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1. Introduction

Let A be an algebra over a field F' of characteristic zero and F(X) the free as-
sociative algebra freely generated over F' by the set X = {x1,x9,...}. A polynomial
f = f(z1,...,z,) € F(X) is a central polynomial of A if, for any a1,...,a, € A,
flay,...,a,) € Z(A), the center of A. In case f takes a non-zero value in A, we say that
f is a proper central polynomial, otherwise we say that f is a polynomial identity of A.
We denote by Id(A) the T-ideal of F(X) consisting of the polynomial identities of A and
by Id*(A) the T-space of central polynomials of A.

Central polynomials were first studied after a famous conjecture of Kaplansky assert-
ing that My (F), the algebra of k x k matrices over F, has proper central polynomials
(see [14]). Later on, such a conjecture was proved independently by Formanek in [5] and
Razmyslov in [17]. This result is highly non-trivial since even if an algebra has a non-
zero center, the existence of proper central polynomials is not granted. For instance, it is
well-known (see [12]) that the algebra of upper block triangular matrices has no proper
central polynomials.

Here we are interested in a quantitative approach in order to get information about
the growth of the proper central polynomials of a given algebra. To this end, for any
n > 1, let P, be the space of multilinear polynomials in z1,...,z,. Then define P,(A)
as P, modulo the identities of A and P,(A)* as P, modulo the central polynomials
of A. The corresponding dimensions ¢, (A) = dim P, (A) and ¢%(A) = dim P,,(A)* are
called the n-th codimension and the n-th central codimension of A, respectively. Clearly
cn(A) — cZ(A) = ¢ (A) is the dimension of the corresponding space of proper central
polynomials.

The asymptotics of the codimensions of an algebra A have been extensively stud-
ied in the past, see for instance [18], [1], [3], [4] or [11] and [2] for a comprehensive
overview of the main results. It turns out that if A satisfies a non-trivial identity then
limy, 00 V/cn(A) = exp(A) exists and is an integer called the PIl-exponent of A (see
[8]). Recently in [12] and [13] it was proved that also lim, ., {/cZ(A) = exp*(A) and
lim,, o0 ¥/c8(A) = exp®(A) exist and are integers called the central exponent and the
proper central exponent of A, respectively. Moreover all three codimensions either grow
exponentially or are polynomially bounded. When exp(A) > 2, exp(A) and exp*(A) co-
incide, whereas it can be shown that the difference exp(A) —exp®(A) can be any positive
integer (see [12]). Hence exp?(A) is a second invariant of the T-ideal Id(A) that is worth
investigating.

Let G denote the infinite dimensional Grassmann algebra and UT(F') the algebra
of 2 x 2 upper triangular matrices. Kemer in [15] proved that if an algebra A is such
that exp(A) > 2, then either Id(G) 2 Id(A) or Id(UT2(F)) 2 Id(A). Since it is well-
known that exp(G) = exp(UTz) = 2 (see [11]) and no intermediate growth is allowed, it
follows that if B is an algebra such that Id(B) 2 Id(G) or Id(B) 2 Id(UT>(F')) then the
codimensions of B grow polynomially. In the language of varieties of algebras, this says
that G and UT,(F) generate the only two varieties of almost polynomial growth.
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Recently in [6] an analogous result was proved in the setting of proper central poly-
nomials. The authors constructed two finite dimensional algebras, named D and Dy,
having exponential growth of the proper central codimensions and classified up to PI-
equivalence the algebras A for which the sequence 3 (A), n > 1, has almost polynomial
growth. It follows that G, D and Dy generate the only varieties of almost polynomial
growth of the proper central polynomials.

In [9], Giambruno and Zaicev characterized the varieties of PI-exponent greater than
two in terms of five suitable algebras of exponent 3 or 4.

The purpose of this paper is to characterize the varieties having proper central expo-
nent greater than two. To this end, we shall explicitly exhibit a list of nine algebras A; in
order to prove the following result: a variety ) has proper central exponent greater than
two if and only if A; € V, for some i. By putting together this theorem with the results
in [6], we shall obtain a characterization of the varieties of proper central exponent equal
to two.

2. Preliminaries

Throughout this paper all algebras will be associative and over a field F' of character-
istic zero. Unless otherwise stated, we shall also assume that F' is algebraically closed.
Let F(X) be the free algebra over F on a countable set X = {x1,z2,...}. Let Id(A)
be the T-ideal of polynomial identities of the F-algebra A and let Id*(A) be the space
of central polynomials of A. Notice that Id*(A) is a T-space, i.e., invariant under all
endomorphisms of F(X). Clearly Id(A4) C Id*(A) and the proper central polynomials
correspond to the quotient space Id*(A)/Id(A).

Regev in [19] introduced the notion of central codimensions as follows. Let P, be the

space of multilinear polynomials in x1,...,2z,. Then, forn=1,2,...,
. P, . P, . P,nId*(4)
W (A) =dim ——2—— ¢ (A) =dim ——2—— *(A4) = dim >—— 2
enl4) = dim psgqy nlA) = dim 5y Gn(A) = dim 5

are the sequences of codimensions, central codimensions and proper central codimensions
of A, respectively.

It was proved in [7], [8], [12] and [13] that for any PI-algebra A the following three
limits

exp(A) = lim Ve, (A), exp®(A) = lim {/cz(A), exp®(A) = lim {/cf(A)
n—oo n—oo n—oo

exist and are non negative integers called the PI-exponent, the central exponent and the
proper central exponent (called also J-exponent) of the algebra A, respectively. Clearly
exp?(A), exp®(A) < exp(A) and in [13, Theorem 3] it was shown that if exp(A) > 2, then
exp®(A) = exp(A). A basic property of the above three numerical sequences is that they
either grow exponentially or are polynomially bounded. Hence no intermediate growth
is allowed.
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Let us introduce a useful tool in the theory of polynomial identities, the Grassmann
envelope of an algebra. Let G be the infinite dimensional Grassmann algebra, that is the
algebra with 1 generated by countably many elements eq, es, .. ., subject to the condition
e;e; = —eje;. G has a natural structure of a superalgebra G = G @ GM where every
monomial in the e;’s of even (odd resp.) length has homogeneous degree zero (one resp.).

If B =B @ BM is a superalgebra, one can construct the algebra G(B) = (G©) ®
B©) @ (GM @ BMW) which is called the Grassmann envelope of B. The importance of
the Grassmann envelope is highlighted in a well-known result of Kemer (see [16]) stating
that if A is any Pl-algebra there exists a finite dimensional superalgebra B such that
Id(A) = Id(G(B)).

It is worth noticing that if A is a finite dimensional algebra, then regarding A as an
algebra with trivial grading we get Id(G(A)) = Id(G(® ® A) = 1d(A), and we may work
with A instead of G(A).

Now we recall how to compute the exponent and the proper central exponent of the
algebra G(B). By the Wedderburn-Malcev decomposition we write B = B+ J where B
is a maximal semisimple superalgebra inside B and J is the Jacobson radical of B (see
[11, Theorem 3.4.3]). Also we can write B = B; ©--- @ By, a decomposition into simple
superalgebras.

Let B;,, ..., By, be distinct simple subalgebras of B. Then we say that C' = B;, ®---@®
B;, is an admissible subalgebra of B if B;, JB;,J---JB;, # 0. Moreover we say that
C is a centrally admissible subalgebra of B, if there exists a proper central polynomial
f(z1,...,2,) of G(B) having a non-zero evaluation involving at least one element of
each G(B;,), 1 < h <k.

Then exp(G(B)) is the maximal dimension of an admissible subalgebra of B and
exp’ (G(B)) is the maximal dimension of a centrally admissible subalgebra of B (see [8],
[12], [13)).

Recall that if V = var(A) is the variety of algebras generated by an algebra A, then we
write exp(V) = exp(A) and exp’ (V) = exp’(A). Hence the growth of V is the growth of
the codimensions of the algebra A. Moreover a variety V has almost polynomial growth
if V grows exponentially but any proper subvariety grows polynomially.

By [13, Remark 1] if two algebras have the same identities, they also have the same
proper central polynomials. Hence the proper central exponent of an algebra A is an
invariant of its T-ideal of identities and also of the corresponding variety of algebras. So
we say that a variety of algebras V has almost polynomial d-growth if exp?(V) > 2 and
for any proper subvariety W C V we have that exp®(W) < 1. By abuse of notation we
also say that an algebra A has almost polynomial d-growth if exp®(A) > 2 and for any
algebra B such that Id(B) D Id(A), we have that exp’(B) < 1.

Recently in [6] the authors classified the T-ideals whose corresponding varieties have
almost polynomial growth of the proper central codimensions. More precisely, it was
proved that if A is a PI-algebra with exp®(A) > 2, then either Id(A) C Id(D) or Id(A) C
Id(Dy) or Id(A) C 1d(G), where D = {(a;;) € UT5(F) | a11 = ass} and Do = {(a;5) €
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UTy(F) | a11 = aaqa = 0}. Here UT,,(F) denotes the algebra of n x n upper triangular
matrices over F.

3. Some algebras of small d-exponent greater than two
The purpose of this section is to introduce some suitable algebras that will allow us to

prove the main result of this paper. We start by recalling some notation and definitions.
For an ordered set of positive integers (dy,...,d) let UT(dy,...,dy) denote the

algebra of upper block-triangular matrices over F' of size dy, ..., dn, ie.,
Mag, (F) - % *
0 .
UT(dl,,dm): . 9
: *
0 <o 0 Mg, (F)

where My, (F) is the algebra of d; x d; matrices over F.

Recall that if H is an arbitrary abelian group an H-grading on M, (F') is elementary
if there is an n-tuple h = (h1,...,hy) such that the matrix units e;; are of homogeneous
degree h; 1hj. Clearly the algebra of upper block triangular matrices also admits ele-
mentary gradings. In fact, the embedding of such an algebra into a full matrix algebra
with an elementary grading makes it a homogeneous subalgebra. We shall denote by
UT(di,...,dm)(h,..h,) the algebra of upper block triangular matrices with elementary
grading induced by the n-tuple h = (h1,...,hy) with n =d; + -+ + d,,. In particular,
for H = Zo, UT(d1,...,dm)(h,,...,1n,) is a superalgebra and G(UT(dy,...,dm)n,,...1,))
denotes its Grassmann envelope.

We also need to recall the classification of the finite dimensional simple superalgebras
over F (see [16], pag. 21). Any such superalgebra is isomorphic to one of the following:

i) My, (F) is the algebra My (F), k > 1 > 0, k # 0, endowed with the grading induced
by the (k + I)-tuple (0,...,0,1,...,1);
——

k times [ times

ii) My (F) + cMy(F), where ¢® = 1, with grading (M (F), cMy(F)).

We shall denote by My, ;(G) and My (G), respectively, the corresponding Grassmann en-
velopes. In what follows we shall identify F'+cF with the graded subalgebra of Ma(F') 1)
generated by the elements cg = €17 + €22, and ¢; = e12 + €37.

Next we define the following nine algebras over F' that we shall use in the sequel.

-’41 = MQ(F>7
Ay = M 1(G),
UTy(F) | a11 = aaq},

(
Az = {(aij)
Ay = {(ai;) € UT5(F) | an1 = as5 = 0},
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As = {(aij) S UT3(G) | aip = agg, a2 € G(o)},

Ag = {(aij) € G(UT<273)(0,0,0,1,0)) | a1 = a1 = asgz = asq = as5 = 0, azz =
a4, a34 = aq3},

A7 = {(ai;) € GUT(3,2)(0,0,1,0,0)) | a11 = a21 = az1 = asq4 = ass = 0, axp =
as3, a3 = sz},

As = {(aij) € GUT(1,2,1)(0,0,1,0)) | 11 = @44, a2z = as3, azs = asz},

Ag = {(ai;) € GUT(1,2,1)0,0,1,1)) | @11 = @44, a2 = azz, as3 = azz}.

It is well known that exp(Ma(F)) = exp’(Ms(F)) = 4 and exp(M;1(G)) =
exp?(My1(G)) = 4. For the remaining algebras we have the following

Lemma 3.1. Fori=3,...,9, exp(A;) = exp’(A;) = 3.

Proof. For the algebra Asj, since F(e11+eqq)FejaFessFeazFegs # 0, then F(e11+e44)®
Fegs @ Fess is a maximal admissible subalgebra. Hence exp(As) = 3. The center of As
is Z(As) = F(ei1 + €22 + e33 + eqq) ® Feqa. Since [e11 + euq, e12][e22, e23][e33, e34] =
e1s we have that [z1,x2][xs, z4][s5, 6] is a proper central polynomial of A3 and, so,
F(e11 + e44) ® Fegs @ Fess is a maximal centrally admissible subalgebra. It follows that
exp’(Az) = 3.

Regarding the algebra Ay, it is easy to see that Fess @ Fess @ Feyy is a max-
imal admissible subalgebra and, so, exp(A4) = 3. The center of Ay is Z(Ay) =
Feys. Moreover [z, x2][Ts, 4][x5, z6][27, xs] is a proper central polynomial of A4 since
[e12, €22][€23, €33][€33, €34][€44, €45] = €15. It follows that Fegs @ Fess ® Feyy is a maximal
centrally admissible subalgebra and so exp®(A4) = 3.

A maximal admissible subalgebra of As is (F + cF)(e11 + es3) @ Feas, hence
exp(As) = 3. The center of As is Z(As) = GO (e11 + ean + e33) + G@ey3. Moreover
[[x1, T2, x3][x4, T35, T6), 7] is a proper central polynomial of A5 and, so, exp®(As) = 3.

It is easy to check that a maximal admissible subalgebra of Ag is Fegs ® F(e33+€44) D
F(e3q + e43). Moreover, Z(Ag) = GOeys, [x1,22][x3, z4][x5, 76, 7] is a proper central
polynomial and, so, exp(Ag) = exp®(Ag) = 3.

A maximal admissible subalgebra of the algebra A7 is F/(eaa+e33)DF (eaz+e32) B Feqs.
Moreover Z( A7) = G@eys and [x1, T2, x3][x4, T5][T6, x7] is a proper central polynomial.
Thus exp(A7) = exp’ (A7) = 3.

Finally, a maximal admissible subalgebra for both algebras Ag and Ag is F(e;; +
€14) ® Fega + e33) © F(eas + e32). Hence exp(As) = exp(Ag) = 3. The center of Ag
is Z(Ag) = GO (e1; + ean + e33 + eqs) + Geyy and the center of Ag is Z(Ag) =
GO (e11 + ean + e33 + eqq) + GWey,. Moreover [x1, T2, x3][x4, x5, T6] is a proper central
polynomial for both Ag and Ag. Hence exp®(Ag) = exp’(Ag) =3. O

Next we will determine generators for the T-ideal of identities of the algebras Ag and
Az. To this end we first need to prove a preliminary lemma.
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Let (f1,..., fr)7 denote the T-ideal of the free algebra generated by the polynomials
fl?"~7f'r~ We haVe

Lemma 3.2.

G) | a11 = ag,a13 € GO a1y = asy,a03 € GW a3 = azy =
([z1, 72, z3]T4) T
G) | az = azs,a12 € G ag;

[xg,x3,$4}>T.

D) If C1 = {(aij) € M3
ass = O}, then Id( 1
2) If C2 = {(aij) € M3
azp = 0} then Id(CQ

1 _ _
asz, a3 € G! ),(111 = ag1 =

—_ N —

Proof. It is easily checked that C satisfies the identity [z1, 2, x3]x4 = 0. Hence Id(Cy) 2

([x1, w2, T3]Ta) 7.
Next we shall work modulo the identity [z1, 22, 23]x4 = 0. First we claim that

[$1, $2]$3334 = 303[1‘17 $2}$4~ (1)
Indeed
[21, Z2]zzzs = ([[21, T2, 23] + 23[21, T2] )04 = [0, 2, T3] T4 + W3[21, T2 W4 = T3[W1, T4
Moreover from the equality

0 = [x1, x2x3, x4)ws = [[T1, T2]a3 + T2[21, 23], 24]T5 =

([x1, w2, waw3 + (21, T2][23, 4] + [T2, M4][T1, 23] + T2[T1, 23, 4]) 25
we get
[x1, 2] [x3, x4]X5 + [T2, 24][T1, 23]25 = 0.
Since by (1), [z2, x4][x1, z3)Ts = [21, 23][22, 24]25, We obtain
[1, z2][73, z4)T5 + |71, T3][T2, T4)T5 = 0. (2)
From the relations (1) and (2) it follows that any monomial
W= Ty, Ty, ,Taq € Py

can be written modulo the identity [z1, 22, 23]z4 as a linear combination of products of
the type

Liy * " Ly, [xijjz] e [xj2m717xj27n]xa

With 61 < -+ < i, j1 <+ < jam, k+2m =n— 1.
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Let f(z1,...,2,) be a multilinear polynomial identity of Cj, we shall prove that
it vanishes modulo the identity [z1, 22, 23]x4. Suppose that f(z1,...,2,) # 0 modulo
[x1, z2, x3]24 and write

f(xlv s ,:L'n) = Zﬁi,iﬂxil i _omo1 [le ’ xj2] T [ijm—l7xj2m]xa7
where Bija € F, i = (i1,.. . in-2m-1), i1 < -+ < dn—2m-1, § = (j1,.--,J2m) and
J1 < -+ < Jom. We choose the minimal m such that for some (n — 2m — 1,2m)-tuple

(41, in—2m—1;J1,-- -, J2m) We have that f; ; o # 0. We make the substitution z;, =

C= Ty, g = €11+ €22, Tj, = gi(e12 +ea1) forall t = 1,...,2m, x, = geys, where
g € GO the g,’s are distinct generators of G and gg; # 0. Clearly we obtain, for a
suitable coefficient 3; ;.. € F,

Bij,ag1 - g2mgers # 0.

The minimality of m gives that all other coefficients vanish and we get a contradiction.
Similar considerations show that Id(C2) = (z1[z2, x3, z4])r. O

Recall that the free supercommutative algebra S = F[U,V] is the algebra with 1
generated by two countable sets U = {uq,us,...} and V = {v1,v9,...} over F, subject
to the condition that the elements of U are central and the elements of V' anticommute
among them. The algebra S has a natural Zo-grading S = S(© @ S if we require the
variables of U to be even and those of V to be odd. We shall call the elements of V'
Grassmann variables.

If B=B® @ BW is a superalgebra, the algebra S(B) = (S @ B®) + (M @ BW)
is called the superenvelope of B. It has the following basic property (see [11, Proposition
3.8.5)).

Proposition 3.1. Let B = B @ BW be o finite-dimensional superalgebra. If {ay,...,ax}
and {by,...,b;} are bases of B and BW) respectively, then the subalgebra of S(B)
generated by the elements

Ei=uy, @ar+ - +u, @ap+v;, @b+ +v;, @by, 1=1,2,...

is a relatively free algebra of the variety var(G(B)) = var(S(B)) with free generators &1,
£, ...

Now, we can prove the following.

Proposition 3.2.

H
N—
~
¥
=
=
N—
Il

<$1 [$27 $3] [9647 T5, $6]$7>T-
(x1[z2, T3, T4][T5, T6]TT)T-

[N}
N—
~
jsH
=
=
N—
Il
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Proof. First we consider the algebra Ag. We notice that Ag = G(B) where B = B @
BW is a finite-dimensional superalgebra with dimpB©) = 8 and dimpBM) = 4. We

write
B, J
Ag =
0 GO g o GO
where By = <O () >, By = hi g1 GO | |g €GP h e GV} and
0 0 0

GO g GO
=l oo cv qo |
We shall prove that Id(Ag) =Id(B;)Id(B2) by making use of Proposition 3.1. We

choose 8n polynomial variables £}, 1 <i < n, i < j <8, and 4n Grassmann variables 7,
1<i<mn,1<I[<4. Denote by G the subalgebra generated by the elements

8 4
Z'=> &a;+ Y nibi € Fl&,nil @ B,
j=1 =1

where aq,...,as are a basis of B(9) and by,...,bs a basis of B, Since we choose a
basis of B made of matrix units, we shall use a double index for the commutative and
Grassmann variables.

Consider three infinite disjoint sets of commutative and Grassmann variables and
denote them as follows:

X = {ﬁ,zafgz}a Y = {5%,3@%,5%3,47%,5]’

and
U= {51,37 5%,57 55,37 55,57 "7;,4» 77%,4}
For i =1,...,n, consider the following matrices:
X' =¢] se12 + & gena,
V" = & 5(es3 + eas) + &5 s€35 + 15 (€34 + €a3) + 14 545,
U' = & ge13 + & 515 + €5 3ea3 + 5 5€25 + 11 4€14 + 15 4€24.
Then, by Proposition 3.1, the generic matrices X*',..., X" generate the relatively free

algebra By of rank n of the variety var(B;) and Y',... Y™ generate the relatively free
algebra By of rank n of the variety var(By).
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If we prove that U, ..., U™ generate a free (Bl, Eg)—bimodule then, by Lewin theorem
[11, Corollary 1.8.2], we obtain that the set {Z° = X? 4+ Y+ U?| 1 <i < n} generates
a relatively free algebra of the variety corresponding to the product of the T-ideals
Id(B1)Id(Bz). This will complete the proof of the proposition.

Hence we need to show that U',...,U"™ generate a free (Bl, Bg)—bimodule. Let
a{,ag, ..., 1 < j < n, be non-zero elements of By and let by, b, ... be linearly inde-
pendent elements of By. We want to prove that

> aiUi+ -+ afUh; # 0.
i

Since U, ..., U™ depend on disjoint sets of variables it is enough to check that
ajUy +--- 4+ afU'; # 0,

for all ¢ > 1. Since a% = 0, it has a non zero value in B; under some specialization of
the variables in X. This value is of the type A se12 + A} yean # 0, with A} 5, AL, € GO,
Suppose now that alU'b; + - -+ + afU'b; = 0. Then

t
> a} (€5 5603 + &b a5 + 0 4e20)bi = 0

i=1
and, so,

t

D (Miger2 + A 9€22) (€ se23 + Eb seas + nj 4e24)bi = 0.
=1

Assume for instance that A{, # 0. If we consider the following specialization 5573 —
L 55,5 — 0, 77%,4 — 0, then

t

Z(Ai,zela‘ + )\32623)51' =0

i=1

and in particular
t .
613(2 /\11)21)1) =0.
i=1

Let f = Zle Al obi. This element is not an identity for By but for any special-
ization of the variables in Y, i.e. for any homomorphism ¢ : By — Bs, we have
e13¢0(f) = 0. This means that in ¢(f) all elements of the first row are zero. By [10,
Lemma 4], the linear span (¢(f)) of all values of f on By is a Lie ideal of By and

this is false. The contradiction just obtained proves that Id(Ag) =Id(B;)Id(Bs). Since,
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by Lemma 3.2, Id(B;) = {(x1[x9,z3]))r and 1d(B2) = (x4, x5, 2¢]27)T, We obtain that
Id(As) = (z1[22, 23][4, 5, 26]27) .

The proof of the second part of the proposition is very similar to the above proof and
we omit it. O

Remark 3.1. Consider the following algebras

- Ag = {(ay) € GUT(2,3)0,00,1,1)) | @11 = az1 = as3 = asa = ass = 0, azz =
44, a34 = ag3},

- A2 = {(aij) € GUT(2,3)0,1,1,01)) | 011 = az1 = as3 = asa = as5s = 0, asz =
44, 34 = A43},

- Ag = {(aij) € G(UT(273)(0,1,1,0,0)) | a1 = a1 = as3 = ass = ass = 0, azz =
a4, a34 = ag3},

- A = {(ai;) € GUT(3,2)(0,1,0,1,1)) | a11 = az1 = ag1 = ass = as5 = 0, azy =
a3, a3 = azz},

- A% = {(ay) € G(UT(372)(0,0,1,0,1)) | a11 = ag1 = az1 = as4 = as5 = 0, axp =
a3z, @23 = 032}7

- A:% = {(aij) € G(UT(3,2)(0’1,0’1’0)) | a1 = a1 = az1 = ass = ass = 0, az =

ass, a3 = asz}.
By Proposition 3.2 and its proof it follows that
Td(AY) = Td(A2) = Td(A2) = Id(Ag) = (21]x2, x3)[4, T5, 26]T7) T
and
Td(A}) = Td(A2) = Td(A32) = Id(A7) = (x1[x2, 3, 24)[x5, T6]T7) T
4. Building up algebras of small d-exponent

Throughout this section B = B(® @ B will be a finite dimensional superalgebra
over an algebraically closed field F' of characteristic zero.
We start with the following.

Lemma 4.1. If B contains three orthogonal idempotents eq,es,es such that
e1j1e2joesjser # 0, for some j1,jo,j3s € J(B), then there exists a Za-graded subalgebra
B of B such that Id(G(B)) C Id(As).

Proof. By linearity we assume, as we may, that the elements j1, j2, j3 are homogeneous.
Let B be the Za-graded subalgebra of B generated by the homogeneous elements

e1,€32,€3,€171€2, €2J2€3, €3J3€1
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and let I be the ideal of B generated by the element esjse;jies. We build a homomor-
phism of superalgebras ¢ : B — UTy(F) by setting p(e1) = eq1 + eas, @(ea) = ean,
<p_(63) = e33, p(e1jies) = e1a, p(eajaes) = eas and p(ezjzer) = ezq. Then I = Kery and
B/I ~ ¢(B) is isomorphic to the algebra 43 with a suitable Zs-grading.

Now, considering images under the mapping ¢, we see that the elements

e1, €2, €3, €1j1€2, €2J2€3, €343€1, €1J1€2J2€3, €2J2€373€1, €1J1€2J2€373€1

are linearly independent and form a basis of B mod I. By abuse of notation we identify
these representatives with the corresponding cosets.

Let g1, 92,93 be distinct homogeneous elements of G having the same homogeneous
degree as ji, jo, j3, respectively. Then the elements

1®er, 1®e2, 1®e3, g1 ®e1jiez, g2 ® eajzes, gz @ ezjser,
9192 @ e1j1eaj2€3, gag1 & eaj2esjse1, 919293 @ e1jieajzesjser,
form a basis of a subalgebra C of G(B/I) isomorphic to Az with the trivial grading.

It follows that Id(Az) = Id(C) 2 Id(G(B/I)) 2 Id(G(B)), and the proof is com-
plete. O

Lemma 4.2. If B contains three orthogonal idempotents e1,e2,es such that jie1jaesjsesja
#£ 0 for some j1,j2, 73, s € J(B), then there exists a Zy-graded subalgebra B of B such

that 1d(G(B)) C Id(As).

Proof. As in the previous lemma we assume that the elements ji, jo, j3, j4 are homoge-
neous. Let B be the Zy-graded subalgebra of B generated by the homogeneous elements

e1, €2, €3, j1€1, €1j262, €2]3€3, €374

and let I be the homogeneous ideal of B generated by the elements esjseq, esjaes,
esja€s, €3jaj1€1, €3j1€1, €ajie1, erjier. We build a homomorphism of superalgebras

Y : B — UTs(F)
defined by setting 1(e1) = €22, ¥(e2) = es3, 1h(e3) = eas, Y(jre1) = €12, P(erjaea) = €3,
Y(eajses) = esq and (esjs) = ess. Then I = Kery and B/I ~ ¢(B) is isomorphic to

the algebra A4 with a suitable Zs-grading.
The elements

e1,¢e2,€e3, jie1, €1jse2, €2j3€3, €3j4, ji€1j2€2, €1j2€2J3€3,

€2J3€3j1, J1€1j2€2]3€3, €1j2€2J3€374, j1€1j2€2J3€3)4

are linearly independent and form a basis of B mod 1.
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By abuse of notation we identify these representatives with the corresponding cosets.
It follows that, for distinct g; € G(©) U G(M) having the same homogeneous degree of the
corresponding j;, the elements

1®e,1®e,1®es3, g1 ®j1€1, g2 ® e1jze2, g3 @ ezjze3, ga @ €3j4,
9192 ® jie1jze2, gogs ® e1jseajses, gsga ® €2j3esjs,
919293 @ j1e1j2€273€3, 29394 @ €1j2e2j3€3j4, 91929394 @ j1€1J2€273€3]4,

are a basis of a subalgebra C of G(B/I) isomorphic to A, with the trivial grading.
We have that Td(A4) = Id(C) D Id(G(B/I)) 2 Id(G(B)), a desired conclusion. 0O

Lemma 4.3. If B contains two orthogonal idempotents e, es, with es € F & cF, such
that esjoerjres # 0, for some ji,ja € J(B), then there exists a Zo-graded subalgebra B
of B such that Id(G(B)) C Id(As).

Proof. Let B be the Z,-graded subalgebra of B generated by the homogeneous elements
€1, €2,CE2, €1j1€2, 62j2€1

and let I be the ideal of B generated by ejjieajser, e1ji1cesjoer.
We consider the homomorphism of superalgebras ¢ : B — UTj (F + cF) by setting

p(e1) = ez, p(ea) = e11 + e33, p(cez) = cler + e33), p(e1jiea) = aeaz and p(ezjzer) =
aeya, where a € {1, ¢} according to the homogeneous degree of j; and ja. Then I = Kery
and B/I ~ p(B) = A where

_ a Ty
A= 0 b z|:beF,a,z,y,z€ F+clF ;.
0 0 a

The following elements

€1, €2, cea, €1J1€2, €2J2€1, €1]1C€2, CC2J2€1, €2]2€1]1€2, CE2J2€1j1€2

are linearly independent and form a basis of B mod I. We identify these representatives
with the corresponding cosets. Then the elements

1®e1,1®er,1Rces, 1 @erjies, 1 ® eajoer,

L ®eijices, 1 @ ceajaer, 1 @ eajaerjies, 1 @ ceajaerjies
form a basis of G(B/I) ~ G(A) = As and Id(As) 2 Id(G(B)). O

Lemma 4.4. If B9 contains two orthogonal idempotents ey, es, with e; € F @ cF, such
that jre1jaeajs # O for some ji,ja,j3 € J(B), then there exists a Zo-graded subalgebra
B of B such that Id(G(B)) C Id(Ag).
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Proof. Let us assume that the elements ji, j2, j3 are homogeneous of degree zero and let
B be the Zo-graded subalgebra of B generated by the homogeneous elements

e1,e2,Ce2, j1€1, €1j2€2, €273

such that jie1joesjs # 0. Let I be the homogeneous ideal of B generated by the elements
e1jie1, eajie1, €ajzel, €ajszes, eajzjrer. We consider the homomorphism of superalgebras
0:B—=UT(2, 3)(0,0,0,1,0) by setting @(e1) = ea2, (e2) = e33 + eua, (,D(feg) = €34 + €a3,
w(j1e1) = e1a, p(e1jaea) = ea3 and p(eaj3) = ess. Then I = Kergp and B/I ~ p(B) = A

where
0 a b d e 0 a b 0 e 0 0 0 d 0
~ 0 f g h I 0 f g 0 1 0 0 0 A O
A=10 0 v v m|=]10 0 v 0 m|a&]|]O0O O O v O
0 0 v u n 0 0 0 u O 0 0 v 0 n
00 0 0 O 0 0 0 0 O 0 0 0 0 O

The following elements

e1, €2, cea, jie1, €1j2€2, €2j3, j1€1j2€2,

Jieijaces, jJie1j2€2j3, €1jace2, €1J2€2J3, Ce2j3

are linearly independent mod I and form a basis of B/I. By the same procedure of the
previous lemmas it follows that G(A) = Ag and so Id(Ag) D Id(G(B)).

The same result is obtained when j; € J© and jo,j3 € JU. Moreover if j; € J©
and jo, j3 are of different homogeneous degree we obtain that Id(A}) D Id(G(B)).

In case j; € J® we get that either Id(A2) D Id(G(B)) or Id(A2) D Id(G(B))
according to whether js, j3 are of the same or of different homogeneous degree. Since,
by Remark 3.1, Id(A}) = Id(AZ) = Id(A3) = 1d(Ag), we get the desired result. O

Lemma 4.5. If B(9) contains two orthogonal idempotents ey, es, with e; € F @ cF, such
that jiesjaerjs # O for some ji, ja,js € J(B), then there exists a Zo-graded subalgebra
B of B such that Id(G(B)) C Id(A7).

Proof. By following the proof of Lemma 4.4 we obtain that, if j3 € J© and j;, jo are of
the same homogeneous degree then Id(A7) D Id(G(B)). Otherwise, if js € J(©) and jy, jo
are of different homogeneous degree then Id(A}) D Id(G(B)). Similarly, if jz € JM), we
get either Id(A2) D Id(G(B)) or Id(A32) D Id(G(B)).

Recalling Remark 3.1 we have that Id(A}) = Id(A2%) = Id(A3) = Id(A7) and we are
done. O

Lemma 4.6. If B contains two orthogonal idempotents ey, es, with e € F & cF, such
that e1jiesjoer # 0, for some j1,7o € J(B), then there exists a Zo-graded subalgebra B

of B such that Id(G(B)) C Id(As) or Id(G(B)) C Id(Ay).
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Proof. First we suppose that the elements j;, jo are homogeneous of degree zero. Let B
be the Zs-graded subalgebra of B generated by the homogeneous elements

e1,e2, cea, e1jies, €ajaeq

and let I be the ideal of B generated by esjseijies, e1j1ceajoer. We consider the ho-
momorphism of superalgebras ¢ : B — UT(1,2,1)(0,0,1,0) by setting @(e1) = e11 + e,
p(ea) = ean + es3, w(cea) = eas + e3x and @(erjies) = era, w(eajoer) = eaq. Then

I = Kerp and B/I ~ p(B) = A where

a b d e a b 0 e 0 0 d 0
A_Ouvh_OuOh@OOUO
" 10 v u m)] {0 O uw O 0 v 0 m
0 0 0 a 0 0 0 «a 0 0 0 O

The following elements

e1, €3, cez, €1j1€2, €3J2€1, €1j1Ce2, Ce2J2€1, €1]1€2j2€1

are linearly independent and form a basis of B mod I. We identify these representatives

with the corresponding cosets. The elements
I®er,1®e,1®cez, 1 ®erj1e2,1 @ eajze1,1®erjices, 1 ® ceajzer, 1 ® erjiesjaen

form a basis of G(B/I) isomorphic to Ag. Thus Id(Ag) 2 Id(G(B)).

If j1,j2 € JOU we obtain the same result. If j; and jy are of different homogeneous
degree we get a homomorphism of superalgebras ¢ : B — UT(1,2, 1)(0,0,1,1) such that
B/I ~ ¢(B) = A where

a b d e a b 0 0 0 0 d e
A_Ouvh_OuOO@OO’uh
"0 v u m] 10 0 u m 0 v 0 O

0 0 0 a 0 0 0 a 0 0 0 O

Its Grassmann envelope is G(A) = Ag. Thus Id(Ag) D Id(G(B)) and we are done. 0O
5. The main results

In this section we characterize the varieties with proper central exponent greater or

equal to two.

Theorem 5.1. Let F' be a field of characteristic zero and V a variety of algebras over F'.
Then exp® (V) > 2 if and only if A; €V for some 1 < i < 9.
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Proof. As we recalled in Section 2, we may assume that V = var(G(B)) where G(B)
is the Grassmann envelope of a finite dimensional superalgebra B = B(® + B Write
B =B, ®---®B,+J, with the B;’s simple superalgebras, and let exp®(G(B)) = d > 2.

If, for some ¢ < g, B; = My, (F) then G(B) D G(B;) = My, (G). If | = O and
k> 2, Mpo(G) = GO @ My(F) O My(G®) and, so, Id(G(B)) C Id(Mx(G®))
Id(My(F)) = Id(Ay), as wished. If I > 0, Id(G(B)) C Id(G(B;)) = Id(M;(G))
Id(M;1(G)) = Id(Az) and we are done also in this case.

Suppose now that, for some i < ¢, B; = My(F) @ cMy(F). Then if £ > 2, G(B;)
G(My(F) @ cMy(F)) 2 G @ My(F) 2 G ® My(F), and as above we get 1d(G(B))
Td(M(F)) = Id(Ay).

Therefore we may assume that, for 1 < ¢ < ¢, either B; = F with trivial grading or
B, =F@&cF.

Recall that d = dim D where D is a centrally admissible subalgebra of B of
maximal dimension. We may clearly assume that D = By & --- & B,, and, so,

NN

N

by definition there exists a proper central polynomial f of G(B) and an evalua-
tion 0 # f(b1,...,bp,bp41,...,bn) € Z(G(B)), where by € G(By),...,b, € G(B,),
bri1,.-.,bn € G(B).

Since exp’(G(B)) = dim D = d > 3 one of the following three cases occurs:

1) D contains three simple components of the type F;
2) D contains one copy of F' and one of F' & cF;
3) D contains two copies of F' & cF.

Suppose first that Case 1 occurs. D contains three orthogonal idempotents ey, ez, e3
homogeneous of degree zero. Recalling that f is the proper central polynomial corre-
sponding to D we have that in a non-zero evaluation f of f three variables are evaluated
in

g1 ®e1, g2 ez, g3 es,

where g1, g2, g3 € G are distinct elements. Since G(?) is central in G and f is multilin-
ear, we may assume that g3 = go = g3 = 1 and, so, the elements 1 ® e, 1 ®ea, 1 R eg
appear in the evaluation of f.

Suppose first that a monomial of f can be evaluated into a product of the type

(I1®e1)(h ®j1)(1®ez)(he ® j2)(1 ® e3)(hs ® j3)(1 @ e1) # 0,
for some hi ® j1, ho ® jo, hy ® j3 € GO JO uaEM @ JU Hence
hihaohs ® e1jieajzesjzer # 0

which says that ejjiesjsesjse; # 0, for some homogeneous elements ji, j2,j3 € J. By
Lemma 4.1 we get that there exists a Zo-graded subalgebra B of B such that Id(G(B)) C
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Id(As) and we are done in this case. This clearly holds for any permutation of the e;’s,
1=1,2,3.

Hence, if m is a monomial of f whose evaluation /m in f is non-zero, we may assume
that (1®e;)m(1®e;) =0, 1 < i < 3. This also says that (1®e;)f(1®e;) = 0 and, since
fis central, (1®e;)f = f(1®e;) =0.

Next suppose that there exists an evaluation of a monomial of f containing a product
of the type

(h1 ®j1)(1 ® e1)(ha ® j2)(1 ® e2)(hs ® j3)(1 ® e3)(ha ® ja) # 0,

for some hy ® j1,he @ jo, hs @ jz, ha @ ja € GO @ JO UGM @ JO) . Then

hihahshy ® jie1jaeajsesja # 0,

and, so, jieijeesjzesjs # 0 for some homogeneous elements ji,j2,73,54 € J. By

Lemma 4.2 we have that there exists a Zs-graded subalgebra B of B such that

Id(G(B)) C Id(A4) and we are done.
Hence we may assume that in f, the evaluation of a monomial of f never starts and
ends with elements of J. As remarked above, we may also assume that (1 ® e;) f =

fl®e;)=0,1<i<3. Letusset £; =1®¢;, 1 <i<3, and write
f=FEifi+ foB1+ Esfs + fiEo + Esf5 + foEs,

where F; f; is the sum of the evaluations of the monomials of f starting with Ey, foFE; is
the sum of the evaluations of the remaining monomials of f ending with Ey, Fs fs+ f4E»
is the sum of the evaluations of the remaining monomials starting or ending with Es,
and so on.

Since Ei f = fE> = fE3 = 0 and we may assume that Elijl =0 for i # j, we get

0=Ef+ fE2+ fE; =
Eyfi + E1fuEo + By f¢Es + Ey fiEs + fiEs + EsfsEy + E1 f1 B3 + Es f3Fs + foEs.

Moreover

0=FE\fEy=E fiEy + E, f4F,
0= E\fEs = E1f1Es + F1 fe Es.

Then
0=FEif+ fEy+ fE3 = Evfi1 + faFo + fsF3 + EsfsEy + Eof3FEs

and so



F.S. Benanti, A. Valenti / Journal of Algebra 679 (2025) 96-116 113

Erfi + faBE> + feEs = —Esf; By — Es f3Es.
Similarly, since fE; = Eof = Esf =0, we get
f2By + Exfs + Esfs = —Es feEs — E3 f4Fs.
In conclusion
f=Eifi+ faBr+Eafs+ faBy+ Esfs + fo B3 = —Es fs By — Es faEs — By fo s — E3 f4 Es.
Since fE, = 0, it follows that 0 = fE; = —FE3fsFEo — E3f4Eo. Then
f=—EyfsEs — EyfeFs

and we reach a contradiction 0 = fF5 = f. This completes Case 1.

We remark that, if D contains two copies of F' @ cF', then it also contains one copy of
F and one copy of F' @ cF'. This says that Case 3 can be deduced from Case 2. Hence
throughout we shall assume that D contains one copy of F' and one of F' & cF' and we
only deal with Case 2.

Hence let D D Fey @ (Fes @ cFey). Then in the non-zero evaluation f of the central
polynomial f at least one variable is evaluated in 1 ®e; and one variable in G(© @ cG™).
Suppose first that there exists an evaluation of a monomial of f such that

(1®e1)(h1®j1)(g1 ®e2)(he ®j2)(1®@eq) #0,
for some hy ® j1,hy ® jo, € GO @ JOUGD @ JOV and g; € GO, Then
higihe ® e1jiezjoer # 0

and by Lemma 4.6 we obtain that there exists a Z,-graded subalgebra B of B such that

either Id(G(B)) C Id(Ag) or Id(G(B)) C Id(Ay).
If there exists an evaluation of a monomial of f such that

(1®e1)(h1 @ 41)(91 @ cez)(ha ® j2)(1 ®e1) # 0,

for some h; ®j1, ho ®j2, S G(O) X J(O) U G(l) X J(l) and g1 € G(l), then €1j1062j2€1 7é 0.
If we put j; = jic we are done by the previous case.

Next let us consider the case when there exists an evaluation of a monomial of f such
that

(91 ®e2)(h1 ® j1)(1 ®er)(he @ j2)(g2 @ €2) # 0,

for some hy @ j1, he @ jo, € GO @ JO UGM @ JV) g1, g, € GO, By Lemma 4.3, there
exists a Zo-graded subalgebra B of B such that Id(As) 2 Id(G(B)).
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Hence we may assume that if m # 0 is the evaluation in f of a monomial of f,
(1®e)m(l®e;) = 0,1 < i < 2. This also says that (1 ® e;)f(1 ® e;) = 0 and
(1@e)f=f1®e)=0,1<i<2.

Next suppose that a monomial of f has an evaluation of the type

(h1 ® j1)(1®e1)(ha ® j2)(91 ® e2)(h3 ® j3) # 0,

for some hy ® j1,ha ® ja, hs ® js € GO @ JO UGH @ JWV, g, € GO,
Suppose jie1j2e2j3 # 0. By Lemma 4.4 there exists a Zo-graded subalgebra B of B

such that Id(G(B)) C Id(Ag). The same result holds when jje;jacesjs # 0.
Now we consider the case when a monomial of f has an evaluation of the type

(h1 ® j1)(g91 ® e2)(h2 ® j2)(1 ® e1)(h3 @ j3) # 0,

for some hy @ j1, ha ® jo, hs ® js € GO @ JO UGV @ JM and g; € G©). By Lemma 4.5
there exists a Zo-graded subalgebra B of B such that Id(G(B)) C Id(A7). The same
result holds when jjcesjoeqjz # 0.

As remarked before, if m # 0, then (1 ® ¢;)m(l ® e;) = 0 and also (1 ® ¢;)f =
f(1®e;) =0,Vi=1,2. If we denote (1®e;) = F;, then we may write, as in the previous

case,
f=Eifi+ f2B1+ Exfs + faFo. (3)

From Elf =0 we get Elfl + E1f4Eg =0 and so ElflEg + E1f4E2 = 0. It follows that
E\ fi = By f1 5. - - -

Moreover, since fE; = 0, from (3) similarly we get EyfiE2 + f4F> = 0 and so
Ey fl + f4E2 = 0. As a consequence we obtain that

f=faE1 + Exfs.

Since 0 = Ezf = EQfQE] + ngg, we get f = fQE] + ngg = ]?QEI — EQfQEl. It follows
that 0 = fE, = foFE1 — EsfoF1 = f # 0, a contradiction. O

Now we are able to characterize the varieties with proper central exponent equal to
two.

Corollary 5.1. Let V be a wvariety of Pl-algebras over a field F of characteristic zero.
Then exp?(V) = 2 if and only if A; €V for everyi € {1,...,9} and either D € V or
DyeVorGe.

Proof. By [6] exp®(V) > 2 if and only if either D € V or Dy € V or G € V. Moreover,
by Theorem 5.1, exp®(V) < 2 if and only if A; € V for i € {1,...,9} and so the proof is
completed. O
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Next we recall the following.

Definition 5.1. Let V be a variety of algebras. We say that V is minimal of proper central
exponent d > 2 if exp?(V) = d and for every proper subvariety &/ C V we have that
exp’ (U) < d.

We denote var(A;) =V;, for 1 <i <9.

Proposition 5.1. For 1 <1i,5 <7, i@ # j, we have that V; € V;. Moreover Vg,V € V;,
1<i<7.

Proof. Since exp(V1) = exp(Vs) = 4 and, for all ¢ > 3, exp(V;) = 3, then, for j = 1,2,
Vi L V.

Since St4, the standard polynomial of degree four, is an identity of A; but Sty &
Id(A;), for all i > 3, then V; Z V;. Moreover, [[x1,22]%, 23] € Id(Ay) but [[x1,72]?, 23] &
Id(Asz) hence Vo € V1. Also, [[x1, x2], [x3, x4, x5] € Id(A2) but it is not in Id(A;), i =
3,...,9, then V; & Vs. Since [[z1, x2), [23, 4], x5] € Id(A2) and [[x1, z2], [T3, 4], x5] &
Id(A,), then Vi € Vs.

The proof is completed by an easy check of the following statements.

- [x1, 22][xs, z4][ws, T6][T7, 28] € Td(A3) but & Id(A;), 4 <i<9,
x1[T2, x3][Ta, 5] w6, X708 € Td(Ay) but € Td(A;),3<i<9, i#4
[x1, T2, x3][24, T5)[T6, X7, 8] € Id(As5) but & Id(A;),3<i<9,i#05,
- x1|ze, x3][x4, 5, ve]T7 € Id(Ag) but &€ Id(A;) i =3,...,9, 9 # 6,

- x1|T2, T3, T4|[T5, T]T7 € Id(A7) but € Id(A;),3<i<9,i#7. O

As a consequence we get the following.

Corollary 5.2. The varieties V1 and Vo are minimal of proper central exponent equal to
4. The varieties V;, 3 <1 < 7, are minimal of proper central exponent equal to 3.

Proof. By Lemma 3.1, exp®(V;) = exp®(V2) = 4 and exp®(V;) = 3, for 3 < i < 7. Now,
let U be a proper subvariety of V; for some i € {1,...,7}, and suppose that exp’(U) =
exp’(V;) > 2.

By Theorem 5.1, there exist j € {1,...,9} such that A; € Y. Hence V; CU C V; and
by Proposition 5.1, we obtain that V; = U =V, a contradiction. O

Data availability

No data was used for the research described in the article.



116 F.S. Benanti, A. Valenti / Journal of Algebra 679 (2025) 96-116

References

[1] E. Aljadeff, G. Janssens, Y. Karasik, The polynomial part of the codimension growth of affine PI
algebras, Adv. Math. 309 (2017) 487-511.

[2] E. Aljadeff, A. Giambruno, C. Procesi, A. Regev, Rings with Polynomial Identities and Finite
Dimensional Representations of Algebras, Colloquium Publications, vol. 66, AMS, Providence, RI,
2020.

[3] A. Berele, Properties of hook Schur functions with applications to p.i. algebras, Adv. Appl. Math.
41 (1) (2008) 52-75.

[4] A. Berele, A. Regev, Asymptotic behaviour of codimensions of p. i. algebras satisfying Capelli
identities, Trans. Am. Math. Soc. 360 (10) (2008) 5155-5172.

[5] E. Formanek, Central polynomials for matrix rings, J. Algebra 23 (1972) 129-132.

[6] A. Giambruno, D. La Mattina, C. Polcino Milies, On almost polynomial growth of proper central
polynomials, Proc. Am. Math. Soc. 152 (2024) 4569-4584.

[7] A. Giambruno, M. Zaicev, On codimension growth of finitely generated associative algebras, Adv.
Math. 140 (1998) 145-155.

[8] A. Giambruno, M. Zaicev, Exponential codimension growth of P.I. algebras: an exact estimate, Adv.
Math. 142 (1999) 221-243.

[9] A. Giambruno, M. Zaicev, A characterization of varieties of associative algebras of exponent two,
Serdica Math. J. 26 (2000) 245-252.

[10] A. Giambruno, M. Zaicev, Minimal varieties of algebras of exponential growth, Adv. Math. 174
(2003) 310-323.

[11] A. Giambruno, M. Zaicev, Polynomial Identities and Asymptotic Methods, Mathematical Surveys
and Monographs, vol. 122, AMS, Providence, R.I., 2005.

[12] A. Giambruno, M. Zaicev, Central polynomials and growth functions, Isr. J. Math. 226 (2018)
15-28.

[13] A. Giambruno, M. Zaicev, Central polynomials of associative algebras and their growth, Proc. Am.
Math. Soc. 147 (3) (2019) 909-919.

[14] I. Kaplansky, Problems in the theory of rings, in: Report of a Conference of Linear Algebras, June
1956, vol. 502, National Academy of Sciences—National Research Council, Washington, 1957, pp. 1-3.

[15] A.R. Kemer, T-ideals with power growth of the codimensions are Specht, Sib. Mat. Zh. 19 (1978)
54-69; English translation: Sib. Math. J. 19 (1978) 37-48.

[16] A.R. Kemer, Ideals of identities of associative algebras, Am. Math. Soc. Transl. Math. Monogr. 87
(1988).

[17] Ju.P. Razmyslov, A certain problem of Kaplansky (in Russian), Izv. Akad. Nauk SSSR, Ser. Mat.
37 (1973) 483-501.

[18] A. Regev, Existence of identities in A ® B, Isr. J. Math. 11 (1972) 131-152.

[19] A. Regev, Growth for central polynomials, Commun. Algebra 44 (2016) 4411-4421.


http://refhub.elsevier.com/S0021-8693(25)00287-X/bibEF425288F98B8E31D1EFD1E574A110C0s1
http://refhub.elsevier.com/S0021-8693(25)00287-X/bibEF425288F98B8E31D1EFD1E574A110C0s1
http://refhub.elsevier.com/S0021-8693(25)00287-X/bib5DCE4E27AF30ABF7C5A01E9A7791A597s1
http://refhub.elsevier.com/S0021-8693(25)00287-X/bib5DCE4E27AF30ABF7C5A01E9A7791A597s1
http://refhub.elsevier.com/S0021-8693(25)00287-X/bib5DCE4E27AF30ABF7C5A01E9A7791A597s1
http://refhub.elsevier.com/S0021-8693(25)00287-X/bib9D5ED678FE57BCCA610140957AFAB571s1
http://refhub.elsevier.com/S0021-8693(25)00287-X/bib9D5ED678FE57BCCA610140957AFAB571s1
http://refhub.elsevier.com/S0021-8693(25)00287-X/bib19D3326F3137CBADD21CE901A9BED4A7s1
http://refhub.elsevier.com/S0021-8693(25)00287-X/bib19D3326F3137CBADD21CE901A9BED4A7s1
http://refhub.elsevier.com/S0021-8693(25)00287-X/bib645AB0DBC01D946166E62579E0202D2Ds1
http://refhub.elsevier.com/S0021-8693(25)00287-X/bibFC8995E80DFA07E093CBE4DEE2B98C15s1
http://refhub.elsevier.com/S0021-8693(25)00287-X/bibFC8995E80DFA07E093CBE4DEE2B98C15s1
http://refhub.elsevier.com/S0021-8693(25)00287-X/bib4C05376469B9004B491F8F2ED77442D1s1
http://refhub.elsevier.com/S0021-8693(25)00287-X/bib4C05376469B9004B491F8F2ED77442D1s1
http://refhub.elsevier.com/S0021-8693(25)00287-X/bib6F2CEEA315B9DA574461E59F238546ADs1
http://refhub.elsevier.com/S0021-8693(25)00287-X/bib6F2CEEA315B9DA574461E59F238546ADs1
http://refhub.elsevier.com/S0021-8693(25)00287-X/bib18870A94BA2814D3E57820A375351844s1
http://refhub.elsevier.com/S0021-8693(25)00287-X/bib18870A94BA2814D3E57820A375351844s1
http://refhub.elsevier.com/S0021-8693(25)00287-X/bibDBAE4ED2665C32EE7B9161EEE3DEB8C8s1
http://refhub.elsevier.com/S0021-8693(25)00287-X/bibDBAE4ED2665C32EE7B9161EEE3DEB8C8s1
http://refhub.elsevier.com/S0021-8693(25)00287-X/bib674906B12111C3A0BE837409CD5F66E9s1
http://refhub.elsevier.com/S0021-8693(25)00287-X/bib674906B12111C3A0BE837409CD5F66E9s1
http://refhub.elsevier.com/S0021-8693(25)00287-X/bib2C5A5C92686CFC594D9A9467B0682543s1
http://refhub.elsevier.com/S0021-8693(25)00287-X/bib2C5A5C92686CFC594D9A9467B0682543s1
http://refhub.elsevier.com/S0021-8693(25)00287-X/bib461D7689E063E3C8A7229A18B61F464Bs1
http://refhub.elsevier.com/S0021-8693(25)00287-X/bib461D7689E063E3C8A7229A18B61F464Bs1
http://refhub.elsevier.com/S0021-8693(25)00287-X/bib3F1FD2E6DEF54C056D7A05BEC81C9E95s1
http://refhub.elsevier.com/S0021-8693(25)00287-X/bib3F1FD2E6DEF54C056D7A05BEC81C9E95s1
http://refhub.elsevier.com/S0021-8693(25)00287-X/bib9B654BD0E005EF2DA135C99B318E1390s1
http://refhub.elsevier.com/S0021-8693(25)00287-X/bib9B654BD0E005EF2DA135C99B318E1390s1
http://refhub.elsevier.com/S0021-8693(25)00287-X/bib28D83A400E3AB3441922A49D7D60E6CFs1
http://refhub.elsevier.com/S0021-8693(25)00287-X/bib28D83A400E3AB3441922A49D7D60E6CFs1
http://refhub.elsevier.com/S0021-8693(25)00287-X/bib81C543D8740693C72063C1CFD886ACC8s1
http://refhub.elsevier.com/S0021-8693(25)00287-X/bib81C543D8740693C72063C1CFD886ACC8s1
http://refhub.elsevier.com/S0021-8693(25)00287-X/bibB37433910BCB25E4F6A875A54A0E6394s1
http://refhub.elsevier.com/S0021-8693(25)00287-X/bibD201E80722215CBC60B9A7C9A5150D87s1

	A characterization of varieties of algebras of proper central exponent greater than two
	1 Introduction
	2 Preliminaries
	3 Some algebras of small δ-exponent greater than two
	4 Building up algebras of small δ-exponent
	5 The main results
	Data availability
	References


