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Nonlinear Guyer—-Krumhansl equation and its boundary conditions in nanolayers

Michele Sciacca and David Jou

Abstract. This paper deals with nonlinear effects in the Guyer-Krumhansl equation for nonlocal heat transport, both from
the perspective of the boundary conditions (phonon—wall collisions) and of the bulk equation (phonon—phonon collisions)
and explores their consequences on the effective thermal conductivity of nanosystems between two parallel layers or in
two-dimensional ribbons. The nonlinearity arises from a dependence of the respective mean free paths on the values of the
heat flux. The boundary conditions refer to slip heat flow along the limiting walls of the system, analogous to velocity slip
flow along the walls in rarefied fluid dynamics. The effective thermal conductivity turns out to depend on the Knudsen
numbers related to both mean free paths and on the temperature gradient.
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1. Introduction

The interest in miniaturized systems has fostered new studies in heat transport [1-11] which have led,
among other generalizations, to Guyer-Krumhansl equation [12-14] incorporating nonlocal terms related
to the relevance of the mean free path of the heat carriers as compared to the size of the system and which
provide a mathematical basis to the so-called phonon hydrodynamics [13,15-22]. Most of the analyses
have been mainly focused on the linear approach of the Guyer—Krumhansl partial differential equation,
which has led to interesting results allowing for the description of a number of experimental observations,
in particular in graphene [23-26] and in silicon nanolayers or boron nitride nanolayers [27-29]. In these
systems, it was found that hydrodynamics of phonons is more relevant in two dimensions than in three
dimensions for a wider range of temperature.

In this paper, we consider the contribution of the nonlinearity from two different sources, phonon—
phonon collisions and phonon—wall collisions, respectively, influencing the bulk Guyer—-Krumhansl equa-
tion and the boundary conditions. In principle, bigger values of the average heat flux will imply a bigger
degree of orientation of the phonons motion in the system, and this will modify the relative contribution
of elastic and diffusive collisions against the walls, as well as the contribution of three-phonon collisions in
the bulk. Here, we study the cases in which the mean free paths depend on ¢; linearly [i.e., £ = £ + {14]
or quadratically [i.e., £ = £y + £2¢*]. Another possibility that we have previously examined is that the
mean {ree path may depend on the gradient of the heat flux v = (Vq: Vq)l/ % in a power-law form [30],
analogous to the power-law model of non-Newtonian fluids [31].

In particular, as concrete illustration, we consider a rectangular nanolayer of thickness 2R (with R
small, of the order of 500-5 nm, for instance), and length L (L > R) and width D (D > R) much
wider than the thickness and that the mean free path. For the sake of simplicity, we assume that heat
flows along the = axis and that it depends only on the transversal position y over the thickness of
the layer. In Sect. 2, we present the mathematical model which we present in this paper; in Sect. 3, we
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F1G. 1. Heat transport in thin layers (left) and in narrow ribbons (right); q stands for the local heat flux

consider the linear Guyer—-Krumhansl equation with nonlinear boundary conditions; in Sect. 4, the source
of nonlinearity is also in the bulk Guyer-Krumhansl equation.

2. Mathematical model

We consider the balance equation for the internal energy u and the Guyer-Krumhansl equation (GK) for
the heat flux q, which are respectively given by [12]

ou

- .q = 2.1
5 TV-a=0 (2.1a)
P

Ta—‘;‘ +q=-AVO+2(Viq+VV-q), (2.1b)

where 6 designates the temperature [7,32-34], 7 is the relaxation time of the heat carriers, A\ is the
thermal conductivity, ¢ is the mean free path of phonons (related to phonon—phonon collisions), and the
subscript “b” stands for bulk. We complement these equations with the boundary condition [5,15]

dq>
w=—Cly (22} 2.2
e (df wall ( )

where /,, is the mean free path of the phonons with respect to phonon—wall collisions, ¢, is the slip
heat flow along the wall, £ is the outward-pointing variable (in our case y at the wall R and —y at the
wall —R), and C' a numerical constant related to the relative role of specular and diffusive collisions of
phonons against the wall. In the usual literature, ¢,, in (2.2) is assumed to be equal to [, in (2.1b) and
independent of ¢. In particular, it is derived that for small Knudsen numbers, with K,, = ¢y/R, and with
ly = U, = {, when the term in q in (2.1b) is negligible with respect to £3V?q in (2.1b), the effective
thermal conductivity is [5,15]

A AC

T R (2.3)

Keff - 7n.
with the second term taking into account the contribution of the walls.
In this paper, we go beyond this assumption, and we assume that ¢, and ¢, could be different from
each other. Furthermore, ¢, and ¢,, could depend on the applied heat flux, since higher values of q mean
that the motion of heat carriers will be increasingly oriented in the direction of q and transversal collisions
will be less abundant.
Let us assume that £,,(¢,), with ¢, = q - n and n the wall-normal vector, is a regular function with
respect to ¢,. Thus, we can consider the expansion into power series of ¢, around ¢, = 0, namely:

1o ;
Ew(Qn) = ZO J |:aq%£w (Qn)] - qn = EOw + Elen + €2wqrr2l + €3in + ... (24)
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; )] . In the next sections, we use this
aqn qn=0

expansion in the boundary condition (2.2), and we evaluate it for ¢ on the wall.
Let us assume that the bulk mean free path ¢, may depend on ¢y, the average value of q across the

with ¢;,, the coefficients of the series, namely ¢;,, = = [
7!

Al
layer, namely qo = —K.y I with K¢y the effective thermal conductivity. In particular, we assume
that

Oy (q0) = Lob + Loy (q0) (2.5)

with £, the usual bulk mean free path of the GK equation, and £, (qo) a perturbation of the £y, which
depends on ¢q and it is zero for gy = 0. Again, we may assume that £{,,(go) is a regular function of go; in
such a way, we can consider the following expansion in power series around gy = 0:

Cop(a0) =Y % [;{;%b(qo)} qb = Lo+ Liqo + loas + Laqn + - (2.6)
i=0 0 q0=0
with ¢ the coefficients of the series, namely ¢, = T [ﬁﬁaobq(qo)} . Clearly, the coefficient £{, in (2.6) is
zero because the perturbation £, is zero for gy = 0. Thus,oexprzéossioon (2.5) becomes
(q0) = Lob + L1g0 + Lhq5 + L35 + (2.7)

In this paper, we are interested to consider just the first two terms of the expansion (2.7), as shown in
section 4.

Thus, it is interesting to consider both the case in which ¢,,, £, or both depends on the heat flux.
This is expected to lead to new contributions to K.f¢, related to the temperature gradient Af along the
system and to K,,, which we want to evaluate.

3. Nonlinear boundary conditions

In this section, we analyze the contribution of a nonlinear interaction between the heat carriers and the
walls. For this reason, we assume that the mean free path ¢, in equation (3.8) is constant, but that £,
depends on g in the boundary condition (2.2) according to (2.4).

Let us consider the nanolayer and narrow ribbon shown in Figure 1 in such a way that the heat flux is
along the r—axis and depends on the transversal variable y, and it is independent of the z-axis, namely
q = q(y)%. We also assume that the temperature (z) is linear with respect to x, in such a way that the
integration of VO in x € [0, L] (L being the length of the nanolayer along x) is —(A#)/L, with Af the
difference between the values of 6 and at the respective ends of the channel (Fig. 2).

The stationary situation applied to the nanolayer leads to V - q = 0, which is fully satisfied, and to

A ,d%q

AT g

where dq/0t = 0 because of the steady-state condition, and the term in q on the left-hand side has

been neglected because we assume that £2V2q > ¢. The latter condition characterizes the so-called
hydrodynamic heat transport regime [13,15-17], as also seen in (2.3).

Substituting the expansion (2.4) in the boundary condition (2.2), we find

d
w = *ng(Q) <d§

=0, (3.8)

. d
) =-C [6011) + glw‘]w + EQin + 53111%31 + .. } (dz) (39)
wall wall
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For a full analysis of the contribution of the walls, we should take into account the whole expansion of
£,(q), but, for the sake of simplicity, we consider the linear case (namely the expansion up to n = 1) and
a even truncated expansion (for instance, n = 2 and the odd coefficient ¢,, zero).

In the case of a linear dependence of £,, on ¢, the boundary condition (2.2) becomes

qw = —C (KOw + Elew) <le) (310)

wall
where g, and /1,, are two temperature-dependent coefficients, and £y, being the usual phonon mean
free path with respect to phonon—wall collisions without the influence of ¢. In the second case, namely
for the even truncated expansion of £, up to n =2, (3.9) is
dq

Gw = —C (bow + l2w ) <d§) : (3.11)
wall

Assuming that ¢1,, > 0 (or that f5, > 0) means that the mean free path increases with the heat flux,
i.e., higher q corresponds to less collisions with the walls because the transversal motion of the phonons
is reduced.

In the next two subsections, we consider the mathematical model with the boundary conditions (3.10)
(in subsection 3.1) and (3.11) (in subsection 3.2), respectively.

3.1. Nonlinear response on the wall: linear g-dependence of £,, (q)

The boundary condition (3.10) associated with equation (3.8) may be written as

éOwO (fg)
wall (312)

quw = — dq .
e ()
' dE wall

Note that the mathematical consequence of £1,, > 0 in (3.12) is leading to a saturation of the value of the
slip heat flow ¢, for high values of (dg/dy) at the wall, in contrast to the usual situation corresponding
to €1, = 0. Since dq/dy is of the order of ¢)/R, with ¢qo the value of ¢ at the center of the channel, the
physical consequences of (3.12) will be relevant for high ¢, and for small R, namely for thin layers or
narrow ribbons and nanowires.

The solution of (3.8) is

Af
2021
with C7 and Cy numerical constants, and £, = fy, because independent of gq.

The symmetry request of ¢(y) with respect to y = 0 (the central plane of the layer) leads to Cy = 0.

a(y) = A5 57y° + C1 +yCs (3.13)

d
Substituting the solution (3.13) into the boundary condition (3.12), together with the first derivative d—q
Y

of (3.13) evaluated on the wall, we find the constant Cy, which is introduced into (3.13).
In this way, the final stationary solution of (3.8) satisfying the boundary condition (3.12) is

1. A0 (R2 42 2C Rl gy
Sl N . AR et L 3.14
W) =377 (1&5 2= CRu,NAE (3.14)
which can be written
1A 1 42 20K,
= —)\7 —_— =5 '1
W) =327 (Kgb z TR - CKnlAAL9> ’ (3.15)
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"C=02 Ky =2Kn Knp=2K,"

"C=0; Kp=Knp"

"C=02 Kni=0; Kpn=Knp"

"C=0.05 Kn1=05Kp Knp=05Ky"

- — - Kp
0 1 2 3 4

F1G. 2. Plots of Kc¢¢ (3.17) in terms of the phonon Knudsen number K, = {ow/R for a) C = 0.2, K1 = 2K, and
Knp =2Kp; b) C=0and Ky = Kp;¢) C =02, Kp1 =0 and K, = Ky ¢) C =0.05, K1 = 05K, and K,,; = 0.5K,
for a given value AG/L =1

14
where K, = % is the Knudsen number with reference to the thickness of the layer compared to the

Ly

wall-mean free path, instead K,, = — is the Knudsen number referred to bulk mean free path, and

glw
7
. A D L. 1 Al 1 y?
The heat flux (3.15) consists of two contributions: a) a Poiseuille-like contribution, 5)\ T\ 7))
n b
d b) a sli tributi i b )\AG Ckn Indeed, for C'= 0 and ¢ 14 (315b) ield
an a slip contribution given — . Indeed, for C' = 0 and ¢y, = &, (3. ields
p g y T K%b — CK”J)\% 0 b Y
the typical parabolic profile for Poiseuille phonon flow with nonslip boundary conditions, whereas the
term in C' gives the influence of the slip flow ¢, and the contribution in ¢;,, describes the nonlinear effect.
The effective thermal conductivity of the system is usually defined by

Knl =

[ aly)dy
K- L (3.16)
2R Ad
In our case, it will be
R
fawdy | g CARly,, A CAK,

Kepp=—57— = +

L 3.17
R A9 36  6—-CM,REE 3KZ K2 —COMNK,5¢ 317

For C = 0, K.yy would tend to zero as (R/t)?, for R small. The term in £y, or in K,; makes that
K.f¢ depends on A#/L. Note that for a given value of C but for higher K1, the effective conductivity
becomes smaller as shown in Fig. 2, which is consistent with the fact that, according to (3.12), the higher
the ¢1, the smaller the slip heat flow because fast phonons becomes increasingly localized near the central
region.
For relatively small values of K,,; (Af) /L, expression (3.17) may be expanded
A C\K,, A0 K,y

Keff%?)?'i_ K2 1+C)\TKT+ (318)
ny ng ny
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1
where we have used the geometric series of reason a = K,,; (A6) /L, namely T o= l+a+a®+....
-a

Note that for (Af) /L or for K, sufficiently big, such that the denominator of the second term in
(3.17) is very small, this could lead to a negative value for K.¢s. This would not have a physical meaning
because it would violate the second law.

3.2. Nonlinear response on the wall: quadratic g-dependence of £, (q)

Here, we still assume that the bulk equation for the heat flux at the steady state is (3.8), and therefore,
its solution is (3.13). Instead, we assume that the boundary condition is (3.11) rather than (3.10).
Expression (3.11) leads to

1 ) dq 2
Qu = d -1+ 1-—-4C 60w£2w df s (319)
20621” ((I) § wall
df wall
which to have a real solution for g, requires the following condition on the gradient of ¢ at the wall
dq ) 2 1
—= < 3.20
(dy wall 4C? Ly low ( )

This implies that the model (3.11) is more restrictive than model (3.10) with respect to its use in thin
layers, because (3.10) may be used for very small R, whereas (3.20) restricts the applicability of (3.11) to
situations in which dq/dy, of the order of ¢/ R, is smaller than some specific value. Anyway, we consider
also (3.11) in order that our analysis is more complete.

The stationary solution of (3.8) satisfying the boundary condition (3.19) with +-sign leads to

%
2C Ry, 5°

2
42 (AL0> C2lyy, Loy R?
1—

a(y) = 55— (B —y*) + —1+ 7 (3.21)
0b

which is still a Poiseuille-like solution (the first term) plus a slip flow (the second term), as in (3.13).
The effective thermal conductivity as defined by (3.16) is then:

2 2 AD\ 2
Keff:)\R S S— 1—\/1—4)\2(L0) copelonton | _

St
34 2CRMa, (A2)? Cob
A K2 AON? KK,
=+ b 1—\/1—4>\2( >02 2 (3.22)
SKoy 200K ,2 (42) L Ko
Loy
where K2 = %
By expanding the root square in (3.22) according to the Taylor series v1 — 22 ~ 1 — 22/2 — 2*/8

A6 RS
where z = 2\ () C%, one finds
nb

L
A K AO\? K, K,
Kotp= — 4+ ANO—2 [ 1+ 0N = n_n 2

=35, " C%( o () Kf;szb> (328)
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(3.22) con C=0.2; Ky1=0.5 Kp; Knp=0.5 K

(3.23) con C=0.2; Kn1 =0.5 Ky; Knp=0.5 K,

(3.22) con C=0.2; Kn1=Kpn; Knb=Kn

C=0; Kn=Knb

3 4 5 6

Kn

F1G. 3. Sketch of K.¢¢ (3.22) and its approximation (3.23) in terms of the phonon Knudsen number K, = fow/R for
different choice of the parameters: a) C = 0 and K, = Kp,;; b) expression (3.22) with C' = 0.2 and K,, = K, = Kn1; ¢)
expression (3.22) and (3.23) with C'= 0.2 and K1 = 0.5K, and Kp, = 0.5K,

A comparison between the effective thermal conductivity (3.22) and its approximation (3.23) is realized
in Fig. 3 choosing for the sake of simplicity C =0 and K,, = K,,,, and C = 0.2 with K,, = K,,, = K, or
Ky,1 = 05K, and K,, = 0.5K,.

Asin (3.18) for K,,;, = K, there is the term \/(3K2) plus the term in A\C'/K,,, and a positive nonlinear

AO K,
contribution. In contrast to (3.18), where the nonlinear contribution is of the order of TK—; in (3.23)
ny

? Kn KnQ
K5 K2

is of the order of <AL€>

3.3. The m-th g-dependence of £,, (q)

In the general case, we should consider the full expansion of £,,(g) up to the m—th term in (3.9). The
solution of the steady equation (3.8) is still (3.13) but with boundary condition (3.9). Following the same
procedure, we should find a solution ¢, of the equation

d
Gw+C [EOw + UG + équz; + Z31116131 + .. ] <dg) =0, (3'24)
wall

which is then substituted in (3.13) and then integrated in order to find K.¢.

It is expected that keeping just the highest term in the power series (3.9), we should find that the
effective thermal conductivity K.;y goes approximatively as

A K, o (AN Ko\ Ko
e (30) ()" ] 529

Keff = — +\C—
3K, K,

Emw

I

where K,,,, =
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4. Nonlinear bulk equation

In Sect. 3, we have considered that the mean free path of phonons with respect to phonon—wall collisions
appearing in the boundary condition (2.2) depends on ¢ according the expansion (2.4), but we kept the
term in ¢, appearing in the bulk equation (2.1b) independent of g.

In this section, we assume that ¢, may depend on the average value of q across the layer, qq, as stated
in (2.6), and £, related to phonon—wall collisions, does not depend. The average value ¢o may be found

by o = — Ky I with K.y the effective thermal conductivity.

However, since ¢, appears quadratically in the bulk GK equation, and since the calculations become
very complicated and the expressions for K.;¢ very cumbersome, we will limit the contribution of K% to
the first order in qg, namely to £, = £o, + ¢} qo in (2.7) (that is m = 1 in the expansion).

4.1. Bulk nonlinear response

Here, we have instead of (3.8) the bulk equation (2.1b) with £, = oy + ¢ qo

Al d*q
/\T + (ng + 2£017£/1QO + €/12Q(§) TyQ
Here, the mathematical difficulty is higher than that corresponding to nonlinear boundary conditions. As

a first approximation, we neglect the term in ¢2 in K% such that

=0, (4.1)

Ab 2 d%q
A (€6 + 2601 q0) W 0, (4.2)
The solution is
A6 2
qly) = Y + chy + ¢ (4.3)

N2
L 2Lgy(Loy + 261 q0)

where we take ¢ = 0 for symmetry of ¢(y) with respect to y = 0. We introduce (4.3) in the boundary
condition (2.2) with ¢,, independent of ¢. In this way, we will be able to compare the contribution of the
bulk with the contribution of the boundary. One will have

A6 1
= )\7 7
L 2601)(505 + 251(]0)

The average heat flux ¢p may be found as

a(y) (2CL R+ (R = %)) (4.4)

R
q(y) dy
B _fR ®) _ A0 R(3Cl, + R) (4.5)
©="9r T VL Blon(loy + 205q0)° '
The above equation leads to the following value of the average heat flux qo:
2 4 Af l
=305, £1/94;, + 24)\7601,61]%(30&,} +R)
_ 4.6
1 1200y} (4.6)
and hence to the following expression for the effective thermal conductivity
Ad
" —3K2, + \/QKflb + 24)\7Kan;ﬂ(SC’Kn +1)
Keps = = 4.
= AL 12K, K/, AG/L (47

where K, = fop/R, K, = 4y /R and K, =0} /R.
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-0.2+

F1G. 4. Sketch of K.fs (4.7) (blue line) and (4.9) (dotted yellow line) vs the phonon Knudsen number K, = £y /R for
constant Af/L and X (for the sake of simplicity we have chosen A§/L =1 and A = 1) and for some values of the parameters
C=1,Kp=Ky,and K/, =K,

\ = "C=0; Knp =Kni Kn1=K

"C=1; Kyp\=2Kn; Knt =2Ky"
1oF 113 "C=1; Kup=Kp Knt=K
[ < p "C=1; Knp=05Kp Kn1=05K,"
05 =
—_

F1G. 5. Sketch of Kff (4.7) vs the phonon Knudsen number Ky, = £, /R for constant Af/L and X (for the sake of simplicity
we have chosen Af/L =1 and XA = 1) and for some values of the parameters

Expression (4.7) can be also written

1 8 AOK!,
Rett = {R6I D) (K7, [Ko) ‘1i\/ A TR

in such a way that the argument of the root square may be approximated according to the formula
2

8 AOK
ViTarl+o—2 withe=

278 3N T K3 L(3CK, +1), which leads to

1 1. NOK), A
Rett = a0/ D) Ky [ o) (‘M <1+3 7 5, BCKn 1) - 9A (L) 2L (3C K, + )))
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The positive sign in the above K.y is

1. (3CK,+1) 2., (A0\ K/, .
K opp—= - oz P2/ 2 = n K, + 1)~ 4.
eff = 32 K2, 9" (L)Kgb(?’c ntl) (4.9)

In Fig. 4, we plot the positive thermal conductivity (4.7) (the blue line) and the approximated one (4.9)
(dotted yellow line) for growing phonon Knudsen number K, = /¢, /R. For this comparison, we have
chosen A@/L =1, A =1 and the parameters C =1, K, = K,, and K/, = K,, for K,; = 0.5K,,.

In Fig. 5 instead, thermal conductivity (4.7) is plotted for different choices of the parameters in order
to understand how K.fs changes by them.

4.2. Bulk and boundary nonlinear response

In this subsection, we consider again the mathematical model dealt with in the previous subsection, in
particular (4.2) with the boundary condition (3.10) instead of (2.2).

The solution is still given by (4.3) with ¢}, = 0 because of the symmetry of ¢(y) with respect to y = 0.
After introducing (4.3) in the boundary conditions (3.10), we find

Al R2 - y2 CREOU) >
=2 + 4.10
W) =7 (2@, ¥ 4lopliqe | —CARAG/ Ly, + 20 longo + (2, (4.10)
The average heat flux gy may be found as
R
q(y)d
Jawdy 3Co, R
o= ————=-AR— - =+ =7 = |- (4.11)
2R 3 L \ —CARAO/Llyy + 20 Lopqo + 05, 201 Lopqo + €5,
A6
By using qo = Kcy I the above expression becomes
1.1 3CK, 1
KEff_gAKﬁb ol B0\ A0 Ew ’ |4 oBm g A0 1
Koo 7 L K2, Koo L
where we have used K,, = ly/R, Knp = lop/R, Kp1 = l1w/R and K], = ¢{/R. In (4.12), we use the
K Al K,
following approximations: H%I =l—ac+2?—23+... withe= QKZZ Kefff - CAT??; in the first
K, Af . . .
term and x = 2 I K.f - in the second term of the right-hand side. Taking the first two terms of the
nb
series, namely ﬁ ~ 11—z, we find
1.1 K/ A6 Al Kpy K/ A6
Kepp = 2A— [3CK, (1 -2 K j— + CA\——3% 1—2—" K pp— 4.1
which leads to
1.1 K/ Af A K,y
Korp = A |(1+30K,) — 2= K, ;=2 (14 3CK,,) + 302K \ " -1 4.14
3 K?Lb[(+ ) Ky ffL(+ )+ L K2, (4.14)
and hence to
1.1 A6 K,
e [(1 +3CK,) + 3C2KnALK;}
Keff - b 2 1 K, AO nb (415)
14+ A =" " (1 4+ 3CK,,)

3"K2, Ku L
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FIG. 6. Sketch of K.fs/A implicitly given by the expression (4.12) (blue line) and the approximated expression (4.15)
(dotted yellow line) versus the Knudsen number K, for constant A8/L and for K, = Kn, Kn1 = Ky, and K,;Ll =K,

| "C=0; Knb=Kni Kn1=Kni Kwnt=Kp"

\ "C=1, Knp=2 Kp; Kn1=2 Kp; Kwn1=2 Kp"

I
|
|
| "C=1; Knb =Kn; Kn1 =Kn; Kwn1 =Kp"
i
\

FC=1; Knp =0.5Kn; Kn1 =0.5Kn Kynt =0.5K,"

0.5

FiG. 7. Sketch of Kcpp/X from (4.12) vs the phonon Knudsen number Kp = fow/R for constant Af/L (for the sake of
simplicity we have chosen Af/L = 1) and for some values of the parameters C, and the other Knudsen numbers

In Fig. 6, we have compared the ratio K.yy/X implicitly given by the expression (4.12) and the approx-
imated expression (4.15) versus the Knudsen number K, for K,, = K,, K,; = K,, and K|, = K,.
Expression (4.15) approximates quite well the whole expression (4.12) for high value of the Knudsen
number K, and for the chosen condition on the Knudsen numbers.

In Fig. 7, the thermal conductivity K., given by (4.12) is shown for some values of the coefficients.

5. Conclusions

In this paper, we have considered nonlinear contributions to the Guyer—Krumhansl equation for the heat
flux. The nonlinear effects we have studied arise from a heat flux dependence of the phonon—phonon
collisions mean free path ¢, (appearing in the GK bulk equation (2.1b)) and of the phonon-wall collisions
mean free path ¢,, (appearing in the slip boundary conditions (2.2)).

In Sect. 2, we have considered the mathematical model given by the Guyer—-Krumhansl equation com-
bined with the balance equation of the energy and the boundary condition (2.2). We have assumed that
the phonon—wall collisions mean free path £,, may depend on the wall-normal component of the heat flux
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q, namely q,,, and an expansion in power series may be considered for this coefficient. In the case instead
of the phonon—phonon collision, mean free path ¢, may be composed by two terms, the first being the
usual parameter and the second being a perturbation of the first term but depending on the average heat
flux qo.

In Sect. 3, the linear Guyer-Krumhansl equation combined with the nonlinear contribution in the
boundary condition leads to effective thermal conductivity (3.17), which may be approximated into
(3.18), and (3.22), which may be approximated into (3.23). In both cases, we have investigated on the
contribution of the appearance of heat flux dependence on the effective thermal conductivity with respect
to the classical result (2.3). An attempt to grasp the general feature of the thermal conductivity is reported
in (3.25), where K.z is found for £, (gn) ~ ¢J".

In particular, as shown in (3.17) and (3.22), the heat flux is still composed by two main ingredients,
the Poiseuille flow and a slip boundary contribution, which are different from the usual one because of
the nonlinear contribution. If the coefficient ¢1,, in (3.10) is positive, meaning that the mean free path
increases with the heat flux (i.e., the number of phonon—wall collisions per unit length along the nanowire
is reduced), expressions (3.17) and (3.18) describe the increase in the effective thermal conductivity Ky s
along the layer. These results cannot be extrapolated for R too high—in which case K.y should become
negative. Indeed, for R sufficiently high, the full equation (2.1b) instead of the simplified form (3.8) must
be used.

In Sect. 4, we have instead considered a nonlinear Guyer—-Krumhansl equation in the bulk combined
with a linear boundary condition in subsection 4.1 (£,, constant), for which we have found the steady-
state solution ¢(y) (4.3) with ¢ = 0, and a nonlinear boundary condition in subsection 4.2 (given by
the expression (3.10)). In subsection 4.1, we have found the effective thermal conductivity (4.7) with two
branches. Physically, the most realistic would be the positive solution which have been approximated in
(4.9). The positive solution and its approximated expression are compared in Fig. 4. In Fig. 5 instead, we
have plotted (4.7) for some choices of the parameters. Subsection 4.2 is instead devoted to the combined
situation, namely nonlinearity both in the GK equation and in the boundary condition. The results are
interesting even though the calculation are quite cumbersome. We have found expression (4.12) with K.y s
inside. Some efforts have been required for making K.y explicit, as shown in (4.15). The two expressions
(4.12) and (4.15) are compared in Fig. 6. In Fig. 7 instead, expression (4.12) is plotted for different values
of the parameters.

The expressions for the effective thermal conductivity may be expanded in powers of the heat gra-
dient, which, in turn, also depend on powers of the Knudsen numbers. This is in contrast with the
heuristic power-law model for non-Newtonian phonon hydrodynamics proposed in [30], in analogy with
the well-known power-law rheological model for non-Newtonian viscous fluids, where the effective ther-
mal conductivity depends on the heat gradient and on the Knudsen numbers in a fractional exponent.
That model leads to simpler mathematical expressions than the present model; in it, the mean free paths
depend on the gradient of the heat flux rather than on the heat flux itself, as it has been assumed here.
In principle, both possibilities should be considered.
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