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sum of irreducibles under the action of Hn and we study the irreducible characters
appearing in this decomposition with non-zero multiplicity. Finally, by using the
representation theory of the general linear group, we determine all the ∗-polynomial
identities of M1,2(F) up to degree 3.

Next, we focus on superalgebras endowed with a superautomorphism of or-
der ≤ 2. We characterize those superalgebras whose cocharacter multiplicities are
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peralgebras with superautomorphism with polynomial growth of the codimensions
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Chapter 1

Introduction

Let F be a field of characteristic zero and let A be an associative PI-algebra over F,
i.e., an algebra satisfying at least one non trivial polynomial identity.

The set of all the polynomial identities satisfied by A, denoted by Id(A), is a T-
ideal of the free associative algebra F⟨X⟩, where X = {x1, x2, . . . } is a countable set.
A T-ideal is an ideal invariant under all endomorphisms of F⟨X⟩.

In characteristic zero, Specht [45] conjectured that every proper T-ideal of the
free algebra is finitely generated and it was proved in the affirmative by Kemer in
1987 [30]. However explicit generators are known only in very few cases and the
problem is still open for Mk(F), with k ≥ 3, where Mk(F) is the algebra of k × k
matrices over F.

Since in characteristic zero every T-ideal is generated by multilinear polynomi-
als, one studies Pn ∩ Id(A), n ≥ 1, where Pn is the space of multilinear polynomials
of degree n. To this end, the representation theory of the symmetric group Sn is
employed by defining an action on Pn as follows:

σ f (x1, . . . , xn) := f (xσ(1), . . . , xσ(n)).

Since Pn ∩ Id(A) is invariant under this action, the space

Pn

Pn ∩ Id(A)

has a structure of Sn-module and its character is called the n-th cocharacter of A. In
[5] Benanti determined conditions under which the multiplicities are non-zero in the
decomposition of the n-th cocharacter of M3(F) into irreducibles.

Another fundamental sequence in the study of polynomial identities is the se-
quence of codimensions, cn(A), n = 1, 2, . . . , introduced by Regev in 1972 [44].
He proved that if A is a PI-algebra, then its codimension sequence is exponentially
bounded.

The class of all algebras satisfying a given set of polynomial identities S ⊆ F⟨X⟩
is called the variety V = V(S) determined by S. Given an algebra A, the variety
generated by A is denoted by V = var(A) and is the set of all algebras satisfying the
identities of A. In this context, an algebra B belongs to var(A) if Id(A) ⊆ Id(B). The
growth of a variety of algebras is defined as the growth of the codimension sequence
of any algebra A generating V . In particular, we say that a variety V has polynomial
growth if cn(V) is polynomially bounded, i.e., if there exist constants a, p > 0 such
that cn(V) ≤ anp for all n. Instead, we say that V has almost polynomial growth if
cn(V) is not polynomially bounded but every proper subvariety of V has polynomial
growth.
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This dissertation is the result of the research I conducted over the past three years
focusing on different problems related to PI-algebras with distinct additional struc-
tures. The results presented here are based on research papers I wrote during my
PhD program. In particular, Chapter 3 is derived from the work presented in [1]
while Chapter 4 is based on [2]. The structure of the thesis is as follows.

After this introduction, Chapter 2 provides the necessary backgrounds for our
study, presenting the concepts and the results required to understand the subsequent
chapters.

In Chapter 3, we focus on M3(F), the algebra of 3 × 3 matrices over F. The study
of the polynomial identities satisfied by M3(F) with an additional structure was
started in [6, 37]. In particular, we consider the superalgebra M3(F) endowed with
a superinvolution, a structure that has been extensively studied in the last years (see
[12, 43]). In the theory of polynomial identities, superalgebras with superinvolutions
play a significant role. In [4] Aljadeff, Giambruno and Karasik proved that there
exists a strict connection between algebras with involution and finite dimensional
superalgebras with superinvolution.

Over the years, various results concerning the ∗-identities of these superalgebras
have been obtained through the study of sequences attached to a PI-algebra (see [8,
16, 15, 23, 27, 24]).

A key milestone in this field was the classifications of superinvolutions on Mn(F)
by Racine in [43]. He proved that there are two types, the transpose and the or-
thosymplectic superinvolution. The study of the ∗-identities satisfied by these su-
peralgebras with superinvolutions was started by Giambruno, Ioppolo and Martino
in [14]. They focused on the standard polynomials and they determined the mini-
mal degree of a standard polynomial vanishing on suitable subsets of symmetric or
skew matrices for both types of superinvolutions.

A complete characterization of the cocharacter of M3(F) with transpose superin-
volution was done in [9], where all the ∗-identities up to degree 3 were also deter-
mined.

Here we consider M3(F) with orthosymplectic superinvolution ∗ and we study
the ∗-identities through the representation theory of the group Hn = (Z2 × Z2) ∼
Sn. We decompose the space of multilinear ∗-identities of degree n into the sum
of irreducibles under the Hn-action in order to study the irreducible characters ap-
pearing in this decomposition with non-zero multiplicity. Moreover, by using the
representation theory of the general linear group, we determine all the ∗-polynomial
identities of M1,2(F) up to degree 3.

In Chapter 4, we present our results concerning superalgebras with superauto-
morphism.

In [29, 31] Kemer proved that cn(V), n = 1, 2, . . . , is polynomially bounded if and
only if G, UT2 /∈ V , where G denotes the Grassmann algebra and UT2 denotes the
algebra of upper triangular matrices of size two. As a consequence, there exists no
variety with intermediate growth, i.e., either its codimension sequence is polynomi-
ally bounded or grows exponentially. Some years later, in [39] and [38], La Mattina
determined a complete list of finite dimensional algebras generating the subvarieties
of var(G) and var(UT2).

Characterizing algebras with polynomial codimension growth is of main inter-
est. In literature, such a characterization has been determined for several algebras
with additional structure, such as graded algebras [32], algebras with involution
[21], algebras with superinvolution [27] and algebras with graded involution [22].

Here we study the codimension sequence of superalgebras with superautomor-
phism which are particular G-graded algebras, where G is a cyclic group of order
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4. We focus our attention on superautomorphisms since they represent the connec-
tion link between graded involutions, superinvolutions and pseudoinvolutions. The
study of these algebras in the case of polynomial growth was started in [25, 26]. It
was proved that the codimensions of a superalgebra with superautomorphism are
polynomially bounded if and only if the variety generated by this algebra does not
contain the group algebra of Z2 and the algebra UT2 with suitable superautomor-
phisms (see [25]). Motivated by this work, we determine additional characteriza-
tions involving the polynomial growth of the codimension sequence. Inspired by
[24], we characterize the superalgebras with superautomorphism whose cocharac-
ter multiplicities are bounded by a constant. Moreover, we classify the subvarieties
of the varieties of almost polynomial growth. In the last part of the chapter we deter-
mine the superalgebras with superautomorphism with linear codimension growth.
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Chapter 2

Backgrounds

This chapter is devoted to the introduction of the principal objects of our study.
We give some definitions, examples and main results concerning the theory of PI-
algebras. Finally, we introduce three sequences useful in order to study the PI-
algebras and we give two examples of PI-algebras, the algebra of upper triangular
matrices and the Grassmann algebra, whose sequences are explicitly known.

Throughout this thesis F will denote a field of characteristic zero.

2.1 First definitions

We start with the definition of free associative algebra.

Definition 2.1.1. Let F be a field and X a countable set. The free associative algebra on
X over F is the algebra F⟨X⟩ of polynomials in the non-commuting indeterminates
x ∈ X.

A linear basis of F⟨X⟩ consists of all words in the alphabet X, including the empty
word 1. These words are called monomials and the product of two monomials is
defined by juxtaposition. The elements of F⟨X⟩ are called polynomials and we write
f = f (x1, . . . , xn) ∈ F⟨X⟩ if x1, . . . , xn are the only indeterminates occurring in f .

We denote by deg u, the degree of the monomial u, as the length of the word u.
Furthermore degxi u is the degree of u in the indeterminate xi, as the number of
the occurrences of xi in u. The degree of the polynomial f = f (x1, . . . , xn) is the
maximum degree of a monomial in f and we denote it by deg f . Finally we write
degxi f , that is the degree of xi in f , as the maximum of degxi u, where u is a monomial
of f .

Up to isomorphism, the algebra F⟨X⟩ is defined by the universal property, as fol-
lows: given an associative F-algebra A, any map X → A can be uniquely extended
to a homomorphism of algebras F⟨X⟩ → A. The cardinality of X is called the rank
of F⟨X⟩.

Now we are ready to define one of the main object of this thesis.

Definition 2.1.2. Let A be an associative F-algebra and f = f (x1, . . . , xn) ∈ F⟨X⟩.
We say that f ≡ 0 is a polynomial identity of A if f (a1, . . . , an) = 0, ∀ a1, . . . , an ∈ A.

We shall usually say that f ≡ 0 is an identity of A or that f itself is an identity of
A or that A satisfies f .

Let Φ be the set of all the homomorphism φ : F⟨X⟩ → A. Then f ≡ 0 is a
polynomial identity of A if and only if f ∈ ⋂

φ∈Φ Kerφ.

Definition 2.1.3. Given an associative F-algebra A, we say that A is a PI-algebra if it
satisfies at least a non-trivial polynomial identity.
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Here are some examples of PI-algebras. Let [x, y] = xy− yx be the Lie commutator
of x and y, for x, y ∈ A.

Example 2.1.1. Let A be a commutative algebra. Then A is a PI-algebra since it
satisfies the identity [x, y] ≡ 0.

Example 2.1.2. If A is a nilpotent algebra, then A is a PI-algebra since if An = 0, for
some n ≥ 1, then x1 · · · xn ≡ 0 is a polynomial identity of A.

Example 2.1.3. Let A be a NIL algebra of bounded index. Then there exists n ≥ 1
such that an = 0, ∀ a ∈ A. Then xn ≡ 0 is a polynomial identity of A and so A is a
PI-algebra.

Example 2.1.4. Consider UTn(F), the algebra of all the upper triangular matrices of
size n over F. Then UTn(F) is a PI-algebra since it satisfies [x1, x2] . . . [x2n−1, x2n] ≡ 0.

Example 2.1.5. If NTn(F) is the algebra of the strictly upper bounded matrices of
size n, then it satisfies the polynomial identity x1 · · · xn ≡ 0 and so it is a PI-algebra.

Example 2.1.6. The algebra M2(F) of 2 × 2 matrices over F is a PI-algebra, since it
satisfies the polynomial identity [[x1, x2]2, x3] ≡ 0, that is called the Hall identity.

Example 2.1.7. Let V be a vector space over F, with countable basis {e1, e2, . . . } and
charF ̸= 2. The Grassmann algebra G on V over F is the algebra generated by V over
F, where the product between two elements is the juxtaposition, and satisfying the
condition eiej = −ejei, ∀ i, j ≥ 1. We write G = spanF{ei1 · · · eik | 1 ≤ i1 < · · · <
ik, k ≥ 0

}
. The Grassman algebra is a PI-algebra since [x1, x2, x3] = [[x1, x2], x3] ≡ 0.

2.2 T-ideals and varieties of algebras

In this section we introduce two of the most important objects in the PI-algebra the-
ory. We start with the following definition.

Definition 2.2.1. Given an algebra A, we define

Id(A) = { f ∈ F⟨X⟩ : f ≡ 0 on A}

as the set of all the polynomial identities satisfied by A.

In particular Id(A) is a two sided ideal of F⟨X⟩ that is invariant under all endo-
morphisms of F⟨X⟩. It means that Id(A) is a T-ideal.

Definition 2.2.2. An ideal I of F⟨X⟩ is a T-ideal if φ(I) ⊆ I for all endomorphisms φ
of F⟨X⟩.

Moreover, if I is a T-ideal it is easy to prove that Id(F⟨X⟩/I) = I. Then all
T-ideals of F⟨X⟩ are of this type.

Now, we introduce the notion of variety of an algebra, since many algebras may
correspond to the same T-ideal.

Definition 2.2.3. Given a non-empty set S ⊆ F⟨X⟩, the class of all algebras A such
that f ≡ 0 on A, for all f ∈ S, is called the variety V = V(S) determined by S.

A variety V is called non-trivial if S ̸= 0 and V is proper if it is non-trivial and
contains a non-zero algebra.

Here we give some examples.
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Example 2.2.1. The class of all commutative algebras forms a proper variety defined
by S = {[x, y]}.

Example 2.2.2. If S = {xn}, then V(S) is the class of all NIL algebras of exponent
bounded by n.

If V is the variety determined by the set S and ⟨S⟩T is the T-ideal of F⟨X⟩ gener-
ated by S, then V(S) = V(⟨S⟩T) and ⟨S⟩T =

⋂
A∈V Id(A). We write ⟨S⟩T = Id(V).

Then to each variety corresponds a T-ideal of F⟨X⟩ and the converse is also true,
indeed we have the following.

Theorem 2.2.1. There is a one-to-one correspondence between T-ideals of F⟨X⟩ and vari-
eties of algebras. In this correspondence a variety V corresponds to the T-ideal of identities
Id(V) and a T-ideal I corresponds to the variety of algebras satisfying all the identities in I.

Proof. If I1 and I2 are two T-ideals, I1 ̸= I2, then there exists f ∈ I1 \ I2. But V(I1) ̸=
V(I2), since F⟨X⟩/I2 does not satisfy f and so F⟨X⟩/I2 ∈ V(I2), but F⟨X⟩/I2 /∈
V(I1). If V1 and V2 are two varieties, V1 ̸= V2, then there exists A ∈ V1 \ V2. Hence
there exists f ∈ Id(V2) such that f /∈ Id(A). Since Id(A) ⊇ Id(V1) it follows that
Id(V2) ̸= Id(V1).

If V is a variety and A is an F-algebra such that Id(A) = Id(V), we say that V is
the variety generated by A and we write V = var(A).

2.3 Homogeneous, multilinear and alternating polynomials

If the base field F is infinite, the study of the polynomial identities of a given algebra
can be reduced to the study of homogeneous or multilinear polynomials. In this
section we will show the reason why this reduction holds.

Let Fn = F⟨x1, . . . , xn⟩ be the free algebra of rank n ≥ 1 over F. This algebra can
be naturally decomposed as

Fn = F(1)
n ⊕ F(2)

n ⊕ . . . ,

where, ∀ k ≥ 1, F(k)
n is the subspace spanned by all monomials of total degree k.

Since F(i)
n F(j)

n ⊆ F(i+j)
n , for all i, j ≥ 1, we say that Fn has a structure of graded algebra

and the F(i)
n ’s are called the homogeneous components of Fn.

Moreover, such decomposition can be written as follows: for every k ≥ 1,

F(k)
n =

⊕
i1+···+in=k

F(i1,...,in)
n ,

where F(i1,...,in)
n is the subspace spanned by all monomials of degree i1 in x1, . . . , in in

xn. Clearly F(i1,...,in)
n F(j1,...,jn)

n ⊆ F(i1+j1,...,in+jn)
n and we say that Fn is multigraded. Such

decompositions naturally extend to F⟨X⟩, for countable X.

Definition 2.3.1. A polynomial f ∈ F(k)
n is called homogeneous of degree k, for some k ≥

1. If f ∈ F(k1,...,kn)
n , then we say that f is multihomogeneous of multidegree (k1, . . . , kn).

Moreover, a polynomial f is homogeneous in the variable xi if xi appears with the same
degree in every monomial of f .
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If F is an infinite field and f ∈ F⟨X⟩, we can always write

f = ∑
i1≥0,...,in≥0

f (i1,...,in),

where f (i1,...,in) ∈ F(i1,...,in)
n is the sum of all monomials in f where the variables

x1, . . . , xn appear with degree i1, . . . , in, respectively. We call the non-zero polyno-
mials f (i1,...,in) multihomogeneous components of f . It means that each polynomial has a
decomposition in multihomogeneous polynomials.

Theorem 2.3.1. Let F be an infinite field. If f ≡ 0 is a polynomial identity for the algebra
A, then every multihomogeneous component of f is still a polynomial identity for A.

Proof. Let f ∈ Fn. For every variable xt, 1 ≤ t ≤ n, we can decompose f = ∑m
i=0 fi,

where fi is the sum of all monomials of f in which xt appears at degree i and m =
degxt f is the degree of f in xt. By induction, it suffices to prove that for every variable
xt, fi ≡ 0, ∀ i ≥ 0. Let α0, . . . , αm be distinct elements of F. For every j = 0, . . . , m,
f (x1, . . . , αjxt, . . . , xn) ≡ 0 is still an identity of A. Since each fi is homogeneous in xt

of degree i, fi(x1, . . . , αjxt, . . . , xn) = αi
j fi(x1, . . . , xt, . . . , xn). Then

f (x1, . . . , αjxt, . . . , xn) =
m

∑
i=0

αi
j fi(x1, . . . , xt, . . . , xn) ≡ 0 (2.1)

over A, ∀ j = 0, . . . , m. We write the Vandermonde matrix,

∆ =



1 1 . . . 1
α0 α1 . . . αm
. . . . . .
. . . . . .
. . . . . .

αm
0 αm

1 . . . αm
m

 .

Then (2.1) says that for every a1, . . . , an ∈ A, if we write fi(a1, . . . , an) = f i, then
( f 0, . . . , f m)∆ = 0. Since det(∆) = ∏0≤i<j≤m(αj − αi) ̸= 0, then f0 ≡ 0, . . . , fm ≡ 0
are polynomial identities of A.

Remark 2.3.1. The previous theorem is true even if the field F is finite such that |F| >
deg f .

One of the most important consequence of the previous theorem is that over an
infinite field every T-ideal is generated by its multihomogeneous polynomials.

We introduce a special type of multihomogeneous polynomials.

Definition 2.3.2. A polynomial f is linear in the variable xi if xi has degree 1 in
each monomial of f . If a polynomial f is linear in each of its variables, it is called
multilinear, i.e., it is multihomogeneous of multidegree (1, . . . , 1). In this case, we
write f (x1, . . . , xn) = ∑σ∈Sn

ασxσ(1) · · · xσ(n), where ασ ∈ F and Sn is the symmetric
group over {1, . . . , n}.

If f (x1, . . . , xn) is a linear polynomial in one variable, say x1, then we have that
f (∑ αiyi, x2, . . . , xn) = ∑ αi f (yi, x2, . . . , xn), for all αi ∈ F, yi ∈ F⟨X⟩.

Remark 2.3.2. Let A be an F-algebra spanned by a set B over F. If a multilinear
polynomial f vanishes on B, then f is a polynomial identity of A.
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Proof. Let a1 = ∑ α1i ui, . . . , an = ∑ αni ui be elements of A, with ui ∈ B.
Since f = f (x1, . . . , xn) is linear in every variable, then we get that f (a1, . . . , an) =

∑ α1i1
· · · αnin

f (ui1 , . . . , uin) = 0.

Now, we introduce the process of multilinearization of a polynomial.

Definition 2.3.3. Let S be a set of polynomials in F⟨X⟩ and f ∈ F⟨X⟩. We say that f
is a consequence of the polynomials in S (or f follows from the polynomials in S) if
f ∈ ⟨S⟩T, the T-ideal generated by the set S.

Definition 2.3.4. Two sets of polynomials are equivalent if they generate the same
T-ideal.

Theorem 2.3.2. If the algebra A satisfies an identity of degree k, then it satisfies a multilin-
ear identity of degree less than or equal to k.

Proof. Let f (x1, . . . , xn) ∈ F⟨X⟩ be a polynomial identity of the algebra A. If every
variable xi has degree ≤ 1 in every monomial of f , then we get a multilinear poly-
nomial. We assume that there exists a variable, say x1, such that degx1 f = d > 1. We
write the polynomial

h(y1, y2, x2, . . . , xn) = f (y1 + y2, x2, . . . , xn)− f (y1, x2, . . . , xn)− f (y2, x2, . . . , xn).

We remark that h is still a polynomial identity of A. We claim that h is a non-zero
polynomial. Indeed, suppose the h = 0. Since every application X −→ X can
be extended to an endomorphism of F⟨X⟩, we substitute y1 and y2 with x1 in h
and we still obtain the zero polynomial: h(x1, x1, x2, . . . , xn) = f (2x1, x2, . . . , xn) −
2 f (x1, . . . , xn) = 0. If we decompose f in the sum f = f0 + f1 + · · · + fd, where
fk is the sum of all monomials of degree k in x1, then, by the previous one, we get
− f0 + (22 − 2) f2 + · · ·+ (2d − 2) fd = 0, that is a contradiction since d > 1. Then h
is a non-zero polynomial. Since degy1 h = d − 1 < degx1 f , by the definition of h, by
induction, we get a multilinear polynomial which is an identity of A.

We remark that the proof of the previous theorem shows how the process of
multilinearization of a polynomial works. It has some important consequences.

Theorem 2.3.3. If charF = 0, every non-zero polynomial f ∈ F⟨X⟩ is equivalent to a finite
set of multilinear polynomials.

Proof. By Theorem 2.3.1, f is equivalent to the set of its multihomogeneous compo-
nents. Suppose that f = f (x1, . . . , xn) is multihomogeneous. We apply the multi-
linearization process to f : if degx1 f = d > 1, then we write f (y1 + y2, x2, . . . , xn) =

∑d
i=0 gi(y1, y2, x2, . . . , xn), where degy1 gi = i, degy2 gi = d − i and degxt gi = degxt f ,

for all t = 2, . . . , n. Every polynomial gi = gi(y1, y2, x2, . . . , xn), i = 1, . . . , d − 1, is a
consequence of f . We remark that gi(y1, y1, x2, . . . , xn) = (d

i) f (y1, x2, . . . , xn), for all
i. Since charF = 0, (d

i) ̸= 0, then f is a consequence of every gi, i = 1, . . . , d − 1. By
induction, we get the desired result.

Corollary 2.3.1. If charF = 0, every T-ideal is generated, as a T-ideal, by all the multilinear
polynomials it contains.

We remark that it is easy to check if a multilinear element f (x1, . . . , xm) ∈ F⟨X⟩
vanishes on an algebra A: if we fix a basis {s1, s2, . . . } of A, then f (x1, . . . , xm) ≡ 0 is
an identity of A if and only if f (si1 , . . . , sim) = 0 for every m-ple of basis elements.

Now we introduce the alternating polynomials.
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Definition 2.3.5. Let f = f (x1, . . . , xn, y1, . . . , yt) a polynomial that is linear in each
variables x1, . . . , xn. We say that f is alternating in the variables x1, . . . , xn if, for all
1 ≤ i < j ≤ n, the polynomial f vanishes when we substitute xi instead of xj. In case
f is alternating in all of its variables, we simply say that f is alternating.

Proposition 2.3.1. Let f (x1, . . . , xn, y1, . . . , yt) be a polynomial alternating in x1, . . . , xn
and let A be an F-algebra. If a1, . . . , an ∈ A are linearly dependent over F, then, for all
b1, . . . , bt ∈ A, f (a1, . . . , an, b1, . . . , bt) = 0.

Proof. By the hypothesis, one of the ai’s, say a1, can be written as a linear combi-
nation of the others, a1 = ∑n

i=2 αiai, αi ∈ F. But then f (a1, . . . , an, b1, . . . , bt) =

∑n
i=2 αi f (ai, a2, . . . , an, b1, . . . , bt) = 0, since f is alternating on x1, . . . , xn and in each

term f (ai, a2, . . . , an, b1, . . . , bt) two arguments coincide.

An example of alternating polynomial is the standard one.

Definition 2.3.6. The polynomial Stm(x1, . . . , xm) = ∑σ∈Sm
(sgnσ)xσ(1) · · · xσ(m) is

called standard polynomial of degree m.

The symbol ^ means omission. As an example, f (x1, . . . , x̂i, . . . , xm) is a polyno-
mial in which the variable xi does not appear.

Proposition 2.3.2. [20, Proposition 1.5.7]

1. If f (x1, . . . , xm) is a multilinear alternating polynomial of degree m, then, for some
α ∈ F, f = αStm(x1, . . . , xm).

2. Stm+1(x1, . . . , xm+1) = ∑m+1
i=1 (−1)i+1xiStm(x1, . . . , x̂i, . . . , xm+1). So, if Stm ≡ 0

is an identity for an algebra A, Stm+1 is still an identity of A.

The following theorem follows from the fact that the standard polynomial is al-
ternating ([20, Theorem 1.5.8].

Theorem 2.3.4. Let A be an F-algebra. If dimF A = n < ∞, then Stn+1 ≡ 0 in A.

2.4 Representation theory

In this section we introduce the representation theory of the symmetric group by
the theory of Young tableaux. Then we shall present the permutation action of the
symmetric group Sn on the space of multilinear polynomials in n variables, since it
will be a useful tool in order to study T-ideals.

Let V be a vector space over a field F and let GL(V) be the group of invertible
endomorphisms of V. From now on, we suppose that the characteristic of the base
field F is zero.

Definition 2.4.1. A representation of a group G on V is a homomorphism of groups
ρ : G → GL(V).

Let End(V) be the algebra of F-endomorphisms of V. If FG is the group algebra
of G over F and ρ is a representation of G on V, then ρ induces an homomorphism
of F-algebras, ρ′ : FG → End(V) such that ρ′(1G) = 1.

We deal with the case dimFV = n < ∞. In this case n is called the dimension or
the degree of the representation ρ.

A representation of a group G uniquely determines a finite dimensional FG-
module: if ρ : G → GL(V) is a representation of G, V becomes a left G-module,
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with gv = ρ(g)(v), ∀ g ∈ G, v ∈ V. And, if M is a G-module which is finite dimen-
sional as a vector space over F, then ρ : G → GL(M) such that ρ(g)(m) = gm, for all
g ∈ G, m ∈ M, defines a representation of G on M.

Definition 2.4.2. A representation ρ : G → GL(V) is irreducible if V is an irreducible
G-module. We say that ρ is completely reducible if V is the direct sum of its irreducible
submodules.

An algebra A is semisimple if J(A) = 0, where J(A) is the Jacobson radical of A.

Theorem 2.4.1 (Maschke). Let G be a finite group and charF = 0 or charF = p > 0 and
p ∤ |G|. Then the group algebra FG is semisimple.

It follows that every G-module V is completely reducible. Then, if dimFV < ∞,
V is direct sum of a finite number of irreducible G-module.

We recall that an element e ∈ FG is an idempotent if e2 = e. Since FG is semisimple
of finite dimension, then every ideal is generated by a central idempotent, as it can
be proved in the following proposition (see [20, Proposition 2.1.7]).

Proposition 2.4.1. If M is an irreducible representation of G, then M ∼= Ji, a minimal left
ideal of Mni(D(i)), for some i = 1, . . . , k. So there exists a minimal idempotent e ∈ FG such
that M ∼= FGe.

Then, if F is algebraically closed, the group algebra FG can be decomposed as
FG ∼=

⊕k
i=1 eiFG, where ∀ i = 1, . . . , k, eiFG ∼= Mni(F) and ei is the minimal central

idempotent of FG.
Let us introduce the character of a representation.
First, we recall that tr : Mk(F) → F is the usual trace function.

Definition 2.4.3. Let ρ : G → GL(V) be a representation of G. Then the map χρ :
G → F such that χρ(g) = tr(ρ(g)) is called character of the representation ρ and dim
V = deg χρ is the degree of the character χρ.

We say that χρ is irreducible if ρ is irreducible.

2.4.1 Sn-representations

In this subsection we describe the Sn-representation. We start defining the Young
tableaux.

Definition 2.4.4. Let n ≥ 1 an integer. A partition λ of n is a finite sequence of integers
λ = (λ1, . . . , λr) such that λ1 ≥ · · · ≥ λr > 0 and ∑r

i=1 λi = n. We write λ ⊢ n or
|λ| = n.

If r = 1, then λ1 = n and λ = (n). If λ = (k, . . . , k) and n = kd, then λ = (kd).
The group algebra FSn has a decomposition into simple components which are

algebras of matrices over the field F. Moreover, the number of irreducible non equiv-
alent representations equals the number of the conjugacy class of Sn. These conju-
gacy class are indexed by the partitions of n: given σ ∈ Sn there exists a partition
λ ⊢ n that uniquely determine the conjugacy class of σ.

We denote by χλ the irreducible Sn-character corresponding to λ ⊢ n and we
write dλ = χλ(1) as the degree of χλ. It follows that FSn has the following decom-
position:

FSn =
⊕
λ⊢n

Iλ
∼=

⊕
λ⊢n

Mdλ
(F),

where Iλ = eλFSn ∼= Mdλ
(F) is the minimal ideal of FSn, corresponding to λ ⊢ n,

and eλ = ∑σ∈Sn
χλ(σ)σ is, up to a scalar, a central idempotent.
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Definition 2.4.5. If λ = (λ1, . . . , λr) ⊢ n, the Young diagram associated to λ is the finite
subset of Z × Z, defined as Dλ = {(i, j) ∈ Z × Z : i = 1, . . . , r, j = 1, . . . , λi}.

Example 2.4.1. The diagram D(4,2,2,1) is represented by

Given a partition λ ⊢ n, we denote by λ′ the conjugate partition of λ, λ′ =
(λ′

1, . . . , λ′
s), such that λ′

1, . . . , λ′
s are the lengths of the columns of Dλ.

Definition 2.4.6. Consider λ ⊢ n. A Young tableau Tλ of the diagram Dλ is a filling of
the boxes of Dλ with the integers 1, 2, . . . , n. We shall also say that Tλ is a tableau of
shape λ.

Definition 2.4.7. A tableau Tλ of shape λ is standard if the integers in each row and
in each column of Tλ, increase from left to right and from top to bottom, respectively.

There is a connection between standard tableaux and the degree of the irre-
ducible Sn-characters.

Theorem 2.4.2. Given a partition λ ⊢ n, the number of standard tableaux of shape λ equals
dλ, the degree of χλ, the irreducible character corresponding to λ.

As in [28], we introduce an important formula which characterize the degree dλ

of the irreducible character χλ.
Given a diagram Dλ, λ ⊢ n, we identify a box of Dλ with the corresponding

point (i, j). For instance, the third box of the first row has coordinate (1, 3).

Definition 2.4.8. For any box (i, j) ∈ Dλ, we define the hook number of (i, j) as hij =
λi + λ′

j − i − j + 1, where λ′ = (λ′
1, . . . , λ′

s) is the conjugate partition of λ.

It is easy to see that hij counts the number of boxes in the "hook" with edge in
(i, j), i.e., the boxes to the right and below (i, j).

Proposition 2.4.2 (The Hook Formula).

dλ =
n!

Πi,jhij
,

where the product runs over all boxes of Dλ.

We are able to compute the complete number of left minimal ideals of FSn as
follows. Given a tableau Tλ of shape λ ⊢ n, we write Tλ = Dλ(aij), where aij is the
integer in the (i, j) box.

Definition 2.4.9. The row stabilizer of Tλ is

RTλ
= Sλ1(a11, a12, . . . , a1λ1)× · · · × Sλr(ar1, ar2, . . . , arλr),

where Sλi(ai1, ai2, . . . , aiλi) denotes the symmetric group acting on the integers ai1, ai2,
. . . , aiλi , for i = 1, . . . , r. Then RTλ

is the subgroup of Sn consisting of all the permu-
tation stabilizing the rows of Tλ.
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Definition 2.4.10. The column stabilizer of Tλ = Dλ(aij) is

CTλ
= Sλ′

1
(a11, a21, . . . , aλ′

11)× · · · × Sλ′
r
(a1λ1 , . . . , aλ′

sλr),

where λ′ = (λ′
1, . . . , λ′

s) is the conjugate partition of λ. Then CTλ
is the subgroup of

Sn consisting of all the permutation stabilizing the columns of Tλ.

Definition 2.4.11. For a given tableau Tλ, we define

eTλ
= ∑

σ∈RTλ
,τ∈CTλ

(sgnτ)στ.

It can be proved that e2
Tλ

= aeTλ
, where a = n!

dλ
= Πi,jhij is a non-zero integer, i.e.,

eTλ
is an essential idempotent of FSn.
Given a partition λ ⊢ n, the symmetric group Sn acts on the set of Young tableaux

of shape λ as follows: if σ ∈ Sn and Tλ = Dλ(aij), then σTλ = Dλ(σ(aij)). This
action has the property that RσTλ

= σRTλ
σ−1 and CσTλ

= σCTλ
σ−1. It follows that

σeTλ
σ−1 = eσTλ

.

Proposition 2.4.3. For every Young tableau Tλ of shape λ ⊢ n, the element eTλ
is a minimal

essential idempotent of FSn and FSneTλ
is a left minimal ideal of FSn with character χλ. If

Tλ and T∗
λ are Young tableaux with the same shape, then eTλ

and eT∗
λ

are conjugated in FSn

for some σ ∈ Sn; moreover σeTλ
σ−1 = eσTλ

.

It means that given two tableaux Tλ and T∗
λ of the same shape λ, FSneTλ

∼= FSneT∗
λ
,

as Sn-modules.

Proposition 2.4.4. If T1, . . . , Tdλ
are standard tableaux of shape λ, then Iλ, the minimal

two-sided ideal of FSn, corresponding to λ, has the decomposition Iλ =
⊕dλ

i=1 FSneTi .

Now we are ready to introduce an action of the symmetric group Sn on the space
of multilinear polynomials in n fixed variables.

Lemma 2.4.1. Let M be an irreducible left Sn-module with character χ(M) = χλ, λ ⊢ n.
Then M can be generated as an Sn-module by an element of the form eTλ

f , for some f ∈ M
and some Young tableau Tλ of shape λ. Moreover, given a Young tableau T∗

λ of shape λ, there
exists f ′ ∈ M such that M = FSneT∗

λ
f ′.

Proof. We remind that FSn =
⊕

µ⊢n Iµ, where Iµ is the two sided ideal FSn corre-
spondent to µ and

FSn =
⊕

µ⊢n,Tµstandard

FSneTµ ,

by Proposition 2.4.4. Since M = FSn M, there exist µ ⊢ n, Tµ standard and f ∈ M
such that 0 ̸= FSneTµ f ⊆ M. By the irreducibility of M we get FSneTµ f = M. Since
χ(M) = χλ, we obtain that λ = µ. Finally, if T∗

λ is a Young tableau of the same shape,
then eTλ

= σeT∗
λ
σ−1 and g = σeT∗

λ
f ′, where f ′ = σ−1 f .

By the previous lemma, we get that, given a partition λ ⊢ n and a Young tableau
Tλ of shape λ, an irreducible Sn-module M such that χ(M) = χλ can be generated
by an element of the type eTλ

f , for some f ∈ M. By the definition of RTλ
, ∀ σ ∈ RTλ

,
we get that σeTλ

f = eTλ
f , i.e., eTλ

f is stable under the action of RTλ
.

We introduce
Pn = span{xσ(1) · · · xσ(n) : σ ∈ Sn},

the vector space of multilinear polynomials in x1, . . . , xn in the free algebra F⟨X⟩.
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In particular, it is possible to define a left action of Sn on Pn defined in the follow-
ing way: if f (x1, . . . , xn) ∈ Pn, σ ∈ Sn,

σ f (x1, . . . , xn) = f (xσ(1), . . . , xσ(n)),

that is σ acting by permuting the variables.
Now, consider a PI-algebra A and its T-ideal Id(A). In the previous section we

prove that Id(A) is determined by its multilinear polynomials if charF = 0. Hence it
suffices to study the multilinear identities of A, that is the space Pn∩ Id(A).

We remark that T-ideals are invariant under the permutation of the variables,
then Pn∩ Id(A) is a left Sn-submodule of Pn. Therefore

Pn(A) =
Pn

Pn ∩ Id(A)

has an induced structure of Sn-module.
If F⟨X⟩ is the free algebra of countable rank on X = {x1, x2, . . . }, Pn(A) is the

space of multilinear elements in the first n variables of the free relatively algebra
F⟨X⟩/Id(A). If V = var(A), we write Pn(V) = Pn(A).

We describe the structure of multilinear identities in the language of the action
of Sn. The next theorem follows from Lemma 2.4.1.

Theorem 2.4.3. For any multilinear f ∈ Pn, there exists a finite set of polynomials g1, . . . ,
gr ∈ Pn and partitions λ(1), . . . , λ(r) of n such that we write FSn f = FSneTλ(1)

g1 + · · ·+
FSneTλ(r)gr.

Proof. We write M = FSn f and we consider the decomposition M = M1 ⊕ · · · ⊕ Mr
in the sum of irreducible Sn-modules. By Lemma 2.4.1, there exist g1 ∈ M1, . . . , gr ∈
Mr and Young tableaux Tλ(1), . . . , Tλ(r) such that we have that M1 = FSneTλ(1)

g1, . . . ,
Mr = FSneTλ(r)gr.

2.5 Sequences associated to a T-ideal

In 1987 Kemer [30] proved in the affirmative the Specht conjecture [45]: in charac-
teristic zero, every proper T-ideal of the free algebra is finitely generated. However
the generators are known only in very few cases and the problem of finding them
is still open. So, we study three sequences associated to a T-ideal: the cocharacter
sequence, the codimension sequence and the colength sequence. Indeed, the explicit
computation of these sequences for a given algebra gives us some information about
the T-ideal Id(A) of a given algebra A. In this section we introduce these sequences
and finally we present the explicit computation of the T-ideal and its sequences for
two particular PI-algebras.

2.5.1 Cocharacters

Definition 2.5.1. For n ≥ 1, the Sn-character of Pn(A) = Pn
Pn∩Id(A)

is called the n-
th cocharacter of A and it is denoted by χn(A). Moreover, we write {χn(A)}n≥1 the
sequence of cocharacters of the algebra A.

If we decompose the n-th cocharacter into irreducibles, we obtain

χn(A) = ∑
λ⊢n

mλχλ,
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where χλ is the irreducible Sn-cocharacter associated to the partition λ ⊢ n and
mλ ≥ 0 is the corresponding multiplicity.

Theorem 2.5.1. Let A be a PI-algebra with n-th cocharacter χn(A), given by

χn(A) = ∑
λ⊢n

mλχλ. (2.2)

For a partition µ ⊢ n, the multiplicity mµ is equal to zero if and only if for any Young tableau
Tµ of shape µ and for any polynomial f = f (x1, . . . , xn) ∈ Pn, the algebra A satisfies the
identity eTµ f ≡ 0.

Proof. Consider the decomposition FSn =
⊕

λ⊢n Iλ, Pn = Q ⊕ J, where Q = Pn∩
Id(A) and J ∼= Pn(A) = Pn

Pn∩Id(A)
. We fix some µ ⊢ n. Then mµ = 0 in (2.2) if and

only if Iµ J = 0. On the other end, the equality Iµ J = 0 is equivalent to the inclusion
IµPn ⊆ Q. Since Iµ is the sum of all left ideals FSneTµ , the inclusion IµPn ⊆ Q takes
place if and only if eTµ f ∈ Q, for all f ∈ Pn, i.e., eTµ f ≡ 0 is an identity of A.

2.5.2 Codimensions and colengths

We remark, by Corollary 2.3.1, that Id(A) is generated, as a T-ideal, by its multilinear
polynomials. Then Id(A) is generated by the subspace (P1∩ Id(A))⊕ (P2∩ Id(A))⊕
· · · ⊕ (Pn∩ Id(A))⊕ . . . in the free associative algebra F⟨X⟩, where Pk is the space of
multilinear polynomials in the first k variables x1, . . . , xk, for every k. If A satisfies
all the identities of some PI-algebra B, then Pn∩ Id(A) ⊇ Pn∩ Id(B) and dim(Pn∩
Id(A)) ≥ dim(Pn∩ Id(B)), ∀ n = 1, 2, . . . . Then, the dimensions of the spaces Pn∩
Id(A) give us some information about the growth of the identities of the algebra A.

Definition 2.5.2. The non negative integer

cn(A) = dim
Pn

Pn ∩ Id(A)
(2.3)

is called the n-th codimension of the algebra A. Moreover, we denote by {cn(A)}n≥1
the codimension sequence of the algebra A.

It follows that dim (Pn∩ Id(A)) = n! − cn(A).
We remark that if A is an algebra, A is a PI-algebra if and only if cn(A) < n!, for

some n ≥ 1.
If V is a variety of algebras and V = var(A), then we define cn(V) = cn(A).

Example 2.5.1. Let A be a nilpotent algebra with Am = 0. Then cn(A) = 0, ∀ n ≥ m.

Example 2.5.2. If A is a commutative algebra, then cn(A) ≤ 1, ∀ n ≥ 1.

Finally, we define the following sequence.

Definition 2.5.3. If charF = 0 and χn(A) = ∑λ⊢n mλχλ is the decomposition of
χn(A) in irreducible characters of Sn, then

ln(A) = ∑
λ⊢n

mλ (2.4)

is called the n-th colength. We denote by {ln(A)}n≥1 the sequence of the colength of
the algebra A.
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In particular, ln(A) counts the number of irreducible Sn-modules appearing in
the decomposition of Pn(A).

As done for the codimensions, if V is a variety of algebras, we write ln(V) =
ln(A), where A is an algebra generating V .

Example 2.5.3. Let A be a non nilpotent commutative algebra. Then cn(A) = 1 and
ln(A) = 1, ∀ n.

2.5.3 Particular examples

Now we present two important theorem which present the generators of the T-
ideal and the explicit computation of the cocharacter, codimension and colength
sequences of two algebras.

The first theorem is about the algebra of upper triangular matrices of size two.

Theorem 2.5.2 ([35, 7]). For A = UT2(F), the algebra of 2 × 2 upper triangular matrices
over a field F of characteristic zero, the following hold:

1. The T ideal of the polynomial identities of UT2(F) is generated by the polynomial
[x1, x2][x3, x4].

2. cn(A) = 2n−1(n − 2) + 2.

3. χn(A) = ∑λ⊢n mλχλ, where the only nonzero multiplicities are m(n) = 1, m(λ1,λ2) =
m(λ1,λ2,1) = λ1 − λ2 + 1.

4. ln(A) = 1
2 n2 + 5

2 n + 4.

The following theorem concerns the Grassmann algebra G.
First, we define the infinite hook.

Definition 2.5.4. Given the integers d, l ≥ 0, the infinite hook H(d, l) is defined as

H(d, l) =
⋃

n≥1{λ = (λ1, λ2, . . . ) ⊢ n | λd+1 ≤ l}.

We say that d is the hand and l is the foot of the hook.

We write λ ∈ H(d, l), if the Young tableau corresponding to the diagram Dλ

is contained in the hook of hand d e foot l. Moreover, if V is an Sn-module with
χ(V) = ∑λ⊢n mλχλ, we write χ(V) ⊆ H(d, l) if λ ∈ H(d, l), for any partition λ such
that mλ ̸= 0.

Theorem 2.5.3 ([33, 41]). For the infinite dimensional Grassmann algebra G over a field of
characteristic zero, the following are true:

1. The T-ideal of the identities of G is generated by the polynomial [[x1, x2], x3].

2. cn(G) = 2n−1.

3. χn(G) = ∑λ⊢n, λ∈H(1,1) χλ.

4. ln(G) = n.
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Chapter 3

Polynomial identities satisfied by
the algebra of 3 × 3 matrices with
orthosymplectic superinvolution

This chapter is devoted to the results obtained during my PhD which can be found
in [1]. In particular, it deals with the study of the polynomial identities satisfied by
the algebra M3(F) endowed with the orthosymplectic superinvolution ∗. The rep-
resentation theory of the group Hn = (Z2 × Z2) ∼ Sn has a prominent role, since
we decompose the space of multilinear ∗-identities of degree n into the sum of irre-
ducibles under the Hn-action in order to study the irreducible characters appearing
in this decomposition with non-zero multiplicity. Furthermore, by using the rep-
resentation theory of the general linear group, we determine all the ∗-polynomial
identities of M1,2(F) up to degree 3.

3.1 Superalgebras with superinvolution

In this section we present the superalgebras endowed with a superinvolution and we
give all the definitions concerning the PI-theory regarding this particular structure.
Throughout the chapter F will denote a field of characteristic zero.

Definition 3.1.1. An associative algebra A is a Z2-graded algebra or a superalgebra if
it has a vector space decomposition A = A0 ⊕ A1 such that A0A0 + A1A1 ⊆ A0 and
A0 A1 + A1A0 ⊆ A1.

The elements of A0 and A1 are called homogeneous of degree zero (or even degree)
and of degree one (or odd degree), respectively.

Definition 3.1.2. Let A = A0 ⊕ A1 be a superalgebra. A superinvolution on A is
a graded linear map ∗ : A −→ A, i.e., a map preserving the grading, such that
(a∗)∗ = a and (ab)∗ = (−1)|a||b|b∗a∗ where |c| denotes the homogeneous degree of
the element c ∈ A.

A superalgebra endowed with a superinvolution is called a ∗-superalgebra. Since
charF = 0, the ∗-superalgebra can be written as

A = A+
0 ⊕ A−

0 ⊕ A+
1 ⊕ A−

1 ,

where, for i = 0, 1, A+
i = {a ∈ Ai | a∗ = a} and A−

i = {a ∈ A | a∗ = −a} denote the
sets of homogeneous symmetric and skew elements of Ai, respectively.

Let X = {x1, x2, . . . } be a countable set of non-commuting variables. We write
X = Y ∪ Z as disjoint union of two infinite homogeneous subsets Y = {y1, y2, . . . }
and Z = {z1, z2, . . . } of degree 0 and 1, respectively.



18
Chapter 3. Polynomial identities satisfied by the algebra of 3 × 3 matrices with

orthosymplectic superinvolution

We denote by F⟨Y ∪ Z⟩ = F0 ⊕ F1 = ⟨y1, z1, y2, z2, . . . ⟩ the free associative su-
peralgebra on the countable set Y ∪ Z over F, where the variables of Y and Z are
even and odd, respectively. Here F0 and F1 are the subspaces of F⟨Y ∪ Z⟩ spanned
by all monomials having an even or an odd number of variables of Z, respectively.

Moreover, if we write each set as the disjoint union of two infinite sets of sym-
metric and skew elements, respectively, then we have the free ∗-superalgebra

F⟨Y ∪ Z, ∗⟩ = F⟨y+1 , y−1 , z+1 , z−1 , y+2 , y−2 , z+2 , z−2 , . . . ⟩,

where y+i = yi + y∗i denotes a symmetric variable of even degree, y−i = yi − y∗i a
skew symmetric variable of even degree, z+i = zi + z∗i a symmetric variable of odd
degree and z−i = zi − z∗i a skew variables of odd degree.

We say that f (y+1 , . . . , y+n , y−1 , . . . , y−m , z+1 , . . . , z+t , z−1 , . . . , z−s ) ∈ F⟨Y ∪ Z, ∗⟩ is a ∗-
identity of A, and we write f ≡ 0, if

f (u+
1 , . . . , u+

n , u−
1 , . . . , u−

m , v+1 , . . . , v+t , v−1 , . . . , v−s ) = 0,

for all u+
1 , . . . , u+

n ∈ A+
0 , u−

1 , . . . , u−
m ∈ A−

0 , v+1 , . . . , v+t ∈ A+
1 , v−1 , . . . , v−s ∈ A−

1 .
We consider the set of all ∗-identities of A

Id∗2(A) = { f ∈ F⟨Y ∪ Z, ∗⟩ : f ≡ 0 on A}

which is a T∗
2 -ideal of F⟨Y ∪ Z, ∗⟩, i.e., an ideal invariant under all graded endomor-

phisms of the free superalgebra commuting with the superinvolution ∗.
It is well known that in characteristic zero every ∗-identity is equivalent to a

system of multilinear ∗-identities. We denote by

P∗
n = spanF{wσ(1) . . . wσ(n) | σ ∈ Sn, wi ∈ {y+i , y−i , z+i , z−i }, i = 1, . . . , n}

the space of all multilinear ∗-polynomials of degree n in y+1 , y−1 , z+1 , z−1 , . . . , y+n , y−n ,
z+n , z−n . Then, the study of Id∗2(A) is equivalent to the study of P∗

n ∩ Id∗2(A), ∀ n ≥ 1.
Now, we consider the group

Hn = (Z2 × Z2) ∼ Sn = {((g1, h1), . . . , (gn, hn); σ) : (gi, hi) ∈ (Z2 × Z2), σ ∈ Sn},

with multiplication given by

((g1, h1), . . . , (gn, hn); σ)((a1, b1), . . . , (an, bn); τ) = ((ḡ1, h̄1), . . . , (ḡn, h̄n); στ),

where ḡi = giaσ−1(i) and h̄i = hibσ−1(i), for all 1 ≤ i ≤ n.
If we write Z2 ×Z2 = {1, ∗} × {1, ζ} = {1, ∗, ζ, ∗ζ}, we get Hn acting on the left

on P∗
n by setting, for any h = (a1, . . . , an; σ) ∈ Hn:

hy+i = y+
σ(i), hy−i =

{
y−

σ(i), if aσ(i) ∈ {1, ζ}
−y−

σ(i), if aσ(i) ∈ {∗, ∗ζ}
,

hz+i =

{
z+

σ(i), if aσ(i) ∈ {1, ∗}
−z+

σ(i), if aσ(i) ∈ {ζ, ∗ζ}
, hz−i =

{
z−

σ(i), if aσ(i) ∈ {1, ∗ζ}
−z−

σ(i), if aσ(i) ∈ {∗, ζ}
,

for any i = 1, . . . , n. Since P∗
n ∩ Id∗2(A) is invariant under this action,

P∗
n (A) =

P∗
n

P∗
n ∩ Id∗2(A)
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has a structure of Hn-module, for all n ≥ 1. Its character, χ∗
n(A), is called the nth

∗-cocharacter of A and the sequence {χ∗
n(A)}n≥1 is the ∗-cocharacter sequence of A.

Let n ≥ 1 and write n = n1 + n2 + n3 + n4. We define ⟨n⟩ = (n1, n2, n3, n4),
a composition of n, as a sum of four non-negative integers. We say that ⟨λ⟩ is a
multipartition of n = n1 + n2 + n3 + n4, and we write ⟨λ⟩ ⊢ ⟨n⟩ (or ⟨λ⟩ ⊢ n), if
⟨λ⟩ = (λ(1), λ(2), λ(3), λ(4)), with λ(i) ⊢ ni, i = 1, . . . , 4.

Since charF = 0, there is a one-to-one correspondence between the irreducible
Hn-characters and the multipartitions ⟨λ⟩ ⊢ n. More precisely,

χ∗
n(A) = ∑

⟨λ⟩⊢n
m⟨λ⟩χ⟨λ⟩, (3.1)

where χ⟨λ⟩ is the irreducible Hn-character associated to the multipartition ⟨λ⟩ with
corresponding multiplicity m⟨λ⟩ ≥ 0.

For ⟨n⟩ = (n1, n2, n3, n4) fixed, let Pn1,n2,n3,n4 ⊆ P∗
n be the vector space of the

multilinear ∗-polynomials in which the first n1 variables are symmetric of degree
zero, the next n2 variables are skew of degree zero, the next n3 variables are sym-
metric of degree one and the last n4 variables are skew of degree one. The group
Sn1 × Sn2 × Sn3 × Sn4 acts on the left on the vector space Pn1,n2,n3,n4 by permuting
the variables of the same homogeneous degree which are all symmetric or all skew
at the same time. So Sn1 permutes the even symmetric variables, Sn2 permutes the
even skew variables, Sn3 permutes the odd symmetric variables and Sn4 permutes
the odd skew variables. In this way, Pn1,n2,n3,n4 becomes an Sn1 × Sn2 × Sn3 × Sn4-
module. Since Pn1,n2,n3,n4 ∩ Id∗(A) is invariant under this action, we get that

Pn1,n2,n3,n4(A) =
Pn1,n2,n3,n4

Pn1,n2,n3,n4 ∩ Id∗2(A)

has a induced structure of Sn1 × Sn2 × Sn3 × Sn4-module. We denote by χn1,n2,n3,n4(A)
its character, which is called the (n1, n2, n3, n4)-th cocharacter of A.

Since charF = 0, then by complete reducibility, we write it as a sum of irreducible
characters:

χn1,n2,n3,n4(A) = ∑
⟨λ⟩⊢n

m̄⟨λ⟩χλ(1) ⊗ · · · ⊗ χλ(4), (3.2)

where m̄⟨λ⟩ ≥ 0 is the multiplicity of χλ(1) ⊗ · · · ⊗ χλ(4) in χn1,n2,n3,n4(A).
By a generalization of [11, Theorem 1.3], we obtain the following.

Theorem 3.1.1. In the decompositions given in (3.1) and (3.2), m⟨λ⟩ = m̄⟨λ⟩, for all ⟨λ⟩ ⊢
n.

In particular, if A is a finite dimensional algebra with dimA+
0 = d1, dimA−

0 = d2,
dimA+

1 = d3, dimA−
1 = d4,

χ∗
n(A) = ∑

⟨λ⟩⊢n,
h(λ(1))≤d1, h(λ(2))≤d2,
h(λ(3))≤d3, h(λ(4))≤d4

m⟨λ⟩χ⟨λ⟩,
(3.3)

where, for i = 1, . . . , 4, h(λ(i)) denotes the height of the partition λ(i) (see [11,
Lemma 1.2]).

Now, for m ≥ 1, let Fm = Fm⟨Y ∪ Z, ∗⟩ be the space of ∗-polynomials in the
variables y+1 , . . . , y+m , y−1 , . . . , y−m , z+1 , . . . , z+m , z−1 , . . . , z−m . Let V1 = spanF{y+1 , . . . , y+m},
V2 = spanF{y−1 , . . . , y−m}, V3 = spanF{z+1 , . . . , z+m} and V4 = spanF{z−1 , . . . , z−m}. Then
the group GL(V1) × GL(V2) × GL(V3) × GL(V4) ∼= GL4

m = GLm × GLm × GLm ×
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GLm acts naturally on the left on V1 ⊕ V2 ⊕ V3 ⊕ V4 and this action can be diagonally
extended to an action on Fm. Here GL(Vi) is the group of all the automorphisms of
the vector space Vi and GLm denotes the general linear group of degree m.

Consider Fn
m the subspace of all homogeneous ∗-polynomials of Fm of degree

n ≥ m which is a GL4
m-submodule of Fm. Since Fn

m is a GL4
m-module and Fn

m ∩ Id∗2(A)
is invariant under this action,

Fn
m(A) =

Fn
m

Fn
m ∩ Id∗2(A)

has a structure of GL4
m-module and we denote by ψ∗

n(A) its character.
There exists a one-to-one correspondence between the irreducible GL4

m-charac-
ters and the multipartitions ⟨λ⟩ = (λ(1), . . . , λ(4)) of n, where the λ(i)’s are parti-
tions with at most m parts, i = 1, . . . , 4 (see [10, Theorem 12.4.4]).

Hence denoted by ψ⟨λ⟩ the irreducible GL4
m-character corresponding to the mul-

tipartition ⟨λ⟩, we have:

ψ∗
n(A) = ∑

⟨λ⟩⊢n,
h(⟨λ⟩)≤m

¯̄m⟨λ⟩ψ⟨λ⟩, (3.4)

where ¯̄m⟨λ⟩ ≥ 0 and h(⟨λ⟩) = max{h(λ(i)), i = 1, . . . , 4}.
For an extension of the result in the involution case (see [13, Theorem 3]), we get

the following.

Theorem 3.1.2. In the decompositions given in (3.1) and (3.4), m⟨λ⟩ = ¯̄m⟨λ⟩, for all ⟨λ⟩ ⊢ n
such that h(⟨λ⟩) ≤ m.

We recall that an irreducible GL4
m-submodule W⟨λ⟩ of Fn

m(A) is generated by a
non-zero ∗-polynomial f⟨λ⟩ called highest weight vector associated to the multiparti-
tion ⟨λ⟩ (see [10, Theorem 12.4.12]).

A multitableau T⟨λ⟩ = (Tλ(1), Tλ(2), Tλ(3), Tλ(4)) is a 4-tuple of Young tableaux
Tλ(i), 1 ≤ i ≤ 4. The multitableau T̄⟨λ⟩ = (T̄λ(1), . . . , T̄λ(4)) such that 1, . . . , n are
inserted, in this order, from top to bottom, from left to right, column by column,
from the tableau T̄λ(1) to the tableau T̄λ(4) is called initial multitableau of shape ⟨λ⟩.
The initial multitableau is a standard multitableau, that is, each T̄λ(i), i = 1, . . . , 4
is a standard Young tableau. The highest weight vector associated is called initial
highest weight vector and it is given by

fT̄⟨λ⟩
=

λ(1)1

∏
i=1

Sthi(λ(1))(y
+
1 , . . . , y+hi(λ(1))

)
λ(2)1

∏
i=1

Sthi(λ(2))(y
−
1 , . . . , y−hi(λ(2))

) (3.5)

λ(3)1

∏
i=1

Sthi(λ(3))(z
+
1 , . . . , z+hi(λ(3))

)
λ(4)1

∏
i=1

Sthi(λ(4))(z
−
1 , . . . , z−hi(λ(4))

),

where hi(λ(j)) is the height of the ith column of the Young diagram corresponding
to the partition λ(j), λ(j)1 is the first element of the partition λ(j), for all j = 1, . . . , 4,
and Str(x1, . . . , xr) = ∑θ∈Sr

sgn(θ)xθ(1) . . . xθ(r) is the standard polynomial of degree r.
For a fixed multitableau T⟨λ⟩ we denote by fT⟨λ⟩ = fT̄⟨λ⟩

σ−1 the highest weight
vector associated to T⟨λ⟩, where σ is the only element of Sn transforming T̄⟨λ⟩ in T⟨λ⟩
and Sn acts on the right on Fn

m by permuting places in which the variables occur.
From [37, Proposition 15], we have the following



3.1. Superalgebras with superinvolution 21

Proposition 3.1.1. For all ⟨λ⟩ ⊢ n, f⟨λ⟩ can be expressed uniquely as a linear combination
of vectors fT⟨λ⟩ , where T⟨λ⟩ is a standard multitableau.

Theorem 3.1.3. [10, Theorem 12.4.4] In the decomposition (3.4), ¯̄m⟨λ⟩ ̸= 0 if and only if
there exists a multitableau T⟨λ⟩ such that fT⟨λ⟩ /∈ Id∗2(A). Moreover, ¯̄m⟨λ⟩ is equal to the
maximal number of highest weight vectors fT⟨λ⟩ /∈ Id∗2(A) which are linearly independent
in Fn

m(A).

3.1.1 Algebra of 3 × 3 matrices with orthosymplectic superinvolution

In this subsection we introduce the particular algebra which is the object of our stud-
ies.

Let Mn(F) be the algebra of n × n matrices over a field F of characteristic zero. It
is well known that, up to isomorphism, a Z2-grading on Mn(F) is given by

Mk,h(F) :=
{(

X 0
0 T

)}
⊕

{(
0 Y
Z 0

)}
,

where n = k + h and X, Y, Z, T are k × k, k × h, h × k and h × h matrices, respectively.
In case h = 2l it is possible to define a superinvolution osp, called orthosymplec-

tic superinvolution, as follows:(
X Y
Z T

)osp

=

(
Ik 0
0 Q

)−1 ( X −Y
Z T

)t ( Ik 0
0 Q

)
=

(
Xt ZtQ

QYt −QTtQ

)
,

where Ik is the k × k identity matrix, Q =

(
0 Il
−Il 0

)
and t is the usual transpose.

We consider the particular case k = 1 and l = 1:

M1,2(F) =


 a b c

d e f
g h i

 |a, b, c, d, e, f , g, h, i ∈ F


and  a b c

d e f
g h i

osp

=

 a −g d
c i − f
−b −h e

 .

In this case, if we denote by ei,j the usually elementary matrix,

(M1,2(F))+0 = spanF{e11, e22 + e33}, (M1,2(F))−0 = spanF{e22 − e33, e23, e32},

(M1,2(F))+1 = spanF{e12 − e31, e13 + e21}, (M1,2(F))−1 = spanF{e12 + e31, e13 − e21}.

Since

dim(M1,2(F))+0 = 2,

dim(M1,2(F))−0 = 3,

dim(M1,2(F))+1 = 2,

dim(M1,2(F))−1 = 2,

then, by (3.3) we obtain

χ∗
n(M1,2(F)) = ∑

⟨λ⟩⊢n,
h(λ(1))≤2, h(λ(2))≤3,
h(λ(3))≤2, h(λ(4))≤2

m⟨λ⟩χ⟨λ⟩. (3.6)
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3.2 Classifying the ∗-identities of degree ≤ 3

The first result concerns the ∗-identities of M1,2(F) of degree ≤ 3. In this section we
show how we determine them all through the representation theory.

We recall that, if we consider an algebra A with involution ϕ, (A, ϕ), we denote
by F⟨X, ϕ⟩ the free associative algebra with involution generated by X = {x1, x2, . . . }
over F. So, an element f (x1, xϕ

1 , . . . , xn, xϕ
n) ∈ F⟨X, ϕ⟩ is a ϕ-polynomial identity for

A if f (a1, aϕ
1 , . . . , an, aϕ

n) = 0 for all substitutions a1, . . . , an ∈ A. Then, we define also
as Id(A, ϕ), the set of all ϕ-polynomial identities of A, that is a Tϕ-ideal of F⟨X, ϕ⟩,
i.e., an ideal invariant under all endomorphisms of F⟨X, ϕ⟩ commuting with ϕ.

Notice that ((M1,2(F))0, osp) ∼= (F ⊕ M2(F), ϕs), as algebras with involution,
where ϕs is defined as ϕs(b+ B) = b+ Bs with s the symplectic involution on M2(F),
since ((M1,2(F))0, osp) is in particular an algebra with involution. So we obtain that

Remark 3.2.1. Id((M1,2(F))0, osp) = Id(M2(F), s).

Given ∗-polynomials f1, . . . , fl ∈ F⟨Y ∪ Z, ∗⟩, we denote by ⟨ f1, . . . , ft⟩T∗
2

the T∗
2 -

ideal of F⟨Y ∪ Z, ∗⟩ generated by f1, . . . , fl . We recall that a ∗-identity g is a conse-
quence of the ∗-polynomial identities fi, with i = 1, . . . , l, if g ∈ ⟨ f1, . . . , fl⟩T∗

2
.

By [34, Theorem 1], we know that Id((M2(F), s)) is generated, as a Tϕ-ideal, by
[y, x] := yx − xy, where y denotes a symmetric variable and x denotes any variable
in X. Hence we get.

Remark 3.2.2. Every ∗-identity on variables of degree zero follows from the ∗-identi-
ty [y+, y], where y denotes a variable of homogeneous degree zero.

Now, we prove the following.

Remark 3.2.3. If f is a ∗-identity of M1,2(F) of degree 2, then f = α[y+1 , y+2 ] or f =
α[y+, y−], with α ∈ F.

Proof. Since F is an infinite field, every T∗
2 -ideal is generated by its multihomoge-

neous ∗-polynomials (see [20, Theorem 1.3.2]). Hence, we may assume that f is a
multihomogeneous ∗-polynomial of degree 2. If f is a ∗-identity on variables of de-
gree zero, the result follows from Remark 3.2.2. Now, assume that at least one vari-
able of degree one appears in f . It is easy to see, by making suitable evaluations of
the variables of all possible ∗-polynomials, that f must be the zero ∗-polynomial.

We will establish a relation between ∗-identities of M1,2(F) in terms of variables
in Z+ and in Z−.

We define the algebra isomorphism φ̃ : F⟨Y ∪ Z, ∗⟩ −→ F⟨Y ∪ Z, ∗⟩ given by

φ̃(y+) = y+, φ̃(y−) = y−, φ̃(z+) = z−, φ̃(z−) = z+.

We let φ : M1,2(F) −→ M1,2(F) be the linear map defined as the extension of

e11 7→ e11, e12 7→ e12, e21 7→ −e21, e22 7→ e22, e13 7→ e13, e31 7→ −e31, e23 7→
e23, e32 7→ e32, e33 7→ e33.

Remark 3.2.4. We observe that φ is a linear isomorphism such that

φ[(M1,2(F))+0 ] = (M1,2(F))+0 ; φ[(M1,2(F))−0 ] = (M1,2(F))−0 ;

φ[(M1,2(F))+1 ] = (M1,2(F))−1 ; φ[(M1,2(F))−1 ] = (M1,2(F))+1 .
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Now, the following result holds.

Theorem 3.2.1. Let f ∈ F⟨Y ∪ Z, ∗⟩. Then f ∈ Id∗2(M1,2(F)) if and only if φ̃( f ) ∈
Id∗2(M1,2(F)).

Proof. It can be proved as an extension of [9, Corollary 3.6].

Remark 3.2.5. From now on, we write the symbols ˜ and ˜̃ in order to indicate alter-
nation on a specific set of variables.

For example, if we write x̃1 ˜̃x1x4 x̃2 x̃3 ˜̃x2, its corresponding ∗-polynomial is the
following:

∑
σ∈S3,τ∈S2

sgn(σ)sgn(τ)xσ(1)xτ(1)x4xσ(2)xσ(3)xτ(2).

For any multipartition (n1, n2, n3, n4) ⊢ 3, we define W(n1,n2,n3,n4) as the subspace
of F3

3 , formed by multihomogeneous ∗-polynomials of total degree n1 in the vari-
ables y+1 , y+2 , y+3 , of total degree n2 in the variables y−1 , y−2 , y−3 , of total degree n3 in the
variables z+1 , z+2 , z+3 and of total degree n4 in the variables z−1 , z−2 , z−3 . We can act on
Id∗2(M1,2(F)) ∩ W(n1,n2,n3,n4) with GLn1 × GLn2 × GLn3 × GLn4 and let Id∗2(M1,2(F)) ∩
W(n1,n2,n3,n4)

∼=
⊕

⟨λ⟩⊢⟨3⟩ m⟨λ⟩W⟨λ⟩ be the decomposition into irreducible submod-
ules, where W⟨λ⟩ is the irreducible submodule corresponding to ⟨λ⟩ generated by
the highest weight vector f⟨λ⟩.

Next we shall determine the exact value of m⟨λ⟩ as follows. According to Propo-
sition 3.1.1, any highest highest weight vector f⟨λ⟩ can be written uniquely as a lin-
ear combination of highest weight vectors fT⟨λ⟩ corresponding to standard multi-
tableaux. So, we write this linear combination explicitly and we evaluate it into 3× 3
generic matrices with superinvolution by imposing that it must be a ∗-polynomial
identity of the algebra M1,2(F). We obtain a system where the coefficients of the
linear combination are the unknowns. It can be completely solved by making evalu-
ations of the generic matrices with superinvolution in M1,2(F). Then we prove that
we obtain ∗-identities of the algebra. If we obtain different highest weight vectors
corresponding to the same multipartition, we check that they are linearly indepen-
dent. The maximal number of linearly independent highest weight vectors will be
the multiplicity of the corresponding GLn1 × GLn2 × GLn3 × GLn4-module.

Let us explain with an example. Consider the composition (2, 1, 0, 0) ⊢ 3. We
have the multipartitions ⟨λ1⟩ = ((2), (1), ∅, ∅) and ⟨λ2⟩ = ((1, 1), (1), ∅, ∅).

For ⟨λ1⟩ = ((2), (1), ∅, ∅), we have the following standard multitableaux:(
1 2 , 3 , ∅ , ∅

)
,
(

1 3 , 2 , ∅ , ∅
)

and
(

2 3 , 1 , ∅ , ∅
)

,

with highest weight vectors given by:

fT̄⟨λ1⟩
= (y+1 )

2y−1 , fT̄⟨λ1⟩
(23)−1 = y+1 y−1 y+1 and fT̄⟨λ1⟩

(123)−1 = y−1 (y
+
1 )

2.

For ⟨λ2⟩ = ((1, 1), (1), ∅, ∅), we have the following standard multitableaux:

(
1
2

, 3 , ∅ , ∅
)

,
(

1
3

, 2 , ∅ , ∅
)

and
(

2
3

, 1 , ∅ , ∅
)

,

with highest weight vectors given by:

gT̄⟨λ2⟩
= ỹ+1 ỹ+2 y−1 , gT̄⟨λ2⟩

(23)−1 = ỹ+1 y−1 ỹ+2 and gT̄⟨λ2⟩
(123)−1 = y−1 ỹ+1 ỹ+2 .
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We consider the decomposition

Id∗2(M1,2(F)) ∩ W(2,1,0,0)
∼= β1W((2),(1),∅,∅) ⊕ β2W((1,1),(1),∅,∅)

and now we compute the multiplicities β1 and β2.
The highest weight vector which generates W((2),(1),∅,∅) is f⟨λ1⟩ = α1(y+1 )

2y−1 +

α2y+1 y−1 y+1 + α3y−1 (y
+
1 )

2 that belongs to Id∗2(M1,2(F)), for some α1, α2, α3 ∈ F. Con-
sidering the substitutions y+1 = e22 + e33 and y−1 = e23, we get (α1 + α2 + α3)e23 = 0,
which implies that α3 = −α1 − α2. It follows that f⟨λ1⟩ = α1[(y+1 )

2, y−1 ]+ α2[y+1 , y−1 y+1 ].
We notice that [(y+1 )

2, y−1 ] and [y+1 , y−1 y+1 ] are ∗-identities and that they are linearly
independent, since, if we write α1[(y+1 )

2, y−1 ] + α2[y+1 , y−1 y+1 ] = 0, it follows that
α1(y+1 )

2y−1 + (−α1 − α2)(y−1 (y
+
1 )

2) + α2y+1 y−1 y+1 = 0, which implies that α1 = α2 = 0.
So we get β1 = 2.

The highest weight vector which generates W((1,1),(1),∅,∅) is f⟨λ2⟩ = α4ỹ+1 ỹ+2 y−1 +

α5ỹ+1 y−1 ỹ+2 + α6y−1 ỹ+1 ỹ+2 ∈ Id∗2(M1,2(F)), for some α4, α5, α6 ∈ F. We observe that
ỹ+1 ỹ+2 y−1 = [y+1 , y+2 ]y

−
1 ≡ 0 and y−1 ỹ+1 ỹ+2 = y−1 [y

+
1 , y+2 ] ≡ 0, because [y+1 , y+2 ] ≡ 0. It is

clear that also ỹ+1 y−1 ỹ+2 ≡ 0. Analogously to the previous case, these three identities
are also linearly independent, so β2 = 3.
In conclusion:

Id∗2(M1,2(F)) ∩ W(2,1,0,0)
∼= 2W((2),(1),∅,∅) ⊕ 3W((1,1),(1),∅,∅)

with
f ′⟨λ1⟩ = [(y+1 )

2, y−1 ], f ′′⟨λ1⟩ = [y+1 , y−1 y+1 ]

and
f ′⟨λ2⟩ = [y+1 , y+2 ]y

−
1 , f ′′⟨λ2⟩ = ỹ+1 y−1 ỹ+2 , f ′′′⟨λ2⟩ = y−1 [y

+
1 , y+2 ].

Proceeding in the same way for the remaining compositions of 3 and their corre-
sponding multipartitions, we get the following.

Theorem 3.2.2. The following decompositions are valid:

(1) Id∗2(M1,2(F)) ∩ W(3,0,0,0)
∼= 2W((2,1),∅,∅,∅) ⊕ W((13),∅,∅,∅) with highest weight vec-

tors

f ′((2,1),∅,∅,∅) = [y+1 , y+2 ]y
+
1 , f ′′((2,1),∅,∅,∅) = ỹ+1 y+1 ỹ+2 = [(y+1 )

2, y+2 ],
f((13),∅,∅,∅) = ỹ+1 ỹ+2 ỹ+3 = St3(y+1 , y+2 , y+3 );

(2) Id∗2(M1,2(F)) ∩ W(0,3,0,0)
∼= W(∅,(2,1),∅,∅) with highest weight vectors

f(∅,(2,1),∅,∅) = ỹ−1 y−1 ỹ−2 = [(y−1 )
2, y−2 ];

(3) Id∗2(M1,2(F)) ∩ W(2,1,0,0)
∼= 2W((2),(1),∅,∅) ⊕ 3W((12),(1),∅,∅) with highest weight

vectors

f ′((2),(1),∅,∅) = [(y+)2, y−], f ′′((2),(1),∅,∅) = [y+, y−y+],
f ′
((12),(1),∅,∅)

= [y+1 , y+2 ]y
−, f ′′

((12),(1),∅,∅)
= ỹ+1 y−ỹ+2 ,

f ′′′
((12),(1),∅,∅)

= y−[y+1 , y+2 ];
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(4) Id∗2(M1,2(F)) ∩ W(1,2,0,0)
∼= 2W((1),(2),∅,∅) ⊕ 2W((1),(12),∅,∅) with highest weight

vectors

f ′((1),(2),∅,∅) = [y+, (y−)2], f ′′((1),(2),∅,∅) = y−[y+, y−],
f ′
((1),(12),∅,∅)

= [y+, ỹ−1 ỹ−2 ], f ′′
((1),(12),∅,∅)

= ỹ−1 [y
+, ỹ−2 ];

(5) Id∗2(M1,2(F)) ∩ W(2,0,1,0)
∼= 2W((12),∅,(1),∅) with highest weight vectors

f ′
((12),∅,(1),∅)

= [y+1 , y+2 ]z
+, f ′′

((12),∅,(1),∅)
= z+[y+1 , y+2 ];

(6) Id∗2(M1,2(F)) ∩ W(2,0,0,1)
∼= 2W((12),∅,∅,(1)) with highest weight vectors

f ′
((12),∅,∅,(1)) = [y+1 , y+2 ]z

−, f ′′
((12),∅,∅,(1)) = z−[y+1 , y+2 ];

(7) Id∗2(M1,2(F)) ∩ W(1,1,1,0)
∼= 2W((1),(1),(1),∅) with highest weight vectors

f ′((1),(1),(1),∅) = [y+, y−]z+, f ′′((1),(1),(1),∅) = z+[y+, y−];

(8) Id∗2(M1,2(F)) ∩ W(1,1,0,1)
∼= 2W((1),(1),∅,(1)) with highest weight vectors

f ′((1),(1),∅,(1)) = [y+, y−]z−, f ′′((1),(1),∅,(1)) = z−[y+, y−];

(9) Id∗2(M1,2(F)) ∩ W(1,0,2,0)
∼= W((1),∅,(2),∅) ⊕ W((1),∅,(12),∅) with highest weight vec-

tors

f((1),∅,(2),∅) = [y+, (z+)2],
f((1),∅,(12),∅) = [y+, z̃+1 z̃+2 ];

(10) Id∗2(M1,2(F)) ∩ W(1,0,0,2)
∼= W((1),∅,∅,(2)) ⊕ W((1),∅,∅,(12)) with highest weight vec-

tors

f((1),∅,∅,(2)) = [y+, (z−)2],
f((1),∅,∅,(12)) = [y+, z̃−1 z̃−2 ];

(11) Id∗2(M1,2(F)) ∩ W(1,0,1,1)
∼= 2W((1),∅,(1),(1)) with highest weight vectors

f ′((1),∅,(1),(1)) = [y+, z+z−], f ′′((1),∅,(1),(1)) = [y+, z−z+];



26
Chapter 3. Polynomial identities satisfied by the algebra of 3 × 3 matrices with

orthosymplectic superinvolution

(12) Id∗2(M1,2(F)) ∩ W(0,0,3,0)
∼= W(∅,∅,(3),∅) ⊕ W(∅,∅,(13),∅) with highest weight vectors

f(∅,∅,(3),∅) = (z+)3,
f(∅,∅,(13),∅) = z̃+1 z̃+2 z̃+3 = St3(z+1 , z+2 , z+3 );

(13) Id∗2(M1,2(F)) ∩ W(0,0,0,3)
∼= W(∅,∅,∅,(3)) ⊕ W(∅,∅,∅,(13)) with highest weight vectors

f(∅,∅,∅,(3)) = (z−)3,
f(∅,∅,∅,(13)) = z̃−1 z̃−2 z̃−3 = St3(z−1 , z−2 , z−3 );

(14) Id∗2(M1,2(F)) ∩ W(0,2,1,0)
∼= W(∅,(2),(1),∅) ⊕ W(∅,(12),(1),∅) with highest weight vec-

tors

f(∅,(2),(1),∅) = y−z+y−,
f(∅,(12),(1),∅) = ỹ−1 z+ỹ−2 ;

(15) Id∗2(M1,2(F)) ∩ W(0,2,0,1)
∼= W(∅,(2),∅,(1)) ⊕ W(∅,(12),∅,(1)) with highest weight vec-

tors

f(∅,(2),∅,(1)) = y−z−y−,
f(∅,(12),∅,(1)) = ỹ−1 z−ỹ−2 ;

(16) Id∗2(M1,2(F)) ∩ W(0,1,2,0)
∼= 2W(∅,(1),(12),∅) with highest weight vectors

f ′
(∅,(1),(12),∅)

= z̃+1 y− z̃+2 , f ′′
(∅,(1),(12),∅)

= [y−, z̃+1 z̃+2 ];

(17) Id∗2(M1,2(F)) ∩ W(0,1,0,2)
∼= 2W(∅,(1),∅,(12)) with highest weight vectors

f ′
(∅,(1),∅,(12))

= z̃−1 y− z̃−2 , f ′′
(∅,(1),∅,(12))

= [y−, z̃−1 z̃−2 ];

(18) Id∗2(M1,2(F)) ∩ W(0,0,2,1)
∼= W(∅,∅,(2),(1)) ⊕ W(∅,∅,(12),(1)) with highest weight vec-

tors

f(∅,∅,(2),(1)) = (z+)2z− − z+z−z+ + z−(z+)2,
f(∅,∅,(12),(1)) = z̃+1 z̃+2 z− + z̃+1 z− z̃+2 + z− z̃+1 z̃+2 ;

(19) Id∗2(M1,2(F)) ∩ W(0,0,1,2)
∼= W(∅,∅,(1),(2)) ⊕ W(∅,∅,(1),(12)) with highest weight vec-

tors
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f(∅,∅,(1),(2)) = (z−)2z+ − z−z+z− + z+(z−)2,
f(∅,∅,(1),(12)) = z̃−1 z̃−2 z+ + z̃−1 z+ z̃−2 + z+ z̃−1 z̃−2 ;

(20) Id∗2(M1,2(F)) ∩ 2W(0,1,1,1)
∼= W(∅,(1),(1),(1)) with highest weight vectors

f ′(∅,(1),(1),(1)) = z+y−z− + z−y−z+, f ′′(∅,(1),(1),(1)) = [y−, z+ ◦ z−].

Now, we consider the following set:

I = {[y+, y], y−1 z+y−2 , y−1 z−y−2 , z+1 z+2 z+3 + z+2 z+3 z+1 + z+3 z+1 z+2 , z−1 z−2 z−3 +
z−2 z−3 z−1 + z−3 z−1 z−2 , z̃+1 y− z̃+2 , z̃−1 y− z̃−2 , z+1 z+2 z− − z+2 z−z+1 + z−z+1 z+2 , z−1 z−2 z+ −

z−2 z+z−1 + z+z−1 z−2 , z+y−z− + z−y−z+}.

It is easy to prove that each ∗-polynomial of this set is a ∗-identity of M1,2(F),
then I ⊆ Id∗2(M1,2(F)).

Theorem 3.2.3. Let f ∈ Id∗2(M1,2(F)) of degree ≤ 3. Then f is a consequence of ∗-
polynomials in the set I .

Proof. It is obvious that M1,2(F) does not satisfy any ∗-identity of degree 1. If f has
degree 2, by Remark 3.2.3, any ∗-identity follows from [y+1 , y+2 ] and [y+, y−] which
are consequences of [y+, y] and we are done in this case. Now assume that f has
degree 3 and that f is multihomogeneous, as we may. So, f ∈ W(n1,n2,n3,n4), for some
composition (n1, n2, n3, n4) of 3. In order to complete the proof we shall show that
any highest weight vector corresponding to the multipartition (n1, n2, n3, n4) given
in Theorem 3.2.2 is a consequence of the ∗-polynomials in I . We enumerate such
highest weight vectors in this way:

(a) [y+, y],

(b) z+1 z+2 z+3 + z+2 z+3 z+1 + z+3 z+1 z+2 ,

(c) z−1 z−2 z−3 + z−2 z−3 z−1 + z−3 z−1 z−2 ,

(d) y−1 z+y−2 ,

(e) y−1 z−y−2 ,

(f) z̃+1 y− z̃+2 ,

(g) z̃−1 y− z̃−2 ,

(h) z+1 z+2 z− − z+2 z−z+1 + z−z+1 z+2 ,

(i) z−1 z−2 z+ − z−2 z+z−1 + z+z−1 z−2 ,

(j) z+y−z− + z−y−z+.

Clearly, if f is a ∗-identity in variables of degree zero, by Remark 3.2.2, it is a con-
sequence of [y+, y]. Hence, the highest weight vectors in (1), (2), (3) and (4) follow
from (a). Also the highest weight vectors in (5), (6), (7) and (8) follow from (a). More-
over, since the product of two variables of degree one is a variable of degree zero,
also the highest weight vectors in (9), (10) and (11) follow from (a). It is immediate
to see that the highest weight vectors in (12), (13), (14) and (15) follow from (b), (c),
(d) and (e), respectively. In (16) and (17) we find the ∗-polynomials (f) and (g) and
consequences of (a). The highest weight vectors in (18) and (19) follow from (h) and
(i), respectively. Finally, the ∗-polynomials in (20) follow from (j) and (a).
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3.3 On the ∗-cocharacter of M1,2(F)

In this last section we present the results about the decomposition of the ∗-cocharac-
ter of M1,2(F) with multiplicity m⟨λ⟩ ̸= 0. In the end, motivated by some examples,
we give a conjecture regarding the complete characterization of the ∗-cocharacter of
M1,2(F).

First we recall that

χ∗
n(M1,2(F)) = ∑

⟨λ⟩⊢n,
h(λ(1))≤2, h(λ(2))≤3,
h(λ(3))≤2, h(λ(4))≤2

m⟨λ⟩χ⟨λ⟩, (3.7)

where m⟨λ⟩ ≥ 0 is the multiplicity corresponding to the irreducible Hn-character
χ⟨λ⟩, with ⟨λ⟩ = (λ(1), . . . , λ(4)) ⊢ n.

In [11, Theorem 4.1b], Drensky and Giambruno determined the decomposition of
the cocharacter of the algebra M2(F) endowed with the simplectic involution. They
proved the following result.

Theorem 3.3.1. The Z2 ∼ Sn-cocharacter of M2(F) endowed with the symplectic involu-
tion s is

χn(M2(F), s) = ∑
n=n1+n2,

λ⊢n1, µ⊢n2

aλ,µχλ,µ, (3.8)

where λ = (λ1), µ = (µ1, µ2, µ3) and aλ,µ = 1.

An immediate consequence of Theorem 3.3.1 and Remark 3.2.1 is the following.

Proposition 3.3.1. If ⟨λ⟩ = (λ(1), λ(2), ∅, ∅) in (3.7), then m⟨λ⟩ ̸= 0 if and only if
h(λ(1)) ≤ 1.

Now we consider only the multiplicities m⟨λ⟩ in (3.7) with λ(2) = λ(4) = ∅.

Proposition 3.3.2. If ⟨λ⟩ = (λ(1), ∅, λ(3), ∅) in (3.7), with λ(3) = (w1 +w2, w2) ̸= ∅,
then m⟨λ⟩ ̸= 0 if and only if w1 ≤ 2.

Proof. In order to prove that m⟨λ⟩ ̸= 0, by Theorem 3.1.2 and Theorem 3.1.3, we
just need to show that there exists a Young multitableau T(λ(1),∅,λ(3),∅) such that the
corresponding highest weight vector fT(λ(1),∅,λ(3),∅)

is not a ∗-identity for the algebra.
Consider the elements R1 = e11, R2 = e22 + e33, N1 = e12 − e31, N2 = e13 + e21.

First, we suppose h(λ(1)) ≤ 1 and we consider the initial standard multitableau
T̄(λ(1),∅,λ(3),∅) and the corresponding highest weight vector

fT̄(λ(1),∅,λ(3),∅)
(y+1 , z+1 , z+2 ) = (y+1 )

α1 [z+1 , z+2 ]
w2(z+1 )

w1 .

Then
fT̄(λ(1),∅,λ(3),∅)

(R2, N1, N2) =

(e22 + e33)
α1(2w2 e11 + (−1)w2 e22 + (−1)w2 e33)(e12 − e31)

w1 ̸= 0.

Now assume that h(λ(1)) = 2 and distinguish three different cases.

• w1 = 0.
We consider the following standard multitableaux

T(λ(1),∅,λ(3),∅) =
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(
1 . . . α2 . . . α2 + α1

α2+α1+2 . . . 2α2+α1+1
, ∅ ,

α2+α1+1 2α2+α1+3 . . . n − 1
2α2+α1+2 2α2+α1+4 . . . n

, ∅
)

with

fT(λ(1),∅,λ(3),∅)
(y+1 , y+2 , z+1 , z+2 ) = ỹ+1 . . . ˜̃y+1︸ ︷︷ ︸

α2

(y+1 )
α1 z̃+1 ỹ+2 . . . ˜̃y+2︸ ︷︷ ︸

α2

z̃+2 [z
+
1 , z+2 ]

w2−1.

Then
fT(λ(1),∅,λ(3),∅)

(R2, R1, N1, N2) = ±βe11 ± e22 ± e33 ̸= 0,

where β ∈ {0, 2w2}.

• w1 = 1.
If λ(3) ⊢ r, we denote by T̄λ(3) the initial standard tableau on the integers
α2 + α1 + 1, . . . , α2 + α1 + r. Consider the following multitableau

T(λ(1),∅,λ(3),∅) =

(
1 . . . α2 . . . α2 + α1

α2+α1+r+1 . . . n
, ∅ , T̄λ(3) , ∅

)

with corresponding highest weight vector

fT(λ(1),∅,λ(3),∅)
(y+1 , y+2 , z+1 , z+2 ) = ỹ+1 . . . ˜̃y+1︸ ︷︷ ︸

α2

(y+1 )
α1 fT̄λ(3)

(z+1 , z+2 ) ỹ+2 . . . ˜̃y+2︸ ︷︷ ︸
α2

=

ỹ+1 . . . ˜̃y+1︸ ︷︷ ︸
α2

(y+1 )
α1 [z+1 , z+2 ]

w2 z+1 ỹ+2 . . . ˜̃y+2︸ ︷︷ ︸
α2

.

Then
fT(λ(1),∅,λ(3),∅)

(R2, R1, N1, N2) = ±e31 ± βe12 ̸= 0,

where β ∈ {0, 2w2}.

• w1 = 2.
If λ(3) ⊢ r, we consider the following standard multitableaux

T(λ(1),∅,λ(3),∅) =

(
1 . . . α2 . . . α2 + α1

α2+α1+r . . . n − 1
, ∅ ,

α2+α1+1 . . . α2+α1+r−3 α2+α1+r−1 n
α2+α1+2 . . . α2+α1+r−2

, ∅
)

with

fT(λ(1),∅,λ(3),∅)
(y+1 , y+2 , z+1 , z+2 ) = ỹ+1 . . . ˜̃y+1︸ ︷︷ ︸

α2

(y+1 )
α1 [z+1 , z+2 ]

w2 z+1 ỹ+2 . . . ˜̃y+2︸ ︷︷ ︸
α2

z+1 .

Hence
fT(λ(1),∅,λ(3),∅)

(R2, R1, N1, N2) = ±e32 ̸= 0.
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Conversely, we shall prove that if w1 ≥ 3 then m⟨λ⟩ = 0. By Theorem 3.1.2 and
Theorem 3.1.3, we have to show that for every Young multitableau T⟨λ⟩, the corre-
sponding highest weight vector fT⟨λ⟩ is a ∗-identity for the algebra. We distinguish
two cases.

Case 1. λ(1) = ∅.
By the hypothesis, any monomial of fT(∅,∅,λ(3),∅)

has w2 + w1 variables z+1 and w2

variables z+2 , so w1 is the difference between the number of variables z+1 and the
number of variables z+2 . For any monomial m in z+1 and z+2 , we define l(m) as the
number of z+1 in m, k(m) as the number of variables z+2 in m and d(m) = l(m)− k(m).
It is enough to prove that any monomial m with d(m) ≥ 3 is a ∗-identity for the
algebra. We shall prove it by induction on k(m). If k(m) = 0, then m is of the type
(z+1 )

l(m), l(m) = d(m) ≥ 3, and it is a ∗-identity, because it is a consequence of the
∗-identity (b) of Theorem 3.2.3. If k(m) = 1, the possible monomials m are of the
type (z+1 )

iz+2 (z
+
1 )

l(m)−i, with i = 0, . . . , l(m). We observe that if i ≥ 3 or l(m)− i ≥ 3,
then m is a ∗-identity, because it contains (z+1 )

3 that is a ∗-identity as we have seen
before. If i ≤ 2 and l(m)− i ≤ 2, since l(m) = d(m) + 1 ≥ 4, we have to consider
only the case i = 2 and l(m) = 4. Hence m = (z+1 )

2z+2 (z
+
1 )

2 and it is a ∗-identity
because it is a consequence of the ∗-identity (d) of Theorem 3.2.3.

If k(m) > 1, we assume that any monomial p with k(p) < k(m) and d(p) ≥ 3 is a
∗-identity and we shall prove that also m is a ∗- identity. Let m = z+2 m′ or m = m′z+2 ,
where m′ is a monomial with k(m′) = k(m)− 1, d(m′) = l(m)− k(m) + 1 = d(m) +
1 ≥ 4. Since k(m′) < k(m), by the induction hypothesis m′ ≡ 0 and so m ≡ 0 is a
∗-identity. Suppose m = z+1 m′z+1 . Then if m = z+1 z+2 m′′z+1︸ ︷︷ ︸

r

or m = z+1 m′′︸ ︷︷ ︸
r

z+2 z+1 , since

r is a monomial with k(r) = k(m)− 1 and d(r) = d(m) ≥ 3, by induction hypothesis,
r ≡ 0 and so m ≡ 0 is a ∗-identity. Otherwise, if m = z+1 z+1 m′′z+1 z+1 , with m′′ = z+1 m′′′

or m′′ = m′′′z+1 , since (z+1 )
3 ≡ 0, we get that m ≡ 0.

So we are left to consider the case when m = z+1 z+1 z+2 m′′′z+2 z+1 z+1︸ ︷︷ ︸
r

, where r is a mono-

mial with k(r) = k(m) − 1 and d(r) = l(m) − 2 − k(m) + 1 = d(m) − 1 ≥ 2. If
d(r) ≥ 3, since k(r) < k(m), by the induction hypothesis, r ≡ 0 and so m ≡ 0.
If d(r) = d(m) − 1 = 2 then d(m) = 3 and the number of variables in m′′ is
l(m′′) + k(m′′) = l(m)− 4 + k(m) = d(m) + k(m)− 4 + k(m) = 2k(m)− 1. Hence
there is an odd number of variables z+i , with i ∈ {1, 2}. So, since z+1 z+1 zz+1 z+1 ≡ 0, as
a consequence of the ∗-identities (d) and (e) of Theorem 3.2.3, we get that m ≡ 0 is a
∗-identity.

Case 2. λ(1) ̸= ∅.
More in general, we shall get that any monomial m in even symmetric variables

and in z+1 , z+2 with d(m) ≥ 3 is a ∗-identity. Consider the monomial m(y+, z+1 , z+2 ) =
z+1 y+z+2 and let b1, b2 ∈ (M1,2(F))+1 and a1 = βe11 + γ(e22 + e33) ∈ (M1,2(F))+0 . It is
easily checked that m(a1, b1, b2) = m′(a′1, b1, b2), where m′(y+, z+1 , z+2 ) = z+1 z+2 y+ and
a′1 = γe11 + β(e22 + e33). Hence m ≡ 0 if and only if m′ ≡ 0. As a consequence, we
also get that z+1 y+1 . . . y+n z+2 ≡ 0 if and only if z+1 z+2 y+1 . . . y+n ≡ 0. By using this prop-
erty, in order to establish whether a monomial in variables y+ and z+ is a ∗-identity,
we may assume that it is of the type y+i1 . . . y+ik1

z+j1 . . . z+jr y+l1 . . . y+lk2
, with k1, k2, r ≥ 0.

Now, let m = m(y+1 , y+2 , z+1 , z+2 ) with d(m) ≥ 3, then m is a ∗-identity by the previous
case and the proof is completed.

By Theorem 3.2.1, we get the following result.
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Proposition 3.3.3. If ⟨λ⟩ = (λ(1), ∅, ∅, λ(4)) in (3.7), with λ(4) = (ρ1 + ρ2, ρ2) ̸= ∅,
then m⟨λ⟩ ̸= 0 if and only if ρ1 ≤ 2.

Next we consider the case λ(3) ̸= ∅ and λ(4) ̸= ∅.

Proposition 3.3.4. If ⟨λ⟩ = (λ(1), ∅, λ(3), λ(4)) in (3.7), with λ(3) = (w1 +w2, w2) ̸=
∅, λ(4) = (ρ1 + ρ2, ρ2) ̸= ∅ and |w1 − ρ1| ≤ 2, then m⟨λ⟩ ̸= 0 .

Proof. Consider the elements R1 = e11, R2 = e22 + e33, N1 = e12 − e31, N2 = e13 + e21,
P1 = e13 − e21, P2 = e12 + e31. First suppose that w1 ≥ ρ1 and distinguish some cases.

• w1 ≤ 2.
We consider the multitableau

T(λ(1),∅,λ(3),λ(4)) = (Tλ(1), ∅, Tλ(3), T̄λ(4)),

where T̄λ(4) is the initial standard tableau on the integers 2α2 + α2 + 2w2 +
w1 + 1, . . . , n and Tλ(1) and Tλ(3) are the tableaux we constructed in the proof
of Proposition 3.3.2 on the integers 1, . . . , 2α2 + α2 + 2w2 + w1. Hence

fT(λ(1),∅,λ(3),λ(4))
(y+1 , y+2 , z+1 , z+2 , z−1 , z−2 ) = fT(λ(1),∅,λ(3),∅)

(y+1 , y+2 , z+1 , z+2 ) fT̄λ(4)
(z−1 , z−2 ),

where fT(λ(1),∅,λ(3),∅)
(y+1 , y+2 , z+1 , z+2 ) are the highest weight vectors obtained in

Proposition 3.3.2. Then, if w1 = 0,

fT(λ(1),∅,λ(3),λ(4))
(R2, R1, N1, N2, P1, P2) =

(±βe11 ± e22 ± e33)(2ρ2 e11 ± e22 ± e33) ̸= 0;

if w1 = 1,
fT(λ(1),∅,λ(3),λ(4))

(R2, R1, N1, N2, P1, P2) =

(±e31 ± βe12)(2ρ2 e11 ± e22 ± e33)(e13 − e21)
ρ1 ̸= 0,

where β ∈ {0, 2w2};
if w1 = 2,

fT(λ(1),∅,λ(3),λ(4))
(R2, R1, N1, N2, P1, P2) = ±e32(2ρ2 e11 ± e22 ± e33)(e13 − e21)

ρ1 ̸= 0.

• w1 ≥ 3.
Let λ(1) = ∅. First, let w1 − ρ1 = 0 and consider the following multitableau

T(∅,∅,λ(3),λ(4)) = (∅, ∅, Tλ(3), Tλ(4)),

where

Tλ(3) =
1 . . . 2w2−1 2w2+1 2w2+2 2w2+2ρ2+4 2w2+2ρ2+6 . . . n−2

2 . . . 2w2

and

Tλ(4) =
2w2+3 . . . 2w2+2ρ2+1 2w2+2ρ2+3 2w2+2ρ2+5 . . . n−3 n−1 n

2w2+4 . . . 2w2+2ρ2+2
.

Then

fT(∅,∅,λ(3),λ(4))
(z+1 , z+2 , z−1 , z−2 ) = [z+1 , z+2 ]

w2(z+1 )
2[z−1 , z−2 ]

ρ2(z−1 z+1 )
ρ1−2(z−1 )

2
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and
fT(∅,∅,λ(3),λ(4))

(N1, N2, P1, P2) = ±e33 ̸= 0.

If w1 − ρ1 = 1, then we consider the following multitableau

T(∅,∅,λ(3),λ(4)) = (∅, ∅, Tλ(3), Tλ(4)),

where

Tλ(3) =
1 . . . 2w2−1 2w2+1 2w2+2 2w2+2ρ2+4 2w2+2ρ2+6 . . . n−3 n

2 . . . 2w2

and

Tλ(4) =
2w2+3 . . . 2w2+2ρ2+1 2w2+2ρ2+3 2w2+2ρ2+5 . . . n−4 n−2 n−1

2w2+4 . . . 2w2+2ρ2+2
.

Then

fT(∅,∅,λ(3),λ(4))
(z+1 , z+2 , z−1 , z−2 ) = [z+1 , z+2 ]

w2(z+1 )
2[z−1 , z−2 ]

ρ2(z−1 z+1 )
ρ1−2(z−1 )

2z+1

and
fT(∅,∅,λ(3),λ(4))

(N1, N2, P1, P2) = ±e31 ̸= 0.

Finally, if w1 − ρ1 = 2, then we consider the following multitableau

T(∅,∅,λ(3),λ(4)) = (∅, ∅, Tλ(3), Tλ(4)),

where

Tλ(3) =
1 . . . 2w2−1 2w2+1 2w2+2 2w2+2ρ2+4 2w2+2ρ2+6 . . . n−2 n

2 . . . 2w2

and

Tλ(4) =
2w2+3 . . . 2w2+2ρ2+1 2w2+2ρ2+3 2w2+2ρ2+5 . . . n−3 n−1

2w2+4 . . . 2w2+2ρ2+2
.

Then

fT(∅,∅,λ(3),λ(4))
(z+1 , z+2 , z−1 , z−2 ) = [z+1 , z+2 ]

w2(z+1 )
2[z−1 , z−2 ]

ρ2(z−1 z+1 )
ρ1

and
fT(∅,∅,λ(3),λ(4))

(N1, N2, P1, P2) = ±e32 ̸= 0.

Now, let λ(1) ̸= ∅. First suppose w1 − ρ1 = 0 and consider the multitableau
T(λ(1),∅,λ(3),λ(4)) such that

fT(λ(1),∅,λ(3),λ(4))
(y+1 , y+2 , z+1 , z+2 , z−1 , z−2 ) =

ỹ+1 . . . ˜̃y+1︸ ︷︷ ︸
α2

(y+1 )
α1 [z+1 , z+2 ]

w2(z+1 )
2[z−1 , z−2 ]

ρ2(z−1 z+1 )
ρ1−2z−1 ỹ+2 . . . ˜̃y+2︸ ︷︷ ︸

α2

z−1 .

Then
fT(λ(1),∅,λ(3),λ(4))

(R2, R1, N1, N2, P1, P2) = ±e33 ̸= 0.
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If w1 − ρ1 = 1, then we consider the following multitableau

T(λ(1),∅,λ(3),λ(4)) = (Tλ(1), ∅, Tλ(3), Tλ(4)),

where

Tλ(1) =
1 . . . α2 . . . α1+α2

n−α2+1 . . . n

and Tλ(3) and Tλ(4) are the tableaux we considered in the previous case on the
integers α1 + α2 + 1, . . . , n − α2. Hence

fT(λ(1),∅,λ(3),λ(4))
(y+1 , y+2 , z+1 , z+2 , z−1 , z−2 ) =

ỹ+1 . . . ˜̃y+1︸ ︷︷ ︸
α2

(y+1 )
α1 fT(∅,∅,λ(3),λ(4))

(z+1 , z+2 , z−1 , z−2 ) ỹ+2 . . . ˜̃y+2︸ ︷︷ ︸
α2

where fT(∅,∅,λ(3),λ(4))
(z+1 , z+2 , z−1 , z−2 ) is the highest weight vector obtained in the

previous case. Then

fT(λ(1),∅,λ(3),λ(4))
(R2, R1, N1, N2, P1, P2) = ±e31 ̸= 0.

Finally, if w1 − ρ1 = 2, then we consider the multitableau T⟨λ⟩ such that

fT(λ(1),∅,λ(3),λ(4))
(y+1 , y+2 , z+1 , z+2 , z−1 , z−2 ) =

ỹ+1 . . . ˜̃y+1︸ ︷︷ ︸
α2

(y+1 )
α1 [z+1 , z+2 ]

w2(z+1 )
2[z−1 , z−2 ]

ρ2(z−1 z+1 )
ρ1−1z−1 ỹ+2 . . . ˜̃y+2︸ ︷︷ ︸

α2

z+1 .

Then
fT(λ(1),∅,λ(3),λ(4))

(R2, R1, N1, N2, P1, P2) = ±e32 ̸= 0.

By Theorem 3.2.1, the same approach applies in case ρ1 ≥ w1. Now the proof is
completed.

Now we can ask: is it true that if the multiplicity is different than zero then
|w1 − ρ1| ≤ 2? We consider an easy case in which |w1 − ρ1| ≥ 3.

Example 3.3.1. Let ⟨λ⟩ = (∅, ∅, (1, 1), (3)) in (3.7). Notice that |w1 − ρ1| = 4. It
is easy to see that for any T(∅,∅,(1,1),(3)) the corresponding highest weight vector
fT(∅,∅,(1,1),(3))

is a ∗-identity being a consequence of the set of ∗-identities{
z+1 z+2 z+3 + z+2 z+3 z+1 + z+3 z+1 z+2 , z̃+1 y− z̃+2 , z̃+1 z− z̃+2 z−z−, z− z̃+1 z− z̃+2 z−, z−z− z̃+1 z− z̃+2

}
.

Then m⟨λ⟩ = 0 and the same result holds if ⟨λ⟩ = (∅, ∅, (3), (1, 1)), by Theorem
3.2.1.

Motivated by this example we are led to think that the following conjecture
holds.

Conjecture 3.3.1. Let (λ(1), ∅, λ(3), λ(4)) in (3.7), with λ(3) = (w1 + w2, w2) ̸= ∅,
λ(4) = (ρ1 + ρ2, ρ2) ̸= ∅. Then |w1 − ρ1| ≤ 2 if and only if m⟨λ⟩ ̸= 0.

Given a real number c, let ⌈c⌉ denote the ceiling of c, i.e., the smallest integer
greater than or equal to c.

Now we consider the case λ(2) ̸= ∅ and λ(3) ̸= ∅.
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Proposition 3.3.5. Let ⟨λ⟩ = (λ(1), λ(2), λ(3), ∅) in (3.7), with λ(1) = (α1 + α2, α2),
λ(2) = (γ1 + γ2 + γ3, γ2 + γ3, γ3) ̸= ∅, λ(3) = (w1 + w2, w2) ̸= ∅. If

• w1 ≤ 2 or

• w1 ≥ 3 and γ1 + γ2 ≥ ⌈w1
2 ⌉ − 1

then m⟨λ⟩ ̸= 0.

Proof. Consider the elements R1 = e11, R2 = e22 + e33, M1 = e23 + e32, M2 = e23 − e32,
M3 = e22 − e33, N1 = e12 − e31, N2 = e13 + e21. First, suppose w1 ≤ 2 and we
distinguish two cases.
Let λ(1) = ∅ and consider the initial standard multitableau. Hence

fT̄(∅,λ(2),λ(3),∅)
(y−1 , y−2 , y−3 , z+1 , z+2 ) = fT̄λ(2)

(y−1 , y−2 , y−3 ) fT̄λ(3)
(z+1 , z+2 )

and

fT̄(∅,λ(2),λ(3),∅)
(M1, M2, M3, N1, N2) =

{
r(±e22 ± e33)(e12 − e31)

w1 ̸= 0, if γ1 is even,
r(±e23 ± e32)(e12 − e31)

w1 ̸= 0, if γ1 is odd,

where r = ±6γ32γ2 .
Then, let λ(1) ̸= ∅. We consider the multitableau

T(λ(1),λ(2),λ(3),∅) = (Tλ(1), T̄λ(2), Tλ(3), ∅),

where T̄λ(2) is the initial standard tableau on the integers 1, . . . , 3γ3 + 2γ2 + γ1 and
Tλ(1) and Tλ(3) are the tableaux we constructed in the proof of Proposition 3.3.2 on
the integers 3γ3 + 2γ2 + γ1 + 1, . . . , n. Hence

fT(λ(1),λ(2),λ(3),∅)
(y+1 , y+2 , y−1 , y−2 , y−3 , z+1 , z+2 ) =

fT̄λ(2)
(y−1 , y−2 , y−3 ) fT(λ(1),∅,λ(3),∅)

(y+1 , y+2 , z+1 , z+2 ),

where fT(λ(1),∅,λ(3),∅)
(y+1 , y+2 , z+1 , z+2 ) are the highest weight vectors obtained in Propo-

sition 3.3.2.
If w1 = 0, then

fT(λ(1),λ(2),λ(3),∅)
(R2, R1, M1, M2, M3, N1, N2) =

{
r(e22 ± e33) ̸= 0, if γ1 is even,
r(e23 ± e32) ̸= 0, if γ1 is odd,

if w1 = 1, then

fT(λ(1),λ(2),λ(3),∅)
(R2, R1, M1, M2, M3, N1, N2) =

{
re31 ̸= 0, if γ1 is even,
re21 ̸= 0, if γ1 is odd,

if w1 = 2, then

fT(λ(1),λ(2),λ(3),∅)
(R2, R1, M1, M2, M3, N1, N2) =

{
re32 ̸= 0, if γ1 is even,
re22 ̸= 0, if γ1 is odd,

where r = ±6γ32γ2 .
Now, suppose w1 ≥ 3 and γ1 + γ2 ≥ k − 1, with ⌈w1

2 ⌉ = k. We consider the
Young diagram Dλ(2) = Dµ|Dν, corresponding to the partition λ(2), as obtained
by gluing two diagrams Dµ and Dν, where Dµ is the subdiagram of Dλ(2) made
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up of γ1 + γ2 + γ3 − (k − 1) columns and Dν is the diagram made up of the last
k − 1 columns. We also consider the Young diagram Dλ(3) = Dβ|Dδ obtained by
gluing the diagram Dβ that has w2 columns of height two and two columns of height
one and the diagram Dδ that has w1 − 2 columns of height one. We define ti as
the number of columns of height i in Dµ, with ti ≤ γi, for i ∈ {1, 2}, such that
t1 + t2 = γ1 + γ2 − (k + 1). We distinguish the following cases.

• w1 = 2k.
If γ1 ≥ k − 1, we consider the multitableau T(λ(1),λ(2),λ(3),∅) such that

fT(λ(1),λ(2),λ(3),∅)
(y+1 , y+2 , y−1 , y−2 , y−3 , z+1 , z+2 ) =

ỹ+1 . . . ˜̃y+1︸ ︷︷ ︸
α2

(y+1 )
α1 fT̄µ

(y−1 , y−2 , y−3 ) fT̄β
(z+1 , z+2 )(y

−
1 (z

+
1 )

2)k−2y−1 z+1 ỹ+2 . . . ˜̃y+2︸ ︷︷ ︸
α2

z+1 .

Then

fT(λ(1),λ(2),λ(3),∅)
(R2, R1, M1, M2, M3, N1, N2) =

{
re32 ̸= 0, if γ1 − k + 1 is even,
re22 ̸= 0, if γ1 − k + 1 is odd,

where r = ±6γ32γ2 .

If 0 ≤ γ1 < k − 1, we consider the multitableau T(λ(1),λ(2),λ(3),∅) such that

fT(λ(1),λ(2),λ(3),∅)
(y+1 , y+2 , y−1 , y−2 , y−3 , z+1 , z+2 ) =

ỹ+1 . . . ˜̃y+1︸ ︷︷ ︸
α2

(y+1 )
α1 fT̄µ

(y−1 , y−2 , y−3 ) fT̄β
(z+1 , z+2 )([y

−
1 , y−2 ](z

+
1 )

2)k−2−γ1 [y−1 , y−2 ]z
+
1

ỹ+2 . . . ˜̃y+2︸ ︷︷ ︸
α2

z+1 (y
−
1 (z

+
1 )

2)γ1 .

Then
fT(λ(1),λ(2),λ(3),∅)

(R2, R1, M1 + M3, M2, M3, N1, N2) ={
±6γ32

1
2 (s+1)e32 ̸= 0, if t1 + t2 is even,

±6γ32
1
2 s(e22 + e32) ̸= 0, if t1 + t2 is odd,

where s = 3γ2 − k + γ1.

• w1 = 2k − 1.
We consider the multitableau T(λ(1),λ(2),λ(3),∅) such that, if γ1 ̸= 0,

fT(λ(1),λ(2),λ(3),∅)
(y+1 , y+2 , y−1 , y−2 , y−3 , z+1 , z+2 ) =

ỹ+1 . . . ˜̃y+1︸ ︷︷ ︸
α2

(y+1 )
α1 fT̄µ

(y−1 , y−2 , y−3 ) fT̄β
(z+1 , z+2 )([y

−
1 , y−2 ](z

+
1 )

2)γ2−t2(y−1 (z
+
1 )

2)γ1−t1−1

y−1 z+1 ỹ+2 . . . ˜̃y+2︸ ︷︷ ︸
α2

and, if γ1 = 0,

fT(λ(1),λ(2),λ(3),∅)
(y+1 , y+2 , y−1 , y−2 , y−3 , z+1 , z+2 ) =
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ỹ+1 . . . ˜̃y+1︸ ︷︷ ︸
α2

(y+1 )
α1 fT̄µ

(y−1 , y−2 , y−3 ) fT̄β
(z+1 , z+2 )([y

−
1 , y−2 ](z

+
1 )

2)γ2−t2−1

[y−1 , y−2 ]z
+
1 ỹ+2 . . . ˜̃y+2︸ ︷︷ ︸

α2

.

So, if γ1 ≥ k − 1,

fT(λ(1),λ(2),λ(3),∅)
(R2, R1, M1, M2, M3, N1, N2) =

{
re31 ̸= 0, if γ1 − k + 1 is even,
re21 ̸= 0, if γ1 − k + 1 is odd

and, if 0 ≤ γ1 < k − 1,

fT(λ(1),λ(2),λ(3),∅)
(R2, R1, M1 + M3, M2, M3, N1, N2) ={

±6γ32
1
2 (s+1)e31 ̸= 0, if t1 + t2 is even,

±6γ32
1
2 s(e21 + e31) ̸= 0, if t1 + t2 is odd,

where r = ±6γ32γ2 and s = 3γ2 − k + γ1.

Consider the following example.

Example 3.3.2. Let ⟨λ⟩ = (∅, λ(2), (w1), ∅), with λ(2) = (γ1 + γ2 + γ3, γ2 + γ3, γ3)
⊢ s, w1 ≥ 5 and s < ⌈w1

2 ⌉ − 1. Then m⟨λ⟩ = 0, since, for any T⟨λ⟩, each monomial
of fT⟨λ⟩ contains at least three consecutive odd symmetric variables and, so, it is a
∗-identity (see Theorem 3.2.3 (b)).
Notice that, if ⟨λ⟩ = (∅, (1, 1, 1), (3), ∅) we also get that m⟨λ⟩ = 0, since any highest
weight vector fT⟨λ⟩ is a consequence of the following set of ∗-identities{

[y+, y], z+1 z+2 z+3 + z+2 z+3 z+1 + z+3 z+1 z+2 , y−1 z+y−2 , ỹ−1 ỹ−2 z+z+ỹ−3 z+,

ỹ−1 z+z+ỹ−2 ỹ−3 z+, z+ỹ−1 ỹ−2 z+z+ỹ−3 , z+ỹ−1 z+z+ỹ−2 ỹ−3
}

.

Motivated by the above example, we make the following conjecture.

Conjecture 3.3.2. Let ⟨λ⟩ = (λ(1), λ(2), λ(3), ∅) in (3.7), with λ(1) = (α1 + α2, α2),
λ(2) = (γ1 + γ2 + γ3, γ2 + γ3, γ3) ̸= ∅, λ(3) = (w1 + w2, w2) ̸= ∅. Then

• w1 ≤ 2 or

• w1 ≥ 3 and γ1 + γ2 ≥ ⌈w1
2 ⌉ − 1

if and only if m⟨λ⟩ ̸= 0.

According to Theorem 3.2.1, if λ(2) ̸= ∅ and λ(4) ̸= ∅, we obtain the following
result.

Proposition 3.3.6. If ⟨λ⟩ = (λ(1), λ(2), ∅, λ(4)) in (3.7), with λ(2) = (γ1 + γ2 +
γ3, γ2 + γ3, γ3) ̸= ∅ λ(4) = (ρ1 + ρ2, ρ2) ̸= ∅ and

• ρ1 ≤ 2 or

• ρ1 ≥ 3 and γ1 + γ2 ≥ ⌈ ρ1
2 ⌉ − 1,

then m⟨λ⟩ ̸= 0.
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Now we consider the case λ(2) ̸= ∅, λ(3) ̸= ∅ and λ(4) ̸= ∅.

Proposition 3.3.7. Let ⟨λ⟩ = (∅, λ(2), λ(3), λ(4)) in (3.7), with λ(2) = (γ1 + γ2 +
γ3, γ2 + γ3, γ3) ̸= ∅, λ(3) = (w1 + w2, w2) ̸= ∅, λ(4) = (ρ1 + ρ2, ρ2) ̸= ∅ and let
l = max{w1, ρ1}. If

• |w1 − ρ1| ≤ 2 or

• |w1 − ρ1| ≥ 3 and γ1 + γ2 ≥ ⌈ l
2⌉ − 1,

then m⟨λ⟩ ̸= 0.

Proof. Consider the elements M1 = e23 + e32, M2 = e23 − e32, M3 = e22 − e33, N1 =
e12 − e31, N2 = e13 + e21, P1 = e13 − e21, P2 = e12 + e31. Because of Theorem 3.2.1, we
may assume w1 ≥ ρ1. First suppose w1 − ρ1 ≤ 2 and we distinguish two cases.

• w1 ≤ 2.
If ρ1 ∈ {0, 1}, we consider the initial standard multitableau, then

fT(∅,λ(2),λ(3),λ(4))
(y−1 , y−2 , y−3 , z+1 , z+2 , z−1 , z−2 ) =

fT̄λ(2)
(y−1 , y−2 , y−3 ) fT̄λ(3)

(z+1 , z+2 ) fT̄λ(4)
(z−1 , z−2 ).

So,
fT(∅,λ(2),λ(3),λ(4))

(M1, M2, M3, N1, N2, P1, P2) ={
±6γ32γ2(±e22 ± e33)(e12 − e31)

w1(2ρ2 e11 ± e22 ± e33)(e13 − e21)
ρ1 ̸= 0, if γ1 is even,

±6γ32γ2(±e23 ± e32)(e12 − e31)
w1(2ρ2 e11 ± e22 ± e33)(e13 − e21)

ρ1 ̸= 0, if γ1 is odd.

If ρ1 = 2, we consider the following multitableau

T(∅,λ(2),λ(3),λ(4)) = (∅, T̄λ(2), T̄λ(3), T̄λ(4)),

where T̄λ(2) is the initial standard tableau on the integers 2w2 + w1 + 2ρ2 + ρ1 + 1, . . . ,
n, T̄λ(3) is the initial standard tableau on the integers 1, . . . , 2w2 + w1 and T̄λ(4) is the
initial standard tableau on the integers 2w2 + w1 + 1, . . . , 2w2 + w1 + 2ρ2 + ρ1. Then

fT(∅,λ(2),λ(3),λ(4))
(y−1 , y−2 , y−3 , z+1 , z+2 , z−1 , z−2 ) =

fT̄λ(3)
(z+1 , z+2 ) fT̄λ(4)

(z−1 , z−2 ) fT̄λ(2)
(y−1 , y−2 , y−3 )

and so,

fT(∅,λ(2),λ(3),λ(4))
(M1, M2, M3, N1, N2, P1, P2) =

{
re33 ̸= 0, if γ1 is even,
re32 ̸= 0, if γ1 is odd,

with r = ±6γ32γ2 .

• w1 ≥ 3.
We consider the multitableau

T(∅,λ(2),λ(3),λ(4)) = (∅, T̄λ(2), Tλ(3), Tλ(4)),

where T̄λ(2) is the initial standard tableau on the integers 1, . . . , 3γ3 + 2γ2 + γ1 and
Tλ(3) and Tλ(4) are the tableaux we considered in the proof of Proposition 3.3.4 on the
integers 3γ3 + 2γ2 + γ1 + 1, . . . , n. Then

fT(∅,λ(2),λ(3),λ(4))
= fT̄λ(2)

(y−1 , y−2 , y−3 ) fT(∅,∅,λ(3),λ(4))
(z+1 , z+2 , z−1 , z−2 ),
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where fT(∅,∅,λ(3),λ(4))
(z+1 , z+2 , z−1 , z−2 ) is the highest weight vector obtained in Pro-position

3.3.4.
So, if ρ1 = w1 − 2,

fT(∅,λ(2),λ(3),λ(4))
(M1, M2, M3, N1, N2, P1, P2) =

{
re32 ̸= 0, if γ1 is even,
re22 ̸= 0, if γ1 is odd;

if ρ1 = w1 − 1,

fT(∅,λ(2),λ(3),λ(4))
(M1, M2, M3, N1, N2, P1, P2) =

{
re31 ̸= 0, if γ1 is even,
re21 ̸= 0, if γ1 is odd;

if ρ1 = w1,

fT(∅,λ(2),λ(3),λ(4))
(M1, M2, M3, N1, N2, P1, P2) =

{
re33 ̸= 0, if γ1 is even,
re23 ̸= 0, if γ1 is odd,

with r = ±6γ32γ2 .

Now, consider the case w1 − ρ1 ≥ 3, so l = w1 and γ1 + γ2 ≥ k − 1, with ⌈ l
2⌉ = k.

We consider the Young diagrams Dλ(2) = Dµ|Dν and Dλ(3) = Dβ|Dδ as in the proof
of Proposition 3.3.5 and Dλ(4) = Dϵ|Dσ, such that Dϵ is the subdiagram of Dλ(4)
made up of the first ρ2 columns and Dσ is the diagram obtained considering the last
ρ1 columns. We define the integer a as

a :=

{
ρ1, if ρ1 is even,
ρ1 − 1, if ρ1 is odd.

We distinguish these different cases.

• w1 = 2k.
We consider the multitableau T⟨λ⟩ such that:
if γ1 ≥ k − 1,

fT(∅,λ(2),λ(3),λ(4))
(y−1 , y−2 , y−3 , z+1 , z+2 , z−1 , z−2 ) =

g1(y−1 , y−2 , y−3 , z+1 , z+2 , z−1 , z−2 )(y
−
1 (z

+
1 )

2)k−1− a
2 (z−1 )

ρ1−a,

where
g1(y−1 , y−2 , y−3 , z+1 , z+2 , z−1 , z−2 ) =

fT̄µ
(y−1 , y−2 , y−3 ) fT̄β

(z+1 , z+2 ) fT̄ϵ
(z−1 , z−2 )(y

−
1 (z

+
1 )

2(z−1 )
2)

a
2 ;

if 0 < γ1 < k − 1 and a
2 ≤ k − 1 − γ1,

fT(λ(1),λ(2),λ(3),λ(4))
(y−1 , y−2 , y−3 , z+1 , z+2 , z−1 , z−2 ) =

g2(y−1 , y−2 , y−3 , z+1 , z+2 , z−1 , z−2 )(y
−
1 (z

+
1 )

2)γ1(z−1 )
ρ1−a,

where
g2(y−1 , y−2 , y−3 , z+1 , z+2 , z−1 , z−2 ) =

fT̄µ
(y−1 , y−2 , y−3 ) fT̄β

(z+1 , z+2 ) fT̄ϵ
(z−1 , z−2 )([y

−
1 , y−2 ](z

+
1 )

2(z−1 )
2)

a
2

([y−1 , y−2 ](z
+
1 )

2)k−1−γ1− a
2 ;
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if 0 < γ1 < k − 1 and a
2 > k − 1 − γ1,

fT(∅,λ(2),λ(3),λ(4))
(y−1 , y−2 , y−3 , z+1 , z+2 , z−1 , z−2 ) =

g3(y−1 , y−2 , y−3 , z+1 , z+2 , z−1 , z−2 )(y
−
1 (z

+
1 )

2)k−1− a
2 (z−1 )

ρ1−a,

where
g3(y−1 , y−2 , y−3 , z+1 , z+2 , z−1 , z−2 ) =

fT̄µ
(y−1 , y−2 , y−3 ) fT̄β

(z+1 , z+2 ) fT̄ϵ
(z−1 , z−2 )([y

−
1 , y−2 ](z

+
1 )

2(z−1 )
2)k−1−γ1

(y−1 (z
+
1 )

2(z−1 )
2)

a
2−k+1+γ1 ;

if γ1 = 0,
fT(∅,λ(2),λ(3),λ(4))

(y−1 , y−2 , y−3 , z+1 , z+2 , z−1 , z−2 ) =

g4(y−1 , y−2 , y−3 , z+1 , z+2 , z−1 , z−2 )([y
−
1 , y−2 ](z

+
1 )

2)k−1− a
2 (z−1 )

ρ1−a,

where
g4(y−1 , y−2 , y−3 , z+1 , z+2 , z−1 , z−2 ) =

fT̄µ
(y−1 , y−2 , y−3 ) fT̄β

(z+1 , z+2 ) fT̄ϵ
(z−1 , z−2 )([y

−
1 , y−2 ](z

+
1 )

2(z−1 )
2)

a
2 .

So, if γ1 ≥ k − 1,

fT(∅,λ(2),λ(3),λ(4))
(M1, M2, M3, N1, N2, P1 + P2, P2) ={

re32(−e21)
ρ1−a ̸= 0, if γ1 − k + 1 is even,

re22(−e21)
ρ1−a ̸= 0, if γ1 − k + 1 is odd,

where r = ±6γ32γ2 .
And, if 0 ≤ γ1 < k − 1,

fT(∅,λ(2),λ(3),λ(4))
(M1 + M3, M2, M3, N1, N2, P1, P2) ={

±6γ32
1
2 (s+1)e32(−e21)

ρ1−a ̸= 0, if t1 + t2 is even,
±6γ32

1
2 s(e22 + e32)(−e21)

ρ1−a ̸= 0, if t1 + t2 is odd,

where s = 3γ2 − k + γ1.

• w1 = 2k − 1.
We consider the multitableau T(∅,λ(2),λ(3),λ(4)) such that:
if γ1 ≥ k − 1,

fT(∅,λ(2),λ(3),λ(4))
(y−1 , y−2 , y−3 , z+1 , z+2 , z−1 , z−2 ) =

g1(y−1 , y−2 , y−3 , z+1 , z+2 , z−1 , z−2 )(y
−
1 (z

+
1 )

2)k−2− a
2 y−1 z+1 (z

−
1 )

ρ1−a;

if 0 < γ1 < k − 1 and a
2 ≤ k − 1 − γ1,

fT(∅,λ(2),λ(3),λ(4))
(y−1 , y−2 , y−3 , z+1 , z+2 , z−1 , z−2 ) =

g2(y−1 , y−2 , y−3 , z+1 , z+2 , z−1 , z−2 )(y
−
1 (z

+
1 )

2)γ1−1y−1 z+1 (z
−
1 )

ρ1−a;

if 0 < γ1 < k − 1 and a
2 > k − 1 − γ1,

fT(∅,λ(2),λ(3),λ(4))
(y−1 , y−2 , y−3 , z+1 , z+2 , z−1 , z−2 ) =
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g3(y−1 , y−2 , y−3 , z+1 , z+2 , z−1 , z−2 )(y
−
1 (z

+
1 )

2)k−2− a
2 y−1 z+1 (z

−
1 )

ρ1−a;

if γ1 = 0
fT(∅,λ(2),λ(3),λ(4))

(y−1 , y−2 , y−3 , z+1 , z+2 , z−1 , z−2 ) =

g4(y−1 , y−2 , y−3 , z+1 , z+2 , z−1 , z−2 )([y
−
1 , y−2 ](z

+
1 )

2)k−2− a
2 [y−1 , y−2 ]z

+
1 (z

−
1 )

ρ1−a.

Then, if γ1 ≥ k − 1,

fT(∅,λ(2),λ(3),λ(4))
(M1, M2, M3, N1, N2, P1 + P2, P2) ={

re31(e13 + e12)
ρ1−a ̸= 0, if t1 + t2 is even,

re21(e13 + e12)
ρ1−a ̸= 0, if t1 + t2 is odd,

where r = ±6γ32γ2 .
And, if 0 ≤ γ1 < k − 1,

fT(∅,λ(2),λ(3),λ(4))
(M1 + M3, M2, M3, N1, N2, P1, P2) ={

±6γ32
1
2 (s+1)e31(e13)

ρ1−a ̸= 0, if t1 + t2 is even,
±6γ32

1
2 s(e21 + e31)(e13)

ρ1−a ̸= 0, if t1 + t2 is odd,

where s = 3γ2 − k + γ1.

Now we are ready to prove the main theorem of this section.

Theorem 3.3.2. Consider

χ∗
n(M1,2(F)) = ∑

⟨λ⟩⊢n,
h(λ(1))≤2, h(λ(2))≤3,
h(λ(3))≤2, h(λ(4))≤2

m⟨λ⟩χ⟨λ⟩

the n-th ∗-cocharacter of M1,2(F). Let ⟨λ⟩ = (λ(1), λ(2), λ(3), λ(4)), with λ(2) = (γ1 +
γ2 + γ3, γ2 + γ3, γ3), λ(3) = (w1 +w2, w2), λ(4) = (ρ1 + ρ2, ρ2) and l = max{w1, ρ1}.
The following statements hold.

If λ(3) = λ(4) = ∅, then m⟨λ⟩ ̸= 0 if and only if h(λ(1)) ≤ 1.
If m⟨λ⟩ ̸= 0, λ(2) = ∅, λ(i) = ∅ and λ(j) ̸= ∅, with i, j ∈ {3, 4}, i ̸= j, then

|w1 − ρ1| ≤ 2.
If λ(j) ̸= ∅ for some j ∈ {3, 4} and

· |w1 − ρ1| ≤ 2 or

· |w1 − ρ1| ≥ 3 and λ(2) ̸= ∅, with γ1 + γ2 ≥ ⌈ l
2⌉ − 1

then m⟨λ⟩ ̸= 0.

Proof. The first two items follow from Propositions 3.3.1, 3.3.2 and 3.3.3.
Let λ(j) ̸= ∅ for some j ∈ {3, 4}. If λ(2) = ∅ and |w1 − ρ1| ≤ 2, then m⟨λ⟩ ̸= 0

by Propositions 3.3.2, 3.3.3 and 3.3.4. We may assume, since the previous cases hold,
that λ(2) ̸= ∅. If λ(i) = ∅, for i ∈ {3, 4}, i ̸= j, |w1 − ρ1| ≤ 2 or |w1 − ρ1| ≥ 3
and γ1 + γ2 ≥ ⌈ l

2⌉ − 1, then we get the result by Propositions 3.3.5 and 3.3.6. Now,
let λ(i) ̸= ∅, for i ∈ {3, 4}, i ̸= j. If λ(1) = ∅, |w1 − ρ1| ≤ 2 or |w1 − ρ1| ≥ 3 and
γ1 + γ2 ≥ ⌈ l

2⌉ − 1, then m⟨λ⟩ ̸= 0 by Proposition 3.3.7.
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We are left to prove the case λ(i) ̸= ∅ for all i ∈ {1, 2, 3, 4}, |w1 − ρ1| ≤ 2 or
|w1 − ρ1| ≥ 3 and γ1 + γ2 ≥ ⌈ l

2⌉ − 1. Consider the elements R1 = e11, R2 = e22 + e33,
M1 = e23 + e32, M2 = e23 − e32, M3 = e22 − e33, N1 = e12 − e31, N2 = e13 + e21,
P1 = e13 − e21, P2 = e12 + e31.

Because of Theorem 3.2.1, we may suppose w1 ≥ ρ1.
If w1 − ρ1 ≤ 2, we distinguish two cases:

• w1 ≤ 2.
If ρ1 ∈ {0, 1}, we consider the multitableau

T(λ(1),λ(2),λ(3),λ(4)) = (Tλ(1), T̄λ(2), Tλ(3), Tλ(4)),

where T̄λ(2) is the initial standard tableau on the integers 1, . . . , 3γ3 + 2γ2 +
γ1 and Tλ(1), Tλ(3) and Tλ(4) are the tableaux we considered in the proof of
Proposition 3.3.4. Then

fT(λ(1),λ(2),λ(3),λ(4))
(y+1 , y+2 , y−1 , y−2 , y−3 , z+1 , z+2 , z−1 , z−2 ) =

fT̄λ(2)
(y−1 , y−2 , y−3 ) fT(λ(1),∅,λ(3),λ(4))

(y+1 , y+2 , z+1 , z+2 , z−1 , z−2 ),

where fT(λ(1),∅,λ(3),λ(4))
(y+1 , y+2 , z+1 , z+2 , z−1 , z−2 ) is the highest weight vector obtained

in Proposition 3.3.4. So,

fT(λ(1),λ(2),λ(3),λ(4))(R2, R1, M1, M2, M3, N1, N2, P1, P2) ={
±6γ32γ2(±e22 ± e33)(e12 − e31)

w1(2ρ2 e11 ± e22 ± e33)(e13 − e21)
ρ1) ̸= 0, if γ1 is even,

±6γ32γ2(±e23 ± e32)(e12 − e31)
w1(2ρ2 e11 ± e22 ± e33)(e13 − e21)

ρ1) ̸= 0, if γ1 is odd.

If ρ1 = 2, we consider the following multitableau

T(λ(1),λ(2),λ(3),λ(4)) = (Tλ(1), T̄λ(2), Tλ(3), Tλ(4)),

where T̄λ(2) is the initial standard tableau on the integers n − 3γ3 − 2γ2 − γ1 + 1, . . . ,
n and Tλ(1), Tλ(3) and Tλ(4) are the tableaux we considered in the proof of Proposition
3.3.4 on the integers 1, . . . , n − 3γ3 − 2γ2 − γ1.
Then

fT(λ(1),λ(2),λ(3),λ(4))(y
+
1 , y+2 , y−1 , y−2 , y−3 , z+1 , z+2 , z−1 , z−2 ) =

fT(λ(1),∅,λ(3),λ(4))
(y+1 , y+2 , z+1 , z+2 , z−1 , z−2 ) fT̄λ(2)

(y−1 , y−2 , y−3 ),

where fT(λ(1),∅,λ(3),λ(4))
(y+1 , y+2 , z+1 , z+2 , z−1 , z−2 ) is the highest weight vector obtained in

Proposition 3.3.4.
Then,

fT(λ(1),λ(2),λ(3),λ(4))(R2, R1, M1, M2, M3, N1, N2, P1, P2) =

{
re33 ̸= 0, if γ1 is even,
re32 ̸= 0, if γ1 is odd,

with r = ±6γ32γ2 .

• w1 ≥ 3.
We consider the multitableau

T(λ(1),λ(2),λ(3),λ(4)) = (Tλ(1), T̄λ(2), Tλ(3), Tλ(4)),

where T̄λ(2) is the initial standard tableau on the integers 1, . . . , 3γ3 + 2γ2 + γ1 and
Tλ(1), Tλ(3) and Tλ(4) are the tableaux we considered in the proof of Proposition 3.3.4
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on the integers 3γ3 + 2γ2 + γ1 + 1, . . . , n.
Then

fT(λ(1),λ(2),λ(3),λ(4)) = fT̄λ(2)
(y−1 , y−2 , y−3 ) fT(λ(1),∅,λ(3),λ(4))

(y+1 , y+2 , z+1 , z+2 , z−1 , z−2 ),

where fT(λ(1),∅,λ(3),λ(4))
(y+1 , y+2 , z+1 , z+2 , z−1 , z−2 ) is the highest weight vector obtained in

Proposition 3.3.4.
If ρ1 = w1 − 2,

fT(λ(1),λ(2),λ(3),λ(4))(R2, R1, M1, M2, M3, N1, N2, P1, P2) =

{
re32 ̸= 0, if γ1 is even,
re22 ̸= 0, if γ1 is odd;

if ρ1 = w1 − 1,

fT(λ(1),λ(2),λ(3),λ(4))(M1, M2, M3, N1, N2, P1, P2) =

{
re31 ̸= 0, if γ1 is even,
re21 ̸= 0, if γ1 is odd;

if ρ1 = w1,

fT(λ(1),λ(2),λ(3),λ(4))(M1, M2, M3, N1, N2, P1, P2) =

{
re33 ̸= 0, if γ1 is even,
re23 ̸= 0, if γ1 is odd,

with r = ±6γ32γ2 .

Now, if w1 − ρ1 ≥ 3 and γ1 + γ2 ≥ k − 1, where k = ⌈w1
2 ⌉, we define the integer

a as in Proposition 3.3.7,

a :=

{
ρ1, if ρ1 is even,
ρ1 − 1, if ρ1 is odd

and we consider the ∗-polynomials gi(y−1 , y−2 , y−3 , z+1 , z+2 , z−1 , z−2 ) constructed in Pro-
position 3.3.7.
We distinguish these different cases.

• w1 = 2k.
We consider the multitableau T(λ(1),λ(2),λ(3),λ(4)) such that:
if γ1 ≥ k − 1,

fT(λ(1),λ(2),λ(3),λ(4))
(y+1 , y+2 , y−1 , y−2 , y−3 , z+1 , z+2 , z−1 , z−2 ) =

ỹ+1 . . . ˜̃y+1︸ ︷︷ ︸
α2

(y+1 )
α1 g1(y−1 , y−2 , y−3 , z+1 , z+2 , z−1 , z−2 )(y

−
1 (z

+
1 )

2)k−2− a
2 y−1 z+1 ỹ+2 . . . ˜̃y+2︸ ︷︷ ︸

α2

z+1 (z
−
1 )

ρ1−a;

if 0 < γ1 < k − 1 and a
2 ≤ k − 1 − γ1,

fT(λ(1),λ(2),λ(3),λ(4))(y
+
1 , y+2 , y−1 , y−2 , y−3 , z+1 , z+2 , z−1 , z−2 ) =

ỹ+1 . . . ˜̃y+1︸ ︷︷ ︸
α2

(y+1 )
α1 g2(y−1 , y−2 , y−3 , z+1 , z+2 , z−1 , z−2 )(y

−
1 (z

+
1 )

2)γ1−1y−1 z+1 ỹ+2 . . . ˜̃y+2︸ ︷︷ ︸
α2

z+1 (z
−
1 )

ρ1−a;

if 0 < γ1 < k − 1 and a
2 > k − 1 − γ1,

fT(λ(1),λ(2),λ(3),λ(4))(y
+
1 , y+1 , y−1 , y−2 , y−3 , z+1 , z+2 , z−1 , z−2 ) =
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ỹ+1 . . . ˜̃y+1︸ ︷︷ ︸
α2

(y+1 )
α1 g3(y−1 , y−2 , y−3 , z+1 , z+2 , z−1 , z−2 )(y

−
1 (z

+
1 )

2)k−2− a
2 y−1 z+1 ỹ+2 . . . ˜̃y+2︸ ︷︷ ︸

α2

z+1 (z
−
1 )

ρ1−a

and if γ1 = 0

fT(λ(1),λ(2),λ(3),λ(4))(y
+
1 , y+2 , y−1 , y−2 , y−3 , z+1 , z+2 , z−1 , z−2 ) =

ỹ+1 . . . ˜̃y+1︸ ︷︷ ︸
α2

(y+1 )
α1 g4(y−1 , y−2 , y−3 , z+1 , z+2 , z−1 , z−2 )([y

−
1 , y−2 ](z

+
1 )

2)k−2− a
2 [y−1 , y−2 ]z

+
1

ỹ+2 . . . ˜̃y+2︸ ︷︷ ︸
α2

z+1 (z
−
1 )

ρ1−a.

So, if γ1 ≥ k − 1,

fT(λ(1),λ(2),λ(3),λ(4))(R2, R1, M1, M2, M3, N1, N2, P1 + P2, P2) ={
re32(−e21)

ρ1−a ̸= 0, if γ1 − k + 1 is even,
re22(−e21)

ρ1−a ̸= 0, if γ1 − k + 1 is odd,

where r = ±6γ32γ2

and, if 0 ≤ γ1 < k − 1,

fT(λ(1),λ(2),λ(3),λ(4))(R2, R1, M1 + M3, M2, M3, N1, N2, P1, P2) ={
±6γ32

1
2 (s+1)e32(−e21)

ρ1−a ̸= 0, if t1 + t2 is even,
±6γ32

1
2 s(e22 + e32)(−e21)

ρ1−a ̸= 0, if t1 + t2 is odd,

where s = 3γ2 − k + γ1.

• w1 = 2k − 1.
We consider the multitableau T(λ(1),λ(2),λ(3),λ(4)) such that

fT(λ(1),λ(2),λ(3),λ(4))(y
+
1 , y+2 , y−1 , y−2 , y−3 , z+1 , z+2 , z−1 , z−2 ) =

ỹ+1 . . . ˜̃y+1︸ ︷︷ ︸
α2

(y+1 )
α1 f η(y+1 , y+2 , y−1 , y−2 , y−3 , z+1 , z+2 , z−1 , z−2 ) ỹ+2 . . . ˜̃y+2︸ ︷︷ ︸

α2

(z−1 )
ρ1−a,

where f η(y+1 , y+2 , y−1 , y−2 , y−3 , z+1 , z+2 , z−1 , z−2 ) is such that

fT(∅,λ(2),λ(3),λ(4))
= f η(y+1 , y+2 , y−1 , y−2 , y−3 , z+1 , z+2 , z−1 , z−2 )(z

−
1 )

ρ1−a

and fT(∅,λ(2),λ(3),λ(4))
is the highest weight vector constructed in Proposition 3.3.7.

Then, if γ1 ≥ k − 1,

fT(λ(1),λ(2),λ(3),λ(4))(R2, R1, M1, M2, M3, N1, N2, P1 + P2, P2) ={
±re31(e13 + e12)

ρ1−a ̸= 0, if γ1 − k + 1 is even,
±re21(e13 + e12)

ρ1−a ̸= 0, if γ1 − k + 1 is odd,

where r = 6γ32γ2 .
If 0 ≤ γ1 < k − 1,

fT⟨λ⟩(R2, R1, M1 + M3, M2, M3, N1, N2, P1, P2) =
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{
±6γ32

1
2 (s+1)e31(e13)

ρ1−a ̸= 0, if t1 + t2 is even,
±6γ32

1
2 s(e21 + e31)(e13)

ρ1−a ̸= 0, if t1 + t2 is odd,

where s = 3γ2 − k + γ1.

So, the proof is complete.

By Conjectures 3.3.1, 3.3.2 and Theorem 3.3.2, we are led to conjecture the follow-
ing.

Conjecture 3.3.3. Consider

χ∗
n(M1,2(F)) = ∑

⟨λ⟩⊢n,
h(λ(1))≤2, h(λ(2))≤3,
h(λ(3))≤2, h(λ(4))≤2

m⟨λ⟩χ⟨λ⟩

the n-th ∗-cocharacter of M1,2(F). Let ⟨λ⟩ = (λ(1), λ(2), λ(3), λ(4)), with λ(2) = (γ1 +
γ2 + γ3, γ2 + γ3, γ3), λ(3) = (w1 +w2, w2), λ(4) = (ρ1 + ρ2, ρ2) and l = max{w1, ρ1}.
Then m⟨λ⟩ ̸= 0 if and only if λ(3) = λ(4) = ∅ and h(λ(1)) ≤ 1 or λ(j) ̸= ∅ for some
j ∈ {3, 4} and |w1 − ρ1| ≤ 2 or λ(j) ̸= ∅ for some j ∈ {3, 4}, |w1 − ρ1| ≥ 3 and
λ(2) ̸= ∅, with γ1 + γ2 ≥ ⌈ l

2⌉ − 1.
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Chapter 4

On the polynomial codimension
growth of superalgebras with
superautomorphism

This chapter present further results obtained during my PhD on associative alge-
bras with additional structure, focusing specifically on superalgebras with super-
automorphism. One can find these results in [2]. We characterize the superalgebras
endowed with a superautomorphism of order ≤ 2 with multiplicities of the cochar-
acter bounded by a constant. Moreover, we determine a characterization of such
superalgebras with polynomial growth of the codimensions and we give a classi-
fication of the subvarieties of the varieties of almost polynomial growth. Finally,
we characterize superalgebras with superautomorphism with linear codimension
growth.

4.1 Superalgebras with superautomorphism

In this section we give all the definitions useful in order to understand the main
results of this chapter.

Let A = A0 ⊕ A1 be an associative superalgebra over F, a field of characteristic
zero, and assume that A is endowed with a superautomorphism that is a graded
linear map φ : A −→ A, i.e., a map preserving the grading, such that for any homo-
geneous elements a, b ∈ A0 ∪ A1,

(aφ)φ = a,

(ab)φ = (−1)|a||b|aφbφ.

Here |c| denotes the homogeneous degree of the element c ∈ A0 ∪ A1.
Since charF = 0, we write A = A+

0 ⊕ A−
0 ⊕ A+

1 ⊕ A−
1 , where, for i = 0, 1, A+

i =
{a ∈ Ai | aφ = a} and A−

i = {a ∈ Ai | aφ = −a} denote the sets of symmetric and
skew elements of Ai, respectively.

From now on we shall refer to a superalgebra with superautomorphism φ as a
φ-algebra.

We notice that there is a one-to-one correspondence between Z4-gradings and
superautomorphisms. Let G = {1G = g0, g = g1, g2, g3} ∼= Z4. Consider A as a
G-graded algebra, i.e., A = A1G ⊕ Ag ⊕ Ag2 ⊕ Ag3 such that Agi Agj ⊆ Agi gj , i, j ∈
{0, . . . , 3}. We can see A as a Z2-graded algebra, A = A0 ⊕ A1, where A0 = A1G ⊕
Ag2 and A1 = Ag ⊕ Ag3 . Then A can be endowed with a superautomorphism φ :
A → A such that φ(a1G + ag + ag2 + ag3) = a1G + ag − ag2 − ag3 , for all a1G ∈ A1G ,
ag ∈ Ag, ag2 ∈ Ag2 and ag3 ∈ Ag3 . Conversely, let A = A0 ⊕ A1 be endowed with
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a superautomorphism φ and let A = A+
0 ⊕ A−

0 ⊕ A+
1 ⊕ A−

1 , where A+
i = {a ∈

Ai | aφ = a} and A−
i = {a ∈ Ai | aφ = −a}, for i = 0, 1. Then A is a G-graded

algebra with grading A1G = A+
0 , Ag = A+

1 , Ag2 = A−
0 and Ag3 = A−

1 .
As in the previous chapter, we write F⟨Y ∪ Z⟩ = F0 ⊕F1 as the free associative

superalgebra on the countable set Y ∪ Z over F.
One can define in a natural way a superautomorphism φ on the free associative

superalgebra F⟨Y ∪ Z⟩. We shall write F⟨Y ∪ Z, φ⟩ for the free associative φ-algebra
on the countable set Y ∪ Z over F. If we let y+i = yi + yφ

i , y−i = yi − yφ
i , z+i = zi + zφ

i
and z−i = zi − zφ

i , for i = 1, 2, . . . , then

F⟨Y ∪ Z, φ⟩ = F⟨y+1 , y−1 , z+1 , z−1 , y+2 , y−2 , z+2 , z−2 , . . . ⟩.

A polynomial f (y+1 , . . . , y+m , y−1 , . . . y−n , z+1 , . . . , z+r , z−1 , . . . , z−s ) ∈ F⟨Y ∪ Z, φ⟩ is a φ-
polynomial identity of A (or a φ-identity) and we write f ≡ 0, if

f (u+
1 , . . . , u+

m , u−
1 , . . . , u−

n , v+1 , . . . , v+r , v−1 , . . . , v−s ) = 0,

for all u+
1 , . . . , u+

m ∈ A+
0 , u−

1 , . . . , u−
n ∈ A−

0 , v+1 , . . . , v+r ∈ A+
1 , v−1 , . . . , v−s ∈ A−

1 .
The set of all φ-identities of A, Idφ(A), is a Tφ

2 -ideal of F⟨Y ∪ Z, φ⟩, i.e., it is an
ideal invariant under all graded endomorphisms of F⟨Y ∪ Z, φ⟩ commuting with the
superautomorphism φ.

It is known that in characteristic zero every φ-identity is equivalent to a system
of multilinear ones. Hence, if we denote by

Pφ
n = spanF{wσ(1) · · ·wσ(n) | σ ∈ Sn, wi ∈ {y+i , y−i , z+i , z−i }, i = 1, . . . , n}

the space of multilinear polynomials of degree n in the variables y+i , y−i , z+i , z−i , for
i = 1, . . . , n, the study of Idφ(A) is equivalent to the study of Pφ

n ∩ Idφ(A), for all
n ≥ 1.

The non-negative integer

cφ
n (A) = dimF

Pφ
n

Pφ
n ∩ Idφ(A)

, n ≥ 1,

is called the n-th φ-codimension of A.
Let n ≥ 1 and write n = n1 + n2 + n3 + n4 as a sum of four non-negative integers.

We denote by Pn1,...,n4 ⊆ Pφ
n the vector space of the multilinear polynomials in which

the first n1 variables are even symmetric, the next n2 are even skew, the next n3 are
odd symmetric and the last n4 are odd skew.

If cn1,...,n4(A) = dimF
Pn1,...,n4

Pn1,...,n4∩Idφ(A)
, we have

cφ
n (A) = ∑

n1+···+n4=n

(
n

n1, . . . , n4

)
cn1,...,n4(A), (4.1)

where ( n
n1,...,n4

) = n!
n1!···n4! is the multinomial coefficient.

The group Sn1 × · · ·×Sn4 acts on the left on the vector space Pn1,...,n4 by permuting
the variables of the same homogeneous degree which are all symmetric or all skew
at the same time. So Sn1 permutes the even symmetric variables, Sn2 permutes the
even skew variables, Sn3 permutes the odd symmetric variables and Sn4 permutes
the odd skew variables. In this way Pn1,...,n4 becomes an Sn1 × · · · × Sn4-module.
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Since Pn1,...,n4∩ Idφ(A) is invariant under this action, we get that the vector space

Pn1,...,n4(A) =
Pn1,...,n4

Pn1,...,n4 ∩ Idφ(A)

has an induced structure of Sn1 × · · · × Sn4-module. We denote by χ
φ
n1,...,n4(A) its

character, which is called the (n1, . . . , n4)-th cocharacter of A.
It is well known that there is a one-to-one correspondence between partitions

of n and irreducible Sn-characters. So, if λ ⊢ n is a partition of n, we denote by
χλ the corresponding irreducible Sn-character. Since charF = 0, then, by complete
reducibility, χ

φ
n1,...,n4(A) can be written as a sum of irreducible characters:

χ
φ
n1,...,n4(A) = ∑

⟨λ⟩⊢n
m⟨λ⟩χλ(1) ⊗ · · · ⊗ χλ(4), (4.2)

where ⟨λ⟩ = (λ(1), λ(2), λ(3), λ(4)) ⊢ (n1, . . . , n4) or ⟨λ⟩ ⊢ n, is a multipartition
of n = n1 + · · · + n4, with λ(i) ⊢ ni partitions, i = 1, . . . , 4, and m⟨λ⟩ ≥ 0 is the
multiplicity of χλ(1) ⊗ · · · ⊗ χλ(4) in χ

φ
n1,...,n4(A).

For n ≥ 1 we define the n-th φ-colength of A as

lφ
n (A) = ∑

⟨λ⟩⊢(n1,...,n4)
n1+···+n4=n

m⟨λ⟩.

We conclude this section by recalling the classification of simple φ-algebras.
If A is a superalgebra, a subset (subalgebra, ideal) S ⊆ A is a graded subset (sub-

algebra, ideal) of A if S = (S ∩ A0)⊕ (S ∩ A1). Furthermore, an ideal (subalgebra) I
of A is a φ-ideal (φ-subalgebra) of A if it is a graded ideal (subalgebra) and Iφ = I.
So, we are ready for the following definition.

Definition 4.1.1. Let A be a φ-algebra such that A2 ̸= 0. We say that A is

- simple, as an ordinary algebra, if it has no non-trivial ideals;

- simple, as a superalgebra or super simple, if it has no non-trivial graded ideals;

- simple, as a φ-algebra or φ-simple, if it has no non-trivial φ-ideals.

We recall the Wedderburn-Malcev Theorem for φ-algebras.

Theorem 4.1.1. [25, Theorem 9] Let A be a finite dimensional φ-algebra over a field F of
characteristic zero. Then there exists a semisimple φ-subalgebra A′ such that A = A′ +
J(A) and J(A) is a φ-ideal of A. Moreover A′ = A1 ⊕ · · · ⊕ Am where A1, . . . , Am are
φ-simple algebras.

In order to present the classification of φ-simple algebras, given a superalgebra B,
we need to define B̄ as the superalgebra with the same graded vector space structure
as B and product ◦ given on homogeneous elements a, b by the formula a ◦ b :=
(−1)|a||b|ab.

The algebra B ⊕ B̄ is a superalgebra with superautomorphism ex : B ⊕ B̄ −→
B ⊕ B̄ defined as (a, b)ex = (b, a).

Given two superalgebras with superautomorphism (A, φ) and (C, ψ) we say that
they are isomorphic (as φ-algebras) if there exists a graded isomorphism of algebras
τ : A −→ C such that τ(aφ) = τ(a)ψ, for any a ∈ A.

Here is the classification of φ-simple algebras.
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Theorem 4.1.2. [25, Theorem 20] Let A be a finite dimensional simple superalgebra with
superautomorphism of order ≤ 2 over an algebraically closed field F of characteristic zero.
Then A is isomorphic to one of the following:

(1) Mk,h(F), with superautomorphism φ defined as(
A B
C D

)φ

=

(
PAP PBQ

−QCP QDQ

)
,

where P =

(
Ik1 0
0 −Ik2

)
, Q =

(
Ih1 0
0 −Ih2

)
, Ik1 , Ik2 , Ih1 , Ih2 are the identity

matrices of orders k1, k2, h1, h2, respectively, k = k1 + k2, h = h1 + h2, k1 ≥ k2 and
h1 ≥ h2.

(2) Mk,h(F)⊕ Mk,h(F) with the exchange superautomorphism ex.

(3) Q(n)⊕ Q(n) with the exchange superautomorphism ex.

Here Mk,h(F) =
{(

X 0
0 T

)}
⊕

{(
0 Y
Z 0

)}
denotes the Z2-graded algebra of n × n

matrices, n = k + h, k ≥ h ≥ 0, where X, Y, Z, T are k × k, k × h, h × k, h × h matrices,
respectively.
And Q(n) = Mn(F ⊕ cF) = Q(n)0 ⊕ Q(n)1, where Q(n)0 = Mn(F) and Q(n)1 =
cMn(F), with c2 = 1.

4.2 Varieties of almost polynomial growth generated by φ-
algebras

The purpose of this section is to introduce the φ-algebras generating varieties of
almost polynomial growth (see [25]). We shall present their Tφ

2 -ideals, the multiplic-
ities of their cocharacters and φ-colengths.

We start with the following definition.

Definition 4.2.1. Given a variety of φ-algebras V , the growth of V is the growth of
the sequence of φ-codimensions of any φ-algebra A generating V . Furthermore, we
say that V has polynomial growth if cφ

n (V) is polynomially bounded and that V has
almost polynomial growth if cφ

n (V) is not polynomially bounded but every proper
subvariety of V has polynomial growth.

We recall the following [25, Remark 2].

Remark 4.2.1. Let A = A0 ⊕ A1 be a superalgebra.

1. If A2
1 = 0 then the superautomorphisms on A coincide with the graded auto-

morphisms on A, i.e., automorphisms preserving the grading. In particular, if
A1 = 0 then the superautomorphisms on A coincide with the automorphisms
on A.

2. If A is commutative then the superautomorphisms on A of order ≤ 2 coincide
with the superinvolutions on A.

Given polynomials f1, . . . , fn ∈ F⟨Y ∪ Z, φ⟩, we write Idφ(A) = ⟨ f1, . . . , fn⟩Tφ
2

if

the Tφ
2 -ideal is generated by f1, . . . , fn.
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The two dimensional commutative algebra F ⊕ F with trivial grading and ex-
change superautomorphism φ given by (a, b)φ = (b, a) is a φ-algebra, with

Idφ(F ⊕ F) = ⟨[x1, x2], z+, z−⟩Tφ
2

,

for any x1, x2 ∈ Y ∪ Z. Now, if χ
φ
n1,...,n4(F ⊕ F) = ∑⟨λ⟩⊢n m⟨λ⟩χλ(1) ⊗ · · · ⊗ χλ(4) is the

(n1, . . . , n4)-th cocharacter of F ⊕ F, n1 + · · ·+ n4 = n, then (see [18])

m⟨λ⟩ =

{
1, if ⟨λ⟩ = ((n1), (n2), ∅, ∅)), n1 + n2 = n
0, otherwise

.

As a consequence,
lφ
n (F ⊕ F) = n + 1, for all n ≥ 1. (4.3)

Now we consider the algebra

UT2 = UT2(F) =
{(

a c
0 b

)
| a, b, c ∈ F

}
of 2 × 2 upper triangular matrices over F.

We consider two non-isomorphic Z2-gradings in order to see UT2 as a superal-
gebra:

Trivial grading: UT2 =

{(
a c
0 b

)}
⊕

{(
0 0
0 0

)}
;

Natural grading: UTgr
2 =

{(
a 0
0 b

)}
⊕

{(
0 c
0 0

)}
.

Moreover, we define the following two automorphisms on UT2, that are graded au-
tomorphisms on UT2 and UTgr

2 :

Trivial automorphism id:
(

a c
0 b

)id

=

(
a c
0 b

)
;

Natural automorphism sup:
(

a c
0 b

)sup

=

(
a −c
0 b

)
.

Let A = A0 ⊕ A1 be a superalgebra. We say that A is endowed with the trivial
superautomorphism φ, if A1 = 0 and φ is the identity map.

Since in both gradings (UT2)2
1 = 0, by Remark 4.2.1, we get four φ-algebras:

• UT2 is the algebra UT2 with trivial grading and trivial superautomorphism;

• UTsup
2 is the algebra UT2 with trivial grading and natural superautomorphism;

• UTgr
2 is the algebra UT2 with natural grading and trivial superautomorphism;

• UTgr,sup
2 is the algebra UT2 with natural grading and natural superautomor-

phism.

Definition 4.2.2. Given two φ-algebras A and B, we say that A is Tφ
2 -equivalent to

B, and we write A ∼Tφ
2

B, if Idφ(A) = Idφ(B).
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The algebras defined before are not Tφ
2 -equivalent, indeed:

Idφ(UT2) = ⟨[y+1 , y+2 ][y
+
3 , y+4 ], y−, z+, z−⟩Tφ

2
,

Idφ(UTsup
2 ) = ⟨[y+1 , y+2 ], y−1 y−2 , z+, z−⟩Tφ

2
,

Idφ(UTgr
2 ) = ⟨[y+1 , y+2 ], y−, z+1 z+2 , z−⟩Tφ

2
,

Idφ(UTgr,sup
2 ) = ⟨[y+1 , y+2 ], y−, z+, z−1 z−2 ⟩Tφ

2
.

Now, if χ
φ
n1,...,n4(UT2) = ∑⟨λ⟩⊢n m⟨λ⟩χλ(1)⊗ · · · ⊗χλ(4) is the (n1, . . . , n4)-th cocha-

racter of UT2, n1 + · · ·+ n4 = n, then, by [7],

m⟨λ⟩ =


1, if ⟨λ⟩ = ((n), ∅, ∅, ∅))

p − r + 1, if ⟨λ⟩ = ((p, r), ∅, ∅, ∅), p + r = n
p − r + 1, if ⟨λ⟩ = ((p, r, 1), ∅, ∅, ∅), p + r = n − 1
0, otherwise

. (4.4)

As a consequence,

lφ
n (UT2) =

1
2

n2 +
5
2

n + 4. (4.5)

If χ
φ
n1,...,n4(UTsup

2 ) = ∑⟨λ⟩⊢n m⟨λ⟩χλ(1) ⊗ · · · ⊗ χλ(4) is the (n1, . . . , n4)-th cocharac-
ter of UTsup

2 , n1 + · · ·+ n4 = n, then, by [46],

m⟨λ⟩ =


1, if ⟨λ⟩ = ((n), ∅, ∅, ∅)

r + 1, if ⟨λ⟩ = ((p + r, p), (1), ∅, ∅), 2p + r = n − 1
0, otherwise

. (4.6)

Then,

lφ
n (UTsup

2 ) =

{
n2−2n+9

4 , if n is odd
n2−2n+8

4 , if n is even
. (4.7)

By [46], if χ
φ
n1,...,n4(UTgr

2 ) = ∑⟨λ⟩⊢n m⟨λ⟩χλ(1) ⊗ · · · ⊗ χλ(4) is the (n1, . . . , n4)-th
cocharacter of UTgr

2 , n1 + · · ·+ n4 = n, then

m⟨λ⟩ =


1, if ⟨λ⟩ = ((n), ∅, ∅, ∅)

r + 1, if ⟨λ⟩ = ((p + r, p), ∅, (1), ∅), 2p + r = n − 1
0, otherwise

(4.8)

and

lφ
n (UTgr

2 ) =

{
n2−2n+9

4 , if n is odd
n2−2n+8

4 , if n is even
. (4.9)

Finally, similarly to the previous cases, if χ
φ
n1,...,n4(UTgr,sup

2 ) = ∑⟨λ⟩⊢n m⟨λ⟩χλ(1) ⊗
· · · ⊗ χλ(4) is the (n1, . . . , n4)-th cocharacter of UTgr,sup

2 , n1 + · · ·+ n4 = n, then

m⟨λ⟩ =


1, if ⟨λ⟩ = ((n), ∅, ∅, ∅)

r + 1, if ⟨λ⟩ = ((p + r, p), ∅, ∅, (1)), 2p + r = n − 1
0, otherwise

(4.10)

and

lφ
n (UTsup

2 ) =

{
n2−2n+9

4 , if n is odd
n2−2n+8

4 , if n is even
. (4.11)
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The above φ-algebras characterize the varieties of polynomial growth.

Theorem 4.2.1. [25, Theorem 23] Let A be a finite dimensional φ-algebra over a field F of
characteristic zero. Then the sequence cφ

n (A), n = 1, 2, . . . , is polynomially bounded if and
only if UT2, UTsup

2 , UTgr
2 , UTgr,sup

2 , F ⊕ F /∈ varφ(A).

As a consequence, we have the following.

Corollary 4.2.1. [25, Corollary 24] The algebras UT2, UTsup
2 , UTgr

2 , UTgr,sup
2 , F ⊕ F are

the only finite dimensional φ-algebras generating varieties of almost polynomial growth.

4.3 Characterizing φ-algebras with polynomial codimension
growth

In this section we present some results about the characterization of φ-algebras with
polynomial growth of the codimensions.

In order to prove the first characterization of this section, we need the following
lemma.

Lemma 4.3.1. Let F̄ be the algebraic closure of the field F and let A be a finite dimensional
φ-algebra over F̄ such that dimF̄ A/J(A) ≤ 1. Then A ∼Tφ

2
B for some finite dimensional

φ-algebra B over F with dimF̄ A/J(A) = dimFB/J(B).

Proof. Since dimF̄ A/J(A) ≤ 1, then A ∼= F̄+ J(A) or A ∼= J(A) is a nilpotent algebra.
Let {w1, . . . , wp} be a φ-basis (i.e., consisting of even and odd symmetric and even
and odd skew elements) of J(A) over F̄ and let B be the φ-algebra generated by
B = {1F̄, w1, . . . wp} or by B = {w1, . . . , wp} according as A ∼= F̄+ J(A) or A ∼= J(A),
respectively. Then, dimFB/J(B) = dimF̄ A/J(A) and Idφ(A) ⊆ Idφ(B). While, if f is
a multilinear φ-identity of B, then f vanishes on B. But B is also a basis of A over F̄.
So, Idφ(B) ⊆ Idφ(A). Then we conclude that A ∼Tφ

2
B.

Theorem 4.3.1. Let A be a finite dimensional φ-algebra over a field F of characteristic zero.
Then cφ

n (A), n = 1, 2, . . . , is polynomially bounded if and only if A ∼Tφ
2

B, where B = B1 ⊕
· · · ⊕ Bm, with B1, . . . , Bm finite dimensional φ-algebras over F and dimFBi/J(Bi) ≤ 1, for
all i = 1, . . . , m.

Proof. Suppose first that A ∼Tφ
2

B, with B = B1 ⊕ · · · ⊕ Bm, with B1, . . . , Bm finite
dimensional φ-algebras over F and dimBi/J(Bi) ≤ 1, for all i = 1, . . . , m. Then
cφ

n (A) = cφ
n (B) ≤ cφ

n (B1)+ · · ·+ cφ
n (Bm) and the claim follows since cφ

n (Bi) is polyno-
mially bounded, for all i = 1, . . . , m, by Theorem 4.1.1, [25, Lemma 22] and Theorem
4.2.1.
Conversely, let cφ

n (A) be polynomially bounded. Suppose that F is algebraically
closed. By Theorem 4.1.1, A = A1 ⊕ · · · ⊕ Al + J and, by the hypothesis, for all
i = 1, . . . , l, Ai

∼= F is endowed with the trivial superautomorphism and Ai JAk = 0,
for all 1 ≤ i, k ≤ l, i ̸= k (see the proof of [32, Theorem 2.2]). Set B1 = A1 + J, . . . , Bl =
Al + J, so dimBi/J(Bi) ≤ 1. We notice that Idφ(A) ⊆ Idφ(B1 ⊕ · · · ⊕ Bl). Now we
consider f ∈ Idφ(B1 ⊕ · · · ⊕ Bl) and we suppose f /∈ Idφ(A). We may assume f is
multilinear. We consider a basis of A as the union of a basis of A1 ⊕ · · · ⊕ Al and a
basis of J, let u1, . . . , ut elements of this basis such that f (u1, . . . , ut) ̸= 0. But f ∈
Idφ(J), then there exists at least an element uk /∈ J, so uk ∈ Ai, for some i. We remark
that Ai Aj = Aj Ai = Ai JAj = Aj JAi = 0, for all j ̸= i, then u1, . . . , ut ∈ Ai ∪ J,
then u1, . . . , ut ∈ Ai + J = Bi and this contradicts the fact that f ∈ Idφ(Bi). Then
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A ∼Tφ
2

B1 ⊕ · · · ⊕ Bl + J.
Now suppose F is arbitrary. Let Ā = A ⊗F F̄, where F̄ is the algebraic closure of F
and Ā is a superalgebra with the induced superautomorphism (a⊗ α)φ = aφ ⊗ α, for
all a ∈ A and α ∈ F̄. Clearly, A ∼Tφ

2
Ā and cφ

n (A) = cφ
n (Ā), n = 1, 2, . . . . Then also

cn(Ā) is polynomially bounded. Then, by the first part of the proof, Ā = B1 ⊕ · · · ⊕
Bm, where B1, . . . , Bm are finite dimensional φ-algebras over F̄ and dimF̄Bi/J(Bi) ≤
1, for all i = 1, . . . , m. By Lemma 4.3.1 there exist finite dimensional φ-algebras
C1, . . . , Cm over F such that Ci ∼Tφ

2
Bi and dimFCi/J(Ci) = dimF̄Bi/J(Bi) ≤ 1, for

all i = 1, . . . , m. Then Idφ(A) = Idφ(Ā) = Idφ(B1 ⊕ · · · ⊕ Bm) = Idφ(C1 ⊕ · · · ⊕ Cm)
and we are done.

We recall that given a partition λ = (λ1, . . . , λm) ⊢ n, we denote by Tλ the associ-
ated tableau and by dλ the degree of the corresponding irreducible character. If f (n)
and g(n) are sequences (or functions N −→ R) we write f ≈ g if there exist positive
constants a and b such that ag(n) ≤ f (n) ≤ bg(n), for all (large enough) n.

Now we recall two technical results of [32].

Proposition 4.3.1. [32, Proposition 2.1] Let λ = (λ1, . . . , λm) ⊢ n be a partition of n. If
λ1 = n − r then dλ ≈ cnr for some constant c.

Proposition 4.3.2. [32, Proposition 2.2] Let n = n1 + · · · + n4 ≥ 1 and denote by t =
n − n1. Then there exists a constant c such that ( n

n1,...,n4
) ≈ cnt.

We say that a polynomial f ∈ Pn1,...,n4 corresponds to the multitableau T⟨λ⟩ asso-
ciated to the multipartition ⟨λ⟩ ⊢ n if f = eT⟨λ⟩ f0, for some polynomial f0 ∈ Pn1,...,n4 ,
where eT⟨λ⟩ is an essential idempotent of F(Sn1 × · · · × Sn4) corresponding to the mul-
titableau T⟨λ⟩ (see [20, Chapter 10]).
If dimF A+

0 = d1, dimF A−
0 = d2, dimF A+

1 = d3 and dimF A−
1 = d4, then, in (4.2), we get

m⟨λ⟩ ̸= 0 only if h(λ(i)) ≤ di, for all i = 1, . . . , 4, where h(λ(i)) stands for the height
of the partition λ(i), i.e., the number of the rows of λ(i) (see [19, Theorem 5.8]).

We are ready to prove the following theorem concerning the polynomial growth
of the codimension and the cocharacter.

Theorem 4.3.2. Let A be a φ-algebra over a field F of characteristic zero. Then cφ
n (A), n =

1, 2, . . . , is polynomially bounded if and only if, for all n1, . . . , n4, with n1 + · · ·+ n4 = n,

χ
φ
n1,...,n4(A) = ∑

⟨λ⟩⊢(n1,...,n4)
n−λ(1)1<q

m⟨λ⟩χλ(1) ⊗ · · · ⊗ χλ(4),

where q is such that J(A)q = 0.

Proof. We remark that neither the decomposition of χ
φ
n1,...,n4(A) into irreducible char-

acters nor cφ
n (A) change under extensions of the base field (see [20, Theorem 4.1.9]

for the ordinary case, it can be proved in a similar way). Also if F̄ is the algebraic
closure of F and J(A)q = 0, then J(A⊗F F̄)q = 0. Therefore we may assume, without
loss of generality, that F is algebraically closed.
Suppose first that

χ
φ
n1,...,n4(A) = ∑

⟨λ⟩⊢(n1,...,n4)
n−λ(1)1<q

m⟨λ⟩χλ(1) ⊗ · · · ⊗ χλ(4).

If m⟨λ⟩ ̸= 0 for some multipartition ⟨λ⟩ = (λ(1), . . . , λ(4)) ⊢ (n1, . . . , n4), we have
t = n − λ(1)1 < q. Hence λ(1)1 = n − t and by Proposition 4.3.1, for some constant
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a, we obtain that dλ(1) = deg χλ(1) ≤ ant
1 ≤ ant ≤ anq. Moreover, deg χλ(i) ≤ q!, for

any i = 1, . . . , 4 and n2 + n3 + n4 < q, then, by Proposition 4.3.2, ( n
n1,...,n4

) < nq. Since
the multiplicities are polynomially bounded (see [3, Lemma 2.1]) and since there are
finitely many multipartitions ⟨λ⟩ ⊢ (n1, . . . , n4) satisfying the condition n − λ(1)1 <
q, then by (4.1) we have that the codimensions are polynomially bounded.
Now suppose that cφ

n (A), n = 1, 2, . . . , is polynomially bounded. By Theorem 4.3.1,
we have that A ∼Tφ

2
B, where B is a finite dimensional φ-algebra. Therefore, we may

assume that A is a finite dimensional φ-algebra. By Theorem 4.1.1, we can write A =
A′ + J = A1 ⊕ · · · ⊕ Am + J, where A′ is a maximal semisimple subalgebra of A, J =
J(A) is the Jacobson radical of A and the Ai’s are φ-simple algebras, for i = 1, . . . , m.
Since cφ

n (A) is polynomially bounded, then Ai JAj = 0, for all i ̸= j, and Ai
∼= F

(see the proof of [32, Theorem 2.2]). Hence A−
0 ⊕ A+

1 ⊕ A−
1 ⊆ J and, if q is the least

positive integer such that Jq = 0, then A−
0 ⊕ A+

1 ⊕ A−
1 generates a nilpotent ideal of

A of index of nilpotence ≤ q. Let ⟨λ⟩ = (λ(1), . . . , λ(4)) be a multipartition of n =
n1 + · · ·+ n4 such that n − λ(1)1 ≥ q. We claim that every multilinear φ-polynomial
f = eT⟨λ⟩ f0 corresponding to T⟨λ⟩ = (Tλ(1), . . . , Tλ(4)) vanishes on A, where eT⟨λ⟩ =

eTλ(1)
· · · eTλ(4)

is an essential idempotent of F(Sn1 × · · · × Sn4) corresponding to T⟨λ⟩.
Since f ∈ F⟨Y ∪ Z, φ⟩ is a polynomial in the variables of the disjoint infinite sets
Y+, Y−, Z+, Z−, where Y+ denotes the set of even symmetric variables, Y− denotes
the set of even skew variables, Z+ denotes the set of odd symmetric variables and Z−

denotes the set of odd skew variables, we write f = f (Y+, Y−, Z+, Z−). We denote
by λ(1)′ = (λ(1)′1, . . . , λ(1)′d) the conjugate partition of λ(1). By [17, Lemma 4], if
λ(1)′1 > 1, then there exists a subset Y1 of Y+ such that Y1 = Y1 ∪ · · · ∪ Yd, where
|Yi| = λ(1)′i and for some r ∈ F(Sn1 × · · · × Sn4), the element r f ̸= 0 is alternating
on Yi, for all 1 ≤ i ≤ d. Then f generates an irreducible left Sn1 × · · · × Sn4-module
and F(Sn1 × · · · × Sn4) f = F(Sn1 × · · · × Sn4)r f . In order to prove that f ∈ Idφ(A),
we just need to show that r f ∈ Idφ(A). Since r f is alternating on each set Yi, in order
to get a non-zero value, no two variables of Yi can take values in the same Ai

∼= F.
But Ai Aj = 0, if i ̸= j. Hence, we must substitute in r f at least n1 − λ(1)1 variables
for elements of the radical J. Since A−

0 ⊕ A+
1 ⊕ A−

1 ⊆ J, at least n1 − λ(1)1 ≥ q
variables must be evaluated on J. But Jq = 0, so r f vanishes on A. In this way
all the irreducible characters appearing in χ

φ
n1,...,n4(A) with non-zero multiplicities

correspond to multipartitions ⟨λ⟩ with n − λ(1)1 < q.

4.4 On multiplicities of cocharacters bounded by a constant

In this section we shall give a characterization, up to Tφ
2 -equivalence, of the φ-

algebras with multiplicities of the cocharacter bounded by a constant.
First we prove some useful results.

Lemma 4.4.1. Let A be a finite dimensional φ-algebra over an algebraically closed field
F of characteristic zero. If UT2, UTsup

2 , UTgr
2 , UTgr,sup

2 /∈ varφ(A) then A = A1 ⊕
· · · ⊕ Am + J, where Ai

∼= F with trivial superautomorphism or Ai
∼= (F ⊕ F, ex) or

Ai
∼= (Q(1)⊕ Q(1), ex).

Proof. By Theorem 4.1.1, A = A1 ⊕ · · · Am + J, where A1, . . . , Am are finite dimen-
sional φ-simple algebras and J is the Jacobson radical of A. According to Theorem
4.1.2, we have to consider four cases.

Case 1. Ai
∼= (Mk,0(F), φ), k > 1.

By definition, the superautomorphism φ is determined by the decomposition k =
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k1 + k2. Consider the elements a = e11, b = e1,k1+k2 and c = ek1+k2,k1+k2 . The sub-
algebra C = ⟨a, b, c⟩ of Ai, generated by a, b and c is graded and endowed with the
superautomorphism induced by φ. We get that C is isomorphic as φ-algebra to UT2
if k2 = 0 and to UTsup

2 if k2 > 0. Then UT2 and UTsup
2 belong to varφ(Ai) ⊆ varφ(A)

that is a contradiction.
Case 2. Ai

∼= (Mk,h(F), φ), h > 0.
Consider the subalgebra C = ⟨a, b, c⟩ of Ai, generated by the elements a = e11,
b = e1,k+h and c = ek+h,k+h. Then C is a graded subalgebra with the superauto-
morphism induced by φ. We notice that, by definition, φ(e1,k+h) = ±e1,k+h. Then
C is isomorphic as φ-algebras to UTgr

2 or UTgr,sup
2 via the isomorphism f such that

f (a) = e11, f (b) = e12 and f (c) = e22. In this way, UTgr
2 and UTgr,sup

2 belong to
varφ(Ai) ⊆ varφ(A), a contradiction.

Case 3. Ai
∼= (Mk,h(F)⊕ Mk,h(F), ex).

If k > 1 and h = 0, consider the elements a = (e11, e11), b = (ekk, ekk) and c = (e1k, e1k)
and define the subalgebra C = ⟨a, b, c⟩. Clearly C, with trivial grading and endowed
with the induced superautomorphism, is isomorphic to UT2 as φ-algebra.
If h > 0, we define the subalgebra C = ⟨a, b, c⟩, generated by the elements a =
(e11, e11), b = (ek+h,k+h) and c = (e1,k+h, e1,k+h). By the isomorphism f such that
f (a) = e11, f (b) = e22 and f (c) = e12, C is isomorphic to UTgr

2 as φ-algebra.
So, we get that UT2 and UTgr

2 belong to varφ(Ai) ⊆ varφ(A) and this is a contradic-
tion.

Case 4. Ai
∼= (Q(n)⊕ Q(n), ex), with n > 1.

Consider the elements a = (e11, e11), b = (e1n, e1n), c = (enn, enn) and the subalgebra
C = ⟨a, b, c⟩ of Ai. The linear map f : C → UT2 such that f (a) = e11, f (b) = e12 and
f (c) = e22 is an isomorphism of φ-algebras. Hence UT2 ∈ varφ(Ai) ⊆ varφ(A), a
contradiction.

Hence, for every i = 1, . . . , m, Ai
∼= F with trivial grading and trivial superauto-

morphism or Ai
∼= (F ⊕ F, ex) or Ai

∼= (Q(1)⊕ Q(1), ex).

Theorem 4.4.1. Let A be a finite dimensional φ-algebra such that UT2, UTsup
2 , UTgr

2 ,
UTgr,sup

2 /∈ varφ(A). Then varφ(A) = varφ(B1 ⊕ · · · ⊕ Bm), where, for each i = 1, . . . , m,
Bi is isomorphic to one of the following:

1. F + Ji, with trivial grading and trivial superautomorphism;

2. F ⊕ F + Ji, with superautomorphism ex on F ⊕ F;

3. Q(1)⊕ Q(1) + Ji, with superautomorphism ex on Q(1)⊕ Q(1).

Proof. By Lemma 4.4.1, we can decompose A = A1 ⊕ · · · ⊕ Am + J, where, for each
i = 1, . . . , m, Ai is isomorphic either to F with trivial superautomorphism or to F ⊕ F
with exchange superautomorphism or to Q(1)⊕Q(1) with exchange superautomor-
phism.
Suppose by contradiction that Ai JAk ̸= 0 for some i ̸= k. Hence a1 ja2 ̸= 0 for some
a1 ∈ Ai, j ∈ J and a2 ∈ Ak. It clearly follows that e1 je2 ̸= 0, where e1 and e2 are
the unit elements of Ai and Ak, respectively. Then e2

1 = e1 = eφ
1 and e2

2 = e2 = eφ
2 .

Without loss of generality, we may assume that j is an homogeneous element either
symmetric or skew of even or odd degree. Let C be the subalgebra of A gener-
ated by e1, e2 and e1 je2, which is a graded superalgebra with induced superautomor-
phism. We consider the map f : C → UT2 such that f (e1) = e11, f (e2) = e22 and
f (e1 je2) = e12 that is an isomorphism of ordinary algebras. But f can be regarded
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as an isomorphism of φ-algebras between C and UT2, UTsup
2 , UTgr

2 and UTgr,sup
2 , ac-

cording as j is even symmetric, even skew, odd symmetric or odd skew, respectively.
We reach a contradiction, hence we get that

Ai JAk = Ai Ak = 0, (4.12)

for all i, k ∈ {1, . . . m}, i ̸= m.
We write Bi = Ai + J, i = 1, . . . , m, then A = A1 ⊕ · · · ⊕ Am + J = (A1 + J)⊕ · · · ⊕
(Am + J) = B1 ⊕ · · · ⊕ Bm. For each i = 1, . . . , m, Ji ⊆ Bi is the Jacobson radical of Bi
and Bi/Ji

∼= Ai. Hence, each Bi is isomorphic to one of the algebras 1., 2. or 3.
Now we want to prove that Idφ(B1 ⊕ · · · ⊕ Bm) = Idφ(B1) ∩ · · · ∩ Idφ(Bm).
The inclusion Idφ(B1 ⊕ · · · ⊕ Bm) ⊆ Idφ(B1) ∩ · · · ∩ Idφ(Bm) is obvious.
Then we are left to prove the other one.
We shall prove that if f = f (y+1 , . . . , y+n1

, y−1 , . . . , y−n2
, z+1 , . . . , z+n3

, z−1 , . . . , z−n4
) ∈ Pn1,...,n4

belongs to Idφ(B1)∩ · · · ∩ Idφ(Bm), then f ∈ Idφ(A) = Idφ(B1 ⊕ · · · ⊕ Bm). It suffices
to check substitutions in B1 ∪ · · · ∪ Bm, that is, substitutions of the type y+i → ỹ+i ∈
(B1)

+
0 ∪ · · · ∪ (Bm)

+
0 , y−j → ỹ−j ∈ (B1)

−
0 ∪ · · · ∪ (Bm)

−
0 , z+l → z̃+l ∈ (B1)

+
1 ∪ · · · ∪

(Bm)
+
1 and z−t → z̃−t ∈ (B1)

−
1 ∪ · · · ∪ (Bm)

−
1 .

If ỹ+1 , . . . , ỹ+n1
, ỹ−1 , . . . , ỹ−n2

, z̃+1 , . . . , z̃+n3
, z̃−1 , . . . , z̃−n4

∈ Bd for a single d, we get a zero
value for f , since f belongs to Idφ(Bd). Otherwise, since Bi = Ai + J for all i, there
exist k, l, with k ̸= l, such that x̃k ∈ Ak and x̃l ∈ Al for some elements x̃k, x̃l ∈
{ỹ+i , ỹ−j , z̃+l , z̃−t }. In all cases, since Ai JAk = Ai Ak = 0, we get w̃σ(1) . . . w̃σ(n) = 0, for
any monomial wσ(1) . . . wσ(n) in f , with σ ∈ Sn, under the substitution wi → ỹ+i , for
all 1 ≤ i ≤ n1, wj → ỹ−j , for all n1 + 1 ≤ j ≤ n1 + n2, wl → z̃+l , for n1 + n2 + 1 ≤ l ≤
n1 + n2 + n3 and wt → z̃−t for n1 + n2 + n3 + 1 ≤ t ≤ n4.
Thus, since A = B1 ⊕ · · · ⊕ Bm and Idφ(B1 ⊕ · · · ⊕ Bm) = Idφ(B1) ∩ · · · ∩ Idφ(Bm),
this implies that Idφ(A) = Idφ(B1 ⊕ · · · ⊕ Bm). Hence varφ(A) = varφ(B1 ⊕ · · · ⊕
Bm) and the proof is complete.

Now we present two useful lemmas. The proof of the next result is analogous to
the one of Lemma 7 in [42] for involution case and will be omitted.

Lemma 4.4.2. Let A = C + J be a finite dimensional φ-algebra, where J = J(A) is its
Jacobson radical and C is a φ-simple subalgebra of A isomorphic to either F with trivial
superautomorphism or F ⊕ F with superautomorphism ex. If the (n1, . . . , n4)-cocharacter
of A has decomposition as in (4.2), then there exists a constant N such that m⟨λ⟩ ≤ N, for
all ⟨λ⟩ ⊢ (n1, . . . , n4).

Lemma 4.4.3. Let A = C + J be a finite dimensional φ-algebra, where J = J(A) is its
Jacobson radical and C ∼= (Q(1) ⊕ Q(1), ex). If the (n1, . . . , n4)-cocharacter of A has
decomposition as in (4.2), then there exists a constant N such that m⟨λ⟩ ≤ N, for all ⟨λ⟩ ⊢
(n1, . . . , n4).

Proof. Let d = dimF A and choose

{a1, a2, . . . , ad1}, {b1, b2, . . . , bd2}, {c1, c2, . . . , cd3}, {e1, e2, . . . , ed4},

basis of A+
0 , A−

0 , A+
1 and A−

1 , respectively, such that a1 ∈ C+
0 , a2, . . . , ad1 ∈ J+0 , b1 ∈

C−
0 , b2, . . . , bd2 ∈ J−0 , c1 ∈ C+

1 , c2, . . . , cd3 , e1 ∈ C−
1 and e2, . . . , ed4 ∈ C−

1 . Moreover,
let q be the smallest positive integer such that Jq = 0. If q = 1, then A ∼= (Q(1)⊕
Q(1), ex). Since Idφ(Q(1)⊕ Q(1)) = ⟨[x1, x2]⟩Tφ

2
, it is obvious that if χ

φ
n1,...,n4(Q(1)⊕
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Q(1)) as in (4.2) is the (n1, . . . , n4)-cocharacter of (Q(1)⊕ Q(1)), then

m⟨λ⟩ =

{
1, if ⟨λ⟩ = ((n1), (n2), (n3), (n4)), n1 + · · ·+ n4 = n
0, otherwise

.

So, we get that the multiplicities in (4.2) are bounded by a constant.
Then we suppose q ≥ 2 and prove that m⟨λ⟩ ≤ N = d(qd)d1d2d3d4 , for all ⟨λ⟩ ⊢
(n1, . . . , n4).
We may assume that h(λ(i)) ≤ di, for all 1 ≤ i ≤ 4. Let (Tλ(1), . . . , Tλ(4)) be Young
tableaux corresponding to ⟨λ⟩ and define, for all 1 ≤ i ≤ 4,

eTλ(i) =

(
∑

σ∈RTλ(i)

σ

)(
∑

σ∈CTλ(i)

sgn(σ)σ
)
= R̃Tλ(i) C̃Tλ(i) ,

where RTλ(i) and CTλ(i) are the row and column stabilizers of Tλ(i), respectively.
For all 1 ≤ i ≤ 4, it is well known that the element eTλ(i) is an essential idempo-
tent in the group algebra FSni . Similarly, the element e = eTλ(1)

eTλ(2)
eTλ(3)

eTλ(4)
is an

essential idempotent in the group algebra F(Sn1 × Sn2 × Sn3 × Sn4). The minimality
of the left ideal F(Sn1 × · · · × Sn4)e implies that for any multilinear φ-polynomial f
the φ-identities e f ≡ 0 and re f ≡ 0 are PI-equivalent for any r ∈ F(Sn1 × · · · × Sn4),
provided that re ̸= 0.
By the definition of e, e f is symmetric in each set of variables corresponding to the
numbers in the same rows in Tλ(i), for each i = 1, . . . , 4. Denote by Y+

1 , . . . , Y+
d1

the
sets of variables corresponding to the elements of the first, second, . . . , d1th row
of Tλ(1), by Y−

1 , . . . , Y−
d2

the sets of variables corresponding to the elements of the
first, second, . . . , d2th row of Tλ(2), by Z+

1 , . . . , Z+
d3

the sets of variables correspond-
ing to the elements of the first, second, . . . , d3th row of Tλ(3) and by Z−

1 , . . . , Z−
d4

the
sets of variables corresponding to the elements of the first, second, . . . , d4th row of
Tλ(4). Then e f is symmetric on each set of variables Y+

k , Y−
h , Z+

r , Z−
s , for k = 1, . . . , d1,

h = 1, . . . , d2, r = 1, . . . , d3 and s = 1, . . . , d4.
Let e f ̸= 0. Then, by setting η = (σ1, . . . , σ4) ∈ Sn1 × · · · × Sn4 , we get that ηe f is
PI-equivalent to e f . In particular, we can choose η such that ηe f is symmetric on the
first λ(1)1 variables which are even symmetric, on the next λ(1)2 variables and so
on. Similarly, ηe f is symmetric on the first λ(2)1 variables which are odd symmetric,
on the next λ(2)2 variables and so on. Analogously, ηe f is symmetric on the first
λ(3)1 (λ(4)1) variables which are even (odd) skew, on the next λ(3)2 (λ(4)2) vari-
ables and so on.
Now we take any f1, . . . , fm multilinear φ-polynomials generating different but iso-
morphic irreducible (Sn1 × · · · × Sn4)-modules corresponding to the same multipar-
tition ⟨λ⟩. By the above, we can choose permutations η1, . . . , ηm ∈ Sn1 × · · · × Sn4

and a decomposition

XT⟨λ⟩ = Y+
1 ∪ · · · ∪ Y+

d1
∪ Y−

1 ∪ · · · ∪ Y−
d2
∪ Z+

1 ,∪ · · · ∪ Z+
d3
∪ Z−

1 ∪ · · · ∪ Z−
d4

such that η1 f1, . . . , ηm fm are simultaneously symmetric on Y+
k , Y−

h , Z+
r and Z−

s , for
k = 1, . . . , d1, h = 1, . . . , d2, r = 1, . . . , d3 and s = 1, . . . , d4. Thus, without loss of
generality, we may assume that f1, . . . , fm satisfy this condition.
Let us assume by contradiction that m = m⟨λ⟩ > N = d(qd)d1d2d3d4 and we will prove
that A satisfies a φ-identity of the type f = µ1 f1 + · · ·+ µm fm, where µ1, . . . , µm ∈ F
are not all zero. This would imply that f1, . . . , fm are linearly dependent modulo
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Idφ(A), that is a contradiction.
Since f1, . . . , fm are multilinear, in order to prove that f ≡ 0, we can evaluate it only
on elements of a basis of A. First, we define substitutions of a special kind. We
consider non-negative integers

αk1, . . . , αkd1 , βh1, . . . , βhd2 , γr1, . . . , γrd3 , δs1, . . . , δsd4

such that, for all 1 ≤ k ≤ d1, 1 ≤ h ≤ d2, 1 ≤ r ≤ d3 and 1 ≤ s ≤ d4,

d1

∑
l=1

αkl = |Y+
k |,

d2

∑
l=1

βhl = |Y−
h |,

d3

∑
l=1

γrl = |Z+
r |,

d4

∑
l=1

δsl = |Z−
s |.

We say that an evaluation ϕ has type

(αk1, . . . , αkd1 , βh1, . . . , βhd2 , γr1, . . . , γrd3 , δs1, . . . , δsd4),

if we replace the variables in the following way: for any fixed k, h, r and s, we eval-
uate the first αk1 symmetric even variables from XT⟨λ⟩ for a1, the next αk2 symmetric
even variables from XT⟨λ⟩ for a2 and so on up to the last αkd1 symmetric even vari-
ables for ad1 . Similarly, we replace the first βh1 skew even variables from XT⟨λ⟩ for
b1 and so on up to the last βhd2 skew even variables for bd2 . Analogously, we make
the evaluation of the other variables, taking into account the symmetric and skew
odd variables and the basis {c1, c2, . . . , cd3} and {e1, e2, . . . , ed4} of A+

1 and A−
1 , re-

spectively.
In order to get a non-zero value of f , we have to consider the nilpotency of J. Thus
we get the following conditions:

1)
d1

∑
l=2

αkl ≤ q − 1, 3)
d3

∑
l=2

γ
λ(3)
rl ≤ q − 1,

2)
d2

∑
l=2

βhl ≤ q − 1, 4)
d4

∑
l=2

δsl ≤ q − 1.

By definition, we add also these restrictions:

5) αk1 = |Y+
k | −

d1

∑
l=2

αkl , 7) γr1 = |Z+
r | −

d3

∑
l=2

γrl ,

6) βh1 = |Y−
h | −

d2

∑
l=2

βhl , 8) δs1 = |Z−
s | −

d4

∑
l=2

δsl .

Fixed 1 ≤ k ≤ d1, 1 ≤ h ≤ d2, 1 ≤ r ≤ d3 and 1 ≤ s ≤ d4, by taking into account con-
ditions 1), . . . , 8), it is clear that the number of distinct d1-tuples (αk1, . . . , αkd1) is less
that qd1 , the number of distinct d2-tuples (βh1, . . . , βhd1) is less that qd2 , the number of
distinct d3-tuples (γr1, . . . , γrd3) is less that qd3 and the number of distinct d4-tuples
(δs1, . . . , δsd4) is less that qd4 . Hence the number of distinct special substitutions is at
most qd1 qd2 qd3 qd4 = qd1+d2+d3+d4 = qd, for given 1 ≤ k ≤ d1, 1 ≤ h ≤ d2, 1 ≤ r ≤ d3
and 1 ≤ s ≤ d4. Since the number of 4-tuples (k, h, r, s) is d1d2d3d4, it follows that the
number Ñ of particular substitutions is less than N0 = (qd)d1d2d3d4 .
Now we consider all these Ñ particular substitutions ϕ1, . . . , ϕÑ and we construct
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the matrix (uij), where, for all 1 ≤ i ≤ m and 1 ≤ j ≤ Ñ,

ϕij( fi) = uij.

This matrix has m rows and Ñ columns of elements of A. Since we are assuming that
m > N = dN0 > Ñ, we have that the rows of (uij) are linearly dependent. Hence,
there exist µ1, . . . , µm ∈ F not all zero such that

m

∑
i=1

µiuij = 0, for all 1 ≤ j ≤ Ñ.

Thus

0 =
m

∑
i=1

µi(ϕj( fi)) = ϕj(
m

∑
i=1

µi fi),

for all 1 ≤ j ≤ Ñ. This means that the polynomial f = µ1 f1 + · · · + µm fm is zero
under all particular substitutions ϕ1, . . . , ϕÑ .
Now it suffices to show that f ∈ Idφ(A).
So let ρ be any substitutions of the variables of f in the elements of the basis of
A+

0 , A−
0 , A+

1 and A−
1 . Let α′

k1 be the number of variables in Y+
k mapped by ρ to a1, α′

k2
be the number of variables in Y+

k mapped by ρ to a2 and so on. Similarly, let β′
h1 be

the number of variables in Y−
h mapped by ρ to b1, β′

h2 be the number of variables in
Y−

h mapped by ρ to b2 and so on.
Analogously, let γ′

rl and δ′sp, with 1 ≤ l ≤ d3 and 1 ≤ p ≤ d4, be the number
of variables in Z+

r and Z−
s mapped by ρ to cl and ep, respectively. Since f is sym-

metric on each Y+
1 , . . . , Y+

d1
, Y−

1 , . . . , Y−
d2

, Z+
1 , . . . , Z+

d3
, Z−

1 , . . . , Z−
d4

, we get that, for all
θ = (θ1, . . . , θ4) ∈ Sn1 × · · · × Sn4 such that θi ∈ RTλ(i) , for all 1 ≤ i ≤ 4,

ρ( f ) = ρ(θ f ) = (ρθ) f .

In particular, we can choose θ such that ρθ is the particular substitutions of the type

(α′
k1, . . . , α′

kd1
, β′

h1, . . . , β′
hd2

, γ′
r1, . . . , γ′

rd3
, δ′s1, . . . , δ′sd4

).

According to what was proved above, ρ( f ) = (ρθ) f = 0 and f ∈ Idφ(A), a contra-
diction. Hence we must have m⟨λ⟩ ≤ N, for all ⟨λ⟩ ⊢ (n1, . . . , n4), and we get the
desired result.

Finally, we are ready to prove the main theorem of this section.

Theorem 4.4.2. Let A be a finite dimensional φ-algebra and let its (n1, . . . , n4)-cocharacter
be as in (4.2). Then UT2, UTsup

2 , UTgr
2 , UTgr,sup

2 /∈ varφ(A) if and only if there exists a
constant N such that m⟨λ⟩ ≤ N, for all ⟨λ⟩ ⊢ (n1, . . . , n4).

Proof. By putting together Theorem 4.4.1 and Lemmas 4.4.2 and 4.4.3, we get the first
implication.
On the other hand, if UT2 ∈ varφ(A), UTsup

2 ∈ varφ(A), UTgr
2 ∈ varφ(A) or UTgr,sup

2
∈ varφ(A), then by (4.4), (4.6), (4.8) and (4.10), we get a contradiction.

By putting together Theorem 4.2.1 and Theorem 4.4.2 we get the following.

Theorem 4.4.3. Let A be a finite dimensional φ-algebra, then the sequence cφ
n (A), n =

1, 2, . . . , is polynomially bounded if and only if UT2, UTsup
2 , UTgr

2 , UTgr,sup
2 /∈ varφ(A)

and there exists a constant N such that m⟨λ⟩ ≤ N in (4.2) for all ⟨λ⟩ ⊢ (n1, . . . , n4).



4.4. On multiplicities of cocharacters bounded by a constant 59

We conclude this section with the next theorem in which we find a condition
ensuring the multiplicities in (4.2) are equal to zero.

Theorem 4.4.4. Let A be a finite dimensional φ-algebra and let its (n1, . . . , n4)-cocharacter
be as in (4.2). Then UT2, UTsup

2 , UTgr
2 , UTgr,sup

2 /∈ varφ(A) if and only if there exists a
constant q such that in (4.2) we have m⟨λ⟩ = 0 whenever

(|λ(1)| − λ(1)1) + (|λ(2)| − λ(2)1) + (|λ(3)| − λ(3)1) + (|λ(4)| − λ(4)1) ≥ q.

Proof. First we suppose that UT2, UTsup
2 , UTgr

2 , UTgr,sup
2 /∈ varφ(A). Let q be the

smallest positive integer such that Jq = 0, where J is the Jacobson radical of A. By
contradiction, let us suppose that there exists ⟨λ⟩ ⊢ (n1, . . . , n4) such that m⟨λ⟩ ̸= 0
and

(|λ(1)| − λ(1)1) + (|λ(2)| − λ(2)1) + (|λ(3)| − λ(3)1) + (|λ(4)| − λ(4)1) ≥ q.

Then, if e = eTλ(1)
eTλ(2)

eTλ(3)
eTλ(4)

(see Lemma 4.4.3), there exist four Young tableaux
Tλ(1), . . . , Tλ(4) and f ∈ Pn1,...,n4 such that e f /∈ Idφ(A) and F(Sn1 × · · · × Sn4)e f is a
minimal left ideal of the group algebra F(Sn1 × · · · × Sn4).
Now we define e′ = C̃Tλ(1)

eTλ(1)
· · · C̃Tλ(4)

eTλ(4)
. Since, in general, 0 ̸= R̃Tλ

C̃Tλ
h implies

C̃Tλ
h ̸= 0, where h is a multilinear polynomial, we immediately get that e′ f is not a

φ-identity of A.
Moreover, it is clear that e′ f is alternating on each λ(i)1 sets of variables correspond-
ing to the columns of Tλ(i), for all 1 ≤ i ≤ 4. In order to get a contradiction, we shall
prove that g = e′ f ∈ Idφ(A).
To this end, since UT2, UTsup

2 , UTgr
2 , UTgr,sup

2 /∈ varφ(A), by Lemma 4.4.1, we have
that A = A1 ⊕ · · · ⊕ Am + J, where, for each 1 ≤ i ≤ m, either Ai

∼= F with trivial
superautomorphism or Ai

∼= (F ⊕ F, ex) or Ai
∼= (Q(1)⊕ Q(1), ex). Then, by (4.12)

we have that
Ai JAk = 0 and Ai Ak = 0, for all i ̸= k.

Thus, in order to get a non-zero value of g, we must evaluate its variables with
elements of J and elements of just a single component of A, say Ai. In each case,
dimF(Ai)

+
0 = 1, dimF(Ai)

−
0 ≤ 1, dimF(Ai)

+
1 ≤ 1 and dimF(Ai)

−
1 ≤ 1. Hence we can

substitute at most one element of (Ai)
+
0 in each alternating set of even symmetric

variables. A similar argument holds also for (Ai)
−
0 , (Ai)

+
1 and (Ai)

−
1 . Thus we

evaluate at most λ(1)1 elements from (Ai)
+
0 , at most λ(2)1 elements from (Ai)

−
0 , at

most λ(3)1 elements from (Ai)
+
1 and at most λ(4)1 elements from (Ai)

−
1 . So we have

at least

(|λ(1)| − λ(1)1) + (|λ(2)| − λ(2)1) + (|λ(3)| − λ(3)1) + (|λ(4)| − λ(4)1) ≥ q

variables that must be evaluated in elements of J. In conclusion we obtain that g ∈
Idφ(A), a contradiction.
Otherwise, suppose by contradiction that either UT2 ∈ varφ(A) or UTsup

2 ∈ varφ(A)
or UTgr

2 ∈ varφ(A) or UTgr,sup
2 ∈ varφ(A). In case UT2 ∈ varφ(A), according to

(4.4), if ⟨λ⟩ = ((p, r), ∅, ∅, ∅), with p + r = n, then m⟨λ⟩ = p − r + 1 > 0. Thus
m⟨λ⟩ ̸= 0, for any multipartition ⟨λ⟩ such that |λ(1)| − λ(1)1 = r arbitrary large and
λ(2) = λ(3) = λ(4) = ∅. Hence, A does not satisfy the hypothesis.
In case UTsup

2 ∈ varφ(A), according to (4.6), if ⟨λ⟩ = ((p + r, p), (1), ∅, ∅), with
2p + r = n − 1, then m⟨λ⟩ = r + 1 > 0. Thus m⟨λ⟩ ̸= 0, for any multipartition ⟨λ⟩
such that |λ(1)| − λ(1)1 = p arbitrary large, λ(2) = 1 and λ(3) = λ(4) = ∅. Hence
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A does not satisfy the hypothesis. A similar argument holds in case UTgr
2 ∈ varφ(A)

or UTgr,sup
2 ∈ varφ(A). Then we are done.

4.5 Polynomial codimension growth and φ-colength

This section is devoted to the proof of another characterization of the polynomial
growth of the codimension related to its φ-colength.

Theorem 4.5.1. Let A be a finite dimensional φ-algebra over a field F of characteristic zero.
Then cφ

n (A) is polynomially bounded if and only if lφ
n (A) ≤ h, for some constant h and for

all n ≥ 1.

Proof. First, let us suppose that cφ
n (A), n = 1, 2, . . . , is polynomially bounded. By

Theorem 4.3.2, we obtain that

χ
φ
n1,...,n4(A) = ∑

⟨λ⟩⊢(n1,...,n4)
n−λ(1)1<q

m⟨λ⟩χλ(1) ⊗ · · · ⊗ χλ(4),

where q is such that J(A)q = 0.. By Theorem 4.2.1 and Theorem 4.4.2, there exists a
constant N such that m⟨λ⟩ ≤ N, for all ⟨λ⟩ ⊢ (n1, . . . , n4) and for all n1 + · · ·+ n4 = n.
But there are finitely many multipartitions ⟨λ⟩ satisfying the condition n − λ(1)1 <
q. Hence it follows that lφ

n (A) ≤ h, for some constant h.
Conversely, assume that lφ

n (A) ≤ h, for some constant h and for all n ≥ 1. It is
clear that if B ∈ varφ(A), then lφ

n (B) ≤ lφ
n (A). By (4.3), (4.5), (4.7), (4.9) and (4.11),

then F ⊕ F, UT2, UTgr
2 , UTsup

2 , UTgr,sup
2 /∈ varφ(A). So, by Theorem 4.2.1, cφ

n (A),
n = 1, 2, . . . , is polynomially bounded.

In the following theorem we collect all the characterizations about polynomial
codimension growth of φ-algebras.

Theorem 4.5.2. Let A be a finite dimensional φ-algebra A, then the following conditions
are equivalent:

1. cφ
n (A) is polynomially bounded;

2. UT2, UTsup
2 , UTgr

2 , UTgr,sup
2 , F ⊕ F /∈ varφ(A);

3. A ∼Tφ
2

B, where B = B1 ⊕ · · · ⊕ Bm, with B1, . . . , Bm finite dimensional φ-algebras
over F and, for all i = 1, . . . , m, dimFBi/J(Bi) ≤ 1.

4. there exists a constant q such that, for all n1, . . . , n4, with n1 + · · ·+ n4 = n,

χ
φ
n1,...,n4(A) = ∑

⟨λ⟩⊢(n1,...,n4)
n−λ(1)1<q

m⟨λ⟩χλ(1) ⊗ · · · ⊗ χλ(4);

5. UT2, UTsup
2 , UTgr

2 , UTgr,sup
2 /∈ varφ(A) and there exists a constant N such that

m⟨λ⟩ ≤ N in (4.2) for all ⟨λ⟩ ⊢ (n1, . . . , n4);

6. lφ
n (A) ≤ h, for some constant h and for all n ≥ 1.
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4.6 Classifying the subvarieties of varφ(F ⊕ F)

In this section we classify, up to Tφ
2 -equivalence, all the φ-algebras contained in the

variety generated by F ⊕ F.
Since F⊕ F is commutative and is endowed with trivial grading, by Remark 4.2.1

the superautomorphism ex is just a superinvolution and also a graded involution.
Hence, the classification was given in [40, 36] and in what follows we recall such
result.

For k ≥ 2, let UTk = UTk(F) be the algebra of k × k upper triangular matrices
over F, let Ik be the k × k identity matrix and E1 = ∑k−1

i=1 ei,i+1 ∈ UTk. We denote by

Ck = {αIk + ∑
1≤i<k

αiEi
1 | α, αi ∈ F} ⊆ UTk

the commutative subalgebra of UTk with trivial grading and superautomorphism φ
given by

(αIk + ∑
1≤i<k

αiEi
1)

φ = αIk + ∑
1≤i<k

(−1)iαiEi
1.

We next state the following result characterizing the φ-identities and the φ-codi-
mensions of Ck.

Theorem 4.6.1. Let k ≥ 2. Then

1. Idφ(Ck) = ⟨[x1, x2], y−1 · · · y−k , z+, z−⟩Tφ
2

;

2. cφ
n (Ck) = ∑k−1

j=0 (
n
j) ≈

1
(k−1)! n

k−1.

The following result classifies all the subvarieties of the variety generated by
F ⊕ F.

Theorem 4.6.2. [40, Theorem 8.3][36, Theorem 6.5] Let A be a φ-algebra such that A ∈
varφ(F ⊕ F). Then either A ∼Tφ

2
F ⊕ F or A ∼Tφ

2
N or A ∼Tφ

2
C ⊕ N or A ∼Tφ

2
Ck ⊕ N,

for some k ≥ 2, where N is a nilpotent φ-algebra and C is a commutative superalgebra with
trivial superautomorphism.

As a consequence of the previous theorem, we can also classify all φ-algebras
generating minimal varieties.

Definition 4.6.1. A variety V is minimal if it satisfies the property that cφ
n (V) ≈ qnk,

for some k ≥ 1 and q > 0, and for any proper subvariety U ⊊ V , cφ
n (U ) ≈ q′nt, with

t < k.

Corollary 4.6.1. [40, Corollary 8.2] A φ-algebra A ∈ varφ(F ⊕ F) generates a minimal
variety if and only if A ∼Tφ

2
Ck, for some k ≥ 2.

4.7 Classification of the subvarieties of varφ(UT2), varφ(UTgr
2 ),

varφ(UTsup
2 ) and varφ(UTgr,sup

2 )

In this section we classify, up to Tφ
2 -equivalence, all the φ-algebras contained in the

variety generated by the φ-algebras UT2, UTgr
2 , UTsup

2 and UTgr,sup
2 .

Notice that these classifications are equivalent to the classifications of the su-
peralgebras inside the varieties of superalgebras generated by UT2 and UTgr

2 , for



62
Chapter 4. On the polynomial codimension growth of superalgebras with

superautomorphism

Remark 4.2.1. Such a classification was given in [40]. In what follows we present
such results without proof in the language of φ-algebras.

We start by constructing, for any fixed k ≥ 1, φ-algebras belonging to the variety
generated by UT2, UTgr

2 , UTsup
2 and UTgr,sup

2 whose φ-codimension sequence grows
polynomially as nk.

Now we define a grading and an automorphism φ on UTk.
If g = (g1, . . . , gk) ∈ Zk

2 is an arbitrary k-tuple of elements of Z2, then g defines
an elementary Z2-grading on UTk by setting

(UTk)0 = span{eij | gi + gj = 0} and (UTk)1 = span{eij | gi + gj = 1}.

If A is a subalgebra of UTk, then the induced grading on A is also called elementary.
We define an automorphism φ on UTk as follows:

φ : UTk −→ UTk

α11e11 +
k

∑
i,j=2
i≤j

αijeij +
k

∑
j=2

α1je1j 7→ α11e11 +
k

∑
i,j=2
i≤j

αijeij −
k

∑
j=2

α1je1j.

We notice that this automorphism is graded on a subalgebra of UTk with the
elementary Z2-grading induced by g ∈ Zk

2.
For k ≥ 2, let

Nk = span{Ik, E1, E2
1, . . . , Ek−2

1 ; e12, e13, . . . , e1k} ⊆ UTk

and let

Ak = Ak(F) = span{e11, E1, E2
1, . . . , Ek−2

1 ; e12, e13, . . . , ek−1,k} ⊆ UTk.

So, let us denote by

• Nk and Ak the algebras Nk and Ak, respectively, with trivial grading and trivial
superautomorphism;

• Ngr
k and Agr

k the algebras Nk and Ak, respectively, with elementary grading
induced by g = (0, 1, . . . , 1) and trivial superautomorphism;

• Nsup
k and Asup

k the algebras Nk and Ak, respectively, with trivial grading and
superautomorphism φ;

• Ngr,sup
k and Agr,sup

k the algebras Nk and Ak, respectively, with elementary grad-
ing induced by g = (0, 1, . . . , 1) and superautomorphism φ.

Let A∗
k be the subalgebra of UTk obtained by flipping the matrices in Ak along

their secondary diagonals. So,

A∗
k = span{ekk, E1, E2

1, . . . , Ek−2
1 ; e1k, e2k, . . . , ek−1,k}.

We define the automorphism φ∗ on UTk as

φ∗ : UTk −→ UTk

αkkekk +
k−1

∑
i,j=1
i≤j

αijeij +
k−1

∑
j=1

αjkejk 7→ αkkekk +
k−1

∑
i,j=1
i≤j

αijeij −
k−1

∑
j=1

αjkejk,
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which is graded on a subalgebra of UTk with the elementary Z2-grading induced by
g ∈ Zk

2.
Hence, we denote by

• A∗
k the algebra A∗

k with trivial grading and trivial superautomorphism;

• (Agr
k )∗ the algebra A∗

k with elementary grading induced by g = (0, 1, . . . , 1)
and trivial superautomorphism;

• (Asup
k )∗ the algebra A∗

k with trivial grading and superautomorphism φ∗;

• (Agr,sup
k )∗ the algebra A∗

k with elementary grading induced by g = (0, 1, . . . , 1)
and superautomorphism φ∗.

We next state the following result characterizing the φ-identities and the φ-codi-
mensions of these φ-algebras (see [40, Lemma 3.1, Lemma 3.2, Theorem 4.1, Theorem
4.2]).

We notice that given a polynomial f ∈ F⟨Y ∪ Z, φ⟩, f ∗ is the polynomial obtained
by reversing the order of the variables in each monomial of f . Then f is a φ-identity
of Ak if and only if f ∗ is a φ-identity of (Ak)

∗. We get the following result (see [40,
Lemma 3.2]).

Theorem 4.7.1. If k = 2, then Idφ(N2) = Idφ(F).
If k ≥ 3, then Idφ(Nk) = ⟨[y+1 , . . . , y+k ], [y

+
1 , y+2 ][y

+
3 , y+4 ], y−, z+, z−⟩Tφ

2
.

Let k ≥ 2. Then:
Idφ(Ak) = ⟨[y+1 , y+2 ][y

+
3 , y+4 ], [y

+
1 , y+2 ]y

+
3 · · · yk+1, y−, z+, z−⟩Tφ

2
;

Idφ(A∗
k ) = ⟨[y+1 , y+2 ][y

+
3 , y+4 ], y+3 · · · yk+1[y+1 , y+2 ], y−, z+, z−⟩Tφ

2
;

Idφ(Ngr
k ) = ⟨[y+1 , y+2 ], [z

+, y+1 , . . . , yk−1], y−, z+1 z+2 , z−⟩Tφ
2

;
Idφ(Agr

k ) = ⟨[y+1 , y+2 ], z+y+1 · · · y+k−1, y−, z+1 z+2 , z−⟩Tφ
2

;
Idφ((Agr

k )∗) = ⟨[y+1 , y+2 ], y+1 · · · y+k−1z+, y−, z+1 z+2 , z−⟩Tφ
2

;
Idφ(Nsup

k ) = ⟨[y+1 , y+2 ], [y
−, y+1 , . . . , yk−1], y−1 y−2 , z+, z−⟩Tφ

2
;

Idφ(Asup
k ) = ⟨[y+1 , y+2 ], y−y+1 · · · y+k−1, y−1 y−2 , z+, z−⟩Tφ

2
;

Idφ((Asup
k )∗) = ⟨[y+1 , y+2 ], y+1 · · · y+k−1y−, y−1 y−2 , z+, z−⟩Tφ

2
;

Idφ(Ngr,sup
k ) = ⟨[y+1 , y+2 ], [z

−, y+1 , . . . , yk−1], y−, z+, z−1 z−2 ⟩Tφ
2

;
Idφ(Agr,sup

k ) = ⟨[y+1 , y+2 ], z−y+1 · · · y+k−1, y−, z+, z−1 z−2 ⟩Tφ
2

;
Idφ((Agr,sup

k )∗) = ⟨[y+1 , y+2 ], y+1 · · · y+k−1z−, y−, z+, z−1 z−2 ⟩Tφ
2

.

Now we are ready to present the main results of this section.
The following result classifies all the subvarieties of the variety generated by UT2

(see [40, Theorem 3.1]).

Theorem 4.7.2. Let A be a φ-algebra such that A ∈ varφ(UT2). Then A is Tφ
2 -equivalent

to one of the following φ-algebras: UT2, N, Nt ⊕ N, Nt ⊕ Ak ⊕ N, Nt ⊕ A∗
r ⊕ N, Nt ⊕ Ak ⊕

A∗
r ⊕ N, where N is a nilpotent φ-algebra and k, r, t ≥ 2.

As a consequence of the previous theorem, we can classify all φ-algebras gener-
ating minimal varieties (see [40, Corollary 3.1]).

Corollary 4.7.1. A φ-algebra A ∈ varφ(UT2) generates a minimal variety if and only if
either A ∼Tφ

2
Nt or A ∼Tφ

2
Ak or A ∼Tφ

2
A∗

k , for some k ≥ 2, t > 2.

Now we present the classification for the subvarieties of varφ(UTgr
2 ) (see [40,

Theorem 6.1]).
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Theorem 4.7.3. Let A be a φ-algebra such that A ∈ varφ(UTgr
2 ). Then A is Tφ

2 -equivalent
to one of the following φ-algebras: UTgr

2 , N, C ⊕ N, Ngr
t ⊕ N, Agr

k ⊕ N, (Agr
k )∗ ⊕ N, Ngr

t ⊕
Agr

k ⊕ N, Ngr
t ⊕ (Agr

r )∗ ⊕ N, Agr
k ⊕ (Agr

k )∗ ⊕ N, Ngr
t ⊕ Agr

k ⊕ (Agr
r )∗ ⊕ N, where N is a

nilpotent φ-algebra, C is a commutative superalgebra with trivial superautomorphism and
trivial grading and k, r, t ≥ 2.

As a consequence, we obtain the following corollary (see [40, Corollary 6.1]).

Corollary 4.7.2. A φ-algebra A ∈ varφ(UTgr
2 ) generates a minimal variety if and only if

either A ∼Tφ
2

Ngr
k or A ∼Tφ

2
Agr

k or A ∼Tφ
2
(Agr

k )∗, for some k ≥ 2.

Here is the classification of the subvarieties of the variety generated by UTsup
2

(see [40, Theorem 6.1, Corollary 6.1]).

Theorem 4.7.4. Let A be a φ-algebra such that A ∈ varφ(UTsup
2 ). Then A is Tφ

2 -
equivalent to one of the following φ-algebras: UTsup

2 , N, C ⊕ N, Nsup
t ⊕ N, Asup

k ⊕ N,
(Asup

k )∗ ⊕ N, Nsup
t ⊕ Asup

k ⊕ N, Nsup
t ⊕ (Asup

r )∗ ⊕ N, Asup
k ⊕ (Asup

k )∗ ⊕ N, Nsup
t ⊕

Asup
k ⊕ (Asup

r )∗ ⊕ N, where N is a nilpotent φ-algebra, C is a commutative superalgebra
with trivial superautomorphism and trivial grading and k, r, t ≥ 2.

Corollary 4.7.3. A φ-algebra A ∈ varφ(UTsup
2 ) generates a minimal variety if and only if

either A ∼Tφ
2

Nsup
k or A ∼Tφ

2
Asup

k or A ∼Tφ
2
(Asup

k )∗, for some k ≥ 2.

Finally, we present the classification of the subvarieties of the variety generated
by UTgr,sup

2 (see [40, Theorem 6.1, Corollary 6.1]).

Theorem 4.7.5. Let A be a φ-algebra such that A ∈ varφ(UTgr,sup
2 ). Then A is Tφ

2 -
equivalent to one of the following φ-algebras: UTgr,sup

2 , N, C ⊕ N, Ngr,sup
t ⊕ N, Agr,sup

k ⊕
N, (Agr,sup

k )∗ ⊕ N, Ngr,sup
t ⊕ Agr,sup

k ⊕ N, Ngr,sup
t ⊕ (Agr,sup

r )∗ ⊕ N, Agr,sup
k ⊕ (Agr,sup

k )∗

⊕ N, Ngr,sup
t ⊕ Agr,sup

k ⊕ (Agr,sup
r )∗ ⊕ N, where N is a nilpotent φ-algebra, C is a commu-

tative superalgebra with trivial superautomorphism and trivial grading and k, r, t ≥ 2.

Corollary 4.7.4. A φ-algebra A ∈ varφ(UTgr,sup
2 ) generates a minimal variety if and only

if either A ∼Tφ
2

Ngr,sup
k or A ∼Tφ

2
Agr,sup

k or A ∼Tφ
2
(Agr,sup

k )∗, for some k ≥ 2.

4.8 Characterization of φ-algebras with linear growth of the
codimensions

We conclude this paper with a characterization, up to Tφ
2 -equivalence, of the finite

dimensional φ-algebras generating varieties of at most linear growth, i.e., such that
cφ

n (A) ≤ an, for some constant a. In order to do this, we follow the same arguments
used in [27].

First we present some results inspired by Theorem 5.1, Corollary 5.1, 5.2 and 5.3
in [32].

Theorem 4.8.1. Let A be a φ-algebra. Then cφ
n (A) ≤ anp for some constants a and p if

and only if for every n1 + · · ·+ n4 = n it holds

χ
φ
n1,...,n4(A) = ∑

⟨λ⟩⊢(n1,...,n4)
n−λ(1)1≤p

m⟨λ⟩χλ(1) ⊗ · · · ⊗ χλ(4).

The summation runs over all multipartitions ⟨λ⟩ = (λ(1), . . . , λ(4)) ⊢ (n1, . . . , n4) such
that n − λ(1)1 ≤ p, n = n1 + · · ·+ n4.
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Proof. Suppose first that cφ
n (A) ≤ anp. According to Theorem 4.3.2, since cφ

n (A) is
polynomially bounded, for all n1 + · · ·+ n4 = n one has

χ
φ
n1,...,n4(A) = ∑

⟨λ⟩⊢(n1,...,n4)
n−λ(1)1<q

m⟨λ⟩χλ(1) ⊗ · · · ⊗ χλ(4),

for some q. Moreover, since cφ
n (A) ≤ anp, by (4.1) it follows that(

n
n1, . . . , n4

)
cn1,...,n4 ≤ anp.

Hence, if ⟨λ⟩ = (λ(1), . . . , λ(4)) ⊢ (n1, . . . , n4) is a multipartition, we must have(
n

n1, . . . , n4

)
m⟨λ⟩ deg χλ(1) · · · deg χλ(4) ≤ anp.

But the multiplicities m⟨λ⟩ are bounded by a constant and deg χλ(i) is a constant
for i = 2, 3, 4. This implies that ( n

n1,...,n4
) deg χλ(1) ≤ a′np for some constant a′. By

Propositions 4.3.1 and 4.3.2,

bnt+r ≤
(

n
n1, . . . n4

)
deg χλ(1) ≤ cnt+r

where r is the number of boxes under the first row of λ(1) and t = n2 + n3 + n4.
Hence we must have t + r = n − λ(1)1 ≤ p and this implies

χ
φ
n1,...,n4(A) = ∑

⟨λ⟩⊢(n1,...,n4)
n−λ(1)1≤p

m⟨λ⟩χλ(1) ⊗ · · · ⊗ χλ(4).

The converse is deduced by proceeding backwards through the proof.

As a consequence we obtain the following corollaries.

Corollary 4.8.1. Let A be a φ-algebra. Then cφ
n (A) ≈ anp if and only if there exists n0

such that for every n ≥ n0

1. χ
φ
n1,...,n4(A) = ∑⟨λ⟩⊢(n1,...,n4)

n−λ(1)1≤p
m⟨λ⟩χλ(1) ⊗ · · · ⊗ χλ(4), for every n1 + · · ·+ n4 = n;

2. there exist n′
1 + · · · + n′

4 = n and a multipartition ⟨µ⟩ = (µ(1), · · · , µ(4)) ⊢
(n′

1, . . . , n′
4) such that n − µ(1)1 = p and the corresponding multiplicity m⟨µ⟩ ̸= 0.

Corollary 4.8.2. Let A be a φ-algebra. Then cφ
n (A) ≤ an, for some constant a, if and only

if, for every n1 + · · ·+ n4 = n, it holds

χ
φ
n1,...,n4(A) = ∑

⟨λ⟩⊢(n1,...,n4)

m⟨λ⟩χλ(1) ⊗ · · · ⊗ χλ(4),

where ⟨λ⟩ = (λ(1), . . . , λ(4)) is such that either λ(1) = (n − 1, 1) and λ(i) = ∅, i =
2, 3, 4, or λ(1) = (n) and λ(i) = ∅, i = 2, 3, 4, or λ(1) = (n − 1) and λ(i) = (1) for
some i ∈ {2, 3, 4} and λ(j) = ∅ for all j ̸= i.

Corollary 4.8.3. Any φ-algebra A such that cφ
n (A) ≤ an, for some constant a, satisfies the

polynomial identities x1x2 ≡ 0 for all x1, x2 ∈ X/Y+, with Y+ = {y+1 , y+2 , . . . }.

Then we get the following results inspired by Lemma 5.1, 5.2 and 5.3 in [32].
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Lemma 4.8.1. Let A = F + J be a finite dimensional φ-algebras such that cφ
n (A) ≤ an, for

some constant a. Then

A ∼Tφ
2
(F + J+0 )⊕ (F + J−0 )⊕ (F + J+1 )⊕ (F + J−1 ).

Proof. Since cφ
n (A) ≤ an, by Corollary 4.8.3, A satisfies the polynomial identities

x1x2 ≡ 0, for all x1, x2 ∈ X/Y+, with Y+ = {y+1 , y+2 , . . . }. Hence F + J+0 , F + J−0 ,
F + J+1 and F + J−1 are subalgebras of A and so Idφ(A) ⊆ Idφ((F + J+0 )⊕ (F + J−0 )⊕
(F + J+1 )⊕ (F + J−1 )).
Conversely, let f ∈ Idφ((F + J+0 )⊕ (F + J−0 )⊕ (F + J+1 )⊕ (F + J−1 )) be a multilinear
polynomial of degree n. By multihomogeneity of Tφ

2 -ideals we may assume, modulo
Idφ(A), that either

f = ∑
σ∈Sn

ασy+
σ(1) · · · y+

σ(n) or f = ∑
i=1,...,n

σ∈Sn

βσy+
σ(1) · · · y+

σ(i−1)xσ(i)y
+
σ(i+1) · · · y+

σ(n),

where xi ∈ X/Y+, i = 1, . . . , n. If f is of the first type, we should evaluate f on
F + J+0 . But f ∈ Idφ(F + J+0 ) by the hypothesis, and so we get that f ≡ 0 on A.
Similarly, if f is of the second type we get that f ≡ 0 on A. Hence Idφ((F + J+0 )⊕
(F + J−0 )⊕ (F + J+1 )⊕ (F + J−1 )) ⊆ Idφ(A) and we are done.

Corollary 4.8.4. Let A = F + J be a finite dimensional φ-algebra such that cφ
n (A) ≤ an,

for some constant a. Then A ∼Tφ
2

Bi ⊕ N, with i ∈ {1, . . . , 4}, or A ∼Tφ
2

Bi ⊕ Bj ⊕ N,
with i, j ∈ {1, . . . , 4} and i ̸= j, or A ∼Tφ

2
Bi ⊕ Bj ⊕ Bk ⊕ N with i, j, k ∈ {1, . . . , 4} and

i ̸= j ̸= k, or A ∼Tφ
2

B1 ⊕ B2 ⊕ B3 ⊕ B4 ⊕ N, where B1 ∈ varφ(UT2), B2 ∈ varφ(UTsup
2 ),

B3 ∈ varφ(UTgr
2 ) and B4 ∈ varφ(UTgr,sup

2 ) and N is a nilpotent φ-algebra.

Proof. Since cφ
n (A) ≤ an, by Corollary 4.8.3, A satisfies the polynomial identity

x1x2 ≡ 0, for all x1, x2 ∈ X/Y+. Hence, by Lemma 4.8.1, A ∼Tφ
2
(F + J+0 ) ⊕ (F +

J−0 )⊕ (F + J+1 )⊕ (F + J−1 ).
Now we observe that F + J+0 ∈ varφ(UT2).
Since F + J+0 has trivial grading and trivial superautomorphism, then y− ≡ 0,

z+ ≡ 0 and z− ≡ 0. So F + J+0 is an ordinary algebra and we write F + J+0 =
F + (J+0 )10 + (J+0 )01 + (J+0 )00 + (J+0 )11, where (J+0 )ij is a left faithful module or a 0-left
module according as i = 1 or i = 0, respectively, and (J+0 )ij is a right faithful module
or a 0-module according as j = 1 or j = 0, respectively. And for i, j, l, m ∈ {0, 1},
one has (J+0 )ij(J+0 )lm ⊆ δkl(J+0 )im, where δjl is the Kronecker delta. We must have
(J+0 )10(J+0 )01 = (J+0 )01(J+0 )10 = (J+0 )10(J+0 )00 = (J+0 )00(J+0 )01 = 0. Suppose that
(J+0 )10(J+0 )01 ̸= 0 and let a ∈ (J+0 )10 and b ∈ (J+0 )01 such that ab ̸= 0. Let

f((n−2,1,1),∅,∅,∅) = ∑
σ∈S3

(sgnσ)y+
σ(1)(y

+
1 )

n−3y+
σ(2)y

+
σ(3)

be a highest weight vector corresponding to ⟨λ⟩ = ((n − 2, 1, 1), ∅, ∅, ∅) (see [10,
Theorem 12.4.12]). By making the evaluation y+1 = 1F, y+2 = a, y+3 = b, we get
ab + ba ̸= 0 since ab ∈ (J+0 )11 and ba ∈ (J+0 )00. So, f((n−2,1,1),∅,∅,∅) is not a φ-identity
of A. Therefore χ((n−2,1,1),∅,∅,∅) appears with non-zero multiplicity in the decompo-
sition of Pφ

n /(Pφ
n ∩ Idφ(A)) into irreducible characters, but this is a contradiction to

Corollary 4.8.2. As above, if (J+0 )01(J+0 )10 ̸= 0 or (J+0 )10(J+0 )00 ̸= 0 we reach a contra-
diction since the same polynomial f((n−2,1,1),∅,∅,∅) is not a φ-identity for A.
At last, suppose (J+0 )00(J+0 )01 ̸= 0.
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Then f((n−2,1,1),∅,∅,∅) = ∑σ∈S3
(sgnσ)y+

σ(1)y
+
σ(2)(y

+
1 )

n−3y+
σ(3) is a highest weight vector

corresponding to ⟨λ⟩ = ((n − 2, 1, 1), ∅, ∅, ∅) and it is not a φ-identity, a contradic-
tion.
Then one has

F + J+0 = (F + (J+0 )10 + (J+0 )01 + (J+0 )11)⊕ (J+0 )00 ∼Tφ
2

A1 ⊕ A2 ⊕ N,

where A1 = F + (J+0 )11 + (J+0 )10, A2 = F + (J+0 )11 + (J+0 )01 and N is a nilpotent al-
gebra.
Now we prove that [(J+0 )11, (J+0 )11] = 0. If not, let a, b ∈ (J+0 )11 such that ab ̸= ba
and let f((n−2,1,1),∅,∅,∅) = ∑σ∈S3

(sgnσ)y+
σ(1)y

+
σ(2)y

+
σ(3)(y

+
1 )

n−3 be a highest weight vec-
tor corresponding to ⟨λ⟩ = ((n − 2, 1, 1), ∅, ∅, ∅). By evaluating y+1 = 1F, y+2 = a
and y+3 = b, we get f((n−2,1,1),∅,∅,∅) = ab − ba ̸= 0, which is a contradiction.
So, we get that [y+1 , y+2 ][y

+
3 , y+4 ] ≡ 0 is an identity of A1 and A2.

Finally, we claim that F + J−0 ∈ varφ(UTsup
2 ). It is obvious, since [y+1 , y+2 ] ≡ 0,

y−1 y−2 ≡ 0 and zθ ≡ 0, for θ ∈ {+,−}.
The same argument holds for the other cases and then the proof is complete.

Now we are ready to present the main result of this section.

Theorem 4.8.2. Let A be a finite dimensional φ-algebra such that cφ
n (A) ≤ an, for some

constant a. Then
A ∼Tφ

2
B1 ⊕ · · · ⊕ Bm ⊕ N,

where Bi ∈ varφ(UT2) or Bi ∈ varφ(UTsup
2 ) or Bi ∈ varφ(UTgr

2 ) or Bi ∈ varφ(UTgr,sup
2 ),

for all i = 1, . . . , m, and N is a nilpotent φ-algebra.

Proof. Since cφ
n (A) ≤ an, for some constant a, by Theorem 4.3.1, we may assume

that A = A1 ⊕ · · · ⊕ Am, where A1, . . . , Am are finite dimensional φ-algebras with
dimF Ai/J(Ai) ≤ 1, for all 1 ≤ i ≤ m. Notice that this says that either Ai

∼= F + J(Ai)
or Ai

∼= J(Ai) is a nilpotent φ-algebra. Since cφ
n (Ai) ≤ cφ

n (A), then cφ
n (Ai) ≤ an,

for all i = 1, . . . , m. Now the result follows by applying Corollary 4.8.4 to each non-
nilpotent Ai.

By putting together Theorems 4.7.2, 4.7.3, 4.7.4 and 4.7.5, we get a finer classifi-
cation of the φ-algebras of at most linear growth.

Theorem 4.8.3. Let A be a finite dimensional φ-algebra such that cφ
n (A) ≤ an, for some

constant a. Then
A ∼Tφ

2
B1 ⊕ · · · ⊕ Bm ⊕ N,

where N is a nilpotent φ-algebra and, for all i = 1, . . . , m, Bi is Tφ
2 -equivalent to one of the

following φ-algebras:

Ni, N2 ⊕ Ni, N2 ⊕ A2 ⊕ Ni, N2 ⊕ A∗
2 ⊕ Ni, N2 ⊕ A2 ⊕ A∗

2 ⊕ Ni,

C ⊕ Ni, Nsup
2 ⊕ Ni, Asup

2 ⊕ Ni, (Asup
2 )∗ ⊕ Ni, Nsup

2 ⊕ Asup
2 ⊕ Ni, Nsup

2 ⊕ (Asup
2 )∗ ⊕ Ni,

Asup
2 ⊕ (Asup

2 )∗ ⊕ Ni, Nsup
2 ⊕ Asup

2 ⊕ (Asup
2 )∗ ⊕ Ni,

Ngr
2 ⊕ Ni, Agr

2 ⊕ Ni, (Agr
2 )∗ ⊕ Ni, Ngr

2 ⊕ Agr
2 ⊕ Ni, Ngr

2 ⊕ (Agr
2 )∗ ⊕ Ni,

Agr
2 ⊕ (Agr

2 )∗ ⊕ Ni, Ngr
2 ⊕ Agr

2 ⊕ (Agr
2 )∗ ⊕ Ni,

Ngr,sup
2 ⊕ Ni, Agr,sup

2 ⊕ Ni, (Agr,sup
2 )∗ ⊕ Ni, Ngr,sup

2 ⊕ Agr,sup
2 ⊕ Ni,
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Ngr,sup
2 ⊕ (Agr,sup

2 )∗ ⊕ Ni, Agr,sup
2 ⊕ (Agr,sup

2 )∗ ⊕ Ni, Ngr,sup
2 ⊕ Agr,sup

2 ⊕ (Agr,sup
2 )∗ ⊕ Ni,

where C is a commutative φ-algebra with trivial grading and trivial superautomorphism and
Ni is a nilpotent φ-algebra.
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