
Journal of Optimization Theory and Applications (2025) 206:43
https://doi.org/10.1007/s10957-025-02701-9

Quasi-Optimization Problems: Existence, Iterative
Algorithms andWell-Posedness

Shengda Zeng1 ·Qing Nie2 · Calogero Vetro3

Received: 26 February 2025 / Accepted: 21 April 2025 / Published online: 30 May 2025
© The Author(s), under exclusive licence to Springer Science+Business Media, LLC, part of Springer Nature
2025

Abstract
The aim of this article is to introduce and study a quasi-optimization problem (QOP,
for short) on an infinite dimensional Banach space. First, under mild assumptions,
we deliver three existence theorems for (QOP) by employing Kluge’s fixed point
principle for multivalued operators. Then, several sufficient and necessary conditions
for a solution of (QOP) are proved. Furthermore, two iterative algorithms are proposed
and the convergence results are obtained. Finally, the well-posedness and generalized
well-posedness of (QOP) are introduced and its equivalent metric characteristic is
established.
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1 Introduction

In a wide range of intricate physical phenomena and engineering applications,
mathematical models often result in inequalities rather than the more commonly
seen equations. The classical mathematical models with inequalities include varia-
tional inequalities, hemivariational inequalities, equilibrium problems, optimization
problems, optimal control problems and so forth. Most of the existed results are con-
centrated on the research of the inequalities in which the constraints are formulated
by constant sets, namely, constraints are independent of the sought solution. Whereas,
in numerous critical scenarios encountered in material sciences, aerospace industry,
transportation and economic models, such as Nash equilibrium problems with shared
constraints and transport optimization involving feedback control, the constraint sets
explicitly depend on the unknown solution. Such dependence leads inherently to
the concept of quasi-inequalities, quasi-variational inequalities, quasi-equilibrium
problems, quasi-hemivariational inequalities and quasi-optimization problems. Due
to the wide applications of quasi-inequalities, its research has attracted a multi-
tude of scholars’ attention to make contribution of strengthening the theory and
applicability of quasi-inequalities. In the subsequent discussion, we give a con-
cise overview of some of the relevant advancements concerning quasi-inequalities.
Facchinei-Kanzow-Sagratella [7] applied the Karush-Kuhn-Tucker conditions to pro-
pose an approximating algorithm for a quasi-variational inequality, and established the
globally convergent result for the proposed approximating algorithm. By employing
the theory of Brézis pseudomonotone operators and Mosco-type continuity method,
Kanzow-Steck [10] established a theoretical framework for analyzing the existence
of solutions to a class of quasi-variational inequalities (QVIs) in a generic Banach
space setting. Zeng-Migórski-Khan [20] utilized a fixed point theorem for multi-
valued mappings combined with the theory of nonsmooth analysis and the Minty
technique to develop a framework for determinating solvability of a large class of
nonlinear quasi-hemivariational inequalities, and then the authors used the theoretical
results to explore an approximation of an elastic contact problem with the constitu-
tive law involving a convex subdifferential inclusion. Cotrina-Zuniga [6] introduced
a new kind of quasi-equilibrium problems with non-self constraint maps and proved
the existence of projection solutions for such kind of quasi-equilibrium problems.
Alleche-Rǎdulescu [2] examined the existence of solutions to a quasi-equilibrium
problem on a Banach space by applying the Michael’s selection theorem and a fixed
point argument. Han-Huang [8] invoked the Fan-KKM theorem and the scalarization
method to establish three existence theorems for strongly efficient solutions, weakly
efficient solutions and efficient solutions to a new sort of generalized vector quasi-
equilibrium problems. For further results on this topic, readers are encouraged to refer
to [4, 5, 11, 15, 17, 18] and the references therein.

Under the setting that (W , ‖ · ‖) is a reflexive Banach space with its dual space
W ∗ and 〈·, ·〉 representing the duality pair of W ∗ and W , C : D ⇒ D is a multival-
ued mapping with D ⊂ W being nonempty, convex and closed, J : W → R is a
cost functional, in present article we are focused on the following quasi-optimization
problem (QOP, for short)
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Problem 1.1 Looking for x∗ ∈ C (x∗) to satisfy

J (x∗) := min
v∈C (x∗)

J (v).

Quasi-optimization as a particular inequality of quasi-inequality was firstly introduced
by Nishimura-Friedman [16] in finite dimensional spaces for studying the Nash equi-
librium with n person games. Because the constraint sets depend implicitly on the
unknown solution and the cost function is nonlinear and in-differential in general.
This leads to the invalidity of smooth methods, dual approaches and so on. Despite
there are few works establishing the approximated solutions and generalized solutions
(for example, α-approximating solutions and projected solutions) to a certain type of
quasi-optimization problems under linear and smooth settings (see [1, 3, 9, 19]). But,
until now, there is not a general framework to analyze the existence of solutions of
quasi-optimization problems in infinite dimensional spaces in which the cost func-
tional is nonlinear and the constraint map has not generalized differential. To fill this
gap, in this paper, we develop a general framework to explore the solvability of the
quasi-optimization problem, namely Problem 1.1, under very mild assumptions. On
the other hand, well-posedness is a significant concept for the analysis of stability and
sensitivity of a problem or a mathematical model. As far as we know that the research
concerning the well-posedness and generalized well-posedness to quasi-optimization
problems have not been studied yet, so the second contribution of this paper is to
introduce the definition of approximating sequences of the quasi-optimization prob-
lem, Problem 1.1, and then we shall discuss the equivalent metric characteristic of
well-posedness and generalized well-posedness of Problem 1.1.

The paper is structured as follows. In Section 2, we review some necessary and
useful preliminaries which will be used in Section 3 from time to time. Section 3
contains three subsections. The first subsection is devoted to explore the existence of
solutions of the quasi-optimization problem under the cases that the set C is compact,
bounded and unbounded. Whereas the second subsection is to propose two iterative
algorithms and to analyze its global convergence. Finally, in the last subsection, the
concepts of approximating sequence, well-posedness and generalized well-posedness
for quasi-optimization problem, Problem1.1, are introduced, and the equivalentmetric
characteristic ofwell-posedness and generalizedwell-posedness to quasi-optimization
problem, Problem 1.1, are established.

2 Preliminaries

The section is going to recall some necessary notation and preliminary results con-
cerning convex analysis and nonsmooth analysis (see [14], for instance).

It says that l : W → R is convex, if the following inequality is satisfied

l(δx + (1 − δ)z) ≤ δl(x) + (1 − δ)l(z)
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for every x, z ∈ W and δ ∈ [0, 1]. For anyD ⊂ W , r : D → R is called to be locally
Lipschitz, if for each z ∈ D , it has a neighborhood O(z) of z and Lz > 0 with

|r(a) − r(b)| ≤ Lz‖a − b‖ for any a, b ∈ O(z).

In the present article, it uses the notations ∂l and ∂Cr to stand for the convex subdif-
ferential of l and generalized Clarke subdifferential of r , respectively, namely,

∂l(b) := {ξ ∈ W ∗ | 〈ξ, a − b〉 ≤ l(a) − l(b) for every a ∈ W },

and

∂Cr(y) := {ξ ∈ W ∗ | r0(y; b) ≥ 〈ξ, b〉 for any b ∈ W },

where r0 is the generalized Clarke direction derivative of r , thus,

r0(y; b) := lim sup
θ↓0,a→y

r(a + θb) − r(a)

θ
.

l is said to be Gâteau differentiable at a ∈ W , if we can take an element ∇l(a) ∈ W ∗
satisfying

lim
θ→0

l(a + θb) − l(a)

θ
= l ′(a; b) = 〈∇l(a), b〉 for any b ∈ W .

It consolidates several essential properties pertaining to generalized Clarke direc-
tional derivatives and generalized Clarke subdifferentials for locally Lipschitz func-
tions by the lemma.

Lemma 2.1 Given a locally Lipschitz function r : D → R, then the statements hold

(i) for each a ∈ D , the function W � b �→ r0(a; b) ∈ R is positively homogeneous
and subadditive with

|r0(a; b)| ≤ La‖b‖ for all b ∈ W ,

here La > 0 is the Lipschitz constant near a;
(ii) W 2 � (a, b) �→ r0(a; b) ∈ R is upper semicontinuous;
(iii) fixing a ∈ D , it holds r0(a; b) = max{〈ζ, b〉 | ζ ∈ ∂Cr(a)}.

An operator A : W → W ∗ is said to be a potential operator, if we can find a
Gâteaux differentiable function HA : W → R to satisfy A = ∇HA with ∇HA being
the Gâteaux derivative of HA. In such case, we can also call HA : W → R as a
potential of A.

In addition, we recall the concepts for closedness and continuity to multivalued
mappings.

Definition 2.1 Let (Y , ‖ · ‖Y ) be a reflexive Banach space. � : W ⇒ Y is called
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(a) (w,w)-closed, if b ∈ �(a) whenever an⇀a in W , bn⇀b in Y with bn ∈ �(an).
(b) (w, s)-lower semicontinuous, if for each b ∈ �(a) it can take bn ∈ �(an) such

that bn → b in Y , whenever an⇀a ∈ W .

Definition 2.2 Let Q, Q1, Q2 ⊂ W be nonempty and bounded. Then,

(a) diam(Q) stands for the diameter of Q, i.e.,

diam(Q) = sup{‖e − f ‖ : e, f ∈ Q}.

(b) the distance from e ∈ W to Q ⊂ W is defined by

d(e, Q) = inf{‖e − q‖ : q ∈ Q}.

(c) the Hausdorff metric between Q1 and Q2 is given by

H(Q1, Q2) = max {e(Q1, Q2), e(Q2, Q1)}

with

e(Q1, Q2) = sup
a∈Q1

d(a, Q2).

(d) the noncompactness measure μ for Q is given by

μ(Q) := inf

{
δ > 0 | Q =

k⋃
i=1

Qi , diam(Qi ) < δ, i = 1, 2, . . . , k

}
.

Definition 2.3 Let (X , τ ) be a Hausdorff topological space and let {An} ⊂ 2X be a
sequence of sets. We define the τ -Kuratowski lower limit of the sets An by

τ - lim inf
n→∞ An :=

{
x ∈ X | x = τ - lim

n→∞ xn, xn ∈ An for all n ≥ 1
}

,

and the τ -Kuratowski upper limit of the sets An

τ - lim sup
n→∞

An :=
{
x ∈ X | x=τ- lim

k→∞ xnk , xnk ∈ Ank , n1 < n2 < . . . < nk < . . .

}
.

Finally, we recall the well-known Kluge’s fixed point principle for multivalued
mappings (see [11, Theorem 3.3]).

Theorem 2.1 (Kluge’s fixed point theorem) Suppose D is a nonempty, convex, and
closed subset of real reflexive Banach space W . Assume that � : D ⇒ D has
nonempty, closed, and convex values such that its graph is sequentially weakly closed.
If eitherD is bounded or �(D) is bounded, then the fixed point set of � is nonempty.
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3 Main Results

The section delivers the main results in this article. More precisely, it contains three
subsections which give the existence of solutions as well as the sufficient and neces-
sary conditions to a solution of Problem 1.1, two simple iterative algorithms and its
convergence analysis, the well-posedness and generalized well-posedness as well as
its metric characteristic to quasi-optimization problem, Problem 1.1.

3.1 Existence Results

This subsection is concerned with the research of existence theorems and the sufficient
and necessary conditions to a solution of quasi-optimization problem. First, we deliver
three existence theorems for the quasi-optimization problem under the cases thatD is
compact, bounded and unbounded, respectively.

The first existence theorem is stated as follows, in which D is assumed to be
compact.

Theorem 3.1 When D ⊂ W is nonempty, compact and convex, J : D → R is
convex, continuous and bounded from below onD , and C : D ⇒ D is (w,w)-closed,
(w, s)-lower semicontinuous and has nonempty, closed and convex values. Then, the
quasi-optimization problem, Problem 1.1, has a nonempty and compact solution set.

Proof To this end, for any c ∈ D fixed, it considers the intermediate optimization
problem: taking ac ∈ C (c) such that

J (ac) ≤ J (b) for any b ∈ C (c). (1)

It introduces that the solution map S : D ⇒ D of problem (1), namely, S(c) is the
solution set of problem (1) corresponding to c ∈ D . It is readily apparent that if a ∈ D
is a fixed point of S, then one has a ∈ C (a) and

J (a) ≤ J (b) for every b ∈ C (a).

So, a ∈ D is also a solution of quasi-optimization problem, Problem 1.1. Following
this essential fact, our goal is to prove that S is well-defined and has at least a fixed
point. Our method is based on the fixed point principle, Theorem 2.1, for obtaining
the nonemptiness of fixed point set of S : D ⇒ D .

Let c ∈ D be fixed. Since J is continuous and bounded from below on D and
C (c) ⊂ D withD being compact, it invokes Weierstrass-Tonelli theorem to conclude
that S(c) �= ∅ and S(D) := ∪c∈D S(c) ⊆ D is relatively compact. Taking any
a1, a2 ∈ S(c), it holds

J (a1) = J (a2) = inf
b∈C (c)

J (b).
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The convexity of C (c) and J shows

inf
b∈C (c)

J (b) ≤ J (δa1 + (1 − δ)a2) ≤ δJ (a1) + (1 − δ)J (a2) = inf
b∈C (c)

J (b)

for any δ ∈ [0, 1].
This indicates that S(c) is convex. Whereas, the continuity of J guarantees that

S(c) is closed. Indeed, when {an} ⊂ S(c) has an → a in W , then a ∈ C (c) and it is
true

J (a) = lim
n→∞J (an) = inf

b∈C (c)
J (b).

It asserts that S has a weakly closed graph. Let us take sequences {an}, {bn} ⊂ D
with an⇀a, bn⇀b and bn ∈ S(an). Recall that C is (w,w)-closed, it results in
b ∈ C (a). Set d ∈ C (a). Whereas, the (w, s)-lower semicontinuity of C permits us
to take {dn} with dn → d and dn ∈ C (an). Hence,

J (bn) ≤ J (dn).

Letting n → ∞, it derives

J (b) ≤ lim inf
n→∞ J (bn) ≤ lim inf

n→∞ J (dn) = J (d). (2)

Keeping inmind d ∈ C (a) is arbitrary, so, we infer b ∈ S(a), namely, Gr(S) is weakly
closed. Consequently, we employ Theorem 2.1 by replacing S by � to conclude that
FixS �= ∅, that is, quasi-optimization problem, Problem 1.1, has a solution.

Taking any a solution sequence {an} ⊂ D of Problem 1.1, the compactness of
D allows us to assume that an → a for some a ∈ D . Since an ∈ C (an) and C is
(w,w)-closed, then it yields a ∈ C (a). Let d ∈ C (a) be fixed. The assumption that
C is (w, s)-lower semicontinuous allows us to take {dn} ⊂ D with dn ∈ C (an) and
dn → d. Using the fact that J (an) ≤ J (dn) and J is continuous and convex, it
implies that J (a) ≤ infb∈C (a) J (b), thus, a is also a solution of quasi-optimization
problem, Problem 1.1. This means that Problem 1.1, has a nonempty and compact
solution set. ��

Particularly, when J is strictly convex, then we have the corollary.

Corollary 3.1 Assume D ⊂ W is nonempty, compact and convex, J : D → R is
strictly convex, continuous, bounded from below on D , and C : D ⇒ D is (w,w)-
closed, (w, s)-lower semicontinuous and has nonempty, closed convex values, then
quasi-optimization problem, Problem 1.1, has a nonempty and compact solution set.

Remark 3.1 The main difference of the proof between Theorem 3.1 and Corollary 3.1
is that in Corollary 3.1, S : D → D is a single-valued map not a multivalued operator
(because of the strict convexity of J ), and the proof of nonemptiness of fixed point
set is based on Schauder fixed point theorem.
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Indeed, the compactness of D could be relaxed by the boundedness assumption.

Theorem 3.2 AssumeD ⊂ W is nonempty, bounded, closed and convex,J : D → R

is convex, continuous and bounded from below on D , and C : D ⇒ D is (w,w)-
closed, (w, s)-lower semicontinuous and has nonempty, closed convex values. Then
quasi-optimization problem, Problem 1.1, has a nonempty and weakly compact solu-
tion set.

Proof Our main idea is also to invoke Kluge’s fixed point principle, Theorem 2.1,
to demonstrate that S admits a fixed point. The boundedness of D guarantees the
boundedness of S(D) := ∪a∈D S(a) ⊆ D . By the same line of reasoning can be
applied as demonstrated in the proof of Theorem 3.1, it concludes that S has nonempty,
closed and convex values. Therefore, it is necessary to verify that the graph of S is
weakly closed.

Suppose {an}, {bn} ⊂ D satisfy an⇀a, bn⇀b and bn ∈ S(an). Hence, b ∈ C (a),
thanks to the (w,w)-closedness of C . Take any d ∈ C (a), it utilizes the (w, s)-lower
semicontinuity of C to have {dn} with dn → d and dn ∈ C (an). Hence, we get

J (bn) ≤ J (dn).

Letting lim infn→∞ to the inequality above, it derives (2) for all d ∈ C (a). So,
Theorem 2.1 reveals that S has a fixed point.

Concerning the weak compactness of the solution set of quasi-optimization prob-
lem, Problem 1.1, we take any solution sequence {an} ⊂ D . Note that W is reflexive
and D is bounded, closed and convex, then D is weakly compact. Therefore, it can
say that an⇀a. Also, we get a ∈ C (a) and for each d ∈ C (a) fixed, it could take
{dn} ⊂ D with dn ∈ C (an) and dn → d andJ (an) ≤ J (dn). Letting n → ∞, one
givesJ (a) ≤ J (d) for all d ∈ C (a). We conclude that a is also a solution of quasi-
optimization problem, Problem 1.1, namely, the solution set of quasi-optimization
problem, Problem 1.1, is weakly compact. ��

WhileJ is strictly convex, it has the corollary.

Corollary 3.2 Assume D ⊂ W is nonempty, bounded, closed and convex, and J :
D → R is strictly convex, continuous and bounded from below on D , and C : D ⇒
D is (w,w)-closed, (w, s)-lower semicontinuous and has nonempty, closed convex
values, then quasi-optimization problem, Problem 1.1, has a nonempty and weakly
compact solution set.

Proof The strict convexity of J leads to that S : D → D is well-defined. Whereas,
the proof of existence of fixed point to S : D → D is based on Brouwer fixed point
theorem inweak topologyofW . SinceD is bounded, closed and convex, so, it is convex
and weakly compact. Therefore, it needs to demonstrate that S is weakly continuous.
Given a convergent sequence {an} ⊂ D with an⇀a in W , set bn = S(an). Then, it
yields

J (bn) ≤ J (c) for every c ∈ C (an).
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Recall that {bn} ⊂ D is bounded, so, bn⇀b in W with b ∈ D . The closedness of C
implies that b ∈ C (a). If d ∈ C (a), then it has a sequence {dn} with dn ∈ C (an)
enjoying dn → d in W . Keeping in mind that J (bn) ≤ J (dn), we utilize the
continuity and convexity ofJ to find thatJ (b) ≤ J (d). Owing to the arbitrariness
of d ∈ C (a) andJ is strictly convex, it admits that b = S(a). Because every weakly
convergent subsequence of {bn} tends to the same limit b = S(a), then it can derive
that bn⇀b in the whole sequence. This means that S(an)⇀S(a) in W . Employing
Brouwer fixedpoint theorem in weak topology of W , we infer that there is a0 ∈ D
such that a0 = S(a0) which is a solution of quasi-optimization problem, Problem 1.1.

��
Furthermore, we deliver the existence result to quasi-optimization problem, Prob-

lem 1.1, when D is unbounded. In such case, an additional condition is required that
the cost function J satisfies a certain coercive condition.

Theorem 3.3 Assume D ⊂ W is nonempty, closed and convex, J : D → R is
coercive (i.e.,J (an) → +∞ as n → +∞ whenever {an} ⊂ W is such that ‖an‖ →
+∞ as n → ∞) convex, continuous and bounded from below onD , and C : D ⇒ D
is (w,w)-closed, (w, s)-lower semicontinuous and has nonempty, closed and convex
values with ∩b∈DC (b) �= ∅. Then quasi-optimization problem, Problem 1.1, has a
nonempty and weakly compact solution set.

Proof Keeping in mind that J is bounded from below and coercive, so, it can apply
Weierstrass-Tonelli theorem to conclude that S : D ⇒ D is well-defined. In the mean-
while, S has convex and closed values, thanks to the convexity and continuity of
J . Via employing the same reasoning as presented in the proof of Theorem 3.2, it
admits that S has a weakly closed graph. We shall verify that S(D) is bounded. If
it was unbounded, then one has {bn} ⊂ S(D) with ‖bn‖ → +∞, namely, there has
{an} ⊂ D with bn ∈ S(an). By the definition of S and ∩a∈DC (a) �= ∅, it could take
a0 ∈ ∩a∈DC (a) such that

J (bn) ≤ J (a0) < +∞.

Letting n → ∞ and using the coercivity of J , it generates a contradiction

+∞ = lim
n→∞J (bn) ≤ J (a0) < +∞.

This reveals that S(D) is bounded.
Therefore, all conditions of Kluge’s fixed point theorem, Theorem 2.1, are fulfilled.

Using this theorem, it admits that the fixed point set of S is nonempty, namely, quasi-
optimization problem, Problem 1.1, is solvable. From the analysis above, it can see
that S(D) is bounded and S has a weakly closed graph. So, it uses a standard way
to show that the solution set of quasi-optimization problem, Problem 1.1, is weakly
compact. ��

From Corollary 3.2 and Theorem 3.3, we have the following result.
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Corollary 3.3 Assume D ⊂ W is nonempty, closed and convex, J : D → R is
coercive (i.e., J (an) → +∞ as n → ∞ whenever {an} ⊂ W is such that ‖an‖ →
+∞ as n → ∞) convex, continuous and bounded from below onD , and C : D ⇒ D
is (w,w)-closed, (w, s)-lower semicontinuous and has nonempty, closed convex values
with ∩a∈DC (a) �= ∅. Then quasi-optimization problem, Problem 1.1, has a nonempty
and weakly compact solution set.

We also deliver the sufficient and necessary conditions to a solution of Problem 1.1.

Theorem 3.4 Suppose that C has nonempty, closed and convex values.

(i) If J is convex and Gâteaux differentiable, then a ∈ D is a solution of quasi-
optimization problem, Problem 1.1, iff it solves the quasi-variational inequality:
a ∈ C (a) and

〈∇J (a), b − a〉 ≥ 0 for every b ∈ C (a), (3)

here ∇J (a) represents the Gâteaux derivative of J at a ∈ D .
(ii) If J is convex, then a ∈ D is a solution of quasi-optimization problem, Prob-

lem 1.1, iff it solves the quasi-inclusion problem: a ∈ D such that

∂J (a) + ∂ IC (a)(a) � 0 in W ∗, (4)

where IC (a) is the indicator function ofC (a), and ∂J (resp. ∂ IC (a)) is the convex
subdifferential of J (resp. IC (a)).

(iii) IfJ is locally Lipschitz continuous and a ∈ D is a solution of quasi-optimization
problem, Problem 1.1, then it solves the quasi-hemivariational inequality

look for a ∈ C (a) such that J 0(a; b − a) ≥ 0 for each b ∈ C (a), (5)

and multivalued quasi-variational inequality

look for a ∈ C (a) and ζ ∈ ∂CJ (a) such that 〈ζ, b − a〉 ≥ 0 for all b ∈ C (a),

(6)

here J 0 and ∂CJ represent the generalized Clarke directional derivative and
generalized Clarke subdifferential of J , respectively.

(iv) When J = h + g + f with h being a convex and continuous function, g being
a locally Lipschitz function, and f being a potential of A : W → W ∗, then a
solution a ∈ D of quasi-optimization problem, Problem 1.1, solves the mixed
quasi-variational-hemivariational inequality

taking a ∈ C (a) to satisfy 〈A(a), b − a〉 + h(b) − h(a) + g0(a; b − a) ≥ 0

for all b ∈ C (a).

Proof

123



Journal of Optimization Theory and Applications (2025) 206 :43 Page 11 of 21 43

(i) Let a ∈ D be a solution of quasi-optimization problem, Problem 1.1. Because
C (a) is convex, so, for any b ∈ C (a) and θ ∈ (0, 1), it derives

0 ≤ J (θb + (1 − θ)a) − J (a)

θ
.

Letting θ → 0+, it derives

0 ≤ lim
θ→0+

J (a + θ(b − a)) − J (a)

θ
= 〈∇J (a), b − a〉.

This means that a is a solution of quasi-variational inequality (3). Conversely,
suppose a ∈ D is a solution of quasi-variational inequality (3). Note that J is
convex and Gâteaux differentiable. So, ∇J = ∂J , where ∂J is the convex
subdifferential of J . By the definition of convex subgradient, one gives

J (b) − J (a) ≥ 〈∇J (a), b − a〉 ≥ 0 for every b ∈ C (a),

namely, a ∈ D is a solution of quasi-optimization problem, Problem 1.1.
(ii) It is obvious that a ∈ D is a solution of quasi-optimization problem, Problem 1.1,

iff it solves the inequality

J (b) + IC (a)(b) ≥ J (a) + IC (a)(a) for any b ∈ W .

By the definition of convex subgradient, the above inequality can be rewritten
equivalently by the inclusion

0 ∈ ∂(J + IC (a))(a) ⊂ ∂J (a) + ∂ IC (a)(a) in W ∗.

When a is a solution of inclusion problem (4), then, there are a∗ ∈ ∂J (a) and
ζ ∈ ∂ IC (a)(a) satisfying

0 = a∗ + ζ.

Hence,

0=〈a∗, b − a〉+〈ζ, b − a〉 ≤ J (b)−J (a)+ IC (a)(b)− IC (a)(a) for all b ∈ W .

For any b ∈ C (a), one obtains

0 ≤ J (b) − J (a) − IC (a)(a).

Because J is finite on C (a), then IC (a)(a) is finite, namely, a ∈ C (a). So, a
solves quasi-optimization problem, Problem 1.1.
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(iii) If a ∈ D is a solution of Problem 1.1, then it holds

0 ≤ J (a + θ(b − a)) − J (a)

θ

for each b ∈ C (a) and θ ∈ (0, 1). Hence, it holds

0 ≤ lim sup
θ↓0+

J (a + θ(b − a)) − J (a)

θ

≤ lim sup
θ↓0+,e→a

J (e + θ(b − a)) − J (e)

θ
= J 0(a; b − a).

This means that a solves hemivariational inequality (5). On the other hand, by
Lemma 2.1(iii), we can see that

0 ≤ J 0(a; b − a) = max
ζ∈∂CJ (a)

〈ζ, b − a〉

for every b ∈ C (a), because of the weak compactness of ∂CJ (a). Therefore, it
holds

0 ≤ inf
b∈C (a)

max
ζ∈∂CJ (a)

〈ζ, b − a〉.

Whereas, it utilizes Sion’s Minimax Theorem (see e.g., [12, Theorem 1]) to yield

0 ≤ max
ζ∈∂CJ (a)

inf
b∈C (a)

〈ζ, b − a〉,

namely, there exists ζ ∈ ∂CJ (a) to enjoy

0 ≤ 〈ζ, b − a〉 for all b ∈ C (a).

(iv) Given a solution a ∈ D of quasi-optimization problem, Problem 1.1, with J =
h + g + f , then it holds

0 ≤h(a + θ(b − a)) − h(a)

θ
+ g(a + θ(b − a)) − g(a)

θ

+ f (a + θ(b − a)) − f (a)

θ

≤h(b) − h(a) + g(a + θ(b − a)) − g(a)

θ
+ f (a + θ(b − a)) − f (a)

θ

for every b ∈ C (a) and θ ∈ (0, 1). Hence, we get

0 ≤h(b) − h(a) + lim sup
θ↓0+

g(a + θ(b − a)) − g(a)

θ
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+ lim
θ→0+

f (a + θ(b − a)) − f (a)

θ

≤h(b) − h(a) + lim sup
θ↓0+,e→a

g(e + θ(b − a)) − g(e)

θ

+ lim
θ→0+

f (a + θ(b − a)) − f (a)

θ

≤〈A(a), b − a〉 + h(b) − h(a) + g0(a; b − a)

for all b ∈ C (a). ��

3.2 Iterative Algorithms and Convergence Analysis

In the current subsection, we are going to design two iterative algorithms for obtaining
a solution of quasi-optimization problem, Problem 1.1. So, we denote by S the solution
set of Problem 1.1.

The first iterative algorithm is designed as follows.

Theorem 3.5 Under the assumptions of Theorem 3.3, let a0 ∈ D . Then the sequence
{an} generated by the followingway has a subsequence convergingweakly to a solution
of quasi-optimization problem, Problem 1.1,

an ∈ S(an−1) for all n ≥ 1,

namely, set S1 = S(x0) and Sn = S(Sn−1) for n ≥ 2 it holds

∅ �= w − lim sup
n→∞

Sn ⊂ S. (7)

Proof For any a0 ∈ D fixed, as demonstrated in the proof of Theorem 3.3, S is well-
defined and S1 = S(a0) is nonempty. So, the sets Sn for all n ≥ 2 are nonempty. Recall
that S(D) is bounded (see the proof of Theorem 3.3), then the fact that Sn ⊂ S(D)

indicates that ∪n∈NSn is bounded as well. This leads to ∅ �= w − lim supn→∞ Sn .
For any a ∈ w − lim supn→∞ Sn , then, extracting a subsequence if required, one

has {an} ⊂ D with

an ∈ Sn (i.e., an ∈ S(an−1)) and an⇀a in W .

Owing to an ∈ S(an−1), so, an ∈ C (an−1). The weakly-weakly closedness of C
implies a ∈ C (a). For any d ∈ C (a), it has {dn} ⊂ D with

dn ∈ C (an−1) and dn → d in W .

Hence, it yields

J (an) ≤ J (dn).
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By passing to the lower limit in the preceding inequality, it gives

J (a) ≤ lim inf
n→∞ J (an) ≤ lim

n→∞J (dn) = J (d).

Due to the arbitrariness of d ∈ C (a), it can see that a ∈ D is a solution of quasi-
optimization problem, Problem 1.1. This means that (7) holds. ��

Assume that G : W → R is strictly convex, continuous and bounded from below
on D . For any ε > 0, we consider the perturbation quasi-optimization problem:

Problem 3.1 Find aε ∈ D to satisfy aε ∈ C (aε) and

J (aε) + εG(aε) ≤ J (b) + εG(b) for all b ∈ C (aε).

Because of convexity ofJ andG, it is clear that for any d ∈ D given, if the following
problem is solvable, then it has a unique solution

Problem 3.2 Find aε ∈ C (d) to fulfill

J (aε) + εG(aε) ≤ J (b) + εG(b) for all b ∈ C (d).

So, we denote by Pε : D → D the solution mapping of Problem 3.2.

Theorem 3.6 Under the setting of Theorem 3.3, G : W → R is continuous, bounded,
strictly convex and bounded from below onD . Let εn > 0 and εn → 0+, and let Pn =
Pεn . Then, for anya0 ∈ D fixed, {an}generated by the followingwayhas a subsequence
converging weakly to a solution of quasi-optimization problem, Problem 1.1,

an = Pn(an−1) for all n ≥ 1,

that is, there is {ank } ⊂ {an} having

ank⇀a ∈ S.

Proof From the hypotheses, it can see that for each ε > 0 the mapping Pε is well-
defined. For any a0 ∈ D , let εn > 0 and εn → 0+, and an = Pn(an−1). Hence, it
has

J (an) + εnG(an) ≤ J (b) + εnG(b) for all b ∈ C (an−1).

Let b0 ∈ ∩d∈DC (d). Then, it derives

J (an) + εncG ≤ J (an) + εnG(an) ≤ J (b0) + εn|G(b0)| ≤ J (b0) + ε1|G(b0)|,

for any n ∈ N, where cG ∈ R and cG ≤ G(d) for each d ∈ D (i.e., cG is the lower
bound of G). If {an} is unbounded, then it can say ‖an‖ → +∞ as n → ∞. Letting
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n → ∞ for the above inequalities and using the coercivity of J , it finds

+∞ ≤ lim
n→∞[J (an) + εncG] ≤ J (b0) + ε1|G(b0)| < +∞.

This implies a contradiction. Therefore, {an} is bounded in W . This permits us to
take a subsequence, denoted by the same way, with an⇀a in W . Keeping in mind
that an = Pn(an−1), one has an ∈ C (an−1). It admits that a ∈ C (a) owning to the
(w,w)-closedness of C . For any b ∈ C (a), there exists bn ∈ C (an−1) such that
bn → b. So, we have

J (an) + εnG(an) ≤ J (dn) + εnG(dn).

Hence,

J (a) ≤ lim inf
n→∞ [J (an) + εnG(an)] ≤ lim

n→∞[J (dn) + εnG(dn)] ≤ J (d).

This means that a ∈ S. ��

3.3 Well-posedness and GeneralizedWell-Posedness

The subsection is concerned with the study of well-posedness and generalized well-
posedness to quasi-optimization problem, Problem 1.1.

For every ε > 0, let us consider the ε-approximating setM(ε)of quasi-optimization
problem, Problem 1.1, given by

M(ε) :=
{
a ∈ D | d(a,C (a)) ≤ ε and J (a) ≤ inf

b∈C (a)
J (b) + ε

}
= {

a ∈ D | a ∈ C (a) + O(ε) and J (a) ≤ J (b) + ε for each b ∈ C (a)
}
,

(8)

where O(ε) = {b ∈ W | ‖b‖ < ε}.
Definition 1 {an} inD is called to be an approximating sequence of quasi-optimization
problem, Problem 1.1, if it can find a sequence {εn} ⊂ R having

εn > 0, εn → 0 as n → ∞, and an ∈ M(εn).

Also, we give the definitions of well-posedness and generalized well-posedness to
quasi-optimization problem, Problem 1.1.

Definition 3.1 We say that

(i) Quasi-optimization problem, Problem 1.1, is strongly (resp. weakly) well-posed,
if it is uniquely solvable and every approximating sequence converges strongly
(resp. weakly) to the unique solution.
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(ii) Quasi-optimization problem, Problem 1.1, is strongly (resp. weakly) generalized
well-posed, if it is solvable and every approximating sequence has a subsequence
converging strongly (resp. weakly) to a solution of quasi-optimization problem,
Problem 1.1.

Referring to S (the solution set of quasi-optimization problem, Problem 1.1), it is
not hard to see that S ⊂ M(ε) for any ε > 0. The first theorem in this subsection gives
the sufficient and necessary conditions for determinating the strong well-posedness of
quasi-optimization problem, Problem 1.1.

Theorem 3.7 Quasi-optimization problem, Problem 1.1, is strongly well-posed iff S �=
∅ and

lim
ε→0

diam(M(ε)) = 0. (9)

Proof It assumes that quasi-optimization problem, Problem 1.1, is strongly well-
posed, thenS = {a∗}.We shall verify the identity (9).Bycontradiction, if (9) is not true,
then one can take τ > 0, {εn} with εn → 0 as n → ∞ and points a(1)

n , a(2)
n ∈ M(εn)

having ∥∥∥a(1)
n − a(2)

n

∥∥∥ > τ − 1

n
> 0 for any n ∈ N. (10)

Recall that {a(1)
n }, {a(2)

n } are two approximating sequences to quasi-optimization
problem, Problem 1.1, and quasi-optimization problem, Problem 1.1, is strongly well-
posed. This means that

lim
n→∞ a(1)

n = lim
n→∞ a(2)

n = a∗.

Whereas (10) implies a contradiction

0 < τ ≤
∥∥∥a(1)

n − a(2)
n

∥∥∥ + 1

n
≤

∥∥∥a(1)
n − a∗

∥∥∥ +
∥∥∥a(2)

n − a∗
∥∥∥ + 1

n
→ 0.

Consequently, limε→0 diam(M(ε)) = 0 holds.
Conversely, when S is nonempty and (9) holds. Now, (9) and the fact that S ⊂ M(ε)

for any ε > 0, deduce that S = {a∗}. Suppose {an} is an approximating sequence of
quasi-optimization problem, Problem 1.1, then it has {εn} with εn → 0 as n → ∞
and an ∈ M(εn). It follows from (9) that

lim
n→∞

∥∥an − a∗∥∥ ≤ lim
n→∞ diam (M (εn)) = 0.

This reveals that an → a∗, thus, quasi-optimization problem, Problem 1.1, is strongly
well-posed. ��

In Theorem 3.7, it requires that S is nonempty. Since S is a subset of M(ε) for
any ε, so, whether we can replace M(ε) �= ∅ for ε > 0 by S �= ∅ is an interesting
question. The following theorem gives a positive answer.
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Theorem 3.8 Suppose J continuous, and C is (s, s)-closed and (s, s)-lower semi-
continuous. Then, quasi-optimization problem, Problem 1.1, is strongly well-posed
iff

M(ε) �= ∅ for any ε > 0, and lim
ε→0

diam(M(ε)) = 0. (11)

Proof From Theorem 3.7 and the fact that S ⊂ M(ε) for each ε > 0, it can see that
(11) is true when quasi-optimization problem, Problem 1.1, is well-posed.

While (11) is fulfilled, set {an} be an approximating sequence of quasi-optimization
problem, Problem 1.1. It can find a positive sequence {εn} with εn → 0 as n → ∞
and an ∈ M(εn) for each n ∈ N. Because of the monotonicity of M(ε) and (11),
one has that {an} is a Cauchy sequence. So, it can say that an → a∗ in W . We assert
that a∗ is the unique solution of quasi-optimization problem, Problem 1.1. Recall that
d(an,C (an)) ≤ εn , it can take an ∈ C (an) with

‖an − an‖ ≤ εn + 1

n
.

Letting n → ∞, it yields that an → a∗. The closedness ofC implies that a∗ ∈ C (a∗).
For any b ∈ C (a∗), the lower semicontinuity ofC allows to find a sequence {bn} ⊂ D
with bn ∈ C (an) and bn → b in W . Owing to J (an) ≤ J (bn) + εn , it utilizes the
continuity of J to conclude that

J (a∗) = lim
n→∞J (an) ≤ lim

n→∞J (bn) ≤ J (b).

This indicates that a∗ ∈ S. But, (11) derives that S = {a∗}. Therefore, the whole
sequence {an} converges strongly to a∗, that is, quasi-optimization problem, Prob-
lem 1.1, is strongly well-posed. ��

Next, we shall discuss the generalized well-posedness to quasi-optimization prob-
lem, Problem 1.1. To this end, it needs to show thatM(ε) is closed under the continuity
of J and closedness of C .

Lemma 3.1 Assume J is continuous, and C has closed values and is (s, w)-closed
and (s, s)-lower semicontinuity. Then, for each ε > 0, M(ε) is closed.

Proof Let {an} ∈ M(ε) satisfy an → a∗ as n → ∞. Then, it has

d(an,C (an)) ≤ ε and J (an) ≤ J (b) + ε for all b ∈ C (an).

Since C has closed values, so, it has an ∈ C (an) such that

‖an − an‖ ≤ ε + 1

n
.

It can see that {an} is bounded. Then, it can assume that an⇀a in W . The (s, w)-
closedness of C implies that a ∈ C (a∗). By considering the lower limit as n → ∞
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in the inequality above, it derives

d(a∗,C (a)) ≤ ∥∥a∗ − a
∥∥ ≤ lim

n→∞ ‖an − an‖ ≤ ε.

For each b ∈ C (a∗), it has {bn} ⊂ D with bn ∈ C (an) such that bn → b inW . Hence,
we get

J (an) ≤ J (bn) + ε.

Letting n → ∞, one has J (a∗) ≤ J (b) + ε. By the arbitrariness of b ∈ C (a∗), it
admits that a∗ ∈ M(ε), namely, M(ε) is closed. ��

The first result concerning the generalized well-posedness to quasi-optimization
problem, Problem 1.1, is stated as the following theorem.

Theorem 3.9 Quasi-optimization problem, Problem 1.1, is strongly well-posed in the
generalized sense iff its solution set S is nonempty compact and

lim
ε→0+ e(M(ε),S) = 0. (12)

Proof If quasi-optimization problem, Problem 1.1, is strongly well-posed in general-
ized sense, then S �= ∅. For any sequence {an} ⊂ S, it is an approximating sequence to
quasi-optimization problem, Problem 1.1. Therefore, {an} has a subsequence converg-
ing strongly to a solution of quasi-optimization problem, Problem 1.1. This means that
S is compact. On the other side, suppose (12) is not true. So, it has a positive sequence
{εn} with εn → 0 and θ > 0 and an ∈ M(εn) having

d (an,S) > θ − 1

n
for any n ∈ N. (13)

Evidently, {an} is an approximating sequence of Problem 1.1. Then, passing to a
subsequence if necessary, it can say that an → a∗ with a∗ ∈ S. Letting n → ∞ for
inequality (13), it yields

0 = d
(
a∗,S

) ≥ θ > 0.

This leads to a contradiction, so, (12) is valid.
While S is nonempty compact and (12) is satisfied, we take any approximating

sequence {an} to quasi-optimization problem, Problem 1.1, thus, it has {εn} with
0 < εn and εn → 0 as n → ∞ and an ∈ M(εn). Now, (12) permits us to take
{a∗

n} ⊂ S having

∥∥an − a∗
n

∥∥ → 0.

Because of compactness of S, it can suppose that a∗
n → a∗ in W for some a∗ ∈ S.

So, one has an → a∗. This shows that quasi-optimization problem, Problem 1.1, is
generalized well-posed. ��
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The following theorem provides the metric characteristic to the approximating set
of quasi-optimization problem, Problem 1.1, when it is generalized well-posed.

Theorem 3.10 Assume J is continuous, and C has closed values and is (s, w)-
closed and (s, s)-lower semicontinuous. Quasi-optimization problem, Problem 1.1, is
generalized strongly well-posed iff S is nonempty and

M(ε) �= ∅ for any ε > 0 and lim
ε→0

μ(M(ε)) = 0. (14)

Proof Suppose that quasi-optimization problem, Problem 1.1, is generalized strongly
well-posed. Then, S is nonempty, so does M(ε). Hence,

H(M(ε),S) = max{e(M(ε),S), e(S,M(ε))} = e(M(ε),S) for each ε > 0 (15)

because of S ⊂ M(ε) for each ε > 0. Theorem 3.9 indicates that S is compact. Hence,
we have

μ(S) = 0. (16)

Using (15) and (16), it gives

μ(M(ε)) ≤ 2H(M(ε),S) + μ(S) = 2e(M(ε),S).

The latter together with (12) lead to conclude

μ(M(ε)) = 0,

i.e., (14) is verified.
Let (14) hold. Lemma 3.1 says that M(ε) is closed for any ε > 0. So, it can set

S = ⋂
ε>0 M(ε). By the generalized Cantor theorem (see [13]) and the fact that

S ⊂ M(ε), then S is closed, limε→0 H (M(ε), S) = 0 and ∅ �= S ⊂ S. It will
illustrate that S ⊆ S. For any a∗ ∈ S and εn > 0, it can take an ∈ M(εn) such that

∥∥a∗ − an
∥∥ ≤ εn .

This implies an → a∗ in W . So, we deduce

d(an,C (an)) ≤ εn and J (an) ≤ J (b) + εn for every b ∈ C (an).

The closedness ofC admits that a∗ ∈ C (a∗). For any d ∈ C (a∗), it can take {dn} ⊂ D
with dn ∈ C (an) and dn → d in W . One uses the continuity of J to get

J (a∗) ≤ lim
n→∞J (an) ≤ lim

n→∞[J (dn) + εn] = J (d).

We obtain a∗ ∈ S, thus, S = S. From (14), it can see that S = S is compact. Also,
the fact limε→0 e(M(ε),S) = H(M(ε), S) = 0 and Theorem 3.9 reveal that quasi-
optimization problem, Problem 1.1, is generalized well-posed. ��
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4 Conclusion

Motivated by potential applications to mathematical models, we focused on a quasi-
optimization problem, Problem1.1, to obtain newabstract results that are not examined
by other scholars. The obtained results are given following a unifying strategy which
gives direct and accessible proofs to specialists and non-specialists. In summary, the
main results of the present paper contain the following perspectives:

• We applied the Kluge’s fixed point theorem of multivalued version to prove three
existence theorems for the quasi-optimization problem, Problem 1.1, under the
setting that C is compact, or bounded, or unbounded.

• Theorem 3.4 delivers several sufficient and necessary conditions to a solution of
the quasi-optimization problem, Problem 1.1.

• We proposed two iterative algorithms to find approximating sequences of Prob-
lem 1.1, and proved that the iterative algorithms are globally convergent.

• The concept of approximating sequences, well-posedness and generalized well-
posedness of the quasi-optimization problem, Problem 1.1, are introduced, and the
corresponding equivalent metric characteristic is obtained.
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