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Abstract: We study a Dirichlet y-parametric differential problem driven by a variable
competing exponent operator, given by the sum of a negative p-Laplace differential
operator and a positive g-Laplace differential operator, with a multivalued reaction term in
the sense of a Clarke subdifferential. The parameter i € R makes it possible to distinguish
between the cases of an elliptic principal operator (1 < 0) and a non-elliptic principal
operator (1 > 0). We focus on the well-posedness of the problem in variable exponent
Sobolev spaces, starting with energy functional analysis. Using a Galerkin approach with a
priori estimate and embedding results, we show that the functional associated with the
problem is coercive; hence, we prove the existence of generalized and weak solutions.
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1. Introduction
Let O C RN (N > 2) be a bounded domain with a smooth boundary 0Q. In this paper
we study a Dirichlet y-parametric differential inclusion of the form
=Dy (X) + pAyyu(x) € 9F(u) inQ, ul,y =0. (1)
In this problem, the principal operator is given by the sum of the negative p-Laplace

differential operator —A,ju = —div (|Vu|P®=2vy) for all u € Wg’p(x)(()) and the

positive g-Laplace differential operator A, yu = div (|Vul (0)=27y) forallu € Wé’q(x) (Q),
weighted by the parameter y € R. This parameter separates the case of an elliptic principal
operator (4 < 0) and the case of a non-elliptic principal operator (¥ > 0). Further, we

involve in the analysis the variable exponents p, g € C(Q)) under the assumptions
1<q = infq(x) <q(x) <q" =supq(x)
xeQ) xeQ)
<p~ = inf p(x) < p(x) < p* =sup p(x) < +oo.

xeQ) xeQ)

On the right-hand side of the inclusion in (1), we consider the generalized gradient
(Clarke subdifferential) oF of a locally Lipschitz function F : R — R, and we denote with F°
its generalized directional derivative. The basic assumption on the data is given as follows:
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Hp: there exist positive constants ¢, ¢ > 0 with Ep*CZ: < p~ (see (6) for more information
about the constant Cp- > 0), such that

z| <c+c|tP ! forallt € Randz € F(t).

Based on Clarke’s subdifferentiation theory (see Clarke [1]) for locally Lipschitz func-
tions, in (1), we retrieve the following hemivariational inequality

(=B u(x), h(x)) + p(Dgryu(x), h(x)) < /Q F?(u(x); h(x))dx 2

forallh € Wé’p ) (Q)), where the brackets (-, -) refer to the duality between the Banach
spaces Wé’p (=) (Q) and (W&’p ) (Q)))* introduced in the next section; see also Motreanu [2]
for the case of constant exponents p and 4. Such an inequality has relevant applications
in the context of contact mechanics, and the corresponding theory was developed by
Chang [3] and Panagiotopoulos [4]; see also the comprehensive monographies by Carl-
Le-Motreanu [5], Motreanu-Panagiotopoulos [6] and Sofonea-Migorski [7]. Turning to the
principal operator, for the elliptic case, we recall that the classical operator of the form
—Ap — Ay was studied by Faria et al. [8] and Zeng-Papageorgiou [9], in the case of positive
solutions to Dirichlet differential equations. In detail, [8] follows a strategy based on a
Schauder basis of W& 7(Q) (constant exponent Sobolev space), and the result is concluded
by using a suitable version of strong maximum principle. In [9], the authors use the Leray-
Schauder alternative principle in combination with the frozen variable method to control a
right-hand side depending on the gradient. Albalawi et al. [10] considered the operator
—Ap(x) — HBy(x), Obtaining the existence, uniqueness and asymptotic behavior of weak
solutions, as the parameter y > 0 varies. The strategy is based on the use of the surjectivity
theorem for pseudomonotone operators in Banach spaces. An interesting generalization
of this class of problems is when we assume that y is a function; this way, we cover the
case of the double-phase operator —A, — p(x)A,. Regarding this situation, using a similar
approach to that employed in [10], we mention the work by Gasifiski-Winkert [11] for the
constant exponents p and g, and the very recent work by Vetro-Winkert [12] for the variable
exponents p and g, where an additional logarithmic term is also considered. We remark
that double-phase-type operators show strongly non-uniform ellipticity at the points where
the function y(-) is zero; see also the regularity theory in Ragusa-Tachikawa [13]. For the
case of a non-elliptic operator, we refer to the studies by Liu et al. [14] involving both
the operators —A, + uA; and —A, + p(—A4);, where s € (0,1). The authors focus on
a unifying approach mainly based on Ekeland’s variational principle, together with an
approximation process involving a Galerkin basis of Wé’p(Q). A key difference among
the contributions mentioned above is that in the case of an elliptic principal operator, the
authors establish existence results for weak solutions, in a classical sense. Conversely, in the
case of a non-elliptic principal operator, the authors need to pose a notion of a suitable
generalized solution. This is because the principal operator is not monotone; hence, the
known methods to establish weak solutions (for example, the Minty—Browder surjectivity
result for monotone-type operators) fail to account for such an operator. So, the notion
of a generalized solution (see Definition 1 below) is a way to weaken the monotonicity
requirement by dealing with a type of solution that can be constructed as a weak limit of a
suitable minimizing sequence in finite-dimensional spaces. This finding depicts a strategy
based on an approximation procedure, instead of on the solution of functional equations.
The link between the two notions of solutions is properly discussed and commented on
in the recent works by Motreanu [15] (constant exponent setting) and Vetro [16] (variable
exponent setting). In addition, Ref. [16] considers a single operator —A,,(,) weighted by a
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non-local Kirchhoff-type term and with variable exponent p € C(Q)); see also the references
cited therein. Now, we follow a similar research direction with respect to the principal
operator in (1) and obtain information about the existence of both weak solutions and gen-
eralized solutions to certain classes of differential inclusions. The corresponding constant
exponent case is studied by Motreanu [15] (see also Liu et al. [14]) and, as mentioned above,
is motivated by the hemivariational inequality context.

In this paper, we consider the following definitions of solutions to problem (1).

Definition 1. We say that a function u € W&’p (x) (Q) is a generalized solution to problem (1) if

we can find a sequence {un } en C W(}’Mx) (Q) satisfying

G) uy, > uin Wé’p(x)(ﬂ), asn — +oo;

(i) —Dp(x)iin + UDg(x)Un — Zn 2 0in (W&’p<x>(0))*,as n — +oo, with z, € (W&’p(x)(()))*
and z, € oF (uy) a.e. in C);

(iii)  (—Dp(x)tn + Plg(xytin, tin — u) — 0,45 1 — +00.

Now, to provide a notion of a weak solution to problem (1), we need to refer to the
hemivariational inequality given in (2).

Definition 2. We say that a function u € Wé’p(x) (Q)) is a weak solution to problem (1) if it solves
the inequality (2).

In summary, the first goal of this paper is to establish the existence of a generalized
solution to Dirichlet y-parametric differential inclusion, problem (1), in a general case when
# € R, by employing the subdifferentiability theory of locally Lipschitz functions and the
theory of local minimizers for functionals. The second goal of the paper is to obtain the
existence of a weak solution to problem (1) in a case where u < 0, by using the theory of
operators of the monotone type. To the best of our knowledge, this is the first study that
considers the variable exponent setting together with an elliptic/non-elliptic differential
operator and a multivalued reaction linked to a hemivariational inequality (2). We remark
that the main difficulty to overcome is obtaining the boundedness of the energy functional
(hence, to obtain the coercivity); for this, we use the crucial inequality p~ > " (see the
brief discussion in Section 6). The contributions of the paper can be stated as follows.

Theorem 1. If the growth condition Hf holds, then for all y € R, problem (1) admits at least a
generalized solution u € W&’p (x) (Q).

Theorem 2. If the growth condition Hr holds, then for all u < 0, every generalized solution to
problem (1) is a weak solution.

These results are obtained by combining the following:

* A priori estimate and embedding results in the Sobolev space Wé’p ) (Q)) (solution space).

e Construction of the sequence {uy },en C Wé’p *) (Q) (see Definition 1) in a Galerkin
context (approximation procedure).

*  Analysis of the energy functional associated with (1) (well-posedness and regularity
properties).

The paper is structured as follows. Section 2 collects background material including
variable Lebesgue and Sobolev spaces, and nonsmooth analysis. In Section 3, we first
introduce the energy functional associated with problem (1) and then examine its properties.
In Section 4, we give the proofs of our existence theorems. Finally in Section 5 we show
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how problem (1) simplifies in the case of continuous data or in the case of a single-valued
reaction term. Section 6 provides some concluding remarks.

2. Preliminaries

The study of problem (1) needs the use of variable Lebesgue and Sobolev spaces. A com-
prehensive analysis of these spaces is given in the monography by Diening et al. [17]; see
also Radulescu and Repovs [18]. Let B; = {p € C(Q):1<p } and M(Q) = {u : O —
R be measurable}; hence, we introduce the variable Lebesgue space LP*) (Q)) given by

L (Q) = {u e M(Q) : / u(x)|PWdx < +oo}.
Q
As usual, we endow the space with the Luxemburg norm

1l = {2 > 0: 0y (5) < 1,

where by
0y (1) 1= /Q u(x)[PPdx  forallu € LX) (QQ), 3)

we mean the modular function. So, we recall that the space LP(*)(Q)) is a separable and
reflexive Banach space. The dual space (LP(*)(Q)))* is denoted by L' (¥)((0), where p’ € B
is the Holder conjugate exponent to p € By, namely p/'(x) = p(x)/(p(x) — 1), for any
x € Q. Then, we have the Holder-type inequality

1 1
bl < (5 e Yl ) < 20l

foru € LP™(Q) and h € LP' %) (Q). I py, pr € By with p1(x) > pa(x) forall x € O, then
L) (Q) «— LP2()(Q) is a continuous embedding. Given p € By and using LP(*¥) (Q)), we
can introduce the variable Sobolev space

WPEN(Q) := {u e LPO(Q) : |Vu| € LPM(Q)}.
We endow this space with the norm

”””l,p(x) = H”Hp(x) + Hv”Hp(x)r

where we set |[Vul|,x) = [[|Vul[[,(x), and Vu is the weak gradient of u. If p € By, then

we obtain the anisotropic Sobolev space W&’p ) Q) = Cg“(Q)l"Hl’p ™) We know that the

Sobolev spaces W7(*¥) (Q)) and Wg’p ) (Q)) are separable and uniformly convex (hence,
reflexive) Banach spaces. Also, for some constant Cp > 0, we have the following version of
Poincaré inequality:

1]l () < CllVull ) for all u € W™ (). )
Consequently, on Wé’p(x) (Q)), we can use the norm
| = |Vl ) for all u € Wy (),

The norm | - ||,y and the modular function p,,,(-) (see (3)) are closely related by the
following proposition.
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Proposition 1 ([19], Theorem 1.3). If p € By and u € LPX)(Q), then the following hold:
@) ullpp <1(=1 >1) S p,u) <1(=1,>1)

.o . - +

@) i ully) > 1, then [l ) < pyce)(0) < 1l

e . + -
(i) if 1l ey < 1, then ],y < ppioy () < [lul]7 -
According to Proposition 1, we deduce that

n _
||u||5(x) +12> ) (1) > Hu||5(x) —1 forallu € LPM(Q). (5)

Given p € Bj, we introduce the critical Sobolev exponent p* corresponding to p
as follows:

p*(x) = ¢ NP ifp(x) " forall x € Q).
+oo if N < p(x),

The following anisotropic embedding result holds true.

Proposition 2. If p,a € By witha(x) < p*(x) forall x € Q, then the embedding W&’p(x)(()) —
LX) (Q)) is compact.

According to Proposition 2, we can find a constant C, > 0 satisfying the inequality
1,
il o) < Call Vel ) for all u € WP (). ©6)

Next we introduce the operator —A W&’p *) Q) — (W&’p () (Q2))* defined by

p(x)

(— Ayt h) = /Q V()P0 -2V (x) - Vh(x)dx forall u,h € WP (Q),
and the operator A : W(}’q(x) Q) — (W&'q(x)(Q))* defined by
(Dyiayu, 1) = — /Q IVu(x) 12V u(x) - Vh(x)dx forall u,h € Wy ™™ (Q).

Both operators —A,(,) and Ay, (resp. the negative p-Laplace differential operator
and the positive g-Laplace differential operator) are bounded (i.e., bounded sets are mapped
to bounded sets)and continuous. Further, —A ;) and —A () are strictly monotone and
of type (S). (i.e., for the negative p-Laplace differential operator, if 1, — u in Wg’p(x) (Q)
and limsupn%Ho(—Ap(x)un,un —u) <0,then u, — uin W&’p(x)(())).

Now, we need some notions from nonsmooth critical point theory; see, for example,
Gasiniski-Papageorgiou [20] and Chang [3].

Let X be a Banach space and X* its topological dual. So, a function i : X — Ris locally
Lipschitz if for every u € X, we can find an open neighborhood U of u and a constant
Cy > 0 satisfying

[p(x) = ()| < Cullx —y[| forallx,y € U.

We know that every continuous convex function ¢ : X — R is locally Lipschitz.
Now, for a locally Lipschitz function ¢ : X — R, we introduce the generalized directional
derivative at # € X in the direction h € X given by

P+ th) = p(x)
t

¢°(u; h) = limsup

x—u,tl0
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So, h — ¢°(u; h) is convex and sublinear continuous, and hence, according to the
Hahn-Banach theorem, one can introduce the set

oP(u) ={u* € X*: (u*,h) <y°(u;h), forallh € X},

where by (-,-), we mean the duality brackets for the pair (X, X*). The multifunction
u — 9P (u) is the Clarke subdifferential of 1(-). We remark that if ¢ € C!(X), then the
function ¢ : X — R is locally Lipschitz with oy (u) = {¢'(u)} for all u € X. For a locally
Lipschitz ¢(-), we say that u € X is a critical point whenever 0 € dyp(u).

The following proposition summarizes the most important properties of the general-
ized directional derivative and the Clarke subdifferential for locally Lipschitz functions.

Proposition 3. Assume that ,¢ : X — R are locally Lipschitz functions at u € X. Then, the
following are true:

(P1) The function h — ¢°(u; h) is finite, positively homogeneous, subadditive, and satisfies
|9°(u; h)| < k|\h|| forallh € X,

where k is the locally Lipschitz constant of 1.
(P2) (y+¢)°(w;h) < ¢°(u; h) + ¢°(u; h).

(P3) The sum rules are as follows:

I+ ) (u) Cop(u) +9p(u).

(P4) For every o € R, one has (ap)°(u; h) = ayp®(u; h), and hence, 0(ap) (u) = adp(u).

(P5) If ¢ has a local minimum or maximum at u € X, then 0 € 0y (u).

(P6) The Clarke subdifferential 01 (u) is a nonempty, convex, weak*-compact subset of X*.

(P7) If {un }pen and {n }nen are two sequences in X and X*, respectively, such that {,, € op(uy)
and u, — uin X and {,, , g, then we have { € oy(u).

(P8) Mean-value theorem: If ¢ is locally Lipschitz on an open neighborhood containing the segment
[u, v], then there exist w € (u,v) and { € oY (w), satisfying

p(0) —p(u) = ({0 —u).

Finally, in the existence result, we will use the Galerkin basis of the anisotropic Sobolev
space Wé’p ) (Q) (recall that Wé’p () (Q)) is a separable Banach space). So, let us introduce
this notion as follows.

Definition 3. We say that a sequence { X, },en of vector subspaces of W&’p (x) (Q)) is a Galerkin
basis of Wé’p =) (Q)) if the following conditions hold:

(i) dim(X,) < +ooforalln € N;

(i) Xp C Xyqqforalln e N;

(i) U, %, = W, 7™ ().

3. Energy Functional Analysis

Since we have discussed the framework space in the previous section, now, we intro-
duce the energy functional | : W& P (Q)) — R associated with problem (1), and follow a
variational approach to show its properties. More precisely, we define the functional

](u):/Qp(1x>|Vu|p(x)dx—y/Qq(lx)|Vuq(x)dx—/QF(u(x))dx @)
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forallu € Wg’p (x) (Q). To apply our strategy, we need the functional ¥ : LP™*) (Q) — R
defined by

¥ (1) :/QF(u(x))dx forall u € LPV)(Q) ®)

to be Lipschitz continuous on the bounded subsets of LP(¥)(Q). So, we note that ¥ :
LP¥)(Q) — R given in (8) is Lipschitz on the bounded subsets of LP(¥)(Q) whenever
F : R — Ris alocally Lipschitz function satisfying the growth condition Hr. This way, ¥ (-)

has a well-defined Clarke subdifferential 0¥ : LF(*) (Q) — 27 M) everywhere. Since
W(}’p(x) (Q) = LPY)(Q)) compactly, we can consider ¥ from Wé’p(x) (Q) to 2(We "),

Now, we see that | : Wé’p (x)(Q) — R is locally Lipschitz and coercive, namely
J(u) = +ooas [ju|| — +oo.

Proposition 4. If the growth condition Hr holds, then the functional J(-) in (7) is locally Lipschitz
and we have

a(u) = / |Vu[PM) =27y . Vhdx — y/ (Vul1) =2V y . Vhdx — 9 (1) 9)
Q Q
forallu,h € Wg’p(x) (Q)). Further, J(-) is coercive on Wé’p(x)(ﬂ).
Proof. We first note that | : Wg’p(x) (Q)) — R defined by (7) is locally Lipschitz since the

same property holds for ¥(+). So, we just have to obtain the Clarke subdifferential of J(-)

(hence, of ¥(+)), to conclude (9). We still need to show the coercivity of J(-). Hence, using

(5) and the continuous embedding Wé’p(x) (Q) — Wg’f (1), we have

9(x) 7"
/Q|Vu| dx < || Vull, +1

< C||Vulll, +1  (for some C > 0), (10)

where the positive constant C > 0 refers to the embedding of Wg’p(x)(ﬂ) in W&'q+ (Q).
Using assumption Hr and the mean-value theorem (see (P8) of Proposition 3), we obtain

IF(1)] < |F(o)|+c|t|+pi_|t|f forall t € R. (11)

Starting from (7), inequalities (5) and (6), together with the estimates (10) and (11),
lead to the following estimate

1 | C
S p(x) g, _ 1P (%) g, _ T _
Jw) = o [l Ode— B [ (9t~ [ (eful 4l )dx~ [FO)]0]

1 - +
> 19l =1 = Heygulfl,) +1) - ccul Tl
ool
.l 9l - [FO)0)
> i(1 - @Cpf)ﬂvuﬂpi - MCHVMW+ — G|Vl
- p+ p- p(x) q- p(x) 1 p(x)
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where || is the Lebesgue measure of (). According to Hr, we know that 5p+CZ: <p,
which equivalently gives us

opt -
1-P ¢ >
p P
Since p~ > g, we conclude that the functional J(-) is coercive. [

Next, involving a Galerkin basis {Xj },cn of Wé’p (x)(Q), we obtain the following
result for local minimizers of J(-).

Proposition 5. If the growth condition Hy holds, then for every n € N, the functional J(-) in
(7) satisfies J(uy) = inf{J(v) : v € X,} for some u, € X, and z,, € (Wé’p(x)(ﬂ))* with
zn € OF (uy) a.e. on Q) satisfying

/Q |Vun|”(")72Vun -Vhdx —p /Q |Vun|‘7(x)72Vun -Vhdx — /anhdx =0 (12)
forallh € X;,.
Proof. According to the definition of the Galerkin basis, we know that
dim (X;;) < 400 foralln € N.

Further, Proposition 4 ensures that J(+) is locally Lipschitz and coercive. It follows
that we can find u, € X, such that

J(un) = inf{J(v) : v € Xy}, (13)

and hence, we have the necessary condition for local minimizer u;, (see (P5) of Proposition 3),
namely

0 € 9J(uy). (14)

By (14), we deduce that there exist zj, € 0¥ (1) such that
<—Ap(x)un + yAq(x)un - Z;, I’l> =0. (15)

Theorem 2.7.5 and Remark 2.7.6 of Clarke [1] ensure that 0¥ (11,,) C [ OF (1,,)dx, that
is, corresponding to z, € 9¥(u,), we can find z, € dF(u,) a.e. on Q) satisfying

(z), h) :/anhdx. (16)

Now, using (15) in (16), we conclude that (12) holds true. O

Now, we give a result concerning the boundedness of the minimizer u,, n € N,
obtained in Proposition 5.

Proposition 6. If the growth condition Hr holds and u,, € W&’p (<) (QY) is a solution of (12), then
we have the a priori estimate

||Vun]|p(x) < M; for some My > 0,alln € N. (17)

Proof. If in (12), we use the test function & = u,, € X;;, (10) and Hf, then

/ |V, [P dx :y/ |Vun|‘7(x)dx+/ Zy Updx
Q Q Q
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<IHI(CIVa]T + 1) + e Cal[ T +7cp 19l
Consequently, we easily obtain

c
(1—?,(35 )Vl <|M(C||Vu||q ) 1) + e Cull Vil

p(x

for all n € N. According to Hr, we know that ECZ: < 1, which equivalently gives us
1- S¢c’ >o.
p~ 7

Since p~ > g > 1, we conclude that the norm of Vu, is bounded by a constant in
WO1 P(x) (Q)), namely the a priori estimate on the gradient of u, given in (17) is true. [

Now, we discuss boundedness of the operator involved in (12).

Proposition 7. If the growth condition Hr holds and u,, € Wé/p(x) (QY) is a solution of (12), then
we can find a positive constant My > 0 such that

Il = Byt tin + 1By tn = Zull 1p) 0 < M2 (18)

()
foralln € N.

Proof. For every function h € Wg’p (x) (Q)), we have

|<_Ap(x)u” + .qu(x) — Zn, h>|
:‘/ Vi, [P =2V, - Vhdx — ;4/ Vi, |12V u, - Vhdx — / zphdx
Q Q Q

< /Q |Vt [P T hldx + || /Q|wn|q<xH|Vh|dx+ /Q 2 1) . (19)

With respect to the modular function p,,(,(+) in (3), we obtain p /(. ) (Vi |P(x)
%) (IVuyu|), and hence, we can find & > 0 such that

19l ) < (Va1

Using this inequality, we estimate the first two terms on the right-hand side of (19);
hence, we obtain

S 1PVl < 21V O ) [

< 2||vuﬂ||;(x) HVh”p(x)
< M| Vh| ) (20)

for some M > 0, recall (17).
Further, we have

/Q|Vun]”7(x)’l|Vh|dx§/0(14—\Vun|7"(")’1)|Vh|dx
< ClHVth(x) +2Hvun||;(x)”Vth(x)
< MHVh”p(x) (21)
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for some M > 0, see (17).
We must now estimate the third term in the right-hand side of (19); hence, the Poincaré
inequality (4) gives us
[ il < [ (e+elualrinlax
< / (c + -+ Elun PO 1) 1|dx
Q
< (c+O)C Vil + 2ac§“||wn|\5(x) IVh| ) (for some B > 0)
< MHVth(x) (22)

for some M > 0, see again (17).
Now, turning to the inequality (19), and hence, combining the estimates (20)—(22), we
obtain the following;:

(= Bp(aytn + Bg(a) =z, )| < (M + M+ M) || Vh] | .

We conclude that (18) holds with a positive constant My = M+M+M. O

Next, we establish the existence of a minimizing sequence for the functional J(-)
defined by (7).

Proposition 8. If the growth condition Hr holds and u, € X, C W&’p (=) (Q)) is a solution of (12),
then the corresponding sequence {uy },c satisfies

; — . Lp(x)
nLlrJIrloo J(un) = inf{J(v) : v € Wy () }. (23)
Proof. From the proof of Proposition 5, we already have u, € X, satisfying

J(uy) = inf{J(v) : v € X} (e, (13)),

and we know that X,, C X, forall n € N (i.e., property (ii) of the Galerkin basis { X, } ,en)-
We deduce that {](u,) } ,en is a nonincreasing bounded sequence, so it admits limit £ € R,
namely

C:= lim [J(uy).

n——+00

Now, in contradiction to (23), we can assume that

0> inf{J(v) : v € WP (Q)},
= Jor e WY ) <t
Since J(v) is a continuous functional, we can find U an open neighborhood of v* in

W&’p(x) (Q)) so that
J(0) < £ forallo € U ¢ W™ (). (24)

Again, according to Definition 3(iii), we obtain

WS'P(X)(Q) _ U Xy,
n=1

= UnN (Uo Xn) #Q,
n=1

= J0 e UnN Xy, for some ny € N, such that (24) holds.
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This way, we can merge the results in (13) and (24) to obtain
inf{J(v) : v € Xy, } <J(0) <€ <inf{J(v) : v € X;, }.
So, we reach a contradiction, which shows that (23) holds true. [

4. Existence Theorems

In this section, using the auxiliary results in Section 3, we establish our existence
results. More precisely, we first prove Theorem 1, which says that for all 4 € R, problem (1)
admits at least a generalized solution in W&’p (x) (Q).

Proof of Theorem 1. From Propositions 5 and 6 we infer that
{un}nen C W&’p(x)(()) is bounded.
So, we may assume that
Uy < uin Wé’p(x)(()) and u, — uin LPM)(Q), as n — +oo.

So, Definition 1(i) is established.
From Propositions 5 and 7, we infer that

{=Dp)un + 1By tn — Zntnen C (W(}'p(x)(ﬂ))* is bounded,
where z,, € (Wg’p(x) (Q)))*. So, we may assume that
—Ap(xytn + UDy(x)Un — Zn S yin (W&’p(x)(ﬂ))* asn — 400 (25)

for some y € (W(}'p(x)(Q))*.
In (12), we choose h € U;gi Xy, pass to the limit as n — 400 and use (25). Since h € X,
for n > ng for some ny € N, we obtain

(=Dp(yttn, ) + (U tn, h) — /anhdx =0,
= Hm (= Ay + 1B ) tn = 2, h) = O,
= (y,h) =0,
= y =0 (according to Definition 3 (iii)).

So, we conclude that
=By (xytin + HDg(x)Un — Zn %0 in (W&’p(x)(Q))* asn — +oo, (26)

Hence, Definition 1(ii) is established too.
In (12), we choose h = u, —u € Wg’p(x) (Q)), pass to the limit as n — 400 and use (26).
Due to the properties of the sequences {uy },cn and {z },en, we deduce that

ngrfw N Zy (g —u)dx =0,

; then, we obtain

lim <—Ap(x)un,un —u)+ P (), Uy — u) — /Q 2z (Uy — u)dx] =0,

n—+oo
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=  lim {(—Ap(x)un,un — 1)+ (D) U, U — u>} =0,

n—+oo

= Definition 1(iii) holds true.

So, we have proved that for all 4 € R, problem (1) admits a generalized solution
ue W), o

Next, we establish Theorem 2, which shows that in a case where y < 0 (principal
elliptic operator), the generalized solution u € WO1 P (Q) is a weak solution in the sense
of Definition 2.

Proof of Theorem 2. Since —A,,) is a monotone operator (that is, (—Aq(x)u + Dyyv u —
v) > 0forallu,v € W&’q(x) (Q))), using Definition 1(i,iii) and p < 0, we obtain

lim sup(—A, (x)ttn, Un — 1)
n—+-0co

= limsup [(—Ap(x)un + WD (x)tin, Un — u) + y(—Aq(x)un + By ()t Un — u)

n—+-00
+ (= Dg(yty Un — U]
< Hmsup(—Ap ) un + udg(xytin, p — u) + p im (=Apyu,uy —u) = 0.

n——+o0 n——+oo

Invoking the (S).-property and the continuity of the negative p-Laplace differential

operator —A, ) Wé’p(x)(ﬂ) — (W&’p(x)(ﬂ))*, we infer that

p

Uy —u in Wg’p(x)(Q),

. 1,
= = Dpin = —Dyuin (W, p(x)(Q))* asn — +oo.
Further, we have
Uy — U,

= lm =gy = =By in (Wo™ (@),

From Proposition 5 and Proposition 7, we infer that
{Zutnen C (WyP™ (Q2))* is bounded.
So, we may assume that
20 % zin (W™ (Q))* as n — +o.

Now, we note that z € dF(u) a.e. on Q) (see (P7) of Proposition 3). So, the weak
convergence in (26), u, — u in Wg’p(x)(ﬂ) and z, € oF (u,) C (W&’p(x) (Q)))* imply that

. 1,p(x %
Dyt + B~z =0 in (Wy"V ()",

where z € 0F (u) C (Wé’p(x)(Q))* a.e. on Q.
Consequently, the hemivariational inequality (2) is solved and so the generalized

solution u € Wol’p(x) (Q)) is indeed a weak solution to problem (1). [
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5. Special Case

According to Clarke’s theory [1] and Chang [3] (Example 1) (see also Motreanu [2]),
we consider the data f € Lj> (R). Hence, we introduce the locally Lipschitz function
F :R — R defined by

F(t):/otf(s)ds forall t € R. 27)

Involving the notation

£~

(t) = essinfj;_; s f(T) forallt € R
and
fst) = esssup‘T7t|<5f(T) forallt € R

then, the generalized directional derivative at u in the direction # is as follows:

_ x+th
F°(u; h) = limsup Plx+th) - F(x) = limsup1 f(s)ds

x—u,tl0 t x—u,tl0 X

) lim f;(x)hifh >0,
lim £, (x)hif h <0.

So, the Clarke subdifferential 0F(t) is given as

oF(t) = [}%50),;&1})5(1&)], (28)

which is a compact real interval. This way, we obtain the y-parametric inclusion

—Bpyu(x) + phgyu(x) € Llsigg)i(s(t),}iir(\)fé(t)} in Q. (29)
Now, for continuous data f, from (29), we deduce the pi-parametric equation
7Ap(x)u(x) + ﬂAq(x)u(x) = f(u(x)) in (), (30)

Indeed, in this case, [lim f (¢), lim f;(#)] turns down to the single value f(u(x)).
609 6—0

Note that in the described situations, every weak solution u € Wg’p () (Q) to the
problem is indeed a generalized solution. We conclude with the following example, which
illustrates the growth condition Hf.

Example 1. Let ¢ > 0 and consider the (locally Lipschitz) function F : R — R defined by

t(1+ctcos%) fort #0,
0 fort=0.

So, the Clarke subdifferential OF (t) is as follows:

OE(t) = 1+sin%+2ctcos% fort #0,
[0,2] fort = 0.
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Now, for all t € Rand z € 0F(t), one has
2] <2(1 +c[t]),

namely the growth condition Hr holds true for every ¢ > 0 such that 2c p+C5 o <2< p~ (recall
(6)). Using such a subdifferential, we obtain the corresponding differential problem

_Ap(x)u(X) + ptAq(x)u(x) € oF(u) inQ, u|aQ =0,

where we impose p~ > 2. Finally, we can apply Theorem 1 to conclude that this problem admits a
weak solution for all y € R. Further, Proposition 5 implies that the same problem admits a weak
solution in a case where y < 0.

6. Conclusions

We note the following remarks. In the proof of coercivity (Proposition 4), a fundamen-
tal assumption is strict inequality p~ > g*. However, it is also possible to consider a case
where g* = p~ by imposing the additional condition

~ p7
1 cptct.
— 1—7_’7 —@C for some C > 0.
p p q
But this condition is restrictive in the sense that it holds only for sufficiently small |y|.
On the other hand, it is possible to change assumption Hr through a more general
growth condition of the following form:

Hp: there exist & € C(Q)) and positive constants ¢,¢ > 0 with 5p+Cz: < p~ (recall (6)),
such that
z| < c+C|t*™) forallt € Rand z € 9F(t).

This setting requires the additional inequalities
1<a(x)<a™ <p~ forallxeQ

to conclude that the functional is coercive (Proposition 4). However, if a™ < p~ (strictly),
there is no need to assume the inequality 5p+CZ o< p~ in H}. The proofs of the results
remain substantially the same. This way, one can try to investigate the qualitative properties
of the solution set, as well as to refine the a priori estimates.

Further investigations may lead to generalization of the principal operator. For ex-
ample, in recent work by Galewski-Motreanu [21], the authors consider the existence
problem to certain equations driven by a non-elliptic operator with constant exponents p
and g and a Carathéodory single-valued reaction term. In place of the parameter i € R,
the authors consider a positive continuous-weight function depending on the gradient and
acting on the negative p-Laplace differential operator. Their approach is also based on the
approximation procedure in finite-dimensional spaces.
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