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Abstract: We consider a multilevel atom, such as a hydrogen atom, interacting with the
quantum electromagnetic field in the dressed ground state of the interacting system. Using
perturbation theory within the dipole approximation, we evaluate the dressed ground state
and investigate the effect of atomic self-dressing on several field and atomic observables.
Specifically, we obtain general expressions of the renormalized electric and magnetic
field fluctuations and energy densities around the atom, and analyze their scaling with
the distance from the atom, obtaining approximated expressions in the so-called near
and far zones. We also investigate nonlocal spatial field correlations around the atom.
We stress how the quantities we evaluate can be probed through two- and three-body
nonadditive Casimir-Polder dispersion interactions. We also investigate the effect of self-
dressing—namely, the virtual transitions occurring in the dressed ground state—on atomic
observables, such as the average potential energy of the electron in the nuclear field. This
also allows us to obtain a more fundamental quantum basis for the Welton interpretation
of the Lamb shift of a ground-state hydrogen atom, in terms of the atomic self-dressing
processes.

Keywords: vacuum fluctuations; dressed atoms; Casimir-Polder forces; virtual photons

1. Introduction

In quantum field theory, any field source—such as a charged particle or an atom—is
surrounded by a cloud of virtual quanta and particles that are continuously emitted
and reabsorbed by the source, in accordance with the time—energy uncertainty relation
[1-6]. This is commonly described in terms of a cloud of virtual particles surrounding
the field source, which thus becomes a complex and spatially extended object called a
dressed source.

The spatial structure of the virtual quanta cloud reflects the physical properties of the
source, including its energy level structure and spatial extent [7]. In general, the virtual
particle cloud dressing the source contributes to its mass and charge, and, according to the
renormalization procedure, this contribution (or part of it) is eventually absorbed in the
observable mass and charge of the source. This is well defined in stationary conditions or in
a scattering matrix approach, where noninteracting asymptotically states in time, that is for
time  — Foo, are considered. In such cases, fully dressed states are used in the interaction
process between asymptotic times in the past and in the future, and the interaction Hamilto-
nian responsible for a transition acts only for a finite time interval. However, this is clearly
defined for persistent interactions, acting at all times [8-10]. This point is essential and
fundamental being deeply related to the very definition of a particle, or of any other system
interacting with a quantum field (in particular when a continuous spectrum is involved),
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as a fundamental object [11]. Specifically, it is related to the difficulty of defining a dressed
(unstable) excited state [10,12-16]. Furthermore, when a time-dependent approach is used,
and the time evolution of the dressing particle cloud of the field source between finite times
is considered, bare or partially dressed states are involved [17-20]. This kind of problem is
also deeply related to the fundamental question of how a (closed) physical system, initially
in a nonequilibrium state, settles at long times to an equilibrium condition (local or global),
also in view of the unitary time evolution of a closed quantum system [7,21].

In this paper, we investigate and review some of the above-described fundamen-
tal questions of quantum field theory using nonrelativistic quantum electrodynamics
(QED). Specifically, we consider a multilevel nonrelativistic atom interacting with the quan-
tum radiation field in the Coulomb gauge. In this scenario, (virtual) photons are the only
quanta or particles surrounding the field source in its ground state. We examine how this
virtual photon cloud affects field and atomic observables, in particular electric and magnetic
field fluctuations (or equivalently energy densities) as well as spatial field correlations, and
electron-nucleus average distance and potential energy, respectively. Specifically, we obtain
explicit expressions of the spatial dependence of electric and magnetic field fluctuations in
the dressed ground state at any distance from the atom outside the atom, as well as dressed
spatial field correlations. We also evaluate the change in the average electron—nucleus
distance (and of arbitrary powers of this distance) due to virtual processes occurring in
the dressed ground state, along with the average electron—nucleus potential energy. We
also explore the relation of these effects with observable phenomena such as intermolecular
Casimir-Polder forces and atomic level shifts.

This paper is organized as follows. In Section 2, we introduce our Hamiltonian model
in both the minimal and multipolar coupling schemes under the dipole approximation, and
obtain the dressed ground state of a multilevel atom interacting with the quantum radiation
field using perturbation theory. In Section 3, we evaluate the electric and magnetic field
fluctuations and spatial field correlations around the atom, and we discuss their connection
with Casimir-Polder dispersion interactions. In Section 4, we explicitly show that the
virtual processes occurring in the dressed ground state of the atom determine an increase
in the average electron-nucleus distance and a change in the average electron-nucleus
potential energy, and discuss the relation of this finding with the ground-state Lamb shift
of the atom and its physical origin. Finally, Section 5 offers our conclusive remarks.

2. Stationary Dressed States in Nonrelativistic Quantum Electrodynamics

The physical system we consider in this Section is an atom or a molecule interacting
with the quantized electromagnetic field, in the nonrelativistic regime; a boundary such as
a reflecting plate can be eventually present and its presence is mathematically described by
the appropriate mode functions of the field operators. In the Coulomb gauge, V - A(r) =0,
where A is the electromagnetic vector potential and r denotes the position vector, the
system is described by the Hamiltonian H = Hy + Hj, where the unperturbed Hamiltonian
Hy = Ha + Hf is the sum of the atomic Hamiltonian, Hy = Y, Ex|¢n)|¢n| (with E,
and |¢n), respectively, the energy and the state vector of a complete set of atomic energy
eigenstates), and the field Hamiltonian, Hr = Y, hwkai 1k (with 7 being the reduced
Planck constant, and k and A = 1,2 representing, respectively, the wavevector and the
polarization of the field modes), where ay, and 4], denote, respectively, the annihilation
and creation operators of the field modes obeying the bosonic commutation rules, and the
dispersion relation wy = c|k| holds, where ¢ denotes the speed of light. Hj is the atom-field
interaction Hamiltonian, that can be expressed in the minimal coupling scheme or in the
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multipolar coupling scheme, as discussed below. The expressions of the electromagnetic
field operators are (we use Gauss units) [3,22,23]

A = Y (Ao + A0, M
kA
10A(r, t) . +
E (r,t) = ——"—== f + £ , 2
1(nt) Py %( 1A (1) axa k/\(r>ak/\) 2)
B(nt) = VxA@r)=Y(gmma +8iaa,), ©)
kA

where the time dependence is included in the annihilation and creation operators (here and
elsewhere below, we often omit explicit indication of time dependence of the operators).
Ay (r) are the mode functions for the vector potential taking into account the boundary
conditions present; also, fy,(r) = iwrAx(r)/c and g, (r) = V X Ay, (r) are the mode
functions for the transverse part E | of the electric field operator and for the magnetic field
operator B, respectively.

The minimal and multipolar coupling schemes mentioned above are related by a
unitary transformation, the so-called Power—Zienau-Wolley transformation [24-31]. The
two complete Hamiltonians are unitary related and thus equivalent, while, separately, their
unperturbed and interaction parts are not unitary related to each other; thus, the separation
of the Hamiltonian in its noninteracting and interacting parts in the two schemes is not
connected by a unitary transformation. As is known, this creates still unsolved problems in
determining the lineshape of the radiation emitted by spontaneous emission, because the
initial state is commonly taken as an eigenstate of the unperturbed Hamiltonian: thus the
initial state is a different physical state according to the coupling scheme used [10,32-37].
Gauge ambiguities can be present also when a truncated atomic basis is used in ultra-strong
coupling in cavity QED [38]. In the case considered here, however, there is no a problem
of this kind because we consider a dressed ground state, which is an eigenstate of the
total Hamiltonian, and, thus, one can safely use the minimal or the multipolar coupling
Hamiltonian, according to which coupling scheme is more convenient for making simpler
specific calculations (actually, in Section 3, we use the multipolar coupling Hamiltonian
while in Section 4 we use the minimal coupling Hamiltonian, in both cases within the
dipole approximation). The unitary equivalence between the minimal and the multipolar
coupling Hamiltonians can be proved also within the dipole approximation [25,39], that is
the approximation used in this paper, even if the unitary transformation can be extended
also to all higher multipoles [23,40]

The minimal coupling interaction Hamiltonian, for a single one-electron atom (with
electron’s mass m, electric charge e and momentum p) located at position r4 and in the
dipole approximation, is

2
min __ _i . € 2
H™ =—-—"p A(ry) + A (ra) (4)
(as already noted, the explicit time dependence of the operators is omitted). As discussed
above, the multipolar coupling interaction Hamiltonian is obtained from the minimal
coupling one through the Power-Zienau-Wolley unitary transformation, and in the dipole
approximation it takes the following form

HM = —p D (ry) = *Zkgﬂmn' (ﬂkAka(rA) +ﬂbf1*<A(l'A)) |Pn) (P, (B)

where p = er is the atomic electric dipole moment operator and y™" = (¢ |p|¢pn) are its
matrix elements between atomic states |¢,,) and |¢,) with energy E,, and E,,, respectively;
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D (ra) is the transverse displacement field operator evaluated at r4. The multipolar
coupling interaction Hamiltonian (5) also contains a second term of the form 27t [d®rP? (r),
where P (r) is the transverse polarization field of the atom, that however is not relevant for
the quantities we evaluate below and, therefore, is neglected here. Outside the atom, it is
possible to show that D (r) = E(r) = E (r) + E| (r), and its mode expansion has the same
form (2) [3,39]. This is the reason why usually, when local field quantities are evaluated
as in Section (3), the multipolar coupling scheme is more convenient than the minimal
coupling scheme, since the observable total electric field (longitudinal plus transverse) is
directly involved.

Let us now consider the ground state of the full system. The bare state |¢g, {0k }),
with the atom in its ground state |¢,) and the field in its vacuum state [{Oy, }), is an
eigenstate of the free Hamiltonian Hy but not of the total Hamiltonian H, because of the
counter-rotating terms in the interaction Hamiltonian Hj. The true (interacting) ground
state can be obtained by stationary perturbation theory; up to the second order in the
atom-radiation interaction one obtains

8™ - fiep (ra) 2 p"s - £, (ra)
lg) (1_ZZW> [9g, {0ka }) ZZ Emg—l—hw |Pm, ir)

)2
P (1)) ('8 - £ (2a)
my i e v
+%k)§;)\ (E,;g+hwk/)(Emg+hwk+hwk)|4) kA kA> (6)

(™" £ (xa)) (18 - £, (xa))
mys 0 7
+em(§#g)§ Emg(EZg+hwk) |(P { k)\})

where the multipolar coupling Hamiltonian (5) is used. Here, we define E;;; = E;; — E,
and ™" = (¢u|p|¢Pn) (here and in what follows, the g subscript or superscript denotes
the ground state of the atom). Also, 1y, denotes a state with one photon with wavevector
k and polarization A. In Section 3, we use the state (6) for calculating relevant field
quantities, specifically electric and magnetic field fluctuations and spatial correlations of the
electric field. In such cases, as already mentioned, the multipolar coupling scheme is more
advantageous than the minimal coupling scheme, since outside the atom the transverse
displacement field coincides with the complete (transverse plus longitudinal) electric field
(on the contrary, the use of the minimal coupling interaction Hamiltonian (4) requires
adding the longitudinal electrostatic term to the quantum transverse electric field [41],
making the calculation more complicated).

We also give here the expression of the second-order dressed ground state obtained
from the minimal coupling Hamiltonian (4) in the dipole approximation, that we use in
Section 4 to calculate atomic quantities in the dressed ground state,

m r 2
7 =(1;<n;>222"’<; i )

m kA
p"e k/\ (ra)
—_ 1
ch:2 Emg—i-hw [fs Tica)

(i>2 (p™ - Aj(ra)) (P8 - AL (ra))
M7 kAR A (Eﬁg + hwk/)(Emg + hewy + hewyr)

|, LicaLiear) (7)

+( : )2 )3 Z(pmg'AkA(rA))(Pég'AiA(rA))\¢m,{0m}>

M p{meg) A Emg(Eqg + hey)
& A (ra) - Apy(ra)
2mC2 h(Uk + hwk/

P, Liialioar)
KA
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where the last term originates from the A?(r,) term of the interaction Hamiltonian (4),
treated at first order in perturbation theory being already a second-order quantity. The sums
over m and ¢ in Equations (6) and (7) are on a complete set of atomic states; due to the dipole
approximation, however, only states for which #8"(") £ 0 and p8"(¥) # 0 contribute.

Both expressions (6) and (7) show that the interacting, i.e., dressed, ground state
contains, at the second order in the atom-field coupling, admixtures of the bare ground state
with states containing one or two (virtual) photons and atomic excitations. The admixture of
the bare ground state |¢¢, {0, }) with one- and two-photon states in Equations (6) and (7),
i.e., the vacuum self-dressing process, can be physically described in terms of virtual transi-
tions occurring in the dressed ground state. Due to the counterrotating terms in the interac-
tion Hamiltonian, the atom can make a virtual transition to an excited state |¢;,;) by emitting
one photon of energy fiwy (as well as virtual processes involving two or more photons).
This non-energy-conserving process is regulated by the energy-time uncertainty relation:
the virtual state can live for a time interval of the order of At ~ 1/ AE = (wmg + wi) 7,
where AE = Epq + hwy = fi(wm ¢+ wy) is the energy unbalance in the virtual transition.
The more the energy of the virtual excited state of the atom and/or of the virtual photon
energy, the less the lifetime of the virtual state, and thus the lifetime of the virtual photon.
High frequency photons have a shorter lifetime and thus they are more localized around
the atom, compared to low-frequency virtual photons. This yields kind of a shell structure
of the virtual photon cloud around the atom, giving information, also at large distances, on
both its energy level structure and, in dynamical cases its internal structure [7,42]. These
considerations also signify that in the near zone, R < ¢/ mg, where R is the distance from
the atom and @,¢ is an appropriate average atomic transition frequency from the ground
state, the virtual photon cloud has a leading contribution from high-frequency virtual
photons; on the other hand, in the far zone, R > ¢/ Wmg, low-frequency photons give
the leading contribution to field observables. The presence of this dressing photon cloud,
and its distance dependence, can be observed through the change in field observables,
as we discuss in Section 3. Furthermore, the virtual photons present are responsible for
various observable effects, for example the Lamb shift [43] and the van der Waals and
Casimir-Polder intermolecular interactions [5,44].

The considerations given above make it quite reasonable that the ground-state field
fluctuations are modified by the presence of the atom with respect to those present in the
bare ground state of the field, as well as relevant atomic quantities are modified by the
interaction of the atom with the quantum electromagnetic field in the vacuum state.

Let us also mention that self-dressing processes can be particularly relevant in the
presence of a strong atom-field coupling or of resonances. This can occur, for example, when
an atom or in general a quantum emitter is inside a resonant cavity or a nanostructured
electromagnetic environment such as a photonic crystal. In such cases, there may be a
strong change (increase or decrease, according to the frequency) in the photonic density of
states compared to the unbounded space. As a consequence, a possible relevant increase of
the self-dressing processes in QED, condensed matter physics or circuit QED can occur. This
can also give a strong enhancement of related physical effects, such as the Lamb shift and
Casimir-Polder or resonance interatomic interactions, due to photons with frequency inside
a range with modified high density of states [45-48]. Furthermore, possible conversion of
virtual photons into real photons in the ultrastrong regime has been predicted [49-51].

3. Electric and Magnetic Field Fluctuations Around a Ground-State
Multilevel Atom

In this Section, we evaluate the average electric and magnetic field fluctuations around
the atom using the multipolar coupling Hamiltonian. Apart from a factor of 1/(87),
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(gl E*(x)

(g| B?(r)

(r)[1pg)

(r)[1pg)

these fluctuations coincide, respectively, with the average electric and magnetic energy
densities in the vacuum space around the atom in its dressed ground state (6). It can
immediately be seen that (¢ |E(r)|¢g) = (¢¢|B(r)[¢pg) = 0, so that the field fluctuations
coincide with the corresponding averaged squared field operators. At the second order,
using Equations (2), (3) and (6) one finds

[ﬂ § £ TA)] [ﬂgi fia(ra }

fia(0))? +2 £ v
Z\ ()] + ZkEN{ 1 (1) - fioy (x) (Eeg + o) (Eqg + i)

[yg ka(rA)} [y 8-£5,(ra) ©
+R <2ka(r) o (r) (Egg + hwp ) (hwy + hwy) )
lg . £ /(I' )] [”lg[ ' fk)\(rA)]
2 [ﬂ KA \TA
Z|gk)‘ ) z;k/\g’A/ {gk/\ 8w () (Egg + hewyr) (Egg + heo)
)

+R <2gk/\(r) i (1) [ﬂg ka(rA)] [”ég i (rA)} ) }
(Egg + hwy ) (hwy + hwy) ’
where t stands to denote the real part.

The expressions (8) and (9) are general, valid for any multilevel atomic system within
the dipole approximation and in the presence of perfectly conducting boundaries of ar-
bitrary shape, provided the appropriate mode functions fy, (r) and gy, (r) are used. In
the expressions (8) and (9), the energies of a complete set of atomic states are present. In
the following, we explicitly consider a non-relativistic one-electron atom, where fine and
hyperfine structures are sufficiently small to be neglected. However, specific cases—such as
transitions involving inner-shells electrons of atoms with high nuclear charge—may yield
non-negligible contributions to the energy levels and should be included. Such cases are
not considered in the current study.

We now specialize to the unbounded vacuum space. In this case, the mode
functions are

27thc? 1/2 .
A — A ik-r
(1) ( WV ) €xae
2 1/2 ‘
fk/\(r) _ l( N‘F;wk> ék/\elk.r/
[ 2mthw 172
g (r) = l( v k) bye™ (10)

where V is the quantization volume, &y, are polarization unit vectors (A = 1,2) with
k - &,y = 0, here assumed real without any loss of generality, and by, = k x &,.

The first term in both Equations (8) and (9) represents the bare position-independent
zero-point term (z.p.t.), present even in the absence of the atom and given by

27th 47th
Z|fk)\‘2 7 Zek)\ AWy = Vv Zwk =zpt.,
k
~ ~ 47th
Z|gk)x‘2 = Zbk/\ ‘brwy = —— Z‘Uk =zpt (11)
V 1%
kA kA k

Both of expressions in Equation (11), as is known, contain an ultraviolet divergence [3].
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The other terms on the right-hand side of Equations (8) and (9) are the modification
of the electric and magnetic field fluctuations, proportional to the electric and magnetic
energy densities, related to the presence of the ground-state atom.

Using the mode functions (10) and the polarization sum rules (A1), one obtains for
the renormalized fluctuations, i.e., the fluctuations obtained after subtraction of the bare
vacuum ones,

(g |E2 (1) |9g)r = (g E*(x) ) — zp.t.

27Th A , gﬁ /g
- z( - ) ;Ewkwk/ (855 — Fpks ) (045 — kL) W)
y efik-(rfrA))eik’-(rfrA) R zeik»(rfr/\))eik’-(rfr/\)
(Efg + hwk/) (Efg + hwk) (Egg + hwk/)(hwk + hwk/) !
mth gl ¢
WelB 0l = el 2 =2( 20 ) T nawepmerhibin
{ KK’

(13)

X

e—ik-(r—rA))eik’~(r—rA) N zeik'(r—rA))eik’-(r—rA)
(Egg + ey ) (Egg + icwy) (Egg + hewp ) (hewy + heyr)

where 6, is the Kronecker delta, €, is the Levi-Civita totally antisymmetric symbol and
the Einstein convention of repeated symbols is used.

In the continuum limit, Yy — V/(271)3 [57dkk? [dCy, setting R = r — r4 and per-
forming the angular integrations exploiting the relations (A2) and (A3), after some algebra
one obtains

2( 188 (w2 R R 1
(| EZ(x) [9hg)r nzi p Hy (V 5PS_VPVS> (V ‘5sq_vqu> RR
dk / K’ in(kR) sin(KR)|
Sy | o T ¢y TR e | SR SR
2 2 gt Zg RoR
<1/}g|B (r)|lpg>r epsueqsv Z,“‘ VuVo o5 RR
(15)

1 2
(kog + k) (kg + k) (kgg +K) (k+K)

x / dk / KKK
0 0

where ky; = Ey,/ (hic). In these expressions, two different variables R and R are introduced

sin(kR) sin(k’R)’ L

and, after the derivatives are taken, one must set R = R.

Equations (14) and (15) are general and valid at any distance from the atom outside
the atomic size, that is for distances sufficiently larger than the Bohr’s radius a¢. In both
Equations (14) and (15), the contribution from the first term in the square brackets is
factorized in k and k' and can be evaluated analytically, while the second term is not
factorized. We give here the approximated expressions valid in the near and far zones as
defined in Section 2. These two zones of space are defined with reference to the typical
length scale in the problem given by kg_gl. In the multilevel case considered here, this length

scale should be intended as an appropriate average of kZl over all atomic states ¢, similarly
to what is done in the Bethe nonrelativistic calculation of the Lamb shift [22,52].

Let us start with the electric field fluctuations (14).

In the near zone, R < k:gl, one may approximate k > kyg: thus, 1/[(kse + k) (kg +
k)] ~1/(kk') and 1/[(kgg + k') (k+ k)] = 1/[K (k +K')]. The double integral in the second
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1

term in the square brackets in Equation (14) above can be factorized by using the identity
Jo duexp(—u(k+k')) = (k+ k')~ After performing the integrals over k and k’, one finds

) R1 R1
WelE sl = S| (Vs = 9,9:) &) | (9300 - 9:%2) g 09
After some algebra, using the relations given in Appendix A, one finally obtains

1
<¢g|E2(1‘)|‘l’g>r = ;V%pﬂgg (6pq +3Rqu)R7 (17)

where R = R/R is the unit vector along the direction of R. The result (17) shows that in the
near zone the renormalized electric field fluctuations scale as R—°, and the fluctuations are
essentially given by the longitudinal field contribution (the transverse field contribution
is negligible at short distances, as indeed expected) [41]. Both one- and two-photon
components of the dressed ground state (6) contribute in this region.

In the far zone, R > kzgl, one may approximate k < kyg: thus, 1/[(kse + k) (kg +
K] ~ 1/k§g and 1/[(kgg + k') (k+k')] ~ 1/ [kgg(k+K')], and then
(9 E2(0) ) Dg”/g(v%s—v TANCONEL A AR
g g/t = 72 L.Hp Mg p P q 1) RR

« / "k / "K'
0 0

The spatial dependence obtained from the two terms in the square brackets inside

) (18)

. = . . D
k%g + kgg(k—l-k’) sinkR sink R’R:R

the k, k’-integrals in the second row of Equation (18) can be immediately obtained from a
dimensional analysis, and the dependences behave as R~ for the first term and as R~ for
the second term. Thus, in the far zone, the first term can be neglected. After some algebra
and using the relations given in Appendix A, one finally finds

2 1 H%gllsg N
(Y |E“(x)[1pg)r = Kig (136pq +7RpR) 27+ (19)

leading to a R~ decay law with the distance from the atom, faster than the R~® near-zone
case of Equation (17), due to retardation effects.

The expressions (16)-(19) obtained are valid for a generic multilevel atomic system and
highlight a decay law for the renormalized electric field fluctuations as R~° in the near zone
and R~7 in the far zone. Let us also note that, in the far zone, there is a proportionality to
the static polarizability of the atom: (as)pq =(2/¢c)Yy y§£y$g /k¢g. In this region, contrarily
to the near-zone region, the leading contribution comes from the two-photon component
of the dressed ground state (6). Electric field fluctuations in the far zone decay with the
distance faster than in the near zone, and this behavior is essentially due to the retardation
effects given by the transverse component of the electric field.

Let us now turn to the magnetic field fluctuations, starting from Equation (15) and
approximating it in the near and far zones.

In the near zone, R < k‘gl, which yields k > kgg, if the denominators in the square
brackets of Equation (15) were approximated at the zeroth order in k. /k as done for the
electric case in this Section just above, the explicit calculation shows that one gets zero
because the contributions from the two terms in the square brackets cancel each other.
Thus, one needs to consider the first order in k. /k, so to use

(keg + k) (kig +K) kK

1 kég k(g 1 1 k/g
<1 k k’)' (keg +K)(k+K) — K (k+K) (1 k’>' (20)
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After some algebra one obtains

<1/J|B2(1‘) |1/J>r 2 epsueqsv Z]/lp Hq kgngvzl} RR
(21)
x / dk/ dK’ [ L 2% [ GnkRsink'R|g_g
o Jo kK K(k+K) R=R
Factorizing the integrals over k and k’ in Equation (21) by using fooodu exp|[—u(k +
K')] = (k+k")~! as was done for the electric case above, exploiting the relations from
Appendix A, one finally finds

5 ¢ 1
(Y|B*(x)|9): = €psu€qsv2yp ngkggRuRUR . 22)
The result (22) yields a near-zone scaling of the renormalized magnetic field fluctua-
tions as R, different from the R~° scaling found for the near-zone electric field fluctuations

in Equation (17).
In the far zone, R > kfgl, onehask, k' <« kgg and Equation (15) can be approximated to

2 1
<¢|Bz(r) ) = epsueqsv Zﬂp Hq k/ngvzlzzﬁ

o0 00 2
x [ dk / Kk | — — — =
/0 Jo lk%g kig(k+K)

Using the relations from Appendix A and factorizing the k, k" as in the cases just above,

(23)
sinkRsink'R|z_z

one finally obtains

gl lg

7 Hp K
<¢|Bz( M) = epsueqsv; ’;{f; RuRvR (24)

Similarly to the electric case analyzed above in this Section, the far-zone magnetic
field fluctuations scale as R~7 and are proportional to the ground-state static (electric)
polarizability of the atom.

All expressions obtained up to now are valid for a generic multilevel atom when
one-electron virtual transitions are considered, and contain a sum over a complete set of
atomic states. If those states are referred to the simpler case of a two-level system consisting
of a ground state |g) with energy E; and an excited state |e) with energy E,, transition
frequency weg = ckeg = (Ee — Eg)/hc and a well-defined direction of the transition dipole
moment, for example, along the z-axis, from the expressions (17), (19), (22) and (24), one
recovers the earlier results in the literature [3,53,54]. One also recovers the earlier results
for the energy density of the virtual photon cloud obtained in the framework of relativistic
quantum field theory in the ground state of the hydrogen atom [55], as well as the results
obtained with different Hamiltonian schemes [41,56]; an extension to an excited atom can
be found in Ref. [57].

In the near zone, R < k;;1

eg » ONE Obtains

(Y| E2(r)|9)r = )2 (1+3cos 9) =% o
5 e :
(|B*(x)|y): = *§|]/l§ |2k(3g sin? Qﬁ’

where 0 is the angle between R and the z-axis, the latter aligned with the direction of the
atomic transition dipole moment.
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In the far zone, R > k;gl, one obtains
1| 1
2 _ 1Pz 2 -
WIE (1)) = 5 ™ (7+13608 6) =7
. (26)
Bl = L 2 L
27 ke R7"

The near- and far-zone expressions (25) and (26), respectively, for the two-level case
reveal also an angular dependence of the electric and magnetic field fluctuations with
respect to the transition dipole moment. In the case of a ground-state hydrogen atom,
however, we expect from symmetry considerations that the field fluctuations around the
atom to have a spherical symmetry, provided a sum over the relevant intermediate atomic
states (specifically, the sum over / in the previous expressions) is taken. Let us now address
explicitly this point.

In Equations (14) and (15), the sum over the atomic intermediate states |¢;) involves,
in general, all atomic states for which the matrix elements of a Cartesian component of
the dipole moment operator with the ground state |¢;) is not vanishing. These states
can be explicitly written in the form [¢p) = |¢um) = |Rp1)|Y]"), where n is the quantum
number determining the energy of the state (we use the same symbol for both discrete and
continuum states), and / and m are the orbital angular momentum quantum numbers, while
R,;(r) and Y} (8, ¢) are, respectively, the radial and angular (spherical harmonics) parts of
the atomic wavefunction. The bare atomic ground state is |¢¢) = [100) = |R10)|Y). Let
us point out that the atomic model considered here consists of a nonrelativistic spinless
one-electron atom and the atomic states identified by the quantum numbers 7, | and m
used constitute a basis set of the atomic Hamiltonian H,, as requested by the perturbative
expansion (6) for the dressed interacting ground state obtained in Section 2.

Due to the dipole approximation used here, dipole selection rules impose that only
intermediate atomic states with [ = 1 contribute. Thus, the sum over £ reduces to a sum over
n, that includes both discrete and continuum states, and over m = 0, 1, while [ is fixed to
1. Given n, the contribution of a single state with a specific value of m, that specifies the z
component of the orbital angular momentum, gives a contribution to the field fluctuations
that depends also on the polar angles, as was seen in the two-level case in this Section.
However, it is straightforward to show that when the sum is taken over the three allowed
values of m, the result is spherically symmetric and the angular dependence disappears, also
yielding a more compact expression. Let us first apply these considerations to the general
expressions (14) and (15), for the electric and magnetic field fluctuations and then in more
detail for the approximations (19) and (24), in the near and far zones. The indices p and g in
the expressions (19) and (24) represent Cartesian components: p, g = x, , z; concerning the
sum over the magnetic quantum number , it is more convenient to change basis for the
spherical harmonics, introducing a new orthonormal basis set in the subspace with | = 1:
¥ = (Y, =Y /V2, Y] =iyt + Y] /V2, YE = YD, so that pyy. = p/Ar/3Y]VE
Thus, one straightforwardly obtains

1
Y Aproolptp|Pnim) (Pum|pgldr00) = §|<R10|H|Rn1>|25pq- (27)

m=x,y,z
Substituting Equation (27) into Equation (19) and (24) and using the relations (A7) and (AS8),
it can be shown that the summation over m yields, as expected, a dependence of the

expressions (19) and (24) only on R but not on spherical angles. We give here only the
final results in the near- and far-zone limits, starting from the results (17) and (19) for the
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electric component and the results (22) and (24) for the magnetic component. After some
straightforward algebra, one gets

(YIE*(x)[y): = 2;|(R10|VR711>|2£6 (near zone),

23 o | (Raolu| R} 2 1 2%
2 — 22y NMO0IFRal/ ] 2
(IE=(1)|)r = e ; ko R (far zone)
for the electric field fluctuations, and
2 5 2 1
(WIB(5) 9 = =3 Y (RuollRur) P o5 - (near zone),
' 29)

(P|B*(r) ) = —;ZW; (far zone)

n
for the magnetic field fluctuations (here, 4 = |p|). In the expressions (28) and (29), the sum
over n, as already stated, includes both the discrete and continuous parts of the energy
spectrum of the atom.

The field fluctuations (28) and (29) extend over a large distance from the atom, and
these fluctuations can be detected through their interaction with an electrically or mag-
netically polarizable body, an atom or a molecule, for example, placed at some distance
from the atom: this interaction energy is indeed the van der Waals or Casimir-Polder
interaction between atoms/molecules [3,22]. This gives a direct and transparent physical
interpretation to the origin of such quantum interactions between atoms or molecules.

Thus, the electric and magnetic field fluctuations are directly observable through
the intermolecular van der Waals and Casimir-Polder interactions, that is long-range
dispersion interactions between neutral atoms or molecules placed at distances larger than
the typical distance of electron wavefunctions overlap, typically at a distance larger than a
few nanometers. For example, if a second (test) isotropic atom is placed in the space around
our (source) atom in the far zone, when the distance between those (test and source) atoms
Ris larger than k;gl and low-frequency virtual photons are involved in the renormalized
field fluctuations, the test atom responds to electric and magnetic fluctuations through its
static electric and magnetic polarizability, a% and a¥!, respectively, yielding an interaction
energy given by [3,5,22,41,58,59]

1 23hc afak
AE(Ef% = _5“%<¢|E2(r)|¢>r = _H 114{7T ’
_ Theafalt
47 RV

(30)

1
AEEN = — Sl (p[B2() )

where the far-zone expressions of (28) and (29) are used and the static ground-state electric
polarizability of atom A, af = 2/(3hc) T, w, is introduced. The expressions
in Equation (30) coincide with the Casimir—Polde}; interaction between the two atoms as
obtained from fourth-order perturbation theory [39,60]. An analogous relationship exists
in the near zone too, even being more complicated because the dynamical polarizability
of the test atom, ar(w), involved , as well as an integration over the frequency w, since
high-frequency virtual photons play a main role in this case [61,62]. Furthermore, to stress
is that the non-additive three-body Casimir-Polder dispersion interaction allows to probe
other properties of dressed vacuum-field fluctuations and field energy densities. Actually,
if one considers the self-dressing of two atoms, kind of an interference effect is obtained at
the fourth order in the atom-field coupling, yielding a sixth-order three-body component
of the Casimir-Polder interaction energy between the two atoms and a third test atom [63].
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All this shows relevant indirect methods to measure dressed field fluctuations around a
quantum emitter; at the end of this Section we discuss direct experimental ways to measure
such fluctuations as well as their spatial correlations.

Another essential consequence of the self-dressing of an atom is the change in vacuum
field correlations. In the bare vacuum state, i.e., in the absence of any field source, equal-
time vacuum field correlations are spatially correlated. For example, in the unbounded
space, for the equal-time spatial correlation of the electric field, using Equations (2) and (A2)
one has [17,64]

27mh Aa\ 4hc Aa 1
({0 HEi(x, £)Ej(x', 1) {0ia }) = = Y wi (51']' - kikj>elkR = ——(8;j — 2RiR;) (31)
K

T R4’

where R = r — r’. Equation (31) shows that quantum vacuum fluctuations have relevant
nonlocal features and vacuum field correlations scale as R~* with the distance. This is
quite an essential point with a fundamental interest, also in view of the recent experimental
measurements of vacuum fluctuations and their correlations including the nonlocal proper-
ties of vacuum field correlations, exploiting electro-optic sampling techniques [65-68]. The
presence of such vacuum field correlations is directly related to two-body dispersion inter-
actions between atoms or molecules because such field correlations induce and correlate
dipole moments in them [69-72].

In the presence of the atom, also vacuum field correlations are modified. A direct
calculation shows that, in the unbounded space [64],

(s | Ei(0)Ej () [g)r = (g |Ei(x) Ej (') [thg) — ({Oua }Ei(x, ) Ej(x', £)[{Oxa })

R R

_ % ;yﬁfyf,g (—V265i+VgVi) (V234 V,V)) %f[kgg(R wry, 2
where R = r—ry, R = ¥ —r4 and f(z) = ci(z)sin(z) — si(z) cos(z) is the auxiliary
function of the sine and cosine integral functions, si(z) and ci(z), respectively, [73]. In the
far zone, thatis R, R' > ¢/wyg, one has f(wye(R+ R')/c) = (wee (R + R’)/c)~1 [73]; thus, the
renormalized field correlation (32) asymptotically scales with the seventh inverse power of
the distance from the atom A. Such R~7 distance scaling should be compared with the R~*
scaling of the bare vacuum field correlation (31). This scaling can be related to the distance
dependence in the far zone of the three-body component of the dispersion Casimir-Polder
interaction energy between three-atoms [64,74,75]; in other words, three-body Casimir—
Polder interactions allow probing the change in spatial vacuum field correlations due
to the presence of a polarizable body such as an atom or a molecule or, in general, a
polarizable body.

It is worthwhile noticing from the equations obtained, specifically from Equations (28) and (29),
that, in both the near and far zones, the renormalized field fluctuations (or, equivalently, the
related field energy densities) obtained in this Section are positive for the electric part while
is negative for the magnetic part. This signifies that the presence of the atom increases the
electric field fluctuations and decreases the magnetic field fluctuations, with respect to those
fluctuations present even in the absence of any field source and given by Equation (11).
This feature, in our opinion, is an essential point to stress, since it shows that neglecting
the (spatially uniform) zero-point terms would yield a negative value of (i¢|B?(r)|ipg).
In other words, if the bare vacuum fluctuations were eliminated, for example, using a
normal ordering of the field operators [76,77], a negative energy density of the magnetic
field would be obtained when an electric dipolar field source is present. This feature would
be quite unsatisfactory from a physical point of view, supporting the importance and reality
of quantum zero-point field fluctuations in the vacuum space, even if it has been shown
that the Casimir effect and Casimir-Polder interactions, often considered as a proof of the
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existence of vacuum fluctuations, can be indeed obtained also without mentioning the
vacuum energy [78].

Finally, let us mention recent measurement setups for a direct measure of vacuum
field fluctuations and their correlations, in addition to their indirect measurement through
dispersion interactions as already mentioned in this Section. These experimental tech-
niques, based on femtosecond electro-optic detection in a cryogenic nonlinear crystal, have
allowed to measure the fluctuating electric vacuum field in the free space in the Terahertz
frequency range and its temporal and spatial coherence [65,66,79]. Furthermore, possibility
of using electric-optic sampling experiments for separately probing vacuum and source
field fluctuations has been recently proposed in the literature [68,80]. These techniques
could also possibly be exploited to directly measure the changes in the vacuum fluctuations
and their spatial correlations due to the presence of an atom or a generic quantum emitter,
as investigated in this paper.

4. Effect of the Self-Dressing on Atomic Observables

In Section 3, we analyzed in detail the effects of the ground-state self-dressing of the
atom, that is that it continuously emits and reabsorbs virtual photons, on field quantities,
namely electric and magnetic field fluctuations and energy densities in the space around
the atom, and on equal-time spatial correlations of the electric field.

In this Section, we discuss some aspects of how the virtual processes leading to the
ground-state dressing photon cloud affect atomic observables. One of them is, certainly,
an energy shift leading, after mass renormalization, to the Lamb shift [3,43,52]. A new
aspect that we investigate here is the change in the average atomic radius due to the
virtual processes when the virtual photon is emitted, and the consequent change in average
value of the electron-nucleus potential energy. Actually, during such virtual processes,
the atom goes to an excited state that has an average radius larger than that in the ground
state. Even if this virtual excited state lives for a short time according to the time—energy
uncertainty relation, we expect that the average dimension of the electronic structure of the
dressed atom should be larger than that of the bare atom. This is also truly consistent with
the known Welton interpretation of the Lamb shift, ascribed to a change in the average
electron—nucleus electrostatic energy due to the fluctuating motion of the electron caused
by its interaction with the electric vacuum fluctuations [81-83].

In the present calculation, it is more convenient to work in the minimal coupling
scheme and we use the dressed ground state (7) in the dipole approximation.

We now evaluate the average value of the operator r7, where r is the distance of the
electron from the atomic nucleus, on the dressed ground state (7). We expect it should be
different than that on the bare ground state, due to the possibility of virtual transitions of
the atom to an excited state. One obtains

A (ra))?
(Plr|s) = [1—(,%) W;% kg{‘:k)/* ]«vgr 9g) "
- Aga(ra)) (P AL (1))

+ (mc) (hic)? ZE (kprg + k) (kg + k) (e |rT|¢e) -

00" kA

Using the known relation between atomic matrix elements of the position r and of the
momentum p, pf” = imcky, rf” (the subscript j indicates the Cartesian component), in the
unbounded space where the mode functions Ay, are given by Equation (10), one finds
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- - 2762 |@xa - s’ zk%
rl =1|1- S
<¢g| |¢g> [ eV ;% k(kzg-i—k)z

ory 180 ) (6, - 18 ,
IO >kégk“<¢g/|ﬂ|¢/>.
k(kg/g—Fk)(kgg—f‘k) ’

(Pg|rT1¢g)

(34)

27te?

+ hicV %%

Equation (34) shows that the virtual processes of emission/absorption of photons

continuously occurring in the dressed ground state of the interacting system also yield

a change in the average value of 77, compared to that in the bare ground state |¢g). A

thorough evaluation of this change, that involves the summation over all intermediate

atomic states, and its precise relation with the already mentioned Welton model for the

ground-state Lamb shift of the hydrogen atom will be a subject of future work. Here,

let us only stress some relevant conceptual aspects obtained exploiting some reasonable

approximations. In particular, including only the contribution of intermediate atomic levels
with principal quantum number # = 2, one obtains

- - 27e? |8n - 187 2K3,
(Pelr|pg) ~ |1— — 5 | (R1o|7|R10)
$ ¢ heV o i k(kar +k)? )
27e? |€xn - rg’”|2k%1

+

(Ra1|r7|Ra1),
hcV m:;,:tl T k(k21 -+ k)Z

where 18" = ($100|t|¢p21m). From Equation (35), one concludes that the expectation value
of 71 in the dressed ground state is larger than in the bare ground state. For example,
for the significant cases ¢ = 1 and g = 2 of a hydrogen atom, one has: (Ryg|*|R19) =
3a9/2, (Ro1|7|Ra1) = 5ag, (Rig|r?|Ryo) = 3a%, (Ry1|r*|Ry1) = 306%, where ag is the Bohr’s
radius [84]. Substitution into Equation (35) immediately yields

(Pglrlpg) > (pr00lrIPr00) ,  (PglrPg) > (Proolr*Iproo) , (36)

showing an increase of the average atomic size due to the virtual excitation processes
resulting from its ground-state self-dressing.

Moreover, (Ryg|r '|Ryp) = a,' and (Ryi|r~!|Ry) = (4ag)~! [84]: thus, the
result (35) immediately yields that the (negative) average value of the electron-nucleus
potential energy V (r) = —e?/r in the dressed ground state is larger than in the bare ground
state, yielding a positive contribution to the ground-state energy shift, well consistent with
the Welton model and interpretation for the ground-state Lamb shift [11,81],

(e V() lihg) = _€2<1/~’g|%|1/7g> > (b100V (r)[P100) - (37)

The summation over k in Equation (35), and present in the potential energy shift (37),
can be straightforwardly evaluated in the continuum limit, V' — oco. After polarization
sum evaluated using Equation (A1) and angular integration, the integrand over k scales
at high frequencies as k1, yielding a logarithmic ultraviolet divergence in the integration
upper limit, that can be cured with a nonrelativistic ultraviolet wavenumber cutoff at
ky ~ mc?/ (hc). Taking into account kys >> kyq, one obtains

b s R ) .
Vk/\ k(k21 +k)2 372 ko1

Therefore, the shift in the average value of V (r) in the dressed ground state has only a
logarithmic ultraviolet divergence, with no need for renormalization (actually, there is no
linearly divergent term in (V (7)), as also found in the Welton model [81]). This seems to
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be related to the fact that nonrelativistic linearly diverging terms appear in the electron’s
kinetic energy only [22,52].

The new results obtained in this Section quantitatively show, as expected from a
qualitative physical basis, that the virtual processes due to the counterrotating terms in
the Hamiltonian change atomic quantities such as, for example, the electron-nucleus
average distance and the average squared distance, as well as the average potential en-
ergy of the electron in the nuclear electric field. This gives a quantitative and funda-
mental quantum basis to the Welton interpretation of the ground-state Lamb shift of an
hydrogen atom [22,81,85]. The original Welton interpretation of the Lamb shift is based on
(bare) vacuum fluctuation of the quantum electromagnetic field, that yields a fluctuating
motion of the atomic electron, evaluated classically, which adds to its orbital motion. The
Lamb shift is then obtained from the consequent change in the average electron’s potential
energy in the nucleus Coulomb field. In the case considered here, the fluctuating motion
of the electron is related to quantum processes due to interaction of the electron with the
transverse radiation field (specifically, virtual transitions from ground to excited states),
and thus it is entirely obtained from quantum mechanical considerations. We will address
this point in more detail, including the summation over all intermediate atomic states, in a
future study.

5. Conclusions

In this paper, we have examined the self-dressing of a multilevel atom, such as a hydro-
gen atom, interacting with the quantum electromagnetic field within dipole approximation,
in the interacting ground state of the atom. We have evaluated the dressed ground state
of the atom up to the second order in perturbation theory, both in the minimal and in the
multipolar coupling schemes, and assessed several relevant field and atomic quantities. We
have first investigated the modifications in the quantum fluctuations of the electric and
magnetic fields around the atom, relative to the bare field fluctuations present in the bare
vacuum state. General expressions are obtained, valid at any distance greater than the Bohr
radius; we then have approximated those expressions in the so-called near (nonretarded)
and far (retarded) zones. We have discussed the distance scaling of the formulas obtained,
stressing that the presence of the atom enhances electric field fluctuations and reduces
magnetic field fluctuations, with respect to the fluctuations present in the bare field vacuum
state. We have also discussed the observability of such renormalized field fluctuations
through dispersion (van der Waals and Casimir-Polder) interactions. Furthermore, we
have investigated the structure of the equal-time spatial correlations of the electric field
in the dressed ground state and discussed nonlocal features of the correlations and their
direct connection with non-additive three-body Casimir-Polder interactions.

Finally, we have explored the influence of self-dressing on atomic observables, such
as the average electron-nucleus distance and the average squared distance, as well as the
change in average potential energy of the atomic electron in the nuclear electric field. These
changes, driven by virtual processes related to the self-dressing, enabled us to provide a
fundamental quantum basis for the Welton interpretation of the ground-state Lamb shift of
the hydrogen atom, framed in terms of atomic self-dressing mechanisms.
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Appendix A

We list here some helpful formulas for handling polarization sums and angular inte-
grations, often used in this paper [3,23,39].
Polarization sums:

Z(ék/\)m(él*(/\)n = Z(Bk/\>m (61*(/\>n = (Smn - lA(mkn/

A A

Y(e)n(bia) = emnks (A1)

A

where &y, are polarization unit vectors (A = 1,2), orthogonal to each other and to the

wavevector k, by, = k x &y, 6 is the Kronecker delta, €,,,; is the Levi-Civita totally

antisymmetric symbol, and the Einstein convention of repeated symbols has been used.
Angular integrations:

. / ‘ 4 kR
/ A ke R = 2V / Ay =k R — 2GR sm% ), (A2)
/ A0 (S — R )R = —p(aémv — V() / A0 e kR
(A3)
Rsin(kR)
— 2
A

where the superscript R indicates the variable with respect to which the derivatives
are taken.
Other helpful formulas, used in this paper:

2
Vif(R) = sz;(R), VZf(R):%dZ§)+d;1§f)’
1d LA 1d a2f(
VIIIR) =i ];(R)Min(_R ];(R c{RZ ) (A4)

(= V285 + ViV)) f(R) = (=0 Rﬁ);d{g(lg) (=0 + RiRy) deZ /

where i, j indicate Cartesian components and the unit vector R = R/R is introduced.
Specific cases are:
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A& <s1nkR> %smkR

kR
sinkR . (coskR sinkR
Vf( kR ):Rf'(R_kRZ)’ (A5)
sinkR coskR sinkR PN ksinkR coskR sinkR
Vivf( kR )_‘S"( RZ kR >+R'R'(_ R R OIS )

From Equation (A5), one then obtains

(Vzéi]- — ViV, ) smkR = /d —kik: ) otk R

coskR  sinkR
kZRZ2 k3R

sinkR (A6)

= —k? {(5,-]- - Riﬁj)ikR

+ (5 _3RR)) <
Finally, for a generic regular function f (k) of k = |k|, one finds the following relations:

Aa 1 © 1
+ik-R _ R - :
Ek f(k)( kk) = —Zﬂle]/O dkkf(k) sinkR,

(A7)
(V205 - Viv)) " | & [ 2f@)sinkR| = DE [“dk f(k)sinkR
ij iVj R Jo k = i 0 k ’
where the differential operator
1 s 02 savf(1 10
R_ _3R: -
Dl]_R{((s R+ (0 3RR)<R2 RaRﬂ (A8)

is defined acting on the coordinate R.
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