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A B S T R A C T

During crystallization, crystals nucleate and grow within materials, often impinging and interacting in a sto
chastic manner. This complexity has long hindered accurate reconstructions of a material’s crystallization his
tory. By considering a representative material region with a finite crystal population, we derive equations that 
accurately predict crystal size and free surface evolution throughout the crystallization process. These equations, 
paired with a numerical solver, enable reconstructing nucleation events and crystallinity progression using the 
crystal size distribution and growth rates. We demonstrate this method by pinpointing the nucleation and 
crystallinity timelines of simulated, manufactured, and ancient geological materials, entirely without real-time 
observation. Our model offers unprecedented insights into extreme crystallization environments that are diffi
cult to mimic, such as volcanic magma chambers, and supports the design of advanced materials.

Introduction

Nucleation and growth are fundamental to how 2D [1–5] and 3D 
[5–7] materials form. Glass devitrification [1], electronic crystal for
mation [2], and ferroelectric domain growth [3] are all examples of 
transformations in materials where nuclei randomly appear and then 
grow, competing for space. The rate at which crystal nucleation and 
growth occur is particularly critical in determining how a material’s 
structure develops. Predicting the nucleation rate of crystals is known to 
be a significant challenge, whereas predictions of crystal growth rates 
are often far more accurate [8,9]. Because predicting nucleation rates is 
challenging, their direct measurement is important to gain insights into 
crystallization. However, methods for measuring nucleation rates in 
materials are also limited. Direct observation of nuclei forming without 
disturbing their surroundings is challenging [5] and is impossible for 
materials that have already undergone crystallization.

In polycrystalline geological materials, determining the times of 
crystal formation provides crucial insights into the kinetics of geological 
processes, such as ore deposit formation [10] and lunar volcanic activity 
[11]. Current retrospective methods of measuring nucleation rates, 
which do not involve observation during the transformation, rely on 
measuring the crystal size distribution. These methods assume a specific 

functional form for the nucleation rate, a constant growth rate, and that 
crystal boundary impingement does not occur [11–14]. Recent works 
have identified improvements, enabling time-dependent growth rates to 
be independently determined. This is achieved by examining the parti
tioning of elements around crystal boundaries, a process referred to as 
‘geospeedometry’ [15,16]. But methods to determine nucleation times 
still rely on the assumption of no impingement [15]. Despite this 
assumption, such techniques are often applied to materials that are 
near-fully crystalline because there is no accurate alternative [11,17].

The complexity of accounting for random crystal boundary im
pingements and the resulting distortion of the crystal morphology have 
hindered modelling crystallization. Empirical impingement corrections 
for models that retrospectively determine nucleation rates have been 
proposed [10,18]. However, their uncertain range of applicability has 
limited their widespread adoption. Whereas models of crystallization 
that rigorously account for impingement lack a method of retrospec
tively determining nucleation times of individual crystals [5,7,19–25]. 
These rigorous impingement models consider an infinitely large mate
rial with an infinite number of crystals forming within. We conjectured 
that deriving a model based on a finite number of crystals, instead of 
infinite, could enable predicting the size of individual crystals. Such a 
model could be used to accurately determine the nucleation rate in a 
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material that was not observed during crystallization.
Most models of crystallization under impingement, like the Avrami 

equation [19–23] which is often applied to materials transformations 
[1–7], assume crystals nucleate randomly throughout an infinite space 
and grow until their boundaries reach another’s. The parts of the 
boundary that meet cease moving. Nucleation and growth continue until 
the whole system is occupied.

We instead considered an arbitrary region of a material. This region 
is finite and has periodic boundaries. If crystals nucleate randomly 
within uncrystallized space in the region and then grow, we find that 
their expected combined volume fraction, individual volume fraction, 

and unimpinged free surface area over time are given by Eqns. S7, S9, 
and S11 (see Supplementary Information for derivation). If nuclei form 
at different times, then Eqns. S7, S9, and S11 predict that each crystal 
will have a different size and free surface, creating a distribution of 
crystal sizes and free surfaces.

To validate our theoretical predictions, we tested the accuracy of the 
predicted distributions of Eqns. S7, S9, and S11 against 2D and 3D 
simulations for various nucleation and growth scenarios. Three sce
narios representative of many material transformations were consid
ered: 1) constant nucleation and growth rate in 2D [2,4,7], 2) constant 
nucleation rate and time-dependent growth rate in 2D [1,7], 3) 

Fig. 1. Comparison of our equations’ predictions to simulations. Representative timelapse snapshots of simulations early, midway, and at the end of crystallization in 
2D (A) and 3D (B). (C-E) Cumulative frequency distribution diagrams illustrating the similarity between the predicted and simulated final crystal size distributions in 
each scenario. Each red line corresponds to the result of one Monte Carlo simulation run. The exact scenarios are scenario 1 (C): nucleation rate = 0.5 s− 1, radial 
growth rate 1 pixel s− 1; scenario 2 (D): nucleation rate = 0.5 s− 1, radial growth rate 5̅̅

t
√ pixels s− 1 where t is time since experiment began such that all crystals grow at 

the same rate; scenario 3 (E): nucleation rate = 0.005t s− 1, where extended radii are given by 
̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

120
(
t − tn,i

)√

voxels where tn,i is time of crystal i’s nucleation, such 

that the extended radius of crystal i is proportional to the time elapsed, 
(
t − tn,i

)
, since its nucleation.
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time-dependent nucleation rate and parabolic growth rate in 3D [8]. 
Monte Carlo cellular automata simulations were performed using Mat
lab (Mathworks, USA). Crystal nuclei, one pixel or voxel in size, were 
randomly initiated in unoccupied regions of a square or cubic domain at 
times dictated by the prescribed nucleation rate. Volume and area 
fractions (for individual crystals and the overall phase) were determined 
via voxel or pixel counting, while surface area and perimeter were 
measured using the line intercept count method [26]. For the 3D sim
ulations, the line intercept count was sampled on 20 equally spaced 
planes along the cube’s depth. In 2D, 100 independent simulations were 
conducted using a central grid of 6002 (with a total grid of 18002 when 
accounting for periodic boundaries) to determine mean crystal sizes, 
free surfaces, and distribution characteristics. For 3D, due to higher 
computational demands, 40 independent simulations were performed 
using a central grid of 2003 (total grid of 6003 when including periodic 
boundaries) to obtain the corresponding measurements.

Characteristic timelapse images of the 2D and 3D simulations are 
shown in Fig. 1A and B. Our equations accurately predicted the crystal 
size distributions at the end of each simulated crystallization scenario 
(Fig. 1C-E). Deviations between simulation results and theoretical pre
dictions (Eqns. S7, S9, and S11) for crystal size and free surface distri
butions at different transformation stages are summarized in Table 1 and 
shown in Fig. S1-S2.

Predicting the crystal size distribution during crystallization could be 
very useful for designing materials with bespoke properties. Many 
electrical, mechanical, and antimicrobial properties of polycrystalline 
materials depend on the crystal sizes and free surfaces [27–29]. Our 
equations illustrate the dominant factors that determine these crystal 
sizes and free surfaces. Multiple scenarios can be computed in seconds 
on a laptop. Whereas random-seed simulations, which require taking 
averages of multiple runs, can take days to complete a single scenario. 
Thus, our equations offer a tool to rapidly evaluate advanced material 
production strategies via processing-structure-property relationships 
[27].

As with the Avrami equation, our model assumes nuclei remain 
spatially fixed during growth. This may be a reasonable approximation 
in some fluid systems [1,6,28] but general application to crystallization 
in fluid media requires caution as crystal movement can occur in the 
media via convection or settling.

To our knowledge, there are no models of finite materials for pre
dicting crystal sizes or free surfaces under the effect of impingement. 
Recent work has identified a method for predicting the crystal size dis
tribution in infinite materials via Fokker-Planck equations [24,25]. 
However, these require defining functional forms of the nucleation and 
growth rate that apply to every crystal. Our method instead treats 
crystals individually, so nucleation times and growth rates for individual 
crystals can be specified, giving granular control over the model.

Eqns. S7 and S9 showed that the final volume of each crystal is 
dependent on the history of the system, including the effects of all other 
crystals. This led us to develop a system of equations whereby, if either 
the nucleation or growth rate is known, the other can be determined 
from the measured crystal size distribution.

We extended Eqns. S7 and S9 to account for not all crystals having 
boundaries fully within an imaged region, which yielded Eqns. S13–15, 
and developed a numerical solver in Matlab that would optimize a set of 
equations to best match a measured crystal size distribution (see Sup

plementary Information for full derivation). 

KVVi,measured =

∫τ

0

d
(
KVVi,extended

)

dt

(
1 − KVVi,extended

)(
1 − KVVj,extended

)
⋯

(
1 − KVVi,extended

) dt 

KVVj,measured =

∫τ

0

d
(
KVVj,extended

)

dt

(
1 − KVVi,extended

)(
1 − KVVj,extended

)
…

(
1 − KVVj,extended

) dt 

Where VVi,measured is the measured area or volume fraction of an in
dividual crystal which can be found via many methods such as stereol
ogy and X-ray tomography [11,15,26]. K is a constant found by dividing 
the area or volume fraction of all crystals by the sum of crystal area or 
volume fractions that are fully within the imaged region. VVi,extended is the 
‘extended’ area or volume fraction [21–23] of an individual crystal and 
defines the area or volume fraction the crystal would have if it didn’t 
impinge on any other crystal. τ is the desired experiment end time. There 
is an equation for each crystal in the system, so if there are n crystals 
measured then there are a set of n equations. When the growth rate is not 
a function of time since the experiment began, such as for constant or 
parabolic growth, the nucleation time of the first crystal (which is ex
pected to be the largest according to Eqn. S15) is set to zero to provide a 
fixed reference point for the optimization. When the growth rate is a 
function of time since the experiment began, such as growth dependent 
on the rate a material is cooled, no other reference point is required and 
the times of nucleation can be given in terms of time since the experi
ment began. We also state that no crystal can form earlier than t = 0 or 
later than the measured end time of the experiment. Alternatively, if any 
crystal’s extended area fraction will reach unity before the measured 
end time then this is taken as the end time. If this step is not done, Eqn. 
S14 becomes negative.

We tested the ability of our method to reconstruct the nucleation 
times given the crystal size distribution predicted by Eqns. S7 and S9 
from the scenarios in Fig. 1. The inputs were the known experiment 
time, final crystal size distribution, and the prescribed growth rate. In 
each scenario, the nucleation rates were accurately determined (Fig. 2).

We then applied our method to an evaporative crystallization 
experiment, the most common industrial crystallization method [30]. 
We used the prototypical system of spherulitic ascorbic acid crystals 
[31]. Spherulites are a crystal morphology resembling circles in 2D and 
spheres in 3D. They are likely the most widespread crystal morphology 
[32] and occur in many materials, from metal to magma [1,2,4–8,15,16,
32,33]. 2 ml of a 0.032 g/ml solution of ascorbic acid in methanol 
(Sigma-Aldrich, UK) was pipetted into fresh 9 cm diameter plastic 
evaporation dishes over a lightbox. Crystallization of a central square 
region of each dish, away from the dish edges, was monitored with 
timelapse images taken using a Canon EOS 5D Mark IV (Canon, Japan). 
Throughout crystallization, a temperature of 24◦C and a humidity of 
33–37 % was maintained. Nucleation times were taken to be the times 
that new crystals were first visible in the timelapse images. Area fraction 
and perimeter measurements were made using the point counting and 
line intercept methods [26]. The measured area fractions of crystals fully 
within the central square region, experiment end times, and central 
square region sizes are given in Table S1.

Timelapse images show the progress of crystallization (Fig. 3A-C) 
and the ascorbic acid crystals produced structures typical of concurrent 

Table 1 
Summary statistics of percentage difference between predictions of Eqns. S7, S9, and S11 against simulation results.

Crystallization Stage Crystal property Scenario 1 (%) Scenario 2 (%) Scenario 3 (%) Average (%)

Early in transformation Size distribution 2.1 1.2 2.3 1.85
Free surface distribution 3.7 3.8 2.7 3.4

Midpoint Size distribution 2.6 2 2.4 2.3
Free surface distribution 6.3 4 7.6 6

End of transformation Size distribution 2 1.2 1.3 1.5
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nucleation and growth (Fig. 3C cf. Fig. 1A). Contiguity is the ratio of 
non-free surface to total surface of the crystals [34] and is sensitive to 
the spatial randomness of nuclei but insensitive to their shape, nucle
ation rate, and growth rate in 2D and 3D [35]. A shallow deviation from 
a line of contiguity = combined crystal fraction that is most prominent 
mid-transformation is typical of spatially random nucleation [35]. The 
measured contiguity of the ascorbic acid crystals corresponded well to 
that expected of random nucleation (Fig. 3D). The histograms of 
measured final crystal sizes approximately correspond to a gamma dis
tribution (Fig. 3E), as expected of random nucleation and growth of 
spherulites [24,25].

Our experiment used a density of 1 mg/cm2 ascorbic acid over the 
evaporation dish. Previous work has shown that at this density, crystals 
grow at a constant rate of 3.5 µm/s [33]. We measured our crystal 
growth rates and they remained approximately constant at 3.5 µm/s 
over time (Fig. S3).

We then applied our model. The inputs were the predicted growth 
rate [33], our measured final crystal size distribution (of crystals fully 
within the field of view), and the total time of the experiment. The 
predicted times of crystal nucleation accurately match the measured 
times (Fig. 3F-G). The average error over time of the predictions was 2 
nuclei (sample 1: 3, sample 2: 2), equivalent to an average percentage 
error of 7.2 % (sample 1: 8 %, sample 2: 6.4 %), and our predictions 
captured the qualitative change in nucleation behavior over time well. 
The observed nucleation profiles are typical of nucleation in materials 
with an initial slow increase, followed by a region of near-constant 
nucleation, then a slow plateauing [36].

The generalized Avrami equation [7,21–23] fit well to our data and 
the recovered exponent had an average value of 3.34 (Sample 1: 3.38, 
Sample 2: 3.29) (Fig. S4). However, these fractional exponents have no 
clear physical interpretation [7]. Hence, the Avrami exponent method of 
interrogating nucleation kinetics appears less generally applicable than 
our method, even in simple systems.

We then checked if our method could retrospectively predict other 
useful features of the crystallization process. One commonly sought 
metric is the combined crystallinity of the sample over time [1–8]. We 
used our predictions of nucleation times (Fig. 3F-G), the predicted 
growth rate [33], and Eqn. S7 to retrospectively predict the crystallinity 
of the sample over time. Our prediction matched the measured data well 
(Fig. 3H-I). To our knowledge, no other technique can pinpoint nucle
ation times or other crystallization properties, in systems that impinge, 
from data obtained after crystallization finishes.

We next applied our method to two datasets of crystals from obsidian 
lava samples taken from the caldera around Yellowstone supervolcano 
[15] (Fig. 4A). After eruptions around 100 million years ago [37], lava 
from the volcano slowed, cooled, and became highly viscous [15,16]. 
Crystals then began to randomly nucleate and grew until impingement 

[15,16]. Crystal formation is believed to have occurred whilst the lava 
was cooling from 600 to 350◦C [15] (Fig. 4B). We plotted predicted 
nucleation times for a representative set of crystals from both datasets 
(Fig. 4C). These standard predictions were determined by assuming 
impingement did not occur. Then we applied our method. The inputs 
were the crystal size distribution, the time-dependent growth rate, and 
the crystallization time window. Large optimization problems can be 
computationally intensive and only ~70 crystals are needed for a 
representative sample element of a polycrystalline material [11], hence 
we sampled 70 crystals from the size distributions in the datasets [15]. 
The Matlab code used to compute the representative example of sample 
1 in Fig. 4C has been deposited in the Supplementary Materials.

Our results suggested that some crystals nucleated nearly a year later 
than previously believed whilst others formed earlier (Fig. 4C). These 
observations reflect the changing availability of free space as crystalli
zation proceeds. Early‑nucleating crystals grow into relatively open 
regions and can grow unhindered, whereas later-nucleating crystals 
must grow into a more crowded space. As a result, to reach a given final 
size under tighter spatial constraints, a crystal must nucleate sooner. 
Crystals that nucleate later end up smaller because they grow in this 
more confined space.

The difference between our prediction and the standard prediction is 
clearest in sample 2 (Fig. 4C). Our method predicts that 26 % of the 
crystals nucleated 50 % later than the standard prediction. This suggests 
a secondary peak in nucleation rate, which can occur during the cooling 
of lava [15]. Our prediction illustrates the impact that accounting for 
impingement can have on determining the kinetics of geological 
processes.

Our derived equations accurately predict crystal size and free surface 
evolution during crystallization, accounting for impingement. Unlike 
random-seed Monte Carlo simulations, which require days to complete a 
single scenario through averaging multiple runs, our method enables the 
rapid evaluation of advanced material production strategies through 
informing processing-structure-property relationships [27]. We further 
found that these equations, combined with measurements of the crystal 
size distribution and predicted growth rate, can determine the times that 
individual crystals nucleated to a high accuracy of ±2 nuclei (or ±7.2 
%) over the entire transformation, without any real-time observation 
required. Our method has broad implications in materials science and 
geology and could unravel the kinetics of crystallization in 
difficult-to-mimic extreme environments, such as magma chambers [11,
14], while also informing the design of advanced materials like meta
stable cryogenic liquids, that resist ice formation, for organ preservation 
[6].

Fig. 2. Reconstructed times of crystal nucleation from nucleation and growth scenarios. Plots of prescribed number of nuclei over time in (A) scenario 1, (B) scenario 
2, (C) scenario 3, vs. our reconstruction.
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NPS, USFWS.
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