∞)𝐽𝛿𝐷𝐵𝐿

|𝑧𝑖|ℱ𝐷𝑖
𝑠𝐶𝑖

𝑠,∞  (2.106) 

where 𝛿𝐷𝐵𝐿 is the thickness of the DBL, 𝐶𝑖
𝑠,∞

 and 𝑡𝑖
𝑠,∞

 are the concentration and transport number 

evaluated at the bulk of the solution, while 𝐷𝑖
𝑠 is the ionic diffusion coefficient in the solution. 

To minimize polarization, the applied current density must be properly adjusted as a function of 𝐶𝑖
𝑠,∞

 

and on 𝛿𝐷𝐵𝐿. or a qualitative estimation, 𝛿𝐷𝐵𝐿 was calculated using the Levêque equation [163–165]: 

𝛿𝐷𝐵𝐿 =
ℎ𝑠

1.47
(
𝑑𝑠𝐷𝑖

𝑠

ℎ𝑠
2𝑣𝑠

)

1/3

 
(2.107) 

where ℎ𝑠 and 𝑑𝑠 are respectively the height and width of the feed channel and 𝑣𝑠 is the fluid velocity 

that can be evaluated from the flow rate. The resulting δDBLwas 78 µm. In principle, eq. (2.107) 

applies to non-fully developed laminar flows, in the absence of mixing promoters. In the present case, 

custom-made spacers were introduced to enhance mixing, making the previous result a conservative 

estimation. For consistency reason, the total channels’ cross-sectional area was employed to evaluate 

𝑣𝑠 from the flow rate. All the relevant data are reported in Table 10. 

Table 10 Geometrical properties of ED cell feed and receiver channels 

Channel height [cm] Channel width [cm] Flow rate [mL min-1] Fluid velocity [cm s-1] 

5.00 0.20 400 6.67 

By applying a current density of 4 A m-2 with a bulk NaCl concentration of 0.1 M, a 𝜗𝑖 of 0.985 was 

obtained for the counter-ion (Na⁺), confirming that polarization effects could be neglected under these 

operating conditions. For tests at higher bulk concentrations, the applied current density was 

proportionally increased to maintain constant test durations of 50 or 100 minutes. 

2.2.2.1 Results and discussion 

The transport numbers of Na⁺ and Cl⁻, obtained from eqs. (2.103) and (2.104), are reported in Figure 

30. 
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Figure 30 Na+ and Cl- transport numbers evaluated through the four-compartment ED cell, with test 

duration of (A) 50 minutes and (B) 100 minutes with variable applied current density (4,12,40,120 

or 200 A m-2 respectively corresponding to initial feed and receiver salt concentration of 0.1,0.3,1,3 

and 5 mol L-1). The error bars are evaluated as the standard deviation of at least 3 separate 

measurements. 

As shown in Figure 30 the measured transport numbers are of the same order of magnitude as the 

associated experimental error, rendering the results inconclusive. To identify the origin of the 

uncertainty, a parametric analysis was performed using error propagation theory, which states that 

the standard deviation of a derived variable can be expressed as: 

𝜛𝑔 = √∑ (
𝜕𝑔

𝜕𝑦𝑖
𝜛𝑦𝑖

)
2

𝑥𝑖

 (2.108) 

where 𝑔(𝑦 )  is the derived variable, 𝑦𝑖  are the measured variables, and 𝜛𝑦𝑖
 and 𝜛𝑔  are the 

corresponding errors. By applying the former equation to eq. (2.106), the following expression for 

the theoretical error in transport numbers is obtained29: 

𝜛𝑡𝑖
=

𝑧𝑖ℱ

𝑗∆𝑡
√𝛥𝐶𝑖,𝐹

2𝜛𝑉
2 + 2𝑉𝐹

2𝜛𝐶
2 (2.109) 

Where 𝜛𝑉  and 𝜛𝐶  are the experimental errors associated with volume and concentration 

measurement. Using eq. (2.102), the applied current 𝑗 can be expressed in terms of the expected 

variation of concentration in the feed compartment: 

 
29 Equation (2.109) can be obtained under the assumption that 𝑡 and 𝑗 are error-free 
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𝑗 ≅ −𝑧𝑖ℱ𝑉𝐹

∆𝐶𝑖,𝐹

∆𝑡
 

(2.110) 

Thus, eq. (2.109) can be rewritten as follows: 

𝜛𝑡𝑖
≃ √(

𝜛𝑉

𝑉𝐹
)

2

+ (
𝜛𝐶

∆𝐶𝑖,𝐹
)

2

 
(2.111) 

The latter equation enables estimation of the theoretical error on 𝑡𝑖
𝑚 , given the experimental 

uncertainties (𝜛𝑉  and 𝜛𝐶) and the chosen operative conditions (𝑉𝐹  and ∆𝐶𝑖,𝐹). Specifically, 𝜛𝑉  and 

𝜛𝐶  depend on the specific measurement method. By setting 𝑉𝐹 = 50 𝑚𝐿 and 𝜛𝑉 = 0.5 𝑚𝐿, a typical 

value for graduated cylinders, a parametric analysis can be performed on 𝜛𝑡𝑖
 by varying 𝜛𝐶  and 

∆𝐶𝑖,𝐹. The results of such analysis are reported in Figure 31 

 

Figure 31 Parametric analysis on transport numbers theoretical error. The solid lines represent the 

theoretical standard deviation associated with the transport number measurement. The red dashed 

lines represent the experimental error typically associated to the chromatographic analysis. 

Figure 31 demonstrates that, at a fixed 𝜛𝑡𝑖
, the acceptable concentration error (measured 

chromatographically) must decrease as ∆𝐶𝑖,𝐹 decreases. In other words, the smaller the concentration 

variation in the feed compartment, the more accurate the concentration measurement must be to 

reliably determine 𝑡𝑖
𝑚 . Given that realistic values of 𝜛𝐶  are about the 10% of the sample 

concentration, achieving a standard deviation of 0.3 on 𝑡𝑖
𝑚, would require ∆𝐶𝑖,𝐹  to be around 47% of 

the initial feed concentration, conditions that clearly violate the assumption of negligible 
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concentration gradients. This analysis therefore shows that accurate determination of transport 

numbers with the investigated method is not feasible under the required conditions. 

2.2.3  Salt permeability 

The determination of the neutral salt diffusive transport rate represents a fundamental method for 

characterizing IEMs. Two main experimental approaches are commonly employed for this purpose: 

the desorption rate measurement from a salt-loaded membrane sample, and the direct transport 

measurement using a two-compartment cell [100,103,106]. The latter method is generally preferred, 

as it is easier to implement and enables a more straightforward mathematical treatment of the results. 

In the present work, salt diffusive fluxes and permeabilities across the FKS-50 CEM were quantified 

using a custom-designed two-compartment diffusion cell. Experiments were carried out with both 

single-salt solutions and equimolar binary mixtures, including NaCl, KCl, and MgCl₂. The 

compositions and concentrations of the feed solutions were chosen to be consistent with those used 

in the thermodynamic characterization (see section 1.2).  

Prior to each test, the feed compartment was filled with 140 mL of salt solution, while the receiver 

compartment was filled with 150 mL of DI water. Circular membrane coupons (diameter of 4.7 cm) 

were equilibrated in the feed solution for at least 24 h, followed by immersion in DI water for 24 h to 

desorb mobile salt prior to testing. During the experiments, both compartments were vigorously 

stirred using mechanical stirrers to minimize external mass-transfer resistances. The conductivity of 

the receiver solution was monitored in-line with a sampling frequency of 60 s⁻¹ to track the 

concentration change as a function of time. After 30 min, the cell was disassembled, and the 

membrane thickness was measured using a micrometer. 

The transport rate across the membrane was evaluated by applying a mass balance to the receiver 

compartment: 

𝑑(𝑉𝑅𝐶𝑠𝑎𝑙𝑡,𝑅)

𝑑𝑡
= 𝐶𝑅,𝑖

𝑑𝑉𝑅

𝑑𝑡
+ 𝑉𝑅

𝑑𝐶𝑖,𝑅

𝑑𝑡
= 𝑁𝑖𝐴𝑚  

(2.112) 

Under pseudo-steady state conditions, 𝑁𝑖 is constant, thus eq. (2.112) can be simplified as: 



2.2 Transport phenomena in ion-exchange membranes: experimental investigations 

138 

 

𝑁𝑖 ≃
𝑉̅𝑅

𝐴𝑚

∆𝐶𝑖,𝑅

∆𝑡
+

𝐶𝑖̅,𝑅

𝐴𝑚

∆𝑉𝑅

∆𝑡
 (2.113) 

where 𝑉̅𝑅  and 𝐶𝑖̅,𝑅 denote the average volume and salt concentration in the receiver compartment. The 

volume variation in the receiver compartment due to osmotic water transport can be expressed in 

terms of water flux 𝑁𝑤, yielding: 

𝑁𝑖 ≃
𝑉̅𝑅

𝐴𝑚

∆𝐶𝑖,𝑅

∆𝑡
− 𝐶𝑖̅,𝑅𝑁𝑤  (2.114) 

Here, 𝑁𝑤 was independently determined in separate osmotic water transport experiments (see section 

2.2.4). The validity of the pseudo-steady-state assumption was confirmed by the linearity of the 

conductivity–time profiles (see Figure 32) 

 

Figure 32 Variation of receiver compartment conductivity as a function of time during a salt 

diffusion test with feed concentration of 0.1 mol L-1 NaCl 

At low salt concentration, solution conductivity increases proportionally with salt concentration [30]. 

Therefore, a linear conductivity–time relationship demonstrates that the salt flux remains constant 

throughout the experiment. For single-salt tests, concentration variations were determined through a 

linear calibration of conductivity. Accordingly, eq. (2.114) was reformulated as: 
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𝑁𝑖 ≃
𝑉̅𝑅

𝐴𝑚

∆𝐶𝑖

∆𝜅

𝛥𝜎𝑅

∆𝑡
− 𝐶𝑖̅,𝑅𝑁𝑤  (2.115) 

Where Δ𝜎𝑅 ∆𝑡⁄  is the slope of the conductivity-time curve, while ∆𝐶𝑖 ∆𝜅⁄  was obtained from the 

calibration procedure. Conversely, for equimolar binary mixtures, the final concentrations in the 

receiver compartment were determined by chromatographic analysis. 

Salt permeability was then derived from the calculated fluxes according to: 

𝑝𝑠,𝑖 = 𝛿
𝑁𝑖

∆𝐶𝑖
= 𝛿

𝑁𝑖

𝐶𝐹,𝑖
 (2.116) 

 

2.2.3.1 Results and discussion 

The salt permeabilities of single-salt and equimolar binary solutions tests are reported in Figure 33. 

 

Figure 33 Salt permeability in FKS-50 CEM equilibrated with (Δ) single-salt or (○) binary equimolar 

solutions of (A) NaCl and MgCl2 or (B) NaCl and KCl.  

NaCl and KCl showed similar salt permeability in the investigated CEM, with an increasing trend 

with the external concentration. Since the permeability obtained from eq. (2.115) represents a 

macroscopic parameter influenced by both partitioning and diffusivity within the membrane [10,137], 

the observed increase can be attributed to either enhanced partition or higher effective diffusivity. 

Conversely, MgCl₂ permeability showed a decreasing trend at high salt concentration. This reduction 

is noteworthy, as co-ion transport typically dominates salt transport in IEM [128]. A plausible 

explanation lies in the reduced water uptake of membranes equilibrated with MgCl₂, which would 

lower the apparent diffusivity (see section 1.2.3.1). Moreover, such decrease is in agreement with the 
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abrupt reduction of mobile ion concentration observed in Figure 6, suggesting that the reduction in 

salt permeability could be due to thermodynamic reasons.  

In the case of equimolar mixtures, NaCl and KCl permeabilities were comparable to each other but 

consistently lower than in single-salt experiments, and they remained nearly independent of the 

external concentration. Conversely, for the NaCl–MgCl₂ mixture, MgCl₂ permeability was strongly 

suppressed, a result that cannot be explained solely by thermodynamic arguments, since the partition 

selectivity of Mg²⁺ over Na⁺ exceeds unity (see Figure 6) 

Given that diffusion is primarily governed by co-ion transport, the interaction of chloride with two 

different counterions may hinder ion mobility and reduce salt flux. The assumption that different 

inter-ionic interactions can affect the value of salt permeability is consistent with the reduced 

discrepancy between single- and binary-salt permeabilities at low concentrations, i.e., at low chloride 

content in the membrane phase. This further suggests that the effect of the These findings are 

consistent with literature reports on multi-ionic transport through nanofiltration membranes, showing 

that salt permeability can be strongly affected by the presence of multiple ionic species [166]. 

2.2.4 Water permeability 

Part of the water permeability experimental campaign was carried out in in collaboration with Mrs. 

Valeria Guenther, PhD student at the chair of chemical engineering of RWTH Aachen university. 

Water permeability is typically defined to quantify the transport rate of water across IEMs. In 

electromembrane processes, undesired water crossover represents a parasitic phenomenon, and 

commercial IEMs are generally engineered to minimize water transport [167]. Water permeability 

can be evaluated either by measuring water flux under an applied hydrostatic pressure difference or 

under a salt concentration gradient [106,128]. The latter approach requires an apparatus similar to 

that used for salt permeability measurements. In the present study, water permeability was determined 

by means of direct osmosis experiments in a custom-made two-compartment cell (Figure 34).  
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Figure 34 Picture of the two-compartment cell employed to perform water permeability tests 

The experiments were conducted in batch configuration. At the beginning of each test, the feed and 

receiver compartments were filled with salt solution and DI water, respectively, and sealed with 

conical caps equipped with graduated capillaries for monitoring volume changes. The two 

compartments were separated by circular membrane coupons with an active area of 7.1 cm². Before 

testing, FKS-50 membranes were equilibrated in the feed solution for 24 h, followed by immersion 

in DI water for 24 h to desorb mobile salt. 

Special care was taken during cell assembly to avoid entrapped air bubbles, as their presence can 

significantly alter the results [128]. To this end, 3D-printed conical caps were employed to allow 

smooth filling of the compartments without bubble formation. Another potential source of error was 

membrane deformation induced by the osmotic pressure difference between the two compartments, 

which could produce apparent volume changes unrelated to water transport. To prevent this effect, a 

rigid support was placed in direct contact with the membrane sample. During the tests, the solutions 

were stirred with magnetic stir bars. The overall test duration was approximately 40 min, with a data 

acquisition rate of 1 point per minute. The water flux was quantified by applying a volume balance 

to the receiver compartment, assuming constant density: 

𝑑𝑉𝑅

𝑑𝑡
= −𝑁𝑤𝐴𝑚 (2.117) 

Under pseudo-steady-state conditions, the former equation can be reformulated as: 

FEED COMPARTMENT RECEIVER
COMPARTMENT

GRADUATED CAPILLARIES

MEMBRANE SAMPLE



2.2 Transport phenomena in ion-exchange membranes: experimental investigations 

142 

 

𝑁𝑤 = −
1

𝐴𝑚

∆𝑉𝑅

∆𝑡
 (2.118) 

where ∆𝑉𝑅 ∆𝑡⁄  can be evaluated from the slope of the 𝑉𝑅  vs 𝑡 plot (see Figure 35) 

 

Figure 35 Liquid volume in the capillaries of feed and receiver compartments as a function of time 

for a generic water permeability test. The solid dots are the experimental data while the dotted lines 

are linear fittings. 

Subsequently, the water permeability was calculated according to: 

𝑃𝑤 = 𝛿
𝑁𝑤

∆𝛥
= 𝛿

𝑁𝑤

𝛱𝐹
 (2.119) 

with Π𝐹 being the osmotic pressure of the feed solution. The results are reported in Figure 36 
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Figure 36 Water permeability of FKS-50 equilibrated with NaCl and KCl solutions at various 

concentrations. Dotted lines represents power law fittings. 

The measured water permeability of membranes equilibrated with NaCl and KCl decreases similarly 

with the external concentration as can be appreciated by the slope of the lines in Figure 36. This trend 

is typical for IEMs in contact with concentrated salt solutions and is usually attributed to osmotic 

deswelling [167]. This result can be rationalized considering that the FKS-50 swells similarly in the 

Na+ and K+ form. However, a difference of nearly one order of magnitude was observed between 

NaCl and KCl water permeabilities. This discrepancy can be rationalised by considering ion–water 

interactions: Na⁺ ions, diffusing in the opposite direction to water flux, have higher hydration energy 

and coordination number compared to K⁺. Consequently, stronger drag interactions between Na⁺ and 

water molecules lead to a reduced effective water transport in NaCl solutions, resulting in lower 

observed permeability 

 

 

 

 

.

1.E-19

1.E-18

1.E-17

1.E-16

0.01 0.1 1 10

W
at

e
r 

p
e

rm
e

ab
ili

ty
 [

m
2

s-1
P

a-1
] 

Feed concentration [mol L-1]

NaCl

KCl



2.3 Transport phenomena in ion-exchange membranes: numerical simulations 

144 

 

2.3 Transport phenomena in ion-exchange membranes: 

numerical simulations  

In section 2.2, the main experimental techniques employed for IEMs characterization were presented. 

Directly measurable quantities, such as ionic fluxes, allow for the evaluation of macroscopical 

membrane parameters, such as salt and water permeabilities, that cannot immediately be related to 

primitive thermodynamic or transport properties, either because of experimental procedure design or 

because of the complexity of solution of the rigorous transport equations. Consequently, macroscale 

parameters are easy to implement in macroscale process models, but are typically dependent on 

numerous variables. This makes them strongly dependent on the chosen process conditions and also 

useless to develop fundamental physicochemical predictive models.  

In the present section, the NP and MS transport theories are employed to retrieve fundamental 

transport parameters from raw experimental data. Transport equations are rigorously integrated 

accounting for concentration variation and thermodynamic effect on transport rate, thus accounting 

for phenomena typically neglected in the relevant literature. The proposed physical-mathematical 

framework is applied to single-salt solutions, but the theoretical structure of the modelling strategy is 

well-suited to be applied to multi-ionic systems.  

Finally, the retrieved transport parameters are presented and discussed within the framework of the 

proposed models. 

2.3.1 Evaluation of thermodynamic correcting coefficients 

In section 2.1.2.2, it was discussed that, in order to properly implement transport equations in highly 

concentrated systems, gradients in the activity coefficients must be accounted for. This leads to the 

traditional formulation of the thermodynamic corrective coefficient,Γ𝑖(𝑛)  defined in eq. (2.24). A 

different formulation, particularly useful in multi-ionic systems, can be obtained by considering that, 

in principle, activity coefficients depend on the concentration of all but one component30, i.e., 𝛾𝑖(𝑛) =

𝑓(𝐶𝑖, 𝐶𝑗, … , 𝐶𝑛). Accordingly, the total differential of 𝑙𝑛𝛾𝑖(𝑛) can be expressed as [122]: 

 
30 Due to the Gibbs-Duhem equation, the thermodynamic degrees of freedom of an isothermal, isobaric system composed 

of 𝑁 components is 𝑁 − 1. 
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𝑑𝑙𝑛(𝛾𝑖(𝑛)
𝑚 ) = ∑

𝜕𝑙𝑛𝛾𝑖(𝑛)
𝑚

𝜕𝑙𝑛𝐶𝑗
𝑚 |

𝐶𝑘≠𝑗=𝑐𝑜𝑠𝑡

𝑑𝑙𝑛𝐶𝑗
𝑚

𝑗≠𝑤

 (2.120) 

where the subscript 𝐶𝑘≠𝑗 = 𝑐𝑜𝑠𝑡  indicates that the partial derivatives are taken with all 

concentrations but 𝐶𝑗 held constant. By applying the chain rule, the former equation can be rewritten 

as: 

𝑑𝑙𝑛𝛾𝑖(𝑛)
𝑚 = (∑

𝜕𝑙𝑛𝛾𝑖(𝑛)
𝑚

𝜕𝑙𝑛𝐶𝑗
𝑚 |

𝐶𝑘≠𝑗=𝑐𝑜𝑠𝑡

𝑑𝑙𝑛𝐶𝑗
𝑚

𝑑𝑙𝑛𝐶𝑖
𝑚

𝑗≠𝑤

)𝑑𝑙𝑛𝐶𝑖
𝑚

 (2.121) 

Substituting eq. (2.121) into eq. (2.24), 𝛤𝑖(𝑛) can be rewritten as: 

𝛤𝑖(𝑛)
𝑚 = 1 + ∑ 𝜒𝑖,𝑗

𝑚
𝑑𝑙𝑛𝐶𝑗

𝑚

𝑑𝑙𝑛𝐶𝑖
𝑚

𝑗≠𝑤

 (2.122) 

where: 

𝜒𝑖,𝑗
𝑚 =

𝜕𝑙𝑛𝛾𝑖(𝑛)
𝑚

𝜕𝑙𝑛𝐶𝑗
𝑚 |

𝐶𝑘≠𝑗=𝑐𝑜𝑠𝑡

=
𝐶𝑗

𝑚

𝛾𝑖(𝑛)
𝑚

𝜕𝛾𝑖(𝑛)
𝑚

𝜕𝐶𝑗
𝑚 |

𝐶𝑘≠𝑗=𝑐𝑜𝑠𝑡

 (2.123) 

The coefficient 𝜒𝑖,𝑗  defined in the former equation quantifies the dependence of 𝛾𝑖(𝑛)  on the 

concentration of the 𝑗-th ionic species. Notably, water is excluded from the summation in (2.122) due 

to the Gibbs-Duhem relation. However, given that the fixed charges concentration can change with 

the external salt concentration due to the membrane osmotic de-swelling, the electroneutrality 

condition cannot be invoked to further reduce the system’s degrees of freedom. Consequently, eq. 

(2.122) must include all mobile ions. It is worth noting that 𝛾𝑛(𝑛) is, by definition, equal to unity, thus 

𝛤𝑛(𝑛) = 1. 

For a membrane equilibrated with a binary electrolyte solution containing two mobile species 𝑐 and 

𝑎, (with 𝑎 chosen as the reference species) 𝛤𝑐(𝑎) becomes: 
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𝛤𝑐(𝑎)
𝑚 = 1 + 𝜒𝑐,𝑐

𝑚 + 𝜒𝑐,𝑎
𝑚

𝐶𝑐
𝑚

𝐶𝑎
𝑚

𝑑𝐶𝑐
𝑚

𝑑𝐶𝑎
𝑚 (2.124) 

By applying the differential form of the electroneutrality condition (equation (2.33)), the former 

equation reduces to: 

𝛤𝑐(𝑎)
𝑚 = 1 + 𝜒𝑐,𝑐

𝑚 − 𝜒𝑐,𝑎
𝑚

𝑧𝑐𝐶𝑐
𝑚

𝑧𝑎𝐶𝑎
𝑚  (2.125) 

At this point, it should be stresses that 𝛤𝑐(𝑎)
𝑚  is almost always approximated to 1, and to the best of the 

author’s knowledge in only one work 𝛤𝑐(𝑎)
𝑚  was effectively estimated in a IEM [128]. In this work, 

the authors made use of the original formulation of Manning’s model to evaluate 𝛤𝑐(𝑎)
𝑚  but as 

discussed in Chapter 1, Manning’s model fails in describing nonideal interactions both at very high 

and very low salt concentrations. In order to reduce reliance on semi-empirical models, the 

coefficients 𝜒𝑐,𝑐 and 𝜒c,a can, in principle, be extracted from ion partition equilibrium data, which 

provide information on how 𝛾𝑐(𝑎) varies with the concentration (see section 1.2.2.7). However, from 

an experimental standpoint it is not possible to vary the concentration of individual mobile ions 

independently, as the only independent variable is the bulk salt concentration. Nevertheless, in the 

present work, we propose to obtain approximate values of 𝜒c,c and 𝜒c,a by plotting 𝛾𝑐(𝑎)
𝑚  vs 𝐶𝑐

𝑚 and 

𝐶𝑎
𝑚 and estimating the slope of the corresponding curves (see Figure 37).  
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Figure 37 (A and B) Na+ and (C and D) K+ activity coefficients in FKS-50 CEM, with Cl- as reference 

ion. The values are plotted against (A and C) Cl- concentration or against (B and D) the difference 

between the counter-ion and concentration and the fixed charges concentration evaluated at external 

infinite dilution. The empty circles are the experimental values evaluated from ion partitioning data 

reported in section 1.2.3.2, with the procedure reported in section 1.2.2.7. The dashed lines represent 

the fitting performed with power law functions. 

The experimental values reported in Figure 37 were fitted with the following power law functions: 

𝛾𝑐(𝑎)
𝑚 = 𝑎1(𝐶𝑎

𝑚)𝑏1 (2.126) 

𝛾𝑐(𝑎)
𝑚 = 𝑎2(𝐶𝑐

𝑚 − 𝐶𝑓𝑖𝑥
∞0)

𝑏2
 (2.127) 

where 𝑎1, 𝑏1,𝑎2,𝑏2 are fitting constants and 𝐶𝑓𝑖𝑥
∞0 represent the fixed charge concentration evaluated 

at external infinite dilution, i.e., with the membrane equilibrated with pure DI water in the 

corresponding counter-ion form. The value of the fitting constant is reported in Table 11 
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Table 11 Activity coefficients power laws fitting constants 

  a1 [-] b1 [-] a2 [-] b2 [-] Cfix
∞0

 [mol m
-3

] 

Na
+
(Cl

-
) 3.90E-04 1.15E+00 4.88E-04 9.68E-01 4.30E+03 

K
+
(Cl

-
) 2.79E-04 1.13E+00 6.83E-04 8.88E-01 5.13E+03 

By applying fitting equations (2.126) and (2.127), the coefficients 𝜒𝑐,𝑐
𝑚  and 𝜒𝑐,𝑎

𝑚  were evaluated as: 

𝜒𝑐,𝑎
𝑚 = 𝑏1 (2.128) 

𝜒𝑐,𝑐
𝑚 =

𝑏2

𝐶𝑐
𝑚 − 𝐶𝑓𝑖𝑥

∞0
 (2.129) 

By substituting the former equations into eq. (2.125), 𝛤𝑐(𝑎)
𝑚  can be evaluated as: 

𝛤𝑐(𝑎)
𝑚 = 1 +

𝑏2

𝐶𝑐
𝑚 − 𝐶𝑓𝑖𝑥

∞0
− 𝑏1

𝑧𝑐𝐶𝑐
𝑚

𝑧𝑎𝐶𝑎
𝑚  (2.130) 

 

Figure 38 Na+ and K+ thermodynamic corrective coefficients of at various salt concentrations (Cl- 

was taken as reference species) in FKS-50 CEM (dashed lines with circles) and in aqueous solution 

(dotted lines). The value of 𝛤𝑐(𝑎)
𝑚  was evaluated by applying eq. (2.130) and using the experimental 

equilibrium values of 𝐶𝑐
𝑚 and 𝐶𝑎

𝑚. (the point at lower salt concentration in the membrane 

corresponds to an external salt concentration of 0.1 mol L-1) 

In Figure 38, the thermodynamic corrective coefficient is reported as a function of the salt 

concentration in the membrane, corresponding to the co-ions concentration for 1:1 salts. Interestingly, 

𝛤𝑐(𝑎)
𝑚  increases as the co-ion concentration in the membrane approaches zero, i.e., when the external 
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salt concentration decreases. This behaviour is the opposite of that in aqueous salt solution, where 

deviations from ideality (i.e., 𝛤𝑐(𝑎)
𝑚 > 1) typically emerge at high salt concentrations. Mathematically, 

this stems from the fact that the experimentally measured activity coefficient in the membrane phase 

does not approach unity even at low external salt concentration; on the contrary, it decreases markedly 

(see Figure 37). This trend, commonly reported in the literature [63,81], is due to the fact that, when 

approaching the infinite dilution state in the external solution, the presence of the fixed charges 

prevents to reach a similar state in the membrane phase. This observation is consistent with 

eq.(1.111): 

𝑙𝑖𝑚
𝐶𝑐

𝑠,𝐶𝑎
𝑚→0

𝛾𝑐(𝑎)
𝑚 = 𝑙𝑖𝑚

𝐶𝑐
𝑠,𝐶𝑎

𝑚→0
𝛾𝑐(𝑎)

𝑠 (
𝐶𝑐

𝑠

𝐶𝑐
𝑚)(

𝐶𝑎
𝑠

𝐶𝑎
𝑚)

−
𝑧𝑐
𝑧𝑎

≠ 1 
(2.131) 

Given that for a CEM equilibrated with NaCl or KCl, 𝐶𝑐
𝑚 → 𝐶𝑓𝑖𝑥

∞0  and γc(a)
s → 1 when the external 

salt concentration approaches zero, the former inequality would be violated only if: 

𝑙𝑖𝑚
𝐶𝑐

𝑠,𝐶𝑎
𝑚→0

𝐶𝑎
𝑚 = 𝐶𝑐

𝑠𝐶𝑎
𝑠

 (2.132) 

which is not verified experimentally. From a thermodynamic viewpoint, this behaviour can be 

rationalised by noting that electrostatic interactions with the fixed charges strongly depress the 

activity coefficient of counter-ions (see section 1.3). These interactions are progressively screened as 

the co-ion concentration in the membrane increases, producing a corresponding increase in the 

counter-ion activity coefficient. 

2.3.2 Evaluation of transport coefficients in the Nernst–Planck 

framework 

In the following sections, the transport properties obtained from the experimental campaign on the 

FKS-50 CEM, presented in section 2.2, are combined with thermodynamic data (see section 1.2) to 

estimate the ionic diffusivities within the framework of the NP model. In a single-salt system, two 

independent experimental measurements are required to determine the two unknown ionic 

diffusivities. A common choice is the combination of salt permeability and ionic conductivity tests 

(see sections 2.2.3 and 2.2.1) [158]. In an IEM equilibrated with a single-salt solution, the NP ionic 

conductivity can be expressed as: 
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𝜅𝑚 =
ℱ2

𝑅𝑔𝑇

𝜖

𝜏
(𝑧𝑐

2𝐷𝑐
′𝑚𝐶𝑐

𝑚 + 𝑧𝑐
2𝐷𝑎

′𝑚𝐶𝑎
𝑚) (2.133) 

However, while ionic conductivity is measured at a given mobile-ion composition in the membrane 

phase, salt permeability tests are performed under a concentration gradient. This makes the 

combination of the two experimental datasets non-trivial.  

2.3.2.1 Salt diffusion equation integration 

The first step in evaluating ionic diffusion coefficients is the integration of the neutral salt transport 

equation across the membrane. As discussed in section 2.1.2.5, within the NP framework ionic 

diffusion in a single-salt system under a concentration gradient can be described as31: 

𝑁⃗⃗ 𝑎
# = −

𝜖

𝜏

𝐷𝑐
′𝑚𝐷𝑎

′𝑚(𝑧𝑐
2𝐶𝑐

𝑚 + 𝑧𝑎
2𝐶𝑎

𝑚𝛤𝑐(𝑎)
𝑚 )

𝑧𝑐
2𝐷𝑐

′𝑚𝐶𝑐
𝑚 + 𝑧𝑎

2𝐷𝑎
′𝑚𝐶𝑎

𝑚 𝛻⃗ 𝐶𝑎 = −𝐷̅𝑐𝑎
𝑚 𝛻⃗ 𝐶𝑎

𝑚 
(2.134) 

where 𝑁⃗⃗ a
# and 𝛻⃗ 𝐶a denote the anion flux and concentration gradient within the membrane phase, 

respectively, while 𝐷̅ca  is the apparent Nernst-Hartley diffusion coefficient of the neutral salt 

(including the geometrical corrective coefficient ϵ τ⁄ ). Importantly, in the former equation 𝐷̅𝑐𝑎
𝑚  is an 

unknown function of the salt concentration. Equation. (2.134) could equivalently be expressed in 

terms of the cation flux and concentration gradient, as these are directly related to 𝑁⃗⃗ a
# and 𝛻⃗ 𝐶𝑎

𝑚 

through the zero-current condition and the local electroneutrality constraint.  

Notably, the transport coefficient that can be derived from eq. (2.134) depends on the choice of the 

reference frame for the salt flux 𝑁⃗⃗ 𝑎
#. Within the solution–diffusion approach, the barycentric velocity 

is typically taken as reference and, to avoid defining an ill-posed molar concentration for the 

membrane component, the mass barycentric velocity is adopted, and fluxes and driving forces are 

expressed in terms of mass variables. However, in this latter case coupling the corresponding value 

of 𝐷̅ca with eq. (2.133)) is not rigorous, since ionic mobilities in conductivity measurements are 

expressed in molar terms. 

Alternatively, if the membrane is formally excluded as thermodynamic component, the barycentric 

molar velocity can be easily defined (See eq. (2.3)), and eq. (2.134) can be reformulated as: 

 
31 Equation (2.134) is valid if the anion is taken as reference species for the quasi-electrostatic potential 
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𝑁⃗⃗ 𝑎 −
𝐶𝑎

𝑚

𝐶𝑡𝑜𝑡
𝑚 𝑁⃗⃗ 𝑡𝑜𝑡 = −𝐷̅𝑐𝑎

𝑚 𝛻⃗ 𝐶𝑎
𝑚 (2.135) 

with 𝐶𝑡𝑜𝑡
𝑚 = 𝐶𝑎

𝑚 + 𝐶𝑐
𝑚 + 𝐶𝑤

𝑚32and 𝑁⃗⃗ tot = 𝑁⃗⃗ a + 𝑁⃗⃗ c + 𝑁⃗⃗ w. Here, 𝑁⃗⃗ a represent the flux in a stationary 

(membrane-fixed) reference frame, consistent with the flux measured in standard salt permeability 

tests (see section 2.2.3), and the 𝐷̅𝑐𝑎
𝑚  evaluated via eq. (2.135) is now referred to a non-stationary 

reference frame.  

For clarity, eq.(2.135) can be reformulated as: 

𝑑𝐶𝑎
𝑚(𝑥)

𝑑𝑥
= −

1

𝐷̅𝑐𝑎
𝑚 (𝐶𝑎

𝑚)
(𝑁𝑎 −

𝐶𝑎
𝑚(𝑥)

𝐶𝑡𝑜𝑡
𝑚 (𝑥)

𝑁𝑡𝑜𝑡) (2.136) 

Under pseudo-steady state and in planar geometry, the molar fluxes appearing in eq. (2.136) are 

invariant with the position. Also, 𝑁𝑤  and 𝑁𝑎  have opposite signs, since water and salt move in 

opposite directions. To determine the unknown function 𝐷̅𝑐𝑎
𝑚 = 𝑓(𝐶𝑎

𝑚)33, eq. (2.136) must be coupled 

with the electroneutrality and Euler’s equations ((2.33) and (1.19)) and solved with boundary 

conditions consistent with the experimental configuration of salt permeability tests: 

{

𝐶𝑎
𝑚(0) = 𝐶𝑎,0

𝑚

𝐶𝑐
𝑚(0) = 𝐶𝑐,0

𝑚

𝐶𝑎
𝑚(𝛿) = 0

 (2.137) 

where 𝛿  is the geometrical thickness of the membrane, while 𝐶𝑎,0
𝑚  and 𝐶𝑐,0

𝑚  are respectively the 

equilibrium anion and cation concentration at the feed-side interface. Traditionally,𝐷̅𝑐𝑎
𝑚 (𝐶𝑎

𝑚)  is 

evaluated by solving eq. (2.136) under the assumption of linear concentration profile across the 

membrane[128,168], an approximation valid only for moderate concentration gradients. When 

𝐶𝑎
𝑚(0) ≫ 𝐶𝑎

𝑚(𝛿), osmotic water flux and variations of diffusion coefficients make such assumption 

unreliable.  

In this work, an alternative numerical procedure was employed, based on a stepwise evaluation 𝐷̅𝑐𝑎
𝑚 =

𝑓(𝐶𝑎
𝑚). The concentration domain in which 𝐷̅𝑐𝑎

𝑚 = 𝑓(𝐶𝑎
𝑚) is to be evaluated is discretized into 

sufficiently small intervals 𝛥𝐶𝑎
𝑚 in which 𝐷̅𝑐𝑎

𝑚  is approximated as constant. Hence, 𝐷̅𝑐𝑎
𝑚  and 𝐶𝑎

𝑚 can 

 
32 𝐶𝑤

𝑚 can be evaluated as a function of 𝐶𝑎
𝑚 and 𝐶𝑐

𝑚 by means of the Euler’s equation (1.19) assuming constant partial 

molar volumes 
33 In a single-salt system, the salt concentration can be univocally related both to the anion concentration and the cation 

concentration 
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we conceptualized as vectors of N elements, with N being the number of sub-intervals, i.e., 𝐷̅𝑐𝑎
𝑚 =

[𝐷̅𝑐𝑎
𝑚(0)

, 𝐷̅𝑐𝑎
𝑚(1)

, … , 𝐷̅𝑐𝑎
𝑚(𝑖), … , 𝐷̅𝑐𝑎

𝑚(𝑁)] and 𝐶𝑎
𝑚 = [𝐶𝑎

𝑚(0)
, 𝐶𝑎

𝑚(1)
, … , 𝐶𝑎

𝑚(𝑖), … 𝐶𝑎
𝑚(𝑁)

] with 𝑖 representing 

the interval, and 𝐶𝑎
𝑚(0)

= 𝐶𝑎
𝑚(𝛿) = 0. Consequently, eq. (2.136) can be integrated numerically and 

𝐷̅𝑐𝑎
𝑚(0)

 can be evaluated with a numerical solver by imposing the boundary conditions (2.137). To 

evaluate 𝐷̅𝑐𝑎
𝑚(1)

eq. (2.136) can be integrated again in the sub-interval 𝐶𝑎
𝑚 = [𝐶𝑎

𝑚(0)
, 𝐶𝑎

𝑚(1)
, 𝐶𝑎

𝑚(2)
] 

considering that now 𝐷̅𝑐𝑎
𝑚(0)

 is known from the previous integration. Such iterative procedure can be 

carried out by progressively increasing the integration step until 𝐷̅𝑐𝑎
𝑚(𝑁)

 is evaluated. To do that, 𝑁 

different experimental points should be determined. To circumvent the problem, experimental values 

of 𝑁𝑎, 𝑁𝑤, 𝐶𝑎,0
𝑚  and 𝐶𝑐,0

𝑚  can be fitted as functions of the external feed salt concentration. The fitting 

functions for the FKS-50 CEM equilibrated with NaCl and KCl are reported in Figure 39 and Figure 

40.  

For both NaCl and KCl, 𝐶𝑎
𝑚(0)

 was set to the equilibrium value corresponding to an external salt 

concentration of 10−3 mol L-1 while 𝑁 was set to 200. To assess the dependence of the of the results 

from the lower concentration bound and from the number of discretization intervals, several 

simulations were also performed at different values of 𝐶𝑎
𝑚(0)

 (from 10−5 to 10−3) and 𝑁 (from 102 

to 105), but no significant numerical effects were observed. 
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Figure 39 Mobile ions concentration in FKS-50 equilibrated with aqueous solutions of (A) NaCl and 

(B) KCl. The empty circles are the experimental data evaluated from ion partitioning tests, while the 

dashed lines are the power law fittings. 

 

Figure 40 (A) Salt and (B) water fluxes across FKS-50 separating a DI water receiver compartment 

from a feed compartment filled with single-salt solutions at variable concentration of NaCl and KCl. 

The empty circles are the experimental data evaluated from ion partitioning tests, while the dashed 

lines are the power law fittings. 

Integration of eq. (2.136) enables the evaluation of 𝐷̅𝑐𝑎
𝑚  in a molar barycentric velocity reference 

frame. However, as discussed in section 2.2.1.4, this valued cannot be directly combined with eq. 

(2.133), since conductivity measurements refer to a stationary (membrane-fixed) frame unless 

corrected for the convective current contributions. 

Accordingly, 𝐷̅𝑐𝑎
𝑚  should be evaluated with respect to the membrane-fixed reference frame by 

integrating the following equation: 
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𝑑𝐶𝑎
𝑚(𝑥)

𝑑𝑥
= −

𝑁𝑎

𝐷̅𝑐𝑎
𝑚 (𝐶𝑎

𝑚)
 (2.138) 

Eq. (2.138) can be solved for 𝐷̅𝑐𝑎
𝑚  following the same numerical strategy as above. Figure 41A-D 

report the resulting concentration profiles and diffusion coefficients in both reference frames. 

 

Figure 41 (A) NaCl and (C) KCl Nernst-Hartely apparent diffusion coefficient in FKS-50 

(equilibrated with single-salt solutions at different concentrations), as a function of the mobile ions 

concentration in the membrane phase. The empty circles are the values of diffusivity in the membrane-

fixed reference frame while the crosses are the values in the molar barycentric reference frame. 

Figures (B) and (D) show co-ions concentration profile in FKS-50 in a salt diffusion tests with the 

feed-side interface ( 𝑥 = 0 ) contacted with single-salt solutions of NaCl and KCl at various 

concentrations, ranging from 0.1 to 5 mol L-1. 

As previously discussed, the concentration profile depends on the variation of the transport 

coefficients with the concentration itself. Figure 41 B and D clearly show that the concentration 

profiles are non-linear, indicating a significant variation of the salt diffusion coefficient with the co-

ions’ concentration (see Figure 41 C and D). In particular, the sign of the concavity of the 

concentration profile is directly related to the variation of the mass transport resistance: a negative 
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concavity indicates that transport resistance increases at lower concentrations. As a matter of fact, the 

apparent diffusion coefficients of NaCl and KCl increase by more than one order of magnitude as the 

external salt concentration rises from 0.1 to 3 mol L-1. Such result confirms that assuming a linear 

concentration profile in the evaluation of the salt diffusion coefficient would have led to gross errors. 

Notably, while the difference between the diffusion coefficients obtained in the membrane-fixed and 

molar barycentric reference frames is relatively small for NaCl, in the case of KCl the value of 𝐷̅𝑐𝑎
𝑚  

in the barycentric reference frame is almost twice that obtained in the membrane-fixed frame. This 

discrepancy originates from the higher osmotic water flux observed during KCl diffusion 

experiments. Such evidence highlights the importance of carefully converting transport coefficients 

between reference frames, especially when osmotic water fluxes are non-negligible. For consistency 

with the conductivity measurements, the values of 𝐷̅𝑐𝑎
𝑚  in the membrane-fixed reference frame are 

adopted in the following sections to evaluate ionic diffusivities. 

2.3.2.2 Results and discussion 

Once 𝐷̅𝑐𝑎
𝑚  is determined, NP ionic diffusivities can be evaluated by combining equations (2.133) and 

(2.134), provided that the geometrical correction factor ϵ τ⁄  and the thermodynamic correction 

coefficient 𝛤𝑐(𝑎)
𝑚  are known. In this work, ϵ τ⁄  was estimated via Bruggeman’s model (eq. (2.44)), 

while 𝛤𝑐(𝑎)
𝑚  was derived from ion partition data (see section 2.3.1). The resulting ionic diffusivities 

are reported in Figure 42. 

 

Figure 42 Nernst-Planck ionic diffusivities in the membrane-fixed reference frame of mobile ions in 

FKS-50 CEM equilibrated with aqueous solution of (A) NaCl or (B) KCl at various concentrations. 

Empty circles represent the diffusivities not corrected for the thermodynamic correcting coefficient 

(i.e., 𝛤𝑐(𝑎)
𝑚 = 1), while crosses adopt  the values of 𝛤𝑐(𝑎)

𝑚  evaluated in section 2.3.1. 

Importantly, the reported values are already corrected for both geometric and thermodynamic effects 

and therefore reflect the intrinsic diffusivities of the mobile ions in the membrane. Counter-ion 
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diffusivities (i.e., 𝐷𝑁𝑎+
𝑚  and 𝐷𝐾+

𝑚 ) are nearly constant at low external salt concentrations and lower 

than their infinite-dilution counterparts 𝐷
𝑁𝑎+
∞0  and 𝐷

𝐾+
∞0  (see Table 7), with a similar trend (𝐷𝐾+

𝑚 >

𝐷𝑁𝑎+
𝑚  and 𝐷

𝐾+
∞0 > 𝐷

𝑁𝑎+
∞0 ). However, at higher concentrations, counter-ion diffusivities exhibit a slight 

increase, a trend opposite to that of the Maxwell–Stefan ion–water binary diffusion coefficient 

(Figure 19) suggesting that ion–solvent interactions alone cannot account for the observed behaviour.  

In contrast, co-ions diffusivity 𝐷𝐶𝑙−
𝑚  increase markedly with salt concentration, mirroring the 

behaviour of ion–ion Maxwell–Stefan coefficients (see Figure 19), thus suggesting that the origin of 

such increase can be related to inter-ionic interactions.  

Moreover, correcting for the thermodynamic corrective coefficient significantly alters co-ion 

diffusivities, while leaving counter-ion values essentially unaffected. This occurs because 𝛤𝑐(𝑎)
𝑚  only 

influence the values of 𝐷̅𝑐𝑎
𝑚 , which is dominated by co-ions diffusion coefficient. In fact, 𝐷̅𝑁𝑎𝐶𝑙

𝑚 , 𝐷̅𝐾𝐶𝑙
𝑚  

and 𝐷𝐶𝑙−
𝑚  vary with the concentration in a similar fashion. 

It must be stressed that NP ionic diffusivities in membranes should be interpreted as pseudo-binary 

coefficients, implicitly associated with the dominant “third component” (the membrane matrix). 

Moreover, at high salt concentrations, the NP model neglects cross-correlated transport effects and 

therefore the extracted diffusivities progressively lose physical significance. Consequently, caution 

must be exercised when employing the NP framework to interpret the mechanistic origin of ion 

transport phenomena. 

2.3.3 Evaluation of transport coefficients in the Maxell–Stefan 

framework 

In the previous section, the application of the NP model to determine the diffusivities of mobile ions 

in an IEM equilibrated with a single-salt solution was discussed. This approach is relatively 

straightforward to implement, since only one transport coefficient per mobile ion is required to 

adequately describe electrodiffusion within the NP framework.  

In contrast, the MS transport coefficients are considerably more challenging to predict and to 

determine experimentally. The main difficulty arises from the fact that multiple diffusion coefficients 

must be identified, all of which may, in principle, contribute to the measurable flux of a given 

component. As a result, experimental data on MS diffusivities are extremely scarce, particularly in 

IEMs. 
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As outlined in section 2.1.3, the number of transport coefficients required to describe mass and charge 

transport within the MS framework is given by 
𝑁

2
(𝑁 − 1) , where 𝑁  denotes the number of 

components. In the Binary-Friction model, derived from the application of the MS equations to IEMs, 

the membrane is considered as an additional fixed component exerting a drag force on the mobile 

species (i.e., water and ions). Consequently, the number of required coefficients becomes 
(𝑁+1)

2
𝑁. In 

this expression, one additional component is formally introduced to account for frictional interactions 

between the mobile species and the membrane matrix. For an IEM equilibrated with a single-salt 

solution, three mobile components are present (water, counter-ions, and co-ions), leading to a total of 

six required transport coefficients. A schematic representation of the transport coefficients matrix is 

reported in Figure 43 

 

Figure 43 Matrix of Maxwell-Stefan friction factors for an IEM equilibrated with a single-salt 

solution. 𝑐, 𝑎, 𝑤, and 𝑚 denote cations, anions, water molecules, and the membrane component, 

respectively. Note that the matrix is symmetric, and that the main diagonal elements are undefined 

according to the Stefan–Maxwell theory  

The direct determination of all six transport coefficients would require an equivalent number of 

independent experimental measurements, a task that is both overly complex and scarcely feasible. 

Nevertheless, by analogy with semi-empirical thermodynamic models such as peNRTL (section 

1.1.5.3), at least three of these parameters can be estimated from equivalent binary diffusion 

coefficients measured in aqueous solutions. In fact, MS diffusivities exhibit a weaker dependence on 

composition and concentration compared to NP diffusivities, thereby enabling the estimation of 

binary diffusion coefficients for a given pair of components from experiments performed in separate 

systems. 

---

--

-
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In particular, ion–water and ion–ion MS binary diffusion coefficients are well-documented in 

aqueous salt solutions and can be satisfactorily described by classical models such as Stokes–Einstein 

and Debye–Hückel [132,133] (see section 2.1.3.7). This reduces the number of unknown transport 

coefficients to three, namely 𝐾𝑐,𝑚 , 𝐾𝑎,𝑚 , 𝐾𝑤,𝑚, which can be obtained by combining salt-diffusion 

and water-permeability experiments with ionic conductivity measurements and subsequently 

applying the corresponding MS transport equations, namely equations (2.67), (2.81) and (2.87). 

2.3.3.1 Salt diffusion and osmotic water transport equations integration 

Neutral salt diffusion and osmotic water transport in a single-salt permeability test can be described 

through eqs. (2.81) and (2.87) which, under pseudo steady-state conditions and in planar geometry 

can be reformulated as: 

(𝐶𝑐
𝑚𝜈𝑎 − 𝐶𝑎

𝑚𝜈𝑐𝛤𝑐(𝑎)
𝑚 𝑧𝑎

𝑧𝑐
)
𝑑𝐶𝑎

𝑚

𝑑𝑥
=

= − [(
𝐶𝑎

𝑚𝐶𝑤
𝑚

𝐶𝑡𝑜𝑡
𝑚

𝜈𝑐
2

Ð𝑐,𝑤
+

𝐶𝑐
𝑚𝐶𝑤

𝑚

𝐶𝑡𝑜𝑡
𝑚

𝜈𝑎
2

Ð𝑎,𝑤
) +

(𝐶𝑐
𝑚𝜈𝑎 − 𝐶𝑎

𝑚𝜈𝑐)
2

𝐶𝑡𝑜𝑡
𝑚 Ð𝑐,𝑎

+
𝐾𝑐𝑎,𝑚

𝑅𝑔𝑇
]𝑁𝑐𝑎

−
𝐶𝑐

𝑚𝐶𝑎
𝑚

𝐶𝑡𝑜𝑡
𝑚 (

𝜈𝑐

Ð𝑐,𝑤
+

𝜈𝑎

Ð𝑎,𝑤
)𝑁𝑤 

(2.139) 

𝑑𝑃𝑡𝑜𝑡
𝑚

𝑑𝑥
= 𝑅𝑔𝑇

𝐶𝑤
𝑚

𝐶𝑡𝑜𝑡
𝑚 (

𝜈𝑐

Ð𝑐,𝑤
+

𝜈𝑎

Ð𝑎,𝑤
)𝑁𝑐𝑎 − 𝑅𝑔𝑇 [

1

𝐶𝑤
𝑚

𝐾𝑤,𝑚

𝑅𝑔𝑇
+

1

𝐶𝑡𝑜𝑡
𝑚 (

𝐶𝑐
𝑚

Ð𝑐,𝑤
+

𝐶𝑎
𝑚

Ð𝑎,𝑤
)]𝑁𝑤  (2.140) 

The two equations must be solved by adopting the following boundary conditions: 

{

𝐶𝑎
𝑚(0) = 𝐶𝑎,0

𝑚

𝐶𝑐
𝑚(0) = 𝐶𝑐,0

𝑚

𝐶𝑎
𝑚(𝛿) = 0

 (2.141) 

{
𝑃𝑡𝑜𝑡

𝑚 (0) = 𝑃𝑠(0)

𝑃𝑡𝑜𝑡
𝑚 (𝛿) = 𝑃𝑠(𝛿) − 𝛱𝑠(𝛿)

 (2.142) 

where 𝑃𝑠(0) and 𝑃𝑠(𝛿) correspond to the hydrostatic pressure applied in the external compartment 

(i.e., atmospheric pressure) while 𝛱𝑠(𝛿) correspond to the osmotic pressure of the solution in the 

feed compartment. To be solved eqs. (2.81) and (2.87) must be coupled with the differential form of 

the local electroneutrality equation ( eq. (2.33)) and with Euler’s equation (eq. (1.19)). Notably, all 

the transport coefficients appearing in equation (2.139) are apparent transport coefficients, whose 

dependence on the membrane microstructure can be expressed through the Bruggeman correction 

factor.  
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The previous set of equations can be employed to predict the water and salt flux across the membrane 

if the corresponding transport coefficients are known. Conversely, if the fluxes are experimentally 

determined, an equivalent number of transport coefficients can be determined. 

Provided that the concentration dependence of binary transport coefficients including water and 

mobile ions is known, the remaining coefficients, i.e., 𝐾ca,m  (see eq. (2.82).) and 𝐾𝑤,𝑚  can be 

determined by applying the numerical method proposed in section 2.3.2.1,  

2.3.3.2 Results and discussion: Binary diffusion coefficients 

Integration of eqs. (2.139) and (2.140) for the FKS-50 membrane contacted with NaCl or KCl 

solutions at various concentrations allows for the evaluation of the salt concentration and total 

pressure profiles depicted in Figure 44. 

 

Figure 44: (A)(C) Co-ions concentration profile and (B)(D) total pressure profile in FKS-50 in a salt 

diffusion tests with the feed-side interface (𝑥 = 0) contacted with single-salt solutions of NaCl and 

KCl at various concentrations, ranging from 0.1 to 5 mol L-1. The receiver compartment was filled 

with DI water. 
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Mobile salt concentration profiles are equivalent to those achieved applying the NP model, therefore 

similar considerations hold. Notably, the total pressure as an opposite trend. In fact, as the hydrostatic 

pressure in the external compartment correspond to the atmospheric pressure, the water chemical 

potential at the feed-side interfaces is lower due to the higher salt concentration. Moreover, the total 

pressure is almost everywhere negative. As previously stated, differently from the hydrostatic 

pressure, the total pressure is a thermodynamic variable and can reasonably assume negative values 

if the water osmotic pressure is higher that the hydrostatic one [74]. However, without accounting for 

non-ideal thermodynamic phenomena, it is not possible to separate rigorously the two contributions, 

unless the excess osmotic pressure is neglected. 

Integration of eqs. (2.139) and (2.140) allow also for the evaluation of the unknown transport 

coefficients as a function of the co-ions concentration in the membrane, as depicted in Figure 45. 

 

Figure 45 (A) NaCl and (B) KCl equivalent salt-membrane friction factor (×) and water-membrane 

friction factor (○)in FKS-50 (equilibrated with single-salt solutions at different concentrations), as 

a function of the co-ions concentration in the membrane phase.  

Strictly speaking, the water-membrane friction factor increases with the co-ions’ concentration. 

However, increasing the external concentration from 0.1 mol L-1 to 5 mol L-1 (3 mol L-1 in the case 

of KCl) makes 𝐾𝑤,𝑚  increase only twofold. In recent works, Biesheuvel and Dykstra [43,72,74] 

assumed this factor to be constant. According to the present simulations, such assumption seems to 

be reasonable. Slight changes in the water-membrane friction factor could be attributed to a variation 

in the strength of interaction with the fixed charges caused by the increased salt content [76]. 

Conversely, the equivalent salt-membrane friction factor for NaCl and KCl considerably decreases 

with increasing mobile salt concentration in the membrane phase. 𝐾𝑐𝑎,𝑚  formally represent the 

neutral salt diffusive transport resistance due to the interactions between the mobile ions and the fixed 

charges. Therefore, a reduction of 𝐾𝑐𝑎,𝑚  implies a weakening of such interactions at high co-ion 
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concentration. In order to separate the contributions due to counter-ions and co-ions and evaluate the  

coefficients 𝐾𝑐,𝑚 and 𝐾𝑎,𝑚, eq. (2.82) must be combined with the ionic conductivity expression (eq. 

(2.67)). The corresponding results are reported in Figure 46. 

 

Figure 46 Ion-membrane friction factors in FKS-50 CEM equilibrated with aqueous (A) NaCl and 

(B) KCl as a function of the co-ion concentration in the membrane phase. 

For the case of NaCl, 𝐾𝑁𝑎+ ,𝑚 shows a considerable decrease at high co-ion concentration, conversely 

𝐾𝐶𝑙−,𝑚 increases at low co-ion concentration apparently reaching a maximum value around 0.5 mol 

L-1. Notably, when the CEM is equilibrated with aqueous solution of KCl, ion-membrane friction 

factors exhibit a different trend: 𝐾𝐾+,𝑚  and 𝐾𝐶𝑙− ,𝑚  slightly decrease with increasing co-ion 

concentration.  

Given that the magnitude of friction factors is inherently dependent on the mobile-ions concentration, 

it is useful to convert friction factors into binary diffusivities to rationalize such trend. Indeed, it 

should be noted that, although 𝐾𝑐,𝑚  and 𝐾𝑎,𝑚  are corrected for geometrical and thermodynamic 

effects, they still depend on the mobile-ion concentration. In principle, the general definition of the 

friction factor 𝐾𝑖𝑗 (eq. (2.50)) could be extended to ion–membrane interactions. However, this would 

require defining the “concentration” of the membrane component, which is not straightforward. To 

circumvent this issue, some authors [43] propose to treat the membrane friction factor as 

concentration-independent. Such an assumption, however, appears questionable, since the 

momentum exchanged between two species is inevitably related to the number of interacting 

particles. 

To reduce the concentration dependence of 𝐾𝑐,𝑚  and 𝐾𝑎,𝑚  a binary ion–membrane diffusion 

coefficient can be introduced as: 
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Ð𝑖,𝑚 =
𝑅𝑔𝑇

𝐾𝑖,𝑚

𝐶𝑡𝑜𝑡
𝑚

𝐶𝑖
𝑚𝐶𝑓𝑖𝑥

 (2.143) 

This definition relies on the assumption that the dominant drag force arises from the interactions 

between mobile ions and the fixed charged groups, rather than with the polymer backbone—a 

plausible hypothesis given the charged nature of the solutes. Through eq. (2.143), the ion–membrane 

friction factors can be reformulated as ion–membrane binary diffusion coefficients (see Figure 47). 

 

Figure 47 (A),(C) Ion-ion, ion-water and ion-membrane MS binary diffusion coefficients in FKS-50 

CEM equilibrated with aqueous NaCl and KCl at various concentrations. (C),(D) Ion-ion, ion-water 

and ion-membrane MS binary friction factors in FKS-50 CEM equilibrated with aqueous NaCl and 

KCl at various concentrations. A key advantage of the MS framework is that it decouples the transport 

resistances into species-specific contributions, thereby providing a clearer physical interpretation of 

the system.  

Figure 47 A and B show the ion-membrane binary diffusion coefficients in comparison to ion-ion 

and ion-water binary diffusivities, while Figure 47 C and D compare the related friction factors. 

Notably, ion-membrane diffusivities are order of magnitudes lower than the other binary diffusivities, 

implying that the strength of interaction with the fixed charges is much higher compared to the 

interactions among the mobile ions and between the mobile ions and the water molecules. 
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Nonetheless, ion-water friction factors are not negligible, especially at high external salt 

concentration, when the mobile ions concentration in the membrane phase is increased due to the 

weakening of Donnan exclusion mechanism. Therefore, not accounting for their contribution in the 

evaluation of salt transport resistance could lead to significant errors. 

More in detail, the counter-ion–membrane binary diffusion coefficients are barely constant at low 

salt concentration, while showing a moderate increase at external concentrations above1 mol L-1. In 

contrast, the co-ion–membrane diffusion coefficients show a marked increase with the external salt 

concentration.  

Such trends mirror that of ion-ion binary diffusion coefficients in aqueous solution (see Figure 19). 

This suggest that the Debye–Hückel framework can be employed to rationalize these results. Indeed, 

at high ionic strength electrostatic interactions are screened due to the increase in the Debye screening 

parameter. Consequently, a reduction in Ð𝑖,𝑚 is expected at high external concentration.  

However, there are at least two considerations that undermine the validity of such analysis. First, 

Ð𝑎,𝑚 appears to be much more sensitive on the ionic strength compared to Ð𝑐,𝑚 and Ð𝑐,𝑎 . Moreover, 

if interactions among co-ions and the membrane were primarily electrostatic, Ð𝑎,𝑚 would be expected 

to be negative, in accordance with eq. (2.90). In fact, since both co-ions and fixed charges are like-

charged, the interaction force 𝐹 𝑎,𝑚 in the momentum balance is expected to be repulsive, leading 

naturally to a negative value of Ða,𝑚, as it is reported for like-charged ions in aqueous solutions [133].  

Such unexpected behaviour could be only explained assuming that interactions between co-ions and 

the fixed-charges are mediated by counter-ions, provided that these latter are located in a region of 

space closer to the charged functional groups.  Simulations performed by different authors [169,170] 

demonstrated how counter-ions binding (i.e., condensation) may determine a net inversion of charge 

on the surface of a polyelectrolyte, consequently affecting the interactions with the co-ions. 

Moreover, it is relevant to note that there is a slight difference between Ða,𝑚 measured when the 

membrane is in the K+ or in the Na+ form, further suggesting that counter-ions can influence the 

interactions between co-ions and fixed charges. 

Unfortunately, most of the studies on ion transport in IEMs focus on counter-ions, and only a few 

have investigated co-ion diffusivities. To the best of the author’s knowledge, this is the first attempt 

to estimate binary diffusivities from experimental data within the proposed theoretical framework 

and further investigations will be required to fully elucidate the physical basis of the observed trends. 
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2.3.3.3  Results and discussion: mass and charge transport resistance analysis 

The evaluation of the MS binary diffusivities enables a separate analysis of the contribution of each 

type of interaction to the overall salt-transport and charge-transport resistances. For this purpose, eq. 

(2.139) can be conveniently reformulated as: 

𝑑𝐶𝑎
𝑚

𝑑𝑥
= −(𝑅𝑠,𝑖−𝑤 + 𝑅𝑠,𝑖−𝑗 + 𝑅𝑠,𝑖−𝑚)𝑁𝑐𝑎 = −𝑅𝑡𝑜𝑡𝑁𝑐𝑎 (2.144) 

Where 𝑅𝑠  is the total salt transport resistance and 𝑅𝑠,𝑖−𝑤 ,  𝑅𝑠,𝑖−𝑗 , and 𝑅𝑠,𝑖−𝑚  represent the salt 

transport resistances respectively due to ion-water, ion-ion and ion-membrane interactions, and are 

defined as follows: 

𝑅𝑠,𝑖−𝑤 =
(
𝐶𝑎

𝑚𝐶𝑤
𝑚

𝐶𝑡𝑜𝑡
𝑚

𝜈𝑐
2

Ð𝑐,𝑤
+

𝐶𝑐
𝑚𝐶𝑤

𝑚

𝐶𝑡𝑜𝑡
𝑚

𝜈𝑎
2

Ð𝑎,𝑤
) −

𝐶𝑐
𝑚𝐶𝑎

𝑚

𝐶𝑡𝑜𝑡
𝑚 (

𝜈𝑐

Ð𝑐,𝑤
+

𝜈𝑎

Ð𝑎,𝑤
)

𝑁𝑤

𝑁𝑐𝑎

(𝐶𝑐
𝑚𝜈𝑎 − 𝐶𝑎

𝑚𝜈𝑐𝛤𝑐(𝑎)
𝑚 𝑧𝑎

𝑧𝑐
)

 
(2.145) 

𝑅𝑠,𝑖−𝑗 =

(𝐶𝑐
𝑚𝜈𝑎 − 𝐶𝑎

𝑚𝜈𝑐)
2

𝐶𝑡𝑜𝑡
𝑚 Ð𝑐,𝑎

(𝐶𝑐
𝑚𝜈𝑎 − 𝐶𝑎

𝑚𝜈𝑐𝛤𝑐(𝑎)
𝑚 𝑧𝑎

𝑧𝑐
)

 
(2.146) 

𝑅𝑠,𝑖−𝑚 =

𝐾𝑐𝑎,𝑚

𝑅𝑔𝑇

(𝐶𝑐
𝑚𝜈𝑎 − 𝐶𝑎

𝑚𝜈𝑐𝛤𝑐(𝑎)
𝑚 𝑧𝑎

𝑧𝑐
)

=

𝐶𝑓𝑖𝑥

𝐶𝑡𝑜𝑡
𝑚 (

𝐶𝑎
𝑚𝜈𝑐

2

Ð𝑐,𝑚
+

𝐶𝑐
𝑚𝜈𝑎

2

Ð𝑎,𝑚
)

(𝐶𝑐
𝑚𝜈𝑎 − 𝐶𝑎

𝑚𝜈𝑐𝛤𝑐(𝑎)
𝑚 𝑧𝑎

𝑧𝑐
)

 
(2.147) 

Note that 𝑅𝑠 is formally the inverse of salt permeability 𝑃𝑠, which is typically defined as: 

𝑃𝑠 = 𝛿
𝑁𝑐𝑎

𝛥𝐶𝑐𝑎
𝑚 (2.148) 

Where 𝛥Cca
m   is the difference between the mobile salt concentration in the membrane phase at the 

solution-membrane interface facing respectively the feed and receiver, which correspond to 𝐶𝑎
𝑚 when 

the membrane is equilibrated with a 1:1 salt. Given that salt diffusion always occurs under the effect 

of a concentration gradient, Ps  is always an average quantity. By integrating eq. (2.148), and 

comparing the result with eq. (2.145),  Ps can be expressed as follows: 
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𝑃𝑠 = ∫
𝑑𝐶𝑎

𝑚

𝑅𝑠

𝐶𝑎,𝐹
𝑚

𝐶𝑎,𝑅
𝑚

= ∫
𝑑𝐶𝑎

𝑚

∑ 𝑅𝑠,𝑖𝑖

𝐶𝑎,𝐹
𝑚

0

 (2.149) 

To quantify the contribution of each salt transport resistance to the total salt permeability, individual 

salt permeabilities can be defined as follows: 

𝑃𝑠 = ∑ 𝑃𝑠,𝑖

𝑖

= ∑ ∫
𝑅𝑠,𝑖

(∑ 𝑅𝑠,𝑗𝑗 )
2 𝑑𝐶𝑎

𝑚

𝐶𝑎,𝐹
𝑚

0𝑖

 
(2.150) 

The relative contribution to the salt permeability can be then evaluated as: 

𝑝𝑠,𝑖 =
𝑃𝑠,𝑖

∑ 𝑃𝑠,𝑖𝑖
 (2.151) 

Analogously, individual contributions to the ionic conductivity can be defined starting from eq. 

(2.67), and recalling that the MS transport matrix [ℒ𝑖,𝑗] can be written as: 

[ℒ𝑖,𝑗] = −
[ℳ𝑖,𝑗]

+

𝑑𝑒𝑡([ℳ𝑖,𝑗])
 

(2.152) 

Where [ℳ𝑖,𝑗]
+

 is the adjugate matrix of [ℳ𝑖,𝑗], that for a membrane equilibrated with a single-salt 

solution assume the following form: 

[ℳ𝑖,𝑗] = [

−(𝐾𝑐,𝑎 + 𝐾𝑐,𝑤 + 𝐾𝑐,𝑚) 𝐾𝑐,𝑎 𝐾𝑐,𝑚

𝐾𝑎,𝑐 −(𝐾𝑎,𝑐 + 𝐾𝑎,𝑤 + 𝐾𝑎,𝑚) 𝐾𝑎,𝑚

𝐾𝑤,𝑐 𝐾𝑤,𝑎 −(𝐾𝑤,𝑐 + 𝐾𝑤,𝑎 + 𝐾𝑤,𝑚)

] (2.153) 

where  𝐾𝑐,𝑎 = 𝐾𝑎,𝑐, 𝐾𝑤,𝑎 = 𝐾𝑎,𝑤, 𝐾𝑤,𝑐 = 𝐾𝑐,𝑤.  

Consequently, the ionic conductivity 𝜅𝑚 assume the following form: 

𝜅𝑚 =
𝑁(𝐾𝑐,𝑤 , 𝐾𝑎,𝑤 , 𝐾𝑐,𝑎 , 𝐾𝑐,𝑚 , 𝐾𝑎,𝑚 , 𝐾𝑤,𝑚)

𝐷(𝐾𝑐,𝑤 , 𝐾𝑎,𝑤 , 𝐾𝑐,𝑎 , 𝐾𝑐,𝑚 , 𝐾𝑎,𝑚 , 𝐾𝑤,𝑚)
 (2.154) 

where 𝑁 and 𝐷 are homogeneous polynomials, respectively of order 2 and 3 in 𝐾𝑖 , for which the 

Euler’s rule applies: 
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𝜅𝑚 = −∑𝐾𝑖

𝜕𝜅𝑚

𝜕𝐾𝑖
𝑖

= −
1

𝐷2
∑𝐾𝑖 (𝑁

𝜕𝐷

𝜕𝐾𝑖
− 𝐷

𝜕𝑁

𝜕𝐾𝑖
)

𝑖

 (2.155) 

Where the minus is added to account for the fact that 
𝜕𝐾𝑖

𝜕𝜅𝑚 is negative. From eq. (2.155) it follows that 

individual contribution to the ionic conductivity can be expressed as follows: 

𝜅𝑖
𝑚 = −𝐾𝑖

𝜕𝜅𝑚

𝜕𝐾𝑖
 (2.156) 

 𝜅𝑖
𝑚 quantifies how much the effect of a specific kind of interaction (represented by the friction factor  

𝐾𝑖) contribute to the overall ionic conductivity. For comparison purposes, the contributions to salt-

transport resistance and ionic conductivity are reported in Figure 48. 

 

Figure 48(A), (C) Ion-ion, ion-water and ion-membrane relative salt permeabilities in FKS-50 CEM 

equilibrated with aqueous NaCl and KCl at various concentrations. (B), (D) Maxwell-Stefan ionic 

conductivity contributions in FKS-50 CEM equilibrated with aqueous NaCl and KCl at various 

concentrations. 
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Salt-transport permeability is primarily governed by the drag forces exerted by the membrane on the 

mobile components. However, at sufficiently high salt concentrations, ion–water interactions exert a 

significant influence on the overall permeability, while ion–ion contribution satay negligible in the 

entire concentration range. The contribution of ion-water interactions to the salt permeability of NaCl 

and KCl reach a value respectively of 15% and 10% at 5 mol L-1. Such increase must be ascribed 

both to an increase in the ion-water interactions, due to the increased viscosity of the solvent, and to 

the weakening of the ion-membrane interactions, which is evident from the reduction of the salt-

membrane equivalent friction factor 𝐾𝑐𝑎,𝑚 (Figure 45). 

A similar trend is observed for ionic conductivity (Figure 48 B and D). At low salt concentrations, 

conductivity is primarily governed by the counter-ion  ̶ membrane interactions, even though 

counter-ion  ̶ water interactions in NaCl and KCl- equilibrated membrane respectively account for 

27% and 14% of the overall conductivity. At higher external salt concentrations, however, the role 

of counter-ion  ̶ membrane interactions become less dominant, and the other contributions become 

significant. For instance, at 5 mol L-1 NaCl and 3 mol L-1 KCl, counter-ion   ̶ water interactions 

contribute to the overall ionic conductivity respectively for the 63% and 24%.   

Interestingly, water-membrane interactions do contribute to the overall ionic conductivity even 

though the solvent does not directly contribute to the ionic current. Given that water is a neutral 

component, one would expect 𝐾w,𝑚 to have no influence on the ionic conductivity of the 

membrane. Such result can be rationalized considering that the transport rate of mobile ions is 

directly related to the solvent velocity, as the drag force that water molecules exert on the mobile 

ions is proportional to the difference between their velocity and that of the solvent, which in turn is 

related to 𝐾w,𝑚. In other words, transport coefficients of neutral components do have an indirect 

effect on the ionic conductivity of the membrane. Such effect is only implicit in the NP approach, 

given that solvent properties are not directly taken into account.  

Regarding ion-ion interactions, their contribution to the overall ionic conductivity is negligible over 

the entire concentration range investigated, reaching a maximum value of 4% and 2.5% respectively 

at 5 mol L-1 of NaCl and 3 mol L-1 of KCl.   

These findings suggest that neglecting mutual interactions among mobile components can lead to a 

gross misinterpretation of the physics of charge and mass transport in IEMs.  Recently, Freeman et 

al. [171] , performed molecular dynamics simulations to assess the effect of mobile components 

correlated motion on the overall ionic conductivity. According to their findings, when the IEMs are 

equilibrated with concentrated salt solutions, correlated motions among the mobile components can 
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become significant. This highlights the necessity of considering such effects when interpreting 

experimental measurements of transport coefficients [172,173]. 

A theoretical framework based on the NP model to not allow to account for such mutual coupling, 

and therefore NP diffusivities do not assume a clear and specific physical meaning. Rather they 

represent the global effect of several physical contributions. Consequently, NP diffusivities cannot 

be used to describe ion-membrane interactions. To demonstrate this point, it can be useful to 

compare the NP diffusivities with the MS ion-membrane diffusivities Ð𝑖,𝑚. When the other 

transport resistances are neglected, the MS equation (2.56) becomes: 

𝐶𝑖𝛻⃗ 𝜇̃𝑖 = −
𝑅𝑔𝑇

Ð𝑖,𝑚

𝐶𝑓𝑖𝑥

𝐶𝑡𝑜𝑡
𝑁⃗⃗ 𝑖 (2.157) 

Which can be rewritten as: 

𝑁⃗⃗ 𝑖 = −
𝐶𝑡𝑜𝑡

𝐶𝑓𝑖𝑥
Ð𝑖,𝑚 (𝛤𝑖(𝑛)𝛻⃗ 𝐶𝑖 +

𝑧𝑖ℱ

𝑅𝑔𝑇
𝐶𝑖𝛻⃗ 𝜑) (2.158) 

Which would correspond to the NP equation if: 

𝐶𝑡𝑜𝑡

𝐶𝑓𝑖𝑥
Ð𝑖,𝑚 = 𝐷𝑖  

(2.159) 

Figure 49 shows the comparison between NP diffusivities Di and the MS binary diffusivity Ð𝑖,m 

corrected for 
𝐶tot

𝐶fix
 according to eq. (2.159). 



2.3 Transport phenomena in ion-exchange membranes: numerical simulations 

169 

 

 

Figure 49 Corrected ion-membrane Maxwell-Stefan binary diffusivity and Nernst-Planck ionic 

diffusivities in FKS-50 equilibrated with (A) NaCl and (B) KCl at various concentration.  

Although the trend of NP and MS diffusivities with the salt concentration is similar, NP ionic 

diffusivities are orders of magnitude higher than the MS ion-membrane binary-diffusion coefficients. 

This must be attributed to the fact that NP diffusivities accounts for the overall effect of the 

interactions exchanged between the mobile-ions and all the other components. Consequently, 

associating NP solely to the interactions with the fixed charges would lead to gross misestimation of 

such interactions. This further confirms that the application of the NP model to non-dilute systems is 

intrinsically misleading, and attributing NP diffusivities solely to the interactions with the fixed-

charges is improper.
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2.4 Transport phenomena in ion-exchange membranes: 

conclusions 

In the previous Chapter, a thorough revision of fundamental transport models in IEMs was presented. 

Some of the mostly employed transport models for IEMs were critically examinated. In particular, it 

was demonstrated that, in a high salinity environment, the Nernst-Planck description of ionic 

transport lacks of physical meaning, and it may even become unfungible due to its assumptions. 

To overcome such limitations, a more rigorous framework based on the Maxwell-Stefan transport 

theory was proposed.  

A series of independent experimental tests were conducted on a commercial CEM aiming at 

determining information on interactions among components in the membrane phase, in particular the 

interactions between mobile components and fixed charges. 

The proposed physic-mathematical framework allowed the binary diffusivity in the membrane phase 

for each couple of components at various co-ion concentration to be quantified. Such analysis 

revealed that the transport properties of IEMs, such as the ionic conductivity, are affected not only 

by ion-membrane interactions, but also by ion-water interactions, the latter often disregarded in the 

literature. In addition, it was demonstrated that the ionic conductivity of the IEMs also depends on 

water-membrane interactions.  

Further fundamental research should be carried out to develop fundamental physic-chemical models, 

for predicting binary interactions in the IEMs, that can provide useful support for the design of next-

generation membranes with improved transport properties. To this regard, the proposed framework 

constitutes a valid benchmark for the validation of such predictive models based on reliable 

experimental data.  
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3. Macroscale modelling and simulations of ion-exchange 

membranes processes 

In the former Chapters, fundamental thermodynamic and transport models were developed and 

investigated. These typically describe the behavior of physical systems at the lowest space and time 

scales considered in chemical process engineering and are of paramount importance to develop 

accurate and reliable multi-scale models, accounting for multiple physical phenomena occurring in 

each process at scales. Chemical process engineering largely relies on multi-scale process models, 

not only to predict the performance of industrial processes but also to guide the choice of the best 

operating configuration and condition.  

The following Chapter is devoted to the development of multi-scale models of electromembrane 

processes for the valorization of saline streams. In particular, two case studies are examined in 

sections 3.1 and 3.2: the modeling of an electromembrane unit for the recovery of lithium from a 

geothermal brine and the modelling of an integrated process for the valorization of a seawater bittern.  
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3.1 Case study 1: Lithium recovery from seawater via Lithium-

selective Membrane Flow Capacitive De-Ionization  

The present section is adapted from a previously published paper [174]. 

As one of the most sought-after commodities worldwide, lithium plays a crucial role in modern 

industry. The rapid expansion of the Li-ion battery market has dramatically increased the global 

demand for lithium, which is projected to reach 2.43 million tons per year by 2030 [175]. However, 

conventional lithium production relies heavily on environmentally harmful mining practices, and its 

trade is highly sensitive to geopolitical instabilities, as only a few countries, mainly Australia, 

Argentina, and China, hold the largest global reserves [176]. 

To alleviate the pressure on natural lithium resources and satisfy the growing market demand, new 

and unconventional lithium sources are currently being explored. Among these, geothermal brines 

and seawater bitterns, naturally enriched in lithium, are promising and environmentally sustainable 

alternatives [78,177,178] 

The exploitation of all these potential sources requires efficient processes capable of fractionating 

complex, multi-ionic solutions. Despite significant research efforts, a scalable, selective, and 

environmentally benign method for lithium recovery is still lacking. The main challenge lies in the 

selective extraction of lithium ions from brines that contain much higher concentrations of chemically 

similar cations, such as sodium, potassium, and magnesium [179]. 

Electro-driven separation technologies, such as ED and Capacitive De-Ionization (CDI) have recently 

attracted growing attention for the selective recovery of valuable raw materials from concentrated 

brines [72,180] 

Among electrochemical separation techniques, Flow Capacitive De-Ionization (FCDI) [181–183] has 

emerged as a promising alternative to conventional CDI. In FCDI, extensive experimental work has 

been devoted to improving process efficiency and optimizing operational parameters [184,185]. The 

key difference between CDI and FCDI lies in the electrode design. In both systems, ions migrate from 

the bulk solution toward the electrode compartments, where they are adsorbed within the porous 

electrode structures that act as electrochemical capacitors. However, in traditional CDI, fixed porous 

electrodes are employed, making the process inherently non-continuous: once saturated, the 

electrodes must be regenerated through short-circuiting or polarity reversal to release the adsorbed 

ions [186]. 
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FCDI overcomes this limitation by replacing fixed electrodes with flowing slurries composed of 

carbon-based particles circulated through channels embedded in the current collectors [187]. The 

carbon slurry can be externally regenerated and recirculated, enabling continuous operation and 

improved process stability. 

In 2023, Saif et al. [188] introduced a novel configuration of FCDI, termed Lithium Membrane Flow 

Capacitive Deionization (Li-MFCDI), in which a Lithium-Selective Membrane (LiSM) was 

incorporated to selectively recover lithium from synthetic multi-ionic geothermal brines. containing 

Li⁺ together with competing cations such as Na⁺, K⁺, and Mg²⁺. Despite these promising outcomes, 

the influence of key operating parameters, such as applied voltage and electrode flow rate, on process 

performance was not further investigated, leaving significant room for optimization in terms of 

energy efficiency and separation selectivity. 

In the following sections, we propose a simple yet robust model for the Li-MFCDI process, 

emphasizing the multi-ionic transport phenomena across ion-exchange membranes, which are central 

to lithium selectivity. The model is designed to be flexible and applicable to saline streams of varying 

compositions. First, the governing equations and assumptions are presented. Then, simulation results 

are compared with the experimental data reported by Saif et al.[188] to validate the model. Finally, a 

parametric study is conducted to evaluate the influence of key operating variables on process 

performance, considering three lithium-selective membranes: the glass-ceramic Ohara AG-01, the 

monovalent-selective polymeric Selemion CSO, and an idealized LiSM combining the best properties 

of both. 

3.1.1 Unit description & process configuration 

The Li-FCDI unit consists of four distinct compartments: two central compartments (feed and 

receiver) with identical volumes of 10.75 mL, and two outer electrodic compartments, which were 

machined directly into graphite plates. The feed and receiver compartments are separated by a LiSM 

with an effective active area of 10.75 cm², while the electrodic compartments are isolated from the 

solution chambers by AEMs. The main geometrical characteristics of the cell are summarized in 

Table 12. 

Table 12 Geometrical properties of Li-MFCDI unit 

Property Electrode channel (el) Solution channels (s) 

Width - d [cm] 0.2 3.7 

Height - h [cm] 0.2 1.0 

Length - L [cm] 27.5 3.7* 
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*Solution channels are circular; thus, the length corresponds to the width (diameter) of the channels 

The LiSM employed in the experimental campaign is the commercial lithium-conductive glass-

ceramic membrane AG-01 (Ohara Corporation, Japan). The AEMs used (FAB-PK-130, Fumatech 

BWT, Germany) are dense, mechanically reinforced polymeric membranes with high proton-

blocking capability, commonly adopted in ED and EDBM processes [5]. The key properties of the 

IEMs used in this study are reported in Table 13.  

Table 13 Relevant properties of FAB-PK-130 and Ohara AG-01 membranes. 

 δ [μm] R [Ω cm
2
] wu [gw g

-1
dry] IEC [mmol g

-1
dry] Cfix [mmol g

-1
w] 

FAB-PK-130 125±15[189] 7±2[190] 0.1±0.05[190] 0.85±0.015[190] 5[189] 

OHARA AG-01 250[188] 12900* - - - 

* The value was fitted from experimental data 

The values of membrane areal resistance and ionic conductivity reported in Table 13 are taken from 

the manufacturer’s technical datasheet. The experiments were conducted in a closed-loop 

configuration over a period of seven days, under an applied external potential of 1.2 V. The initial 

compositions of the feed, receiver, and flow-electrode compartments are summarized in Table 14. 

Table 14 The initial composition of feed, receiver and flow electrodes. The flow electrode is a 10 wt. % 

slurry of YP50F activated carbon. 

 NaCl [g L
-1

] KCl [g L
-1

] LiCl [g L
-1

] MgCl2 [g L
-1

] HCl [g L
-1

] 

FEED 26.170 0.195 0.096 0.196 0 

RECEIVER 0 0 0 0 3.646 

FLOW ELECTRODE 1.000 0 0 0 0 

Based on the circulation pathway of the flow electrodes, FCDI systems can be operated in different 

configuration.  In this work, the Single Cycle (SC) configuration (Figure 46), was adopted. In the SC 

configuration, the flow electrodes are circulated in a closed loop between the cathodic and anodic 

compartments. and charging and discharging phases, corresponding respectively to the electro 

sorption and desorption of charged species within the Electric Double Layers (EDLs) of the carbon 

particles, occur simultaneously in the electrode compartments. This simultaneous operation 

minimizes electrostatic energy dissipation and thereby enhances the overall energy efficiency of the 

process [184–186]. The feed and receiver solutions were recirculated externally in separate reservoirs 

under a closed-loop configuration, as shown in Figure 50. During operation, the feed solution 

becomes progressively depleted in Li⁺ ions, which migrate across the LiSM toward the receiver 

compartment. The total volumes and flow rates of all solutions employed in the experiments are 

summarized in Table 15. 
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Figure 50 Schematic representation of the Li-MFCDI cell with SC configuration. 

Table 15 Feed, Receiver and flow electrode flow rates and total volume 

 Feed Receiver Flow electrodes 

V [L] 2 0.2 0.25 

Q [mL min-1] 10 10 100 

 

3.1.2  Multi-scale process model of the Li-MFCDI unit 

The Li-MFCDI unit is modelled through a one-dimensional (1D) pseudo–steady-state framework 

with distributed parameters along the flow direction (x-axis in Figure 50). Although the experimental 

configuration operates in closed-loop mode, thus being intrinsically unsteady, the transient dynamics 

of the cell is assumed negligible compared to those of the external reservoirs. Consequently, all 

process variables within the Li-MFCDI cell are treated as time-invariant. 

Water transport across the membranes in the y-direction is neglected, as no measurable variation in 

the external solution volumes was observed experimentally. Diffusive fluxes superimposed on the 

convective flow along the x-direction are also disregarded, and constant fluid density is assumed. 

Furthermore, non-ideal thermodynamic phenomena are disregarded, and no Faradaic reactions are 

considered to occur within the electrode compartments. 
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3.1.2.1 Mass balance in channels 

To determine the concentration profiles along the flow channels, species mass balances are 

formulated for each compartment. The cell is discretized into 100 elements along the x-direction, and 

differential mass balances are applied to each element as follows: 

𝑄𝐹 ∙
𝑑𝐶𝑖,𝐹

𝑑𝑥
= (𝑁𝑖,𝐹

𝐴𝐸𝑀 − 𝑁𝑖
𝐿𝑖𝑆𝑀) ∙ 𝑑𝑒𝑙  

(3.1) 

𝑄𝑅 ∙
𝑑𝐶𝑖,𝑅

𝑑𝑥
= (𝑁𝑖

𝐿𝑖𝑆𝑀 − 𝑁𝑖,𝑅
𝐴𝐸𝑀) ∙ 𝑑𝑒𝑙  

(3.2) 

(1 − 𝜍𝑒𝑙) ∙ 𝑄𝑒𝑙

𝑑𝐶𝑖,𝑒𝑙,𝐹

𝑑𝑥
= −𝑁𝑖,𝐹,𝑑𝑖𝑓𝑓

𝐴𝐸𝑀 ∙ 𝑑𝑒𝑙  
(3.3) 

(1 − 𝜍𝑒𝑙) ∙ 𝑄𝑒𝑙

𝑑𝐶𝑖,𝑒𝑙,𝑅

𝑑𝑥
= 𝑁𝑖,𝑅,𝑑𝑖𝑓𝑓

𝐴𝐸𝑀 ∙ 𝑑𝑒𝑙  
(3.4) 

where 𝐶𝑖,𝐹  and 𝐶𝑖,𝑅 are the molar concentrations (mol m-3) of the species 𝑖 respectively in the feed 

and receiver channels at the generic 𝑥 position; 𝐶𝑖,𝑒𝑙,𝐹  and 𝐶𝑖,𝑒𝑙,𝑅  denote the concentrations in the 

electrodic compartments respectively facing the feed and receiver compartments; 𝑄𝐹 , 𝑄𝑅  and 𝑄𝑒𝑙 

represent the volumetric flow rates (m3 s-1) of the feed, receiver and flow electrodes streams, 

respectively; 𝑑𝑒𝑙 is the electrode-channel width, and 𝜍𝑒𝑙 is the volumetric fraction of suspended solids 

in the flow electrodes.; 𝑁𝑖,𝐹
𝐴𝐸𝑀  and 𝑁𝑖,𝑅

𝐴𝐸𝑀  are the total ionic fluxes (mol m-2 s-1) of the 𝑖-th species 

across the AEMs adjacent to the feed and receiver compartments, while 𝑁𝑖,𝐹,𝑑𝑖𝑓𝑓
𝐴𝐸𝑀  and 𝑁𝑖,𝑅,𝑑𝑖𝑓𝑓

𝐴𝐸𝑀  denote 

their diffusive components. 𝑁𝑖
𝐿𝑖𝑆𝑀  represents the ionic flux across the LiSM. The active mass-transfer 

surface, corresponding to the AEM-facing area of the electrode channels, was assumed uniformly 

distributed along the flow direction, neglecting the effect of electrode-path tortuosity for simplicity. 

The right-hand sides of Equations (3.1) and (3.2) account for all ionic transport mechanisms through 

the IEMs, including diffusion and migration, whereas in Equations (3.3) and (3.4) only diffusive 

contributions are considered. Since no Faradaic processes occur, the conductive flux component is 

assumed to be fully electro-sorbed within the carbon particles’ electric double layers (EDLs), thus 

not altering the bulk ionic concentration in the electrode solution. 

These governing equations are solved for each ionic species and channel to compute the concentration 

profiles within the Li-MFCDI unit, given appropriate boundary conditions and flux expressions 

across the membranes, with this latter depending on the kind of IEM considered. 
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3.1.2.2 Transport equations 

The LiSM employed in the experimental campaign is a glass–ceramic membrane consisting of an 

amorphous glassy matrix in which lithium-ion–conductive crystalline particles are dispersed. The ion 

transport mechanism in this type of LiSM follows the so-called vacancy diffusion or hopping 

mechanism [191]. Within the membrane, which behaves as a solid-state ionic conductor, mobile ions 

migrate by jumping between adjacent lattice sites under the influence of an applied electric field. The 

transport rate of each ionic species depends on its activation energy for hopping, which in turn is 

governed by the ionic radius and the size of the lattice cavities [192]. 

The lithium selectivity of the LiSM arises from the specific size of the vacancies in the crystal lattice, 

which are designed to closely match the ionic radius of lithium. This structural compatibility lowers 

the activation energy for lithium hopping compared to other cations, thereby enhancing Li⁺ transport. 

Conventional diffusion through the membrane is assumed negligible due to the extremely low 

diffusivities typical of glassy materials. Consequently, the ionic transport across the LiSM can be 

described as purely conductive and expressed by the following relationship: 

𝑁𝑖
𝐿𝑖𝑆𝑀 =

𝑡𝑖
𝐿𝑖𝑆𝑀 ∙ 𝐽

𝑧𝑖ℱ
 

(3.5) 

Where 𝑡𝑖
𝐿𝑖𝑆𝑀  denotes the transport number of ion 𝑖within the LiSM, which was calibrated against 

experimental data. 

In contrast, ionic transport through the anion-exchange membranes (AEMs) was modelled according 

to the ideal Nernst–Planck (NP) framework (see section 2.1.2). Assuming a linear concentration 

profile within the membrane, Eq. (5.30) can be rewritten as: 

𝑁𝑖
𝐴𝐸𝑀 = 𝑁𝑖,𝑑𝑖𝑓𝑓

𝐴𝐸𝑀 + 𝑁𝑖,𝑐𝑜𝑛𝑑
𝐴𝐸𝑀 = −∑𝐷𝑖,𝑗

𝐴𝐸𝑀
(𝐶𝑗

𝐴𝐸𝑀,− − 𝐶𝑗
𝐴𝐸𝑀,+)

𝛿𝐴𝐸𝑀

𝑛

𝑗=1

+
𝑡𝑖
𝐴𝐸𝑀 ∙ 𝐽

𝑧𝑖ℱ
 (3.6) 

where 𝑁𝑖
𝐴𝐸𝑀  is the total ionic flux of the 𝑖-th species across the AEM, 𝑁𝑖,𝑑𝑖𝑓𝑓

𝐴𝐸𝑀  and 𝑁𝑖,𝑐𝑜𝑛𝑑
𝐴𝐸𝑀  are the 

diffusive and conductive components of the total flux, 𝑡𝑖
𝐴𝐸𝑀  is the average transport number in 

membrane, 𝛿𝐴𝐸𝑀 is the membrane thickness, 𝐶𝑗
𝐴𝐸𝑀,−

 and 𝐶𝑗
𝐴𝐸𝑀,+

 are the molar concentrations of the 

𝑗-th species in membrane respectively at the right and left interfaces and 𝐷𝑖,𝑗
𝐴𝐸𝑀  are the cross-diffusion 

coefficients defined in eq. (2.31).  
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The transport numbers in AEMs, 𝑡𝑖
𝐴𝐸𝑀, can be related to the diffusivities and average concentrations 

of the mobile species within the membrane by: 

𝑡𝑖
𝐴𝐸𝑀 =

𝑧𝑖
2𝐷𝑖

𝐴𝐸𝑀𝐶𝑖̅
𝐴𝐸𝑀

∑ 𝑧𝑗
2𝐷𝑗

𝐴𝐸𝑀𝐶𝑗̅
𝐴𝐸𝑀

𝑗

 (3.7) 

where 𝐶𝑖̅
𝐴𝐸𝑀  is the average concentration of species 𝑖within the membrane. Equation (3.7) can also 

be applied to bulk solutions by replacing the diffusivities and concentrations in the membrane with 

those in the liquid phase. To apply eq. (3.6), the equilibrium concentrations of the mobile species at 

both membrane–solution interfaces must be determined. Assuming ideal behaviour for all phases, 

such equilibrium concentrations can be estimated from the composition of the solution at the 

membrane interface using the ideal Donnan model (see section 1.1.4.2). A qualitative representation 

of the concentration and potential profiles across a generic AEM is shown in Figure 51. 

 

Figure 51 Qualitative representation of concentration and potential profile across a generic AEM. 

The superscript + and – denote, respectively, the left and right side of the membrane, according to 

the chosen y direction. The subscripts “cou” and “co” refer to a generic counter-ion and co-ion in 

a multi-ionic solution. The superscript s, m and int refer to, the bulk solution, membrane phase and 

solution-membrane interface, respectively.  

 

SOLUTION 1 SOLUTION 2

A
EM

DBL 1 DBL 2 
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3.1.2.3  Concentration polarization phenomena 

Interfacial concentrations typically deviate from bulk concentrations due to concentration 

polarization effects (see also section 2.2.2) [45,193], These effects can be quantified through the 

polarization coefficients, defined in eq. (2.105)  

In the conventional approach (eq. (2.106)), polarization coefficients are evaluated by performing a 

steady-state mass balance across theDBL, where salt diffusion is described by Fick’s law using an 

average diffusion coefficient [194]. Although this method is adequate for single-salt systems, it 

becomes cumbersome and less accurate in multi-ionic environments. 

A more rigorous formulation can be derived by incorporating the diffusion–conduction form of the 

Nernst–Planck equation (eq. (2.30)) into the mass balance at the DBL. By neglecting the contribution 

of diffusive transport through the membrane, typically negligible due to the high permselectivity of 

the membranes and the relatively low ionic concentrations [193], the following expressions for the 

polarization coefficients are obtained: 

𝜗𝑖
+ = 1 −

(𝑡𝑖
𝑚 − 𝑡𝑖

𝑠,+)𝐽
𝑧𝑖ℱ

− ∑
𝐷𝑖,𝑗

𝑠

𝛿𝐷𝐵𝐿,𝑗
+ 𝐶𝑗

𝑠,+(1 − 𝜗𝑗
+)𝑗≠𝑖

𝐷𝑖
𝑠

𝛿𝐷𝐵𝐿,𝑖
+ 𝐶𝑖

𝑠,+
 

(3.8) 

𝜗𝑖
− = 1 +

(𝑡𝑖
𝑚 − 𝑡𝑖

𝑠,−)𝐽
𝑧𝑖ℱ

− ∑
𝐷𝑖,𝑗

𝑠

𝛿𝐷𝐵𝐿,𝑗
− 𝐶𝑗

𝑠,−(1 − 𝜗𝑗
−)𝑗≠𝑖

𝐷𝑖
𝑠

𝛿𝐷𝐵𝐿,𝑖
− 𝐶𝑖

𝑠,−
 

(3.9) 

In the previous equation, the superscripts + and - denote the left and the right sides of the IEM 

corresponding to the direction of current density, 𝑡𝑖
𝑠 and 𝑡𝑖

𝑚  re the ionic transport numbers in the bulk 

solution and in the membrane, respectively, while 𝛿𝐷𝐵𝐿,𝑖 is the DBL thickness.  

The main difference between this formulation and the traditional one lies in the additional term in the 

numerator, which accounts for the electrical coupling between the ionic fluxes, an effect that becomes 

particularly relevant in concentrated or multi-ionic systems. Equations (3.8) and (3.9) can be written 

for each ionic species, yielding a linear system that can be solved to evaluate the polarization 

coefficients at both membrane interfaces. 

In the absence of turbulence promoters and for non-fully developed flow conditions, the DBL 

thickness can be estimated using Leveque’s correlation (2.107) [164,165]. This correlation is 
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applicable to the feed and receiver channels but not to the electrode compartments. In the latter, the 

complex geometry and flow structure, combined with the non-Newtonian nature of flow electrodes, 

would require dedicated CFD analyses to derive Sherwood number correlations for estimating 𝛿𝐷𝐵𝐿,𝑖. 

Nevertheless, according to the correlation proposed by Rommerskirchen et al. [182], the DBL 

thickness in the electrode compartments is less than 3% of that in the feed and receiver channels. 

Therefore, under the present operating conditions, concentration polarization in the electrode 

compartments can be considered negligible compared to that occurring in the solution channels. As 

a result, only polarization phenomena in the feed and receiver channels are accounted for in this study. 

3.1.2.4 Circuital equations 

To evaluate the ionic fluxes (equations (3.5) and (3.6)) and solve the mass balances in each 

compartment, the current density associated with the conductive term of the fluxes must be 

determined. Owing to the distributed nature of the model, the current density profile along the 𝑥-

direction can be obtained by solving an equivalent distributed electrical circuit, where each electrical 

element (i.e., resistances, capacitances, and electromotive forces) corresponds to one physical 

component of the unit cell (i.e., membranes, electrodes, and solution channels). A 

qualitativerepresentation of the potential profile inside the cell and the corresponding equivalent 

circuit elements is shown in Figure 52.  
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Figure 52 (A) Equivalent electrical components for flow electrodes, ion-exchange membranes and 

solutions. (B) Qualitative potential profile across the electrodes  

Assuming that the current collectors behave as equipotential surfaces, the overall equivalent circuit 

can be represented as a distributed parallel circuit composed of multiple branches, each subjected to 

the same applied voltage, as illustrated in Figure 53. Consequently, unless otherwise specified, all the 

electrical variables introduced hereafter are distributed along the 𝑥-direction. 

 

Figure 53 Equivalent electrical circuit of the Li-MFCDI cell, with the x-direction discretisation of all 

variables.  

For the flow electrodes, several equivalent circuit models have been proposed to describe the 

electrical response associated with the porous carbon particles [195]. According to the so-called 

FLOW ELECTRODE AEMLiSMSOLUTION

(A)

(B)

LiSM

A
EM

A
EM



3.1 Macroscale modelling and simulations of ion-exchange membrane processes: lithium 

recovery via Li-MFCDI 

182 

 

vertical ladder model, which applies to systems containing particles with a non-uniform pore size 

distribution and operating at low current frequencies, the flow electrodes can be conveniently 

represented as a parallel network of resistors and capacitors in series (as depicted in Figure 53), This 

model typically reproduces the capacitance values reported by the manufacturer for the specific 

carbon material [196,197].  

The potential drop across each flow electrode can thus be expressed as: 

𝛥𝜑𝑒𝑙 =
𝜎𝑒𝑙

𝐶𝑒𝑙
+ 𝑅𝑒𝑙𝐽 (3.10) 

where 𝐶𝑒𝑙 is the specific capacitance of the carbon particles per unit of mass, 𝜎𝑒𝑙 is the charge density 

accumulated on the carbon particles at the generic 𝑥  position, and 𝑅𝑒𝑙  is the equivalent areal 

resistance. 

The resistive behaviour of the flow electrodes arises from multiple factors, including the carbon 

loading, salt concentration, flow rate, and the intrinsic properties of the carbon material. The 

equivalent conductivity adopted in this work was measured by Porada et al. [198] for a carbon slurry 

of similar composition to the one used in this study (10% YP50F in 1 g L-1 NaCl) for a carbon slurry 

of similar composition (10 wt.% YP50F in 1 g L-1 NaCl). This conductivity primarily reflects the 

electronic conductivity of the carbon particles, which represents the dominant contribution to the total 

areal resistance. Following their approach, the equivalent resistance of the flow electrodes can be 

expressed as: 

𝑅𝑒𝑙 =
ℎ𝑒𝑙

𝜅𝑒𝑙
 (3.11) 

where ℎ𝑒𝑙  is the electrodic channel depth, and 𝜅𝑒𝑙  is the carbon slurry equivalent conductivity, 

assumed constant. The physical properties of the slurry were taken from literature sources and are 

summarized in Table 18.  

The electrical behaviour of the membranes can be modelled as a series combination of a resistance 

and an electromotive force. Accordingly, the total potential drop across a membrane can be written 

as: 
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∆𝜑𝑚 = 𝑅𝑚𝐽 − 𝑒𝑚𝑓𝑚  (3.12) 

where 𝑅𝑚  is the membrane areal resistance, while 𝑒𝑚𝑓𝑚  represents the membrane electromotive 

force, arising from the concentration gradient between the adjacent solutions. Here, the subscript 

𝑚 denotes to a generic membrane, including the LiSM.  

Assuming ideal thermodynamic behaviour, linear concentration profiles within the membrane, and 

average ionic transport numbers, ∆𝜑𝑁 and ∆𝜑P can be evaluated using the Nernst equation [7]: 

𝑒𝑚𝑓𝑚 = −∆𝜑𝑁 − ∆𝜑𝑃 = −
𝑅𝑔𝑇

ℱ
∑

𝑡𝑖
𝑚

𝑧𝑖
𝑙𝑛 (

𝐶𝑖
𝑠,−

𝐶𝑖
𝑠,+)

𝑖

−
𝑅𝑔𝑇

ℱ
∑

𝑡𝑖
𝑚

𝑧𝑖
𝑙𝑛 (

𝜃𝑖
−

𝜃𝑖
+)

𝑖

 (3.13) 

Where ∆𝜑𝑁 and ∆𝜑𝑃 are the bare Nernst contribution (i.e., without concentration polarization) and 

the polarization contribution. Although 𝑒𝑚𝑓𝑚 is formally defined as an electromotive force, its sign 

depends on the concentration difference between the two adjacent compartments, and it may act as a 

net voltage drop in case of a negative sign. 

The feed and receiver channels behave as simple ohmic resistors and can be described through Ohm’s 

law: 

∆𝜑𝑠 =
ℎ𝑠

𝜅𝑠
𝐽 (3.14) 

Where ℎ𝑠  is the height of the solution channels (see Table 12) and 𝜅𝑠  is the conductivity of the 

solution evaluated as a function of the solution composition by applying the McCleskey model [199].  

The current density in each branch of the equivalent circuit can be obtained by applying Kirchhoff’s 

second law, which states that the sum of voltage drops along each branch equals the applied 

electromotive force 𝑒𝑚𝑓𝑒𝑥𝑡: 

𝑒𝑚𝑓𝑒𝑥𝑡 = ∑∆𝜑𝑖

𝑖

= ∆𝜑𝑒𝑙,𝐹 + ∆𝜑𝐴𝐸𝑀,𝐹 + ∆𝜑𝐹 + ∆𝜑𝐿𝑖𝑆𝑀 + ∆𝜑𝑅 + ∆𝜑𝐴𝐸𝑀,𝑅 + ∆𝜑𝑒𝑙,𝑅 (3.15) 

By substituting eq. (3.10)-(3.14) into eq. (3.15) and rearranging terms, one obtains: 
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𝑒𝑚𝑓𝑒𝑥𝑡 =
𝜎𝑒𝑙,𝐹 + 𝜎𝑒𝑙,𝑅

𝐶𝑒𝑙
+ 𝑅𝑡𝑜𝑡𝐽 + ∆𝜑𝑁,𝑡𝑜𝑡  (3.16) 

where 𝑅𝑡𝑜𝑡 is the sum of areal resistances of flow electrodes, membranes and solutions, ∆𝜑𝑁,𝑡𝑜𝑡  is 

the total non-ohmic potential contribution. The charge densities accumulated on the carbon particles 

at the front and rear electrodes, 𝜎𝑒𝑙,𝐹 and 𝜎𝑒𝑙,𝑅 are related to the current density through the charge 

balance equation: 

𝐽 = −
𝑄𝑒𝑙𝑤𝑒𝑙

𝑑𝑒𝑙

𝑑𝜎𝑒𝑙,𝐹

𝑑𝑥
=

𝑄𝑒𝑙𝑤𝑒𝑙

𝑑𝑒𝑙

𝑑𝜎𝑒𝑙,𝑅

𝑑𝑥
 (3.17) 

where 𝑤el is the mass concentration of the suspended activated carbon. Equations (3.16) and (3.17) 

form a system of ODEs that can be solved numerically, together with the mass balances and transport 

equations, to determine the charge and current density profiles along the flow direction. Finally, the 

total current can be obtained by integrating the local current density: 

𝑗𝑡𝑜𝑡 = ∫ 𝐽𝑑𝑒𝑙𝑑𝑥
𝐿𝑒𝑙

0

 (3.18) 

3.1.2.5 Mass balance in tanks 

The set of equations presented in the previous sections can be solved to obtain the steady-state 

concentration and current density profiles inside the cell. However, the lithium recovery process is 

intrinsically non-stationary, as in the closed-loop configuration, the concentration of each species in 

the storage tanks changes over time. The following mass and charge balances are then applied to the 

tanks to evaluate the change in concentration of each species and charge density onto the carbon 

particles over time: 
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𝑉𝐹

𝑑𝐶𝑖,𝐹,𝑜𝑢𝑡

𝑑𝑡
= 𝑄𝐹(𝐶𝑖,𝐹,𝑖𝑛 − 𝐶𝑖,𝐹,𝑜𝑢𝑡) 

(3.19) 

𝑉𝑅

𝑑𝐶𝑖,𝑅,𝑜𝑢𝑡

𝑑𝑡
= 𝑄𝑅(𝐶𝑖,𝑅,𝑖𝑛 − 𝐶𝑖,𝑅,𝑜𝑢𝑡) 

(3.20) 

𝑉𝑒𝑙

2

𝑑𝐶𝑖,𝑒𝑙,𝐹,𝑜𝑢𝑡

𝑑𝑡
= 𝑄𝑒𝑙(𝐶𝑖,𝑒𝑙,𝐹,𝑖𝑛 − 𝐶𝑖,𝑒𝑙,𝐹,𝑜𝑢𝑡) 

(3.21) 

𝑉𝑒𝑙

2

𝑑𝐶𝑖,𝑒𝑙,𝑅,𝑜𝑢𝑡

𝑑𝑡
= 𝑄𝑒𝑙(𝐶𝑖,𝑒𝑙,𝑅,𝑖𝑛 − 𝐶𝑖,𝑒𝑙,𝑅,𝑜𝑢𝑡) 

(3.22) 

𝑉𝑒𝑙

2

𝑑𝜎𝑒𝑙,𝐹,𝑜𝑢𝑡

𝑑𝑡
= 𝑄𝑒𝑙(𝜎𝑒𝑙,𝐹,𝑖𝑛 − 𝜎𝑒𝑙,𝐹,𝑜𝑢𝑡) 

(3.23) 

𝑉𝑒𝑙

2

𝑑𝜎𝑒𝑙,𝑅,𝑜𝑢𝑡

𝑑𝑡
= 𝑄𝑒𝑙(𝜎𝑒𝑙,𝑅,𝑖𝑛 − 𝜎𝑒𝑙,𝑅,𝑜𝑢𝑡) 

(3.24) 

In the previous equations, 𝑉𝐹 , 𝑉𝑅  and 𝑉𝑒𝑙  are, the total volume of feed, receiver and carbon slurry, 

respectively, 𝑄𝐹 , 𝑄𝑅  and 𝑄𝑒𝑙  are their volumetric flow rates, while 𝐶𝑖,𝐹,𝑜𝑢𝑡 ,  𝐶𝑖,𝑅,𝑜𝑢𝑡 , 𝐶𝑖,𝑒𝑙,𝐹,𝑜𝑢𝑡 and 

𝐶𝑖,𝑒𝑙,𝑅,𝑜𝑢𝑡  are the ionic concentrations of the 𝑖 -th species in the solutions and electrodic tanks, 

corresponding to the inlet concentration in the unit (i.e. concentration evaluated at 𝑥 = 0), 𝐶𝑖,𝐹,𝑖𝑛 ,  

𝐶𝑖,𝑅,𝑖𝑛 , 𝐶𝑖,𝑒𝑙,𝐹,𝑖𝑛  and 𝐶𝑖,𝑒𝑙,𝑅,𝑖𝑛  are the tanks’ inlet concentrations, corresponding to the outlet 

concentrations from the unit (i.e., evaluated at 𝑥 = 𝐿), 𝜎𝑒𝑙,𝐹,𝑜𝑢𝑡 and 𝜎𝑒𝑙,𝑅,𝑜𝑢𝑡 are the charge densities 

accumulated onto the carbon particles in the two electrodic tanks, corresponding to the inlet charge 

densities in the two electrodic compartments, while 𝜎𝑒𝑙,𝐹,𝑖𝑛  and 𝜎𝑒𝑙,𝑅,𝑖𝑛  are the tanks’ inlet charge 

densities, corresponding to the charge densities accumulated at the outlet of the unit’s electrodic 

compartments.  

3.1.2.6 Results and discussion 

To apply the model presented in the previous sections, the transport numbers in the LiSM and the 

ionic diffusivities in the AEMs, which are specific properties of the membrane/ionswere determined 

through a fitting procedure based on the experimental time–concentration profiles measured in the 

receiver tank. Conversely, the areal resistance of the Ohara AG-01 membrane was directly derived 

from the experimental current–voltage curve. The input membrane parameters are summarized in 

Table 13 whereas the optimized fitting parameters are listed in Table 16.  
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For comparison purposes, the model was also used to predict the process performance employing 

different types of LiSMs. The properties of the LiSMs considered for comparison are summarized in 

Table 17.  

Table 16 FAB-PK-130, Ohara AG-01, Selemion CSO and Ideal LiSM parameters obtained from 

experimental data fitting. 

 Na
+
 K

+
 Li

+
 H

+
 Mg

2+
 Cl

-
 

Di
AEM

 [m
2 
s

-1
] 0 0 0 6.7E-10 0 1.12E-10 

ti
AG-01

 0.400 0.009 0.310 0 0.041 0.240 

ti
CSO

 0.989 0.006 0.004 0 0.001 0 

ti
IDEAL LiSM

 0.319 0.322 0.273 0 0.086 0 

Table 17 Properties of the Selemion CSO and of the ideal LiSM. For the sake of comparison, the 

main properties of the Ohara membrane (already reported in Table 13) are reported below as well. 

 

δiem 

[μm] 

κiem  

[mS cm
-1

] 

Riem  

[Ω cm
2
] 

wu  

[gw gdry
-1

] 

IEC  

[mmol gdry
-1

] 

Cfix  

[mmol gw
-1

] 

SELEMION CSO 100 4.35 2.3 0.2-0.25 2 8.9 

IDEAL LiSM 100 4.35 2.3 0.2-0.25 2 8.9 

OHARA AG-01 250 0.1 250 - - - 

Transport parameters for the comparison LiSMs were similarly obtained from the experimental data 

reported by Nie et al. [200] and are provided in Table 16. Further discussion about the fitting 

procedure can be found elsewhere [163]. 

3.1.2.7 Model validation 

The model was validated against experimental data previously reported for a Li-MFCDI unit 

employing the Ohara AG-01 membrane, under the operating conditions summarized in Table 14 and 

Table 15. The applied voltage was 1.2 V, and the main results are presented in Figure 54. Since the 

feed volume was ten times larger than that of the receiver, no appreciable concentration variation 

occurred in the feed tank after seven days; thus, only the receiver concentration profiles are shown. 

As illustrated in Figure 54A, the model accurately reproduces the experimental data, confirming its 

reliability. The concentration profiles in the receiver tank are nearly linear, indicating that ion 

transport across the LiSM is predominantly driven by conduction rather than diffusion. Consequently, 

the slope of each profile reflects the transport number of the corresponding ionic species: the steeper 

the slope, the higher the ionic transfer through the membrane. Given the dense, non-porous nature of 

the ceramic LiSM, purely diffusive transport is expected to be strongly hindered. Hence, the model 

successfully captures the conductive ion transport and quantitatively predicts the receiver 

concentration evolution. 
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Figure 54 (A) Concentration of species in the receiver tank vs time. The empty circle represents the 

experimental data while the solid lines represent the model prediction. (B) Receiver compartment pH 

versus time. The blue columns represent the experimental data while the solid red line represents the 

model prediction. Membrane: Ohara AG-01.  

The pH evolution in the receiver compartment was also monitored, as shown in Figure 54B. As the 

receiver contained 0.1 M HCl, protons could, in principle, migrate through the adjacent membranes 

via diffusion or migration. The model captures the slight pH increase observed experimentally; 

however, the change remains negligible (ΔH⁺ < 0.01 M after 7 days). Since proton diffusion through 

the LiSM is largely suppressed, this small variation must arise from proton transfer across the adjacent 

AEM. Nonetheless, the FAB-PK-130 AEM is known for its excellent proton-blocking capability 

[190], which effectively minimizes H⁺ crossover. Consequently, under the present conditions, the use 

of HCl as a supporting electrolyte does not significantly influence the specific energy consumption. 

The simulated current under potentiostatic operation remained nearly constant at ~0.05 mA, 

consistent with the experimental observations. This confirms the stability of the system’s electrical 

behaviour and supports the use of a pseudo-steady-state modelling approach. 

To further elucidate the effect of the various resistive components on the overall potential, Figure 

55A shows the breakdown of the total voltage drop. The main contribution originates from ohmic 

losses, while interfacial polarization effects are negligible, an expected outcome given the very low 

current density (~0.1 A m⁻²). In agreement with theoretical prediction, polarization phenomena 

become relevant only at higher current densities. The overall Nernst potential contributes negatively, 

providing an additional electromotive force to the external voltage. This behaviour results from the 

adopted configuration, in which the LiSM separates a concentrated feed from a dilute receiver, 

resembling the operating principle of an Assisted Reverse Electrodialysis (ARED) cell [201].  
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Figure 55 (A) Average voltage drops in the Li-MFCDI unit. (B) Ohmic drops percentage 

contributions. Membrane: Ohara AG-01. 

The capacitive contribution to the total voltage drop is not shown, as the flow electrodes were 

modelled as ideal capacitors during charge and discharge. Under steady-state conditions and 

assuming symmetric charge distribution, the net capacitive potential drop is therefore zero, an 

assumption consistent with previous findings indicating that electrode capacitance has minimal 

impact in closed-loop configurations [202]. The analysis indicates that system energy losses are 

primarily governed by ohmic resistances. As shown in Figure 55B, the LiSM accounts for more than 

90% of the total areal resistance, owing to the extremely low ionic conductivity of the Ohara AG-01 

membrane. Unlike polymeric membranes, this dense ceramic does not absorb water, which drastically 

limits ion mobility within the membrane phase. The second major contribution arises from the 

electrical resistance of the electrode compartments, while all other sources are negligible. In 

conventional FCDI systems, the dilute compartment often contributes significantly to ohmic losses 

due to its low conductivity; in contrast, the use of a diluted HCl solution in the receiver stream here 

minimizes such losses, thanks to the high proton mobility. 

3.1.2.8 Effect of voltage and flow rates  

To assess the influence of the applied voltage and the solution flow rate on the lithium recovery 

process, a parametric analysis was carried out. Although the model assumes the absence of faradaic 

reactions at the electrodes, a reasonable approximation as long as the applied potential remains 

moderate, the effect of the applied voltage on lithium recovery was nevertheless investigated. The 

performance of the Li-MFCDI unit was evaluated in terms of Specific Energy Consumption (SEC) 

and Specific Productivity (SP), expressed respectively in kWh kg⁻¹ of recovered lithium and kg m⁻² 

year⁻¹: 
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𝑆𝐸𝐶 =
∫ 𝑒𝑚𝑓𝑒𝑥𝑡 ∙ 𝑗𝑡𝑜𝑡𝑑𝑡

𝑡𝑡𝑜𝑡

0

∆𝐶𝐿𝑖,𝑅,𝑜𝑢𝑡𝑉𝑟𝑀𝑊𝐿𝑖
 

(3.25) 

𝑆𝑃 =
∆𝐶𝐿𝑖,𝑅,𝑜𝑢𝑡𝑉𝑟𝑀𝑊𝐿𝑖

𝐴𝑚𝑡𝑡𝑜𝑡
 (3.26) 

In equations (3.25) and (3.26), ∆𝐶𝐿𝑖,𝑅,𝑜𝑢𝑡 is the variation of the lithium molar concentration in the 

receiver tank, 𝑀𝑊𝐿𝑖  is the lithium mole mass 𝐴𝑚 is the membrane area while 𝑡𝑡𝑜𝑡 is the overall test 

duration. All simulations were conducted over a 7-days period using the same initial concentrations 

adopted for model validation. The results are shown in Figure 56 A and B.  

At 1.2 V and a flow rate of 10 mL·min⁻¹, the estimated SEC was 12.7 kWh·kg⁻¹Li, with a SP of 7.9 

kgLi·m⁻²·year⁻¹ (equivalent to 0.131 molLi·m⁻²·h⁻¹). According to the simulations, the SEC could be 

reduced to 2.3 kWh·kg⁻¹Li by lowering the applied voltage to 0.5 V. Conversely, increasing the 

applied voltage leads to a simultaneous rise in both SEC and SP by approximately 10.6 kWh·kg⁻¹Li 

and 5.8 kgLi·m⁻²·year⁻¹ (0.096 molLi·m⁻²·h⁻¹) per volt, respectively. This relatively moderate increase, 

compared to similar systems [203] , arises from the high lithium selectivity of the employed LiSM. 

Indeed, enhanced selectivity is typically associated with low ionic conductivity and, consequently, 

reduced ion recovery. In contrast, high ionic conductivity yields higher productivity but lower 

separation selectivity. 

Simulation results indicate that doubling productivity by increasing the applied voltage entails a 

fourfold rise in SEC. Both SEC and SP increase with voltage due to the linear growth of current 

density, which enhances ohmic losses and lithium transport simultaneously. The nearly linear trends 

of SEC and SP are likely an artifact of the ideal selectivity assumption for the AEMs. In reality, SP 

would tend to level off at higher voltages due to lithium back-diffusion from the receiver to the 

electrode compartment. Nevertheless, even at 8 V, the maximum lithium recovery remains below 

16%, and the corresponding concentration gradient would generate a negligible diffusive flux, given 

the low lithium concentration in the receiver and the very low partition coefficient of lithium in 

conventional polymeric IEMs [64,204].  

Therefore, assuming ideal AEM behaviour (i.e., no cation diffusion except for H⁺) is not expected to 

cause a significant deviation from experimental results. Finally, although Faradaic reactions are not 

included in the model, this simplification remains valid since potential electrode reactions are not 

directly coupled to lithium transport across the LiSM.  
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Figure 56 (A) Specific energy consumption (SEC) and lithium Specific Productivity (SP) versus 

applied voltage at flow rates of 10 mL min-1 (See Table 15). (B) SEC versus feed and receiver flow 

rates at different applied voltages 

The effect of the feed and receiver flow rates on lithium recovery performance was also investigated. 

Simulations were carried out by simultaneously varying the flow rates in both compartments. The 

resulting SEC values at different flow rates and applied voltages are shown in Figure 56B. According 

to the model, the SEC is only marginally affected by the flow rate, showing a slight decrease at higher 

flow rates and voltages. Specifically, increasing the flow rate from 5 to 100 mL min⁻¹ reduces the 

SEC by only 0.8%, a variation that would likely be compensated by the additional pumping power 

required. Therefore, under the investigated operating conditions, the solution flow rate does not 

represent an effective optimization variable. This behaviour can be explained by considering that the 

influence of flow rate on SEC is mainly associated with concentration polarization phenomena, which 

tend to reduce the effective electromotive force. While improved mixing mitigates polarization 

effects, these remain negligible under the present low-current-density conditions. Nonetheless, 

accurate modeling of polarization remains essential, as its impact may become significant when 

polymeric membranes are employed. Furthermore, since higher flow rates would increase pumping 

energy demand, operating at high flow rates is ultimately disadvantageous from an energy efficiency 

standpoint. 

3.1.2.9 Effect of flow electrodes’ composition 

In conventional FCDI systems, the flow electrodes play a crucial role in determining overall process 

performance. Variations in their composition can significantly influence operation, as different types 

of activated carbon exhibit distinct conductivities and capacitances depending on factors such as pore 

size distribution, specific surface area, and intrinsic electronic conductivity [205–207]. To investigate 
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the effect of flow electrode composition, simulations were carried out using several commercially 

available activated carbons. The main properties of the flow electrodes considered are summarized 

in Table 18.  

Table 18 Carbon slurry properties (taken from literature). The volumetric fraction of activated 

carbon in the slurry (ϛel) was evaluated from the available data according to the procedure reported 

elsewhere [163]. 

Activated Carbon 
Cel  

[F g-1] 

SBET  

[m2 g-1] 

ρbulk  

[g mL-1] 

κel  

[mS cm-1] 
ϛel [-] 

YP-50F 28.6 [208] 1692 [208] 0.30 [208] 0.004 [198] 27% 

YEC-200D 183.7 [205] 2054 [205] 0.40 [209] 0.016 [185] 22% 

Norit SX Ultra 65.0 [210] 1082 [210] 0.32 [211] 0.024 [185] 26% 

The simulation results are presented as Productivity vs. SEC curves in Figure 57. For all investigated 

activated carbons, productivity exhibits a linear relationship with SEC. As a result, the maximum 

achievable productivity corresponds to the highest attainable SEC, typically determined through a 

techno-economic analysis. The observed linear trend indicates the absence of significant detrimental 

phenomena under the investigated operating conditions, except for ohmic losses and diffusive fluxes. 

At a fixed SEC, the productivity achieved with YEC200D and Norit SX Ultra activated carbons is 

nearly identical and only slightly higher than that obtained with YP-50F, the material adopted by Saif 

et al. This improvement can be ascribed to the higher electronic conductivity of these carbons, as 

reported in Table 18The productivity difference between the reference and comparison materials 

becomes more pronounced at higher SEC values, as ohmic losses increase with current density. 

Nonetheless, the maximum difference, observed at 8 V, does not exceed 6%. This limited variation 

is mainly due to the relatively high resistance of the LiSM used in the system, compared to that of 

the flow electrodes. The influence of LiSM properties, such as ionic conductivity, will be further 

analysed in section 3.1.2.10. 
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Figure 57 SP versus SEC for different flow electrode compositions. The simulations were performed 

changing the applied voltage in the range 0.5-8 V. 

3.1.2.10 Effect of LiSM properties 

Based on the previous analysis, the performance of the Li-MFCDI unit is only marginally affected 

by the operating conditions and the composition of the flow electrodes. In contrast, it is strongly 

influenced by the properties of the selected LiSM, particularly by its ionic conductivity. To assess 

this influence, simulations were performed to compare the performance of the lithium recovery 

process when different LiSMs were employed. 

As a first case, the commercial Selemion CSO membrane was selected. This polymeric cation-

exchange membrane (CEM) exhibits a preferential selectivity toward monovalent cations due to a 

thin positively charged surface layer that hinders the transport of multivalent cations, thereby 

reducing their partitioning coefficient through Donnan exclusion 

[13,180]. The main properties of this membrane are reported in Table 13. To further elucidate the 

dependence of process performance on the LiSM properties, additional simulations were carried out 

using an ideal LiSM, characterized by the same ionic conductivity as the polymeric Selemion CSO 

membrane but with a lithium selectivity comparable to that of the Ohara AG-01 membrane. As 

previously discussed, the main limitation of the Ohara AG-01 membrane lies in its relatively low 

ionic conductivity, which markedly restricts the specific productivity. 

The transport properties of both the Selemion CSO and the ideal LiSM were derived from literature 

data on lithium-selective recovery from multi-ionic solutions using an ED set-up [200], following the 

procedure described elsewhere [163]. The corresponding transport numbers are reported in Table 16. 
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To quantify the effect of LiSM transport properties on the lithium recovery process, a separation 

selectivity 𝑆𝐿𝑖,𝑖
𝑝

 was defined as follows: 

𝑆𝐿𝑖,𝑖
𝑝

=

𝐶𝐿𝑖,𝑟,𝑜𝑢𝑡(𝑡𝑡𝑜𝑡)
𝐶𝐿𝑖,𝑓,𝑜𝑢𝑡(0)⁄

𝐶𝑖,𝑟,𝑜𝑢𝑡(𝑡𝑡𝑜𝑡)
𝐶𝑖,𝑓,𝑜𝑢𝑡(0)⁄

 (3.27) 

In equation (3.27), 𝐶𝐿𝑖,𝑓,𝑜𝑢𝑡(0) and 𝐶𝑖,𝑓,𝑜𝑢𝑡(0) represent, respectively, the initial concentrations of 

lithium and of the generic ionic species i in the feed tank at the beginning of the test, while 

𝐶𝑖,𝑟,𝑜𝑢𝑡(𝑡𝑡𝑜𝑡)  and 𝐶𝑖,𝑟,𝑜𝑢𝑡(𝑡𝑡𝑜𝑡) correspond to their concentrations in the receiver tank at the end of 

the test. The process selectivity values obtained for the three LiSMs investigated are reported in 

Figure 58. 

 

Figure 58 Process selectivity achieved using different LiSMs. All the simulations were performed at 

similar process conditions in terms of test duration (7 days), applied voltage (1.2 V) and flow rates 

(10 mL min-1 for feed and receiver, 100 mL min-1 for flow electrodes)  

Clearly, among the simulated membranes, the Selemion CSO exhibits the poorest performance. In 

particular, its Li/Na and Li/K selectivity values approach unity, indicating the absence of preferential 
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transport among monovalent cations. The limited lithium selectivity can be ascribed to the polymeric 

nature of the membrane: in such charged polymers, ion selectivity is primarily governed by 

electrostatic and dielectric interactions. Due to its higher charge density, Li⁺ exhibits a lower affinity 

for the membrane compared to Na⁺ and K⁺. These results clearly demonstrate that conventional 

polymeric membranes are not suitable for the effective separation of lithium from competing 

monovalent cations. 

Conversely, the Ohara AG-01 membrane shows excellent Li/Na and Li/K selectivity. Its selectivity 

mechanism is mainly based on steric, size-dependent exclusion, which hinders the transport of ions 

with an effective radius larger than that of Li⁺. However, a major limitation of this ceramic membrane 

lies in its poor ability to reject Mg²⁺, whose ionic radius is comparable to that of Li⁺, resulting in a 

low Li/Mg selectivity. This difference in selectivity behaviour reflects the fundamentally distinct 

nature of the two membrane types. From an industrial perspective, employing a ceramic LiSM such 

as the Ohara AG-01 would likely require a preliminary treatment step to remove Mg²⁺ ions, for 

example through reactive crystallization technologies [212]. When considering the performance of 

the ideal LiSM, the Li/Na and Li/K selectivity values are comparable to those of the Ohara AG-01 

membrane, while its Li/Mg selectivity is significantly higher. This behaviour arises from the fact that 

the ideal LiSM was designed to possess transport properties equivalent to those of the Selemion CSO 

equilibrated with an equimolar Na⁺/K⁺/Li⁺/Mg²⁺ mixture. Since the CSO membrane is intrinsically 

monovalent-selective, the ideal LiSM effectively hinders the transport of Mg²⁺ ions via electrostatic 

repulsion. Such a membrane could, in principle, be realized by doping polymeric monovalent-

selective IEMs with solid-state electrolytes [9] thereby achieving lithium selectivity comparable to 

that of ceramic membranes. 

Further comparison of the three LiSMs in terms of SEC and lithium productivity was carried out 

through simulations under different applied voltages and feed/receiver flow rates. The results are 

presented in Figure 59. 
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Figure 59 (A) Ohara AG-01, Selemion CSO and Ideal LiSM SEC versus external voltage at different 

feed and receiver flow rates. (B) Ohara AG-01, Selemion CSO and Ideal LiSM SP versus external 

voltage at different flow rates. Feed and receiver flow rates are set equal and changed 

simultaneously. 

As shown in Figure 59A, the SEC obtained with the Selemion CSO membrane is almost two orders 

of magnitude higher than that achieved with the ceramic AG-01 membrane, mainly due to the 

different current densities. Although the CSO membrane exhibits a much higher ionic conductivity, 

its poor Li/Na selectivity causes most of the electrical current to be carried by Na⁺ ions, resulting in 

a very low lithium recovery efficiency and consequently a high SEC. The SEC of the CSO membrane 

is also insensitive to flow rate variations, confirming that polarization phenomena are negligible since 

Na⁺, the most abundant species, dominates charge transport. 

Similarly, the productivity and SEC of the AG-01 membrane are nearly unaffected by the flow rate 

because its high resistance limits current density and minimizes interfacial polarization. Conversely, 

the ideal LiSM, with ionic resistance comparable to that of a polymeric membrane, shows a marked 

dependence on flow rate, particularly at high applied voltages. At 4 V and 10 mL min⁻¹, polarization 

accounts for approximately 63% of the SEC, while increasing the flow rate to 100 mL min⁻¹ reduces 

this contribution to about 30%. This stronger influence arises from the higher current densities 

achieved with the ideal LiSM (≈1.2 A m⁻² vs 0.1 A m⁻² for AG-01 at 1.2 V), which enhance 

polarization effects. 

These observations are consistent with the productivity trends in Figure 59B. The AG-01 membrane 

exhibits low and flow-rate-independent productivity due to its limited current density, whereas the 
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ideal LiSM achieves higher productivity, strongly affected by the flow rate. At high applied voltages, 

a plateau in lithium productivity is observed, corresponding to the onset of the lithium limiting 

current, beyond which further voltage increase does not enhance Li⁺ flux. Nevertheless, increasing 

the flow rate raises the limiting productivity by approximately 89% (from 1.31 A m⁻² at 10 mL min⁻¹ 

to 2.82 A m⁻² at 100 mL min⁻¹). Consequently, at high voltages and low flow rates, a decrease in 

lithium selectivity is expected. This behaviour is confirmed in Figure 60 , which reports the lithium 

selectivity of the ideal LiSM as a function of applied voltage and flow rate. 

 

Figure 60 Li/Na, Li/K and Li/Mg selectivity of the ideal LiSM versus applied voltage and feed and 

receiver flow rates. 

From Figure 60 it is evident that lithium selectivity decreases at high applied voltages, i.e., at high 

current densities, confirming that operating under such conditions is energetically inefficient. This 

behaviour arises because the limited lithium concentration in the feed restricts the maximum lithium 

partial limiting current density. According to the definition of the polarization coefficient , 

polarization effects are more pronounced for species with either higher transport numbers, 
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corresponding to greater membrane selectivity [82] or lower bulk concentrations. Consequently, at 

fixed voltage, increasing the flow rate enhances Li/Na and Li/K selectivity, since the reduction in the 

DBL thickness benefits Li⁺ transport more than Na⁺ or K⁺. 

Regarding Li/Mg selectivity, the higher values observed at 1.2 V compared to 0.5 V can be explained 

by the different charge stoichiometry: for identical transport numbers, the moles of Li⁺ recovered per 

unit charge are twice those of Mg²⁺. Thus, an increase in applied voltage, and consequently in current 

density, enhances the apparent process selectivity. This trend, however, disappears at low flow rates 

(e.g., 5 mL min⁻¹), where polarization limits Li⁺ flux and reduces overall selectivity. Interestingly, at 

high voltages, Li/Mg selectivity slightly decreases with increasing flow rate. 

This non-trivial behaviour is consistent with previous studies [13,194] , which reported that 

increasing flow rates enhance the selectivity of cations with lower aqueous mobility. In the present 

system, the bulk mobility order (K⁺ > Na⁺ > Li⁺ > Mg²⁺) correlates with the hydrated ionic radii. Since 

Mg²⁺ has a lower mobility than Li⁺, increasing the flow rate improves its transport rate across the 

DBL more effectively, leading to a small reduction in Li/Mg selectivity. Indeed, the polarization 

coefficient decreases as ionic diffusivity increases. 

Overall, polarization phenomena must be carefully considered in selective recovery processes for 

trace elements such as lithium. For instance, with the ideal LiSM, increasing the applied voltage from 

1.2 V to 3 V can improve productivity but simultaneously cause a substantial drop in selectivity, 

potentially to unacceptable levels. Under limiting-current conditions, process selectivity tends to 

approach a value governed not by membrane properties but by the applied current density and 

hydrodynamic regime [13].  
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3.2 Macroscale modelling and simulations of ion-exchange 

membranes processes: valorisation of seawater brines  

One of the most promising fields of application for electromembrane technologies currently under 

investigation concerns the post-treatment of industrial waste effluents, such as the concentrated brines 

generated by reverse osmosis plants. The implementation of these technologies can significantly 

reduce the net production of liquid waste and contribute achieving Zero Liquid Discharge (ZLD) 

conditions, thereby transforming traditionally linear processes into circular and sustainable ones. 

In this context, the integration of electromembrane units within a circular treatment chain for the 

valorisation of seawater-derived brines is presented in the following as a case study of macroscale 

modelling. This treatment chain was conceptualised and developed within the SEArcularMINE 

project, a Horizon 2020 Research and Innovation Action coordinated by the University of Palermo 

(UniPa) in collaboration with several academic and industrial partners across Europe. 

The present section begins with a concise description of the project framework and objectives, 

followed by an overview of the implemented technologies. The core of this work focuses on the 

preliminary modelling of the individual process units and on the development of an integrated, multi-

scale simulation platform designed to model the overall process chain and to support its design, 

optimisation, and scale-up. 

3.2.1 The SEArcularMINE project  

The SEArcularMINE project (“Sustainable Extraction and Circular Valorisation of Critical Raw 

Materials from Seawater Brines”), funded under the Horizon 2020 programme aimed to develop a 

circular, resource-efficient process for the recovery of critical raw materials, primarily magnesium, 

lithium, and other trace elements (TEs), from saltworks bitterns, i.e., the concentrated residual brines 

obtained after NaCl crystallization in traditional solar saltworks. 

The project addressed one of the main challenges of the European raw materials strategy: the 

dependence of the EU on imported critical minerals and the need for sustainable, low-impact 

extraction routes. SEArcularMINE introduced an innovative circular process chain that valorises 

existing saline waste streams without producing additional waste or requiring external chemical 

inputs. The process integrates advanced electromembrane technologies, including EDBM, RED, Li-

MFCDI and Membrane Distillation (MD), with reactive crystallization and selective sorption 

techniques for high-purity mineral recovery. 
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Among the main objectives of the project was the increase of the technological readiness level (TRL) 

of the adopted technologies, with the ultimate goal of enabling a future industrial implementation of 

the integrated recovery system. In this framework, the experimental construction and testing of pilot-

scale units were complemented by extensive modelling and simulation activities, addressing both 

individual unit operations and the overall integrated treatment chain. 

In particular, one dedicated work package focused on the development of advanced multi-scale 

modelling tools to support the design, scale-up, and optimisation of all the technologies involved in 

SEArcularMINE. The models were developed from first-principle equations, supported by targeted 

laboratory investigations. 

For each process unit, the project partners developed two complementary modelling approaches: a 

detailed model, designed to accurately reproduce the laboratory-scale behaviour of the system, and a 

simplified pilot-scale model, implemented within the integrated simulation platform of the entire 

SEArcularMINE process. This platform was conceived as a predictive and optimisation tool capable 

of assessing system performance under various operating and environmental conditions, while also 

supporting prototype design and process control strategies. 

 

Figure 61 Schematic of the SEArcularMINE integrated process for the valorisation of seawater 

bitterns 
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3.2.2  Description and modelling of the units 

In the following section, a brief description of the auxiliary and core units of the process chain is 

provided, along with a schematic description of the developed physical mathematical models. These 

latter are simplified yet effective models i.e., physical descriptions of any phenomenon not directly 

affecting the species’ concentration in the process streams are therefore dropped for the sake of 

simplicity.  

3.2.2.1  pH-SA units 

The pH-SWING adsorption (pH-SA) unit consists of an adsorption column packed with selective 

ion-exchange resins designed to recover specific trace elements from an aqueous stream. The resins 

contain ionisable functional groups that exchange ions with the target species in solution. 

Consequently, the adsorption selectivity depends primarily on the ionic charge of the species and, to 

a lesser extent, on their chemical affinity for the functional groups. Owing to its tunable selectivity, 

the pH-SWING unit is employed within the treatment chain to selectively recover several target 

elements, including B, Sr, Rb, Cs, Co, and Ge. 

The operating principle of the unit is analogous to that of a conventional adsorption column. It is, 

therefore, an intrinsically unsteady system, as the resins become progressively saturated and must be 

periodically regenerated by shifting the adsorption equilibrium. In this specific technology, the 

adsorption dynamics are pH-dependent, enabling the regeneration of the resins by adjusting the 

solution pH. Typically, acidic eluents of low pH are used during regeneration to promote desorption 

and recover the previously adsorbed species. In practical operation, two or more adsorption columns 

are alternated in a parallel configuration to prevent downtime during regeneration. This arrangement 

allows the process to approach a pseudo-steady-state condition, where the outlet composition of the 

treated stream remains nearly constant over time. 

The pH-SA model developed by the project partners at the Universitat Politècnica de Catalunya 

(UPC) is based on mass balance equations coupled with adsorption–desorption reactions, each 

characterised by species-specific equilibrium constants. The model predicts the temporal evolution 

of concentration profiles along the column and identifies the breakthrough point, i.e., the time at 

which the saturation front reaches the outlet. For steady-state simulations, the outlet concentration is 

assumed constant and equal to the equilibrium value before breakthrough. Further details on the 

specific pH-SA columns adopted in the process are provided in the following section. 

Three distinct pH-SA units are implemented within the treatment chain (see Figure 61). 
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The first pH-SA column, located downstream of the ultrafiltration (UF) unit (not included in the 

integrated platform) and upstream of the Mg-CGCR unit, is dedicated to the removal and recovery of 

boron, present in the inlet brine as B(OH)₃. Boron removal is essential because it can interfere with 

the crystallisation kinetics of Mg(OH)₂ in the subsequent reactor. The high affinity of the resins for 

boron corresponds to a high adsorption constant for this species, resulting in a boron-depleted 

effluent. 

The second pH-SA column is positioned between the Mg-CGCR and EDBM units. Its purpose is to 

soften the hypersaline stream leaving the crystalliser, which may still contain residual Ca²⁺ and Mg²⁺ 

ions. This step is critical to ensure the efficient operation of the downstream EDBM unit, as the 

presence of divalent cations significantly reduces its NaOH production efficiency due to their higher 

affinity for cation-exchange membranes compared to monovalent ions such as Na⁺ and K⁺. 

Consequently, the effluent from this unit is strongly depleted in Mg²⁺, Ca²⁺, and also Sr²⁺, which is 

present in solution in a divalent oxidation state. 

Finally, the third pH-SA column represents one of the core units for the recovery of trace elements 

such as Rb, Cs, Ge, and Co. This column is located downstream of the Li-MFCDI unit, and its feed 

stream, already purified in the preceding steps, mainly contains Na⁺ and K⁺. The eluent, enriched in 

the recovered trace elements, is subsequently directed to the post-treatment section for further 

purification and valorisation. 

3.2.2.2 Mg-CGCR unit 

The Magnesium Crystals Granulometry Controlled Reactor (Mg-CGCR) represents one of the core 

technologies within the SEArcularMINE treatment chain. Its main purpose is the recovery of 

magnesium in the form of Mg(OH)₂, characterised by a controlled particle size distribution. The 

reactive crystallisation of Mg²⁺ is triggered by the increase in pH resulting from the addition of an 

NaOH stream at the reactor inlet, which is produced in situ by the EDBM unit. The granulometry of 

the produced particles is primarily governed by the hydrodynamic regime inside the reactor; however, 

the overall Mg(OH)₂ recovery ratio is not affected by flow conditions. 

For this reason, the nucleation and crystal growth kinetics are not explicitly included in the model 

developed in this work and implemented within the simulation platform. The reaction proceeds 

extremely fast and can therefore be reasonably assumed to occur under equilibrium conditions. 

Consequently, the outlet concentrations of Mg²⁺ and Ca²⁺ depend exclusively on the amount of NaOH 

fed to the reactor. A stoichiometric quantity of NaOH is sufficient to precipitate all the magnesium 

contained in the inlet bittern. 
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The model takes as input the flow rates and concentrations of both the bittern and the alkaline streams, 

originating respectively from the boron removal stage and the EDBM unit, and computes the outlet 

composition by solving the solubility equilibria of pH-sensitive species such as Mg²⁺ and Ca²⁺. The 

resulting effluent is typically depleted in magnesium and almost free of calcium, exhibiting a slightly 

alkaline character due to a modest excess of NaOH. 

In terms of energy consumption, the Mg-CGCR unit is among the most energy-demanding in the 

treatment chain, mainly because of the high flow rates of both the bittern and the recirculating liquid 

streams. The power consumption of the reactor is estimated from the specific pumping energy 

required for fluid circulation. The reactor outlet stream consists of a Mg(OH)₂ slurry, which is sent 

to a thickener to separate the solid phase from the magnesium-free brine that is subsequently directed 

to downstream units. The wet solids are then processed in a drum filter to remove the residual water. 

The energy demand of the filtration stage depends on the slurry flow rate and on the separation 

efficiency of the thickener. For completeness, the solid–liquid separation stage is explicitly included 

in the Mg-CGCR model, allowing the overall energy consumption of the reactor and filtration steps 

to be consistently accounted for. 

3.2.2.3 EDBM unit 

EDBM is an electromembrane process used to produce acidic and alkaline solutions from saline feeds 

(see section 1.1.2.3). Within the SEArcularMINE treatment chain, the EDBM unit serves as an 

auxiliary subsystem designed to minimise the consumption of external reactants through the in situ 

generation of soda (NaOH) and hydrochloric acid (HCl) required in the various treatment stages. 

Among these products, NaOH represents the key output, as it is directly supplied to the Mg-CGCR 

unit for the precipitation of Mg(OH)₂. 

The simplified model of the EDBM unit developed in the present work is a lumped model based on 

mass balance equations for each compartment, the ionic transport equations across the ion-exchange 

membranes, and the electrical relations governing voltage drops and total power consumption. Ionic 

transport is modelled according to the Nernst-Planck framework (see 2.1.2), while Nernst and 

Kirkoff’s equations (eq. (3.15) and (3.13)) are employed to describe the electrical behaviour of the 

unit. 

3.2.2.4 MVC unit 

The Mechanical Vapour Compression (MVC) unit is a low-pressure evaporative desalination 

technology driven by a mechanical compressor. In this unit, the seawater brine is first pre-heated by 

recovering residual heat from the produced distillate. After pre-heating, the brine is sprayed as a 
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falling film over the surface of heat exchanger tube bundles. Through this heat exchange, a portion 

of the brine evaporates, while the water vapour inside the tubes condenses into permeate. The 

generated vapour is removed from the evaporator–condenser through mist eliminators, assisted by a 

mechanical compressor, which constitutes the core component of the MVC system. 

The compressor plays a crucial role in sustaining the process: it continuously handles the produced 

water vapour, compresses it to a higher pressure and temperature, and recirculates it into the heat 

transfer tubes. This recirculation provides the latent heat required for continuous evaporation, thereby 

ensuring the energy efficiency of the system. While MVC technology is typically employed for the 

production of desalinated water, in the SEArcularMINE treatment chain it is instead used to pre-

concentrate the saline effluent from the EDBM unit before it is fed to the downstream processes. 

Due to the high latent heat of water evaporation, the MVC unit is among the most energy-intensive 

operations within the treatment chain. In the present work, the brine concentration process was 

modelled using PhreeqC, an open-source software for geochemical and aqueous solution modelling. 

Specifically, the model calculates the flow rate and composition of the outlet stream based on the 

inlet stream characteristics and a defined concentration factor, expressed as the ratio between the inlet 

and outlet brine flow rates, respectively. The outlet composition depends on the initial concentration, 

the amount of water removed, and the solubility limits of the solid phases that may precipitate during 

the concentration process. 

3.2.2.5 Li-MFCDI unit 

Lithium Membrane Flow Capacitive De-Ionization (Li-MFCDI) is implemented in the 

SEArcularMINE treatment chain for the selective recovery of Lithium from the multi-ionic brines, 

after the removal of other competing species such as Mg2+. The working principle and the 

mathematical model of the unit was thoroughly presented in section 3. The model implemented in 

the integrated platform is a simplified, pseudo-steady state lumped model 

3.2.2.6 DD unit 

Diffusion Dialysis (DD) is a membrane separation process primarily used for the recovery of acids 

or bases from aqueous salt solutions. Within the SEArcularMINE treatment chain, DD units are 

employed to recover hydrochloric acid (HCl) from the draw solutions of the Li-MFCDI units, as well 

as from the acidic eluents used to regenerate the ion-exchange resins in the pH-SA columns. 

A diffusion dialysis cell used for acid recovery consists of a series of AEMs arranged in parallel to 

form repetitive elements known as cell pairs. Each cell pair comprises two compartments separated 
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by the AEMs: one for the feed solution, containing both acid and salt, and one for the stripping 

solution (typically DI water). 

In this process, the driving force for mass transfer is the concentration gradient across adjacent 

compartments, which induces the diffusive flux of species from the acid–salt feed solution through 

the ion-exchange membrane into the stripping solution. The anion-exchange membrane selectively 

allows the transport of anions while retaining most cations. However, protons can still permeate 

through the AEM, despite their positive charge, due to the Grotthuss hopping mechanism of proton 

conduction that confers protons and exceptionally high mobility. 

The mathematical model of the DD unit is based on mass balance equations for water and acid 

species, coupled with ion transport relations across the membrane. The acid and salt fluxes are 

evaluated by multiplying a constant permeability coefficient, determined from the experimental 

campaign, by the corresponding driving force, expressed either as the osmotic pressure difference or 

as the salt concentration difference between the feed and receiver compartments. 

3.2.2.7 MD unit 

Membrane Distillation (MD) is a promising thermally driven membrane technology for seawater 

desalination, characterised by very high salt rejection. In this process, two chambers maintained at 

different temperatures are separated by a microporous hydrophobic membrane. Due to the 

hydrophobic nature of the membrane, liquid water cannot penetrate its pores; only water vapour can 

pass through. As a result, salts and non-volatile solutes are completely retained on the feed side. 

The driving force of the MD process is the difference in water vapour pressure across the membrane 

surface, which arises from the temperature gradient between the hot feed and the cold permeate 

compartments. The feed solution, typically a saline stream, is heated using waste low-temperature 

heat or solar thermal energy, while the permeate vapour condenses on the cooler side of the membrane 

to form the distillate. 

Within the SEArcularMINE treatment chain, the MD unit is employed in the post-treatment stage to 

further concentrate the process streams containing the target species recovered in the upstream steps. 

A simplified model, based on mass balance equations, was implemented to estimate the outlet flow 

rates of volatile components such as water and acid. The average transmembrane fluxes of water and 

acid were obtained from experimental measurements and used as model parameters for the 

simulations. 
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3.2.3 Results and discussion 

In the following section, the structure of the integrated simulative platform is reported. The platform 

was developed in Python following a modular approach; each unit is modeled separately, and all the 

models are summoned in the master program as external functions. Therefore, each unit can be 

schematized as a black box, communicating with the other units by means of exchange variables, 

which represent the main process variables such as flow rates, concentrations and temperatures of 

each stream.  

Two different versions of the platform were developed in order to perform demonstrative simulations 

of seawater bittern treatment both in transient steady-state and simulations. In the following sections, 

the main outcomes in terms of products composition, energy consumption and operation time will be 

discussed.  

3.2.3.1 Steady-state simulations 

The scheme of the steady-state simulation platform is shown in Figure 62. The core of the system is 

represented by the recirculation loop established between the Mg-CGCR and the EDBM units, which 

provides the reactor with the required soda flow rate. 

 

Figure 62 Block flow diagram of the SEArcularMINE simulation platform 

In the simulated process configuration, the outlet brine from the second pH-SA unit is split and 

directed to the alkaline and salt compartments of the EDBM unit. Assuming constant volumetric flow 

rates in all EDBM compartments, the splitting ratio (α), defined as the fraction of the inlet brine sent 
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to the salt channel, can be related to the target hydroxide concentration in the alkaline outlet stream 

and to the total concentration of divalent cations in the brine by the following equation: 

𝛼 =
2(𝐶𝑀𝑔2+ + 𝐶𝐶𝑎2+)

𝐶𝑂𝐻
𝑡𝑎𝑟𝑔𝑒𝑡

+ 2(𝐶𝑀𝑔2+ + 𝐶𝐶𝑎2+)
 (3.28) 

From a numerical standpoint, recirculation loops may lead to model divergence and must therefore 

be handled carefully. At the beginning of the simulation, an initial guess is assigned to the EDBM 

current density, corresponding to a specific NaOH concentration in the recirculating soda stream. By 

imposing a target soda concentration of 1 mol L-1 in the alkaline outlet, a while-loop routine is 

implemented to iteratively adjust the current density until the stoichiometric requirement of soda 

production is met. This iterative procedure is necessary because, at each calculation step, the 

composition of the EDBM inlet salt and alkaline streams changes due to the recirculation effect. 

Consequently, the final EDBM current density, and thus the applied voltage, depends on the 

magnesium and calcium concentrations in the inlet brine. 

Two different simulations were carried out considering different feed compositions to the treatment 

chain, in order to evaluate the influence of the feed composition on the overall process performance. 

In the first scenario, the treatment of a bittern of a given composition called Margi was simulated. 

The simulation results for the treatment of this latter are reported in Table 19.  

As observed from the composition of the inlet stream, Margi bittern is poor in sodium but rich in 

magnesium, which enables a higher Mg(OH)₂ production yield. In particular, 4.35 kg·h⁻¹ of Mg(OH)₂ 

are produced from an inlet brine flow rate of 30 L·h⁻¹, achieving an Mg recovery approaching 100% 

(Figure 63C). The amount of soda required for this production is approximately 6 kg·h⁻¹, 

corresponding to an EDBM current density of 320 A·m⁻². This current density results in an electrical 

power consumption of 10.4 kW, as illustrated in Figure 63A.  

If the electrical power consumption of the Mg-CGCR pumps and the drum filter is also considered, 

the total energy demand for magnesium hydroxide production amounts to 14.4 kW. Nevertheless, the 

MVC unit remains the most energy-intensive component of the process. Considering both the pre- 

and post-concentration steps, the total power consumption associated with brine concentration 

reaches 23.3 kW. Regarding the other target elements, nearly complete recovery of Li, Rb, and Cs is 

achieved, as shown in Figure 63C, while only minor recoveries of Co and Ga are observed. 

The simulation results for the treatment of the Margi bittern are reported in Figure 63. The inlet flow 

rate was kept equal to that used in the previous simulation to allow a direct comparison of the effects 



3.2. Macroscale modelling and simulations of ion-exchange membrane processes: valorisation 

of seawater brines 

207 

 

of the different feed compositions. Unlike Margi, Galia is a bittern rich in sodium and contains a 

moderate amount of magnesium. Consequently, the production rate of magnesium hydroxide 

decreases to 1.68 kg/h. As a result, the EDBM unit operates at a lower current density of 125 A·m⁻², 

with a corresponding reduction in power consumption to 2.24 kW. The drum filter power demand is 

also reduced, as shown in Figure 63B, whereas the Mg-CGCR pumping power remains nearly 

unchanged, since the inlet flow rate was kept constant. 

 

Figure 63 Power consumption for the treatment of 30 L h-1 of (A) Margi bittern and (B) Galia bittern. 

Target elements recovery from (C) Margi bittern and (D) Galia bittern 
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Table 19 Flow rate and composition of the streams in the steady-state treatment of Margi bittern. The number of the stream is referred to the 

scheme in Figure 62 

 Streams 

 1 2 3 4 5 6 7 8 9 10 11 12 

Flow rate [L h
-1

] 30.00 30.00 180.00 180.00 30.00 220.00 150.00 3.40 3.40 3.40 0.28 0.35 

pH 7.00 5.43 11.14 11.14 11.14 0.16 14.00 9.17 8.38 3.24 6.96 7.35 

 Macro-elements concentration × 10
-3

 [mol m
-3

] 

Na
+
 1.90 1.90 6.30 6.30 2.00 0.00 7.10 5.70 5.60 5.60 0.00 0.00 

K
+
 0.30 0.30 0.96 0.96 0.30 0.00 1.10 0.98 0.98 0.98 0.00 0.00 

Mg
+2

 2.50 2.50 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 

Cl
-
 5.50 5.50 5.50 5.50 1.20 0.60 5.50 4.90 4.90 4.90 0.01 0.09 

SO4
-2

 0.86 0.86 0.86 0.86 0.52 0.05 0.86 0.72 0.72 0.72 0.00 0.00 

 Micro-elements concentration [mol m
-3

] 

Ca
+2

 3.5 3.5 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 

B 17.0 3.5 3.5 3.5 3.5 0.0 3.5 32.0 32.0 32.0 0.0 0.0 

Sr
+2

 0.2 0.2 0.2 0.2 0.2 0.0 0.2 0.0 0.0 0.0 0.0 0.0 

Li
+
 1.0 1.0 1.0 1.0 1.0 0.0 1.0 9.3 0.8 0.8 0.0 83.0 

Br
-
 31.0 31.0 31.0 31.0 31.0 0.0 31.0 280.0 280.0 280.0 0.0 0.0 

 Trace-elements concentration × 10
4
 [mol m

-3
] 

Cs
+
 0.13 0.13 0.13 0.13 0.13 0.10 0.13 1.20 1.20 0.04 14.00 0.00 

Rb
+
 690.00 690.00 690.00 690.00 690.00 0.10 690.00 6300.00 6300.00 630.00 71000.00 0.00 

Co
+2

 0.80 0.21 0.21 0.21 0.21 0.10 0.21 2.00 2.00 0.02 24.00 0.00 

Ga
+3

 6.70 3.20 3.20 3.20 3.20 0.10 3.20 29.00 29.00 3.60 320.00 0.00 

Ge
+4

 8.00 1.70 1.70 1.70 1.70 0.10 1.70 15.00 15.00 15.00 0.00 0.00 
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Table 20 Flow rate and composition of the streams in the steady-state treatment of Galia bittern. The number of the stream is referred to the scheme 

in Figure 62 

 Streams 

 1 2 3 4 5 6 7 8 9 10 11 12 

Flow rate [L h
-1

] 30.00 30.00 88.00 88.00 30.00 220.00 58.00 3.20 3.20 3.20 0.28 0.36 

pH 7.00 6.80 11.62 11.62 11.62 0.57 14.00 13.10 12.30 12.30 6.96 7.31 

 Macro-elements concentration × 10
-3

 [mol m
-3

] 

Na
+
 3.60 3.60 5.50 5.50 3.70 0.00 6.40 5.60 5.60 5.60 0.00 0.00 

K
+
 0.19 0.19 0.28 0.28 0.19 0.00 0.33 0.96 0.96 0.96 0.00 0.00 

Mg
+2

 0.96 0.96 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 

Cl
-
 5.00 5.00 5.00 5.00 3.20 0.25 5.00 5.00 4.90 4.90 0.00 0.27 

SO4
-2

 0.37 0.37 0.37 0.37 0.30 0.01 0.37 0.73 0.73 0.73 0.00 0.00 

 Micro-elements concentration [mol m
-3

] 

Ca
+2

 5.8 5.8 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 

B 10.0 2.1 2.1 2.1 2.1 0.0 2.1 20.0 20.0 20.0 0.0 0.0 

Sr
+2

 0.3 0.3 0.3 0.3 0.3 0.0 0.3 0.0 0.0 0.0 0.0 0.0 

Li
+
 3.4 3.4 3.4 3.4 3.4 0.0 3.4 32.0 1.8 1.8 0.0 270.0 

Br
-
 16.0 16.0 16.0 16.0 16.0 0.0 16.0 160.0 160.0 160.0 0.0 0.0 

 Trace-elements concentration × 10
4
 [mol m

-3
] 

Cs
+
 0.14 0.14 0.14 0.14 0.14 0.10 0.14 1.30 1.30 0.05 15.00 0.00 

Rb
+
 310.00 310.00 310.00 310.00 310.00 0.10 310.00 2900.00 2900.00 290.00 31000.00 0.00 

Co
+2

 0.10 0.01 0.01 0.01 0.01 0.10 0.01 0.00 0.00 0.00 0.00 0.00 

Ga
+3

 0.07 0.03 0.03 0.03 0.03 0.10 0.03 0.31 0.31 0.03 3.30 0.00 

Ge
+4

 0.15 0.03 0.03 0.03 0.03 0.10 0.03 0.28 0.28 0.28 0.00 0.00 
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3.2.3.2 Unsteady-state simulations 

A dynamic version of the simulation platform was also developed to reproduce the actual 

configuration of the SEArcularMINE pilot plant, which actually operated in batch mode. The block 

flow diagram of the simulated treatment chain is illustrated in Figure 64. 

 

Figure 64 Block flow diagram of the treatment chain simulated in unsteady-state 

The main difference between the dynamic and steady-state versions lies in the inclusion of storage 

and buffer tanks for the various process solutions. In addition, the post-treatment units are not 

considered in the dynamic model, as they are not part of the pilot plant layout. Another relevant 

difference concerns the configuration of the EDBM and Li-MFCDI units, which are arranged in a 

closed-loop rather than a single-pass mode. As a consequence, the composition of the solutions in the 

accumulation tanks varies over time (Figure 65). 

Although the overall platform is dynamic, the models of the individual units are inherently steady-

state, under the assumption that their internal dynamics are negligible compared to the slower filling 

and emptying dynamics of the tanks. In this version of the platform, the tank levels control the flow 

between units: each tank starts discharging when its liquid level exceeds 50% of its total volume, as 

illustrated in Figure 67. The discharged solution is then transferred to the downstream unit for further 

processing. 
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Figure 65 (A) OH- concentration in the EDBM alkaline tank (T5) vs time. (B) Li+ concentration in 

the Li-MFCDI receiver tank (T9) vs time 

The filling and emptying dynamics reported in Figure 67 were obtained from the dynamic simulation 

of the treatment of 100 L of “Margi” bittern. The simulated process lasted 13.5 hours, resulting in a 

total production of 4.4 kg of Mg(OH)₂ and a Li⁺ recovery of 27.4% in the Li-MFCDI receiver tank. 

As shown in Figure 66, the MVC unit represented the main energy-consuming component. The total 

energy demand of the main units amounted to 257 kWh, corresponding to a specific energy 

consumption of 2575 kWh m-³. 

 

 

Figure 66 Energy consumption of the most demanding units per cubic meter of processed bittern 
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Figure 67 Tanks’ volume as a function of time during an unsteady-state simulation  

In conclusion, the simulations performed allow to assess the feasibility of the process and to provide 

and estimation for the recovery of target elements and of the associated energy consumption. 
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Conclusions, outlooks and perspectives 

In the present thesis, ionic transport in IEMs systems was extensively investigated from both 

experimental and theoretical standpoints, with the overarching goal of developing novel and 

comprehensive modelling tools to advance the current understanding of mass and charge transport 

phenomena in highly concentrated systems. 

Chapter 1 focused on the thermodynamics of ion exchange. The fundamentals of electrolyte 

thermodynamics were critically reviewed, highlighting crucial yet often overlooked aspects. An 

extensive experimental campaign was carried out on commercial IEMs to elucidate how ion-partition 

equilibria are influenced by the concentration and composition of the external solution, particularly 

in the presence of multiple counterions at high total ionic strength. 

Experimental results revealed that ion activity coefficients in the membrane phase largely exceed 

unity at high external salt concentrations (i.e., > 1 mol L⁻¹), indicating the development of an 

increasingly unfavourable partitioning environment. This thermodynamic behaviour was attributed 

to short-range, unfavourable interactions between mobile ions and fixed-charge groups in the polymer 

matrix, which cannot be captured by traditional models based on the Debye–Hückel framework, such 

as the Manning model. 

The collected data were employed to develop and validate a novel thermodynamic model for the 

estimation of ion activity coefficients in the membrane phase, applicable to highly concentrated multi-

ionic systems. This model combined a multi-ionic extension of the Manning model with an adapted 

version of the eNRTL model specifically designed for IEMs. Simulations confirmed the inability of 

the classical Manning model to describe ion partition at high external concentrations, due to its 

structural limitation of accounting solely for long-range electrostatic interactions. Conversely, the 

extended peNRTL model successfully captured the observed behaviour, demonstrating the key role 

of short-range, non-electrostatic interactions responsible for the increase of activity coefficients 

above unity. 

Further investigations should be conducted to validate the developed model for more complex 

systems and membranes with well-characterized structures, in order to identify the specific nature of 

these interactions. Moreover, future work should address the equilibrium of water partition in IEMs, 

a fundamental yet often neglected topic. 

Building on the thermodynamic characterization of the studied membranes, Chapter 2 addressed ion 

transport in IEMs from both experimental and theoretical perspectives. section 2.1 critically revisited 

the traditional Nernst–Planck framework, identifying its intrinsic limitations. Subsequently, an 



 

214 

 

alternative theoretical formulation based on the Maxwell–Stefan transport theory was introduced. 

This physically grounded approach, referred to as the Binary Friction Model, enables a more rigorous 

and comprehensive description of charge and mass transport in IEMs. To implement the model, a 

novel procedure was proposed to accurately extract fundamental ions and water transport coefficients 

from carefully collected experimental data. 

Ion-transport simulations performed with the BFM allowed decoupling the effects of the various 

interactions among system components on ionic fluxes. Moreover, the dependence of these 

parameters on the salt concentration was quantified, revealing that at high external concentrations, a 

significant contribution to ion diffusion and conductivity arises from binary interactions between 

mobile ions and fixed charges but also from frictional forces between counter-ions and water 

molecules, which are not properly captured by the Nernst–Planck model.  

Furthermore, the Nernst–Planck ionic diffusivities and the Maxwell–Stefan binary diffusivities were 

found to differ significantly, further elucidating that NP diffusivities lack a specific physico-chemical 

meaning, even though, in some cases, they can be effectively employed to reproduce the experimental 

values of salt diffusivity and ionic conductivity in IEMs 

Overall, the proposed theoretical framework proved to be a valuable tool for interpreting the physics 

of ion transport in IEMs. In the future, complementary experimental data, such as ion transport 

numbers, membrane potentials, and pressure-driven water fluxes, could be analysed within this 

framework to further elucidate how mutual interactions depend on composition and concentration. 

Building on this fundamental understanding, future efforts should focus on the development of 

predictive electrochemical models for the estimation of key transport properties. 

Additionally, particular attention should be devoted to modelling water transport and the influence of 

non-ideal thermodynamic phenomena on this process. For instance, fluid–structure interaction 

models could be developed to relate solvent activity in the membrane phase to the swelling degree of 

the polymer matrix. Ultimately, such analyses will pave the way for comprehensive electrochemical–

mechanical models capable of capturing the inherent physical complexity of mass and charge 

transport in IEMs, thereby enabling predictive performance assessment and guiding the design of 

next-generation, tailor-made membranes. 

Finally, in Chapter 3, two case studies of macroscale modelling of electromembrane units were 

investigated. Fundamental thermodynamic and mass transport models in IEMs were employed to 

predict the performance of the modelled unit, thus demonstrating how the development of reliable 

and physically grounded fundamental models is also crucial to optimize operative conditions and 

configuration of electromembrane processes. 
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Nomenclature 

Variables 

𝐴 Area [m2] 

𝐴𝜑 Debye-Hückel constant [-] 

𝑎 Activity [-] 

𝑏 Average distance between fixed charges [m]  

𝐶 Molar concentration [mol m-3] 

𝐶̅ Mean ionic concentration [mol m-3] 

𝐶𝑒𝑙 
Specific capacitance [F kg-1] 

𝑐𝑖,𝑗 Debye-Hückel’s ion-ion binary diffusion coefficient fitting parameter [-] 

𝐷𝐼,𝐽 Multicomponent Fickian diffusivity [m2 s-1] 

𝐷𝑖 
Nernst-Planck ionic diffusivity [m2 s-1] 

𝐷̅𝑖𝑗 Nernst-Hartley mean electrolyte diffusion coefficient [m2 s-1] 

Ð𝑖,𝑗 Maxwell-Stefan binary diffusion coefficient [m2 s-1] 

𝑑  Driving force per unit of volume [N m-3] 

𝑑 Channel width [m] 

𝐸⃗  Electric field [V m-1] 

𝑒 Elementary charge [C] 

𝑒𝑚𝑓 Electromotive force [V] 

𝐹 Helmholtz free energy [J] 

ℱ Faraday constant [C mol-1] 

𝐹  Drag force per unit of volume [N m-3] 

𝑓𝑖,𝑗 Maxwell-Stefan binary friction coefficient [s m-2] 

𝐺 Gibbs free enthalpy [J] 

ℎ Height [m] 
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𝐼 Ionic strength [eq m-3] 

𝐼𝐸𝐶 Ion-Exchange Capacity [mol kgdry polymer
-1] 

𝐽  Current density [C m-2 s-1] 

𝑗 Current [C s-1] 

𝐾𝑝 Partition coefficient [-] 

𝐾𝑖,𝑗 Maxwell-Stefan friction factor [J s m-5] 

𝑘𝐵 Boltzman’s constant [J K-1] 

𝐿 Length [m] 

ℒ𝑖,𝑗 Inverted Maxwell-Stefan friction factor [m5 J-1 s-1] 

𝑙 Phenomenological transport coefficient [mol2 m-1 s-1 J-1] 

𝑀 Mass [kg] 

ℳ𝑖,𝑗 Maxwell-Stefan composed friction factor [mol s m-5] 

𝑚 Molal concentration [mol kg-1] 

𝑀𝑊 Molar mass [kg mol-1] 

𝑁 Number of data points [-] 

𝑁⃗⃗  Flux in a stationary reference frame [mol m-2 s-1] 

𝑁𝑎 Avogadro’s number [mol-1] 

𝑛 Number of moles [mol] 

𝑃 Pressure [Pa] 

𝑃𝑠 Salt permeability [m2 s-1] 

ps Relative salt permeability [-] 

𝑃𝑡𝑜𝑡 Total pressure (hydrostatic-osmotic) [Pa] 

𝑃𝑤 Water permeability [m s-1] 

𝑄 Flow rate [m3 s-1] 

𝑅 Ohmic resistance [Ω] 

𝑅g Universal gas constant [J mol-1 K-1] 
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𝑟 Radial position[m] 

𝑟0 Debye-Hückel ion’s radius [-] 

𝑟𝐵 Born radius [m] 

𝑆 Entropy [J K-1] 

𝑆𝑝 Partition selectivity [-] 

𝑆𝑐 Condensation selectivity [-] 

𝑆𝑠 Separation selectivity [-] 

𝑆𝑏𝑒𝑡 Specific surface [m2 kg-1] 

𝑠 Specific entropy [J K-1 m-3] 

𝑆𝐸𝐶 Specific Energy Consumption [J kg-1] 

𝑆𝑃 Specific Productivity [kg m-2 s-1] 

𝑇 Temperature [K] 

𝑡 Time [s] 

𝑡𝑖  Transport number [-] 

𝑢 Electrophoretic mobility [m2 mol J -1 s-1] 

𝑉 Volume [m-3] 

𝑣  Velocity [m s-1] 

𝑣⃗  Molar average velocity [m s-1] 

𝑣𝑠 
Fluid velocity in the solution channel [m s-1] 

𝑤 Mass fraction [-] 

𝑤𝑢 Water uptake [kgwater kgdry polymer
-1] 

𝑤𝑒𝑙 
Electrical work [J mol-1] 

𝑋 Effective molar fraction [-] 

𝑥 Molar fraction [-] 

𝑍 Impedance [Ω] 

𝑍′ Impedance real part (Resistance) [Ω] 

𝑍′′ Impedance imaginary part (Reactance) [Ω] 
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𝑧 Ion valence [-] 

Greek letters 

α Nonrandomness parameters [-] 

𝛽 Debye-Hückel’s equation lumped parameter [m3/2 mol-1/2] 

𝛽𝑖,𝑗 Debye-Hückel’s ion-ion binary diffusion coefficient fitting parameter [m3/2 mol-1/2] 

𝛤𝑖(𝑛) Diffusion coefficient thermodynamic correcting factor [-] 

𝛾 Activity coefficient [-] 

𝛾̅ Mean ionic activity coefficient [-] 

𝛾̃ Absolute activity coefficient [-] 

𝛿 Thickness [m] 

𝜀 Relative dielectric constant [-] 

𝜀0 Vacuum dielectric constant [F m-1] 

𝜀𝑐 Condensed phase dielectric constant [-] 

𝜀𝑢 Uncondensed phase dielectric constant [-+ 

𝜖 Membrane porosity [-] 

𝜁 Debye-Hückel’s equation lumped parameter [m3/2 mol-1/2] 

𝜁𝑖,𝑗 Debye-Hückel ion-ion binary diffusion coefficient fitting parameter [m3/2 mol-1/2] 

𝜂𝑟 Relative viscosity [-] 

𝜃 Condensed fraction [-] 

𝜃̅ Uncondensed fraction [-] 

𝜗 Polarization coefficient [-] 

𝜘 Debye screening parameter [m-1] 

𝜘̅ Uncondensed phase Debye screening parameter [m-1] 

𝜅 Ionic conductivity [S m-1] 

𝜆 Absolute activity [-] 
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𝜆𝑏 Bjerrum length [m] 

𝜇 Chemical potential [J mol-1] 

𝜇̃ Electrochemical potential [J mol-1] 

𝜇𝑐ℎ𝑒𝑚  Chemical component of electrochemical potential [J mol-1] 

𝜇𝑐𝑜𝑛𝑑 Condensation free energy [J mol-1]   

𝜇ℎ𝑦𝑑 Hydration free energy [J mol-1]   

𝜈 Stoichiometric coefficient [-] 

𝜉 Reduced linear charge density [-] 

𝜉𝑐  Reduced critical linear charge density [-] 

𝛱 Osmotic pressure [Pa] 

𝜌 Mass density [kg m-3] 

𝜌𝑒l Charge density [C m-3] 

𝜌𝑏𝑢𝑙𝑘  Particles bulk density [kg m-3] 

𝜌𝑡𝑜𝑡  Solution mass density [kg m-3] 

𝜚 Pitzer closest approach parameter [-] 

𝜎𝑒𝑙 Charge density per unit of mass [C kg-1] 

𝜍𝑒𝑙 Volumetric fraction of suspended solids [-] 

τ Membrane tortuosity [-] 

𝜏𝑖𝑗 Binary asymmetric interaction parameters [-] 

𝜐 Partial molar volume [m3 mol-1] 

Φγ 
Non-ideal partition coefficient contribution [-] 

ΦΔφ 
Electrostatic partition coefficient contribution [-] 

ΦΔP  
Osmotic partition coefficient contribution [-] 

𝜑 (Quasi-)Electrostatic potential [V] 

𝜙𝑤 Swelling degree [-] 

𝜙 Osmotic coefficient [-] 
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∆𝜑 
Donnan potential [V] 

𝜒𝑖,𝑗 Activity coefficient partial derivative [-] 

𝛹 Specific entropy production rate [J K-1 s-1 m-3] 

𝜓𝑖  Effective viscous molar volume [m3 mol-1] 

ω Frequency [Hz] 

𝜛 Standard deviation [variable] 

Superscripts 

* Secondary thermodynamic reference state 

# Non-stationary reference frame 

′ Interstitial/per unit of pore surface area 

+ Left side 

− Right side 

∞ Bulk 

∞0 Infinite dilution state 

0 Primary reference state 

𝛼, 𝛽 Generic phases 

𝐴𝐸𝑀 Anion-Exchange membrane 

(𝐶) Molar-based 

𝑑𝑠 Desorption solution 

𝑒𝑥 Excess (i.e., non-ideal) 

𝑒𝑥𝑝. Experimental point 

𝑖𝑑 Ideal 

𝑖𝑛𝑡 Interface 

𝐿𝐶 Local contribution 

𝐿𝑖𝑆𝑀 Lithium-Selective Membrane 

𝑀 Manning contribution 
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𝑚 Membrane phase 

(𝑚) Molal-based 

𝑝 Unit of volume of swollen membrane  

𝑝𝑟𝑒𝑑. Predicted point 

𝑝𝑢𝑟𝑒 Pure state/component 

𝑃𝐷𝐻 Pitzer-Debye-Hückel contribution 

𝑠 Solution phase  

𝑤 Unit of volume of sorbed solution 

(𝑥) Molar fraction-based 

Subscripts 

𝑖, 𝑗, 𝑘 Components 

𝑎 Anionic species 

𝐴𝐸𝑀 Anion-Exchange Membrane 

𝐵 Blank 

𝐶 Concentration 

𝑐 Cationic species 

𝐶𝐸𝑀 Cation-Exchange Membrane 

𝑐𝑜 Co-ions 

𝑐𝑜𝑢 Counter-ions 

𝑐𝑙𝑜𝑢𝑑 Ionic cloud 

𝑐ℎ𝑎𝑖𝑛 Linear charge distribution 

𝑐𝑜𝑛𝑑 Conductive component 

𝐷𝐵𝐿 Diffusion Boundary Layer 

𝑑𝑖𝑓𝑓. Diffusion/Diffusive component 

𝑑𝑟𝑦 Dry membrane 

𝑒𝑙 Electrode/Electrode channel 

𝑒𝑥𝑡 Externally applied 
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𝐹 Feed 

𝑓𝑖𝑥 Fixed charges 

𝑖𝑛 Inlet 

𝑖𝑗 Electrolyte 

𝑚 Membrane  

𝑁 Nernst contribution 

(𝑛) Quasi-electrostatic potential reference species 

𝑜ℎ𝑚 Ohmic/Conductive 

𝑜𝑢𝑡 Outlet 

𝑝 Ion containing polymer 

𝑝𝑢𝑟𝑒 Pure component 

𝑅 Receiver 

𝑠 Solution/Solution channel 

𝑠𝑎𝑙𝑡 Salt 

𝑡𝑜𝑡 Total 

𝑉 Volume 

𝑤 Water  

wet Wet membrane 

Acronims 

AC Alternating Current / Activated Carbon 

AEL Anion-Exchange Layer 

AEM Anion-Exchange Membrane 

ARED Assisted Reverse ElectroDialysis  

BF Binary Friction 

CDI Capacitive De-Ionization 

CE Counter Electrode 

CED Capacitive Electrodialysis 
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CEL Cation-Exchange Layer 

CEM Cation-Exchange Membrane 

DBL Diffusion Boundary Layer 

DC Direct Current 

DI DeIonized 

ED ElectroDialysis 

EDBM Bipolar Membrane ElectroDialysis 

EDL Electric Double Layer 

EIS Electrochemical Impedance Spectroscopy 

FCDI Flow Capacitive De-Ionization  

FRA Frequency Response Analyzer 

IEC Ion-Exchange Capacity 

IEM Ion-Exchange Membrane 

LC Local Contribution 

Li-

MFCDI 
Lithium Membrane Flow Capacitive De-Ionization 

LiSM Lithium Selective Membrane 

MRD Mean Relative Deviation 

MS Maxwell-Stefan 

NP Nernst-Planck 

PDH Pitzer-Debye-Hückel 

RE Reference Electrode 

RED Reverse Electrodialysis 

SC Single Cycle 

SE Sense Electrode 

SEC Specific Energy Consumption 

SP Specific Productivity 
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WE Working Electrode 

ZLD Zero Liquid Discharge 
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