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1. Introduction

Let F be a fixed field of characteristic zero. This paper is devoted to the study of finite dimensional
associative superalgebras over F' endowed with superautomorphisms. If A = Ay @ A; is a superalgebra,
a graded linear map ¢ of order < 2 is a superautomorphism on A if, for any homogeneous elements
a,be AgU Aq,

(ab)¥ = (_1)Ial\b|asabsa.
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Recently it was showed (see [15,17]) that superautomorphisms represent the connection link between
graded involutions, superinvolutions and pseudoinvolutions; such maps play a prominent role in the setting
of Lie and Jordan superalgebras (see for instance [20,23,24]).

In [16], the authors started a study of superalgebras with superautomorphism in the context of the theory
of polynomial identities. It is well-known that the study of the polynomial identities satisfied by an ordinary
algebra A (with no additional structure) is equivalent to the study of the multilinear ones and an effective
way to measure such identities is through the sequence of codimensions ¢,(A4), n = 1,2,..., of A. Recall
that if P, is the space of multilinear polynomials in the non-commutative variables x1, ..., 2, and Id(A) is
the ideal of identities of A, then ¢,(A) = dim P, /(P, NId(A)).

The asymptotic behavior of this sequence has been extensively studied leading to classification results
of several varieties of algebras. The key result in this area says that the sequence of codimensions of an
algebra satisfying a non-trivial polynomial identity is exponentially bounded ([25]) and its exponential rate
of growth is an integer ([9,10]).

When A is endowed with a structure of superalgebra with superautomorphism the objects to study are the
-polynomial identities satisfied by A and one defines a corresponding sequence ¢#(A) of p-codimensions.
Notice that such a sequence is bounded from above by 4™n!. Nevertheless when A satisfies an ordinary (non
trivial) identity, ¢ (A) is exponentially bounded (see [16]).

Our aim is to determine the exponential rate of growth of the sequence of ¢-codimensions. More precisely,
we shall prove that if A is a finite dimensional superalgebra with superautomorphism

exp?(A) = lim {/cf(A)

exists and it is a non-negative integer, called the p-exponent of A. Moreover exp?(A) can be explicitly
computed and it turns out to be equal to the dimension of a suitable semisimple @-subalgebra of A over
an algebraically closed field. In case A is endowed with trivial grading we rediscover the results proved in
[2,3,8].

The last part of the paper is devoted to the characterization of those algebras whose ¢-exponent is
bounded by 2 (see also [7,11,14,18]). If the ¢-exponent of an algebra A is bounded by 1, it is equivalent to
say that the ¢-codimensions are polynomially bounded and that the variety generated by A does not contain
the group algebra of Z5 and the algebra of 2 x 2 upper triangular matrices with suitable superautomorphisms
(see [16]). These are the only algebras generating minimal varieties of p-exponent 2.

Finally, new results concerning ¢-algebras generating varieties of minimal ¢-exponent > 2 will be ob-
tained.

It is important to highlight that the starting point in the proof of all results of this paper is the
Wedderburn-Malcev decomposition of a finite dimensional ¢-algebra based on the classification of the simple
ones given in [16].

2. On finite dimensional superalgebras with superautomorphism

Throughout this paper F' will denote a field of characteristic zero and A = Ay @ A; an associative super-
algebra (an algebra graded by Zs, the cyclic group of order 2) over F' endowed with a superautomorphism
. We say that a linear map ¢: A — A is a superautomorphism if it preserves the grading (graded map),
has order < 2 and for any elements a,b € Ag U Ay,

(ab)? = (—1)lalltlgepe.

Here |c¢| = 0 or 1 denotes the homogeneous degree of ¢ € Ag U A4;.
If A is a superalgebra with superautomorphism we shall call it simply -algebra.
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Remark 1. If A = Ay ® A; is a superalgebra such that A? = 0 then the superautomorphisms on A coincide
with the graded automorphisms on A and, in particular, with the automorphisms on A, if A; = 0.

In case A is a finite dimensional algebra, its structure is known from a generalization of Wedderburn-
Malcev’s theorem proved in [16, Theorem 9]. Before stating it, recall that an ideal (subalgebra) I of A is a
p-ideal (subalgebra) of A if it is a graded ideal (subalgebra) and I¥ = I. The algebra A is a simple p-algebra
if A2 0 and A has no non-trivial (-ideals.

Theorem 2. Let A be a finite dimensional p-algebra over a field F of characteristic 0. Then there exists a
semisimple p-subalgebra B such that

A=B+J=B1® DB+ J,
where J, the Jacobson radical of A, is a p-ideal of A and By, ..., By are simple p-algebras.

The above result can be refined further as the classification of the simple -algebras is known.
We start by exhibiting the simple superalgebras which are involved in such classification:

- Q(n) = M,,(F) @ cM,,(F), where M, (F) is the algebra of n x n matrices over F' and ¢* = 1;
- My 1, (F), the algebra of n x n matrices, n = k + h, k > h > 0, with the following Z,-grading

My u(F) = {(10( 2) | K € My(F), He Mh(F)} ® {(g g) | R€ Myn(F), S € thk(F)} .

Given a superalgebra B, let B denote the superalgebra with the same graded vector space structure as
B but with product o given on homogeneous elements a, b by the formula

aob:=(—1)llllgp,

Now we are ready to state the theorem giving the classification of the finite dimensional simple (-algebras
over an algebraically closed field F' (see [16, Theorem 20]). First recall that two y-algebras (A, ¢) and (C, )
are isomorphic if there exists a graded isomorphism of algebras 7: A — C such that 7(a¥) = 7(a)?, for any
a€ A

Theorem 3. Let A be a finite dimensional simple p-algebra over an algebraically closed field F' of character-
istic zero. Then A is isomorphic to one of the following:

(1) Mg n(F), k> h >0 with superautomorphism ¢ defined as

(K R)“’_(PKP PRQ)
S H) ~\-QSP QHQ)’

where P = Iy, 0 , Q= In, 0 s Tk s Iy Iny, I, , are the identity matrices of orders
0 —IkQ 0 —]h2 1 2 1 2

klak27h13 h27 7"6317657%“@[% k= kl + k27 kl Z k2; h = hl + h27 hl Z hQ;

(2) My n(F)® My, (F), k> h >0, with the exchange superautomorphism ex;

(3) Q(n) ® Q(n) with the exchange superautomorphism ex.
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3. Codimension growth: the existence of the p-exponent

Now we are interested in studying the p-algebras in the context of the theory of polynomial identities.
Let us start by recalling the basic definitions we need.

If A is a p-algebra, since char F' = 0, we can write A = Al ® Ay AT © A}, where A = {a € A; | a¥ = a}
and A; = {a € A; | a¥ = —a} denote the sets of symmetric and skew elements of A;, i = 0, 1, respectively.

One can define in a natural way a superautomorphism on the free associative algebra F'(X) on a countable
set X over F'. We write X as the union of two disjoint infinite sets Y and Z, requiring that their elements
are of homogeneous degree 0 and 1, respectively. Then each set is written as the disjoint union of two other
infinite sets of symmetric and skew elements, respectively. The free algebra with superautomorphism is
denoted F(Y U Z, ) and we write

F(YUZ, @) =F(y{ y1. 21, 20,Y3 Yz 23 123 5 ),

where yf stands for a symmetric variable of even degree, y; for a skew variable of even degree, zl+ for a
symmetric variable of odd degree and z; for a skew variable of odd degree.

A polynomial f € F(Y U Z, ) is a p-polynomial identity of A (or simply a ¢-identity), and we write
f =0, if it vanishes for all substitutions y* — a* € A(jf, 2t bt e Ali.

Let Id¥(A) denote the set of all p-identities of A. It is clear that it is an ideal of F(Y U Z, ¢) invariant
under all graded endomorphisms of the free algebra commuting with the superautomorphism . It is called
the Ty -ideal of A.

In 1950 Specht conjectured that the ideal of all polynomial identities satisfied by an algebra was finitely
generated as a T-ideal. Such conjecture was proved in the affirmative by Kemer in ([21,22]) for associative
algebras, provided that the ground field has characteristic zero. Similar results have been obtained in the
setting of algebras with additional structure (e.g. graded algebras, involutions), see [1,4]. We expect a
similar outcome for superalgebras with superautomorphism. We remark that counterexamples arise in case
the ground field has positive characteristic [5,6,12,26].

As in the ordinary case, it is easily seen that in characteristic zero, every p-identity is equivalent to a
system of multilinear yp-identities. Hence if we denote by

P? = spanp{w,(1) -+ Wo(n) | 0 € Sn, w; € {y;",y; , 2,27}, i=1,...,n}
the space of multilinear polynomials of degree n in the variables yf » Yi s zj , %, 1 =1,...,n, the study
of Id?(A) is equivalent to the study of P NId¥(A), for all n > 1. The n-th yp-codimension of A is the
non-negative integer

Py

P(A) =dimp —0—2——, n> 1.
Cn( ) dlmFPTfmIdgp(A)7n_

If A satisfies an ordinary polynomial identity, it was proved that ¢£(A4), n = 1,2,..., is exponentially
bounded ([16]).
Our goal is to determine the exponential rate of growth of the sequence of p-codimensions of a finite

dimensional @p-algebra, by giving a positive answer to the Amitsur’s conjecture in this setting. We make the
following definition.

Definition 4. Let A = B; ® --- ® Br + J be a finite dimensional ¢-algebra and let C1,...,C} be distinct
simple @-subalgebras of A from {By,...,Bi}. The p-algebra C = C; @ --- & C}, is called p-admissible if
CiJ---JCp_1JCy #£0.
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Define
d = d(A) = max (dim C), where C runs over all admissible ¢-subalgebras of A. (1)

In the next theorem we shall explain the role of such an integer in the description of the asymptotic
behavior of the p-codimensions.

Theorem 5. Let A be a finite dimensional p-algebra over a field F' of characteristic zero and consider the
integer d defined in (1). Then there exist constants a; > 0 and ag, by, by such that

an®d™ < ¢ (A) < apn®2d".
Hence the @-exponent of A, exp?(A) = lim,_,o V/ch(A) exists and it is a non-negative integer.

Proof. Since the p-codimensions do not change by extending the ground field, we may assume that the field
F is algebraically closed. Now the result can be proved, with the necessary changes, by following word by
word the proof given in [13] in the setting of superalgebras with superinvolution. O

As an immediate consequence of the above theorem we get the following.
= 1,2,..., either is polynomially

Corollary 6. Under the hypotheses of Theorem 5, the sequence c£(A), n
bounded (i.e., exp?(A) < 1) or it grows exponentially (i.e., exp¥(A) > 2).

In [16], the authors described the varieties of p-algebras of polynomial growth by giving a finite list of
p-algebras to be excluded from the variety. Recall that the growth of a variety V of yp-algebras is defined as
the growth of the sequence of ¢-codimensions of any algebra A generating V), i.e., V = var?(A). Then we
say that V has polynomial growth if ¢£()) is polynomially bounded and V has almost polynomial growth
if ¢#(V) is not polynomially bounded but every proper subvariety of V has polynomial growth.

Let UTy, = UT,(F) be the algebra of 2x2 upper triangular matrices over F'. We can see it as a superalgebra
with trivial grading UT> = UT> @ {0} or natural grading UTY" = (Feq1 @ Feas) @ Feqo. Here the e;;s denote
the elementary matrices. On both these superalgebras it is possible to define two superautomorphisms:

- the trivial superautomorphism a + a;
- the natural superautomorphism aej; + beas + ceio — aeq1 + beas — ceqa.

Hence we have four p-algebras:

- UT, and UTy"? with trivial grading and trivial and natural superautomorphism, respectively;
- UTY" and UTY"*"? with natural grading and trivial and natural superautomorphism, respectively.

The above p-algebras together with the two dimensional algebra F'@® F' (trivial grading and exchange su-
perautomorphism (a,b)** = (b, a)), characterize the varieties of polynomial growth as stated in the following
result proved in [16, Theorem 23].

Theorem 7. Let A be a finite dimensional p-algebra over a field F' of characteristic zero. Then the sequence
cf(A), n=1,2,..., is polynomially bounded (i.e., exp?(A) < 1) if and only if UTy, UT;"?, UTY", UTY"*"",
F @ F ¢var®(A).

Given two ¢-algebras A and B we say that they are Ty -equivalent if Id¥(A) = Id¥(B).
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Corollary 8. [16] The algebras UTy, UTy,", UTY", UTY"*"P | F®F are the only finite dimensional @-algebras,
up to Ty -equivalence, generating varieties of almost polynomial growth.

Now we recall that a variety V of yp-algebras is minimal with respect to the ¢-exponent if for any proper
subvariety U, we have that exp¥?(V) > exp?(U). Here the ¢-exponent of a variety is the w-exponent of a
generating algebra. Since the above algebras have p-exponent equal to 2, by using this definition we get the
following result.

Corollary 9. The algebras F&F, UT,, UTy"?, UTY" and UTY"*"? are the only finite dimensional @-algebras,
up to Ty -equivalence, generating minimal varieties of p-exponent 2.

4. On varieties with -exponent bounded by 2

In the first part of this section we shall construct a finite list of p-algebras generating minimal varieties
of p-exponent greater than 2. Let us consider the following simple y-algebras:

(1, the superalgebra Ms o(F) with trivial superautomorphism id: a — q;

(5, the superalgebra M o(F') with superautomorphism ¢ given by

(28 - (%)

(s, the superalgebra M; 1(F') with superautomorphism ¢ given by

B (r0) = (e 0)

Cl4, the superalgebra Q(1) @ Q(1) with exchange superautomorphism ez: (a,b)®” = (b, a).

By Theorem 5 we get the following result.
Remark 10. For any i = 1,...,4, exp?(C;) = 4.
The above @-algebras allow us to prove the following lemma.
Lemma 11. Let B be a simple p-algebra with dimp B > 4. Then C; € var?(B), for some i € {1,...,4}.

Proof. We shall prove the lemma by constructing a ¢-subalgebra of B isomorphic to C; for some i €

{1,...,4}.
©

Case 1. B = (My,0(F),¢), k = k1 + ka, k1 > ko and (IS{ g) = <f§ }f '

Suppose first ks = 0. In this case the superautomorphism ¢ is the identity map and it is immediate to
see that the y-subalgebra of B generated by the elements a; = ej1, aa = e, a3 = €1, G4 = €k k, 1S
isomorphic to Cf.

Now assume ko > 0. In this case we easily get that the p-subalgebra C’ of B generated by the elements
a1 = €11, A2 = €ky+1 ky+1, @3 = €1 ky+1, G4 = €k, 41 1 is isomorphic to Cy through the isomorphism
f: " — Cs, given by

fla1) =en, flaz) =e2, f(az)=-ec12, flas)=e2.
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©
Case 2. B = (M 1(F), ), h > 0, and <[§ ﬁ) = (Péfg];? 5}5’%)

Let C’ be the p-subalgebra of B generated by the elements a1 = e11, a2 = €x41 k+1, a3 = €1 k+1,
ag = €41 1. The linear map f: C' — Cjs, given by

f(al) = €11, f(a2) = €22, f(a3) = €12, f(a4) = €21,

is an isomorphism of y-algebras, and we are done also in this case.

Case 3. B = (Mk’h(F) ® Mn(F), em), k>h>0.

Suppose first &k = h = 1. The ¢-subalgebra C’ generated by the elements a; = (e11 + €22,0), as =
(e12+€21,0), ag = (0,e11 +€22), ag = (0, e12 + e21) is isomorphic to Cy = (F & cF) ® (F @ ¢F) through the
isomorphism of p-algebras: f: C’ — C4, given by

f(a'l) = (170)7 f(a2) = (CLO)v f(a3) = (Oa 1)’ f(a4) = (0701)'

Now assume k > 1. In this case, we get that the ¢-subalgebra of B generated by a1 = (e11,e11),
as = (€22, €22), a3 = (€12, €12), ag = (€21, €21) is isomorphic to Cj.

Case 4. B = (Q(n) ® Q(n), ea:).
If n = 1, then B = Cy and there is nothing to prove. Now, let n > 1. Then C} is isomorphic to
the (p-subalgebra of B generated by the elements a1 = (e11,e11), as = (ea2,€22), as = (e12,€12) and

a4 = (621,621)- O

Next we need to consider some suitable Zs-gradings and superautomorphisms on the algebra UT3 of 3 x 3
upper triangular matrices. Recall that an arbitrary triple (g1, g2, g3) of elements of Zs defines an elementary
Zo-grading on UTjs by setting:

(UTs)o = span{e;; | gi + g; = 0 (mod 2)} and (UT3)1 = span{e;; | g; + g; = 1 (mod 2)}.

On UTj5 we can define the following automorphisms (of order < 2):
a b c\"™ a b ¢ a b c\*! a —-b —c
0 d e =10 d e], 0 d e =({0 d e ],
0 0 f 0 0 f 00 f o o0 f
a b c\*? b b c\”* a —b ¢
0 d e = d d e =0 d -—-e].
00 f 0 0 f 0o 0 f

If we consider on UT3 an elementary grading such that (UT3)? = 0, by Remark 1, any of the above
automorphisms can be viewed as a superautomorphism. Hence we get the following ¢-algebras:

oo e

e (5, with trivial grading and trivial superautomorphism id;

e (g, with trivial grading and superautomorphism ¢q;

o (7, with trivial grading and superautomorphism ¢s;

e (g, with trivial grading and superautomorphism ¢g;

o Cy, with grading induced by (0,0,1) and trivial superautomorphism id;
e (1, with grading induced by (0,0, 1) and superautomorphism ¢1;

e (43, with grading induced by (0,0,1) and superautomorphism s;

o (42, with grading induced by (0,0,1) and superautomorphism ¢s;

e (3, with grading induced by (0,1, 1) and trivial superautomorphism id;
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o (44, with grading induced by (0,1,1) and superautomorphism ¢1;
o (5, with grading induced by (0,1,1) and superautomorphism ¢s;
e (4, with grading induced by (0,1, 1) and superautomorphism 3.

Also we have:

e (17, with grading induced by (0,1,0) and superautomorphism vy given by

a b e\ a b —c
(0 d e) = (O d e ) ;
00 f 00 f

o (g, with grading induced by (0, 1,0) and superautomorphism 5 given by

a b e\ a —-b ¢
0 d e =0 d e];
00 f 0 0 f

e (19, with grading induced by (0,1,0) and superautomorphism 5 given by

a b c\¥? a b c
(0 d e) = <0 d —e) ;
0 0 f 0 0 f

o (9, with grading induced by (0, 1,0) and superautomorphism 4 given by

a b e\ a —-b —c
(0 d e> = (0 d e) .
0 0 f 0 0 f

Remark 12. For i =5, ..., 20, we have that exp?(C;) = 3.
Proof. All the p-algebras C; have the same Wedderburn-Malcev decomposition:
Ci=A1 A ® A3+ J,

where A1 = F611, A2 = F622, A3 = F€33 and J = FelQ@F613@F€23. Since A1JA2JA3 §£ 0, A1 EBAQ@A:;
is a maximal dimensional p-admissible subalgebra and the result follows by Theorem 5. O

The above @p-algebras allow us to prove the following lemma.

Lemma 13. Let A = B1 & --- ® By + J be a finite dimensional p-algebra over an algebraically closed field
F of characteristic zero. If there exist three distinct simple components B;, = B;, = B;, = I such that
B;, JB;,JB;, # 0, then C; € var?(A), for some i € {5,...,20}.

Proof. Let e1,e2,e3 be the unit elements of B;,, B;,, B;,, respectively. Then el2 =ef = ¢ € (B;)o and
eres = Opgep, for r,s,0 = 1,2,3. Since B;, JB;,JB;, # 0 then e;JesJes # 0. So we may assume that there
exist homogeneous symmetric or skew elements j, j’ € J such that

i3

€1j62j/€3 # 0

Consider the ¢-subalgebra U of A linearly generated by
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. . .
€1, €2, €3, ¢€1jé2, €2]¢€3, €1]€2]¢€3.

The linear map f: U — UTs, defined by

fler) = e, f(e2) =ean, fles) =es3, f(erjea) =e12, fleaj'es) =ea3, flerjesj'es) = eis,

is an isomorphism of algebras. Now, by taking into account the homogeneous degrees of j and j’ and their
symmetry with respect to the superautomorphism ¢, we get an isomorphism of p-algebras between U and
C;, for some ¢ =5,...,20. O

Now let us consider the subalgebra M = Fej; @ Feay @ Fegs @ Feqs @ Feia @ Feyz of My(F) endowed
with the following automorphism

a e 0 0 d f 0 0
0b 00| [0 oo
00 ¢ 0O)J 10 0 b O
00 f d 0 0 e a

If we endow (M, T) with trivial grading or elementary grading induced by (0, 1, 1, 0), we obtain two ¢-algebras
M; and Ms, respectively. We denote by

o Oy = Fey1 @ F(eaa + e33) ® Fegy ® Fejo @ Feys, the p-subalgebra of Mj;
o Oy = Fey1 @ F(eaa + e33) ® Fegy ® Feia @ Feys, the p-subalgebra of Moy;
o Co3 = Fego @ Feqy + e4q) ® Fess ® Fejo @ Feys, the p-subalgebra of My;
o Oy = Fego ® Fle1y + e4q) ® Fess ® Fejo @ Feys, the p-subalgebra of M.

Using the same approach as in Remark 12, we get the following result.
Remark 14. For i = 21,...,24, we have that exp?(C;) = 3.

Lemma 15. Let A= B1 & --- & B + J be a finite dimensional p-algebra over an algebraically closed field F
of characteristic zero such that B;JB; # 0 with (B;,B;) e {(F,F & F),(F® F,F),(F®F,F®F)}, i #1.
Then C; € var?(A), for some i € {21,...,24}.

Proof. Suppose first that (B;, B;) = (F & F,F® F). Let e; = e; + e4 and e; = e3 + e3 be the unit elements
of B; and B, respectively. Clearly e = e4 and ef = es. Since B;JB; # 0, there exists an homogeneous
element j € J such that

e;jer = (e1 +eq)jlea +e3) # 0.

Without loss of generality, we may assume that ej;jes # 0. Let U be the p-algebra linearly generated by
the elements

e1, €2, e3, €4, erjes, eqf¥es.
According to the homogeneous degree of j, the map f defined by
fler) =eun, fle2) =ean, flez)=ess, flea) =eas, flerjea) =e12, f(eaj?es) = eus,

is an isomorphism of y-algebras between U and M; or Ms. Since C;, i = 21, ...,24 are subalgebras of M;
or Ms, we are done in this case.
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The cases (B;, B;) = (F,F @ F) and (B;, B;) = (F @ F, F) can be proved using a similar approach. 0O
The following proposition proves that the list of p-algebras C1, ..., Csy cannot be reduced.

Proposition 16. For all i,j € {1,...,24}, i # j, Id?(C;) € 1d?(C}).

Proof. By the classification of superautomorphisms on UT,, given in [19], we have that the p-algebras Cj,

i =5,...,20 are not pairwise Ty -equivalent. Now, let y denote an even variable, z an odd one and z any
variable. The proof is completed by putting together the following facts.

o Id¥(C;) € 1d%(C;), i =1,3, j € {2,4...,24}: in fact y~ = 0 on C; but not on Cj.

o 1d¥(C;) £ 1d¥(Cy), i =1,2,21,23, j = 3,4,22,24: in fact z =0 on C; but not on Cj.

o 1d%(C;) € 1d?(Cy), i =2,3, j € {1,4,...,21,23}: in fact [y, y5] = 0 on C; but not on Cj.

o 1d¥(C;) £ 1d¥(Cy),i =4, j =1,2,3,5,...,24: in fact [z1,22] = 0 on C; but not on Cj.

o 1d¥(C;) £ 1d*(Cy), i = 21, j = 23: in fact [y; ,y5 Jys; = 0 on C; but not on Cj.

o 1d¥(C;) £ 1d*(Cy), i = 23, j = 21: in fact y5 [y ,y5 ] = 0 on C; but not on Cj.

o Id¥(C;) £ 1d*(Cy), i = 22,24, j = 21,23: in fact [y; ,y, | = 0 on C; but not on Cj.

o 1d¥(C;) € 1d?(Cy), i = 22, j = 24: in fact 2Ty~ = 0 on C; but not on Cj.

o 1d¥(C;) £ 1d*(C}), i = 24, j = 22: in fact y~ 27 = 0 on C; but not on C;.

o Id¥(C;) € 1d?(Cj), i =5,...,24, j =1,2,3,4: in fact exp?(C;) < exp?(C}).

o Id¥(C;) € 1d?(C;), i =21,22,23,24, j =1,...,20: in fact [z1, x2][z3, x4] = 0 on C; but not on C;.
o Id¥(C;) € 1d?(C), i =5,...,20, j =21,...,24: in fact y; y5 y3 =0 on C; but not on C;. O

Now we are in a position to characterize the p-algebras A with exp?(A) < 2.

Theorem 17. Let A be a finite dimensional @-algebra over a field F' of characteristic zero. Then exp?(A) < 2
if and only if C; ¢ var¥(A), for any i € {1,...,24}.

Proof. Since we are dealing with (p-codimensions that do not change by extending the base field, in what
follows we may assume that the field F is algebraically closed.

First let exp?(A) < 2. Since exp?(C;) > 2, by Remarks 10, 12 and 14, we get C; ¢ var?(A), i €
{1,...,24}.

Conversely, let C; ¢ var?(A), for any ¢ € {1,...,24}. Hence by Theorem 2 we can write A = B; &
-+ @ By, + J, where the B;’s are simple ¢-algebras isomorphic to those ones given in Theorem 3. Since
Cy,...,Cq & var¥(A), according to Lemma 11, we have that dimp B; < 4, for any .

Suppose by contradiction that exp?(A) > 2. Then by Theorem 5, one of the following possibilities occurs:

Il

there exist distinct B;,, B;,, Bi, such that B;, JB,;,JJB;, # 0 and B;, = B;, = B;,
for some iy # iy, B;, JB;, # 0 and B;, = F and B;, = F & F,

for some i1 # i9, By, JB;, #0and B;, 2 F & F and B;, = F.

for some iy # i9, By, JB;, #0and B;, 2 F & F and B;,  F & F.

F,

P o=

If 1. holds, then, by Lemma 13, C; € var¥(A), for some i € {5,...,20}, a contradiction. We reach a
contradiction also in all the other cases, since by Lemma 15, we should have that C; € var¥(A), for some
ie{21,...,24}. O

In light of Theorems 7 and 17, we get the characterization of p-algebras with p-exponent equal to two.

Corollary 18. Let A be a finite dimensional p-algebra over F, charF = 0. Then exp?(A) = 2 if and only if
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- C; ¢ var?(A), foralli € {1,...,24} and
- either UTy or UTy"" or UTS" or UTY"*"? or F @ F € var?(A).

Now let us slightly change the definition of minimal varieties given at the end of Section 3: a variety V of
p-algebras is minimal with respect to the p-exponent if for any proper subvariety U, generated by a finite
dimensional p-algebra, we have that exp? (V) > exp¥(U). By using this definition we get the following.

Corollary 19.

1. The p-algebras C;, i = 1,...,4, generate minimal varieties of p-exponent 4.
2. The p-algebras Cy, i =5, ...,24, are the only finite dimensional algebras, up to Ty -equivalence, gener-

ating minimal varieties of p-exponent 3.

Proof. We prove just item 2. (the proof of 1. is similar).

Let V be a proper subvariety of var¥?(C;), i = 5,...,24. Clearly C; ¢ V. Also, by Proposition 16, we get
that C; ¢ V, for any j = 1,...,24. Then, from Theorem 17, exp¥ (V) < 2 and we are done.

Now suppose that there exists a minimal variety U of p-exponent 3 which is not generated by any of the
algebras in 2. Since U/ is minimal and its ¢-exponent is 3, C; ¢ U, for any i. Then by Theorem 17 we should
have exp?(U) < 2, a contradiction. O
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