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Abstract

This paper concerns the spectral structure of hypercyclic and supercyclic operators
defined on Banach spaces, or defined on Hilbert spaces. We also consider the spectral
properties of operators in Hilbert spaces that commute with a hypercyclic operator. A
result of Herrero and Kitai (Proc Am Math Soc 116(3):873-875, 1992) is extended to
Drazin invertible operators. In particular, a Drazin invertible operator is hypercyclic
if and only if is invertible. An analogous result holds for supercyclic operators 7 in
the case were the dual 7 has empty point spectrum.

Keywords Weyl spectra of hypercyclic and supercyclic operators - Drazin invertible
operators

Mathematics Subject Classification 47A10 - 47A11; 47A53 - 47A55

1 Introduction

This article is devoted to the study of the spectral structure of hypercyclic or super-
cyclic operators, defined on Banach spaces, or on Hilbert spaces. Fundamental results
regarding the spectral theory of these operators were established by C. Kitai in her the-
sis [18] (not published). Much more can be said, in Sect. 3 we give, for these operators,
more informations on the various spectra originating from Fredholm theory. We also
consider, for Hilbert space operators, some spectral properties of the operators S that
commute with a hypercyclic operator. In particular we show that the spectral mapping
theorem holds for some of the Weyl spectra of S. A result of Herrero and Kitai [17],
concerning the hypercyclicity of the inverse 7! of an invertible hypercyclic operator
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T, is extended to Drazin invertible operators. This extension is an useful tool, since it
allows us to establish that various classes of operators cannot be hypercyclic. We also
consider the case of a Drazin invertible supercyclic operators for which the dual 7*
has empty point spectrum.

2 Definitions and preliminary results

By X we denote an infinite dimensional complex Banach space, while by H will always
denote a Hilbert space. A bounded linear operator T € L(X), is said to be upper semi-
Fredholm, T € &, (X), if «(T) := dim ker T < oo and T (X) is closed, while T €
L(X) is said to be lower semi-Fredholm, T € ®_(X),if B(T) := codim T (X) < oo.
The class of Fredholm operators is defined by ®(X) := @ (X) N ®_(X), while the
class of semi-Fredholm operators is defined by @1 (X) := &, (X) U ®_(X). The
essential (Fredholm) spectrum o.(T) is defined as the set {, € C: Al — T ¢ ®(X)},
while the semi-Fredholm spectrum o (T) isthe set {L € C : Al — T ¢ &L (X)}. If
T € ®4(X) then the index is defined by ind (T") := «(T) — B(T). The class of Wey!
operators is defined by W(X) := {T € ®(X) :ind T = 0}, while the class of upper
semi-Weyl operators definedby W, (X) :={T € &, (X) :ind T < 0}, and the class of
lower semi-Weyl operators defined by W_(X) :={T € ®_(X) :ind T > 0}. Clearly,
W(X) = Wi(X) N W_(X). The classes of operators above defined generate the
following spectra: the Weyl spectrum, definedby oy (T) := {A € C: AT ¢ W(X)},
the upper semi-Weyl spectrum o, (T) and the lower semi-Weyl spectrum oy (T),
defined similarly. It is well known that there is a duality: if 7* denotes the dual of T
then oyw (T) = ow(T™) and 01w (T') = ouw(T).

The ascent of an operator 7, if it exists, is the smallest non-negative integer p such
thatker 77 = ker TPt!, Analogously, the descent of T, if it exists, is the smallest non-
negative integer ¢ such that 74(X) = T9+1(X). Itis well known that if p(7) and g (T")
are both finite then p(T) = ¢(T), see[1, Theorem 1.20]. Moreover,0 < p(Al —T) =
q(AI — T) < oo if and only if A is a pole of the resolvent. The class of all Browder
operators is defined as the set B(X) :={T € ®(X) : p(T), q(T) < oo}; the class of
all upper semi-Browder operators is defined By (X) :={T € &, (X) : p(T) < oo}.
Obviously, B(X) € W(X) and B+ (X) € W, (X). The class of Browder operators
generate the Browder spectrum o, (T) := {, € C : Al — T ¢ B(X)} and the upper
semi-Browder spectrum oy, (T), defined in a similar way. Clearly, oy (T) € oy (T)
and ow(T) C 0,(T). Recall that R is said Riesz if Al — R € ®(X) for every A # O,
or equivalently, A/ — R € B(X) for every A # 0. Every Riesz operator has a finite
spectrum, or o (R) consists of a sequence of eigenvalues of finite multiplicity which
clusters at 0. The classical approximate point spectrum is denoted by oy, (T), the
surjectivity spectrum is denoted by o5 (7).

The single-valued extension property is one of the major tools in the local spectral
theory and Fredholm theory for operators on Banach spaces. An operator 7 € L(X) is
said to have the single valued extension property at Ao € C, (abbreviated SVEP at A¢),
if for every open disc U of XA¢, the only analytic function f : U — X which satisfies
the equation (Al — T) f(A) = 0 for all A € U is the function f = 0. An operator
T € L(X) is said to have SVEP if T has SVEP at every point A € C. Evidently, both
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T and T* have SVEP at the isolated points of the spectrum. Note that p(Al —T) < oo
entails that 7 has SVEP at A, while ¢(AI — T') < oo entails that the dual 7* has SVEP
at A, see [1, Chapter 2]. Furthermore, if Al — T € ®(X) then T has SVEP at A if
and only if p(Al — T) < oo, while 7* has SVEP at A if and only if g(A1 — T) < oo,
see [1, Theorem 2.97, Theorem 2.98]. In the case of Hilbert space operators is better
to consider the Hilbert adjoint 7”, instead of T*. Note that

T* hasSVEP <« T’ hasSVEP,

see [3, p.365]. Furthermore, if 7 has SVEP then o (T) = o5(T), and dually, if T* has
SVEP then o (T) = 04p(T), see [1, Theorem 2.68].

3 Spectral properties of hypercyclic and supercyclic operators
A vector x € X is said to be hypercyclic for T € L(X) if the orbit
orb (T, x) = {x, Tx, T*x, ...}

is norm-dense in X, while x € X is said to be supercyclic for T if the set of scalar
multiples of orb (T, x) is norm-dense in X. An operator T € L(X), X a separable
infinite dimensional complex Banach space, is said to be hypercyclic if there exists a
hypercyclic vector x € X, and is said to be supercyclic if there exists a supercyclic
vector x € X. Evidently, every hypercyclic operator is supercyclic. Classes of oper-
ators which satisfy a hypercyclicity or supercyclicity condition have been studied by
a number of authors (see for instance [7, 12—14, 23]). The notions of hypercyclicity
and supercyclicity are intimately related to the invariant subspace problem, in fact,
an operator T has no non-trivial invariant closed subset if and only if each non-zero
vector is hypercyclic for T'.

It is known that the dual T* of a hypercyclic operator has empty point spectrum.
This implies that the range of A/ — T is dense forevery A € C, see [18, Theorem 2.3]. If
T is supercyclic there are two possibilities: 7* either has point spectrum o, (T*) = ¢,
or o (T*) is a singleton {a}, with o 7 0, see [15]. In this last case T is decomposed in
the direct sum 7 = S @ I¢, where éS is hypercyclic, see [12]. Consequently, the dual
T* of every supercyclic operator has SVEP, since an operator with countable point
spectrum has SVEP.

Recall that T € L(X), T is said to be semi-regular if T has closed range and
ker T C T"(X) for every n € N. The Kato spectrum oy (T) is the set of all A € C
such that A/ — T is not semi-regular. Let oy (7)) denote the upper semi-Fredholm
spectrum.

Herrero in [15, Proposition 2.2] has shown that for hypercyclic operators on Hilbert
space we have o) = ow(T). By using the SVEP we can say much more, also in the
case of Banach space operators:

Theorem 3.1 If T € L(X) is supercyclic then
ow(T) = ouw(T) = ow(T) = op(T) and oup(T) = o (T). (3.1
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Furthermore, o (T) = ow(T).
If T is hypercyclic then all the spectra in (3.1) coincide. Furthermore:

ox(T) = o5(T) and oo(T) = oust(T). (3.2)

Proof Let T be supercyclic. The equality oap(T) = o (T') holds since T* has SVEP.
Since ouw(T) € ow(T) for every operator, to prove the equality ow(T) = ouw(T)
it suffices to prove the opposite inclusion. Let A ¢ ouw (7). Then Al — T € & (X)
with ind (A/ — T') < 0. The SVEP for T* entails that g(AI — T') < oo, hence by [1,
Theorem 1.22, part (ii)], ind (A —T) > 0,soind (Al —T) = 0. Therefore A ¢ oy, (T)
and hence ow(T) = ouw(T). The equalities oyw(T) = ouw(T) and ow(T) = op(T)
follow since T* has SVEP, see [1, Chapter 5].

To show the equality ot (7)) = o1 (T) observe first that o (T) < o1w(T) holds
for every operator. Let A ¢ o (7). Then LI — T € & (X). Since T* has SVEP then
qAI —T) < 00, s0, by [1, Theorem 1.22], B(Al — T) < a(AI — T). This implies
that B(Al — T) < 00,80 A — T € ®_(X)andind (Al —T) > 0,1i.e. A ¢ ow(T).

Assume now that 7T is hypercyclic. The equality of all the spectra in (3.1) is clear
if we show that 0 (T) = ow(T). Let A ¢ ow(T) = ow(T*). Then (Al — T*) =
BMI — T*) < oo. Since T* has no eigenvalue we then have

aOd —T*) = BT — T*) =0,

thus A ¢ o (T*) = o(T). Hence, 0 (T) = ow(T).

To show (3.2), observe first that the inclusions o (T) C o(T) and oyt (T) C 0o (T)
hold for every operator. Hence, to prove the equalities (3.2) we need only to prove
the reverse inclusions. To do that, let A ¢ oy (7). Then Al — T has closed range.
On the other hand, hypercyclicity entails that A/ — T has dense range, consequently
M —T)(X) = X,s0x ¢ o5(T).

The inclusion of 0. (T') € oy (T), is proved in a similar way: if A ¢ oysr(T") then
a(A —T) < ocand (A — T)(X) is closed. As before, Al — T has dense range, so
(M —T)(X) = X, and consequently (Al —T) = 0, hence Al — T is Fredholm and
A ¢ oeo(T).

Remark 3.2 All the equalities observed for a hypercyclic operator in Theorem 3.1 holds
for every supercyclic operator T for which o;,(T*) = #. The equality o (T) = oyst(T)
for a hypercyclic operator defined on a separable Hilbert space has been noted in [19,
Proposition 3.1].

Lemma3.3 Let T € L(H) be a hypercyclic operator. Then we have:

(1) T has no nontrivial finite-codimensional invariant subspace.
(ii) If S € L(H) commutes with T, then the adjoint S' has no eigenvalues of finite
multiplicity.

Proof The proof of part (i) may be found in [20]. Part (ii) follows easily from part
(1). Indeed, let A be an eigenvalue of S’ having finite multiplicity. Denote M :=
ker (\I — §’). If dim ker (A\] — §") > 0 then M~ is a finite-codimensional, nontrivial
invariant subspace of T, and this is impossible, from part (i).
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Part (i) of Lemma 3.3 shows that an operator T € ®_(H) that is not onto cannot be
hypercyclic. Indeed, if 8(7T) < oo then, since T (X) is a finite-codimensional invariant
subspace, we must have 8(7T) = 0, hence T is onto. Analogously, if T € &, (H) that
is not injective, i.e. T is not bounded below, then by duality its adjoint T’ € ®_(H)
is not onto, so 7’ cannot be hypercyclic.

The relationships between the Weyl spectra of the adjoint S’ of a Hilbert space
operator S are the following:

o1w(S) = ouw(S"), ouw(S) = ow(S), ow(S) = UW(S/)v

and analogously 05(S) = 0ap(S8”), 04p(S) = 05(5’), see [1, Theorem 3.1].
Hypercyclicity of a Hilbert space operator T has also consequences on some spectra
of the operators that commute with it:

Theorem 3.4 Let T € L(H) be hypercyclic and suppose that S € L(H) commutes
with T. Then

o (S) =ow(S),
and
olw (8) = 05(S), Guw(S,) = Uap(S/)-

Proof We show first the equality o (S) = ow(S). Let A ¢ ow(S). Then A1 — S is Weyl,
and hence also its adjoint A1 — S’ so ker (A — §) is finite-dimensional. By Lemma
3.3 we obtain that ker (A — §") = 0, and being A1 — S’ Weyl it then follows that also
B(h — §') = 0. Therefore, A ¢ o (S') = 0(S), 50 0w (S) = o(s).

To show the equality o1 (S) = 05(S), it suffices to prove the inclusion o (S) <
o1w(S), since the opposite inclusion is true for every operator. Let & ¢ o1 (S) =
ouw(S"). Then & ¢ oy (S), so Al — S’ € W, (H), hence a(A] — §') < oo. Again
by Lemma 3.3 we have a(AI — §’) = 0, and since A — S’ has closed range it then
follows that A ¢ Uap(S’), hence A ¢ 0,4p(S’) = 05(S).

The equality ouw(S") = 0ap(S’) is clear, since ouw(S) = 01w (S) and oyp(S") =
o5(9).

Let H(o (T)) denote the set of all analytic functions on a open disc U containing
o (T) and let f(T) be defined by the classical functional calculus:

F(T) = i./ FOOI —T) d,
2]‘” r

where I" is a contour that surrounds ¢ (7') in U. It is known that in general the spectral
mapping theorem does not hold for the Weyl spectra, see [2] for examples of Toeplitz
operators for which the Weyl spectra do not satisfy the spectral mapping theorem.
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Theorem 3.5 Let T € L(H) be hypercyclic and suppose that S € L(H) commutes
with T. Then the spectral mapping theorem holds for o1 (S) and oy (S), i.e.,

o (f(8) = flow(8)) forall f € H(o(S)),

and

ow(f(8)) = fow(S)) forall f € H(o(S)).

Futhermore, for supercyclic Banach space operators T, the spectral mapping theorem
holds for all the Weyl spectra of T.

Proof By Theorem 3.4 we know that oy, (S) = o (S). The spectral mapping theorem
holds for the spectrum, so

flow(8)) = f(a(S)) =a(f(9)),
Evidently, if & € p(S) := C\ o(S), then
TOI-=8'=@x1=85"'T,

and consequently, 7 commutes with f(S). Therefore, always by Theorem 3.4, we
have o(t(s)) = ow(f(S)), so f(ow(S)) = ow(f(S)).

The spectral mapping theorem for the lower semi-Weyl spectrum of S follows
arguing similarly. Indeed, by Theorem 3.4 we have o1 (S) = o03(S) and it is well
known that the spectral mapping theorem holds for o (.5). Hence,

fow(8)) = f(os(8)) = a5(f(S)).

Since T commutes with f(S), again by Theorem 3.4 we have oy, (f(S)) = o5(f(S)),
SO f(JIW(S)) = O'lw(f(S))-

The spectral mapping theorem for all Weyl spectra of a Banach space supercyclic
operator T holds since T* has SVEP, see [1, Corollary 3.120].

It is interesting to note a certain analogy between the spectral properties of oper-
ators that commute with a hypercyclic operator and operators that commutes with
an injective quasi-nilpotent operator. Indeed, some of the equalities observed in The-
orems 3.4, 3.1 and 3.5 are true also for operators that commutes with an injective
quasi-nilpotent operator, see [5]. A typical example of these operators is given by the
operators that commutes with the classical Volterra operator V on L2[0, 1], that is
quasi-nilpotent and injective. Recall that the Volterra operator V is not hypercyclic
(not even supercyclic), see [11]. Recall that the quasi-nilpotent part of an operator
T € L(X) is defined:

Ho(T) := {x € X : limsup | T"x||# = 0}.

n—o0
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Every quasi-nilpotent operator is not hypercyclic, this is known but we give here a
short proof involving the quasi-nilpotent part.

Theorem 3.6 If T € L(X) is quasi-nilpotent then T is not hypercyclic.

Proof If T is quasi-nilpotent then Hy(7T) = X, see [1, Theorem 2.35], so

1
limsup [|T"x||» =0 forevery x € X.
n—od

Given 0 < ¢ < 1 then ||T"x||nl < ¢ for all n, except a finite set of naturals
ni,ny,...ng. Hence, | T"x|| < &" < eforalln # nj, j = 1,2,...k. On the
other hand, we have ||T"/x|| < M, for a certain M > 0, so sup||T"x| < oo for
all n € Nand x € X. This implies that sup ||T"|| < oo, i.e. T is power bounded.
Consequently, all orbits are bounded, and hence T is not hypercyclic.

Note that a quasi-nilpotent operator may be supercyclic, see [25, Example 3.4].
Since the Volterra operator in L;[0, 1] is not supercyclic [11] quasi-nilpotent and
injective, one may conjecture that an injective quasi-nilpotent operator is always not
supercyclic. The answer to this question is negative. The example [6, Example 3.4] is
a bilateral weighted shift T, that is injective and quasi-nilpotent:

Question: Under which conditions an injective quasi-nilpotent operator is not
supercyclic?

A Riesz operator that commutes with an injective quasi-nilpotent operator is quasi-
nilpotent, see [5]. A similar result holds for Riesz operators that commute with a
hypercyclic operator:

Theorem 3.7 Suppose that a Riesz operator K € L(H) commutes with a hypercyclic
operator. Then K is quasi-nilpotent.

Proof Observe first that for a Riesz operator K we have oy (K) = {0}. If the
Riesz operator K commutes with a hypercyclic operator then, by Theorem 3.4,
{0} = ow(K) = 0 (K), thus K is quasi-nilpotent.

By Theorem 3.7 a non quasi-nilpotent Riesz operator on a Hilbert space cannot
commute with a hypercyclic operator, as well as it cannot commutes with an injective
quasi-nilpotent operator. Hypercyclic operators can arise as perturbations of the iden-
tity by compact operators, see [10, 16]. The next corollary generalizes [10, Proposition
4.3], where the result was proved for / + T'. Clearly, T commutes with p(7T') for every
polynomial p.

Corollary3.8 If T € L(H) is compact and for some polynomial p(T) is hypercyclic
then T is quasi-nilpotent.

An operator T € L(X) is said to be Drazin invertible (with a finite index), T €
D(X) if p(T) = q(T) < oo. Clearly, A\l — T € L(X) is Drazin invertible if and
only if A/ — T is invertible or A is a pole of the resolvent. Drazin invertibility suggests
the following definition: an operator 7 € L(X), is said to be left Drazin invertible,
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T € LD(X),if p:= p(T) < coand TPt (X)isclosed. T € L(X), is said to be right
Drazin invertible, T € RD(X) if ¢ := q(T) < oo and T9(X) is closed. If A\l — T
is left Drazin invertible and A € o0,p(T') then A is said to be a left pole If AI — T is
right Drazin invertible and A € o4(7T') then A is said to be a right pole. It should be
noted that 7 € L(X) is Drazin invertible if and only if 7 is both left Drazin invertible
and right Drazin invertible. The Drazin spectrum is defined as o4(T) := {» € C :
Al —T ¢ D(X)}, and, analogously, may be defined the left Drazin spectrum o19(T),
and the right Drazin spectrum org(T). Evidently, 0q(T) = 019(T)Uoq(T). The proof
of the following lemma may be found in [4, Lemma 2.4]. Let [1(7T") := o (T)\oq(T)
denote the set of all poles of 7" and I1,(T") := o (T) \ 014(T) denote the set of all left
poles of T'.

Lemma3.9 IfT € L(X) then
oap(T) = o1y & 01d(T) = oa(T). (3.3)

If T is supercyclic then T1,(T) = TI(T).

Proof The equivalence (3.9) has been proved in [4]. If T is supercyclic then T*
has SVEP, so 0,,(T) = o(T), and from the equivalence (3.3) we obtain IT,(T)
= TI(T). O

Note that T € L(X) is Drazin invertible(with a finite index) if and only if there
exists an operator S € L(X) and n € N such that

TS =ST,STS=S8,T"ST =T". 3.4)

The operator S is called the Drazin inverse of T. Note that the Drazin inverse S of an
operator, if it exists, is uniquely determined, see [9].

Remark 3.10 If T is Drazin invertible, with Drazin inverse S, then S is Drazin invert-
ible. If U is the Drazin inverse of S then the Drazin inverse of U is T, see [1, Remark
1.23].

In [18, 22, Corollary 2.21] Kitai has proved that if a hypercyclic operator 7 is
invertible then its inverse is also hypercyclic, see also Herrero and Kitai [17]. We
show now that a Drazin invertible operator is hypercyclic if and only if is invertible:

Theorem 3.11 If T € L(X) the following statements are equivalent:

(1) T is hypercyclic and Drazin invertible;
(ii) T is Drazin invertible and its Drazin inverse S is hypercyclic;
(iii) T is hypercyclic and invertible;
(iv) T is invertible and T~" is hypercyclic;
(v) T € By (X) and T is hypercyclic;
(vi) T is hypercyclic and left Drazin invertible.

Furthermore, an operator T € B_(X) is hypercyclic if and only if T is onto.

W Birkhauser
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Proof The equivalence (iii) < (iv) has been proved in [17]. (i) < (iii) Suppose that
T is Drazin invertible. Let z € X such that Orb(z, T) = X and suppose that T is not
invertible. Then 0 is a pole of the resolvent, i.e. 0 < p(T) = q(T) < oo. Now, T is
Drazin invertible if and only if there exists a decomposition X = M @& N, where M
and N are closed invariant subspaces such that

T =Ty ®TNn, Ty :=T|M invertible, Ty := T|N nilpotent, 3.5
see [1, Theorem 1.132]. Being T not invertible then N # {0}. Write

z=u-+v whereu €¢ Mandv € N,
and let v € N be such that Ty = 0. Then, forn > v,
T"z = (Tm)"u+ (Ty)"v=Tyu+0=T"u. (3.6)

As pointed in [13, Remark (iii)], if z is hypercyclic for T then also 7"z is hypercyclic

for T, for every n € N. Hence, from (3.6), we see that 7"u is hypercyclic for T for
every n > v, i.e.,

Orb(T, T"u) = {T"u, T(T"u), T2(T"u), ..} = X forn > v.
But T*u € M for every k, so
Orb(T, T"u) =M = X,

and this is impossible since N # {0}. Therefore, (i) = (iii). The converse implication
is obviously true.

(iv) = (ii) The Drazin inverse of an invertible operator T is S := T

(ii) = (iii) The Drazin inverse S of T is also Drazin invertible, since with respect
to the decomposition X = M @& N, we have

S=(Tu) ' ®0,

see [1, p. 86]. By assumption S is hypercyclic, so, by the equivalence (i) < (iii), S is
invertible and its Drazin inverse is S~1. The Drazin inverse of S™!is S, thus § = T,
by Remark 3.10.

(v) & (i) By Theorem 3.1 oy (T) = o), 50 0 ¢ oy (T) if and only if T is
invertible.

(vi) < (i) Suppose that T is left Drazin invertible and hypercyclic. Since T* has
SVEP then 0,,(T) = o (T), hence, by Lemma 3.9, T is Drazin invertible. The impli-
cation (i) = is obvious.

Suppose now that 7 € B_(X). By [1, Theorem 3.34, part (ii)], T € B_(X) if and
only if there exists a decomposition X = M @ N, M and N invariant closed subspaces,
such that T'|M is onto and T'|N is nilpotent, see [1, Theorem 3.34, part (ii)]. If T is
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hypercyclic, arguing as above we deduce that X = M,and T(X) =T(M) =M = X,
so T is onto.

Recall that, in general if a supercyclic operator is invertible, then its inverse need
not to be supercyclic. The following theorem shows that the result of Theorem 3.11
may be partially extended to supercyclic operators for which op,(T*) = .

Theorem3.12 Let T € L(X) be such that op(T*) = (. Then the following statements
are equivalent:

(1) T is Drazin invertible and supercyclic;
(i) T is invertible and supercyclic;
(iii) T € B4+ (X) and is supercyclic;
@iv) T left Drazin invertible and supercyclic.

Furthermore, an operator T € B_(X) is supercyclic if and only if T is onto.

Proof (i) < (ii): the implication (ii) = (i) is clear. To show (i) = (ii), suppose that
T is supercyclic and o (T*) = 0. If z is supercyclic for T then p(T)z is supercyclic
for T for every polynomial p(A), see the proof of [6, Theorem 2]. In particular, 7"z
is supercyclic for T for every n € N, i.e the set of scalar multiplies of Orb(T', T"z)
is norm dense in X. Now, if T is not invertible and 7 is Drazin invertible, we may
decompose T as in (3.9). Write z = u +v, withu € M andv € N # (J. Arguing as in
the proof of Theorem 3.11 then 7"z = T"u for n large enough. From that it follows
that the set of scalar multiplies Orb(7", T"u) is norm dense in X for n large enough,
i.e. T"u is supercyclic for T for n large enough. But T*u € M for every k, from
which we obtain X = M, and this is impossible since N # {0}. Hence T = T|M is
invertible.

(iii) < (1). We need only to prove (v) = (ii), since the opposite implication is
obvious. Suppose now that 7 € By (X). By [1, Theorem 3.34, part ()], T € B4 (X)
if and only if there exists a decomposition X = M @& N, M and N invariant closed
subspaces, such that T'|M is bounded below and T |N is nilpotent, see [1, Theorem
3.34, part (ii)]. If T is supercyclic, arguing as above we deduce that X = M,andso T
is bounded below. But 7* has SVEP, 50 0,,(T) = o (T), hence 0 ¢ 0.p(T) = o (T),
so T is invertible.

The equivalence (iv) < (i) is clear since, for every supercyclic operator 7* has
SVEP, hence 0, (T) = o (T') or equivalently, by Lemma 3.9, T is left Drazin invertible
exactly when T is Drazin invertible.

The last assertion may be proved as in Theorem 3.11. O

Remark 3.13 The condition op,(T™) = # is satisfied by the operators that satisfy the
Supercyclicity Criterion, see [21] for details. In particular, the adjoints of supercyclic
unilateral (or bilateral) weighted shifts have empty point spectrum.

Corollary 3.14 If T € L(X) satisfies the Supercyclicity Criterion then T is Drazin
invertible if and only if T is invertible.

We do not know if the equivalences of Theorem 3.12 holds for supercyclic operators
for which op,(T*) # @ (except the equivalence (i) <> (iv), that holds since depends
only from the SVEP of T*).
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Recall that an operator K € L(X) is said to be algebraic if there exists a complex
polynomial ~ such that 7(K) = 0. Examples of algebraic operators are nilpotent
operators and operators K for which K" is a finite-dimensional operator for some
n e N.

Corollary3.15 If T € L(X) and O is a pole of T then T is not hypercyclic. Any
algebraic operator T for which 0 € o (T) is not hypercyclic.

Proof 1f 0 is a pole then T is Drazin invertible. If were T hypercyclic then 7 would
be invertible by Theorem 3.11, and this is impossible, since 0 is an eigenvalue. Every
algebraic operator has a finite spectrum, see [1, Section 3.5]. Moreover, every A €
o (K) is a pole, see [1, Theorem 3.93], so, if 0 € o (K), O is a pole.

Corollary 3.16 Suppose that an operator T € L(X) has SVEP at 0 and is supercyclic.
Then T € &+ (X) < T is invertible.

Proof If T has SVEP at 0 and T € ®.(X) then p(T) < oo. For every hypercyclic
operator T its dual 7* has SVEP, hence, if T € & (X), then¢(T) < oo. Therefore, T
is Drazin invertible and consequently, by Theorem 3.11, T is invertible. The opposite
implication is clear.

Finally, in [24] Salas proved that that there exist hypercyclic operators T € L(H)
(a bilateral weighted shift on a Hilbert space) whose adjoint T” is also hypercyclic. For
these operators (7') = T has SVEP. Hence, by the previous corollary, these operators
are semi-Fredholm if and only if they are invertible.
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