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This thesis presents results concerning Pl-algebras endowed with distinct addi-
tional structures.

First, we consider M, (F), the algebra of 3 x 3 matrices with orthosymplectic
superinvolution * over a field F of characteristic zero. We study the x-identities of
this algebra through the representation theory of the group H, = (Z; x Z;) ~ S,.
To this end, we decompose the space of multilinear *-identities of degree n into the
sum of irreducibles under the action of H,, and we study the irreducible characters
appearing in this decomposition with non-zero multiplicity. Finally, by using the
representation theory of the general linear group, we determine all the *-polynomial
identities of Mj»(F) up to degree 3.

Next, we focus on superalgebras endowed with a superautomorphism of or-
der < 2. We characterize those superalgebras whose cocharacter multiplicities are
bounded by a constant. Furthermore, we determine a characterization of the su-
peralgebras with superautomorphism with polynomial growth of the codimensions
and we give a classification of the subvarieties of the varieties of almost polynomial
growth. Lastly, we characterize the superalgebras with superautomorphism with
linear codimension growth.
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Chapter 1

Introduction

Let F be a field of characteristic zero and let A be an associative Pl-algebra over F,
i.e., an algebra satisfying at least one non trivial polynomial identity.

The set of all the polynomial identities satisfied by A, denoted by Id(A), is a T-
ideal of the free associative algebra F(X), where X = {x1,x, ... } is a countable set.
A T-ideal is an ideal invariant under all endomorphisms of F(X).

In characteristic zero, Specht [45] conjectured that every proper T-ideal of the
free algebra is finitely generated and it was proved in the affirmative by Kemer in
1987 [30]. However explicit generators are known only in very few cases and the
problem is still open for My (F), with k > 3, where Mj(F) is the algebra of k x k
matrices over F.

Since in characteristic zero every T-ideal is generated by multilinear polynomi-
als, one studies P, N Id(A), n > 1, where P, is the space of multilinear polynomials
of degree n. To this end, the representation theory of the symmetric group S, is
employed by defining an action on P, as follows:

U'f(xl, e ,Xn) = f(xa(l), ce /xU(n))'
Since P, N Id(A) is invariant under this action, the space

_ B
P, N 1d(A)

has a structure of S,-module and its character is called the n-th cocharacter of A. In
[5] Benanti determined conditions under which the multiplicities are non-zero in the
decomposition of the n-th cocharacter of M3(F) into irreducibles.

Another fundamental sequence in the study of polynomial identities is the se-
quence of codimensions, ¢,(A), n = 1,2,..., introduced by Regev in 1972 [44].
He proved that if A is a PI-algebra, then its codimension sequence is exponentially
bounded.

The class of all algebras satisfying a given set of polynomial identities S C F (X)
is called the variety V = V(S) determined by S. Given an algebra A, the variety
generated by A is denoted by V = var(A) and is the set of all algebras satisfying the
identities of A. In this context, an algebra B belongs to var(A) if Id(A) C Id(B). The
growth of a variety of algebras is defined as the growth of the codimension sequence
of any algebra A generating V. In particular, we say that a variety } has polynomial
growth if ¢, (V) is polynomially bounded, i.e., if there exist constants 4, p > 0 such
that c,(V) < an? for all n. Instead, we say that V has almost polynomial growth if
cn (V) is not polynomially bounded but every proper subvariety of } has polynomial
growth.
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This dissertation is the result of the research I conducted over the past three years
focusing on different problems related to PI-algebras with distinct additional struc-
tures. The results presented here are based on research papers I wrote during my
PhD program. In particular, Chapter 3 is derived from the work presented in [1]
while Chapter 4 is based on [2]. The structure of the thesis is as follows.

After this introduction, Chapter 2 provides the necessary backgrounds for our
study, presenting the concepts and the results required to understand the subsequent
chapters.

In Chapter 3, we focus on M3(F), the algebra of 3 x 3 matrices over F. The study
of the polynomial identities satisfied by Mj3(F) with an additional structure was
started in [6, 37]. In particular, we consider the superalgebra M;3(F) endowed with
a superinvolution, a structure that has been extensively studied in the last years (see
[12,43]). In the theory of polynomial identities, superalgebras with superinvolutions
play a significant role. In [4] Aljadeff, Giambruno and Karasik proved that there
exists a strict connection between algebras with involution and finite dimensional
superalgebras with superinvolution.

Over the years, various results concerning the x-identities of these superalgebras
have been obtained through the study of sequences attached to a PI-algebra (see [8,
16, 15, 23, 27, 24]).

A key milestone in this field was the classifications of superinvolutions on M, (F)
by Racine in [43]. He proved that there are two types, the transpose and the or-
thosymplectic superinvolution. The study of the *-identities satisfied by these su-
peralgebras with superinvolutions was started by Giambruno, Ioppolo and Martino
in [14]. They focused on the standard polynomials and they determined the mini-
mal degree of a standard polynomial vanishing on suitable subsets of symmetric or
skew matrices for both types of superinvolutions.

A complete characterization of the cocharacter of M3(F) with transpose superin-
volution was done in [9], where all the *-identities up to degree 3 were also deter-
mined.

Here we consider M3(F) with orthosymplectic superinvolution * and we study
the *-identities through the representation theory of the group H, = (Z, x Z;) ~
Su. We decompose the space of multilinear *-identities of degree n into the sum
of irreducibles under the IH,-action in order to study the irreducible characters ap-
pearing in this decomposition with non-zero multiplicity. Moreover, by using the
representation theory of the general linear group, we determine all the *-polynomial
identities of Mj,(F) up to degree 3.

In Chapter 4, we present our results concerning superalgebras with superauto-
morphism.

In [29, 31] Kemer proved thatc,(V),n = 1,2,. .., is polynomially bounded if and
only if G,UT, ¢ V, where G denotes the Grassmann algebra and UT, denotes the
algebra of upper triangular matrices of size two. As a consequence, there exists no
variety with intermediate growth, i.e., either its codimension sequence is polynomi-
ally bounded or grows exponentially. Some years later, in [39] and [38], La Mattina
determined a complete list of finite dimensional algebras generating the subvarieties
of var(G) and var(UT,).

Characterizing algebras with polynomial codimension growth is of main inter-
est. In literature, such a characterization has been determined for several algebras
with additional structure, such as graded algebras [32], algebras with involution
[21], algebras with superinvolution [27] and algebras with graded involution [22].

Here we study the codimension sequence of superalgebras with superautomor-
phism which are particular G-graded algebras, where G is a cyclic group of order
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4. We focus our attention on superautomorphisms since they represent the connec-
tion link between graded involutions, superinvolutions and pseudoinvolutions. The
study of these algebras in the case of polynomial growth was started in [25, 26]. It
was proved that the codimensions of a superalgebra with superautomorphism are
polynomially bounded if and only if the variety generated by this algebra does not
contain the group algebra of Z, and the algebra UT, with suitable superautomor-
phisms (see [25]). Motivated by this work, we determine additional characteriza-
tions involving the polynomial growth of the codimension sequence. Inspired by
[24], we characterize the superalgebras with superautomorphism whose cocharac-
ter multiplicities are bounded by a constant. Moreover, we classify the subvarieties
of the varieties of almost polynomial growth. In the last part of the chapter we deter-
mine the superalgebras with superautomorphism with linear codimension growth.






Chapter 2

Backgrounds

This chapter is devoted to the introduction of the principal objects of our study.

We give some definitions, examples and main results concerning the theory of PI-

algebras. Finally, we introduce three sequences useful in order to study the PI-

algebras and we give two examples of Pl-algebras, the algebra of upper triangular

matrices and the Grassmann algebra, whose sequences are explicitly known.
Throughout this thesis F will denote a field of characteristic zero.

2.1 First definitions

We start with the definition of free associative algebra.

Definition 2.1.1. Let F be a field and X a countable set. The free associative algebra on
X over F is the algebra F(X) of polynomials in the non-commuting indeterminates
x e X.

A linear basis of F(X) consists of all words in the alphabet X, including the empty
word 1. These words are called monomials and the product of two monomials is
defined by juxtaposition. The elements of F(X) are called polynomials and we write
f=f(x1,...,xn) € F(X) if x1, ..., x, are the only indeterminates occurring in f.

We denote by deg u, the degree of the monomial u, as the length of the word u.
Furthermore deg,,u is the degree of u in the indeterminate x;, as the number of
the occurrences of x; in u. The degree of the polynomial f = f(x1,...,x,) is the
maximum degree of a monomial in f and we denote it by deg f. Finally we write
deg,. f, thatis the degree of x; in f, as the maximum of deg,,u, where u is a monomial
of f.

Up to isomorphism, the algebra F(X) is defined by the universal property, as fol-
lows: given an associative F-algebra A, any map X — A can be uniquely extended
to a homomorphism of algebras F(X) — A. The cardinality of X is called the rank
of F(X).

Now we are ready to define one of the main object of this thesis.

Definition 2.1.2. Let A be an associative F-algebra and f = f(x1,...,x,) € F(X).
We say that f = 0 is a polynomial identity of A if f(a1,...,a,) =0, Vay,...,a, € A.

We shall usually say that f = 0 is an identity of A or that f itself is an identity of
A or that A satisfies f.

Let ® be the set of all the homomorphism ¢ : F(X) — A. Then f = 0is a
polynomial identity of A if and only if f € N,cq Kerg.

Definition 2.1.3. Given an associative F-algebra A, we say that A is a Pl-algebra if it
satisfies at least a non-trivial polynomial identity.
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Here are some examples of Pl-algebras. Let [x, y] = xy — yx be the Lie commutator
of x and y, for x,y € A.

Example 2.1.1. Let A be a commutative algebra. Then A is a Pl-algebra since it
satisfies the identity [x,y] = 0.

Example 2.1.2. If A is a nilpotent algebra, then A is a Pl-algebra since if A" = 0, for
some n > 1, then x; - - - x, = 0 is a polynomial identity of A.

Example 2.1.3. Let A be a NIL algebra of bounded index. Then there exists n > 1
such that a” = 0, Va € A. Then x" = 0 is a polynomial identity of A and so A is a
Pl-algebra.

Example 2.1.4. Consider UT,(F), the algebra of all the upper triangular matrices of
size n over F. Then UT, (F) is a PI-algebra since it satisfies [x1, x2] . .. [x2,—1, X24] = 0.

Example 2.1.5. If NT,(F) is the algebra of the strictly upper bounded matrices of
size 1, then it satisfies the polynomial identity x; - - - x, = 0 and so it is a Pl-algebra.

Example 2.1.6. The algebra M,(F) of 2 x 2 matrices over F is a Pl-algebra, since it
satisfies the polynomial identity [[x1, x2]?, x3] = 0, that is called the Hall identity.

Example 2.1.7. Let V be a vector space over F, with countable basis {e1, ¢, ... } and
charF # 2. The Grassmann algebra G on V over F is the algebra generated by V over
F, where the product between two elements is the juxtaposition, and satisfying the
condition eje; = —eje;, Vi, j > 1. We write G = spanp{e; ---¢; |1 < iy < -+ <
ir, k> O}. The Grassman algebra is a Pl-algebra since [x1, x2, x3] = [[x1, x2], x3] = 0.

2.2 T-ideals and varieties of algebras

In this section we introduce two of the most important objects in the Pl-algebra the-
ory. We start with the following definition.

Definition 2.2.1. Given an algebra A, we define
Id(A) ={f € F(X) : f=00onA}
as the set of all the polynomial identities satisfied by A.

In particular Id(A) is a two sided ideal of F(X) that is invariant under all endo-
morphisms of F(X). It means that Id(A) is a T-ideal.

Definition 2.2.2. Anideal I of F(X) is a T-ideal if ¢(I) C I for all endomorphisms ¢
of F(X).

Moreover, if [ is a T-ideal it is easy to prove that Id(F(X)/I) = I. Then all
T-ideals of F(X) are of this type.

Now, we introduce the notion of variety of an algebra, since many algebras may
correspond to the same T-ideal.

Definition 2.2.3. Given a non-empty set S C F(X), the class of all algebras A such
that f =0on A, forall f € S, is called the variety V = V(S) determined by S.

A variety V is called non-trivial if S # 0 and V is proper if it is non-trivial and
contains a non-zero algebra.
Here we give some examples.
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Example 2.2.1. The class of all commutative algebras forms a proper variety defined
by § = {[xy]}-

Example 2.2.2. If S = {x"}, then V(S) is the class of all NIL algebras of exponent
bounded by n.

If V is the variety determined by the set S and (S)7 is the T-ideal of F(X) gener-
ated by S, then V(S) = V((S)r) and (S)1 = Nacy d(A). We write (S)r = Id(V).
Then to each variety corresponds a T-ideal of F(X) and the converse is also true,
indeed we have the following.

Theorem 2.2.1. There is a one-to-one correspondence between T-ideals of F(X) and vari-
eties of algebras. In this correspondence a variety V corresponds to the T-ideal of identities
1d(V) and a T-ideal I corresponds to the variety of algebras satisfying all the identities in I.

Proof. If I and I, are two T-ideals, I; # I, then there exists f € I; \ L. But V(I;) #
V(L), since F(X)/I, does not satisfy f and so F(X)/I, € V(I), but F(X)/I, ¢
V(I;). If V1 and V; are two varieties, V1 # V), then there exists A € V; \ V,. Hence
there exists f € Id()») such that f ¢ Id(A). Since Id(A) D Id(}) it follows that
Id(V,) #1d(Vy). O

If V is a variety and A is an F-algebra such that Id(A) = Id(V), we say that V is
the variety generated by A and we write V = var(A).

2.3 Homogeneous, multilinear and alternating polynomials

If the base field F is infinite, the study of the polynomial identities of a given algebra
can be reduced to the study of homogeneous or multilinear polynomials. In this
section we will show the reason why this reduction holds.

Let F, = F(x1,...,x,) be the free algebra of rank n > 1 over F. This algebra can
be naturally decomposed as

FE=FVerPea..,

where, Vk > 1, F,Ek) is the subspace spanned by all monomials of total degree k.
Since F,EZ)F,E] ) C F,(llﬂ ), foralli,j > 1, we say that F, has a structure of graded algebra

and the F,gi)’s are called the homogeneous components of F;.
Moreover, such decomposition can be written as follows: for every k > 1,

EW = D Flitrein)

i1+ tin=k

where F,Eil""’i”) is the subspace spanned by all monomials of degree i; in xy,...,i, in

xy. Clearly F,Ei]""’i”) F,gj i) C F,giﬁj i) and we say that F, is multigraded. Such
decompositions naturally extend to F(X), for countable X.

Definition 2.3.1. A polynomial f € F,Sk) is called homogeneous of degree k, for some k >

1.If f e FFk) then we say that f is multihomogeneous of multidegree (ki, ..., ky).
Moreover, a polynomial f is homogeneous in the variable x; if x; appears with the same
degree in every monomial of f.
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If F is an infinite field and f € F(X), we can always write

f — Z f(il,...,in),

i1>0,...,i4 >0

where fli-in) ¢ F,Ell""’l") is the sum of all monomials in f where the variables
x1i,...,X, appear with degree iy, ...,i,, respectively. We call the non-zero polyno-
mials f(-) multihomogeneous components of f. It means that each polynomial has a
decomposition in multihomogeneous polynomials.

Theorem 2.3.1. Let F be an infinite field. If f = 0 is a polynomial identity for the algebra
A, then every multihomogeneous component of f is still a polynomial identity for A.

Proof. Let f € F,. For every variable x;, 1 < t < n, we can decompose f = Y [", f;,
where f; is the sum of all monomials of f in which x; appears at degree i and m =
degy, f is the degree of f in x;. By induction, it suffices to prove that for every variable
x¢, fi = 0,Vi > 0. Let ag, ..., &y, be distinct elements of F. For every j = 0,...,m,
fxq,..., WXty .., x,) = 01is still an identity of A. Since each f; is homogeneous in x;
of degree i,ﬁ(xl,...,oc]-xt,...,xn) = a;ﬂ(xl,...,xt,...,xn). Then

m .
flxn, .o aixe,..., %) = Za}ﬂ(xb...,xt,...,xn) =0 (2.1)
i=0

over A,V j=0,...,m. We write the Vandermonde matrix,

1 1 ... 1
Kop &1 ... UKy
A =
m m m
Xy g .y

Then (2.1) says that for every ay,...,a, € A, if we write fi(a1,...,a,) = then

fir
(for-+-rfu)D = 0. Since det(A) = [To<icj<m(@j —a;) # 0, then fo =0,..., fu =0
are polynomial identities of A. O

Remark 2.3.1. The previous theorem is true even if the field F is finite such that |F| >

deg f.

One of the most important consequence of the previous theorem is that over an
infinite field every T-ideal is generated by its multihomogeneous polynomials.
We introduce a special type of multihomogeneous polynomials.

Definition 2.3.2. A polynomial f is linear in the variable x; if x; has degree 1 in
each monomial of f. If a polynomial f is linear in each of its variables, it is called
multilinear, i.e., it is multihomogeneous of multidegree (1,...,1). In this case, we
write f(x1,...,X:) = Yoes, QoXp(1) ** " Xo(n), Where ap € F and Sy is the symmetric
group over {1,...,n}.

If f(x1,...,x,) is a linear polynomial in one variable, say x;, then we have that
f(Cwiyi, x2, ..., xn) =Y aif(yi,x2,...,x,), foralla; € F,y; € F(X).

Remark 2.3.2. Let A be an F-algebra spanned by a set B over F. If a multilinear
polynomial f vanishes on B, then f is a polynomial identity of A.
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Proof. Letay = Y aq,u;,...,a, = Y &yu; be elements of A, with u; € B.

Since f = f(x1,...,x,) is linear in every variable, then we get that f(ay,...,a,) =
Yy, o fuig, .o uq,) = 0. O

Now, we introduce the process of multilinearization of a polynomial.

Definition 2.3.3. Let S be a set of polynomials in F(X) and f € F(X). We say that f
is a consequence of the polynomials in S (or f follows from the polynomials in S) if
f € (S)1, the T-ideal generated by the set S.

Definition 2.3.4. Two sets of polynomials are equivalent if they generate the same
T-ideal.

Theorem 2.3.2. If the algebra A satisfies an identity of degree k, then it satisfies a multilin-
ear identity of degree less than or equal to k.

Proof. Let f(x1,...,x,) € F(X) be a polynomial identity of the algebra A. If every
variable x; has degree < 1 in every monomial of f, then we get a multilinear poly-
nomial. We assume that there exists a variable, say x1, such that deg,, f =d > 1. We
write the polynomial

h(ya,y2, %2, .., x0) = f(y1 +y2, X2, .-, xn) — f(y1, %2, -, Xn) — f(Y2, X2, ..., Xn).

We remark that / is still a polynomial identity of A. We claim that & is a non-zero
polynomial. Indeed, suppose the h = 0. Since every application X — X can
be extended to an endomorphism of F(X), we substitute y; and y, with xq in h
and we still obtain the zero polynomial: h(xq,x1,%2,...,%,) = f(2x1,X2,...,%,) —
2f(x1,...,x,) = 0. If we decompose f in the sum f = fo + f1 + - + f;, where
fi is the sum of all monomials of degree k in x1, then, by the previous one, we get
—fo+(22=2)f+ -+ (29— 2)f; = 0, that is a contradiction since d > 1. Then h
is a non-zero polynomial. Since deg,,h = d — 1 < degy, f, by the definition of 1, by
induction, we get a multilinear polynomial which is an identity of A. O

We remark that the proof of the previous theorem shows how the process of
multilinearization of a polynomial works. It has some important consequences.

Theorem 2.3.3. If charF = 0, every non-zero polynomial f € F(X) is equivalent to a finite
set of multilinear polynomials.

Proof. By Theorem 2.3.1, f is equivalent to the set of its multihomogeneous compo-
nents. Suppose that f = f(x1,...,x,) is multihomogeneous. We apply the multi-
linearization process to f: if degy, f = d > 1, then we write f(y1 + y2,X2,...,X,) =
Y4 0 gy, y2, %2, ..., X,), where deg, ¢; = i, degy,g; = d — i and deg,,g; = degy,f,
forallt = 2,...,n. Every polynomial ¢; = gi(y1,y2,%2,...,%,),i=1,...,d—1,isa
consequence of f. We remark that g;(y1,y1,x2,..., %) = (‘Z.i)f(yl, X2,...,%y), for all
i. Since charF = 0, (%) # 0, then f is a consequence of every g;,i = 1,...,d — 1. By
induction, we get the desired result. O

Corollary 2.3.1. If charF = 0, every T-ideal is generated, as a T-ideal, by all the multilinear
polynomials it contains.

We remark that it is easy to check if a multilinear element f(x1,...,x,) € F(X)
vanishes on an algebra A: if we fix a basis {s1,5p,... } of A, then f(x1,...,x,) =01is
an identity of A if and only if f(s;,...,s;,) = 0 for every m-ple of basis elements.

Now we introduce the alternating polynomials.
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Definition 2.3.5. Let f = f(x1,...,Xu,¥1,--.,Yt) a polynomial that is linear in each
variables x1,...,x,. We say that f is alternating in the variables x1,...,x, if, for all
1 <i < j < n,the polynomial f vanishes when we substitute x; instead of x;. In case
f is alternating in all of its variables, we simply say that f is alternating.

Proposition 2.3.1. Let f(x1,...,Xu,Y1,-..,Yt) be a polynomial alternating in x1, ..., X,
and let A be an F-algebra. If ay,...,a, € A are linearly dependent over F, then, for all
bl,. .., b € A,f(ﬂl,. . .,an,bl,. . .,bt) =0.

Proof. By the hypothesis, one of the a;’s, say a1, can be written as a linear combi-
nation of the others, a; = Y/ ,a;a;, a; € F. But then f(ay,...,a,,b1,...,b;) =
Y@ owaif(asay, ..., a,,b1,...,b) =0, since f is alternating on xy, ..., x, and in each
term f(a;, az,...,a,,b1,...,b:) two arguments coincide. d

An example of alternating polynomial is the standard one.

Definition 2.3.6. The polynomial Sty (x1,...,Xm) = Yses, (S§10)Xp1) " Xo(m) 18
called standard polynomial of degree m.

The symbol ~ means omission. As an example, f(x1,..., %, ..., Xy) is a polyno-
mial in which the variable x; does not appear.

Proposition 2.3.2. [20, Proposition 1.5.7]

1. If f(x1,...,%m) is a multilinear alternating polynomial of degree m, then, for some
a €F, f =aSty(x1,...,%Xm).

2. Styr1(x1, 0 Xmp1) = T (1) xSty (x1, ..., £y oo Xs1). S0, if Sty = 0
is an identity for an algebra A, St 41 is still an identity of A.

The following theorem follows from the fact that the standard polynomial is al-
ternating ([20, Theorem 1.5.8].

Theorem 2.3.4. Let A be an F-algebra. If dimpA = n < oo, then St,, 11 = 0in A.

2.4 Representation theory

In this section we introduce the representation theory of the symmetric group by
the theory of Young tableaux. Then we shall present the permutation action of the
symmetric group S, on the space of multilinear polynomials in #n variables, since it
will be a useful tool in order to study T-ideals.

Let V be a vector space over a field F and let GL(V') be the group of invertible
endomorphisms of V. From now on, we suppose that the characteristic of the base
tield F is zero.

Definition 2.4.1. A representation of a group G on V is a homomorphism of groups
p:G— GL(V).

Let End(V') be the algebra of F-endomorphisms of V. If FG is the group algebra
of G over F and p is a representation of G on V, then p induces an homomorphism
of F-algebras, p' : FG — End(V) such that p’(1g) = 1.

We deal with the case dimpV = n < oco. In this case n is called the dimension or
the degree of the representation p.

A representation of a group G uniquely determines a finite dimensional FG-
module: if p : G — GL(V) is a representation of G, V becomes a left G-module,
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with gv = p(g)(v), Vg € G, v € V. And, if M is a G-module which is finite dimen-
sional as a vector space over F, then p : G — GL(M) such that p(g)(m) = gm, for all
g € G,m € M, defines a representation of G on M.

Definition 2.4.2. A representation p : G — GL(V) is irreducible if V is an irreducible
G-module. We say that p is completely reducible if V is the direct sum of its irreducible
submodules.

An algebra A is semisimple if J(A) = 0, where J(A) is the Jacobson radical of A.

Theorem 2.4.1 (Maschke). Let G be a finite group and charF = 0 or charF = p > 0 and
p 1 |G|. Then the group algebra FG is semisimple.

It follows that every G-module V is completely reducible. Then, if dimrV < oo,
V is direct sum of a finite number of irreducible G-module.

We recall that an element e € FG is an idempotent if e = e. Since FG is semisimple
of finite dimension, then every ideal is generated by a central idempotent, as it can
be proved in the following proposition (see [20, Proposition 2.1.7]).

Proposition 2.4.1. If M is an irreducible representation of G, then M = ], a minimal left
ideal of M,,,(D\!)), for somei = 1,...,k. So there exists a minimal idempotent e € FG such
that M = FGe.

Then, if F is algebraically closed, the group algebra FG can be decomposed as
FG & @Ll e;FG, whereVi=1,...,k, ¢,FG = M,,(F) and ¢; is the minimal central
idempotent of FG.

Let us introduce the character of a representation.

First, we recall that tr : My(F) — F is the usual trace function.

Definition 2.4.3. Let p : G — GL(V) be a representation of G. Then the map yx, :
G — Fsuch that x,(g) = tr(p(g)) is called character of the representation p and dim
V = deg x, is the degree of the character x,.

We say that ), is irreducible if p is irreducible.

241 Sy-representations

In this subsection we describe the S,-representation. We start defining the Young
tableaux.

Definition 2.4.4. Letn > 1 an integer. A partition A of n is a finite sequence of integers
A= (M,...,Ar)suchthat Ay > --- > A, > 0and }/_; A; = n. We write A - n or
A = n.

Ifr=1,then Ay =nand A = (n). If A = (k,..., k) and n = kd, then A = (k).

The group algebra FS; has a decomposition into simple components which are
algebras of matrices over the field F. Moreover, the number of irreducible non equiv-
alent representations equals the number of the conjugacy class of S,,. These conju-
gacy class are indexed by the partitions of n: given o € S, there exists a partition
A = n that uniquely determine the conjugacy class of ¢.

We denote by x, the irreducible S,-character corresponding to A = n and we
write dy = x,(1) as the degree of x,. It follows that FS, has the following decom-

position:
FS, = @IA = @MdA(P),
AbFn Abn

where I} = e,FS, = My, (F) is the minimal ideal of FS,, corresponding to A - n,
and ey = Y ,cs, XA(0)0 is, up to a scalar, a central idempotent.
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Definition 2.4.5. If A = (Ay,...,A;) b n, the Young diagram associated to A is the finite
subsetof Z x Z,definedas D) = {(i,j) € Zx Z:i=1,...,r,j=1,...,Ai}.

Example 2.4.1. The diagram D4, 5 1) is represented by

[

Given a partition A - 1, we denote by A’ the conjugate partition of A, A’ =
(A}, ..., AL), such that A, ..., Al are the lengths of the columns of D;.

Definition 2.4.6. Consider A - n. A Young tableau T of the diagram D, is a filling of
the boxes of D) with the integers 1,2, ...,n. We shall also say that T) is a tableau of
shape A.

Definition 2.4.7. A tableau T) of shape A is standard if the integers in each row and
in each column of T), increase from left to right and from top to bottom, respectively.

There is a connection between standard tableaux and the degree of the irre-
ducible S,-characters.

Theorem 2.4.2. Given a partition A &= n, the number of standard tableaux of shape A equals
d ), the degree of x, the irreducible character corresponding to A.

As in [28], we introduce an important formula which characterize the degree d,
of the irreducible character x.

Given a diagram D,, A ~ n, we identify a box of D, with the corresponding
point (7, j). For instance, the third box of the first row has coordinate (1, 3).

Definition 2.4.8. For any box (i,j) € D,, we define the hook number of (i,j) as h;; =
Ai+A;—i—j+1,where A" = (A},..., Al) is the conjugate partition of A.

It is easy to see that h;j counts the number of boxes in the "hook" with edge in
(i,7), i.e., the boxes to the right and below (i, j).

Proposition 2.4.2 (The Hook Formula).

where the product runs over all boxes of D,.

We are able to compute the complete number of left minimal ideals of FS, as
follows. Given a tableau T of shape A I 1, we write Ty = D,(a;;), where a;; is the
integer in the (i, j) box.

Definition 2.4.9. The row stabilizer of T) is
Ry, = Sy (a11, 412, ..., a10,) X -+ X Sy (ar1, 852, - - -, 8r2,),

where S, (aj1, a1, . . ., a;),) denotes the symmetric group acting on the integers a;1, a;,
...,a;), fori =1,...,r. Then Rr, is the subgroup of S, consisting of all the permu-
tation stabilizing the rows of T).
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Definition 2.4.10. The column stabilizer of Ty = D, (aj;) is
Cr, =5y (0111,6121,---,51A;1) X oo X Sy(@pg, -, 800,),

where A’ = (A},..., A) is the conjugate partition of A. Then Cr, is the subgroup of
Sy consisting of all the permutation stabilizing the columns of T).

Definition 2.4.11. For a given tableau T, we define

er, = Y, (sgntr)ot.

O’ERT/\ ,TECT)L

It can be proved that e% = aer,, where a = % = I1; jhjj is a non-zero integer, i.e.,
er, is an essential idempotent of FS,,.

Given a partition A - n, the symmetric group S, acts on the set of Young tableaux
of shape A as follows: if c € S, and Ty, = D,(a;;), then 0Ty = D,(c(a;;)). This
action has the property that Ro7, = URTAtfl and C,1, = 0Cr, o~ L. Tt follows that
oer, 0 = ey, .

Proposition 2.4.3. For every Young tableau T) of shape A \= n, the element er, is a minimal
essential idempotent of FS,, and FSyer, is a left minimal ideal of FS,, with character x,. If
Ty and T} are Young tableaux with the same shape, then er, and er; are conjugated in FS,

for some o € S,,; moreover aeTAa*1 = eyT,-

It means that given two tableaux T) and T} of the same shape A, FSyer, = F SneTx,
as S,,-modules.

Proposition 2.4.4. If Ty, ..., T;, are standard tableaux of shape A, then 1,, the minimal
two-sided ideal of FS,, corresponding to A, has the decomposition 1, = @fi 1 FSuer,.

Now we are ready to introduce an action of the symmetric group S, on the space
of multilinear polynomials in # fixed variables.

Lemma 2.4.1. Let M be an irreducible left S,-module with character x(M) = xa, A I n.
Then M can be generated as an S,-module by an element of the form er, f, for some f € M
and some Young tableau T) of shape A. Moreover, given a Young tableau T} of shape A, there
exists f' € M such that M = FSyer; f'.

Proof. We remind that FS,, = @ykn I, where I, is the two sided ideal FS, corre-
spondent to y and

FS,= @  FSper,
ubn,Tystandard

by Proposition 2.4.4. Since M = FS, M, there exist y - n, T, standard and f € M
such that 0 # FSyer,f C M. By the irreducibility of M we get FSyer, f = M. Since
X(M) = x), we obtain that A = . Finally, if T} is a Young tableau of the same shape,
then er, = oer:o~' and ¢ = ver; f/, where f' = o1 f. O

By the previous lemma, we get that, given a partition A - n and a Young tableau
T) of shape A, an irreducible S,-module M such that x(M) = x, can be generated
by an element of the type e, f, for some f € M. By the definition of Rt,, V¢ € Rp,,
we get that cer, f = er, f, i.e., er, f is stable under the action of R, .
We introduce
Py = span{x,(1) - Xo(n) : T € Sn},

the vector space of multilinear polynomials in x4, .. ., x, in the free algebra F(X).
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In particular, it is possible to define a left action of S, on P,, defined in the follow-
ing way: if f(x1,...,x,) € Py, 0 € Sy,

U'f(xl,. . .,xn) = f(xg(l), .. .,xa(n)),

that is o acting by permuting the variables.

Now, consider a Pl-algebra A and its T-ideal Id(A). In the previous section we
prove that Id(A) is determined by its multilinear polynomials if charF = 0. Hence it
suffices to study the multilinear identities of A, that is the space P,N Id(A).

We remark that T-ideals are invariant under the permutation of the variables,
then P,N1d(A) is a left S,,-submodule of P,. Therefore

Py

Pa(4) =5 N1d(A)

has an induced structure of S,-module.

If F(X) is the free algebra of countable rank on X = {xq,x2,...}, P,(A) is the
space of multilinear elements in the first n variables of the free relatively algebra
F(X)/1d(A). If V = var(A), we write P, (V) = P,(A).

We describe the structure of multilinear identities in the language of the action
of S,,. The next theorem follows from Lemma 2.4.1.

Theorem 2.4.3. For any multilinear f € P,, there exists a finite set of polynomials g1, . . .,
g € Py and partitions A(1), ..., A(r) of n such that we write FS,, f = FSper,, &1+ +
PSneT/\mgr.

Proof. We write M = FS,,f and we consider the decomposition M = M; @ - - - & M,
in the sum of irreducible S,-modules. By Lemma 2.4.1, there exist g1 € My,...,r €
M, and Young tableaux TA(l), eeey TA(V) such that we have that M; = FSneTm)gl, een,
M, = FSnengr. O

2.5 Sequences associated to a T-ideal

In 1987 Kemer [30] proved in the affirmative the Specht conjecture [45]: in charac-
teristic zero, every proper T-ideal of the free algebra is finitely generated. However
the generators are known only in very few cases and the problem of finding them
is still open. So, we study three sequences associated to a T-ideal: the cocharacter
sequence, the codimension sequence and the colength sequence. Indeed, the explicit
computation of these sequences for a given algebra gives us some information about
the T-ideal Id(A) of a given algebra A. In this section we introduce these sequences
and finally we present the explicit computation of the T-ideal and its sequences for
two particular Pl-algebras.

2.5.1 Cocharacters

Definition 2.5.1. For n > 1, the S,-character of P,(A) = Pn%gl(A) is called the n-

th cocharacter of A and it is denoted by x,(A). Moreover, we write {x,(A) },>1 the
sequence of cocharacters of the algebra A.

If we decompose the n-th cocharacter into irreducibles, we obtain

XVI(A) = Z MAXA,
AbFn
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where x, is the irreducible S,-cocharacter associated to the partition A ~ n and
m, > 0 is the corresponding multiplicity.

Theorem 2.5.1. Let A be a Pl-algebra with n-th cocharacter x,(A), given by

xn(A) =) maxa. (2.2)
Abn
For a partition u \= n, the multiplicity m,, is equal to zero if and only if for any Young tableau
T, of shape y and for any polynomial f = f(x1,...,%u) € Py, the algebra A satisfies the
identity er, f = 0.

Proof. Consider the decomposition FS, = @), I, P = Q@ J, where Q = P,N
Id(A) and | = Py(A) = anl;igl(A). We fix some p = n. Then m;, = 0 in (2.2) if and
only if [,] = 0. On the other end, the equality I,] = 0 is equivalent to the inclusion
I,P, € Q. Since I, is the sum of all left ideals F SneTy, the inclusion I,,P, C Q takes
place if and only if er, feQ,forall f € P, ie, er, f = 0is an identity of A. O

2.5.2 Codimensions and colengths

We remark, by Corollary 2.3.1, that Id(A) is generated, as a T-ideal, by its multilinear
polynomials. Then Id(A) is generated by the subspace (P;N1Id(A)) & (P.NId(A)) &
-+ @ (PyNId(A)) @ ... in the free associative algebra F(X), where P is the space of
multilinear polynomials in the first k variables x, ..., xy, for every k. If A satisfies
all the identities of some Pl-algebra B, then P,N Id(A) O P,N Id(B) and dim(P,N
Id(A)) > dim(P,NId(B)), ¥ n = 1,2,.... Then, the dimensions of the spaces P,N
Id(A) give us some information about the growth of the identities of the algebra A.

Definition 2.5.2. The non negative integer

cn(A) = dim (2.3)

P, N1d(A)

is called the n-th codimension of the algebra A. Moreover, we denote by {c,(A)}n>1
the codimension sequence of the algebra A.

It follows that dim (P,NId(A)) = n! — c,(A).

We remark that if A is an algebra, A is a PI-algebra if and only if ¢,(A) < n!, for
somen > 1.

If V is a variety of algebras and V = var(A), then we define ¢, (V) = ¢, (A).

Example 2.5.1. Let A be a nilpotent algebra with A™ = 0. Then c,(A) =0,V n > m.
Example 2.5.2. If A is a commutative algebra, then ¢,(A) <1,V n > 1.
Finally, we define the following sequence.

Definition 2.5.3. If charF = 0 and x»(A) = Y-, maxa is the decomposition of
xn(A) in irreducible characters of S,;, then

L(A) =) my (2.4)

AFn

is called the n-th colength. We denote by {I,(A)},>1 the sequence of the colength of
the algebra A.
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In particular, 1,(A) counts the number of irreducible S,-modules appearing in
the decomposition of P,(A).

As done for the codimensions, if V is a variety of algebras, we write [,,(V) =
I,(A), where A is an algebra generating V.

Example 2.5.3. Let A be a non nilpotent commutative algebra. Then ¢, (A) = 1 and
I,(A)=1,Vn.
2.5.3 Particular examples

Now we present two important theorem which present the generators of the T-
ideal and the explicit computation of the cocharacter, codimension and colength
sequences of two algebras.

The first theorem is about the algebra of upper triangular matrices of size two.

Theorem 2.5.2 ([35, 7]). For A = UT,(F), the algebra of 2 x 2 upper triangular matrices
over a field F of characteristic zero, the following hold:

1. The T ideal of the polynomial identities of UT,(F) is generated by the polynomial
[x1, x2] [x3, x4].

2. cuy(A) =2""1(n—-2)+2

3. Xu(A) = Laryn maxa, where the only nonzero multiplicities are m, = 1, m 1) =
ﬂ’l()\h/\zll) = /\1 — /\2 —+ 1.

4. 1,(A) =in®+3n+4.

The following theorem concerns the Grassmann algebra G.
First, we define the infinite hook.

Definition 2.5.4. Given the integers d,! > 0, the infinite hook H(d, 1) is defined as
H(d,l) = Un21{)\ = (/\1,)\2,. . ) Fn | /\d+l S l}
We say that d is the hand and I is the foot of the hook.

We write A € H(d,I), if the Young tableau corresponding to the diagram D)
is contained in the hook of hand d e foot I. Moreover, if V is an S,-module with
X(V) = Yar, maxa, we write x(V) € H(d,I) if A € H(d,I), for any partition A such
that m, # 0.

Theorem 2.5.3 ([33, 41]). For the infinite dimensional Grassmann algebra G over a field of
characteristic zero, the following are true:

1. The T-ideal of the identities of G is generated by the polynomial [[x1, x2], x3].
2. Cn(G) - 2”71.

3. Xn(G) = Larn, reH(1,1) X2+

4. 1,(G) =n.
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Chapter 3

Polynomial identities satisfied by
the algebra of 3 X 3 matrices with
orthosymplectic superinvolution

This chapter is devoted to the results obtained during my PhD which can be found
in [1]. In particular, it deals with the study of the polynomial identities satisfied by
the algebra M3(F) endowed with the orthosymplectic superinvolution *. The rep-
resentation theory of the group H, = (Z, x Z;) ~ S, has a prominent role, since
we decompose the space of multilinear *-identities of degree n into the sum of irre-
ducibles under the H,-action in order to study the irreducible characters appearing
in this decomposition with non-zero multiplicity. Furthermore, by using the rep-
resentation theory of the general linear group, we determine all the *-polynomial
identities of M »(F) up to degree 3.

3.1 Superalgebras with superinvolution

In this section we present the superalgebras endowed with a superinvolution and we
give all the definitions concerning the PI-theory regarding this particular structure.
Throughout the chapter F will denote a field of characteristic zero.

Definition 3.1.1. An associative algebra A is a Z,-graded algebra or a superalgebra if
it has a vector space decomposition A = Ay @ A; such that AgAo + A1A; C Apand
AgA1+ A1Ag C A;.

The elements of Ay and A; are called homogeneous of degree zero (or even degree)
and of degree one (or odd degree), respectively.

Definition 3.1.2. Let A = Ag @ A; be a superalgebra. A superinvolution on A is
a graded linear map * : A — A, i.e.,, a map preserving the grading, such that
(a*)* = aand (ab)* = (—1)1“l1lp*a* where |c| denotes the homogeneous degree of
the element ¢ € A.

A superalgebra endowed with a superinvolution is called a *-superalgebra. Since
charF = 0, the *-superalgebra can be written as

A=A ®A; AT DA,

where, fori =0,1, A* ={a € A;|a* =a}and A; = {a € A|a* = —a} denote the
sets of homogeneous symmetric and skew elements of A;, respectively.

Let X = {x1,x2,...} be a countable set of non-commuting variables. We write
X = Y U Z as disjoint union of two infinite homogeneous subsets Y = {y1,y2,...}
and Z = {z1,2,... } of degree 0 and 1, respectively.
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We denote by F(Y U Z) = Fy & F1 = (y1,21,Y2,22,...) the free associative su-
peralgebra on the countable set Y U Z over F, where the variables of Y and Z are
even and odd, respectively. Here Fy and F; are the subspaces of F(Y U Z) spanned
by all monomials having an even or an odd number of variables of Z, respectively.

Moreover, if we write each set as the disjoint union of two infinite sets of sym-
metric and skew elements, respectively, then we have the free x-superalgebra

F(YUZ, %) = F(y{,y1,2{ 20, Y3 /Y223 1231+ )

where y;" = y; +y; denotes a symmetric variable of even degree, y; = y; —y; a
skew symmetric variable of even degree, z;" = z; + z} a symmetric variable of odd
degree and z; = z; — z; a skew variables of odd degree.

We say that f(y{,..., v, vy, w2l o220, 25) € FYUZ, %) is a -

identity of A, and we write f = 0, if

+ + - + - _
flul, oo uy,uy, iy, 0,00 ,07,...,05 ) =0,

forallu,...,u;f € Aj,uy,...,u;, € Ay, vy,..., 00 € Af,vy,...,0; € A].
We consider the set of all x-identities of A

Id5(A) ={f € F(YUZ,%): f=0o0n A}

which is a T;-ideal of F(Y U Z, ), i.e., an ideal invariant under all graded endomor-
phisms of the free superalgebra commuting with the superinvolution x*.

It is well known that in characteristic zero every *-identity is equivalent to a
system of multilinear x-identities. We denote by

P, = spanp{wg(l) e W) |oc €S, w; € {y;r,yi_,z;’,zi_}, i=1,...,n}

the space of all multilinear *-polynomials of degree n in y{, y;, 2}, 21, .-, ¥\, Y,
zy, z,; . Then, the study of Id}(A) is equivalent to the study of P; N Id5(A), Vn > 1.
Now, we consider the group

H, = (Zz X Zz) ~ S, = {((gl,h1>,...,(gn,]’ln); 0') : (g,‘,hl') € (Z2 X Z2), (S Sn},

with multiplication given by

((81,11), -, (gn hn); @) (a1, b), - -, (an, bu); T) = ((§1,711), -, (§n, n); 0T),

where 8i= 8ifo—1(i) and }_Zi = hibafl(i)/ foralll <i<n.
If we write Z, X Zp = {1,*} x {1,{} = {1,%,{, *x(}, we get H,, acting on the left
on P; by setting, forany h = (ay,...,a,;0) € Hy:

Yy =y hy = {%@' ifa, € {LE}
i o (i) i ~Yotiy if ay;) € {*,*(}

ht — Zoiy iAo € {1 %} 1y — 4 Pty o) € {1 +E}
l _Z;r(z')’ if a,;y € {C,xC} ' —2,0 i ag() € {*,C}

foranyi=1,...,n. Since P; N Id}(A) is invariant under this action,

Py

Pa(4) = Pi N 1d3(A)
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has a structure of H,-module, for all n > 1. Its character, x}:(A), is called the nth
s-cocharacter of A and the sequence {x;;(A)},>1 is the x-cocharacter sequence of A.

Let n > 1 and write n = ny + np + n3 + ng. We define (n) = (ny,na,n3,ny),
a composition of 7, as a sum of four non-negative integers. We say that (A) is a
multipartition of n = ny + ny + n3 + ng, and we write (A) F (n) (or (A) + n), if
(A) = (A(1),A(2),A(3),A(4)), with A(i) Fn;, i =1,...,4.

Since charF = 0, there is a one-to-one correspondence between the irreducible
H,-characters and the multipartitions (A) I n. More precisely,

Xn(A) =) mpxoy (3.1)
(A)n

where X, is the irreducible IH,-character associated to the multipartition (A) with
corresponding multiplicity m ) > 0.

For (n) = (ny,ny,ns,ny) fixed, let Py nynn, C P be the vector space of the
multilinear *-polynomials in which the first n; variables are symmetric of degree
zero, the next n, variables are skew of degree zero, the next n3 variables are sym-
metric of degree one and the last n4 variables are skew of degree one. The group
Sny X Spy, X Spy X Sy, acts on the left on the vector space Py, u, 1,1, by permuting
the variables of the same homogeneous degree which are all symmetric or all skew
at the same time. So S,, permutes the even symmetric variables, S,, permutes the
even skew variables, S,, permutes the odd symmetric variables and S, permutes
the odd skew variables. In this way, Py, u,u,n, becomes an Sy, X Sy, X Sp; X Sp,-
module. Since Py, 15,1, N 1d*(A) is invariant under this action, we get that

1 ny,np,n3,ny
l) 4 1,112,113,
11, 12/”3;”4( )

P?l1,7’l2,1’13,1’l4 N Id; (A)

has a induced structure of S,;; X Sy, X Sy, X Sy,-module. We denote by X, ny,ns,n, (A)
its character, which is called the (11, ny, n3, n4)-th cocharacter of A.

Since charF = 0, then by complete reducibility, we write it as a sum of irreducible
characters:

Xy (A) = Y Wnxa1) @ @ Xaa), (3.2)
(Mbn

where 77,y > 0 is the multiplicity of x(1) ® -+ - ® Xa(4) I Xnymy,m3,m5 (A).
By a generalization of [11, Theorem 1.3], we obtain the following.

Theorem 3.1.1. In the decompositions given in (3.1) and (3.2), myy = 1y, for all (A)
.

In particular, if A is a finite dimensional algebra with dimAO+ =d;, dimA; = d,
dimAT =ds, dlmAl_ = dy,

X:;(A): Z M X(A),
Abn,
h(A(l))Sill,> h(A(2))<dy, (3.3)
h(A(3))<d3, h(A(4))<d,

where, for i = 1,...,4, h(A(i)) denotes the height of the partition A(i) (see [11,
Lemma 1.2]).

Now, for m > 1, let F,, = F,(Y UZ, x) be the space of *-polynomials in the
variables i, ..., Y, Y1, oo Y 21 oo 2 20 oo 2y Let Vi = spane{y ...y
Vo =spane{yy, ..., Ym}, Vs = spanp{z{,...,z}} and V4 = spanp{z{,...,z,}. Then
the group GL(Vi) x GL(Va) x GL(V3) x GL(Vy) & GL% = GLy X GLyy X GLy X
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GL,, acts naturally on the left on V; & V, & V3 @ Vj and this action can be diagonally
extended to an action on F,,. Here GL(V;) is the group of all the automorphisms of
the vector space V; and GL,, denotes the general linear group of degree m.

Consider F, the subspace of all homogeneous *-polynomials of F,, of degree
n > m which is a GL},-submodule of F,,. Since F is a GL},-module and F N Id3(A)
is invariant under this action,

o
FL(A) =

m(4) ErnIdi(A)
has a structure of GL},-module and we denote by ¢;;(A) its character.

There exists a one-to-one correspondence between the irreducible GL},-charac-
ters and the multipartitions (A) = (A(1),...,A(4)) of n, where the A(i)’s are parti-
tions with at most m parts,i = 1,...,4 (see [10, Theorem 12.4.4]).

Hence denoted by ¢, the irreducible GL# -character corresponding to the mul-
tipartition (A), we have:

Pu(A) = Py, (3.4)
(A)Fn,
h({A))<m

where 1713y > 0and h((A)) = max{h(A(i)), i =1,...,4}.
For an extension of the result in the involution case (see [13, Theorem 3]), we get
the following.

Theorem 3.1.2. In the decompositions given in (3.1) and (3.4), m,y = 11y, for all (M) En
such that h((A)) < m.

We recall that an irreducible GL%-submodule W of Fi(A) is generated by a
non-zero *-polynomial f,, called highest weight vector associated to the multiparti-
tion (A) (see [10, Theorem 12.4.12]).

A multitableau T(yy = (Tyq), Tar2), Ta), Tas)) is a 4-tuple of Young tableaux
Ty@), 1 < i < 4. The multitableau T\yy = (Tyq), ..., Ty(4)) such that 1,...,n are
inserted, in this order, from top to bottom, from left to right, column by column,
from the tableau TA(l) to the tableau T/\(4) is called initial multitableau of shape ().
The initial multitableau is a standard multitableau, that is, each Thpy, i=1,...,4
is a standard Young tableau. The highest weight vector associated is called initial
highest weight vector and it is given by

A1) A(2)
fry = 11 Stian W1 - Yiaay) H Stia@) W1+ Yia2)) (3.5)

A(3)1 A4)
1—11: Sth,-()x(3))(z1+/ - ’Z;l;()L(?)))) H Sthi(A(4))(Z;f - ’ZI;[(A(AL)))’
1= 1=

where 1;(A(j)) is the height of the ith column of the Young diagram corresponding

to the partition A(j), A(j) is the first element of the partition A(j), forallj =1,...,4,

and St,(x1,..., %) = YLges, 581(0)Xp(1) - - - Xg(y) is the standard polynomial of degree r.
For a fixed multitableau T, we denote by fr,, = fT<A> o1 the highest weight

vector associated to T(,), where ¢ is the only element of S, transforming T< Ay in Ty
and S, acts on the right on F}; by permuting places in which the variables occur.
From [37, Proposition 15], we have the following
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Proposition 3.1.1. Forall (A) = n, f(,) can be expressed uniquely as a linear combination
of vectors fr, , where T,y is a standard multitableau.

Theorem 3.1.3. [10, Theorem 12.4.4] In the decomposition (3.4), 1,y # 0 if and only if
there exists a multitableau T,y such that fr, ¢ I1d5(A). Moreover, 1,y is equal to the
maximal number of highest weight vectors fr,, ¢ Id;(A) which are linearly independent
in ElL(A).

3.1.1 Algebra of 3 x 3 matrices with orthosymplectic superinvolution
In this subsection we introduce the particular algebra which is the object of our stud-
ies.

Let M,,(F) be the algebra of n x n matrices over a field F of characteristic zero. It
is well known that, up to isomorphism, a Z,-grading on M, (F) is given by

maer={( 5 9)}e{(2 1)}

wheren =k+hand X,Y,Z, T arek x k, k x h, h x k and h x h matrices, respectively.
In case h = 2l it is possible to define a superinvolution osp, called orthosymplec-
tic superinvolution, as follows:

XY\ (L o\N'/X =Y\ /(L o\ (Xt ZzQ
(z1) =(s0) (z7)(sa)-(av are)
0

- 0
We consider the particular casek =1and ! = 1:

alb c
M;»(F) = die f |labecdef,ghicF
glh i

alb ¢\ a ‘ —g d
die f = c | i —f 1.
g|h i ~b|—-h e

In this case, if we denote by ¢; ; the usually elementary matrix,

where I} is the k x k identity matrix, Q = ( ) and t is the usual transpose.

and

(Mip(F))g = spangf{en,en +ess}, (Mio(F))y = spanp{exn — es3,e23,63},

(Mi1p(F)){ = spanp{ein —es1, e13 +en}, (Mip(F)); = spanp{ern + e31, e13 — ea1}.

Since
dlm(MLQ(F))(—)‘r = 2, dll’n(Mllz(F))?— = 2,
dim(M;5(F))y =3, dim(Mi2(F)); =2,
then, by (3.3) we obtain
Xn(Mi12(F)) = )y M X (A)- (3.6)
(A)n
h(A(1))<2, h(A(2))<3
h(A(3))<2, h(A(4))<2
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3.2 Classifying the x-identities of degree < 3

The first result concerns the x-identities of M, (F) of degree < 3. In this section we
show how we determine them all through the representation theory.

We recall that, if we consider an algebra A with involution ¢, (A, ¢), we denote
by F(X, ¢) the free associative algebra with involution generated by X = {x1,x2,... }
over F. So, an element f(x, xf, R xﬁ) € F(X, ¢) is a ¢-polynomial identity for
Aif f(ay, a‘f, e,y a‘P) = 0 for all substitutions a4, ...,a, € A. Then, we define also
as Id(A, ¢), the set of all p-polynomial identities of A, that is a T?-ideal of F(X, ¢),
i.e., an ideal invariant under all endomorphisms of F(X, ¢) commuting with ¢.

Notice that ((My2(F))o,0sp) = (F @& Ma(F), ¢s), as algebras with involution,
where ¢ is defined as ¢s(b + B) = b+ B® with s the symplectic involution on M (F),
since ((Mi,(F))o, 0sp) is in particular an algebra with involution. So we obtain that

Remark 3.2.1. Id((Mj,(F))o,0sp) = Id(Ma(F),s).

Given *-polynomials fi,..., fi € F(Y U Z, ), we denote by (f1,..., fi)r; the T;-
ideal of F(Y U Z, *) generated by fi, ..., fj. We recall that a *-identity g is a conse-
quence of the x-polynomial identities f;, withi =1,...,1,ifg € (f1,..., fl>Tz*'

By [34, Theorem 1], we know that Id((Mz(F),s)) is generated, as a T?-ideal, by
[y, x] := yx — xy, where y denotes a symmetric variable and x denotes any variable
in X. Hence we get.

Remark 3.2.2. Every *-identity on variables of degree zero follows from the *-identi-
ty [y",y], where y denotes a variable of homogeneous degree zero.

Now, we prove the following.

Remark 3.2.3. If f is a *-identity of My, (F) of degree 2, then f = a[y; ,y, ] or f =
alyt,y~], witha € F.

Proof. Since F is an infinite field, every T;-ideal is generated by its multihomoge-
neous *-polynomials (see [20, Theorem 1.3.2]). Hence, we may assume that f is a
multihomogeneous *-polynomial of degree 2. If f is a x-identity on variables of de-
gree zero, the result follows from Remark 3.2.2. Now, assume that at least one vari-
able of degree one appears in f. It is easy to see, by making suitable evaluations of
the variables of all possible *-polynomials, that f must be the zero x-polynomial. [

We will establish a relation between x-identities of M »(F) in terms of variables
inZ"andinZ~.
We define the algebra isomorphism ¢ : F(Y U Z, %) — F(Y U Z, %) given by

o) =y vy )=y, 9z )=z, ¢z7)=z".
We let ¢ : My(F) — M »(F) be the linear map defined as the extension of

€11 > €11, €12 = €12, €21 k> —€21, €22 > €22, €13 > €13, €31 = —€31, €23
€23, €32 > €33, €33 > €33.

Remark 3.2.4. We observe that ¢ is a linear isomorphism such that
P[(Mi2(F))g] = (Mia(F))g; @[(Mia(F))g ] = (Mia(F))g

@[(M12(F)){ ] = (Mi2(F))y; @[(M1a(F))7] = (Mia(F))7
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Now, the following result holds.

Theorem 3.2.1. Let f € F(YUZ,*). Then f € Id5(Mi(F)) if and only if §(f) €
Id; (M (F)).

Proof. It can be proved as an extension of [9, Corollary 3.6]. ]

Remark 3.2.5. From now on, we write the symbols~and:in order to indicate alter-
nation on a specific set of variables.

For example, if we write %1%1x4%,%3%,, its corresponding *-polynomial is the
following;:

E Sgn(U)Sgn(T)xa(l)xT(l)x4xo(2)xU(3)xT(2)'
(7653,’(652

For any multipartition (ny, na, n3,n4) = 3, we define W as the subspace

11,112,113,114)
of F}, formed by multihomogeneous *-polynomials of total degree n; in the vari-
ables y{,y5,y3, of total degree n, in the variables y;, y, , y5 , of total degree n3 in the
variables z{, z;,z3 and of total degree ny4 in the variables z| ,z, ,z; . We can act on
1d5(M1,2(F)) 0 Wiy, iy mamg) With GLy; X GLyy X GLyy X GLy, and let Id5 (M2 (F)) N
Wi nanang) = D@ my A>W<)‘> be the decomposition into irreducible submod-
ules, where W) is the irreducible submodule corresponding to (A) generated by
the highest weight vector f,).

Next we shall determine the exact value of 1, as follows. According to Propo-
sition 3.1.1, any highest highest weight vector f,) can be written uniquely as a lin-
ear combination of highest weight vectors fr,, corresponding to standard multi-
tableaux. So, we write this linear combination explicitly and we evaluate it into 3 x 3
generic matrices with superinvolution by imposing that it must be a *-polynomial
identity of the algebra M;j,(F). We obtain a system where the coefficients of the
linear combination are the unknowns. It can be completely solved by making evalu-
ations of the generic matrices with superinvolution in M; »(F). Then we prove that
we obtain x-identities of the algebra. If we obtain different highest weight vectors
corresponding to the same multipartition, we check that they are linearly indepen-
dent. The maximal number of linearly independent highest weight vectors will be
the multiplicity of the corresponding GL,, X GL,, X GL;; x GLy,-module.

Let us explain with an example. Consider the composition (2,1,0,0) + 3. We
have the multipartitions (A1) = ((2),(1),@,®) and (A2) = ((1,1),(1),D2,D).

For (A1) = ((2),(1),0,D), we have the following standard multitableaux:

(1112]). (3], 2.9).([1]3].[2] @, 2) and ([2]3].[1], @, ©),

with highest weight vectors given by:
fro, = WDv1, fr,,(3) 7 =yiyryl and fr (123)70 =y (y])%

For (A7) = ((1,1),(1),®,@), we have the following standard multitableaux:

1 1 2
<,,@,@>,<,,@,@> and <,,@,@>,

with highest weight vectors given by:
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We consider the decomposition
1d3(Mi2(F)) NWa1,00) = pIV(ED22) g g, wL1.02)

and now we compute the multiplicities 1 and 5.

The highest weight vector which generates W((2(1).2.2) jg foyy = a(yy )2y, +
woy Y7 yT + asyy (v7)? that belongs to Id; (M (F)), for some ay,ap, a3 € F. Con-
sidering the substitutions " = ex + ez and y; = ex3, we get (a1 + ap + az)exs = 0,
which implies that az = —a; —ay. It follows that £,y = a1 [(y] )2 vy ] +a2lyi, y7 v7 |-
We notice that [(y;")?,y; ] and [y], y; y{] are *-identities and that they are linearly
independent, since, if we write a1[(y])?, ;] + a2ly], y7y{] = 0, it follows that
a (Y )?yy + (—a1 — a2) (v (y)?) + a2y vy = 0, which implies that a; = ap = 0.
So we get f1 = 2.

The highest weight vector which generates W((1:1).(1.2.2) jg fon) = wafl Ja Y] +
a5 Y1 Ty + aey U1 J; € Id5(Myo(F)), for some ay, a5,a6 € F. We observe that
Ti vy =iy lyy =0andy 77, =y [y),y;] =0, because [y}, y; | = 0. Itis
clear that also 7, y; 75 = 0. Analogously to the previous case, these three identities
are also linearly independent, so B, = 3.

In conclusion:

?,0)

Id3(My2(F)) N Wig100) =2 2WRHD22) gy 3y (1)1 20)

with
fow = @20 ) iy = Wiyl
and
fooy =W vdlve, foy =0vids, finy =vlvi vl
Proceeding in the same way for the remaining compositions of 3 and their corre-
sponding multipartitions, we get the following.

Theorem 3.2.2. The following decompositions are valid:

(1) 1d5(Mi2(F)) N Wi30,0,0) = 2W(2D.002) ¢ W().22D) with highest weight vec-
tors

f(’(z,l),@,@,@) i vl £

21,00, ) ylylyz = [(1)> 3],
fimooe) =TT =

1),

73 = Sts(y{ v, Y3 )

(2) 1d5(Mi2(F)) N Wg30,0) = W(@@2D.29) with highest weight vectors
feense) =hvid =15y

(3) Id3(Mi(F)) N Wiaa00) = 2W(@122) ¢ 3w ((.(0.22) with highest weight
vectors

flemeo =1V flgnee =l vyl
Ravmos = W51 fleyaee = WY 73
fltmem) = v i vzl



3.2. Classifying the x-identities of degree < 3 25

(4) Id5(Mio(F)) N W0 = 2WDR22) g ow((WO)22) with highest weight
vectors

§%y v (v )2, f(lzl),(z),@,@) =y vyl
f(/(l),(p),@,@) [yﬂy"{y";L f(,zl),(lz),@,@) =1 [y+ry~£];

(5) Id5(Mi2(F)) N Wia0,10) = 2W(()2.0).2) with highest weight vectors

f(,(lz),@,(l),@) = [yf,y?]z*, f(/212) 2,(1),2) — Z+[yf']/2+]/

%y

(6) Id;(Mi,(F)) N Wigg01) = 2W(()22M0) with highest weight vectors
flyooay =W vz flineen) =2 Wi v )
(7) 1dy(Mi2(F)) N Wi 1,1,0) = 2W D) with highest weight vectors
Ramme =W5y7125% flaya,me =2 5yl
(8) 1dy(Mi2(F)) N W10,y = 2WO-D2W) with highest weight vectors

fomeay =Wy 27 flymeay =2 W5yl

(9) Id5(Mio(F)) N W00 = WW2R212) g WW202.2) with highest weight vec-
tors

fe@e = v )2,

fie e = v 2 2]

(10) Id3(Mya(F)) N W02y = W(D222) @ WD22.0%) with highest weight vec-
tors

fieoe) =y (7)),

fiveen) =l 2124 )
(11) 1d3(M12(F)) N Wi 91,1) = 2W(M2W.(N) with highest weight vectors

f(l(l),®,(1),(1)) =[y*,ztz7], f(/zl)@,(l),(l)) = [yt,z7z");
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(12) 1d3(M12(F)) N Wig30) = W(@2.3).2) g W(@2.).2) with highest weight vectors

f (©,2,(3)0) = <Z+>3/
foo,w)0) =2 2325 = Sta(2],23,23);

(13) 1d3(Mio(F)) N W03 = W@220) ¢ W@22%) with highest weight vectors

fooo,6) = (z7)%
fooo03) =21 225 = Sta(zy,25,23);

(14) 1d3(M12(F)) N W10 = W(@@.1W)2) g W@).(WD) with highest weight vec-
tors

fo,2),0)0) = yzty,
fo,02),0)0) = J1 271,

(15) 1d3(Mio(F)) N Wiga01) = W@@2M0) g W@ )2W) with highest weight vec-
tors

foo0) =Yz Y,
foa)00) =012 Uy’

(16) 1d3(M12(F)) N Wig1.20) = 2W@W.(2.9) with highest weight vectors
s+st

flom,me =8V 2 fomane =V 22

(17) 1d3(M12(F)) N Wig1,02) = W@ MW2.0%) with highest weight vectors

foman) =hY & fowen) =V A%l

(18) 1d3(M12(F)) N W01y = W(@2.2).1) g W@2.02).() with highest weight vec-
tors

)= (2122 —ztz 2zt +27(21)?,

—ststo— 4 sto—st | —stat.
foom),n) =822 +2{z2 2, +27 2%

P
Q
S
=
N
»
N >~
P
=

1

(19) 1d3(Mio(F)) N Wgg1,) = W@2M2) g W@2W.0%) with highest weight vec-

tors
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foom,e) = (2 )2zt —z 2tz +27(27),
floo0),12) = ZrZ 2t + 27z 2y +2tE 2

(20) 1d3(M12(F)) N2W(g11,0) = W@ M.()MN) with highest weight vectors

flomman =2V 7 +2y 25 flgayaay = bz ozl
Now, we consider the following set:

— {1+ — — == + 4o+ ot ot o+ N
Z={ly"yl, ylz+y2' +3/12 Yo, 7 Zz+za++zzz3+21 tZ3Z1 Zz+f +Zl ZyZ3 +
S S mps R - - - — =t _
Zy 2321 + 232124, zly+zz, zl+y Z,y, ziz z Z5 2 zl+—|—z Z{Zy, 2{2,2

zyztzy +z%z7z,, ztyTzm +z7yzT )

It is easy to prove that each *-polynomial of this set is a *-identity of M, (F),
then 7 Q Id;(MLZ(F))

Theorem 3.2.3. Let f € Id;5(Mio(F)) of degree < 3. Then f is a consequence of *-
polynomials in the set I.

Proof. It is obvious that M »(F) does not satisfy any *-identity of degree 1. If f has
degree 2, by Remark 3.2.3, any *-identity follows from [y}, ;] and [y, y~] which
are consequences of [y, y] and we are done in this case. Now assume that f has
degree 3 and that f is multihomogeneous, as we may. So, f € W, 4, 1, n,), fOr some
composition (17, 1y, n3,14) of 3. In order to complete the proof we shall show that
any highest weight vector corresponding to the multipartition (ny, na, 13, n4) given
in Theorem 3.2.2 is a consequence of the *-polynomials in Z. We enumerate such
highest weight vectors in this way:

@ [y vl

(b) z{z3zf +zy 2z +z4z)z;,

(©) z1zy25 +25,232] +232,2,,

d) y1z7y,,

© y1z7y,,

) 2y 23,

(8) 21y %,

(h) z{zfz" —zyz 7z +z7z 2],

(1) z7zy 2zt —zyztz] + 2127 27,

() 2ty = +zy et

Clearly, if f is a *-identity in variables of degree zero, by Remark 3.2.2, it is a con-

sequence of [y',y]. Hence, the highest weight vectors in (1), (2), (3) and (4) follow
from (a). Also the highest weight vectors in (5), (6), (7) and (8) follow from (a). More-
over, since the product of two variables of degree one is a variable of degree zero,
also the highest weight vectors in (9), (10) and (11) follow from (a). It is immediate
to see that the highest weight vectors in (12), (13), (14) and (15) follow from (b), (c),
(d) and (e), respectively. In (16) and (17) we find the *-polynomials (f) and (g) and

consequences of (a). The highest weight vectors in (18) and (19) follow from (h) and
(i), respectively. Finally, the *-polynomials in (20) follow from (j) and (a). O
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3.3 On the x-cocharacter of M ,(F)

In this last section we present the results about the decomposition of the x-cocharac-
ter of My 2(F) with multiplicity ) # 0. In the end, motivated by some examples,
we give a conjecture regarding the complete characterization of the *-cocharacter of
M (F).

First we recall that

Xn(Mi12(F)) = Z M X (), (3.7)
'7
2, h(A
2, h(A

(A
h(( ))<2,
<2,

where m,y > 0is the multiplicity Correspondmg to the irreducible IH,-character
Xy, with (A) = (A(1),...,A(4)) - n.

In[11, Theorem 4.1b], Drensky and Giambruno determined the decomposition of
the cocharacter of the algebra M, (F) endowed with the simplectic involution. They
proved the following result.

Theorem 3.3.1. The Z, ~ Sy-cocharacter of My(F) endowed with the symplectic involu-
tion s is
Xn (MZ(F)/ S) = Z Arx,uXAur (38)

n=ni+ny,
AbFnq, ‘HFHZ
where A = (A1), p = (p1, po, p3) and ap , = 1.

An immediate consequence of Theorem 3.3.1 and Remark 3.2.1 is the following.

Proposition 3.3.1. If (A) = (A(1),A(2),D,D) in (3.7), then my # O if and only if
h(A(1)) < 1.

Now we consider only the multiplicities m,, in (3.7) with A(2) = A(4) = @.
Proposition 3.3.2. If (A) = (A(1),@,A(3),@) in (3.7), with A(3) = (w1 + wy, wa) # @,
then myy # 0 if and only if wy < 2.

Proof. In order to prove that m,, # 0, by Theorem 3.1.2 and Theorem 3.1.3, we
just need to show that there exists a Young multitableau T()(1)¢,(3),0) such that the
corresponding highest weight vector fr,, s . is not a x-identity for the algebra.
Consider the elements Ry = e11, Ry = e + e33, N1 = e12 — e31, No = €13 + eo1.

First, we suppose /1(A(1)) < 1 and we consider the initial standard multitableau
T( A(1),0,1(3),0) and the corresponding highest weight vector

Fomonme Wi 2028) = (1) 2,251 ()™

Then
fT(A(l)@,A(a),@) (R2, N1, Np) =

(ex2 +e33)"1(2"2e11 + (—1)"2ex + (—1)"%e33) (e12 — €31)™" # 0.
Now assume that #(A(1)) = 2 and distinguish three different cases.

e w =0.
We consider the following standard multitableaux

Taw,orG)0) =
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1 1% . I 1%} + K ‘ o aytaq+1 20+01+3 n—1 %)
aptaq+2 205+, +1 " 2004042 | 200+aq+4 n !
with

+

fT(\()@,\ (y1'y2’21’22) yl :

Then

fT(m) OA(3),0)

where B € {0,2%2}.

b ZU1=1.

U D) g0y 2 e
=
1%) 1%
(R2,R1, N1, No) = £Be11 £ e £e33 #0,

If A(3) I 7, we denote by T, the initial standard tableau on the integers
xy +a1+1,...,& + a1 + r. Consider the following multitableau

Tawore)0) = <

1

oo ...Itxz—l—uq‘

ap+og+r+1

n

with corresponding highest weight vector

famerea

Then

fT(m) 2,1(3),0)

where B € {0,2%2}.

b ZU1:2.

3/1 ’y2’21 129

+

w

Vi
N——

) =gt

F o+

Ui
H,_

(R2, Ry, N1, Np)

W) =0z ]2 g5 -

4

Y -

%)

7 @/ TA(E}) 7 ®>

9 ) e (@ 2) T -0 =
——

a2

= te3 £ Pen #0,

If A(3) - r, we consider the following standard multitableaux

Tawoae)0) =
1 « [t ] o [t wtar+r=3 [ aptag+r-1 [ n | @
aptag+r n—1 T apdag 42 ay+aq+r—2 ’
with
+ e + _Hwa+ s+ A o+
fT(A()®\ (yl,yz,zl,zz) Y1 -~~y1_/(y1) 21,212 §5 -1 2] -

Hence

fTamerme

(RZI Rl/ N]/ NZ)

:|:€32 75 0.

a
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Conversely, we shall prove that if w; > 3 then m,, = 0. By Theorem 3.1.2 and
Theorem 3.1.3, we have to show that for every Young multitableau T,), the corre-
sponding highest weight vector fr,, is a «-identity for the algebra. We distinguish
two cases.

Case 1. A(1) = @.

By the hypothesis, any monomial of fT BOAG has wy, + wq variables z1 and w,

variables 22 , so wy is the difference between the number of variables z1 and the
number of variables z; . For any monomial m in z1 and z;, we define [(m) as the
number of z; in m, k(m) as the number of variables z; inm and d(m) = I(m) — k(m).
It is enough to prove that any monomial m with d(m) > 3 is a *-identity for the
algebra. We shall prove it by induction on k(m). If k(m) = 0, then m is of the type
(z1)"m), I(m) = d(m) > 3, and it is a *-identity, because it is a consequence of the
x-identity (b) of Theorem 3.2.3. If k(m) = 1, the possible monomials m are of the
type (z7)'zy (z)! "~ withi = 0,...,1(m). We observe thatif i > 3 or I(m) —i > 3,
then m is a *-identity, because it contains (z]")? that is a *-identity as we have seen
before. If i < 2 and I(m) —i < 2,since I(m) = d(m) +1 > 4, we have to consider
only the case i = 2 and I(m) = 4. Hence m = (z{ )’z (z{)? and it is a *-identity
because it is a consequence of the *-identity (d) of Theorem 3.2.3.

If k(m) > 1, we assume that any monomial p with k(p) < k(m) and d(p) > 3isa
x-identity and we shall prove that also m is a x- identity. Let m = zm’ or m = m'z;,
where m’ is a monomial with k(m') = k(m) —1,d(m’) = 1(m) — ( m)+1=d(m)+

1 > 4. Since k(m') < k(m), by the induction hypothes1s m'=0andsom = 0isa

x-identity. Suppose m = z{m'z] . Thenif m =z zJ m"z{ or m = zfm" zy z{ , since

;\,./

ris a monomial with k(r) = k(m) —1and d(r) = d(m) > 3, by induction hypothesis,

r= 0 andsom =0isa *—identity Otherwise, if m =z z{ m"z z|, withm” = z{m"

or m" = m"'z}, since (z{)® = 0, we get that m = 0.

So we are left to consider the case when m = z{ z{ z m"'z] z z{|, where r is a mono-
\—,_/

mial with k(r) = k(m) —1 and d(r) = I(m) —2 — k(m) —|— 1=dim)—12>2 1If
d(r) > 3, since k(r) < k(m), by the induction hypothesis, r = 0 and so m = 0.
If d(r) = d( ) —1 = 2 then d(m) = 3 and the number of variables in m" is
I(m") 4+ k(m") = l( ) —4+k(m) =d(m) +k(m) —4+k(m) = 2k(m) — 1. Hence
there is an odd number of variables z;, with i € {1,2}. So, since z; z; zz{ z] =0, as
a consequence of the *-identities (d) and (e) of Theorem 3.2.3, we get that m = 0isa
*-identity.

Case 2. A(1) # @.

More in general, we shall get that any monomial m in even symmetric variables
and in z{, z; with d(m) > 3 is a x-identity. Consider the monomial m(y™, zf,z; ) =
z{ytzy and let by, b, € (Myp(F)){ and a1 = Ben + y(ex + e33) € (M12(F))g - Itis
easily checked that m(ay, by, by) = m'(aj, by, by), where m’ (y*, 2z, 23 ) = zfz?y* and
ay = yen1 + B(ex + e33). Hence m = 0 if and only if m’ = 0. As a consequence, we
also get that z{ y{ ...y, z; = 0ifand only if z{ z; ¥ ...y;" = 0. By using this prop-
erty, in order to establish whether a monomial in variables y* and z™ is a *-identity,
we may assume that it is of the type yit .. .y;krl 2;1“ . .z;:ylt .. .yf;z, with kq, ko, r > 0.

Now, let m = m(y{,y5 2],z ) withd(m) > 3, then m is a *-identity by the previous
case and the proof is completed. O

By Theorem 3.2.1, we get the following result.
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Proposition 3.3.3. If (A) = (A(1),D,@,A(4)) in (3.7), with A(4) = (o1 + p2,02) # D,
then my # 0 if and only if p1 < 2.

Next we consider the case A(3) # @ and A(4) # @.

Proposition 3.3.4. If (A) = (A(1),D,A(3),A(4)) in (3.7), with A(3) = (w1 + wa, wy) #
@, M4) = (o1 + p2,02) # Dand |wy — p1| <2, thenmyy #0.

Proof. Consider the elements Ry = e11, Ry = exp + €33, Ny = e1p0 — €31, No = eq3 + €21,
P1 = e13 —ep1, P> = eqp + e31. First suppose that w; > p; and distinguish some cases.

e w < 2.
We consider the multitableau

Toamore)na@) = (Taa)y D Tas), Taw),

where T) 4 is the initial standard tableau on the integers 2as + ap + 2wy +
w1 +1,...,nand Ty(;) and T)3) are the tableaux we constructed in the proof
of Proposition 3.3.2 on the integers 1, ..., 2a; + ap + 2w, + wq. Hence

+ gt ot ot ) + ot ot YA (s
fT(A(l),@,A(3),A(4)) (yl rY2,21,25 21,2 ) - fT(A(l)@,A(B),@) (yl 1Y2,21,% )fT,\(4) (Zl ) )'

where fr, o\ (1 Y3 ,2],2; ) are the highest weight vectors obtained in

2,
Proposition 3.3.2. Then, if wy = 0,

fT(A(l),®,A(3),A(4)) (RZ/ Rl/ Nl/ NZ/ pl/ PZ) -

(£Be1r £ ez £ e33)(2P2e11 £ exp £ e33) #0;
if w1 = 1,

fromonsaw (R2 R, N1, Np, Py, Pr) =

(fesr = Be12)(2P2e11 £ exm L esz)(e13 —e21) #0,

where B € {0,2%2};
if w1, = 2,

Framoneae (R2 R, N1, No, Py, Po) = e (2e11 £ exn £ es3) (13 — e21)™ # 0.

LI 3.
Let A(1) = @. First, let w; — p1 = 0 and consider the following multitableau

Toor3)A4) = (D,D, Tra), Taay),

where
T 1] ... ] 2wa—1 | 2041 | 2wy 42 | 2wy +205+4 | 2wy +2p2+6 | | n—2 ‘
)\(3) - 2 2w2
and
T . 2wr+3 co | 2wH200+1 | 2wo 420243 | 2wr+202+5 I .. l n—3 I n—1 l n ‘
MY T oupid | | 2wat20042 '
Then

Foonamay (F 23 210,23) = [21,23 12 (21 )2z, 2, P2 (21 2 )P 2 (21 )?
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and

froopeam (N1 Na, P, Pa) = tess # 0.

If w; — p1 = 1, then we consider the following multitableau

Toor3)r4) = (D,0, Trz), Taw)),

where
1] ... [ 201 | 2wo+1 | 2wy +2 | 2wy +2p7+4 | 2w, +20,+6 | | n—3 | n \
Do =13 2
2
and
To | Zet3 | ... | 20at2pat] | 2wat2rtS | 20pt200tS | [ na]|n2]n1]
M) T owpta | L | 20020012 .
Then
fT(@,(Z),/\(S),A(4)) (ZT’Z;'Z;'ZZ_) = [ZT/Z;]IUZ (ZT)Z[Z;’ZZ—]Pz (Zfzr)pl_Z (21_)22?_
and

froopeam (N1 Na, P, Pa) = tear # 0.

Finally, if wy — p; = 2, then we consider the following multitableau

Toor3)r4) = (D,0, Tz, Taa)),

where
T 1 2wr—1 | 2wp+1 | 2wy +2 | 2wy +2p,+4 | 2wy +2p2+6 | | 2 | n ‘
)\(3) - 2 2w2
and
T . — 20,43 | ... | 2wy420041 | 2wy 420,43 2w2+2p2+5| | n—3 | n—l‘
MY T wgta | ... | 2wat2pmt2 :
Then

fT(Q)/(Z),/\(3)/)L(4)) <ZT/ZZ+/Z;'Z£> = [Z;r’zzr]wz (ZT)Z[Z;,ZE]M <Zle+>p1

and

froopeam (N1 Na, P, Pa) = tesy # 0.

Now, let A(1) # @. First suppose w; — p1 = 0 and consider the multitableau
T(/\(l),@,A(3),A(4)) such that

+ ot ot ot o ) —
fT(A(l),@,A(S),A(4)) (yl 1Y2,21,25,21 /2 ) -

gl 01 ()" 2] 2 172 (2 )Mz 2 P (e 2P 22y 7y -0 21
N—_——

[1%) 115}

Framonene (B2 R1, N1, No, Py, Py) = ess # 0.
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If wq — p1 = 1, then we consider the following multitableau

Tam,or3)a@) = (Taa)y D Tas) Taw).

where

1 ce. | @2 ...|“1+“2‘

Thny =

n—op+1 R

and T)3) and T4 are the tableaux we considered in the previous case on the
integers a1 +a2 +1, ..., n — ap. Hence

+ -+
fT(,\()@/\( (ylfyZ’Zl’ZZ’zl’ZZ)
~t+ S, + o+ o= =\t =+
yl "'yl (yl ) fT(Q,@,A(S),A(4)) (Zl /ZZ le '22 )yz --~y2
N—_—— ~——
1% 1%}

where fT BBMBHAW) (zf,zj /2112y ) is the highest weight vector obtained in the
previous case. Then

framonenw (B2 R, N1, No, Py, Py) = +es # 0.

Finally, if w; — p1 = 2, then we consider the multitableau Ty such that

fT()\()@/\( (yl 'yZ’ZT’Z;’lezz)
g )N 2 S ) ) L 1 () e g
~— N———
1%) 153
Then

fromonenw (R2 R, N1, No, Py, Py) = ez # 0.

By Theorem 3.2.1, the same approach applies in case p; > w;. Now the proof is
completed. m

Now we can ask: is it true that if the multiplicity is different than zero then
|wy — p1]| < 2?2 We consider an easy case in which |w; — p1| > 3.

Example 3.3.1. Let (A) = (©,9,(1,1),(3)) in (3.7). Notice that |w; — p1| = 4. It
is easy to see that for any T (1,1),3)) the corresponding highest weight vector

fT o001, 1S @ *-identity being a consequence of the set of x-identities

{zfzfzf +zfzzf + 23225, 2fy~2), 2f 222727, 27 2f 27227, 27z 227 2] }.
Then m,, = 0 and the same result holds if (A) = (9,9, (3),(1,1)), by Theorem
3.2.1.

Motivated by this example we are led to think that the following conjecture
holds.

Conjecture 3.3.1. Let (A(1),@,A(3),A(4)) in (3.7), with A(3) = (w1 + wa, w2) # @,
A4) = (o1 + p2,02) # D. Then |wy — p1| < 2 if and only if m ) # 0.

Given a real number c, let [c| denote the ceiling of ¢, i.e., the smallest integer
greater than or equal to c.
Now we consider the case A(2) # @ and A(3) # @.
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Proposition 3.3.5. Let (A) = (A(1),A(2),A(3),D) in (3.7), with A(1) = (a1 + ap, a2),
A2) =M +r2+73,72+73,73) D, A(3) = (w1 +wa, wz) # D. If

e w <2o0r
e wy >3andy+72 > [F] -1
then myy # 0.

Proof. Consider the elements Ry = e11, Ry = e +e33, M1 = ex3 +e32, My = €3 — €37,
Ms = ep —e33, N1 = ejp —e31, No = ez + e. First, suppose w; < 2 and we
distinguish two cases.

Let A(1) = @ and consider the initial standard multitableau. Hence

fT(QM(> (y1’y2fy3'21’22> fTA (%r?/zzys)fn (z1,27)
and

r(texn +es3)(e12 —e31)“t #0, if 1 is even,

0 M1, My, M3, Ny, Np) =
fT(®:/\(2)r/\(3)/@)( 1 2 3 2) {r(:l:€23 + 632) (612 — 631)w1 7& 0, if Y1 is odd,

where r = £673272,
Then, let A(1) # @. We consider the multitableau

Tama@3),0) = (Taay Tae)y, Taz), D),

where TA(z) is the initial standard tableau on the integers 1, ..., 3y3 + 272 + 71 and
Ty1) and T)3) are the tableaux we constructed in the proof of Proposition 3.3.2 on
the integers 373 + 272 + 1 +1, ..., n. Hence

fT(A(l),A(Z),/\(S),(Z)) (y?_' y;'yl_'yz_' Y3, Zii_' Z;_> =

o W1 Y2 Y3) fTamoneo W1 Y221 522),
+

where fr,, oo (Vi Ys 21,2 ) are the h1ghest weight vectors obtained in Propo-
sition 3.3.2.
If wy; = 0, then

r(exp £ es3) #0, if ypiseven,

Ry, Ry, M1, My, M3, N1, Np) =
fT(A(l),/\(Z),/\(S),@)( 2, R1, My, M, M3, N1, Ny) {r(ezgj:e32)7é0, if 7, is odd,

if w; = 1, then

res1 # 0, if 1 iseven,

fT(A(l),A(2>,A<3),®) (Ro, R, M1, M, M3, N1, Np) = {1’621 £0, if 7y is odd,

if wy = 2, then

rez; #= 0, if 1 is even,

fT(m),A(z),A(s),@) (Rz, R1, My, Mp, M3, Ny, Np) = {r€22 £0, if s odd,

where r = £673272,

Now, suppose w1 > 3 and y; + 72 > k—1, with [F1] = k. We consider the
Young diagram D)) = D,|Dy, corresponding to the partition A(2), as obtained
by gluing two diagrams D, and D,, where D, is the subdiagram of D, ;) made
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up of v1 + 72+ 73 — (k — 1) columns and D, is the diagram made up of the last
k —1 columns. We also consider the Young diagram D,y = Dg|D; obtained by
gluing the diagram Dy that has w, columns of height two and two columns of height
one and the diagram D; that has w; — 2 columns of height one. We define ¢; as
the number of columns of height i in D,, with t; < «;, for i € {1,2}, such that
t1 +tp = v1 + 72 — (k+ 1). We distinguish the following cases.

® W = 2k.
If 71 > k — 1, we consider the multitableau T, (1) A(2),4(3),0) Such that

T S
fT(A(l),A(Z),/\(3),®) (yl Yo Y1 Y2 Y321 ,2 ) =

T 0" fr, o ve ) fr G D ) A 3w
[1%) a

Then

rezp #0, ify; —k+1iseven,

R/R/M/MIM’N’N =
2, Ry, M1, M, M3, Ny, N») {rezz#(), if y1 —k+1isodd,

fT(,\(l),A(z),A(S)@) (

where r = +673272,

If 0 < 71 <k —1, we consider the multitableau T, (1)1 (2),1(3),0) such that

+):

+ ot u= = y— ot
fT(/\(l),A(Z),/\(3),®) (yl ‘Y2, Y1, Y2, Y3 21,2

70 D) fr, v w3 ) fr (D 20 (v 10D v ys 12
h\,_/
15}
3 05z (yy (20)H)™
N’
151
Then

Frompmame (R2 R, Mi 4+ Mz, Ma, M3, Ni, Np) =

167322+ ey £ 0, if t + t, is even,
:|:6’732%s(622 + €32> # 0, ifty +tisodd,
where s = 3y, — k + 71.

® W = 2k —1.
We consider the multitableau T{ (1) 1(2)1(3),0) such that, if 1 # 0,

) =

+ ot o= = y— ot
fT(A(l),A(Z),/\(3),®) (yl ‘Y2, Y1, Y2, Y3212

g D) fr, (v va v ) fr (2 23 ) (v ya 1 (2)2) 22 (v ()t
an
Yz s s
N——
(15}

and, if y; =0,

4ot o = ot o) —
fT(/\(l),A(z),A(g),@) (yl 1Yo Y1 /Y2, Y320 ,2 ) -
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9T D" fr i ve v ) ) (v 1 (202
;\/_/
a
iyl 3 -0
N—
a
SO,if’)/l Zk_l,
re3y 70, if y1 —k+1iseven,

R>,R1, My, M5, M3, N1, N>) =
FTaac s (Rer Ra, My, Ma, Ma, N1, No) {rez1750, if y1 —k+1is odd

and,if0 <y <k-—1,

fromamame (R R, Mi + Mz, Mo, M3, N1, N) =

16713225 ¢y, #0, if t; + t, is even,
:|:6'732%S(€21 + 631) #0, ifty 4+t isodd,
where r = £673272 and s = 3, — k + ;.

Consider the following example.

Example 3.3.2. Let (A) = (@, A(2), (wy), D), with A(2) = (91 + Y2+ 73,72 + 73, 73)
s, w; >5ands < [3] — 1. Then my = 0, since, for any T;,), each monomial
of fT<A> contains at least three consecutive odd symmetric variables and, so, it is a
x-identity (see Theorem 3.2.3 (b)).

Notice that, if (A) = (9, (1,1,1), (3),@) we also get that m,, = 0, since any highest
weight vector fr,, is a consequence of the following set of *-identities

Wyl dnm a5 vz, 1y, TR
et gzt g2ty 2t et s )
Motivated by the above example, we make the following conjecture.

Conjecture 3.3.2. Let (A) = (A(1),A(2),A(3),Q) in (3.7), with A(1) = (a7 + ap, a2),
A2)=(Mm+12+7372+73,73) # D, A(3) = (w1 + wo, w2) # D. Then

e w < 2or
e wy >3andy+ 72> [F] -1
if and only if m,y # 0.

According to Theorem 3.2.1, if A(2) # @ and A(4) # @, we obtain the following
result.

Proposition 3.3.6. If (A) = (A(1),A(2),@,A(4)) in (3.7), with A(2) = (y1+ 72+
V3,724 73,73) # D A4) = (o1 + p2,02) # D and

* p1 <2or
® 01 >3and y1 + 72 > [%1 —1,
then m,y # 0.
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Now we consider the case A(2) # @, A(3) # @ and A(4) # Q.

Proposition 3.3.7. Let (A) = (@,A(2),A(3),A ( )) in (3.7), with A(2) = (11 + 72+
3,72+ 713,73) #F D, A(3) = (w1 +wy,wp) # D, M4) = (o1 + p2,02) # D and let
I = max{wy,p1}. If

* |wy —p1| <2o0r
* |wy —p1]| >3and y1+ 72 > (%1 -1,
then m ) # 0.

Proof. Consider the elements M; = ex3 + €33, My = €3 — €33, Mz = ex —e33, N =
€1p — és31, N2 = e13 + €71, P1 = €13 — €71, P2 = eq1p + e31. Because of Theorem 321, we
may assume w; > p;. First suppose w; — p1 < 2 and we distinguish two cases.

e w < 2.
If p1 € {0,1}, we consider the initial standard multitableau, then

— = = ot ot o= ) —
fT(@,A(z)/A(g),/\(A;)) (yl 1Yo, Y3,21,22 4,212 ) -

frio W ¥2 93 ) fry ) (20020 ) f1y ) (2122 )-
So,
Froramene (M1, Ma, M3, N1, Np, Py, Py) =
+673272(dep £ e33) (€12 — €31) 1 (2°2e11 £ e T e33)(e13 — 1)t #0, if 7 iseven,
+673272(dep3 T e3p)(e12 — €31) 1 (2%2e11 £ e T ez3)(e13 —e1)ft #0, if 77 is odd.
If p; = 2, we consider the following multitableau
Tora3)A@) = (D, Ta@), Taz) Taw)),

where TA(z) is the initial standard tableau on the integers 2w, +wy +202 +p1+1,...,
n, TA(3 is the initial standard tableau on the integers 1, ..., 2w, + wy and T/\(4) is the

initial standard tableau on the integers 2w, + w1 + 1, ..., 2wy + w1 + 20 + p1. Then
fT((Z),/\(Z),/\(3),A(4)) W1 Y2 5,20 123.21 %) =
fTys (21,2 )fT/\ (210291, W1 2 0 13)

and so,

(Mll MZ/ M3/ Nl/ NZ/ Pl/ PZ)

res3 = 0, if 71 is even,
fToamamae resp # 0, if 71 isodd,
with r = 673272,

® wWp > 3.
We consider the multitableau

Tora3)A@) = (D, Ta@), Taz) Taw)),

where T),) is the initial standard tableau on the integers 1, ..., 33 + 272 + 71 and
T)(3) and T) 4) are the tableaux we considered in the proof of Proposition 3.3.4 on the
integers 33 + 272 + 71 +1, ..., n. Then

fT(GM( fT/\ (Y1, ¥2.Y3 )fT(@,w,/\(s)/)\@)) (z1,23,21,2; ),



Chapter 3. Polynomial identities satistied by the algebra of 3 x 3 matrices with

38 orthosymplectic superinvolution

where fT( z{ .2y ,z1 .z, ) is the highest weight vector obtained in Pro-position
3.3.4.

So, 1fp1 = w1 — 2,

D,0,A(3),A(4)) (

resp #= 0, if 1 is even,

Frion@amauw (M1 Mz, Ma, N1, No, Py, Po) = {rezz #0, if 71 is odd;

ifplzwlfl,

res1 =0, if 1 is even,

Fros@aeaw (M1, Mz, Ms, Ny, No, P, Pa) = {7621 40, if 7y is odd;

1fP1 = w1,

res3 %= 0, if 1 is even,

My, Mo, Ms, N1, Na, 1, P2) = {reze, 40, ifyisodd

fTormmemm

with r = 673272,

Now, consider the case wy — p1 > 3,501 = wy and 71 + 72 > k— 1, with [%1 =k.
We consider the Young diagrams D, ;) = D,|D, and D, 3, = Dg|D; as in the proof
of Proposition 3.3.5 and D A4) = D¢|Dy, such that D is the subdiagram of D A4)
made up of the first p» columns and D, is the diagram obtained considering the last
p1 columns. We define the integer a as

go= PV if p1 is even,
T loi—1, ifpsis odd.

We distinguish these different cases.

® W = 2k.
We consider the multitableau T}, such that:
if T 2 k - 1/
fT((Z),/\(Z),/\(S),/\(4)) (yf'ygf y;,zf,z?,zf,zg) =
- - _ k—1—2/ —\pj—
gl(yl Y2, Y3 ,ZT,Z;,Zl 1 Zo )(yl (Zr)z) ! Z(Zl )Pl 11’
where

1Yy V2. Y3,20,23,21,2, ) =
fr,1 2 0 v3 ) fry (2123 ) fr (21020 ) (v (z9)*(z0))%;
if 0 < g <k—1and% <k—-1-—1,

— = = ot ot = =Y
fT(A(1),A(2)/\(3),)\(4)) (yl 1Yo, Y3,21 22,21 ,2 ) =

Y5 Y525, 23 20,25 ) (yy (2)%) " (2)P 7,
where
Y1, Y7 Y322 .20 ,2,) =

fr, v 3 ) fr (2023 fr (20,20 ) (o va 1 (20 (20)) 2
(v y2 )(z)H 8
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if0<m <k—1land 5 >k—1-11,
T T
fT((Z),/\(Z),A(3),A(4)) (yl 1Yo, Y3,21 22,21 ,2) ) =

$3(YT v Y5, 22320, 23 )y (202 2 (2,
where
(Y1, Y5, Y528 20,21, 2, ) =
Fr, W oya v3) fr, (2020 ) fr (220 ) (v ya 1202 ()
(yy (1) (zp)?)2 K,
lf ’)’1 = 0,
fT(@,/\(Z),A(S),A(4)) (Vl_ryz_fl/g_rszszszzz_) =
(Y12 v5.20, 23 20,25 ) (lyy vs 1202 2 (2 ) e,

where
= = = ot ot o= =)
84V Yy Y520 ,25 21,25 ) =

Fr, o ya 3 fr, (2 20) fr (2, 20 ) (W vs 1(20)7 (20)P)
So,if yy >k—1,

Froraneme (M1, Ma, M3, N1, Na, Py + P>, P>) =

resp(—ex )P~ #£0, if yp —k+1liseven,
rep(—ex )Pt~ #£0, ifyp —k+1isodd,
where r = £673272,

And,if0 <y <k—1,

Frorameme (M1 + Ms, My, M3, N1, Na, P1, Py) =

4_-6732%(5“)632(—621)91*” #0, if t; + £, is even,
:l:6732%s (622 + 632) (—621)‘017” #0, ift; +trisodd,
where s = 37, — k+ 71.

® W = 2k —1.
We consider the multitableau T(g, y(2),0(3),0(4)) Such that:
if T Z k - 1/
fT((Z),/\(Z),)\(3),/\(4)) (yl_'yz_' yB_'ZT'Z;'Z;fZZ_) =
1Yy s Y525 7,2 ) (yr (20)2) 2 Ry (2)P
if0<y<k—land 5 <k—1-11,
fT(@,/\(Z),A(3),A(4)) (y;' Yo, y?:’ZIL’ZEL'Z;/ZE) =
201 2. v5. 77 20,2 (v () ()0
if0<y<k—land § >k—1-1y,

- = = ot ot o —)
fT(@,/\(Z),A(S),A(4)) (yl 1Yo Y321 ,22 21,2 ) =
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PRy ()0

83y Y2 v5,21 23,2102 ) (yy (2]
fT(@,A(Z),A(S),A(4)) (yl_'yz_'ys‘_'zrfzz_'zl_'zz_) =
84y Y2 Y320, 23 2,20 )y, v, 1(2)) 22 7[y1ry2]7~'1 (z )"

Then, if y1 > k—1,

frormnsma (M1, M2, M3, N1, No, Py + P>, P») =

res1(e13 +e12)P1 77 £ 0, iff 4+t is even,
rex1(e13 +e12)1 7% #£ 0, ift; +tpis odd,

where r = £673272,
And,if0 <y <k-—1,

frormmeaw (M1 + Ms, My, M3, N1, Np, Py, Py) =

:|:6732%(S+1)€31 (813)‘717“ 7%— 0, if t1 4+ t; is even,
:E6732%s(€21 + 631)(613)“7” #0, ifty 4ty isodd,

where s = 37, — k + 71.

Now we are ready to prove the main theorem of this section.

Theorem 3.3.2. Consider

Xn(M1a(F)) = Y. M) X (A)

the n-th x-cocharacter of My (F). Let (A) = (A(1),A(2),A(3),A(4)), with A(2) = (71 +
Y2+ 73,72+ 713,73), A(B) = (w1 + w2, w2), A(4) = (01 + p2,02) and | = max{ws, p1}.
The following statements hold.

IfA(3) = A(4) = @, then myy # Oifand only if h(A(1)) < 1.

Ifmyy #0,A2) = Q, A() = Q@ and A(j) # O, withi,j € {3,4}, i # j, then
|ZU1 — p1’ S 2.

IfA(j) # @ for some j € {3,4} and

. ]wl—pl\ SZOT’
- wr — 1| > 3and A(2) # @, with y1 + 72 > [5] —
then myy # 0.

Proof. The first two items follow from Propositions 3.3.1, 3.3.2 and 3.3.3.

Let A(j) # @ for some j € {3,4}. If A(2) = @ and |w; — p1] < 2, then myy # 0
by Propositions 3.3.2, 3.3.3 and 3.3.4. We may assume, since the previous cases hold,
that A(2) # @. If A(i) = @, fori € {3,4}, i # j, [w1 —p1] < 2o0r |ws —p1| > 3
and y1 + 72 > [%1 — 1, then we get the result by Propositions 3.3.5 and 3.3.6. Now,
let A(i) # @, fori € {3,4}, i #j. It A(1) = @, |w1 — p1]| < 2 0r |wy — p1| > 3 and
M+ 7> [%} — 1, then m )y # 0 by Proposition 3.3.7.
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We are left to prove the case A(i) # @ foralli € {1,2,3,4}, |wy —p1] < 2 or
|lwy —p1| >3and y1 + 72 > (%1 — 1. Consider the elements Ry = e11, Ry = ey + €33,
My = ex3+e3, My = ex3 —e3p, Mz = e —e33, NI = e1p —e31, No = ez +e2,
Py =e;3—ez1, P, = e1p +e31.

Because of Theorem 3.2.1, we may suppose w; > p.

If w; — p1 < 2, we distinguish two cases:

e w < 2.
If p1 € {0,1}, we consider the multitableau

Towa@aeaw) = (Taay Tae) Tagy Taw),

where T/\(z) is the initial standard tableau on the integers 1, ..., 33 + 272 +
71 and T)(q), Ty3) and Ty (4) are the tableaux we considered in the proof of
Proposition 3.3.4. Then

+ gt g T 1 T st T ) —
fT(A(1),A(2),A(3),/\(4>) (yl 1Yo Y1, Y2, Y3,20 22,2129 ) -

- T oy + .+ + + = =
fT,\(D (]/1 1Y2,Y3 )fT(/\(l)/(Z),/\(3),/\(4)) <]/1 1Y2,21 022121 1% )/

T S T : : :
Where fT( ADBAGAW) (3/1 Y5 120 125 121 12 ) is the highest weight vector obtained
in Proposition 3.3.4. So,

fTomp@maaay R Ri, M1, Ma, M3, N1, Np, Py, P) =
+673272(dex + e33) (e12 — €31)“1(2%2e11 £ e Fe33)(e13 —e21)) # 0, if 71 iseven,
1673272 (ex3 e3p)(e12 — €31)“1(2%2e11 £ exn Fe33)(e13 —e21)) # 0, if 1 is odd.

If p; = 2, we consider the following multitableau

Toama@rea@) = (Taay Tae)y Tag)y Taw),

where TA(z) is the initial standard tableau on the integers n — 33 — 2y, — 1+ 1, ...,
nand T) (1), T)(3) and T 4) are the tableaux we considered in the proof of Proposition
3.3.4 ontheintegers1,...,n — 373 — 272 — 1.

Then

bt = = o o = =)
FTama@amaw) (V1 Y2 Y1 Y2 Y3021 1% .21 1% ) =
N R 2

fT(A(l),@,A(S),A(4)) (193,212,212 )fTA(Z) (v1,¥2.95),

+ + + + — — . . . . .
where fT(A(l)@,A(B),M)) (1 ,Y3,2] 25,21 ,2, ) is the highest weight vector obtained in
Proposition 3.3.4.

Then,

res3 = 0, if 71 is even,

with r = +£673272,

* wi > 3.
We consider the multitableau

Toamaac)r@) = (Taa)y Tae)y Taz)y Taw)

where T),) is the initial standard tableau on the integers 1, ..., 373 + 272 + 71 and
Ty(1), Ta(3) and T) 4) are the tableaux we considered in the proof of Proposition 3.3.4
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on the integers 3y3 + 2y, + 1+ 1, ..., n.
Then

(e o ot A = o
fT(/\(l),/\(Z),)\(S),A(4)) = fTMz) (v1.Y2.95 )fT(/\(l),Q),A(3),/\(4)) (V1 /Y3,21,23 2112 ),

+ + + + — — . . . . .
where fT(A(l),QA(S),M)) (yl Yo 121 123 121 12 ) is the highest weight vector obtained in
Proposition 3.3.4.

If 1= w1 — 2,

resp # 0, if 7 is even,

Fragaaeaw (Re R, My, My, Ms, Ny, No, Py, Pa) = {1’622 #0, if yisodd;

ifplzwl—l,

res1 # 0, if 71 is even,

Framamamauy (M1, Mz, Ma, N1, Ny, Py, Py) = {r621 #0, ifypisodd;

if 01 = Wy,

res3 = 0, if 1 is even,

f T(A(l),A(Z),/\(3),/\(4))(Ml’M 2, M3, N1, Ny, Py, P) = {1’823 #0, if;isodd,

with r = £673272,

Now, if w1 — p1 > 3 and 71 + 72 > k — 1, where k = [5], we define the integer
a as in Proposition 3.3.7,

go= PV if p1 is even,
" \pi—1, ifprisodd

and we consider the *-polynomials g;(y; , ¥, , Y5 ,ZI“ ,z; ,Zy ,2, ) constructed in Pro-
position 3.3.7.
We distinguish these different cases.

® W = 2k.
We consider the multitableau T (1) A(2),0(3),1(4)) Such that:
if T 2 k — 1,
fT(/\(l),,\(z),)\(3),A(4)) (y?_’ y;_’ yl_’ yZ_’ y3_’ Zii_’ Z;—’ Zl_’ ZZ_) =
R A <L e 2 P [P 2 Al P AN
N—— —
%) 1%

zi (20"
if0<’)/1<k—1and%§k—1—’)/1,
+ o+ = = g st st )
fT(A(]),/\(2)//\(3),)\(4))(yl ’yZ ’yl ’yZ ’yS ’Zl ’Z2 ’Zl fzz ) -

T )M &2y vs s 2220z ) (v (20D g 2 ()
——— ——
%] L%

if0<y <k—land § >k—1—1,

+ o+ = -y ot T o )
fT(A(l),A(z),/\(3),A(4)) (yl rY1:Y1:Y2 /Y321 022 21 1% ) -
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T ) s ys s 2z z ) DD T e g
—— ——

a2 &2

Zi’_ (Zl_)Pl_a
andify; =0
fT(A(1),A(z),A<3),,\(4)) W1 Y2 Y1 Y2 Y520 020,22 ) =

g D) 8a (Y2 Y521 252102 ) (1 e ) D)2 2y vy 2y
——

)

Uy .0y 2 (z7 )"
N——
a2

So,if 71 > k—1,
fT(/\(l),/\(Z),/\(S),A(4)) (RZI Rl/ Ml/ MZ/ M3/ Nl/ NZ/ Pl + PZ/ PZ) =

rexp(—ex )" #0, ify; —k+1liseven,
rexp(—ep )17 #0, ify; —k+1isodd,

where r = £673272
and,if 0 <y <k-—1,
Fromaamaa (K2 Ri, My + Mz, My, M3, N1, N, Py, Py) =

:|:6732%(S+1)832(—621)Pl_” #0, if t1 + tp is even,
:|:6'Y32%s(€22 +ex)(—ep )P~ £0, ift; 4t isodd,

where s = 3y, — k+ 1.

® w1 = 2k — 1.
We consider the multitableau T ) 1) (2),0(3),0(4)) Such that

S P S S N
fT()\(l),A(Z),/\(3),/\(4)) (yl Yo Y1 /Y2 Y3020 120,20 42, ) =

I W) T s Y Y2 Y522 02002 ) By - T (7))
—— ——
1%} %)

where f1(y{,y3 Y1, Y5 Y5 .21 125 21 ,2Z5 ) is such that

_ ot g m — b b = =) (= \pI—
Tronmmenay = F W Y2 Y1 Y2 Y5021 02002025 ) (2 )P

and fT( OARABAE) 1S the highest weight vector constructed in Proposition 3.3.7.
Then, if 1 > k—1,
fTomp@maea R Ri, M1, Ma, M3, N1, Np, PL+ P, Py) =

tres3i(e13 +e12)1 7 #0, ify; —k+liseven,
+rey1(e13 +e12) "% #£0, if y; —k+1is odd,

where r = 673272,
o<y <k—1,

fr,,, (Ro, Ry, My + M3, Ma, M3, Ny, Ny, Py, P2) =
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i6732%(5+1)e31(613)f’1_“ #0, if t; + £ is even,
:|:6’Y32%s(€21 + 831)(613)p1 1 £0, ifty+tyisodd,
where s = 3y, —k + 1.
So, the proof is complete. O

By Conjectures 3.3.1, 3.3.2 and Theorem 3.3.2, we are led to conjecture the follow-
ing.

Conjecture 3.3.3. Consider

Xn(M1o(F)) = Y. M) X (A)

the n-th x-cocharacter of My (F). Let (A) = (A(1),A(2),A(3),A(4)), with A(2) = (71 +
Y2+ 73,72+ 73,73), A(8) = (w1 + w2, w2), A(4) = (01 + p2,02) and | = max{w, p1}.
Then myy # 0 if and only if A(3) = A(4) = @ and h(A(1)) < 1or A(j) # @ for some
j € {3,4} and w1 —p1| < 2 0r A(j) # D for some j € {3,4}, |w1 — p1| > 3 and
M2) # @, with v+ 72 > [5] = 1.
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Chapter 4

On the polynomial codimension
growth of superalgebras with
superautomorphism

This chapter present further results obtained during my PhD on associative alge-
bras with additional structure, focusing specifically on superalgebras with super-
automorphism. One can find these results in [2]. We characterize the superalgebras
endowed with a superautomorphism of order < 2 with multiplicities of the cochar-
acter bounded by a constant. Moreover, we determine a characterization of such
superalgebras with polynomial growth of the codimensions and we give a classi-
fication of the subvarieties of the varieties of almost polynomial growth. Finally,
we characterize superalgebras with superautomorphism with linear codimension
growth.

4.1 Superalgebras with superautomorphism

In this section we give all the definitions useful in order to understand the main
results of this chapter.

Let A = Ao @ A; be an associative superalgebra over F, a field of characteristic
zero, and assume that A is endowed with a superautomorphism that is a graded
linear map ¢ : A — A, i.e.,, a map preserving the grading, such that for any homo-
geneous elements a,b € AgU A,

(@) =1,

(ab)? = (—1)llltlgepe.

Here |c| denotes the homogeneous degree of the element c € Ag U A;.

Since charF = 0, we write A = Aj & Ay & A & A], where, fori = 0,1, A" =
{ac Ai|a? =a}and A; = {a € A; | a? = —a} denote the sets of symmetric and
skew elements of A;, respectively.

From now on we shall refer to a superalgebra with superautomorphism ¢ as a
p-algebra.

We notice that there is a one-to-one correspondence between Z4-gradings and
superautomorphisms. Let G = {1 = ¢%,¢ = ¢!,¢% ¢’} = Z4. Consider A as a
G-graded algebra, i.e, A = A1, © Ag Agz &b Ag3 such that Ag,-Ag]- - Ag,-g]-, i,j €
{0,...,3}. We can see A as a Z,-graded algebra, A = Ay & A1, where Ag = Aj, &
Agp and Ay = Ag @ Agp. Then A can be endowed with a superautomorphism ¢ :
A — A such that ¢(a;, + a4 + Ag + aga) = a1, +ag —ap —ag, forall a1, € Ay,
ag € Ag, ag € Agz and g € Ag3. Conversely, let A = Ayg ® A; be endowed with
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a superautomorphism ¢ and let A = Aj ® A; & A ® A;, where A" = {a €
Ai|a? =a}and A7 = {a € A;|a? = —a}, fori = 0,1. Then A is a G-graded
algebra with grading Ay, = Ay, A; = Af, Ap = Ay and A = A7

As in the previous chapter, we write F(Y U Z) = F @ F; as the free associative
superalgebra on the countable set Y U Z over F.

One can define in a natural way a superautomorphism ¢ on the free associative
superalgebra F(Y U Z). We shall write F(Y U Z, ¢) for the free associative ¢-algebra
on the countable set YU Z over F. If welety,” =y, +vy?,y; =yi—y!, 2z} =z +2z
and z; =z; — zfp, fori=1,2,...,then

F(YUZ,¢) = Fy{,y1,2{,20,¥3.Y2,%3 %3, )-

A polynomial f(y!,..., ¥y, - Y, 20,20, 20,...,z5) € F(YUZ, ¢) is a ¢-
polynomial identity of A (or a p-identity) and we write f = 0, if

+ + - - o+ - _
flul, o up,uy, o uy,0,..,07,07,...,05 ) =0,

forallu,...,uf, € Aj,uy,...,u; € Ay, vy,...,0f € Af,v{,...,0; € A].

The set of all ¢-identities of A, Id?(A), is a Tj -ideal of F(Y U Z, ¢), i.e., it is an
ideal invariant under all graded endomorphisms of F(Y U Z, ¢) commuting with the
superautomorphism ¢.

It is known that in characteristic zero every ¢-identity is equivalent to a system
of multilinear ones. Hence, if we denote by

p = spanF{wg(l) S W) |ocesS, w e {yf,yi_,z;“,zi_}, i=1,...,n}
the space of multilinear polynomials of degree # in the variables y", vz, z;, for
i =1,...,n, the study of Id?(A) is equivalent to the study of PYN 1d?(A), for all
n>1.
The non-negative integer

¢
0 . P

cn(A) =di >1,

n
TFpTA1dr(A) " T
is called the n-th ¢-codimension of A.

Letn > 1and write n = ny + np 4 n3 + n4 as a sum of four non-negative integers.
We denote by Py, . », C PY the vector space of the multilinear polynomials in which
the first n; variables are even symmetric, the next n, are even skew, the next n3 are
odd symmetric and the last 14 are odd skew.

1 Pnl ,,,,, ny
If Cnll,,,,n4 (A) = dlmFm, we haVe

e E (e
n( ) n]+';ﬂ4:n ni,..., N4 Py n4( ) (4.1)

where (, " )= 711'”7'714' is the multinomial coefficient.

The group S, X - - - X Sy, acts on the left on the vector space Py, », by permuting
the variables of the same homogeneous degree which are all symmetric or all skew
at the same time. So S,, permutes the even symmetric variables, S,, permutes the
even skew variables, S,, permutes the odd symmetric variables and S,, permutes

the odd skew variables. In this way Py,,. ., becomes an S;,, X --- x §,,-module.
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Since Py, ,,N Id?(A) is invariant under this action, we get that the vector space

has an induced structure of S, X --- X S,,-module. We denote by Xr(fl,...,m(A) its
character, which is called the (14, ..., ny)-th cocharacter of A.

It is well known that there is a one-to-one correspondence between partitions
of n and irreducible S,-characters. So, if A = n is a partition of n, we denote by
X the corresponding irreducible S,-character. Since charF = 0, then, by complete
reducibility, X7, ..n, (A) can be written as a sum of irreducible characters:

X (A) =Y mpyxaa) @+ @ Xaq). (4.2)
(Mkn

where (A) = (A(1),A(2),A(3),A(4)) F (n1,...,n4) or (A) F n, is a multipartition
of n = ny + - + ny, with A(i) + n; partitions, i = 1,...,4, and mgy > 0is the
multiplicity of (1) ® - - - @ x4 in X;fl,...,m(A)-

For n > 1 we define the n-th ¢-colength of A as

We conclude this section by recalling the classification of simple ¢-algebras.

If A is a superalgebra, a subset (subalgebra, ideal) S C A is a graded subset (sub-
algebra, ideal) of Aif S = (SN Ap) & (SN Ap). Furthermore, an ideal (subalgebra) I
of A is a p-ideal (¢-subalgebra) of A if it is a graded ideal (subalgebra) and I¥ = I.
So, we are ready for the following definition.

Definition 4.1.1. Let A be a p-algebra such that A% # 0. We say that A is
- simple, as an ordinary algebra, if it has no non-trivial ideals;
- simple, as a superalgebra or super simple, if it has no non-trivial graded ideals;
- simple, as a ¢-algebra or ¢-simple, if it has no non-trivial ¢-ideals.
We recall the Wedderburn-Malcev Theorem for ¢-algebras.

Theorem 4.1.1. [25, Theorem 9] Let A be a finite dimensional ¢-algebra over a field F of
characteristic zero. Then there exists a semisimple @-subalgebra A’ such that A = A’ +
J(A) and J(A) is a @-ideal of A. Moreover A" = A1 & --- & Ay, where Ayq,..., Ay are
@-simple algebras.

In order to present the classification of ¢-simple algebras, given a superalgebra B,
we need to define B as the superalgebra with the same graded vector space structure
as B |aml product o given on homogeneous elements a,b by the formula ao b :=
(—1)lellblgp.

The algebra B ¢ B is a superalgebra with superautomorphism ex : B& B —
B @ B defined as (a,b)** = (b, a).

Given two superalgebras with superautomorphism (A, ¢) and (C, ) we say that
they are isomorphic (as ¢-algebras) if there exists a graded isomorphism of algebras
T: A — Csuch that t(a?) = t(a)¥, forany a € A.

Here is the classification of ¢-simple algebras.
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Theorem 4.1.2. [25, Theorem 20] Let A be a finite dimensional simple superalgebra with
superautomorphism of order < 2 over an algebraically closed field F of characteristic zero.
Then A is isomorphic to one of the following:

(1) My, (F), with superautomorphism ¢ defined as
A B\® [ PAP PBQ
c p) ~\ -ocp oDQ )’

L, 0 I, 0 o
where P = < 01 I, >, Q= < 01 1, >, Ly, Iy, Iy, 1y, are the identity

matrices of orders ki,kz, hy, hy, respectively, k = ki + ko, h = hy + ha, k1 > ko and
hy > hy.
(2) My (F) @ My, (F) with the exchange superautomorphism ex.

(3) Q(n) © Q(n) with the exchange superautomorphism ex.

Here My j,(F { ( ) } { ( ; l(; ) } denotes the Z,-graded algebra of n X n
matrices, n = k+h, k > h >0, where X,Y,Z, Tarek x k, k x h, h X k, h X h matrices,
respectively.

And Q(n) = My(F ® cF) = Q(n)o ® Q(n)1, where Q(n)o = M, (F) and Q(n); =
cM,, (F), with ¢* = 1.

4.2 Varieties of almost polynomial growth generated by ¢-
algebras

The purpose of this section is to introduce the ¢-algebras generating varieties of
almost polynomial growth (see [25]). We shall present their T, -ideals, the multiplic-
ities of their cocharacters and ¢-colengths.

We start with the following definition.

Definition 4.2.1. Given a variety of g-algebras V, the growth of V is the growth of
the sequence of ¢p-codimensions of any ¢-algebra A generating V. Furthermore, we
say that V has polynomial growth if c;;()) is polynomially bounded and that V has
almost polynomial growth if ¢;; (V) is not polynomially bounded but every proper
subvariety of V has polynomial growth.

We recall the following [25, Remark 2].
Remark 4.2.1. Let A = A9 @ A1 be a superalgebra.

1. If A? = 0 then the superautomorphisms on A coincide with the graded auto-
morphisms on A, i.e., automorphisms preserving the grading. In particular, if
Aj = 0 then the superautomorphisms on A coincide with the automorphisms
on A.

2. If A is commutative then the superautomorphisms on A of order < 2 coincide
with the superinvolutions on A.

Given polynomials fi,..., f, € F(YUZ, ¢), we write Id?(A) = (f1,... ,f,,)Tch if
the TZ(P -ideal is generated by fi, ..., fu.
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The two dimensional commutative algebra F @ F with trivial grading and ex-
change superautomorphism ¢ given by (a,b)? = (b,a) is a ¢-algebra, with

4(F& F) = (lxy, %), 2%,2 )y,

for any x1,x2 € YU Z. Now, if x, ., (F®F) = Y kn MXA(1) @ -+ - @ Xag) Is the
(n1,...,n4)-th cocharacter of F & F, ny + - - - + ny = n, then (see [18])

I {1, if (A) = ((m), (m2),,@)), m+ny=n
A = .

0, otherwise

Asa Consequence,
IW(FOF)=n+1, foralln > 1. 4.3)

Now we consider the algebra

UT, = UTy(F) = {(g g) |a,b,ceP}

of 2 x 2 upper triangular matrices over F.
We consider two non-isomorphic Z,-gradings in order to see UT; as a superal-

gebra:
. . a c 00
Trivial grading: UT, = { < 0 b ) } D {( 0 0 )},
gt a 0 0 ¢
Natural grading: UT; = {( 0 b )} S {( 00 >}

Moreover, we define the following two automorphisms on UT, that are graded au-
tomorphisms on UT, and UT5

id
.. ) . a c a ¢
Trivial automorphism id: < 0 b > = < 0 b >,

sup .
Natural automorphism sup: ( 8 z > = < g bc )

Let A = Ag @ Aj be a superalgebra. We say that A is endowed with the trivial
superautomorphism ¢, if A; = 0 and ¢ is the identity map.
Since in both gradings (UT»)? = 0, by Remark 4.2.1, we get four ¢-algebras:

e UT is the algebra UT, with trivial grading and trivial superautomorphism;
o UT," is the algebra UT, with trivial grading and natural superautomorphism;
o UTS is the algebra UT, with natural grading and trivial superautomorphism;

o UT{""" is the algebra UT, with natural grading and natural superautomor-
phism.

Definition 4.2.2. Given two g-algebras A and B, we say that A is T, -equivalent to
B, and we write A ~re B, if Id?(A) =1d?(B).
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The algebras defined before are not TZ(P -equivalent, indeed:
1d?(UT) = ([yy, v lys vi Ly~ 2% 2 )y,
d2UT") = lyi v3 | yiva, 252 )pg
1d2(UTS") = (ly{ v3 v, ZILZ;'27>T¢’
2 (UT™) = (v y3 Ly 2" 202y >T“’
Now, if X, .., (UT2) = Ln MXAa) @ - @ Xaw) is the (n1,. .., nq)-th cocha-
racterof UTy, n1 + -+ -+ n4 = n, then, by [7],

1, if (A) =((n),0,0,0))
p—r+1, if(A)y=((p,1),0,0,0), p+r=n
p—r+1, if(A)=((p,1,1),0,0,0), p+r=n—1
0, otherwise
As a consequence,
I9(UT,) = %nZ + gn + 4. (4.5)

If X,fl,m,m(UTzS”p) = Z(A)l—n m<A>X/\(1) Q- X?\(4) is the (1’11, ey 1’l4)-th cocharac-
ter of UT;”p, n1 + - - -+ ng = n, then, by [46],

1, if (A) =((n),0,0,0)
mpyy=qr+1, if (A)=((p+rp),1),00),2p+r=n—1. (4.6)
0, otherwise

Then,

2 .
222149 - if 1 is odd

qu UTsup — 4 . 4.7
n(UT,T) %, if n is even 7

By [46], if )(Z)],M,M(UTgr) = Z(A)Hl My XA(1) KX XA(4) is the (711,. . .,n4)—th
cocharacter of UTfr, ny+---+ng =mn, then

1, if (A) =((n),0,0,0)
mpy=qr+1, if(A)=((p+7rp).201),0),2p+r=n-1 (4.8)
0, otherwise

and ,
=209 iy qg odd

WUt =< .4 ' +
n (UT;) % if n is even )

Finally, similarly to the previous cases, if xf, ., (UT5s ") = YN M XA (1) @
@ XA 1s the (11, ...,n4)-th cocharacter of UTfr’sup, ni+---+ng = n, then

1, if (A) =((n),0,0,0)
mpy =Sr+1, if (A)=((p+rp),0001)),2p+r=n—1 (4.10)
0, otherwise

and

22149 it s odd
oo _ B . 411
n(UT, ") 112—317"%, if n is even -
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The above ¢-algebras characterize the varieties of polynomial growth.

Theorem 4.2.1. [25, Theorem 23] Let A be a finite dimensional ¢-algebra over a field F of
characteristic zero. Then the sequence cjy (A), n = 1,2,..., is polynomially bounded if and

only if UT,, UT,"", UT5', UT5 **F, F® F ¢ var?(A).
As a consequence, we have the following.

Corollary 4.2.1. [25, Corollary 24] The algebras UT,, LIT;”p, UTfr, UTfr’sup, F®F are
the only finite dimensional @-algebras generating varieties of almost polynomial growth.

4.3 Characterizing ¢@-algebras with polynomial codimension
growth

In this section we present some results about the characterization of ¢-algebras with
polynomial growth of the codimensions.

In order to prove the first characterization of this section, we need the following
lemma.

Lemma 4.3.1. Let F be the algebraic closure of the field F and let A be a finite dimensional
@-algebra over F such that dimpA/J(A) < 1. Then A ~y B for some finite dimensional

p-algebra B over F with dimgA/J(A) = dimpB/](B).

Proof. SincedimpA/J(A) <1,then A = F+J(A)or A= J(A)isanilpotent algebra.
Let {wy,...,wp} be a ¢-basis (i.e., consisting of even and odd symmetric and even
and odd skew elements) of J(A) over F and let B be the ¢-algebra generated by
B={1p,wi,...wy} orby B = {wi,...,w,} accordingas A = F+ J(A) or A = J(A),
respectively. Then, dimpB/](B) = dimgA/J(A) and Id?(A) C 1d?(B). While, if f is
a multilinear ¢-identity of B, then f vanishes on 8. But B is also a basis of A over F.
So,1d?(B) C 1d?(A). Then we conclude that A ~r¢ B. O

Theorem 4.3.1. Let A be a finite dimensional @-algebra over a field F of characteristic zero.
Thenci)(A),n =1,2,...,is polynomially bounded if and only if A ~e B, where B = B @
-+~ @ By, with By, ..., By, finite dimensional ¢-algebras over F and dimpB;/]J(B;) < 1, for
alli=1,...,m.

Proof. Suppose first that A ~ry B, with B = B; ® - -- & By, with By, ..., B, finite
dimensional ¢-algebras over F and dimBi/J(B;) < 1, foralli = 1,...,m. Then
ch(A) = cl(B) < cf(B1)+ - +cf(By) and the claim follows since c;; (B;) is polyno-
mially bounded, foralli =1,...,m, by Theorem 4.1.1, [25, Lemma 22] and Theorem
4.2.1.

Conversely, let ¢ (A) be polynomially bounded. Suppose that F is algebraically
closed. By Theorem 4.1.1, A = A; @ --- @ A; + ] and, by the hypothesis, for all
i=1,...,1, A; 2 F is endowed with the trivial superautomorphism and A;JAx = 0,
foralll <i,k <1,i # k (see the proof of [32, Theorem 2.2]). Set By = A1+ J,...,B; =
A;+],s0dimB;/]J(B;) < 1. We notice that Id?(A) C Id¥(B, & - - - & B;). Now we
consider f € Id?(B; & - - - @ B;) and we suppose f ¢ Id?(A). We may assume f is
multilinear. We consider a basis of A as the union of a basisof A1 @ --- @ A; and a
basis of ], let uy, ..., u; elements of this basis such that f(uy,...,u;) # 0. But f €
Id?(J), then there exists at least an element uy ¢ ], so uy € A;, for some i. We remark
that AZA] = A]AZ = Az]A] = A]]AZ = 0, for all] 7& i, then uq,...,u; € A; U],
then uy,...,u;y € A;j+ ] = B; and this contradicts the fact that f € Id?(B;). Then
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Ao Bi&--- @B +].

Now suppose F is arbitrary. Let A = A ®f F, where F is the algebraic closure of F
and A is a superalgebra with the induced superautomorphism (a2 @ a)? = a? ® a, for
alla € Aand a € F. Clearly, A ~ry A and c,‘f(A) = cfl)(A), n=1,2,.... Then also
cn(A) is polynomially bounded. Then, by the first part of the proof, A = B; & - - - &
B, where By, ..., B, are finite dimensional ¢-algebras over F and dimgB;/](B;) <
1, foralli = 1,...,m. By Lemma 4.3.1 there exist finite dimensional ¢-algebras
Ci,...,Cy over F such that C; ~1e B; and dimpC;/J(C;) = dimgB;/J(B;) < 1, for
alli=1,...,m. ThenId?(A) =1d?(A) =1d?(B1® - - @& By) =1d9(C1 & - - - © Cpy)
and we are done. O

We recall that given a partition A = (Ay,...,A,) - 1, we denote by T) the associ-
ated tableau and by d, the degree of the corresponding irreducible character. If f(n)
and g(n) are sequences (or functions N — R) we write f ~ g if there exist positive
constants a and b such that ag(n) < f(n) < bg(n), for all (large enough) n.

Now we recall two technical results of [32].

Proposition 4.3.1. [32, Proposition 2.1] Let A = (Aq,...,Ay) b n be a partition of n. If
A =n —rthend) ~ cn” for some constant c.

Proposition 4.3.2. [32, Proposition 2.2] Let n = ny + - -- 4+ ng > 1 and denote by t =

We say that a polynomial f € P,,, ,, corresponds to the multitableau T< A) asso-
ciated to the multipartition (A) - nif f = er,, fo, for some polynomial fo € Py,,...n,,
where e, is an essential idempotent of F (Spy X - -+ xSy, ) corresponding to the mul-
titableau T, (see [20, Chapter 10]).

IfdimpAf = di, dimpAy = dp, dimpA] = dz and dimpA; = dy, then, in (4.2), we get
myy # 0only if h(A(i)) < d; foralli=1,...,4, where h(A(i)) stands for the height
of the partition A(i), i.e., the number of the rows of A(i) (see [19, Theorem 5.8]).

We are ready to prove the following theorem concerning the polynomial growth

of the codimension and the cocharacter.

Theorem 4.3.2. Let A be a gp-algebra over a field F of characteristic zero. Then cjy(A), n =
1,2,..., is polynomially bounded if and only if, for all nq, ..., ng, withny +--- +ng4 = n,

Xi,ona(A) = E mouxaa) @ @ Xa@4),
<)\>}_(1’l],...,ﬂ4)
H—A(1)1<q

where q is such that J(A)7 = 0.

Proof. We remark that neither the decomposition of )(,?1,”,,,1 ,(A) into irreducible char-
acters nor cj (A) change under extensions of the base field (see [20, Theorem 4.1.9]
for the ordinary case, it can be proved in a similar way). Also if F is the algebraic
closure of Fand J(A)7 = 0, then J(A ®f F)7 = 0. Therefore we may assume, without
loss of generality, that F is algebraically closed.

Suppose first that

X (A) = Y. mpuxim @ @ Xaw)-
<)\>F(1’l],...,1’l4)
Tl*)\(l)1<q

If myy # 0 for some multipartition (A) = (A(1),...,A(4)) I (n1,...,14), we have
t =n—A(1); < gq. Hence A(1); = n —t and by Proposition 4.3.1, for some constant
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a, we obtain that d ;) = deg x,) < anj < an' < anf. Moreover, deg x,(; < ¢!, for
anyi=1,...,4and ny + n3 + n4 < g, then, by Proposition 4.3.2, (nl,.,.q.,m;) < nf. Since
the multiplicities are polynomially bounded (see [3, Lemma 2.1]) and since there are
finitely many multipartitions (A) F (11, ..., n4) satisfying the condition n — A(1); <
g, then by (4.1) we have that the codimensions are polynomially bounded.

Now suppose that ch (A),n =1,2,...,1s polynomially bounded. By Theorem 4.3.1,
we have that A ~y B, where B is a finite dimensional ¢-algebra. Therefore, we may
assume that A is a finite dimensional ¢-algebra. By Theorem 4.1.1, we can write A =
A+]=A1® - & Ay + ], where A’ is a maximal semisimple subalgebra of A, | =
J(A) is the Jacobson radical of A and the A;’s are ¢-simple algebras, fori =1,...,m.
Since cff (A) is polynomially bounded, then A;JA; = 0, for all i # j, and A; = F
(see the proof of [32, Theorem 2.2]). Hence A, ©® Af ® A] C ] and, if g is the least
positive integer such that J7 = 0, then Ay ® A @ A generates a nilpotent ideal of
A of index of nilpotence < g. Let (A) = (A(1),...,A(4)) be a multipartition of n =
11+ - - -+ nyg such thatn — A(1); > g. We claim that every multilinear ¢-polynomial
f= et fo corresponding to Ty = (TA(l), e, TA(4)) vanishes on A, where et
ety ' * * €T, is an essential idempotent of F(S,, X - -+ X Sy,) corresponding to T ).
Since f € F(YUZ, ¢) is a polynomial in the variables of the disjoint infinite sets
Y*,Y",Z",Z~, where Y denotes the set of even symmetric variables, Y~ denotes
the set of even skew variables, Z* denotes the set of odd symmetric variables and Z~
denotes the set of odd skew variables, we write f = f(Y",Y~,Z%,Z). We denote
by A(1)" = (A(1)},...,A(1)}) the conjugate partition of A(1). By [17, Lemma 4], if
A(1)] > 1, then there exists a subset Y7 of Y™ such that Y7 = YIU---UY? where
|Y]| = A(1)} and for some r € F(Sy, x - -+ x Sy,), the element rf # 0 is alternating
onY! foralll < i < d. Then f generates an irreducible left S,,; x --- x S;,-module
and F(Sy, X -+ X Sp,)f = F(Sp, X -+ X Sy, )rf. In order to prove that f € Id?(A),
we just need to show that rf € Id?(A). Since rf is alternating on each set Y?, in order
to get a non-zero value, no two variables of Y’ can take values in the same A; = F.
But A;A; = 0, if i # j. Hence, we must substitute in rf at least n; — A(1) variables
for elements of the radical J. Since A, ® AI“ ®A] C ] atleast ny —A(1); > g
variables must be evaluated on J. But J7 = 0, so rf vanishes on A. In this way
all the irreducible characters appearing in Xfflwn ,(A) with non-zero multiplicities
correspond to multipartitions (A) withn — A(1); < g. O

4.4 On multiplicities of cocharacters bounded by a constant

In this section we shall give a characterization, up to T, -equivalence, of the ¢-
algebras with multiplicities of the cocharacter bounded by a constant.
First we prove some useful results.

Lemma 4.4.1. Let A be a finite dimensional ¢-algebra over an algebraically closed field
F of characteristic zero. If UTy, UT;”p, UTé’)r, UTégr’S”p ¢ var?(A) then A = A1 &
- @® Ay + ], where A; = F with trivial superautomorphism or A; = (F @ F,ex) or

Ai = (Q(1) ® Q(1), ex).

Proof. By Theorem 4.1.1, A = A1 ® --- Ay + ], where Ay, ..., Ay, are finite dimen-
sional @-simple algebras and ] is the Jacobson radical of A. According to Theorem
4.1.2, we have to consider four cases.

Case1. A; = (Myo(F), ¢), k > 1.
By definition, the superautomorphism ¢ is determined by the decomposition k =
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ki + k. Consider the elements a = e11, b = ey, 4k, and ¢ = ey, 1k, k,+k,- The sub-
algebra C = (a,b,c) of A;, generated by 4,b and c is graded and endowed with the
superautomorphism induced by ¢. We get that C is isomorphic as ¢-algebra to UT>
if ko = 0and to UT, "7 if ky > 0. Then UT, and UT,"" belong to var?(A;) C var?(A)
that is a contradiction.

Case 2. A; = (Mg, (F), @), h > 0.
Consider the subalgebra C = (a,b,c) of A;, generated by the elements a = ey,
b = ejjyn and ¢ = exypin. Then Cis a graded subalgebra with the superauto-
morphism induced by ¢. We notice that, by definition, ¢(e; 1) = £eq ;. Then
C is isomorphic as ¢-algebras to UT} or UT; " via the isomorphism f such that
f(a) = e11, f(b) = e and f(c) = ex. In this way, UT5 and UT; *"" belong to
var?(A;) C var?(A), a contradiction.

Case 3. Ai = (Mk,h(F) ) Mk,h(F),ex).
If k > 1and h = 0, consider the elements a = (e11,€11), b = (exk, exx) and ¢ = (eqx, e1x)
and define the subalgebra C = (a,b, ¢). Clearly C, with trivial grading and endowed
with the induced superautomorphism, is isomorphic to UT, as ¢-algebra.
If h > 0, we define the subalgebra C = (a,b,c), generated by the elements a =
(e11,€11), b = (exsni+n) and ¢ = (eygin, €1k+n). By the isomorphism f such that
f(a) = en, f(b) = ex and f(c) = ey, C is isomorphic to UT5' as ¢-algebra.
So, we get that UT, and UT} belong to var?(A;) C var?(A) and this is a contradic-
tion. -

Case4. A; = (Q(n) & Q(n),ex), withn > 1.
Consider the elements a = (e11,€11), b = (e1n,€1n), ¢ = (€nn, enn) and the subalgebra
C = (a,b,c) of A;. The linear map f : C — UT, such that f(a) = eq1, f(b) = e1p and
f(c) = e is an isomorphism of ¢-algebras. Hence UT, € var?(A;) C var?(A), a
contradiction.

Hence, for everyi = 1,...,m, A; = F with trivial grading and trivial superauto-

morphism or A; = (F@ F,ex) or A; = (Q(1) & Q(1), ex). O

Theorem 4.4.1. Let A be a finite dimensional @-algebra such that UT,, UT;”p, UTégr,
Uuts™™" ¢ var¢(A). Thenvar?(A) = var? (B & - - - @ By,), where, foreachi =1,...,m,
B; is isomorphic to one of the following:

1. F + J;, with trivial grading and trivial superautomorphism;

2. F® F + J;, with superautomorphism ex on F @ F;

3. Q(1) & Q(1) + J;, with superautomorphism ex on Q(1) & Q(1).

Proof. By Lemma 4.4.1, we can decompose A = A; @ - - - ® Ay, + ], where, for each
i=1,...,m, A;isisomorphic either to F with trivial superautomorphism or to F @ F
with exchange superautomorphism or to Q(1) & Q(1) with exchange superautomor-
phism.

Suppose by contradiction that A;JA; # 0 for some i # k. Hence a;ja; # 0 for some
a; € A;j,j € ] and ay € Ag. It clearly follows that ejje; # 0, where e; and e, are
the unit elements of A; and Ay, respectively. Then e? = ¢; = ef and €3 = e, = €.
Without loss of generality, we may assume that j is an homogeneous element either
symmetric or skew of even or odd degree. Let C be the subalgebra of A gener-
ated by e, e and e;jeo, which is a graded superalgebra with induced superautomor-
phism. We consider the map f : C — UT, such that f(e1) = eq1, f(e2) = ez and
f(e1jea) = egp that is an isomorphism of ordinary algebras. But f can be regarded
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as an isomorphism of ¢-algebras between C and UT, UTZS”p , UTfr and UTgr’S”p , ac-
cording as j is even symmetric, even skew, odd symmetric or odd skew, respectively.
We reach a contradiction, hence we get that

AiJAr = AiAx =0, (4.12)

foralli k€ {1,...m},i # m.

Wewrite B = A;+J,i=1,...,mthenA=A1®-- - DA+ =(A1+])D - D
(Aw+])=B1®---®By. Foreachi=1,...,m, J; C B; is the Jacobson radical of B;
and B;/]; = A;. Hence, each B; is isomorphic to one of the algebras 1., 2. or 3.

Now we want to prove that I[d?(B; & - -- & By,) =1d?(B1) N -+ - N Id?(By).

The inclusion Id?(B; & - - - & By,) C1d?(By) N ---N1d?(Byy,) is obvious.

Then we are left to prove the other one.

We shall prove thatif f = f(yy,..., ¥ Y1, Yny 21 o220 - 2Zm,) € Payyona
belongs to Id?(B;) N - - -N1d?(By,), then f € Id?(A) =1d?(B1 & - - - & By,). It suffices
to check substitutions in By U - - - U By, that is, substitutions of the type y;" — 7 €
(Bi)g U+ U (Bu)g, y; — 7 € (B)g U U (Bw)g, 2 — & € (By){ U+ U
(Bw){ andz; — 2, € (B1); U---U(Bu);.

g, . o 00 T2 2020, 2y, € By for a single d, we get a zero
value for f, since f belongs to Id?(B;). Otherwise, since B; = A; + ] for all i, there
exist k, I, with k # [, such that ¥y € Ay and X, € A; for some elements X, %, €
{gj,gj—,zf,zg}. In all cases, since A;J Ay = A;A; = 0, we get Wy(q) . .. Wy(y) = 0, for
any monomial w1y ... Wy(y) in f, with 0 € Sy, under the substitution w; — yj, for
alll <i < ny, w —>gj’,foralln1+1 <j<mi4mny,w =z forn +np4+1<1<
ny +ny+nzand wy — Z; forng +ny +n3+1 <t < ny.

Thus, since A = B1 & --- ® By, and Id?(B1 & - -- @ By,) =1d?(B1) N ---N1d?(By),
this implies that Id?(A) = I1d?(B; & - - - & By,). Hence var?(A) = var?(B1 @ --- &
B,,) and the proof is complete. O

Now we present two useful lemmas. The proof of the next result is analogous to
the one of Lemma 7 in [42] for involution case and will be omitted.

Lemma 4.4.2. Let A = C + ] be a finite dimensional ¢-algebra, where ] = J(A) is its
Jacobson radical and C is a ¢-simple subalgebra of A isomorphic to either F with trivial
superautomorphism or F & F with superautomorphism ex. If the (ny, ..., ny)-cocharacter
of A has decomposition as in (4.2), then there exists a constant N such that m w <N, for
all (MY F (nq,...,n4).

Lemma 4.4.3. Let A = C + ] be a finite dimensional ¢-algebra, where ] = J(A) is its

Jacobson radical and C = (Q(1) @ Q(1),ex). If the (ny,...,ng)-cocharacter of A has
decomposition as in (4.2), then there exists a constant N such that mpy < N, forall (A) F

(1’11,. . .,1”14).

Proof. Letd = dimrA and choose

{ﬂ],ﬂz,...,[ldl}, {blleI“‘lbdz}l {C1/C2/---/Cd3}/ {61162/---16614}/

basis of AJ, Ay, A] and A, respectively, such that ay € Cy, az,...,a4, € J, b1 €
Co,bo.... b4, € ]y, 01 € Cf, €2,..-,¢4, €1 € C; and ey,...,¢45, € C;. Moreover,
let g be the smallest positive integer such that J7 = 0. If g = 1, then A = (Q(1) ®

Q(1),ex). Since Id?(Q(1) ® Q(1)) = ([x1,xz]>T2¢, it is obvious that if )(fl,__,,m(Q(l) &)
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Q(1)) asin (4.2) is the (11,.. .., ny)-cocharacter of (Q(1) @ Q(1)), then

= AL 1A = ((m), (n2), (n3), (n4)), ma+ -4y =mn
A7 10, otherwise )

So, we get that the multiplicities in (4.2) are bounded by a constant.

Then we suppose g > 2 and prove that m;,, < N = d(q%)1%%%, for all (A) +
(711, . ,1’[4).

We may assume that h(A(i)) < d;, forall1 <i < 4. Let (Ty(1), ..., Thr()) be Young
tableaux corresponding to (A) and define, forall 1 <i < 4,

€Thi) = < Z U)( Z Sg”(0)0> = RTA(Z’)CT?\(I')/
U’GRTA(’_)

U'ECT/\(i)
where RTA(:‘) and CTA(i) are the row and column stabilizers of TA(i), respectively.
Forall1 < i < 4, it is well known that the element Ty is an essential idempo-
tent in the group algebra FS,,. Similarly, the element ¢ = €T (1) €Ty 2 €Ty3) € Taa) is an
essential idempotent in the group algebra F(S,, X Sy, X Sy, X Sp,). The minimality
of the left ideal F(S,, X --- X S, )e implies that for any multilinear ¢-polynomial f
the ¢-identities ef = 0 and ref = 0 are Pl-equivalent for any r € F(S,, X - -+ X Sy,),
provided that re # 0.

By the definition of ¢, ef is symmetric in each set of variables corresponding to the
numbers in the same rows in T/\(i), foreachi = 1,...,4. Denote by Y, ..., Y;l the
sets of variables corresponding to the elements of the first, second, ..., dith row
of Trq), by Y/ ,.. .,Yd_2 the sets of variables corresponding to the elements of the

first, second, ..., d>th row of TA(Z), by Zf PR Z;lr3 the sets of variables correspond-

ing to the elements of the first, second, ..., dsth row of T\3) and by Z,,..., Zd_4 the
sets of variables corresponding to the elements of the first, second, ..., dsth row of
Tha)- Then ef is symmetric on each set of variables Y, Y, , Zr,7; fork=1,...,d4,
h=1,...,dy,r=1,...,dzands=1,...,d,.

Let ef # 0. Then, by setting ¥ = (01,...,04) € Sy, X --- X Sy, we get that nef is
Pl-equivalent to ef. In particular, we can choose # such that r7ef is symmetric on the
first A(1); variables which are even symmetric, on the next A(1), variables and so
on. Similarly, nef is symmetric on the first A(2); variables which are odd symmetric,
on the next A(2), variables and so on. Analogously, ref is symmetric on the first
A(3)1 (A(4)1) variables which are even (odd) skew, on the next A(3); (A(4),) vari-
ables and so on.

Now we take any fi, ..., fi, multilinear @-polynomials generating different but iso-
morphic irreducible (S,, X - -- x S,,)-modules corresponding to the same multipar-
tition (A). By the above, we can choose permutations #1,...,%m € Su, X -+ X Sp,
and a decomposition

=Y + - - + + - _
XTW—Y1 U“'UYd1UY1 U"‘UdeUZ1/U“'UZd3UZ1 U--~UZd4

such that 71 f1,..., 7mfm are simultaneously symmetric on Y., Y, , Z} and Z, for
k=1,...,d,,h=1,...,d,v = 1,...,dsand s = 1,...,ds. Thus, without loss of
generality, we may assume that f, ..., f,, satisfy this condition.

Let us assume by contradiction that m = m ), > N = d(g?)h®434s and we will prove
that A satisfies a ¢-identity of the type f = p1f1 + - - + pmfm, where pq, ..., pyy € F
are not all zero. This would imply that fi,..., f are linearly dependent modulo
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Id?(A), that is a contradiction.
Since fi, ..., f are multilinear, in order to prove that f = 0, we can evaluate it only
on elements of a basis of A. First, we define substitutions of a special kind. We
consider non-negative integers

K1y e s Kidy s ,Bhll ceey ﬁhdz/ Yris - - r’)/rd3/5511 s /§Sd4

such that, forall1 <k <d|,1<h<d),1<r<dzand1 <s <dy,
dq d> d3 dy
Yoo =1 Yo Bu=1Y 1 Ywm=1Z Y. éa=1Z;|
1=1 1=1 1=1 I=1

We say that an evaluation ¢ has type

((Xklr oo /“kdlr ﬁhlr ey ,Bhdzl Yrlre ey ’)/rdy (551, sy 55114)/

if we replace the variables in the following way: for any fixed k, i, r and s, we eval-
uate the first ayy symmetric even variables from XT< 2 for a;, the next ay, symmetric
even variables from X7,  for a; and so on up to the last a4, symmetric even vari-
ables for a4,. Similarly, we replace the first B;; skew even variables from XT< n for
by and so on up to the last B4, skew even variables for b;,. Analogously, we make
the evaluation of the other variables, taking into account the symmetric and skew
odd variables and the basis {c1,c2,...,¢c4,} and {e1,eo,...,¢e4,} of Af and Ay, re-
spectively.

In order to get a non-zero value of f, we have to consider the nilpotency of |. Thus
we get the following conditions:

3 & AG)
1) Y au<g-—1, 3) Y v <q-1,
1=2 =2
dy d4
2) Y Bu<qg-1, 4) Y 6g<q-1.
1=2 1=2
By definition, we add also these restrictions:
dq d3
5)ap = Y| = ) ag, 7V =12 =Y v
1=2 =2
dy d4
6) B = Y, | = Y Bu 8) 0a = |Z5| = ) da-
1=2 1=2

Fixed1 <k <dy,1<h<dp 1<r <dszand1 <s < dy, by taking into account con-
ditions 1),...,8), itis clear that the number of distinct dq-tuples (a, . .., &g, ) is less
that qdl, the number of distinct dp-tuples (Bp1, . . ., Bra, ) is less that qu, the number of
distinct ds-tuples (,1,...,Vrd,) is less that qd3 and the number of distinct dy-tuples
(6s1,---,0s4,) is less that g%4. Hence the number of distinct special substitutions is at
most g1qf2gPgls = ghtdatdstds — gd forgiven 1 <k <dy, 1 <h<dy1<r<ds
and 1 < 's < dy. Since the number of 4-tuples (k, i, 7, s) is d1dadsds, it follows that the
number N of particular substitutions is less than Ny = (g%)414243d1,

Now we consider all these N particular substitutions ¢, ..., ¢5 and we construct
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the matrix (uij), where, forall1 <i<mand1<j<N,
¢ij(fi) = wij.

This matrix has m rows and N columns of elements of A. Since we are assuming that
m > N = dNp > N, we have that the rows of (uz-]-) are linearly dependent. Hence,
there exist y1,..., um € F not all zero such that

m
Zyiuij =0, foralll1 <;j<N.
i—1

Thus - "
0= ;%(%(fi)) = 4’;'(; wifi),

forall 1 < j < N. This means that the polynomial f = pifi + - + pmfm is zero
under all particular substitutions ¢4, .. ., ¢.

Now it suffices to show that f € Id?(A).

So let p be any substitutions of the variables of f in the elements of the basis of
Af, Ay, A and A . Let o}, be the number of variables in Y;" mapped by p to a1, &},
be the number of variables in Y;” mapped by p to a, and so on. Similarly, let 8, be
the number of variables in ¥,” mapped by p to by, B}, be the number of variables in
Y, mapped by p to b, and so on.

Analogously, let 7/, and (5;]9, with1l <] < dsand 1 < p < d4, be the number
of variables in Z; and Z; mapped by p to ¢; and ey, respectively. Since f is sym-
metric on each Yf,...,YZ,Y{,...,Y@,ZT,...,Z:{S,Zl’,...,Zdz, we get that, for all
6 =(01,...,04) € Sy, X --- xSy, such that 6; € RTA(i),for alll1 <i <4,

p(f) = p(0f) = (p0)f.

In particular, we can choose 0 such that pf is the particular substitutions of the type

!/ / !/ / / / ! !/
(@hts - o Oy Bits -+ o Bludyr Vrir -+ 0 Yreagr Ot -+ 1 O )-

According to what was proved above, p(f) = (pf)f = 0 and f € Id?(A), a contra-
diction. Hence we must have m,, < N, for all (A) F (mq,...,n4), and we get the
desired result. O

Finally, we are ready to prove the main theorem of this section.

Theorem 4.4.2. Let A be a finite dimensional ¢-algebra and let its (ny, . .., ny)-cocharacter
be as in (4.2). Then UT>, LITZS”p, LIngr, UTgr’sup ¢ var?(A) if and only if there exists a
constant N such that m,y < N, for all (A) F (nq,...,ng).

Proof. By putting together Theorem 4.4.1 and Lemmas 4.4.2 and 4.4.3, we get the first
implication.

On the other hand, if UT, € var?(A), UT,"" € var?(A), UT§ € var?(A) or UT; ™7
€ var?(A), then by (4.4), (4.6), (4.8) and (4.10), we get a contradiction. O

By putting together Theorem 4.2.1 and Theorem 4.4.2 we get the following.

Theorem 4.4.3. Let A be a finite dimensional g-algebra, then the sequence cy(A), n =

1,2,..., is polynomially bounded if and only if UT,, UT;”p, UT2gr, UTgr’S”p ¢ var?(A)
and there exists a constant N such that m ) < N in (4.2) for all (A) & (ny,...,n4).
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We conclude this section with the next theorem in which we find a condition
ensuring the multiplicities in (4.2) are equal to zero.

Theorem 4.4.4. Let A be a finite dimensional ¢-algebra and let its (ny, . .., na)-cocharacter
be as in (4.2). Then UT,, UT,"", UTs', UTs """ ¢ var?(A) if and only if there exists a
constant q such that in (4.2) we have m,, = 0 whenever

(AW =AM)1) + (A2 = A2)1) + (1AB) = AB)1) + (|A(4)] = A(4)1) = 4.

Proof. First we suppose that UT», LITZS“’{J , LIngr, UTfr’s”p ¢ var?(A). Let g be the
smallest positive integer such that J7 = 0, where ] is the Jacobson radical of A. By
contradiction, let us suppose that there exists (A) & (n1,...,14) such that m,, # 0
and

(AW =A1)1) + (IA2)[ = A(2)1) + (IAB) = A3)1) + (|A(4)| = A(4)1) = q.

Then, if e = €T (1) €Ty 2 €Ty 3 € Taa) (see Lemma 4.4.3), there exist four Young tableaux
Trxay,--- Ty and f € Py, n, such thatef ¢ Id‘f’(A) and F(S,, X --- X Sy,)ef isa
m1n1mal left ideal of the group algebra F(Syp, X -+ - X Sp,).

Now we define ¢/ = CTA €Ty CTA €Ty ) . Since, in general, 0 # RT,\CT,\h implies

Cr,h # 0, where h is a multilinear polynomlal we immediately get that ¢/ f is not a
p-identity of A.

Moreover, it is clear that ¢’ f is alternating on each A(i); sets of variables correspond-
ing to the columns of Ty, forall 1 <i < 4. In order to get a contradiction, we shall
prove that g = ¢/f € Id?(A).

To this end, since UT», UTsup UTgr UT%W’SW ¢ var?(A), by Lemma 4.4.1, we have
that A= A1 ® - - DA, + ] where, for each 1 < i < m, either A; = [ with trivial
superautomorphism orA; = (F®F,ex)or A; = (Q(1) @ Q(1),ex). Then, by (4.12)
we have that

AiJAr =0and A;A;r =0, foralli # k.

Thus, in order to get a non-zero value of g, we must evaluate its variables with
elements of | and elements of just a single component of A, say A;. In each case,
dimp(Ai)g =1, dimp(A;)y <1, dzmp(A )7 < 1anddimp(A;); < 1. Hence we can
substitute at most one element of (Aj)g in each alternating set of even symmetric
variables. A similar argument holds also for (A;);, (A;)] and (A;);. Thus we
evaluate at most A(1); elements from (A4;)§, at most A(2); elements from (4;),, at
most A(3); elements from (A;);” and at most A(4); elements from (A;); . So we have
at least

(AW =A1)1) + (IA2)] = A@2)1) + (IA3)| = AB)1) + (IA(4)] = A(4)1) = 4

variables that must be evaluated in elements of . In conclusion we obtain that g €
Id?(A), a contradiction.

Otherwise, suppose by contradiction that either UT, € var?(A) or UT,"" € var?(A)
or UT5" € var?(A) or UT5 ™" € var?(A). In case UT, € var?(A), according to
(44),if (A) = ((p,7),2,0,0), with p+r = n, thenm;y = p—r+1 > 0. Thus
my # 0, for any multipartition (A) such that [A(1)[ — A(1); = r arbitrary large and
A(2) = A(3) = A(4) = @. Hence, A does not satisfy the hypothesis.

In case UT,"" € var?(A), according to (4.6), if (A) = ((p +1,p),(1),0,0), with
2p+r=mn—1,thenm,, =r+1> 0. Thus m, # 0, for any multipartition (1)
such that [A(1)| — A(1); = p arbitrary large, A(2) = 1 and A(3) = A(4) = @. Hence
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A does not satisfy the hypothesis. A similar argument holds in case UT5 € var?(A)
or UTS""*" € var?(A). Then we are done. O

4.5 Polynomial codimension growth and ¢-colength

This section is devoted to the proof of another characterization of the polynomial
growth of the codimension related to its ¢-colength.

Theorem 4.5.1. Let A be a finite dimensional ¢-algebra over a field F of characteristic zero.
Then ¢ (A) is polynomially bounded if and only if I} (A) < h, for some constant h and for
alln > 1.

Proof. First, let us suppose that ¢ (A), n = 1,2,..., is polynomially bounded. By
Theorem 4.3.2, we obtain that

Xffl,...,m(A) = Z M Xa) @ D Xa),
(A (n1,..m4)
117)\(1)1<q

where g is such that J(A)7 = 0.. By Theorem 4.2.1 and Theorem 4.4.2, there exists a
constant N such that .,y < N, forall (A)F (nq,...,ng)and forallny +- - - +ny = n.
But there are finitely many multipartitions (A) satisfying the condition n — A(1); <
g. Hence it follows that I#(A) < h, for some constant h.

Conversely, assume that I} (A) < h, for some constant & and for all n > 1. It is
clear that if B € var?(A), then I} (B) < I7(A). By (4.3), (4.5), (4.7), (4.9) and (4.11),
then F® F, UT,, UTfr, LITzs”p, UTfr’s”p ¢ var?(A). So, by Theorem 4.2.1, ch(A),
n=1,2,...,1is polynomially bounded. O

In the following theorem we collect all the characterizations about polynomial
codimension growth of ¢-algebras.

Theorem 4.5.2. Let A be a finite dimensional ¢-algebra A, then the following conditions
are equivalent:

1. c§(A) is polynomially bounded;
2. U, UT,"Y, Ut , UTs ™", F& F ¢ var?(A);

3. A ~ B, where B = By @ - - - @ By, with By, ..., By, finite dimensional ¢-algebras
over Fand, foralli=1,...,m,dimpB;/J(B;) < 1.

4. there exists a constant q such that, for all nq, ..., ng, withny +---+ng =n,

Xnems(A) = Y muxan) @ ® Xy
(MY (n1,...m4)
nf)x(l)1<q

5. UT,, UTZSMP, Ungr, UngV’S”p ¢ var?(A) and there exists a constant N such that
myy < Nin (4.2) forall (A) = (ny,...,n4);

6. 17 (A) < h, for some constant h and for all n > 1.
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4.6 Classifying the subvarieties of var?(F & F)

In this section we classify, up to T, -equivalence, all the g-algebras contained in the
variety generated by F @ F.

Since F @ F is commutative and is endowed with trivial grading, by Remark 4.2.1
the superautomorphism ex is just a superinvolution and also a graded involution.
Hence, the classification was given in [40, 36] and in what follows we recall such
result.

For k > 2, let UT, = UTy(F) be the algebra of k x k upper triangular matrices
over F, let I; be the k x k identity matrix and E; = Zé:ll eii+1 € UTy. We denote by

Cr={al+ Y wE}|aa; € F} CUT

1<i<k

the commutative subalgebra of UTj with trivial grading and superautomorphism ¢
given by ‘ o
(al + 2 Dél'Ell)(P =l + Z (—1)1061'[‘:11.

1<i<k 1<i<k

We next state the following result characterizing the @-identities and the ¢-codi-
mensions of Cy.

Theorem 4.6.1. Let k > 2. Then

1. 1d?(Cy) = ([x1, x2], Y1 Y 27,2 >T2“’;

2. cH(Cy) = Z;.‘;& ()~ (k_ll)!nk_l.

The following result classifies all the subvarieties of the variety generated by
F@F.

Theorem 4.6.2. [40, Theorem 8.3][36, Theorem 6.5] Let A be a ¢-algebra such that A &
var?(F & F). Then either A ~py FOFor Aevpe Nor A~pe CONor A ~vpe CGe® N,
for some k > 2, where N is a mlpotent p-algebra and C is a commutative superalgebm with
trivial superautomorphism.

As a consequence of the previous theorem, we can also classify all g-algebras
generating minimal varieties.

Definition 4.6.1. A variety ) is minimal if it satisfies the property that cjj (V) ~ gnF,
for some k > 1 and g > 0, and for any proper subvariety U C V, ¢} (U) ~ q'n', with
t <k

Corollary 4.6.1. [40, Corollary 8.2] A ¢-algebra A € var?(F & F) generates a minimal
variety if and only if A ~ Ck, for some k > 2.

4.7 Classification of the subvarieties of var?(UT,), var? (UT5),
var?(UT,"") and var?(UT5 ")

In this section we classify, up to T, -equivalence, all the p-algebras contained in the
variety generated by the g-algebras UT,, UT5 , UT,"" and UT5 ™",

Notice that these classifications are equivalent to the classifications of the su-
peralgebras inside the varieties of superalgebras generated by UT, and UT} , for
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Remark 4.2.1. Such a classification was given in [40]. In what follows we present
such results without proof in the language of ¢-algebras.

We start by constructing, for any fixed k > 1, ¢-algebras belonging to the variety
generated by UT>, LITfr, UT;M’] and UTégr’sup whose g-codimension sequence grows
polynomially as n*.

Now we define a grading and an automorphism ¢ on UTj.

Ifg = (g1,...,8) € Z& is an arbitrary k-tuple of elements of Z,, then g defines
an elementary Z,-grading on UTj by setting

(UTy)o = span{eij | i +gi= 0} and (UTy); = span{eij | Qi +gi = 1}.

If A is a subalgebra of UTj, then the induced grading on A is also called elementary.
We define an automorphism ¢ on UTj as follows:

(pZUTk — UT;

k k k k
x11€11 + Z ajjeij + 2041]‘@1]' = aq1811 + Z Kijejj — foljelj-
i,j=2 j=2 ij=2 j=2
i<j i<j

We notice that this automorphism is graded on a subalgebra of UTj with the
elementary Z,-grading induced by g € Z5.
For k > 2, let

Nk = Span{Ik/ E]/ E%/ sy Elfiz; €12,€13,- - - Ielk} - UTk
and let
Ay = Ay(F) = spanfei1, E1, E}, ... ,Elffz} e, €13, .-, ek—1xy S UTy.

So, let us denote by

* N and A the algebras Ny and Ay, respectively, with trivial grading and trivial
superautomorphism;

e N{" and A} the algebras Ni and A, respectively, with elementary grading
induced by g = (0,1, ...,1) and trivial superautomorphism;

e N;"7 and A}"" the algebras Ny and Ay, respectively, with trivial grading and
superautomorphism ¢;

o N5 and A3""" the algebras Ny and Ay, respectively, with elementary grad-
ing induced by g = (0,1, ...,1) and superautomorphism ¢.

Let A} be the subalgebra of UT; obtained by flipping the matrices in Ay along
their secondary diagonals. So,

Af = span{ex, E1, E%, e, E'lc’2; €1ks €2k - - - 1 Ck—1 ) }-
We define the automorphism ¢* on UTj as
" UT — UT
k—1 k—1 k-1

- k=1
Kikekk + Z Kijejj + Z Kjkejk > KikCkk + E Kjjeij — Z X kCik,
j=1

ij=1 j=1 ij=1
i<j i<j
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which is graded on a subalgebra of UTj with the elementary Z,-grading induced by
g € 7k
Hence, we denote by

» Aj the algebra A} with trivial grading and trivial superautomorphism;

o (A{")* the algebra A} with elementary grading induced by g = (0,1,...,1)
and trivial superautomorphism;

o ( A;“p )* the algebra A} with trivial grading and superautomorphism ¢*;

o (A{""")* the algebra A} with elementary grading induced by g = (0,1,...,1)
and superautomorphism ¢*.

We next state the following result characterizing the @-identities and the ¢-codi-
mensions of these g-algebras (see [40, Lemma 3.1, Lemma 3.2, Theorem 4.1, Theorem
4.2]).

We notice that given a polynomial f € F(YUZ, ¢), f* is the polynomial obtained
by reversing the order of the variables in each monomial of f. Then f is a ¢-identity
of Ay if and only if f* is a ¢-identity of (Ax)*. We get the following result (see [40,
Lemma 3.2]).

Theorem 4.7.1. Ifk = 2, then 1d¥(N,) = Id?(F).

Ifk = 3, then 1d?(Ne) = ([yy, -,y L vi v s ya Ly =,z 27 )
Let k > 2. Then:

1d?(Ax) = [y, v3 lvs vy, [ylfyz s Yy 22 )y
147(A) = lvi v llys i lys - el vs Ly 2% 27 gy
(N =y 3 L z5i el vy 223,27 ) e
132(AY) =i vsl 2yl vy 2z 2 )y

12 ((AF)*) = (v v Lyl vzt y 20z, 2 )y

1@ (NSY) =y v Ly vl el v ya 25,2 ) g
@A) =l v Ly vl vl vy ya 2t 2 g

132 ((AL)) =i y3 Lyl vy vy, 252 )y

W9 (NS = (v, 3 ) 2wyl v 27202 ) g
1d9(AF) =yl s Lz vl - vy 222 ) g

132 ((AF)) =i w3 Lyl vz w25 2025 ) g

Now we are ready to present the main results of this section.
The following result classifies all the subvarieties of the variety generated by UT>
(see [40, Theorem 3.1]).

Theorem 4.7.2. Let A be a ¢p-algebra such that A € var?(UT,). Then A is Ty -equivalent
to one of the following ¢-algebras: UT,, N,Nt @ N, N; ® Ay &N, N; ® A; ®N, N; B Ay &
A; ® N, where N is a nilpotent ¢-algebra and k,r,t > 2.

As a consequence of the previous theorem, we can classify all p-algebras gener-
ating minimal varieties (see [40, Corollary 3.1]).

Corollary 4.7.1. A ¢-algebra A € var?(UT,) generates a minimal variety if and only if
either A ~ Nior A ~g Apor A ~ Af, for somek > 2,t > 2.

Now we present the classification for the subvarieties of var?(UT; ) (see [40,
Theorem 6.1]).
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Theorem 4.7.3. Let A be a ¢-algebra such that A € var?(UT5'). Then A is T3 -equivalent
to one of the following ¢-algebras: UTy ,N,C® N,N{' @ N, A" @ N, (A7 )* @ N,N{" &
AV & N,NY & (AY ) @ N, A @ (AY)* & N,N{" @ AY @ (Af")* @ N, where N is a
nilpotent @-algebra, C is a commutative superalgebra with trivial superautomorphism and
trivial grading and k, v, t > 2.

As a consequence, we obtain the following corollary (see [40, Corollary 6.1]).

Corollary 4.7.2. A ¢-algebra A € var?(UT} ) generates a minimal variety if and only if
either A ~re N,fr or A ~rg Air or A ~ry (A‘gr)*,for some k > 2.

Here is the classification of the subvarieties of the variety generated by UT,"”
(see [40, Theorem 6.1, Corollary 6.1]).

Theorem 4.7.4. Let A be a g-algebra such that A € var?(UT,""). Then A is TS -
equivalent to one of the following g-algebras: UT,"", N, C& N, N;'* @ N, A;'" & N,
(A")eN NTeA"eN NTe (A7) eN, Ae (A7) eN N7
A & (AY7)* @ N, where N is a nilpotent @-algebra, C is a commutative superalgebra
with trivial superautomorphism and trivial grading and k,r,t > 2.

Corollary 4.7.3. A g-algebra A € var?(UT,"") generates a minimal variety if and only if
either A ~1p N;“p or A ~1p A;”p or A ~p (A,S(”p)*,for some k > 2.

Finally, we present the classification of the subvarieties of the variety generated
by UT5 """ (see [40, Theorem 6.1, Corollary 6.1]).

Theorem 4.7.5. Let A be a ¢-algebra such that A € var?(UTs **7). Then A is Ty -
equivalent to one of the following ¢-algebras: UT5 **¥, N, C® N, N§"*"'"" & N, A7 @
N, (A(Igzr,sup)* EB N, N;gl",sblp EB ;q(lgr,sup EBN, NZgT’,SMp EB (A{Er,sup)* @ N/ A(]ET,SMP @ (Air,sup)*
& N, N{""P g AT @ (AF"™"")* @ N, where N is a nilpotent g-algebra, C is a commu-
tative superalgebra with trivial superautomorphism and trivial grading and k, v, t > 2.

Corollary 4.7.4. A g-algebra A € var?(UT§ ™" generates a minimal variety if and only
if either A ~ ¢ Nfr’sup or A ~re Afr’s”p or A ~re (Air’sup)*,for some k > 2.
2 2 2

4.8 Characterization of p-algebras with linear growth of the
codimensions

We conclude this paper with a characterization, up to T -equivalence, of the finite
dimensional ¢-algebras generating varieties of at most linear growth, i.e., such that
cy(A) < an, for some constant a. In order to do this, we follow the same arguments
used in [27].

First we present some results inspired by Theorem 5.1, Corollary 5.1, 5.2 and 5.3
in [32].

Theorem 4.8.1. Let A be a g-algebra. Then cj(A) < an? for some constants a and p if
and only if for every ny + - - - + ngy = n it holds

X (A) = Y. mpuxim @ @ Xaw)-
<)\>F(1’l],...,1’l4)
n—A(1)1<p

The summation runs over all multipartitions (A) = (A(1),...,A(4)) & (n1,...,n4) such
thatn —A(1)1 <p,n=mny1+ -+ ng.
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Proof. Suppose first that cj,(A) < an”. According to Theorem 4.3.2, since c}; (A) is

polynomially bounded, for all 1 + - - - 4+ n4 = n one has

Xins(A) = Z MuXA1) @ @ X))
</\>|_(I’l1 ..... 1’14)
n—/\(1)1<q

for some g. Moreover, since ch (A) < an?,by (4.1) it follows that

Hence, if (A) = (A(1),...,A(4)) F (ny,...,n4) is a multipartition, we must have

n
(m, . .,n4>m<)‘> deg xaq1) - - - deg xaqq) < an’.

But the multiplicities m,, are bounded by a constant and deg x); is a constant

.....

Propositions 4.3.1 and 4.3.2,

bnt+f g < > deg X}L(l) S Cnt+r

ni,...nNny

where 7 is the number of boxes under the first row of A(1) and t = ny + n3 + ny.
Hence we must have t +r = n — A(1); < p and this implies

Xinons(A) = Y MmyXaa) @« © Xa)-
(M (n1,...,m4)
n—A(1)1<p
The converse is deduced by proceeding backwards through the proof. O

As a consequence we obtain the following corollaries.

Corollary 4.8.1. Let A be a g-algebra. Then cjy(A) = anP if and only if there exists ng
such that for every n > ng

L Xihns(A) = L0 (nyns) M XAD) © -+ @ Xy, for every ny + - - -+ ny = n;

.....

n—A(1)1<p

2. there exist n} + --- +ny = n and a multipartition (u) = (u(1),---,u(4)) +
(ny,...,my) such that n — u(1), = p and the corresponding multiplicity m ,, # O.

Corollary 4.8.2. Let A be a g-algebra. Then cf (A) < an, for some constant a, if and only
if, for every ny + - - - 4+ ng = n, it holds

Xitons(A) = Z MuXA1) @ @ X))

where (A) = (A(1),...,A(4)) is such that either A(1) = (n—1,1) and A(i) = @, i =
2,3,4,0r A(1) = (n) and A(i) = @, i = 2,3,4, 0or A(1) = (n —1) and A(i) = (1) for
somei € {2,3,4} and A(j) = @ forall j # i.

Corollary 4.8.3. Any ¢-algebra A such that ¢}y (A) < an, for some constant a, satisfies the
polynomial identities x1x, = 0 for all x1,x, € X/Y+, with Yt = {y{,y5,... }.

Then we get the following results inspired by Lemma 5.1, 5.2 and 5.3 in [32].
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Lemma 4.8.1. Let A = F + | be a finite dimensional ¢-algebras such that cjy (A) < an, for
some constant a. Then

Arge (FH] )@ (F+]y) @ (F+ )@ (F+]p).

Proof. Since c;;(A) < an, by Corollary 4.8.3, A satisfies the polynomial identities
x1xp = 0, for all x,xp € X/Y+, with YT = {yf,y;,...}. Hence F + ](]L, F+]y,
F+ ]} and F + J; are subalgebras of A and soId?(A) CId?((F+ ;) ® (F+ ;) ®
(F+J7) @ (F+ 7).

Conversely, let f € Id?((F+ ] ) @ (F+ ], ) ® (F+J{) ® (F+ J; )) be a multilinear
polynomial of degree n. By multihomogeneity of TZ(P -ideals we may assume, modulo
Id?(A), that either

fzg; lxay;(l)“'y;—(n) or f= ‘_12 ‘BUy:(l)'“y;_(i—l)xa(i)y:(i-i—l)”'y:(n)’
" e

where x; € X/YT,i =1,...,n. If f is of the first type, we should evaluate f on
F+]s. But f € Id?(F + J;) by the hypothesis, and so we get that f = 0 on A.
Similarly, if f is of the second type we get that f = 0 on A. Hence Id?((F + J;) &
(F+Jy)®(F+]{)® (F+];)) CId?(A) and we are done. O

Corollary 4.8.4. Let A = F + ] be a finite dimensional g-algebra such that c}j(A) < an,
for some constant a. Then A ~re Bi® N, withi € {1,...,4}, or A ~re B;® Bj® N,
withi,j e {1,..., 4 andi # j, or A ~r9 Bi © B © By © N with i, j, k € {1,...,4} and
i#j#korA ~re B1 @ By, @ B3 @ By @ N, where By € var?(UT,), B, € var‘/’(lszup),
B3 € var?(UTS") and By € var?(UT§ ") and N is a nilpotent ¢-algebra.

Proof. Since cf(A) < an, by Corollary 4.8.3, A satisfies the polynomial identity

x1xy = 0, for all x1,x, € X/Y". Hence, by Lemma 4.8.1, A ~re (F+]5)® (F+
Jo)® (F+T) & (F+]p).

Now we observe that F + | € var?(UT).

Since F + ] has trivial grading and trivial superautomorphism, then y~ = 0,
zF = 0and z= = 0. So F+ ] is an ordinary algebra and we write F + ;7 =
F+ (J§ )10+ Ug o1 + (Jg oo + (Jg )11, where (] );j is a left faithful module or a 0-left
module according as i = 1 or i = 0, respectively, and (] );j is a right faithful module
or a 0-module according as j = 1 or j = 0, respectively. And fori,j,I,m € {0,1},
one has (J5)ii(Jo )im € dx(Jg )im, where &j is the Kronecker delta. We must have
(Jo )w(Ug)o = JHor(JgHwo = (g )wlg oo = (Jg)oo(Jg)or = 0. Suppose that
(Jo )10(Jg )on #0andleta € (J§ )10 and b € (J§ )o1 such that ab # 0. Let

n—3. + +

f((n—2,1,1),®,®,®) = Z (Sgna)y;(l)(yf) Yo)Y0(3)

0ES3

be a highest weight vector corresponding to (A) = ((n —2,1,1),0,0,D) (see [10,
Theorem 12.4.12]). By making the evaluation yi’ = 1g, y;r = a, y; = b, we get
ab 4 ba # 0 since ab € (Jg )11 and ba € (J§ )oo- S0, f((n—211),0,0,0) is NOt a @-identity
of A. Therefore X ((,-2,1,1),0,0,0) appears with non-zero multiplicity in the decompo-
sition of Py /(P§ N1d?(A)) into irreducible characters, but this is a contradiction to
Corollary 4.8.2. As above, if (J; )o1(Jg )10 7# 00r (J )10(Jg oo # 0 we reach a contra-
diction since the same polynomial f((,_21,1),0,0,0) is not a ¢-identity for A.

At last, suppose (J; )oo(Jg o1 # 0.
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Then f((y,-211)0,00) = Lress (sgna)y:(l) +(2) (yf)”*:”y;@) is a highest weight vector

Yo
corresponding to (A) = ((n —2,1,1),®,0,®) and it is not a ¢-identity, a contradic-
tion.
Then one has

F+J5 = (F+ g )w+ U)o + Jg)) @ (Jg oo ~g A1 @A DN,

where Ay = F+ (J )11 + (Jg )10, A2 = F+ (J§ )11 + (J§ )or and N is a nilpotent al-
ebra.

Ig\Tow we prove that [(J§ )11, (J§ )11] = 0. If not, let a,b € (J; )11 such that ab # ba

and let f((,_211)0,00) = Loes, (sgna)y:(l) y;:(z)y:@ (y§ )"~ be a highest weight vec-

tor corresponding to (A) = ((n—2,1,1),0,0,). By evaluating y| = 1p, y; = a

and y3 = b, we get f(n-211),0,0,0) = ab —ba # 0, which is a contradiction.

So, we get that [y}, v5 |[y5, v, ] = Ois an identity of A; and A».

Finally, we claim that F + J; € varq’(uj“;”?). It is obvious, since [yf,y;] =0,
¥y, =0andz? =0, for6 € {+,—}.
The same argument holds for the other cases and then the proof is complete. O

Now we are ready to present the main result of this section.

Theorem 4.8.2. Let A be a finite dimensional -algebra such that c;(A) < an, for some
constant a. Then
ANT; Bi®---® By ®N,

where B; € var?(UT,) or B; € var?(UT,"") or B; € var?(UT5' ) or B; € var?(UT5 **7),
foralli=1,...,m,and N is a nilpotent ¢-algebra.

Proof. Since ch (A) < an, for some constant a, by Theorem 4.3.1, we may assume
that A = A1 ©--- © Ay, where Ay, ..., Ay are finite dimensional g-algebras with
dimpA;/J(A;) <1, foralll <i < m. Notice that this says that either A; = F + J(A;)
or A; = J(A;) is a nilpotent @-algebra. Since cjj(A;) < cf(A), then ¢ (4;) < an,
foralli =1,...,m. Now the result follows by applying Corollary 4.8.4 to each non-
nilpotent A;. O

By putting together Theorems 4.7.2, 4.7.3, 4.7.4 and 4.7.5, we get a finer classifi-
cation of the g-algebras of at most linear growth.

Theorem 4.8.3. Let A be a finite dimensional g-algebra such that cjj (A) < an, for some
constant a. Then
A~ Bi©--©Bn ©N,

where N is a nilpotent gp-algebra and, foralli = 1,...,m, B; is T} -equivalent to one of the
following ¢-algebras:

NN, N N, @ Ay N N, @ A3 N N, @ Ay @ Ay © N,
CaN, Nsup @ N, A;up o N, (A;up)* o N Nsup ® A;”P ® N N;up @ (A;up)* @ N,
A (A7) N NS & AT @ (A37) 6 N,
NS @ N, AS @ N', (A )* @& N',N5' @ A5’ © N',N5' @ (A )* @ N/,
A @ (AY) e N, NS @ AY @ (AY) e N,
N§™*"P @ NY, A5 @ NY, (AS*"F)* @ N', N5 "7 @ AS*"P @ N,
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Négr,sup @ (Agr,sup)* @Ni, Agr,sup @ (Agr,sup)* @Ni, Négr,sup EBAgr,su]a ® (Agr,sup)* @Ni,

where C is a commutative @-algebra with trivial grading and trivial superautomorphism and
N' is a nilpotent @-algebra.
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