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Abstract
A novel single-domain Ritz method is presented for analyzing the free vibrations of laminated cylindrical panels with cutouts 
of general shape. The structural model of the panel is based on the first-order shear deformation theory. In this framework, 
the primary variables—midplane displacements and section rotations—are represented using trial functions, constructed as 
tensor products of one-dimensional orthogonal Legendre polynomials. The governing equations are derived by enforcing 
the stationarity of the total potential energy. This leads to a standard eigenvalue problem, the solution of which yields the 
panel’s free vibration frequencies and modes. To compute the matrices involved in the governing equations, a specialized 
integration approach is employed, which leverages an implicit cutout representation via level set functions, ensuring accurate 
integral evaluation over the panel domain. A series of validation results showcasing the method’s accuracy and ability to 
handle various configurations, including different boundary conditions, laminate layups, cutout geometries and positions, 
are proposed to demonstrate the effectiveness of the proposed method.  
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1  Introduction

Composite laminated cylindrical shells/panels are widely 
used in aerospace applications due to their unique proper-
ties, such as high strength and stiffness-to-weight ratios. 
Their potential for tailored structural performance resulting 
from innovative design and optimisation strategies further 
enhances their versatility. These structural components are 
frequently subjected to dynamic loads, which can generate 
strain and stress fields that exceed predictions from static 
analyses, particularly when the natural frequencies of the 
structure are excited [1, 2]. Consequently, it is essential to 
conduct thorough investigations of their dynamic behavior, 
and a significant amount of research has focused on devel-
oping accurate and efficient methods for assessing their 
vibration characteristics. Moreover, composite laminated 
cylindrical shells/panels feature cutout openings, such as 

windows, holes, and access cutouts, to meet functional and 
weight requirements, adding complexity to their behavior 
and modeling.    

Composite laminated shells have been the subject of sig-
nificant research interest for many years and extensive lit-
erature on this subject can be found in many review articles 
and books [3–7].

Composite laminated cylindrical shells/panels often 
incorporate cutout openings to meet functional and weight 
requirements, adding complexity to their behavior and 
modeling. The free vibration behavior of composite lami-
nated shells with cutouts has been studied using different 
approaches. Bicos and Springer [8] presented a first-order 
theory-based finite element solution for the vibration char-
acteristics of laminated cylindrical shells with circular 
cutouts, including the damping effect. Sahu and Datta [9] 
used an FSDT-based finite element model with an eight-
noded isoparametric shell element to study the vibration and 
buckling of composite curved panels with cutouts. Nanda 
and Bandyopadhyay [10] used eight-noded C0 continuity, 
isoparametric quadrilateral finite elements to model the 
nonlinear free vibration of laminated composite cylindrical 
shell panels with cutouts. Chaubey et al. [11] presented a 
C0 finite element formulation based on third-order shear 

 *	 Alberto Milazzo 
	 alberto.milazzo@unipa.it

	 Marco Lo Cascio 
	 marco.locascio01@unipa.it

1	 Department of Engineering, Universitá degli Studi di 
Palermo, Viale delle Scienze, Bldg 8, 90135 Palermo, Italy

http://crossmark.crossref.org/dialog/?doi=10.1007/s42496-025-00266-4&domain=pdf


	 M. Lo Cascio, A. Milazzo 

deformation theory (TSDT) to study the free vibration 
analysis of composite cylindrical shells with cutouts. Poore 
et al. [12] developed a semi-analytical solution method to 
study the influences of various geometrical parameters on 
the vibration behavior of laminated cylindrical shells con-
taining a circular cutout. Dey et al. [13] performed stochas-
tic natural frequency analyses based on a support vector 
regression (SVR) model of laminated composite curved 
panels with cutouts. Kurpa et al. [14] used the R-functions 
method based on the FSDT to study the geometric nonlinear 
vibration response of laminated shallow shells with central 
rectangular clamped cutouts. Kwak et al. [15] proposed an 
FSDT-based meshless method using the Tchebychev-radial 
point interpolation shape function to analyze the free vibra-
tion characteristics of laminated closed conical, cylindrical 
shells, and annular plates. Talezadehlari [16] investigated the 
free vibration behavior of composite cylindrical shells with 
a central square cutout using the multi-domain Generalized 
Differential Quadrature (GDQ) method.

The Ritz method [17] is a numerical technique that is 
renowned for its computational efficiency. It has been 
extensively employed to analyze the linear [18, 19] and 
nonlinear vibrations [20, 21] of laminated cylindrical shells 
and the influence of boundary conditions [22–24], fiber 
orientation [25, 26], embedded cracks [27], and complex 
geometries [28–31].

Within the Ritz method framework, the present work 
proposes a novel single-domain formulation for modeling 
the free vibrations of cylindrical laminated composite 
shells with cutouts. The structural model is based on the 

first-order shear deformation theory (FSDT), whose pri-
mary variables, namely the shell midplane translation and 
the shell section rotations, are approximated by a set of 
trial functions built with orthogonal Legendre polynomi-
als. The resolving algebraic system is obtained by applying 
the stationarity condition of the total potential energy. This 
results in a system of equations involving the unknown 
Ritz coefficients associated with the primary variables. 
The characteristic matrices of this system are computed 
using a unique integration technique, which employs an 
implicit description of the cutout via an appropriately 
defined level set function. This technique allows an accu-
rate evaluation of domain integrals over the shell domain 
and is the core and main novelty of the proposed Ritz 
approach. Validation results and studies are provided to 
demonstrate the effectiveness and potential of this method.

2 � Formulation

Let us consider a cylindrical shell panel with rectangu-
lar planform, having radius R, panel open angle 2� and 
length 2L as depicted in Fig. 1a. It is built as a laminate 
with general layup having NL constant thickness layers 
of composite material. The panel is constrained along its 
external edges and it presents a cutout of general shape 
and position whose edges are free.

Fig. 1   Cylindrical panel geom-
etry and reference systems
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2.1 � Panel Geometry Description

The panel is geometrically defined by its mid-surface, which 
occupies the domain Ω with boundary �Ω . This mid-surface 
is described using a Cartesian coordinate system, where the 
x1 and x2 axes span the rectangular planform domain Ωp , 
with the origin located at the center of the planform. A cur-
vilinear orthogonal coordinate system �1, �2, � is then defined 
on the mid-surface, where �1 aligns with the circumferential 
direction, �2 is parallel to the cylinder axis, and � is oriented 
normal to the panel’s mid-surface. Finally, a linear mapping 
is established between the curvilinear coordinates �1 and �2 
which span the domain Ω and the natural coordinates � and 
� , which span the domain Q ≡ [−1, 1] × [−1, 1] . Figure 1b 
illustrates the reference systems used and, based on these, 
the coordinates of a point on the panel’s mid-surface are 
given by

2.2 � Cutout Geometry Description

The panel can present a cutout obtained by intersecting it 
with a general cylindrical section whose axis is aligned with 
the x3 direction, as illustrated in Fig. 2a.

The geometry of the cutout is implicitly defined using a 
level set function � , expressed in terms of Cartesian coor-
dinates x1 and x2 , such that � = �(P) = �(x1, x2) . Based on 
this definition, the mid-surface domain of the cutted panel, 
denoted as Ωc , is the region of Ω where the function � takes 
negative values (see Fig. 2b):

(1)

⎧⎪⎨⎪⎩

x1
x2
x3

⎫⎪⎬⎪⎭
=
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R sin
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R

�2

R
�
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�1
R
− cos �

�
⎫⎪⎬⎪⎭
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⎧⎪⎨⎪⎩

R sin ��

L�

R(cos �� − cos �)

⎫⎪⎬⎪⎭

Similarly, the boundary of the cutout, Γ , corresponds to the 
set of Ω points where � equals zero:

It is worth noting that if there is no cut, Ωc equals Ω . The 
level set function � can also be expressed in terms of the 
curvilinear coordinates �1 �2 � or the natural coordinates � � 
using Eq. (1). Examples of cutout shapes and the associated 
level set functions are provided in Appendix 7.

2.3 � Shell Panel Kinematics

The panel structural model is based on the first-order shear 
deformation theory (FSDT) and the displacement field is 
assumed as

where d =
{
d�1 d�2 d�

}T is the displacement vector contain-
ing the displacement components along the �1 , �2 and � axes, 
and

In Eq. (4), the generalized displacement vectors u and � are 
defined as u =

{
u v w

}T and � =
{
��1 ��2

}T being u and 
v the in-plane translations of the mid-surface points along 
the �1 and �2 axes, w the transverse deflection along the � 
direction, ��1 and ��2 the section rotations around the �2 and 
�1-axis, respectively.

The strain field is suitably partitioned into the in-plane 
and out-of-plane components collected into the vectors 

(2)Ωc ≡ {(x1, x2, x3) ∈ Ω ∶ 𝜑(x1, x2) < 0}.

(3)Γ ≡ {(x1, x2, x3) ∈ Ω ∶ �(x1, x2) = 0}.

(4)d = u + � L�

(5)L =

[
1 0 0

0 1 0

]T

Fig. 2   Cutout definition
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ep =
{
e11 e22 e12

}T and en =
{
e13 e23

}T , respectively. By 
introducing the thickness operators 

 the linear strain–displacement relations are written as [32] 

 where the generalized strain vectors �,� and � are defined as 

2.4 � Ply Constitutive Equations

Assuming plane stress condition ( �33 = 0 ), the k-th ply con-
stitutive equations are written as
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where the superscript ⟨k⟩ is employed to denote quantities 
related to the k-th ply. The elements of the ply stiffness 
matrices Q⟨k⟩

p
 and Q⟨k⟩

n
 have the following expressions 

 where � is the stacking angle, measured with respect to the 
�1-axis, and 
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 being Ei the Young’s moduli, Gij the shear moduli and �ij 
the Poisson’ coefficients in the material orthotropic refer-
ence system.

2.5 � Equilibrium and Governing Equation 
for the Free Vibration Problem

The equilibrium governing equations for the free vibration 
problem are derived from the stationarity conditions of the 
energy potential, assuming that the kinematical boundary con-
ditions of the problem are satisfied [33]. The energy potential 
is expressed as follows:

where � represents the circular frequency of vibration, 
hk−1 and hk denote the � coordinates of the bottom and top 
faces of the k-th ply, and �⟨k⟩ is the density of the k-th ply. 
Accounting for the kinematics and ply constitutive equations 
and integrating over the panel thickness, the energy potential 
can be written as

where the panel stiffness and inertia matrices are defined as 

 being I3×3 the 3 × 3 identity matrix. Finally, using Eq. (8), 
the stationarity condition of � yields the governing equilib-
rium equations in terms of the problem primary variables, 
which are the generalized displacements.
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3 � Ritz Solution

The cylindrical panel model is numerically solved by a Ritz 
approach [17, 27, 33–35] whose trial functions � are built 
basing on the tensor product of one-dimensional polynomi-
als defined over the natural coordinates � and � [35]

where �m(�) and �n(�) are one-dimensional Legendre 
orthogonal polynomials of order m and n, respectively, and 
f� is the boundary function. The boundary function f� can 
be suitably chosen to ensure zero value of the trial function 
along selected external edges of the domain and then enables 
the fulfillment of homogeneous kinematical boundary condi-
tions. In particular, it is defined as

where the exponents ai take the value 0 or 1 according to the 
condition of zero (namely constrained) or unknown value of 
� along the edge implicitly described by the corresponding 
power base, see Table 1.

3.1 � Generalized Displacements and Strains 
Approximation

The shell panel displacements u and � , namely the problem 
primary variables, are discretized as

where � ∈
{
u, v,w,�x, �y

}
 and C̃�

mn
 are the unknown Ritz 

coefficients. To enable an efficient matrix notation, Eq. (17) 
is rewritten as

where ��
i
 and C�

i
 are the i–th component of the trial functions 

row vector �� and the Ritz coefficients column vector C� , 
respectively. The ��

i
 and C�

i
 components are built based on 

the following rules 
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N�∑
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i
C�
i
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(19a)
��
(n+m[N�+1]+1)

= f� (�, �)�m(�)�n(�)

for m = 0, 1...,M�
, n = 0, 1...,N�

Table 1   Possible combination of the exponents in Eq. (16)

Edge (1 + �) = 0 (1 − �) = 0 (1 + �) = 0 (1 − �) = 0

Free a
1
= 0 a

2
= 0 a

3
= 0 a

4
= 0

Constrained a
1
= 1 a

2
= 1 a

3
= 1 a

4
= 1
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 The generalized displacement approximations are then col-
lected in compact matrix form as 

 Accordingly, the discretized form of the generalized strain 
reads as 

3.2 � Discrete Governing Equations

The Ritz discrete kinematics, as defined by Eqs. (16) and 
(17), is substituted into the energy potential � , resulting in 
its discretized form. By applying variational calculus, the 
governing equations of the problem are derived in terms of 
the unknown Ritz coefficients and they are finally expressed 
as:

where X =
{
UT �T

}T is the vector containing the unknown 
Ritz coefficients, K represents the stiffness matrix, and M 
denotes the mass matrix. They are defined by
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(
K − �2M

)
X = 0

Equation (22) represents a linear algebraic eigenvalue prob-
lem whose solution yields the natural circular frequencies 
of the panel and the corresponding Ritz coefficients, which 
allow for the reconstruction of the modal shapes.

4 � Structural Operators Computation

The computation of the mass and stiffness matrices involves 
evaluating complex domain integrals which requires the use 
of appropriate numerical integration techniques. In this work, 
we employ high-order quadrature rules, developed using the 
algorithm presented in Ref. [36], which leverage the implicit 
description of the cutout via a level set function. These quadra-
ture rules are further enhanced with an adaptive subregioning 
scheme to improve integration accuracy and efficiency.

According with the geometrical description introduced in 
Sect. 2, the points P of the panel mid-surface Ωc map into the 
subdomain Ω̃c of the natural coordinate square domain Q, as 
illustrated in Fig. 3.

Thus, the integral of a generic function f (P) over Ωc can 
be expressed as:

where J(�, �) is the determinant of the Jacobian matrix of 
the mapping. The numerical evaluation of the integral on the 
right-hand side of Eq. (25) is accomplished as:
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Fig. 3   Mapping of a cylindrical 
panel with a cutout 
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f g is the value of the function f evaluated at the integra-
tion point with natural coordinates (�g, �g) , Jg is the value 
of J(�, �) at the integration point, wg is the weight associated 
with the integration point, and Ng is the total number of 
integration points, namely the quadrature order. The set of 
integration points and their weights defines the quadrature 
rule for the domain Ω̃c.

4.1 � Panel Without Cutout

For panels without a cutout, the integration domain Ωc cor-
responds to the entire panel domain Ω ; consequently, the Ω̃c 
domain coincides with the entire natural coordinates square 
domain Q. In this case, the integration points and weights 
are determined by the tensor product of the standard one-
dimensional Gauss quadrature rules.

4.2 � Panel with Cutout

The domain Ωc is defined using a level set function � , as 
described by Eq. (2). This function can be expressed in 
terms of the natural coordinates (�, �) by introducing an aux-
iliary level set function �̃ defined over the square domain Q 
such that:

It is worth noting that, in this way, the auxiliary level set 
function defines the Ω̃c integration domain in the natural 
variables (�, �) , enabling the application of the algorithm for 
computing quadrature rules on implicitly defined domains, 
developed in Refs. [36–38].

(26)∫Ω̃S

f [P(�, �)]J(�, �)dΩ =

Ng∑
g=1

f gJgwg,

(27)�̃(�, �) ≡ �(P(�, �)).

The algorithm begins by partitioning the square domain 
Q into subdomains, ensuring each satisfies one of the fol-
lowing conditions: 

a)	� � is always negative within the subdomain;

b)	� � is always positive within the subdomain;

c)	� � changes sign, but its gradient ��̃∕�� in the � direc-
tion or ( ��̃∕�� ) in the � direction maintains a consistent 
sign.

 The partitioning starts from Q and is performed recursively: 

i)	� If none of the conditions (a, b, or c) are met, Q is 
divided into two subdomains Q1 and Q2 . The subdivi-
sion direction is chosen based on the smaller gradient 
magnitude of �̃.

ii)	� The process is repeated for Q1 and Q2 until all subdo-
mains satisfy one of the specified conditions.

 Once the partitioning of the Q domain is established, for 
each subdomain Qk , the integration rules are determine 
according to the following cases:

–	 If Qk lies entirely outside the cutout and within the panel 
domain, the integration points and weights are computed 
using the tensor product of one-dimensional Gauss quad-
rature rules.

–	 If Qk lies entirely within the cutout (outside the panel 
domain), the subdomain does not contribute to the inte-
grals, so its integration points and weights are empty.

–	 If Qk intersects the boundary of �̃ , special quadrature 
is established; it rests on the consistent gradient sign in 
Qk ≡ [�L, �U] × [�L, �U] , which ensures that �̃ has at most 
one zero along � or � for a fixed coordinate. The integra-
tion process involves the following steps: 

(1)	 Compute all zeros of �̃(� = �L, �) and �̃(� = �U , �)

.
(2)	 Create an ordered list of � values, starting with 

�L and ending with �U . Interior values corre-
spond to the computed zeros. Denote the list as 
{�0,… , �n+1} , where �0 = �L and �n+1 = �U.

(3)	 Define intervals Ii
�
= [�i−1, �i] for i = 1,… , n + 1.

(4)	 The integral of a generic function f over Qk is 
given by: 

Fig. 4   Example case of integration over a domain Qk that intersects 
the boundary of �̃ : geometrical sketch
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 where 

 The interval I�(�) depends on the zeros of �̃ : 

	 (4.1)	 If 𝜕�𝜑∕𝜕𝜉 > 0 , I�(�) = [�L, �k] , where �k is 
the zero.

	 (4.2)	 If 𝜕�𝜑∕𝜕𝜉 < 0 , I�(�) = [�k, �
U].

	 (4.3)	 If �̃ has no zeros, I�(�) = [�L, �U].

	    Using one-dimensional Gauss quadrature for 
each interval Ii

�
 and the corresponding I�(�) , the 

integration points and weights for Qk are com-
puted.

	    Figure 4 shows the geometrical sketch for an exem-
plificative case of integration over a domain Qk that inter-
sects the boundary of �̃.

(28)∫Qk

f (𝜉, 𝜂) d𝜉d𝜂 =

n+1∑
i=1

∫Ii
𝜂

f̂ (𝜂) d𝜂,

(29)f̂ (𝜂) ≡ �I𝜉 (𝜂)

f (𝜉, 𝜂) d𝜉.

Table 2   Convergence of the 
non-dimensional frequency 
parameter 𝜔̄i of the first four 
free vibration modes of the 
isotropic panels

Without cutout With cutout

Approx 𝜔̄
1

𝜔̄
2

𝜔̄
3

𝜔̄
4

𝜔̄
1

𝜔̄
2

𝜔̄
3

𝜔̄
4

R = ∞ S
4

2.999 145.897 145.897 206.316 5.507 165.794 165.794 221.704
S
8

2.998 6.116 6.116 9.017 5.474 7.101 7.101 9.520
S
12

2.998 6.114 6.114 9.014 5.460 6.609 6.609 9.077
S
16

2.998 6.114 6.114 9.014 5.455 6.497 6.497 8.986
S
20

2.998 6.114 6.114 9.014 5.452 6.448 6.448 8.943
S
24

2.998 6.114 6.114 9.014 5.450 6.422 6.422 8.853
S
28

2.998 6.114 6.114 9.014 5.449 6.404 6.406 8.780
S
32

2.998 6.114 6.114 9.014 5.449 6.395 6.396 8.731
Ref. [39] 3.021 6.201 6.218 9.234 5.511 6.491 6.549 9.026
Ref. [16] 2.997 6.111 6.111 9.009 5.460 6.370 6.374 8.558
FEM 2.999 6.126 6.128 9.029 5.444 6.352 6.352 8.548

R = 2 S
4

15.666 145.447 146.709 206.297 18.332 165.310 166.637 221.508
S
8

9.248 10.523 14.117 14.466 10.134 10.802 13.829 15.305
S
12

9.239 10.501 14.099 14.449 8.913 9.329 13.169 14.243
S
16

9.239 10.501 14.099 14.449 8.486 8.700 12.989 13.814
S
20

9.239 10.501 14.099 14.449 8.295 8.462 12.900 13.632
S
24

9.239 10.501 14.099 14.449 8.193 8.345 12.844 13.539
S
28

9.239 10.501 14.099 14.449 8.128 8.269 12.808 13.477
S
32

9.239 10.501 14.099 14.449 8.082 8.217 12.783 13.437
Ref. [39] 9.415 10.776 14.211 14.605 8.552 8.742 13.116 14.153
Ref. [16] 9.246 10.534 14.104 14.465 7.899 8.022 12.678 13.330
FEM 9.243 10.532 14.101 14.463 7.893 8.010 12.660 13.273

Table 3   Convergence of the non-dimensional frequency parameter 𝜔̄i 
of the first four free vibration modes of the simply-supported, [0∕90]

4
 

layup cross-ply cylindrical panel with central square cutout

Approx. ω̄1 ω̄2 ω̄3 ω̄4

c/a = 0.0 S4 7.583 14.482 19.016 21.119
S8 7.556 12.016 16.929 17.600
S12 7.556 12.015 16.929 17.599
S16 7.556 12.015 16.929 17.599
S20 7.556 12.015 16.929 17.599
S24 7.556 12.015 16.929 17.599
S28 7.556 12.015 16.929 17.599
S32 7.556 12.015 16.929 17.599

Ref. [40] 7.543 – – –

c/a = 0.3 S4 8.542 14.776 19.388 20.999
S8 8.281 11.874 17.061 17.096
S12 7.995 11.248 16.650 16.903
S16 7.915 10.623 16.224 16.708
S20 7.875 10.422 16.085 16.640
S24 7.857 10.315 16.009 16.611
S28 7.846 10.242 15.956 16.585
S32 7.836 10.200 15.926 16.573

Ref. [40] 7.816 – – –

c/a = 0.5 S4 10.577 16.374 21.446 22.000
S8 9.038 10.313 16.275 17.029
S12 8.563 8.769 15.323 15.831
S16 8.424 8.443 15.170 15.573
S20 8.300 8.342 15.108 15.457
S24 8.211 8.293 15.069 15.380
S28 8.145 8.276 15.046 15.324
S32 8.118 8.242 15.034 15.299

Ref. [40] 8.172 – – –
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5 � Method Validation

A computer code has been implemented to validate the for-
mulation described in the previous sections.

5.1 � Convergence Analysis

Preliminarily, convergence studies are presented and dis-
cussed comparing the present results with those available in 
the literature [16, 39, 40] or from finite element solutions 
obtained by ABAQUS using S3R and S4R shell-type ele-
ments. Both isotropic and laminated structures, with and 
without cutouts, were analyzed. Trial functions are chosen 
as in Eq. (15), with m and n ranging over the set {1, 2, ..., N} 

Table 4   [0/90/90/0] laminated 
cylindrical panel having square 
planform with edge length 
L = 0.4m , a central circular 
cutout with radius R = 0.25m 
and different edge constraints 
(CCCC, SSSS, CFFF): 
frequencies �∕2� of the first six 
natural modes

CCCC​ SSSS CFFF

Mode Present FEM Error % Present FEM Error % Present FEM Error %

1 978.9 976.7 0.23% 850.2 849.8 0.05% 145.3 145.1 0.11%
2 1098.2 1096.4 0.17% 884.1 882.5 0.17% 162.1 162.1 0.07%
3 1355.7 1353.9 0.13% 1087.5 1086.6 0.08% 398.1 397.3 0.22%
4 1399.6 1393.3 0.45% 1188.0 1183.8 0.35% 398.1 397.4 0.18%
5 1503.9 1500.8 0.21% 1239.2 1237.1 0.17% 530.2 529.9 0.06%
6 1526.2 1519.6 0.43% 1339.3 1333.8 0.41% 555.2 555.2 0.02%

Table 5   Fully clamped (CCCC) 
cylindrical panel having square 
planform with edge length 
L = 0.4m , a central circular 
cutout with radius R = 0.25m 
and different layups: frequencies 
�∕2� of the first six natural 
modes

[90/0/0/90] [0/45/-45/90] [0/45/-45/90]
S

Present FEM Error % Present FEM Error % Present FEM Error %

1 977.5 976.7 0.09% 1312.6 1312.2 0.02% 1895.4 1897.0 −0.08%
2 1097.2 1096.4 0.07% 1396.6 1384.6 0.87% 2260.8 2267.3 −0.29%
3 1354.1 1353.9 0.01% 1566.7 1563.1 0.23% 2417.4 2428.7 −0.47%
4 1394.5 1393.4 0.09% 1662.4 1649.0 0.81% 2794.4 2802.2 −0.28%
5 1502.1 1500.8 0.08% 1684.8 1672.7 0.72% 3004.7 3018.4 −0.45%
6 1521.2 1519.6 0.10% 1763.4 1740.5 1.32% 3268.9 3282.7 −0.42%

Table 6   Free vibrations 
frequencies �∕2� for the 
[0/45/-45/90]S , fully clamped, 
cylindrical panel with different 
cutouts

Geometry Mode 1 2 3 4 5 6

Present 1895.38 2260.8 2417.4 2794.44 3004.69 3268.88
FEM 1896.97 2267.32 2428.7 2802.24 3018.37 3282.73
error -0.08% -0.29% -0.47% -0.28% -0.45% -0.42%

Present 1723.81 1875.64 2454.01 2850.15 2896.46 3060.07
FEM 1720.31 1889.33 2449.24 2795.24 2878 3067.71
error 0.20% -0.72% 0.19% 1.96% 0.64% -0.25%

Present 1910.66 2390.98 2537.73 2703.57 2887.07 3346.23
FEM 1910.81 2390.19 2546.32 2707.7 2895.67 3357.06
error -0.01% 0.03% -0.34% -0.15% -0.30% -0.32%

Present 1754.68 2281.8 2728.39 2950.26 3439.18 3499.5
FEM 1760.41 2287.37 2740.65 2961.71 3448.41 3513.82
error -0.33% -0.24% -0.45% -0.39% -0.27% -0.41%
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and the same approximation order N was applied to all pri-
mary variables. This approximation scheme is denoted as 
SN . Results are presented using the mode non-dimensional 
frequency parameter 𝜔̄i = 𝜔iL

2

√[
𝜌
(
1 − 𝜈2

12

)](
12E2h

2
)
.

The first case examines a clamped, isotropic aluminum 
panel. The panel configurations have square planform geom-
etry with edge length L = 0.5m , thickness h = 2mm , and 
two values for the cylinder radius, R = {∞, 2m} . A cen-
tral square cutout with edge length c = 0.25m has been 
considered and the material properties have been set as 
E = 68.796GPa , � = 0.3 and � = 2720 kg/m3 . The natural 
frequencies for the isotropic panel configurations, both with 
and without the central cutout, are provided in Table 2. The 
reported FEM results were obtained using elements with a 
characteristic length of 0.0625L that was determined through 
convergence studies and that, for the considered cases, gives 
convergent values of the first four vibration frequencies with 
a maximum relative error on the order of 0.5 %.

The second case involves a simply-supported, cross-
ply cylindrical panel with a [0∕90]4 layup. The panel has 
a square planform with edge length L , a thickness ratio of 
L∕h = 100 , and a cylinder radius of R∕h = 300 . A central 
square cutout with varying edge lengths c∕a = 0, 0.3, 0.5 
has been considered and the material properties for the plies 
are given as E1 = 25E2 , G12 = G13 = 0.5E2 , G23 = 0.2E2 and 
�12 = 0.25 . The results for the natural frequencies under 
these conditions are summarized in Table 3.

The results of the proposed studies, which are representa-
tive of many other cases analyzed and not reported here for 
brevity, demonstrate excellent convergence properties for 
the proposed method. It is observed that convergence for 
cut panels is slower, which can be attributed to the complex 

geometry that requires more terms in the approximation of 
the primary variables.

5.2 � Method Accuracy

To ascertain the method accuracy with respect to differ-
ent panel configurations, analyses have been carried out 
for a multilayered cylindrical shell panel having radius 
R = 0.25m and a square planform with edge length 
L = 0.4m . The ply thickness and material properties are set 
as t = 0.002m , E1 = 113.0GPa , E2 = 9.0GPa �12 = 0.302 , 
G23 = G13 = G12 = 3.82GPa and � = 1540.0 kg∕m3 . Dif-
ferent boundary conditions, layups, and cutout shapes have 
been considered, and the results compared with finite ele-
ment solutions obtained using elements with a characteristic 
length of 0.0625L that was determined through convergence 
studies and that, for the considered cases, gives convergent 
values of the first six vibration frequencies with a maxi-
mum relative error on the order of 1.0%. Table 4 lists the 
free vibration frequencies ( �∕2� [Hz]) of the [0/90/90/0] 
composite cylindrical with different edges kinematical con-
straints. As usual, the edge kinematical constraint type is 
denoted by the letters C, S, and F standing for clamped, 
simply supported, and free, whereas the panel constraint 
configuration is described by four letters each associated 
with an edge, starting from the x2 = −L edge and proceeding 
in a counterclockwise direction.

The comparison of the present results with those of con-
verged finite element analyses shows the accuracy of the 
present solution with respect to different kinematical bound-
ary conditions. Table 5 lists the free vibration frequencies 
( �∕2� [Hz]) of the fully clamped panel with different stack-
ing sequences, namely a four ply cross-ply layup, a four ply 
non symmetric layup, and an eight ply symmetric layup. 
The results obtained show very good agreement with the 
reference solutions and validate the method accuracy with 
respect to the layup parameters.

To illustrate the method’s capability in dealing with 
different cutout shapes and positions, Table 6 reports the 
frequencies �i∕2� for the clamped cylindrical panel with 
[0/45/–45/90]S layup and different cutouts. Analyses refer 
to a central circular cutout with radius r = 0.075m ; an edge 
semicircular cutout with radius r = 0.075m , a central square 
cutout with edge length a = 0.075m and a central, 45◦ 
inclined, elliptical cutout with axes length a = 0.15m and 
b = 0.075m . For a geometrical sketch of the investigated 
cutouts, refer to the first column of Table 6. The presented 
results have been obtained by the S24 discretization scheme, 
providing solutions that can be considered converged. In all 
the investigated cases, the agreement between the present 
and the reference solutions is very good with low percent-
age errors. It is worth noting some discrepancies for the 
square cutout cases which, however, are contained below 

Fig. 5   Cylindrical panel with a centered heart-shaped cutout: geom-
etry and dimensions
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2%. Table 6 shows the computed modal shape for the inves-
tigated cases illustrating the ability of the proposed method 
in capturing the panel behavior.

The last application illustrates the capability of the pro-
posed approach in dealing with complex cutout shapes. To 
this aim a centered, heart-shaped cutout is considered for 
the [0/45/–45/90]S , fully clamped, cylindrical panel. The 
relevant dimensions of the considered panel are shown in 

Fig. 5, whereas the implicit function used to describe the 
heart-shaped cutout is given in Appendix 7.

Figure 6 shows the results obtained with the S24 approx-
imation scheme in terms of free vibration frequencies and 
the corresponding modal shapes; comparison is reported 
with the finite elements solution; this was obtained by 
a FEM model with 26,922 elements, 27,224 nodes, and 
163,344 dofs, which provides converged values of the first 

Fig. 6   Modes frequency and 
shape for the [0/45/–45/90]S 
fully clamped cylindrical panel 
with a centered heart-shaped 
cutout. The colored maps rep-
resent the normalized displace-
ment magnitude
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six vibration frequencies with a maximum relative error 
lower than 1.0%. Also, in this complex cutout case, the 
results are in good agreement with finite elements, con-
firming the capabilities and effectiveness of the proposed 
approach.

6 � Conclusion

A single-domain Ritz method has been presented for ana-
lyzing the free vibrations of laminated composite cylin-
drical panels with cutouts. This method is based on the 
first-order shear deformation theory, where the reference 
domain of the panel is implicitly defined using a level set 
function, allowing for the use of an efficient quadrature 
algorithm to compute the stiffness and mass matrices. 
The convergence and accuracy of the proposed method 
have been thoroughly studied and assessed. Furthermore, 
the method ability to handle different edge constraints, 
layup configurations, and cutout shapes has been investi-
gated. The results from all conducted tests demonstrate a 
strong alignment with reference solutions available in the 
literature or obtained from finite element analysis, con-
firming that the proposed approach is an effective tool for 

analyzing the free vibrations of cylindrical panels with 
cutouts of various shapes.

Level Set Functions for the Cutouts

Four cutout shapes are considered: circular, elliptical, rec-
tangular, and heart-shaped. The cutout is defined through 
the geometrical parameters shown in Fig. 7. The associated 
level set functions can be expressed as follows:

–	 circular shape 

–	 elliptical shape 

–	 rectangular shape 

–	 heart shape 

(30)�1(x1c, x2c, r) = r2 − (x1 − x1c)
2 − (x2 − x2c)

2

(31)𝜑2(x1c, x2c, a, b, 𝛽) = 1−

(
x̃1

a

)2

−

(
x̃2

b

)2

(32)

𝜑
3
(x

1c, x2c,w, h, 𝛽) =
1

2
wh−

||||
1

2
hx̃

1
−

1

2
wx̃

2

|||| −
||||
1

2
hx̃

1
+

1

2
wx̃

2

||||

Fig. 7   Geometrical param-
eters for the level set functions 
describing the cutouts
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where �1 = 0.001 , �2 = 2 [41] and 
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