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 A B S T R A C T

This work presents a novel computational framework for aeroelastic flutter analysis of laminated composite 
wings. The proposed methodology combines a discontinuous Galerkin (DG) method for structural analysis 
with the unsteady vortex lattice method (UVLM) for aerodynamic modeling. A specific and novel feature of 
the framework is a variable-order kinematic model, which enables the seamless analysis of lifting structures 
through different structural theories, such as beam and plate models. The coupling between the structural and 
aerodynamic models is performed under the assumptions of small structural deformations and aerodynamic 
perturbations. The framework has been implemented and validated against various experimental or numerical 
benchmark results for single- and multi-layer configurations available in the literature or obtained by 
employing industry-standard finite element codes for aeroelastic analysis. The obtained results show the 
accuracy and robustness of the proposed methodology, highlighting the capability of variable-order DG 
approximations to achieve faster convergence rates with respect to standard finite element methods, in terms 
of degrees of freedom. This makes the framework a powerful tool for rapid aeroelastic analysis of composite 
structures in the early stages of aircraft design.
1. Introduction

The ability to predict the response of solids or structures under 
the action of fluid flows is relevant for the design and analysis of 
advanced structures, including large civil infrastructures [1,2], turbo-
machinery [3], biomedical devices [4], wind turbines [5,6], and air-
craft components [7]. Among different fluid–structure interaction (FSI) 
phenomena, in aeronautics and aerospace applications, flutter is a self-
sustained oscillation caused by the interplay of elastic, inertial and 
aerodynamic forces, which may lead to catastrophic consequences, if 
the structure is not suitably designed [8–10].

Multilayered composite materials allow engineers to design struc-
tures with greater safety margins with respect to aeroelastic insta-
bilities, enabling the so-called aeroelastic tailoring [11–13] whereby, 
through the selection of appropriate lamination sequences, it is indeed 
possible, to some extent, to modify the structure aeroelastic properties, 
such as divergence or flutter speed. However, aeroelastic problems in-
volving multilayered composite plates with general stacking sequences 
can rarely be solved analytically and often require numerical solution 
strategies.

Different approaches for aeroelastic modeling have been proposed 
and developed in the literature, at different levels of fidelity from 
both the aerodynamic and the structural points of view. The choice 
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of a particular modeling approach varies based on the objectives of 
the analysis and the design phase. High-fidelity models based on the 
coupling between Computational Fluid Dynamics (CFD) and Computa-
tional Structural Dynamics (CSD) have been used to investigate several 
FSI problems in different engineering fields, e.g. bridges [14], heli-
copter and wind turbine blades [15], the stability of turbo-machinery 
components [16–18], the bio-mechanics of heart valves [19], as well as 
for aircraft analysis and design [20–22]. High-fidelity methods provide 
highly accurate solutions but come with significant demands on pro-
cessing time and computational resources [23]. However, during the 
design phase, such a high level of accuracy is often unnecessary, and 
low- or medium-fidelity methods can offer better efficiency while still 
meeting the requirements of the analysis.

Indeed, different strategies have been adopted, with the aim of 
reducing the overall computational cost. From a structural standpoint, 
equivalent plate models [24,25] have been coupled with CFD for the 
analysis of complex aircraft structures; 1D finite element models (FEM) 
have been coupled with CFD for the aeroelastic analysis of turbine 
blades [26–28] and high aspect-ratio wings [29–31]. On the other 
hand, to reduce the cost of the aerodynamic computations, alternative 
approaches with respect to CFD have been adopted, such as the well-
known vortex lattice method (VLM) or the doublet lattice method 
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(DLM), which, may provide fast and reasonably accurate numerical 
assessments in design operational conditions despite being limited to 
specific flow regimes [32], i.e. low-speed, high-Reynolds flows.

Although methods like VLM and the DLM have long been em-
ployed in aerodynamic and aeroelastic analyses, their use has become 
increasingly widespread in recent years due to their ability to inte-
grate efficiently with structural models [33–40]. This effective coupling 
allows for reliable and computationally efficient simulations, making 
these methods particularly attractive for preliminary design phases and 
iterative optimization processes where balancing accuracy and resource 
consumption is essential.

In this work, a novel framework for computational aeroelasticity, 
used for flutter analysis of laminated composite wing is developed 
and validated. The novelty of the method is the coupling between 
a recently-developed Interior Penalty discontinuous Galerkin method 
(DG) for structural analysis and the unsteady vortex lattice method 
(UVLM) for unsteady aerodynamic modeling. The proposed structural 
formulation is based on a variable-order kinematic model, which al-
lows adopting different structural theories, including beam [38,41], 
plate [42,43] and shell [44] theories, and enabling the selection of 
different expansion orders in the displacement approximation, thus 
reducing the number of degree of freedom required to attain a desired 
level of accuracy and providing a tool for fast, low-cost flutter analysis.

The paper is organized as follows. Section 2 describes the aeroelastic 
problem analyzed in this study: first, the basic equations of kinematics 
and constitutive relations, the adopted variable-order structural theory 
approximation, and the structural governing equations; then, the cou-
pling between the structural and aerodynamic models, which, under 
some specific assumptions, leads to a monolithic solution for solving 
flutter problems. Section 3 validate the proposed numerical framework 
and show several results of laminated wing configurations compared 
with both numerical and experimental data from the literature to assess 
its accuracy. Section 4 critically discusses the main features of the 
proposed methodology, identifying directions for further investigation 
and development. Eventually, Conclusions are drawn.

2. Methods

In this section the key items of the formulation are presented and 
discussed.

2.1. Problem definition

A general rectangular laminated wing, schematically represented in 
(Fig.  1a), is considered. The wing is described using a global cartesian 
reference system 𝑂𝑥1𝑥2𝑥3 centered at the quarter chord of the root 
section where the axis 𝑥1 is aligned with the direction of flight and 
parallel to the root chord, the axis 𝑥2 is perpendicular to the root chord 
and the axis 𝑥3 is consequently defined as normal to the plane 𝑥1𝑥2
pointing towards the low pressure side of the wing. The undeformed 
rectangular wing lays on the plane 𝑥1𝑥2, see (Fig.  1b), and has reference 
surface 𝑆, wingspan 𝑏, chord 𝑐, and thickness 𝜁 . The structure is 
immersed in a free-stream having an aerodynamic speed 𝑉∞ oriented 
in the opposite direction of 𝑥1 with an angle 𝛼 with respect to the 
root chord. The generic rectangular laminated plate is assembled using 
𝑁𝓁 unidirectional composite laminae of thickness 𝜁 ⟨𝓁⟩ in which a local 
material coordinate system 𝑂𝑥⟨𝓁⟩1 𝑥⟨𝓁⟩2 𝑥⟨𝓁⟩3  is defined such that ̃𝑥⟨𝓁⟩1  forms 
an angle 𝜃⟨𝓁⟩ with the global axis 𝑥1 and 𝑥⟨𝓁⟩3  coincides with the axis 
𝑥3, as shown in (Fig.  1c).

The wake shadded by the wing is represented following the Unsteady 
Vortex Lattice Method, that enable solving unsteady potential-flow prob-
lems [32] considering both wing motion and wake roll-up effects [34,
45] . The wake geometry is generated by vortex scattered from the 
trailing edge of the wing and spreaded in the flight direction with 
a velocity field composed by the free-stream velocity and the local 
2 
velocity induced by the surrounding vortexes. In the present computa-
tional framework a frozen wake geometry approach is used: the wake 
generated by the wing is computed apriori and used to compute the 
strength of the vortexes in the subsequent flutter eigenvalue problem. 
More detail on the unsteady aerodynamic field and the vortex strengths 
computation are given in subsection Aerodynamic model.

2.2. Structural model

In this section, the features of the structural model with variable-
order kinematics are presented.

2.2.1. Basic equations
The considered wing, subjected to body forces 𝒃 = (𝑏1, 𝑏2, 𝑏3)⊺ acting 

over its volume , is assumed to undergo small linear-elastic displace-
ments, denoted by 𝒖 = (𝑢1, 𝑢2, 𝑢3)⊺, with the associated small strains 𝜸 =
(𝛾11, 𝛾22, 𝛾33, 𝛾23, 𝛾31, 𝛾12)⊺ and stresses 𝝈 = (𝜎11, 𝜎22, 𝜎33, 𝜎23, 𝜎31, 𝜎12)⊺, ex-
pressed in Voigt notation. The wing is constrained by essential bound-
ary conditions 𝒖 = 𝟎 for 𝒙 ∈ 𝜕𝑢, where 𝜕𝑢 denotes the root section 
of the wing, i.e. 𝜕𝑢 ≡ {𝒙 ∈  ∶ 𝑥2 = 0}, while the other regions of 
the wing boundary are traction-free; as it will be shown in Section 2.3, 
the aerodynamic forces are transferred to the structure as body forces.

Under the small-strain assumption, the strain displacement relation-
ship can be written as 

𝜸 = 1
𝜕𝒖
𝜕𝑥1

+ 2
𝜕𝒖
𝜕𝑥2

+ 3
𝜕𝒖
𝜕𝑥3

, (1)

where the definition of the matrices 1, 2 and 3, containing ones 
and zeros only, can be found in Ref. [46]. Considering the constitutive 
material behavior, it is assumed that the 𝓁-th lamina in the local 
material reference system behave as an orthotropic material, whose 
stress–strain relationship may be written as 
𝝈⟨𝓁⟩ = 𝒄̃⟨𝓁⟩𝜸̃⟨𝓁⟩, (2)

where ̃𝒄⟨𝓁⟩ is a 6 × 6 matrix that contains the stiffness coefficients and 
is computed as
𝒄⟨𝓁⟩ = (𝒔̃⟨𝓁⟩)−1 with

𝒔⟨𝓁⟩ ≡

⎡

⎢

⎢

⎢

⎢

⎢

⎢

⎣

1∕𝐸1 −𝜈12∕𝐸1 −𝜈13∕𝐸1 0 0 0
−𝜈12∕𝐸1 1∕𝐸2 −𝜈23∕𝐸2 0 0 0
−𝜈13∕𝐸1 −𝜈23∕𝐸2 1∕𝐸3 0 0 0

0 0 0 1∕𝐺23 0 0
0 0 0 0 1∕𝐺13 0
0 0 0 0 0 1∕𝐺12

⎤

⎥

⎥

⎥

⎥

⎥

⎥

⎦

⟨𝓁⟩

(3)

being 𝐸𝑘 the Young moduli, 𝜈𝑘𝑙 the Poisson ratios, and 𝐺𝑘𝑙 the shear 
moduli. It is worth noting that the constitutive equation appearing in 
Eq. (2) can be written in the wing global reference system as 
𝝈⟨𝓁⟩ = 𝒄⟨𝓁⟩𝜸⟨𝓁⟩, (4)

where 𝝈⟨𝓁⟩ = 𝑻 −1
𝜎

(

𝜃⟨𝓁⟩
)

𝝈⟨𝓁⟩, 𝜸⟨𝓁⟩ = 𝑻 −1
𝛾

(

𝜃⟨𝓁⟩
)

𝜸̃⟨𝓁⟩ and
𝒄⟨𝓁⟩ = 𝑻 −1

𝜎
(

𝜃⟨𝓁⟩
)

𝒄̃⟨𝓁⟩𝑻 𝛾
(

𝜃⟨𝓁⟩
)

, being 𝑻 𝜎 and 𝑻 𝛾 suitable transformation 
matrices whose expression can be found in Ref. [47].

2.2.2. Variational formulation
The weak form of structural dynamic governing equations can be 

obtained from the d’Alembert principle, by expressing the inertial loads 
as distributed volume forces in the classical form of the principle of 
virtual displacements as follows 

∫
𝛿𝒖⊺𝜌 𝜕

2𝒖
𝜕𝑡2

d + ∫
𝛿𝜸⊺𝝈 d = ∫

𝛿𝒖⊺𝒃 d, (5)

where 𝜌 is the local structural material density, 𝜕2𝒖∕𝜕𝑡2 denotes the 
second derivative of the displacement field with respect to time, and 
𝛿(∙) denotes the first variation of the quantity ∙. It is worth noting that, 
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Fig. 1. Wing structure: (a) geometry definition and wake representation, (b) wing planform with structural and aerodynamic mesh representation; (c) laminate representation and 
definition of local material coordinate reference system.
based on the assumption introduced in Sec. 2.2.1, no surface tractions 
are included in Eq. (5). Upon substitution of Eqs. (1) and (4) into 
Eq. (5), the principle of virtual displacement expressed in terms of the 
displacement field 𝒖 reads as 

∫
𝛿𝒖⊺𝜌 𝜕

2𝒖
𝜕𝑡2

d + ∫
𝜕𝛿𝒖⊺
𝜕𝑥𝑘

𝒄𝑘𝑙
𝜕𝒖
𝜕𝑥𝑙

d = ∫
𝛿𝒖⊺𝒃 d, (6)

where 𝒄𝑘𝑙 ≡ ⊺
𝑘𝒄 𝑙 are 3 × 3 matrices containing suitable subsets of 

the stiffness coefficients. It is worth noting that the integrals appearing 
in Eq. (6) are evaluate considering the different properties of the 
laminae in the stacking sequence, i.e., for a plate made of 𝑁𝓁 laminae, 
∫ ∙ d ≡

∑𝑁𝓁
𝓁=1 ∫⟨𝓁⟩ ∙⟨𝓁⟩d. Additionally, Einstein summation over 

repeated subscripts 𝑘, 𝑙 ∈ {1, 2, 3} is employed.

2.2.3. Geometry description and variable-order kinematics
To account for different wing geometries, including swept wings, a 

set of parametric coordinates 𝜉1, 𝜉2 and 𝜉3 is introduced such that a 
generic point 𝒙 ∈  may be described as 
𝒙
(

𝜉1, 𝜉2, 𝜉3
)

= 𝒙𝑅 +
(

𝒙𝑇 − 𝒙𝑅
)

𝜉2 +
(

𝑐∕4 − 𝜉1
)

𝒊̂ − 𝜉3𝒌̂, (7)

where 𝜉1 ∈ [0, 𝑐], 𝜉2 ∈ [0, 1], 𝜉3 ∈
[

−𝜁∕2, 𝜁∕2
]

, 𝒊̂ ≡ (1, 0, 0)⊺ and 
𝒌̂ ≡ (0, 0, 1)⊺, and 𝒙𝑅 and 𝒙𝑇  are the quarter-chord points at the wing 
root and the wing tip, respectively.

The kinematic assumptions are implemented by first subdividing the 
wing volume  into a collection of 𝑁𝑒 elements, i.e.,  =

⋃𝑁𝑒
𝑒=1 

𝑒, 
where 𝑒 is the generic 𝑒th element, and then expressing the 𝑘th dis-
placement component 𝑢ℎ𝑘 over 𝑒 in terms of the parametric coordinates 
𝜉1, 𝜉2, and 𝜉3 as 

𝑢ℎ𝑘(𝑡,𝒙 ∈ 𝑒) =
𝑝1
∑

𝑖1=0

𝑝2
∑

𝑖2=0

𝑝3
∑

𝑖3=0
𝑏𝑒𝑖1 (𝜉1)𝑏

𝑒
𝑖2
(𝜉2)𝑏𝑒𝑖3 (𝜉3)𝑋

𝑒,𝑘
𝑖1𝑖2𝑖3

(𝑡), (8)

where the superscript ℎ indicates that 𝑢ℎ𝑘 is an approximation of 𝑢𝑘, 
𝑏𝑒𝑖1 (𝜉1), 𝑏

𝑒
𝑖2
(𝜉2), and 𝑏𝑒𝑖3 (𝜉3) are the one-dimensional basis functions cho-

sen to express the chord-wise, span-wise, and thickness-wise approx-
imations, respectively, 𝑝1, 𝑝2, and 𝑝3 are the corresponding approxi-
mation orders, and 𝑋𝑒,𝑘

𝑖1𝑖2𝑖3
 are the associated time-dependent unknown 

coefficients. Eq. (8) can be written in compact form as 
𝒖ℎ(𝑡,𝒙 ∈ 𝑒) = 𝑩𝑒(𝜉1, 𝜉2, 𝜉3)𝑿𝑒(𝑡), (9)

where 𝑿𝑒 is a 𝑁𝑢𝑁𝑝-dimensional vector collecting the unknowns coef-
ficients, and 𝑩𝑒 is a 𝑁𝑢 × 𝑁𝑢𝑁𝑝 matrix collecting the basis functions 
with 𝑁 = 3 and 𝑁 = (1 + 𝑝 )(1 + 𝑝 )(1 + 𝑝 ). It is worth noting that 
𝑢 𝑝 1 2 3

3 
the 𝑖th element of vector 𝑿𝑒, namely 𝑋𝑒,𝑘
𝑖 , is the unknown coefficient 

associated to 𝑖th basis function 𝐵𝑒
𝑖 (𝜉1, 𝜉2, 𝜉3) for the 𝑘th displacement 

component, with the index 𝑖 being associated with the tuple (𝑖1, 𝑖2, 𝑖3). 
In this work, the same expansion order 𝑝 = 𝑝1 = 𝑝2 = 𝑝3 is 
associated with the three displacement components, although more 
general choices could be made, as for example done in the case of 
the first-order shear deformation theory [47]. The selection of different 
kinematic assumptions allows adopting structural models of different 
orders and makes the proposed numerical method highly flexible, as 
in the Carrera Unified Formulation (CUF) [48] or in the Generalize 
Unified Formulation [49]. Moreover, it is worth noting the different 
kinematic approximations can be seamlessly adopted over contiguous 
elements, as inter-element continuity conditions are enforced in a weak 
integral sense.

2.2.4. Discontinuous Galerkin formulation
The kinematic approximation in Eq. (8) is not limited to a specific 

set of basis functions and, in general, it can vary from element to ele-
ment. To enforce inter-element continuity and boundary conditions, a 
recently-developed Interior Penalty discontinuous Galerkin formulation 
for the elastodynamic behavior of plates and shells [44,46] is employed 
and briefly recalled in this section. Starting from Eq. (6), it is possible 
to show that the associated DG formulation may be stated as 

𝐹 𝑖𝑛𝑑 𝒖ℎ ∈ (ℎ)𝑁𝑢 𝑠𝑢𝑐ℎ 𝑡ℎ𝑎𝑡 𝐵𝖬(𝒗, 𝒖ℎ) + 𝐵𝖪(𝒗, 𝒖ℎ) = 𝐿(𝒗, 𝒃) ∀𝒗 ∈ (ℎ)𝑁𝑢

(10)

where (ℎ)𝑁𝑢  is the space of 𝑁𝑢-dimensional discontinuous vector fields 
defined on the mesh elements and 𝒗 ≡ (𝑣1, 𝑣2, 𝑣3)⊺ are the test functions; 
additionally, in Eq. (10), the following bilinear and linear terms have 
been introduced 

𝐵𝖬(𝒗, 𝒖ℎ) ≡ ∫ℎ
𝒗⊺𝜌 𝜕

2𝒖ℎ

𝜕𝑡2
d, (11)

𝐵𝖪(𝒗, 𝒖ℎ) ≡ ∫ℎ

𝜕𝒗⊺
𝜕𝑥𝑘

𝒄𝑘𝑙
𝜕𝒖ℎ
𝜕𝑥𝑙

d +

−∫ℎ

[

[[𝒗]]⊺𝑘

{

𝒄𝑘𝑙
𝜕𝒖ℎ
𝜕𝑥𝑙

}

+
{

𝜕𝒗⊺
𝜕𝑥𝑘

𝒄𝑘𝑙
}

[[𝒖ℎ]]𝑙
]

d + ∫ℎ
𝜇[[𝒗]]⊺𝑘[[𝒖

ℎ]]𝑘 d𝜕 +

−∫𝜕ℎ
𝑢

[

𝑛𝑘𝒗⊺
(

𝒄𝑘𝑙
𝜕𝒖ℎ
𝜕𝑥𝑙

)

+
(

𝜕𝒗⊺
𝜕𝑥𝑘

𝒄𝑘𝑙
)

𝒖ℎ𝑛𝑙
]

d𝜕 + ∫𝜕ℎ
𝑢

𝜇𝒗⊺𝒖ℎ d𝜕 (12)

and 
𝐿(𝒗, 𝒃) ≡ 𝒗⊺𝒃 d, (13)
∫ℎ
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where 𝜇, appearing in Eq. (12), is a penalty parameter that, if selected 
as proportional to 𝑐∕ℎ, with 𝑐 denoting a representative material stiff-
ness constant and ℎ a representative mesh size, ensures the optimal 
convergence of the DG scheme [46,50]. The integrals appearing in 
Eqs. (11), (12) and (13) are generally referred to as broken integrals and 
are defined as

∫ℎ
∙ d ≡

𝑁𝑒
∑

𝑒=1
∫𝑒

∙𝑒 d, ∫𝜕ℎ
𝑢

∙ d𝜕 ≡
𝑁𝑒
∑

𝑒=1
∫𝜕𝑒

𝑢

∙𝑒 d𝜕, and

∫ℎ
∙ d𝜕 ≡

𝑁𝑖
∑

𝑖=1
∫𝑖

∙𝑖 d𝜕, (14)

where 𝜕𝑒
𝑢 is the portion of the boundary of the 𝑒th element in which 

Dirichlet boundary conditions are enforced, while 𝑖 is a generic in-
terface between two contiguous elements and ℎ ≡

⋃𝑁𝑖
𝑖=1 

𝑖 denotes 
the collection of all the inter-element interfaces associated with the 
considered mesh. Moreover, in Eq. (12), 𝑛𝑘 is the 𝑘th components of 
the unit normal vector at the element boundaries, while the terms {∙}
and [[∙]]𝑘 denote the average and jump operators, respectively, defined 
at the interface 𝑖 between two adjacent elements 𝑒 and 𝑒′ as 

{∙}𝑖 ≡ 1
2

(

∙𝑒 + ∙𝑒
′
)

and [[∙]]𝑖𝑘 ≡ ∙𝑒𝑛𝑒𝑘 + ∙𝑒
′
𝑛𝑒

′

𝑘 . (15)

Eventually, by letting 𝒗 span all the basis functions contained in 
(ℎ)𝑁𝑢 , the following system of second-order ordinary differential equa-
tions is obtained 
𝐌𝖲𝐗̈(𝑡) +𝐊𝖲𝐗(𝑡) = 𝐅(𝑡), (16)

where the overdots denote derivatives with respect to time, 𝐌𝖲 is the 
mass matrix stemming from the term 𝐵𝖬(𝒗, 𝒖ℎ) in Eq. (11), 𝐊𝖲 is the 
stiffness matrix stemming from the term 𝐵𝖪(𝒗, 𝒖ℎ) in Eq. (12), 𝐅 is the 
right-hand side stemming from the term 𝐿(𝒗, 𝒃) defined in Eq. (13) and 
𝐗 is the vector containing the unknown structural degrees of freedom 
associated with the considered structural theory and DG formulation.

2.3. Aerodynamic model

The aerodynamics loads generated on the wing structure are com-
puted under the assumption of the potential-flow theory using the 
UVLM [32], following the approach proposed by Murua et al. [34], 
whereby the UVLM is first employed to generate the wake shed by 
the wing and then to derive the linearized aerodynamic equations for 
flutter analysis.

In the UVLM, the wing and the wake are modeled as a set of 𝑁𝑏
bound ring vortexes and a set of 𝑁𝑤 shed ring vortexes, respectively. 
The intensities of the bound vortexes are collected into the vector 𝜞  and 
represent the unknowns of the aerodynamic problem. The intensities of 
the shed vortexes are instead known and determined as functions of the 
bound vortexes at the trailing edge of the wing. At the generic time 𝑡, 
the impenetrability condition leads to the following system of equations 
governing the evolution of the bound vortex intensities 
𝐀𝜞 (𝑡) = 𝐛 + 𝐛𝑤(𝑡) + 𝐛𝖲(𝑡), (17)

where 𝐀 is the aerodynamic coefficient matrix representing the inter-
actions among the bound vortexes, and 𝐛, 𝐛𝑤 and 𝐛𝖲 are the right-hand 
side vectors accounting for the effect of the free-stream velocity 𝑽 ∞, 
the shed wake and the structural motion, respectively. The reader 
interested in the explicit expression of each of these terms is referred 
to Refs. [32,34].

Once the intensities of the bound vortexes have been determined, 
the force 𝒇 𝑗 generated by 𝑗th vortex is evaluated as 
𝒇 𝑗 = 𝜌∞𝒗𝑗 × 𝒍𝑗𝛾𝑗 + 𝜌∞𝑆𝑗𝒏𝑗0𝛤̇

𝑗 , (18)

where 𝜌∞ is the air density, 𝑆𝑗 and 𝒍𝑗 are the area and the vector 
associated with the leading segment, respectively, of the 𝑗th bound 
vortex, and 𝛾𝑗 is the net circulation intensity at the leading segment of 
4 
the considered vortex, coinciding with 𝛤 𝑗 if the 𝑗th vortex is at the wing 
leading edge, or otherwise given by the difference of the circulation 
intensities of two chord-wise contiguous vortexes.

2.4. Flutter analysis

The flutter analysis comprises the solution and stability analysis of a 
small-perturbation problem around a reference configuration. From the 
structural point of view, since small strains/displacements are assumed, 
the reference configuration coincides with the undeformed wing. On 
the other hand, the aerodynamic reference configuration is represented 
by the geometry of the bound vortexes and the wake shed by the 
undeformed wing and computed via the UVLM.

Based on the above assumptions, the structural degrees of freedom 
𝐗(𝑡) appearing in Eq. (16) and the aerodynamic degrees of freedom 
𝜞 (𝑡) appearing in Eq. (17) may be written as 𝐗(𝑡) = 𝐗 + 𝐗̃𝑒𝜆𝑡 and 
𝜞 (𝑡) = 𝜞 + 𝜞 𝑒𝜆𝑡, where the overbar denotes quantities associated with 
the reference configuration, the tilde denotes the perturbed quantities, 
and 𝜆 ≡ 𝜎 + 𝑖𝜔 the complex eigenvalue associated with the small-
perturbation analysis. Therefore, upon recalling that the right-hand side 
of Eq. (16) depends on the aerodynamic loads given in terms of 𝜞
through Eq. (18), while the structural deformation affects Eq. (17) by 
determining the geometry of the bound vortexes, the following coupled 
system of equations may be written 
{

(𝜆2𝐌𝖲 +𝐊𝖲)𝐗̃ = (𝐅𝛤 + 𝜆𝐅𝛤̇ )𝜞
𝐀̃(𝜆)𝜞 = (𝐛X + 𝜆𝐛𝖲Ẋ)𝐗̃

(19)

In Eq. (19), under the small-perturbation approximation, it has been 
assumed that the right-hand side 𝐅(𝑡) of Eq. (16) may be linearized as 
𝐅(𝑡) ≈ 𝐅 + (𝐅𝛤 + 𝜆𝐅𝛤̇ )𝜞 𝑒𝜆𝑡, the terms 𝐛(𝑡) and 𝐛𝖲(𝑡) may be linearized 
as 𝐛(𝑡) ≈ 𝐛 + 𝐛X𝐗̃𝑒𝜆𝑡 and 𝐛𝖲(𝑡) ≈ 𝜆𝐛𝖲Ẋ𝐗̃𝑒𝜆𝑡, and the term 𝐛𝑤(𝑡) may 
be written as 𝐛𝑤(𝑡) ≈ 𝐛𝑤 +𝐖(𝜆)𝜞 𝑒𝜆𝑡, with the matrix 𝐖(𝜆) accounting 
for the fact that the wake is shed by trailing edge bound vortexes and 
contributing to the aerodynamic coefficient matrix 𝐀̃(𝜆) [34]. It is also 
worth noting that, to obtain Eq. (19), the terms 𝐗 and 𝜞  have been 
cancelled out and the term 𝑒𝜆𝑡 has been dropped.

A further rearrangement of Eq. (19) leads to the following flutter 
eigenvalue problem 
[

𝜆2𝐌𝖠𝖤(𝜆) + 𝜆𝐂𝖠𝖤(𝜆) +𝐊𝖠𝖤(𝜆)
]

𝐗̃ = 𝟎, (20)

where the aeroelastic matrices 𝐌𝖠𝖤(𝜆), 𝐂𝖠𝖤(𝜆) and 𝐊𝖠𝖤(𝜆) are defined 
as

𝐌𝖠𝖤(𝜆) ≡ 𝐌𝖲 − 𝐅𝛤̇ [𝐀̃(𝜆)]−1𝐛𝖲Ẋ,

𝐂𝖠𝖤(𝜆) ≡ −𝐅𝛤̇ [𝐀̃(𝜆)]−1𝐛X − 𝐅𝛤 [𝐀̃(𝜆)]−1𝐛𝖲Ẋ, (21)
𝐊𝖠𝖤(𝜆) ≡ 𝐊𝖲 − 𝐅𝛤 [𝐀̃(𝜆)]−1𝐛X.

It is worth noting that since the aeroelastic matrices in Eq. (21) depend 
on 𝜆, the eigenvalues and eigenvectors of Eq. (20) must be searched 
using an iterative procedure. Moreover, assuming that the aerodynamic 
terms in the model depend only on 𝜆, with no further assumptions in 
terms of harmonic behavior, the proposed solution methodology falls 
within the class of the p-methods.

3. Numerical results

In this section, the proposed aeroelastic formulation is tested and 
validated against numerical and experimental results either obtained 
via existing commercial software libraries or available in the liter-
ature. The methodology is implemented within the in-house python 
framework for scientific computing PySCo,1 whereas the employed 
commercial library is NASTRAN, which implements the standard finite 
element method coupled with the doublet lattice method.

1 https://gitlab.com/aeropa/pysco

https://gitlab.com/aeropa/pysco
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Different 𝖣𝖦𝑝 schemes are tested for both beam theories (𝖡𝖳𝑛) and 
plate theories (𝖯𝖳𝑛), where the subscript 𝑛 denote the order of the 
kinematics polynomial expansion over the transverse section of the 
beam or along the thickness of the plate while the subscript 𝑝 denote the 
displacement expansion order over the beam span or the plate plane.

The performed tests are presented first for the analysis of a single 
lamina and then for various multilayered composite wings considering 
different stacking sequences and sweep angles. In all cases, the wing 
has half span 𝑏∕2 = 305mm, chord 𝑐 = 76.2mm and thickness 𝜁 =
0.804mm. Each layer of the laminated plate is an orthotropic material 
with 𝐸11 = 98.0GPa, 𝐸22 = 𝐸33 = 7.9GPa, 𝐺23 = 𝐺13 = 𝐺12 = 5.6GPa, 
𝜈23 = 𝜈13 = 𝜈12 = 0.28GPa and 𝜌 = 1520 kg∕m3. The geometry and 
the material properties are taken from [51]. The results are presented 
in terms of eigenvalues 𝜆 and eigenvectors 𝐗̃ obtained as solutions of 
Eq. (20). The eigenvalues are reported in terms of non-dimensional real 
part 𝜔̃ and imaginary part ̃𝜎 defined as 

𝜔̃ ≡ 𝜔
𝜔𝗋𝖾𝖿

, and 𝜎 ≡ 𝜎
𝜔𝗋𝖾𝖿

, with 𝜔𝗋𝖾𝖿 ≡
𝜁
𝑏2

√

𝐸11
𝜌

. (22)

Eventually, air is assumed to have density 𝜌∞ = 1.226 kg∕m3.

3.1. Single lamina rectangular wing

The first set of tests investigates the accuracy and convergence of 
the proposed formulation for an unswept rectangular wing made of a 
single lamina, with lamination angle 𝜃 = 0, subject to a free stream-
velocity 𝑉∞ = 20m∕s and angle of attack 𝛼 = 0◦. The plots reported 
in Figs.  2 and 3 show the values of 𝜔̃𝑘 and 𝜎𝑘, respectively, with 
𝑘 = 1,… , 4, for the first four eigenvalues as functions of the number 
of structural degrees of freedom (DOF). In the figures, from top to 
bottom, the computed eigenvalues are ordered in the four rows by 
increasing magnitude while each column is associated with a different 
structural theory. Each curve is obtained by changing the number of 
mesh elements and corresponds to a different 𝖣𝖦𝑝 scheme. The plots 
also show the results computed with the FEM plate model available in
NASTRAN, and a dark grey area and a light grey area, which denote 
the regions of less than 1% and 5% deviation, respectively, from the 
values obtained with the finest FEM mesh. Both the present solution 
and the NASTRAN solution are computed using an aerodynamic mesh 
consisting of 16 × 64 bound vortexes.

The comparison between the results obtained by the proposed for-
mulation and those obtained with NASTRAN confirms the accuracy 
of the DG-UVLM framework and shows the computational savings in 
terms of degrees of freedom that may be achieved via high-order 
displacement expansions, especially when higher order modes are of 
interest. The largest difference, which is less than 7.6%, is observed for 
the real part of the fourth eigenvalue and is attributed to the different 
aerodynamic model adopted in the present work and in NASTRAN.

A complete flutter analysis is eventually performed by studying the 
effect of the free-stream velocity 𝑉∞. Fig.  4 shows the real part and 
the imaginary part of the first four eigenvalues plotted as functions of 
the free-stream velocity and computed with the proposed formulation 
using the 𝖣𝖦5 (𝖯𝖳1) scheme and with NASTRAN. A satisfying match 
between the proposed and reference solution is attained and the flutter 
condition, identified when the real part of an eigenvalue first becomes 
positive, is correctly predicted.

3.2. Multilayered wing

After validating the DG-UVLM framework for flutter analysis of the 
single lamina, a set of flutter analyses for laminated composite wings 
is performed to ensure that the proposed formulation correctly predicts 
aeroelastic quantities of interest, such as the flutter velocity and the 
flutter frequency, for different stacking sequences and sweep angles.
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(Figs.  5a), (5b) and (5c) show the real and imaginary parts of 
the aeroelastic eigenvalues as functions of the free-stream velocity for 
multilayered wing plates with stacking sequences [𝟫𝟢𝟤, 𝟢]𝖲, [𝟦𝟧𝟤, 𝟫𝟢]𝖲, 
and [±𝟦𝟧, 𝟫𝟢]𝖲 respectively. The results are computed using a 𝖣𝖦5 (𝖯𝖳1) 
scheme and compared with those provided by FEM. As in the case of 
the single lamina, a satisfying match between the proposed and the 
reference solution is obtained, with the largest discrepancies observed 
for the real part of the first mode after a certain speed and likely due 
to the different aerodynamic model. A similar analysis is performed 
for the multilayered plate wing with stacking sequence [𝟨𝟢𝟤, 𝟫𝟢]𝖲 that 
has been analyzed in Ref. [52] with a high-order FEM coupled with 
the Theodorsen theory. The results obtained by the present method,
NASTRAN, and the method proposed in the literature are reported in 
Fig.  6. All methods show a satisfactory agreement up to the flutter 
speed, beyond which the method developed in Ref. [52] exhibits some 
differences compared to the other two, which may be attributed to 
the different aerodynamic model adopted. The computed values of 
flutter speeds and frequencies for the considered laminated wings are 
reported in Table  1 and are compared with numerical and experimental 
results available in the literature, further confirming the accuracy of the 
proposed formulation.

Eventually, the eigenmodes associated with the four eigenvalues 
computed near the onset of the flutter phenomenon, i.e., for 𝑉∞ =
23m∕s, for the multilayered plate wing with stacking sequence [𝟫𝟢𝟤, 𝟢]𝖲
are displayed in Fig.  7. In the figure, the colored contour plots show 
the 𝑢3 displacement component computed employing the 𝖣𝖦5 (𝖯𝖳1) 
scheme while the black continuous lines represent the contour levels of 
the same field obtained with the FEM solution. A fully satisfying match 
between the two solutions is observed.

As a final test, a backward swept laminated wing with 𝛬 = 30◦

is considered. The stacking sequence of the considered laminate is 
[𝟨𝟩.𝟧,−𝟤𝟤.𝟧,−𝟨𝟩.𝟧, 𝟤𝟤.𝟧]𝖲 with a thickness sequence of
[𝟢.𝟢𝟫, 𝟢.𝟣𝟤, 𝟢.𝟣𝟨, 𝟢.𝟨𝟥]𝖲, where each term indicates the thickness ratio of 
each ply with respect to the half of the thickness of the laminate. Table 
2 shows the comparison of the computed velocities and frequencies at 
the onset of the flutter instability. Present results are computed with a 
polynomial expansion of the fifth order along the 𝑦 axis, i.e., the 𝖣𝖦5
scheme, using one structural element with three different high-order 
beam structural theory, namely 𝖡𝖳2, 𝖡𝖳3 and 𝖡𝖳4. As a benchmark, 
present result are compared against those found in Ref. [36], which 
are obtained using a FEM-DLM approach adopting the same structural 
theory and 15 structural element along the span of the swept wing. 
For each model the number of DOF is reported, showing that the 
proposed formulation allows achieving convergence with fewer degrees 
of freedom.

4. Discussion

In this section, some remarks about the potential, limitations and 
future developments of the proposed formulation are discussed.

First, considering that multilayered plate wings with rectangular 
cross sections have been analyzed in the present tests, further in-
vestigations could explore the ability of the proposed variable-order 
discontinuous Galerkin method to resolve wings with more complex 
geometries, featuring for example general cross section, including air-
foils, or winglets, and/or internal structure, including ribs, stiffeners 
and cut-outs. In addition, more advanced materials, such as variable 
angle tow composite laminates, could be incorporated to increase the 
aeroelastic-tailoring capability of the proposed tool [11,54].

On the other hand, the proposed model is currently limited to small 
strains structural theories and potential aerodynamics.  However, espe-
cially in modern high aspect-ratio wings/aircraft, large displacements 
and strains and/or non-linear aerodynamics play a remarkable role in 
complex phenomena such as limit cycle oscillations and stall flutter, 
as discussed in several works in the literature. [55–60]. The proposed 
method could therefore be extended by including finite-strain structural 
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Fig. 2. Convergence analysis of the imaginary part 𝜔̃𝑘 of the aeroelastic eigenvalues as a function of the structural DOF for different DG𝑝 schemes, represented by colored markers, 
for a single-lamina rectangular wing subject to a free stream velocity 𝑉∞ = 20m∕s. From left to right, the four columns report values computed using the 𝖡𝖳1, 𝖡𝖳3, 𝖯𝖳1, and 𝖯𝖳3
theories, respectively. The obtained results are compared with those obtained with NASTRAN and represented by white markers connected by black lines. The darker and lighter 
gray areas denote the region of less than 1% and 5% deviation from the reference converged values.
Table 1
Flutter speeds and frequencies for composite laminated wings with stacking sequences [𝟫𝟢𝟤 , 𝟢]𝖲, [𝟦𝟧𝟤 , 𝟫𝟢]𝖲, [±𝟦𝟧, 𝟫𝟢]𝖲 and [𝟨𝟢𝟤 , 𝟫𝟢]𝖲 computed 
with the propose approach adopting a 𝖣𝖦5(𝖯𝖳1) scheme and compared with both numerical and experimental results available in the literature.
 Laminate 𝑉𝑓  [m∕s] 𝜔𝑓  [Hz]
 𝖣𝖦5 𝖯𝖳1 Ref. [52]a Ref. [53]a Ref. [51]b 𝖣𝖦5 𝖯𝖳1 Ref. [52]a Ref. [51]b 
 [𝟫𝟢𝟤 , 𝟢]𝖲 23.34 23.2 23.0 25 26.48 27.33 25  
 [𝟦𝟧𝟤 , 𝟫𝟢]𝖲 26.49 29.6 27.5 28 22.84 25.04 28  
 [±𝟦𝟧, 𝟫𝟢]𝖲 40.92 47.3 40.1 >32 48.17 31.48 39  
 [𝟨𝟢𝟤 , 𝟫𝟢]𝖲 25.80 27.6 27.1 27 26.40 27.22 31  
a Numerical.
b Experimental.
Table 2
Flutter velocities and frequencies for composite laminated swept wing with stacking 
sequence [𝟨𝟩.𝟧,−𝟤𝟤.𝟧,−𝟨𝟩.𝟧, 𝟤𝟤.𝟧]𝖲, computed with the proposed approach adopting 
three high-order beam theories and compared with numerical results of Ref. [36].
 Model Present Ref.[36]

 𝑉𝑓  [m∕s] 𝜔𝑓  [Hz] DOF 𝑉𝑓  [m∕s] 𝜔𝑓  [Hz] DOF  
 𝖡𝖳2 31.920 26.137 162 38.703 28.394 828  
 𝖡𝖳3 31.813 26.127 288 31.957 26.479 1380 
 𝖡𝖳4 31.751 26.061 450 31.688 26.523 2070 

theories and/or more complex aerodynamics [24,25], thus enabling the 
analysis of such phenomena. Incorporating large displacements and the 
ability to capture the interaction of multiple lifting surfaces may enable 
the flight dynamic analysis of flexible aircraft [34].
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From the numerical point of view, the present work has compared 
the convergence and performance of the proposed DG-UVLM with 
standard FE-DLM methods widely employed in industrial applications, 
demonstrating the relative competitiveness. However, other efficient 
methods for aeroelastic analysis have been proposed in the litera-
ture [60], including for example the Differential Quadrature Method 
(DQM), which has been shown to offer computational benefits in terms 
of degrees of freedom and processing time with respect to standard 
FEs; Refs. [61,62] propose the use of DQM for subsonic and supersonic 
flutter analysis, also mentioning the achieved computational benefits. 
To the best of the authors’ knowledge however, no systematic inves-
tigation has been performed on the relative performance of DQM and 
other techniques, including DG-UVLM, which could form the objective 
of further studies. 
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Fig. 3. Convergence analysis of the real part 𝜎𝑘 of the aeroelastic eigenvalues as a function of the structural DOF for different DG𝑝 schemes, represented by colored markers, 
for a single-lamina rectangular wing subject to a free stream velocity 𝑉∞ = 20m∕s. From left to right, the four columns report values computed using the 𝖡𝖳1, 𝖡𝖳3, 𝖯𝖳1, and 𝖯𝖳3
theories, respectively. The obtained results are compared with those obtained with NASTRAN and represented by white markers connected by black lines. The darker and lighter 
gray areas denote the region of less than 1% and 5% deviation from the reference converged values.

Fig. 4. Real and imaginary parts of aeroelastic eigenvalues as a function of the free-stream velocity 𝑉∞ of the first four modes of a single-lamina cantilever wing plate. Colored 
markers correspond to values computed using the present 𝖣𝖦5 (𝖯𝖳1) scheme, while white markers connected by dashed black lines correspond to eigenvalues computed using
NASTRAN.
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Fig. 5. Real and imaginary parts of aeroelastic eigenvalues as functions of the free-stream speed 𝑉∞ for three multilayered wing plates with stacking sequences: (a) [𝟫𝟢𝟤 , 𝟢]𝖲, (b) 
[𝟦𝟧𝟤 , 𝟫𝟢]𝖲, and (c) [±𝟦𝟧, 𝟫𝟢]𝖲. Colored markers correspond to values computed using the present 𝖣𝖦5 (𝖯𝖳1) scheme, while white markers connected by dashed black lines correspond 
to eigenvalues computed using NASTRAN.
Eventually, considering the capability of higher-order models to 
capture structural damage and its effects [63,64], the framework could 
be enhanced to investigate how such damage affects critical aerody-
namic stability thresholds [65].
8 
Conclusions

In this study, a novel computational tool for the aeroelastic flutter 
analysis of laminated composite wings has been developed, imple-
mented, tested and validated. The framework couples a discontinuous 
Galerkin formulation, based on a variable order kinematic model, for 
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Fig. 6. Real and imaginary parts of aeroelastic eigenvalues as a function of the free-stream speed 𝑉∞ of the first four modes of a laminated cantilever wing plate with stacking 
sequence [𝟨𝟢𝟤 , 𝟫𝟢]𝖲 obtained by a 𝖣𝖦5 (𝖯𝖳1) scheme. Present results are compared with those provided by the NASTRAN SOL 145 and those found in Ref. [52].
Fig. 7. Modal shapes of the first four aeroelastic modes of the [𝟫𝟢𝟤 , 𝟢]𝖲 laminated composite wing plate at 𝑉∞ = 23m∕s. Colored contour plots correspond to the 𝑢3 displacement 
component obtained by the 𝖣𝖦5(𝖯𝖳1) scheme, while the black continuous lines correspond to the contour levels of the FEM solution.
structural analysis with an unsteady vortex lattice method for solving 
the aerodynamic problem. This integrated approach provides a flexible 
and efficient tool capable of accurately representing the aeroelastic 
response of composite structures with variable order approximations, 
including beam and plate theories. Validation against literature data 
and standard commercial aeroelastic software has demonstrated the ac-
curacy, robustness and efficiency as well as the computational savings 
offered by the proposed methodology.
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