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A B S T R A C T

Recent advances in signal processing and information theory are boosting the development of new approaches
for the data-driven modeling of complex network systems. In the fields of Network Physiology and Network
Neuroscience where the signals of interest are rich of oscillatory content, the spectral representation of
network systems is essential to ascribe interactions to specific oscillations with physiological meaning. The
present work introduces a coherent framework integrating several information dynamics approaches to quantify
node-specific, pairwise and higher-order interactions in network systems. A hierarchical organization of
interactions of different order is established using measures of entropy rate, mutual information rate and
O-information rate to quantify the dynamics of individual nodes, the links between pairs of nodes, and
the redundant/synergistic hyperlinks in groups of nodes. All measures are formulated in the time domain
and expanded to the spectral domain to obtain frequency-specific information. The practical computation
of all measures is favored presenting a toolbox that implements parametric and non-parametric estimators
and includes statistical validation approaches. The framework is illustrated using theoretical examples where
the properties of the measures are displayed in benchmark simulated network systems, and representative
multivariate time series in the context of Network Neuroscience and Network Physiology.
1. Introduction

The increasing availability of large-scale and fine-grained recordings
of biomedical signals is opening the way to the network representation
of complex physiological systems. For instance, in neuroscience the or-
ganizational principles of functional segregation and integration in the
human brain are typically studied through the theoretical and empirical
tools of Network Neuroscience [1], while in integrative physiology
the reductionist approach of studying in isolation the function of an
organ system is nowadays complemented by the holistic investigation
of collective interactions among diverse organ systems performed in the
field of Network Physiology [2]. Network Neuroscience and Network
Physiology are subfields of Network Science, a large interdisciplinary
area that develops theoretical and practical techniques to improve the
understanding of natural and man-made networks with hierarchical
structures [3].

Data-driven methods for network inference play a key role in
Network Neuroscience and Network Physiology, being devised to build
a network model out of a set of observed multivariate time series.

∗ Corresponding author.
E-mail address: luca.faes@unipa.it (L. Faes).

Such model is typically encoded by a graph where the observed dy-
namical system (e.g., the brain or the human organism) is represented
by distinct nodes (e.g., neural units or organ systems) connected by
edges mapping functional dependencies (e.g., brain connectivity or
cardiovascular interactions) [4,5]. Beyond this basic description, the
need to deepen the exploration of real-world systems has led network
scientists to enrich the way to represent the system properties captured
by a network model [6]. Augmented network descriptions have been
proposed which make use, for instance, of active nodes encoding self-
dependencies within an individual process, and of directed and/or
weighted edges depicting cause–effect relations and quantifying the
intensity of interactions. These representations are well accommodated
in functional brain and physiological networks through the definition
of measures to assess complexity or regularity of individual time
series [7], or coupling and causality between pairs of time series [8,9].

In spite of the usefulness of network models encoded by graphs,
the representation with self-effects and pairwise (dyadic) interactions
is often insufficient to provide a complete description of a complex
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Fig. 1. Information-theoretic and spectral representations of hierarchically-organized interactions in network systems. (a) In Network Physiology, collective interactions
among diverse organ systems (e.g., brain, heart, vascular, muscular and respiratory systems) are investigated recording biosignals like the EEG, ECG, arterial pressure, EMG and
respiration, from which time series representing the dynamical activity of these systems are extracted. The data collected in these series can be considered as a realization of
a vector of random variables (𝑉𝑖) or random processes (𝑋𝑖). The network analysis of this data is static when measures like the mutual information (MI) are used to connect
pairs of random variables, and dynamic when measures like the MI rate (MIR) are used to connect pairs of random vectors considering their temporal correlations. (b) The
multiple interactions in the physiological network can be investigated in different ways: traditional multivariate analysis is still anchored to the concept of interaction between
two nodes even though the other nodes are taken into account, thus yielding the standard network representation where the link is the building block and is assessed by pairwise
measures such as the MIR; the analysis of higher-order interactions moves forward, encoding such interactions by the hyperlinks of a hierarchical high-order network (hHON)
where interactions of different order are represented using different dynamic information measures (e.g., order 1: entropy rate (ER); order 2: MIR; order >2: O-information rate
(OIR)). (c) In physiological networks with oscillatory node activity, the shift from the time to the frequency domain representation is essential to capture the wide range of time
scales characterizing the dynamical activity at the nodes; in this case, information measures can be expanded in the spectral domain to obtain frequency-specific information on
the hHON interactions occurring within distinct frequency bands.
system. It is now firmly acknowledged that many real-world systems
display high-order (polyadic) interactions, i.e. interactions involving
more than two network nodes [10]. Thus, in these systems the network
behavior is integrated at different hierarchical levels and time scales.
This occurs also in Network Neuroscience and Network Physiology,
where it is important to distinguish between brain regions or organ
systems that interact as a pair, or as a part of a more complex structure,
to produce the observed dynamics. For instance, brain dynamics display
mesoscopic or macroscopic behaviors requiring multiple-unit interac-
tions to be predicted accurately [11], and cardiovascular interactions
may arise autonomously from self-sustained mechanisms or as a result
of the effects of respiration on the measured dynamics [12]. The gen-
eralized network structure which allows to go beyond the framework
of pairwise interactions is the so-called ‘‘hierarchical high-order net-
work’’ (hHON), which is described by mathematical constructs such as
simplicial complexes and hypergraphs [13]. This novel representation
is impacting strongly on the ability to describe the real-world systems
studied in the context of Network Science [10].

While the implementation of hHONs is straightforward for networks
inherently defined as sets of interactions, it is much less striking in
systems where interactions are not already identified but need to be
inferred from data, as in the case of brain and physiological net-
works. The main reason for this difficulty is that measures to quantify
polyadic interactions from time series data have not been defined
unequivocally [12,14–16]. Different information-theoretic frameworks
performing entropy decomposition of the multiple time series mapping
the activity of network systems provide tools, such as the measures
of redundant and synergistic information shared by groups of source
2

time series about a target series, akin to the detection of higher-
order effects [12,16]. Thus, these frameworks could be exploited for
the detection and estimation of high-order interactions in practical
settings. In this context, the unification and the extension to high-
order interactions of emerging approaches to treat diverse types of
physiological activity, as well as the computation of quantities able
to reflect how physiological oscillations are deployed across several
time scales [12,17], performed via reliable estimators from collected
data, would open new perspectives for the use of hHON structures in
Network Neuroscience and Network Physiology.

The aim of this tutorial paper is to integrate, extend, unify and
illustrate thoroughly several classic and recent approaches proposed
for the analysis of network systems which are gaining wide inter-
est in the fields of Network Neuroscience and Physiology [17–27].
These approaches are based on the information-theoretic and spec-
tral representations of interactions in network systems, and are here
presented along three different lines of development (Fig. 1). First,
we move from the standard static analysis of physiological processes,
which draws a parallel between physiological networks and vectors
of random variables, to a dynamic analysis which models the observed
network system in terms of vector random processes (Fig. 1a); this is
achieved moving from the use of measures of entropy computed for
random variables to the use of measures of entropy rate which ex-
plicitly consider the temporal correlations within and between random
processes. Second, when we consider the interactions in a network,
we shift from the paradigm of multivariate analysis to the paradigm of
higher-order interactions; while multivariate analysis is focused on the
activity of two nodes of the network even when the other nodes are
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taken into account, measures of higher-order interaction focus on more
than two network nodes providing an overall quantification of their
ollective interaction (see Fig. 1b, where multivariate and higher-order

measures are encoded by links in classical networks and hyperlinks
in high-order networks). Third, when we study networks where the
activity at the nodes is rich of oscillatory content, we shift from the time
domain to the frequency domain representation of the network, where
information measures are expanded in the spectral domain to obtain
frequency-specific information (Fig. 1c).

In the paper, the approaches for the analysis of interactions in
etwork systems are unified in a coherent framework where spectral

measures of entropy rate are linked with their time-domain analogous
measures, and are categorized hierarchically on the basis of the number
f network nodes involved in the computation of each measure. After

providing rigorous theoretical definitions (Section 2), particular empha-
is is put on the practical computation of the measures from time series
ata, presenting both parametric and non-parametric estimators as well
s approaches to assess the statistical significance of the estimated mea-
ures (Section 3). The framework is illustrated first using theoretical

examples where the properties of each measure are demonstrated in
benchmark simulated network systems (Section 4), and then applied
to paradigmatic examples of multivariate time series (Section 5) in
he context of Network Neuroscience (multichannel electroencephalo-
raphic signals) and Network Physiology (heart rate, arterial pressure,
espiration and cerebral blood flow velocity time series).

2. Framework for the analysis of interactions in network systems

This section formalizes the framework to measure time domain
and frequency-specific interactions of different order in networks of

ultiple interconnected systems. The framework is defined for dynamic
systems, i.e. systems evolving over time whose activity is modeled
appropriately in the context of multivariate random processes. Never-
theless, since the information-theoretic analysis of random processes
is performed using information measures applied to random variables,
we will start reviewing the entropy measures adopted to describe
static networks mapped by random variables (Section 2.1). Then, these

easures are extended to the analysis of interactions in dynamic net-
orks mapped by random processes exploiting the concept of entropy

ate (Section 2.2), and formalized for linear processes studied in the
frequency domain using spectral entropy rates (Section 2.3).

2.1. Static networks of random variables

Let us consider a static network system  composed of 𝑀 nodes
1,… ,𝑀 , where the activity at each node is described by the (possibly
ector) random variable 𝑉𝑖, 𝑖 = 1,… , 𝑀 . By using an information-
heoretic perspective, the activity at the 𝑖-th node of the network can
e assessed through the information carried by the variable 𝑉𝑖, which
s quantified by the well-known entropy measure [22,28]:

𝐻(𝑉𝑖) = E
[

ln 1
𝑝(𝑣𝑖)

]

, (1)

while the interaction between the activities of the 𝑖-th and 𝑗-th nodes
an be assessed through the mutual information (MI) between 𝑉𝑖 and
𝑉𝑗 :

𝐼(𝑉𝑖;𝑉𝑗 ) = E
[

ln
𝑝(𝑣𝑖, 𝑣𝑗 )
𝑝(𝑣𝑖)𝑝(𝑣𝑗 )

]

, (2)

where 𝑝(⋅, ⋅) and 𝑝(⋅) denote joint and marginal probability distribu-
ion, and E[⋅] is the expectation operator. The entropy quantifies the
nformation contained in a random variable intended as the average
ncertainty about its outcomes, while the MI quantifies the information
hared by two variables intended as the uncertainty about one variable
hat is resolved by knowing the other variable. Remarkably, the MI
s a symmetric measure (i.e., 𝐼(𝑉𝑖;𝑉𝑗 ) = 𝐼(𝑉𝑗 ;𝑉𝑖)), and is linked to
he joint and individual entropies of the two variables by the relation
3
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𝐼(𝑉𝑖;𝑉𝑗 ) = 𝐻(𝑉𝑖) +𝐻(𝑉𝑗 ) −𝐻(𝑉𝑖, 𝑉𝑗 ). The latter can be also expressed as
𝐼(𝑉𝑖;𝑉𝑗 ) = 𝐻(𝑉𝑖) −𝐻(𝑉𝑖|𝑉𝑗 ), where 𝐻(𝑉𝑖|𝑉𝑗 ) = 𝐻(𝑉𝑖, 𝑉𝑗 ) −𝐻(𝑉𝑗 ) is the
onditional entropy (CE) of 𝑉𝑖 given 𝑉𝑗 , quantifying the information
arried by one variable that is not shared with the other, intended
s the residual uncertainty which remains in one variable when the
ther variable is known. The relations between entropy, MI and CE are
epicted in the Venn diagram representation in Fig. 2a.

Then, the interaction among three variables 𝑉𝑖, 𝑉𝑗 and 𝑉𝑘, 𝑖, 𝑗 , 𝑘 ∈
{1,… 𝑀}, is quantified by the interaction information (II) [18], which
compares the information that one target variable, say 𝑉𝑖, shares with
two source variables, say 𝑉𝑗 and 𝑉𝑘, when the sources are taken
separately but not when they are taken together. Accordingly, the II is
quantified subtracting the MI between the target and the two sources
from the sum of the MIs between the target and each source:

𝐼(𝑉𝑖;𝑉𝑗 ;𝑉𝑘) = 𝐼(𝑉𝑖;𝑉𝑗 ) + 𝐼(𝑉𝑖;𝑉𝑘) − 𝐼(𝑉𝑖;𝑉𝑗 , 𝑉𝑘). (3)

The computation of the II is illustrated using Venn diagrams in Fig. 2b.
Importantly, the II is symmetric (i.e., it does not change modifying
he target variable) and can take either positive or negative values.
pecifically, the II is positive if the two sources share more information
ith the target when they are considered individually, denoting redun-
ancy ; on the contrary, the II is negative if the two sources share more
nformation with the target when they are considered jointly, denoting
ynergy.

The II has been recently generalized to allow the information-
theoretic analysis of high order interactions among an arbitrarily large
number of random variables through the definition of the so-called

-information (OI) [24]. The OI among 𝑁 variables can be defined
as the sum of the OI for a subset including 𝑁 − 1 variables plus a
gradient quantifying the increment obtained when a new variable is
added. Specifically, when the variable 𝑉𝑁 is added to the set 𝑉 𝑁−1 =
{𝑉1,… , 𝑉𝑁−1} to form the set 𝑉 𝑁 = {𝑉1,… , 𝑉𝑁}, the OI can be
formulated as

𝛺(𝑉 𝑁 ) = 𝛺(𝑉 𝑁−1) + 𝛥(𝑉𝑁 ;𝑉 𝑁−1), (4)

where the gradient is defined as

𝛥(𝑉𝑁 ;𝑉 𝑁−1) =
𝑁−1
∑

𝑖=1
𝐼(𝑉𝑁 ;𝑉 𝑁−1

−𝑖 ) + (2 −𝑁)𝐼(𝑉𝑁 ;𝑉 𝑁−1), (5)

with 𝑉 𝑁−1
−𝑖 = 𝑉 𝑁−1∖𝑉𝑖. The computation of the gradient for the case of

𝑁 = 4 variables is illustrated using Venn diagrams in Fig. 2c. Crucially,
ince the OI for two random variables is null (𝛺(𝑉 2) = 0), the OI for

three variables is equal to the gradient, which in turn corresponds to the
II: 𝛺(𝑉 3) = 𝛥(𝑉3;𝑉 2) = 𝐼(𝑉3;𝑉2) +𝐼(𝑉3;𝑉1) −𝐼(𝑉3;𝑉1, 𝑉2) = 𝐼(𝑉1;𝑉2;𝑉3);
these formulations allow the iterative computation of the OI through
progressive inclusion of variables [24]. Importantly, both the gradient
and the O-information can be positive or negative, reflecting respec-
tively redundant and synergistic high-order interactions in the analyzed
set of random variables.

2.2. Dynamic networks of random processes: time domain analysis

Let us consider a dynamic network system  composed of 𝑀 nodes
1,… ,𝑀 , where the activity at each node is described in terms of
random processes. Specifically, we consider 𝑄 stationary stochastic
processes 𝑌 = {𝑌1,… , 𝑌𝑄}, grouped in 𝑀 blocks 𝑋 = {𝑋1,… , 𝑋𝑀},
and assume that each block process 𝑋𝑖 = {𝑋𝑖1 ,… , 𝑋𝑖𝑀𝑖

} describes the
dynamic activity of the network node 𝑖, 𝑖 = 1,… , 𝑀 ; the 𝑖-th block
has dimension 𝑀𝑖, so that 𝑄 =

∑𝑀
𝑖=1 𝑀𝑖. Then, to highlight the dynamic

nature of the process 𝑋𝑖, we denote as 𝑋𝑖,𝑛, 𝑋𝑘
𝑖,𝑛 = [𝑋𝑖,𝑛−1 ⋯𝑋𝑖,𝑛−𝑘], and

𝑋∞
𝑖,𝑛= lim𝑘→∞ 𝑋𝑘

𝑖,𝑛 the random variables that sample the process at the
present time 𝑛, over the past 𝑘 lags, and over the whole past history,
respectively.

With the above notation, considering the statistical dependencies
etween the present and past states of the analyzed systems, it is
ossible to define dynamic information measures which extend to
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Fig. 2. Venn-diagram representation of the information measures quantifying hierarchically-organized interactions in static networks of random variables. (a) Mutual
information between two random variables 𝑉1 and 𝑉2, 𝐼(𝑉1;𝑉2), obtained as the difference between the entropy 𝐻(𝑉1) and the conditional entropy 𝐻(𝑉1|𝑉2). (b) Interaction
information among the three variables 𝑉1, 𝑉2 and 𝑉3, 𝐼(𝑉1;𝑉2;𝑉3), obtained according to Eq. (3). (c) Gradient of the O-information, 𝛥(𝑉4; {𝑉1 , 𝑉2 , 𝑉3}), quantifying the information
ncrement obtained when a fourth variable 𝑉4 is added to the group of random variables {𝑉1 , 𝑉2 , 𝑉3}, obtained according to Eq. (5); the O-information among these four variables

is obtained summing the interaction information 𝐼(𝑉1;𝑉2;𝑉3) and the gradient 𝛥(𝑉4; {𝑉1 , 𝑉2 , 𝑉3}) (see Eq. (4)).
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random processes the measures defined in Section 2.1 for random
variables. The information-theoretic analysis of dynamic information
exploits the concept of entropy rate (ER), which quantifies the rate of
generation of new information in a random process. Specifically, for
the stationary random process 𝑋𝑖, the ER is defined using these two
equivalent definitions [22,23]:

𝐻𝑋𝑖
= lim

𝑚→∞
1
𝑚
𝐻(𝑋𝑖,𝑛∶𝑛+𝑚) = 𝐻(𝑋𝑖,𝑛|𝑋

∞
𝑖,𝑛), (6)

where the second formulation evidences the conditional entropy of the
variable representing the present of the process given the variables
ampling its past history. Therefore, the ER reflects the complexity of

the process intended as the unpredictability of its present state given
the past, ranging from 𝐻𝑋𝑖

= 0 for a completely self-predictable process
to 𝐻𝑋𝑖

= 𝐻(𝑋𝑖,𝑛) for a fully unpredictable process without temporal
statistical structure. In the framework for the analysis of dynamic
interactions presented in this work, the ER quantifies the so-called
interactions of order one, i.e. the interactions occurring internally in
the 𝑖-th node of the analyzed network which is mapped by the process
𝑋𝑖. The Venn diagram illustration of the ER is given in Fig. 3a.

The interactions of order two (i.e., pairwise interactions) between
the 𝑖-th and 𝑗-th nodes of the analyzed dynamic network are assessed by
he mutual information rate (MIR) computed between the processes 𝑋𝑖
nd 𝑋𝑗 . The MIR quantifies the information shared by the two processes
er unit of time, [21]:

𝐼𝑋𝑖 ;𝑋𝑗
= lim

𝑚→∞
1
𝑚
𝐼(𝑋𝑖,𝑛∶𝑛+𝑚;𝑋𝑗 ,𝑛∶𝑛+𝑚); (7)

as for the entropy rate (6), the limit exists for stationary random
processes. Indeed, the MIR is a symmetric measure (i.e., 𝐼𝑋𝑖;𝑋𝑗

=
𝑋𝑗 ;𝑋𝑖

), and can be obtained from the present and past information of
he processes by summing the entropy rate of the first process to the
ntropy rate of the second process [29], and then subtracting the joint
ntropy rate of the two processes (see also Fig. 3b):

𝐼𝑋𝑖 ;𝑋𝑗
= 𝐻𝑋𝑖

+𝐻𝑋𝑗
−𝐻𝑋𝑖 ,𝑋𝑗

. (8)

The MIR is a measure of dynamic coupling, and can also be used
s a building block for the assessment of higher-order interactions in

random processes. Specifically, the dynamic interaction of order three
mong the processes 𝑋𝑖, 𝑋𝑗 and 𝑋𝑘 can be quantified by the interaction
nformation rate (IIR) [17] by using MIR terms in a formulation similar
o (3):

𝐼𝑋𝑖 ;𝑋𝑗 ;𝑋𝑘
= 𝐼𝑋𝑖;𝑋𝑗

+ 𝐼𝑋𝑖;𝑋𝑘
− 𝐼𝑋𝑖;𝑋𝑗 ,𝑋𝑘

. (9)

Moreover, exploiting the same expressions valid for the OI (Eqs. (4),
(5)) where the MIR of random processes is used in place of the MI of
4
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random variables, it is possible to define a so-called O-information rate
(OIR) which can be computed iteratively using gradients. Specifically,
he OIR of a group of random processes 𝑋𝑁 = {𝑋1,… , 𝑋𝑁} is com-
uted from the OIR of a subset including 𝑁 − 1 processes, e.g., 𝑋𝑁−1 =
𝑋1,… , 𝑋𝑁−1}, summing a gradient which quantities the increment
btained when the process 𝑋𝑁 is appended to 𝑋𝑁−1 [26]:

𝛺𝑋𝑁 = 𝛺𝑋𝑁−1 + 𝛥𝑋𝑁 ;𝑋𝑁−1 , (10)

𝛥𝑋𝑁 ;𝑋𝑁−1 =
𝑁−1
∑

𝑖=1
𝐼𝑋𝑁 ;𝑋𝑁−1

−𝑖
+ (2 −𝑁)𝐼𝑋𝑁 ;𝑋𝑁−1 , (11)

with 𝑋𝑁−1
−𝑖 = 𝑋𝑁−1∖𝑋𝑖. According to this definition, the OIR is zero

or any two processes (𝛺𝑋𝑖 ,𝑋𝑗
= 0), and is equal to the gradient for

hree processes, i.e. 𝛺𝑋𝑖 ,𝑋𝑗 ,𝑋𝑘
= 𝛥𝑋𝑖;𝑋𝑗 ,𝑋𝑘

, which in turns corresponds
to the IIR (9) with 𝑁 = 3. Both the IIR of three processes and the OIR
computed for 𝑁 > 3 processes are symmetric, i.e. do not change if
the order of the processes is swapped in the computation. Importantly,
these measures, as well as the gradients, can be either positive or
negative, with the sign reflecting the redundant or synergistic nature
f the interactions in groups of random processes; specifically, positive
alues of 𝛺𝑋𝑁 or 𝛥𝑋𝑁 ;𝑋𝑁−1 denote redundancy, while negative values
enote synergy.

Remarkably, combinatorial explosion in the context of high-order
interactions in physiological networks, which refers to the rapid in-
crease in the number of possible node combinations as the size of the
network grows, is an open challenge in the field of Network Science.
In a network with 𝑀 nodes, the activity of the single entities is
described by means of 𝑀 values of ER, and 𝑀(𝑀−1)

2 values of MIR.
However, when we start looking at interactions beyond just pairs
of nodes (i.e., high-order interactions), the complexity skyrockets. In
general, for the 𝑀-node network, the number of high-order interac-
tions assessed via the OIR measure scales factorially according to the
binomial coefficient 𝐶𝑀 ,𝑁 =

(𝑀
𝑁

)

= 𝑀!
𝑁!(𝑀−𝑁)! , where 𝑁 is the number

of nodes taken into account (3 ≤ 𝑁 ≤ 𝑀). This combinatorial increase
oses computational challenges and often necessitates efficient algo-
ithms or resourceful approximations to handle the explosive growth
n complexity. Moreover, issues arise also regarding the interpretation
f the vast number of high-order interactions in multiplets of different
rder: understanding large networks is not just about scaling up, but
lso about dealing with the intricate web of interactions that emerge.

2.3. Dynamic networks of random processes: spectral analysis

In the linear signal processing framework, the observed network of
andom processes can be studied in the frequency domain in terms
f the power spectral density (PSD) matrix of the stationary vector
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Fig. 3. Venn-diagram representation of the information measures quantifying hierarchically-organized interactions in dynamic networks of random processes. (a)
Entropy rate of the process 𝑋1, 𝐻𝑋1

, obtained as the conditional entropy of the variable representing the present state of the process 𝑋1,𝑛 given the variables sampling its past
history 𝑋−

1,𝑛. (b) Mutual information rate between two processes 𝑋1 and 𝑋2, 𝐼𝑋1 ;𝑋2
, obtained according to Eq. (8). The MIR is the basic measure used for the computation of

igher-order measures like the IIR of three processes (Eq. (9)) or the OIR of more than three processes (Eq. (10)).
c
(

𝛥

/

b

f
p

random process 𝑌 = {𝑌1,… , 𝑌𝑄}. The PSD matrix, denoted as 𝑃𝑌 (𝜔),
s a 𝑄 × 𝑄 matrix which contains the individual PSD of the process
𝑖, 𝑃𝑌𝑖 (𝜔), as 𝑖-th diagonal element and the cross-PSD between the

processes 𝑌𝑖 and 𝑌𝑗 , 𝑃𝑌𝑖𝑌𝑗 (𝜔), as off-diagonal elements in the position
𝑖 − 𝑗 (𝑖, 𝑗 = 1,… , 𝑄); 𝜔 ∈ [−𝜋 , 𝜋] is the normalized angular frequency
(𝜔 = 2𝜋 𝑓

𝑓𝑠
with 𝑓 ∈ [− 𝑓𝑠

2 ,
𝑓𝑠
2 ], 𝑓𝑠 sampling frequency). The link between

the time and frequency domain representations is provided by the
Fourier Transform (FT). The cross-PSD between the 𝑖-th and 𝑗-th scalar
processes is defined as the FT of their cross-correlation, i.e. 𝑃𝑌𝑖𝑌𝑗 (𝜔) =
F{𝑅𝑌𝑖𝑌𝑗 (𝑘)}, where 𝑅𝑌𝑖𝑌𝑗 (𝑘) = E[𝑌𝑖,𝑛𝑌𝑗 ,𝑛−𝑘]; when 𝑖 = 𝑗, the PSD of 𝑌𝑖
is retrieved, i.e., 𝑃𝑌𝑖 (𝜔) = F{𝑅𝑌𝑖 (𝑘)}, with 𝑅𝑌𝑖 (𝑘) = E[𝑌𝑖,𝑛𝑌𝑖,𝑛−𝑘] the
autocorrelation of 𝑌𝑖. Furthermore, when the subdivision of 𝑌 in 𝑀
blocks is considered, the PSD matrix 𝑃𝑌 (𝜔) can be partitioned in 𝑀×𝑀
blocks as follows:

𝑃𝑋 (𝜔) =
⎡

⎢

⎢

⎣

𝑃𝑋1
(𝜔) ⋯ 𝑃𝑋1𝑋𝑀

(𝜔)
⋮ ⋱ ⋮

𝑃𝑋𝑀𝑋1
(𝜔) ⋯ 𝑃𝑋𝑀

(𝜔)

⎤

⎥

⎥

⎦

, (12)

where the 𝑖 − 𝑗 block has dimension 𝑀𝑖 × 𝑀𝑗 and is obtained as the
FT of the cross-correlation matrix between 𝑋𝑖 and 𝑋𝑗 , i.e. 𝑃𝑋𝑖𝑋𝑗

(𝜔) =
F{𝑅𝑋𝑖𝑋𝑗

(𝑘)}, with

𝑅𝑋𝑖𝑋𝑗
(𝑘) = E[𝑋⊺

𝑖,𝑛𝑋𝑗 ,𝑛−𝑘] =
⎡

⎢

⎢

⎢

⎣

𝑅𝑋𝑖1𝑋𝑗1
(𝑘) ⋯ 𝑅𝑋𝑖1𝑋𝑗𝑀𝑗

(𝑘)

⋮ ⋱ ⋮
𝑅𝑋𝑖𝑀𝑖

𝑋𝑗1
(𝑘) ⋯ 𝑅𝑋𝑖𝑀𝑖

𝑋𝑗𝑀𝑗
(𝑘)

⎤

⎥

⎥

⎥

⎦

. (13)

The spectral densities defined above can be exploited to provide
frequency domain measures of the entropy rate, mutual information
rate, and O-information rate, which quantify individual, pairwise and
igher-order interactions at each specific frequency. Specifically, a
pectral measure of the ER of the process 𝑋𝑖 is defined as ([23,30])

ℎ𝑋𝑖
(𝜔) = 1

2
log

(

(2𝜋 𝑒)𝑀𝑖
|𝑃𝑋𝑖

(𝜔)|
)

, (14)

and a spectral measure of the MIR between the processes 𝑋𝑖 and 𝑋𝑗 is
efined as ([25,31])

𝑖𝑋𝑖 ;𝑋𝑗
(𝜔) = 1

2
log

|𝑃𝑋𝑖
(𝜔)||𝑃𝑋𝑗

(𝜔)|

|𝑃[𝑋𝑖𝑋𝑗 ](𝜔)|
, (15)

where

𝑃[𝑋𝑖𝑋𝑗 ](𝜔) =
[

𝑃𝑋𝑖
(𝜔) 𝑃𝑋𝑖𝑋𝑗

(𝜔)
𝑃𝑋𝑗𝑋𝑖

(𝜔) 𝑃𝑋𝑗
(𝜔)

]

, (16)

and | ⋅ | stands for matrix determinant. We remark that the spectral
measure in (15) can be related to the block coherence 𝐶𝑋𝑖𝑋𝑗

(𝜔) [32]
s 𝐶𝑋𝑖𝑋𝑗

(𝜔) = 1 − 𝑒−2𝑖𝑋𝑖 ;𝑋𝑗 (𝜔); the equation reduces to the squared
magnitude spectral coherence if 𝑋𝑖 and 𝑋𝑗 are scalar processes [33].
Moreover, a spectral measure of the OIR among 𝑁 processes 𝑋𝑁 =
{𝑋1,… , 𝑋𝑁} is defined in iterative form using gradients and expanding
in the frequency domain the time domain expressions (10) and (11)
s [26]:

𝜈 (𝜔) = 𝜈 (𝜔) + 𝛿 (𝜔), (17)
5

𝑋𝑁 𝑋𝑁−1 𝑋𝑁 ;𝑋𝑁−1 t
𝛿𝑋𝑁 ;𝑋𝑁−1 (𝜔) =
𝑁−1
∑

𝑖=1
𝑖𝑋𝑁 ;𝑋𝑁−1

−𝑖
(𝜔) + (2 −𝑁)𝑖𝑋𝑁 ;𝑋𝑁−1 (𝜔). (18)

Importantly, the spectral information measures of the interactions of
order one in a process, of the pairwise interactions between two pro-
cesses, and of the higher-order interactions among more than two
processes, defined respectively by the spectral ER (14), by the spectral
MIR (15) and by the spectral OIR (17) and OIR gradient (18), are
losely related to the time domain information measures defined in Eqs.
6),(7),(10),(11) by means of the so-called spectral integration prop-

erty. This property shows that the integration over all frequencies of a
spectral measure yields the corresponding time domain measure [23,
34]:

𝐻𝑋𝑖
= 1

2𝜋 ∫

𝜋

−𝜋
ℎ𝑋𝑖

(𝜔)d𝜔, (19)

𝐼𝑋𝑖;𝑋𝑗
= 1

2𝜋 ∫

𝜋

−𝜋
𝑖𝑋𝑖;𝑋𝑗

(𝜔)d𝜔, (20)

𝛺𝑋𝑁 = 1
2𝜋 ∫

𝜋

−𝜋
𝜈𝑋𝑁 (𝜔)d𝜔, (21)

𝑋𝑁 ;𝑋𝑁−1 = 1
2𝜋 ∫

𝜋

−𝜋
𝛿𝑋𝑁 ;𝑋𝑁−1 (𝜔)d𝜔. (22)

The spectral integration property is very important not only to con-
nect the time and frequency domain formulations of the interaction
measures at different orders, but also to allow quantification of these
measures with reference to specific oscillatory components contained
within spectral bands of interest. Examples of band-specific integration
of the spectral interaction measures to obtain values related to peculiar
oscillations of a group of random processes are reported in the next
sections for both simulated and physiological network systems.

The software and the codes relevant to this work are collected in
the SIR Matlab toolbox and available for free download from https:
/github.com/LauraSparacino/SIR_toolbox.

3. Practical implementation

This section presents technical tools for the practical implementa-
tion of the interaction measures presented in Sections 2.2 and 2.3.
Specifically, two methods for the estimation of the PSD of the orig-
inal process 𝑌 will be reviewed (Section 3.1), i.e., non-parametric
(Section 3.1.1) and parametric (Section 3.1.2) estimators. The practi-
cal computation of the ER, MIR and OIR measures in the time and
frequency domain will be detailed in Section 3.2. References to the tool-
box functions performing the described calculations will be provided.
In Section 3.3, the statistical validation of the proposed measures will
e discussed.

3.1. Estimation methods

Power spectral density estimation is a crucial task in analyzing the
requency content of the investigated processes. Furthermore, as the
roposed measures of information rate can be computed entirely from
he elements of the PSD matrix of the original process 𝑌 , good PSD

https://github.com/LauraSparacino/SIR_toolbox
https://github.com/LauraSparacino/SIR_toolbox
https://github.com/LauraSparacino/SIR_toolbox
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estimates must be provided to cope with the challenge of suitably in-
terpreting these measures. There are various methods to estimate PSD,
each with its own strengths and weaknesses [35–37]. The choice of the
method depends on the characteristics of the signal, the available data,
nd the specific requirements of the analysis, being often a trade-off
etween frequency resolution, variance reduction, and computational
omplexity. In the following sections, we discuss two well-known esti-

mation methods, i.e., a non-parametric estimator (Section 3.1.1) and a
parametric estimator (Section 3.1.2).

3.1.1. Non-parametric estimator
A well-known non-parametric approach to derive the PSD of the

original process 𝑌 is the weighted covariance (WC) method, which
xploits the FT of the sample autocorrelation and cross-correlation
unctions of the data [38]. By partitioning the PSD matrix of the process

in 𝑀 blocks as in (12), and considering that the cross-correlation
matrix between the two generic blocks 𝑋𝑖 and 𝑋𝑗 can be computed as
in (13), the WC estimator of the PSD computes the cross-PSD between
𝑋𝑖 and 𝑋𝑗 as

𝑃𝑋𝑖𝑋𝑗
(𝜔) =

𝜏
∑

𝑘=−𝜏
𝑤(𝑘)𝑅̂𝑋𝑖𝑋𝑗

(𝑘)𝑒−𝐣𝜔𝑘, (23)

where 𝐣 =
√

−1. The autocorrelation of 𝑋𝑖 and the corresponding PSD
are obtained when 𝑖 = 𝑗. With 𝐿 being the number of data samples
available, 𝜏 ≤ 𝐿 − 1 is the maximum lag for which the correlation is
estimated, and 𝑤 is a lag window of width 2𝜏 (𝑤(𝑘) = 0 for |𝑘| > 𝜏),
normalized (0 ≤ 𝑤(𝑘) ≤ 𝑤(0) = 1) and symmetric (𝑤(−𝑘) = 𝑤(𝑘)) [35].

Working with biased estimators for both cross-correlation and au-
tocorrelation functions guarantees semi-definite sequences and thus
does not lead to negative spectral estimates. A biased estimator of the
cross-correlation function can be defined as

̂𝑋𝑖𝑋𝑗
(𝑘) = 1

𝐿

𝐿−1−𝑘
∑

𝑛=0
𝑋∗

𝑖,𝑛𝑋𝑖,𝑛+𝑘, (24)

where ∗ stands for conjugate transpose. Remarkably, the latter holds
or 𝑘 = 0,… , 𝐿− 1; if 𝑘 = −(𝐿− 1),… ,−1, the cross-correlation function
s defined as 𝑅̂𝑋𝑖𝑋𝑗

(𝑘) = 𝑅̂∗
𝑋𝑖𝑋𝑗

(−𝑘).
Window selection is usually performed by providing mathemati-

cal formulations for the window function which allow to control the
spectral leakage introduced by the profile of the window itself [36].
Following this rationale, the Parzen window can be suitably selected,
since it shows a significantly lower side-lobe level compared to Hanning
and Hamming windows; furthermore, it is non-negative for all frequen-
cies, and produces non-negative spectral estimates [33]. For the Parzen

indow, the relationship between the bandwidth (𝐵𝑤) of the spectral
indow and the lag 𝜏 at which correlation estimates are truncated is
𝑤 = 1.273𝑓𝑠∕𝜏. To resolve the corresponding peaks in the spectrum,

he window bandwidth can be set equal to 25 Hz, which brings to
≈ 0.05 using 𝑓𝑠 = 1 Hz.

3.1.2. Parametric estimator
This section reports the parametric formulation of the PSD matrix

of the stationary vector random process 𝑌 , whose linear representation
is commonly provided by the vector autoregressive (VAR) model [39]:

𝑌𝑛 =
𝑝
∑

𝑘=1
𝐀𝑘𝑌𝑛−𝑘 + 𝑈𝑛, (25)

where 𝑝 is the model order, defining the maximum lag used to quantify
interactions, 𝑌𝑛 = [𝑌1,𝑛 ⋯ 𝑌𝑄,𝑛]⊺ is a 𝑄-dimensional vector collecting the
present state of all processes, 𝐀𝑘 is the 𝑄 × 𝑄 matrix of the model
coefficients relating the present with the past of the processes at lag
𝑘, and 𝑈𝑛 = [𝑈1,𝑛 ⋯𝑈𝑄,𝑛]⊺ is a vector of 𝑄 zero-mean white noises with
𝑄 ×𝑄 positive definite covariance matrix Σ𝑈 = E[𝑈𝑛𝑈

⊺
𝑛 ].

The VAR model (25) can be exploited to compute interaction mea-
sures in the frequency domain. To this end, the FT of (25) is taken to
erive
6

𝑌 (𝜔) = [𝐈 −
𝑝
∑

𝑘=1
𝐀𝑘𝑒

−𝐣𝜔𝑘]−1𝑈 (𝜔) = 𝐇(𝜔)𝑈 (𝜔), (26)

where 𝑌 (𝜔) and 𝑈 (𝜔) are the Fourier transforms of 𝑌𝑛 and 𝑈𝑛, 𝐣 =
√

−1 and 𝐈 is the 𝑄-dimensional identity matrix. The 𝑄 × 𝑄 matrix
𝐇(𝜔) contains the transfer functions relating the FTs of the innovation
processes in 𝑈 to the FTs of the processes in 𝑌 . When the subdivision
of 𝑌 in 𝑀 blocks is considered to yield 𝑋 = {𝑋1,… , 𝑋𝑀}, this matrix
can be partitioned in 𝑀 ×𝑀 blocks to evidence the spectral properties
related to the internal dynamics, through the 𝑀𝑖 ×𝑀𝑖 diagonal blocks
𝐇𝑖𝑖(𝜔), or to the causal interactions between 𝑋𝑖 and 𝑋𝑗 , through the
𝑀𝑖 × 𝑀𝑗 off-diagonal blocks 𝐇𝑖𝑗 (𝜔), 𝑖, 𝑗 ∈ {1,… , 𝑀}, 𝑖 ≠ 𝑗. The same
partitioning is applied to the 𝑄 ×𝑄 PSD matrix of the process, defined
in Section 2.3 and shown in (12). Then, using spectral factorization, the
SD of 𝑋 can be expressed as 𝑃𝑋 (𝜔) = 𝐇(𝜔)Σ𝑈𝐇∗(𝜔), where ∗ stands
or conjugate transpose.

The identification procedure of the VAR model (25) is typically per-
formed by means of estimation methods based on minimizing the pre-
diction error, i.e., the difference between actual and predicted data [35,
39]. While several approaches have been proposed throughout the
years [40,41], the most common estimator is the multivariate version
of the ordinary least-squares (OLS) method [39]. Briefly, defining the
past history of 𝑌 truncated at 𝑝 lags as the 𝑝𝑄-dimensional vector
𝑌 𝑝
𝑛 = [𝑌 ⊺

𝑛−1,… , 𝑌 ⊺
𝑛−𝑝]⊺ and considering 𝐿 consecutive time steps, a

compact representation of (25) can be defined as 𝐲 = 𝐀𝐲𝑝 + 𝐔, where
𝐀 = [𝐀1,… ,𝐀𝑝] is the 𝑄 × 𝑝𝑄 matrix of unknown coefficients, 𝐲 =
[𝑌𝑝+1,… , 𝑌𝐿] and 𝐔 = [𝑈𝑝+1,… , 𝑈𝐿] are 𝑄 × (𝐿 − 𝑝) matrices, and
𝐲𝑝 = [𝑌 𝑝

𝑝+1,… , 𝑌 𝑝
𝐿] is a 𝑝𝑄 × (𝐿 − 𝑝) matrix collecting the regressors.

The method estimates the coefficient matrices through the OLS formula,
𝐀̂ = 𝐲(𝐲𝑝)⊺[𝐲𝑝(𝐲𝑝)⊺]−1. The innovation process is estimated as the resid-
ual time-series 𝐔̂ = 𝐲− 𝐀̂𝐲𝑝, whose covariance matrix 𝜮̂𝑈 is an estimate
of 𝜮𝑈 . By partitioning the PSD matrix of the process 𝑌 in 𝑀 blocks as
in (12), the latter can be estimated as 𝑃𝑋 (𝜔) = 𝐇̂(𝜔)𝜮̂𝑈 𝐇̂∗(𝜔), where
he transfer matrix is 𝐇̂(𝜔) = [𝐈 − 𝐀̂(𝜔)]−1, with 𝐀̂(𝜔) = ∑𝑝

𝑘=1 𝐀̂𝑘𝑒−𝐣𝜔𝑘.
As regards the selection of the model order 𝑝, several criteria

exist for its determination (see, e.g., [39,42]). One commonly used
approach is to set the order according to the Akaike Information
Criterion (AIC) [43], or the Bayesian information criterion (BIC) [44].
Practically, it is crucial to find the right balance between excessively
low orders, which might lead to an inadequate description of crucial
oscillatory information in the vector process, and overly high orders,
which could result in overfitting, with the outcome that the model
captures not only the desired information but also includes noise.

We remark that, while VAR models are widely used to model mul-
tivariate time series due to their simplicity, interpretability, and ability
to capture linear dependencies among variables, they can fail to reflect
satisfactorily some types of dynamic dependencies. Two key limitations
of these models are related to their (i) inherent assumption of linearity
in the modeled interactions, which simplifies analysis and computation
but restricts the ability of the underlying model to represent complex
nonlinear relationships that may exist in real-world systems, and (ii)
inability to represent long-range correlations. As regards non-linearity,
although any stationary process can be approximated by a linear rep-
resentation (Wold decomposition theorem), this approximation may
require an infinite order for processes driven by nonlinear dynamics. In
practice, fitting a finite-order VAR model to such data may oversimplify
the system, losing important nonlinear dependencies and resulting in
suboptimal model performance. On the other hand, by construction,
VAR models are designed to capture linear dependencies over a fi-
nite lag structure. This means that they assume the influence of past
variables decays rapidly with time, which is inconsistent with systems
exhibiting long-range correlations, where dependencies persist across
multiple time scales. Long-range correlations require models that ex-
plicitly account for memory effects over extended time periods. For pro-
cesses with long-range correlations, the linear VAR representation may

require an infinite-order model. Truncating to a finite order results in



Neurocomputing 630 (2025) 129675L. Sparacino et al.

M

m

t
n
p

i
t
u

V
o
s
t

l

a
i

p

p
d
a

M
𝑗
t
o
a
f
s

t

c
a
S
p
p

s
t
i
t

a loss of critical long-range dependencies, leading to biased estimates.
odels such as Fractionally Integrated VAR (VARFI) [45–47] are better

suited to systems exhibiting long-range correlations, as they explicitly
incorporate long-memory dynamics. However, these models often in-
volve more complex estimation procedures and require larger datasets,
which can pose practical challenges. Addressing the limitations of VAR

odels in systems with long-range correlations is an important avenue
for future research. Alternative approaches include incorporating frac-
tional differencing into the VAR framework to take into account the
potential long-term dynamics underlying the observed data.

3.2. Computation of interaction measures

The practical computation of time and frequency domain mea-
sures of information rate from a set of 𝑄 time series of 𝐿 samples,
𝐲𝑖 = {𝑦𝑖(1),… , 𝑦𝑖(𝐿)}, where 𝑖 = 1,… , 𝑄 and 𝐿 is the length of the
time series, measured from a physical system, is based on considering
the series as a finite length realization of the vector process 𝑌 =
{𝑌1,… , 𝑌𝑄} that describes the evolution of the system over time. Then,
computation of the spectral measures of entropy rate (14), mutual
information rate (15), and O-information rate (17) amounts to estimate
he power spectral density matrix of the set 𝐲 = {𝐲1,… , 𝐲𝑄} through the
on-parametric (Section 3.1.1, function sir_WCspectra.m) or the
arametric (Section 3.1.2, function sir_VARspectra.m) methods.

The time domain counterparts of the ER, MIR and OIR measures can
be obtained exploiting (19), (20) and (21), respectively. The functions
sir_mir.m and sir_oir.m compute the time and frequency domain
ER and MIR measures, and OIR measures, respectively, accepting as in-
put the PSD matrix of 𝐲. Specifically, while the non-parametric estima-
tion method is based on computing the PSD directly from the raw data
through the FT of the windowed correlation function, the linear VAR
equation in (25) is seen as a model of how the observed data have been
generated, and an identification procedure (function sir_idMVAR.m)
s applied after model order selection (function sir_mos_idMVAR.m)
o provide estimates of the coefficients and innovation variances to be
sed for computing the information measures.

3.3. Assessment of statistical significance

This section presents the use of surrogate and bootstrap data analy-
ses to statistically validate the proposed measures of information rate.

alidation is performed at the level of individual realizations of the
bserved variables {𝑌1,… , 𝑌𝑄}, obtained in the form of the set of time
eries 𝐲𝑖 = {𝑦𝑖(1),… , 𝑦𝑖(𝐿)}, where 𝑖 = 1,… , 𝑄 and 𝐿 is the length of
he time series.

3.3.1. Surrogate data analysis
The method of surrogate data [48] is employed to set a significance

evel for the ER and MIR measures.
Statistical validation of the ER measures is performed by gener-

ting randomly shuffled surrogates [49], which are realizations of
ndependent and identically distributed (i.i.d.) stochastic processes with

the same mean, variance and probability distribution as the original
series, obtained by randomly permuting in temporal order the sam-
ples of the original series, according to the null hypothesis of fully
unpredictable process without temporal statistical structure (function
sir_surrshuf.m). This procedure is repeated 𝑁𝑠 times to obtain the
surrogate series 𝐲𝑠𝑖 (𝑖 = 1,… , 𝑄; 𝑠 = 1,… , 𝑁𝑠). The time domain ER is
then estimated on each surrogate, yielding the surrogate distribution
from which the significance threshold is derived taking the 100(𝛼)t h
percentile, where 𝛼 is the prescribed significance level. The original
time domain ER value is deemed as statistically significant if it stands
below the threshold. As regards the spectral counterparts, the spectral
ER profiles are estimated on each surrogate and integrated to get
surrogate ER values in specific frequency bands, yielding the surrogate
distributions from which the significance thresholds are derived taking
7
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the 100( 𝛼2 )t h and 100(1 − 𝛼
2 )t h percentiles. The original frequency domain

ER value, i.e., the value obtained from integration of the spectral ER
rofile within a given frequency band, is deemed as statistically (non)

significant if it stands (below) above the (lower) higher threshold.
To statistically validate MIR measures, surrogate time series which

reserve the individual linear correlation properties of two series but
estroy any correlation between them are obtained through the iter-
tive Amplitude Adjusted Fourier Transform (iAAFT) procedure [50],

which represents an advancement over the FT method (function
sir_surriaafft.m). It generates surrogate time series by comput-
ing the FT of the original series, substituting the Fourier phases with
random numbers uniformly distributed between 0 and 2𝜋, and then
performing the inverse FT. This procedure is repeated 𝑁𝑠 times to
obtain the set of surrogate series 𝐲𝑠𝑖 (𝑖 = 1,… , 𝑄; 𝑠 = 1,… , 𝑁𝑠). The

IR is then estimated on each surrogate pair {𝐲𝑠𝑖 , 𝐲
𝑠
𝑗} (𝑖, 𝑗 = 1,… , 𝑄, 𝑖 ≠

), yielding the surrogate distribution from which the significance
hreshold is derived taking the 100(1 − 𝛼)t h percentile. Finally, the
riginal MIR value is deemed as statistically significant if it stands
bove the threshold. The same procedure applies to both time and
requency domain MIR values, the latter obtained by integrating the
pectral MIR profiles within specific frequency bands.

3.3.2. Bootstrap data analysis
The bootstrap method [51] is exploited to identify confidence inter-

vals for the OIR measures and thus assess their statistical significance.
For this purpose, the block bootstrap data generation procedure [52]
is followed to generate, starting from the original time series, 𝑁𝑠
bootstrap pseudo-series 𝐲𝑠𝑖 (𝑖 = 1,… , 𝑄; 𝑠 = 1,… , 𝑁𝑠), which maintain
all the features of the original time series, i.e., individual and coupling
properties (function sir_block_bootstrap.m). For further techni-
cal details about the procedure, see [53]. Then, the OIR is computed at
each order 𝑁 from the new, full-size bootstrap series 𝐲𝑠𝑖 . The procedure
is iterated 𝑁𝑠 times to construct bootstrap distributions, whose confi-
dence intervals are exploited to check the statistical significance of the
original OIR values. Specifically, when a given bootstrap distribution
comprises the zero at the 𝛼 significance level, i.e., if the zero value is
below the 100(1 − 𝛼

2 )t h and above the 100( 𝛼2 )t h percentile of that dis-
ribution, the corresponding OIR measure is deemed as not statistically

significant. The same procedures applies to both time and frequency
domain OIR values, the latter obtained by integrating the spectral OIR
profiles within specific frequency bands.

4. Theoretical examples

This section reports illustrative examples of simulated VAR pro-
esses, used as a benchmark to illustrate the properties of the time
nd frequency domain information-theoretic measures described in
ection 2 and here computed from the true values imposed for the VAR
arameters. Specifically, we consider 𝑄 linearly interacting Gaussian
rocesses 𝑌 = {𝑌1,… , 𝑌𝑄} grouped in 𝑀 blocks, where the process 𝑌𝑖,

𝑖 = 1,… , 𝑄, is defined as:

𝑌𝑖,𝑛 =
𝑝
∑

𝑘=1

𝑄
∑

𝑗=1
𝑎𝑖𝑗 ,𝑘𝑌𝑗 ,𝑛−𝑘 + 𝑈𝑖,𝑛, (27)

with 𝑝 the maximum model order used to describe lagged interactions,
𝑎𝑖𝑗 ,𝑘 the coefficient describing the causal interaction from 𝑌𝑗 ,𝑛−𝑘 to 𝑌𝑖,𝑛
at lag 𝑘, and 𝑈𝑖 a Gaussian white noise process with zero mean and
unit variance. The autonomous oscillations of 𝑌𝑖 are obtained placing
pairs of complex-conjugate poles, with modulus 𝜌 and phase 2𝜋 𝑓 , in
the complex plane representation of the process; the AR coefficients
resulting from this setting are 𝑎𝑖𝑖,1 = 2𝜌 cos(2𝜋 𝑓 ) and 𝑎𝑖𝑖,2 = −𝜌2 [54].
The whole VAR process 𝑌 can be defined in compact form as in (25).

Starting from this representation, herein we analyze two different
imulation settings. In Section 4.1, we study the behavior of a star struc-
ure centered on the process 𝑌1, where incoming or outgoing causal
nteractions from/to the remaining processes are selectively turned on
o reproduce the prevalence of synergistic or redundant characters of
nterplay in the analyzed network. Conversely, in Section 4.2, we show
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Fig. 4. Synergy arises when multiple processes send unique information to the same target. (a) Simulation design, where 𝜌𝑖 is the radius and 𝑓𝑖 is the oscillating frequency of
the process 𝑌𝑖 (𝑖 = 1,… , 5). (b) Spectral entropy rates ℎ𝑌𝑖 of the processes 𝑌𝑖 (𝑖 = 1,… , 5). (c) Spectral mutual information rates 𝑖𝑌𝑖 ;𝑌𝑗 between the processes 𝑌𝑖 and 𝑌𝑗 (𝑖, 𝑗 = 1,… , 5,
≠𝑗). (d) Entropy rate values integrated in the whole band (left bars), the range [0.04–0.15] Hz (middle bars) and the range [0.15–0.4] Hz (right bars) of the spectrum. (e) Mutual
nformation rate values integrated in the whole band (left bars), the range [0.04–0.15] Hz (middle bars) and the range [0.15–0.4] Hz (right bars) of the spectrum. (f) Spectral
-information rates of order 3 (𝜈𝑌 3 , left), 4 (𝜈𝑌 4 , middle), and 5 (𝜈𝑌 5 , right). (g) O-information rate values of order 3 (𝛺𝑌 3 ), 4 (𝛺𝑌 4 ), and 5 (𝛺𝑌 5 ) integrated in the whole band

left bars), the range [0.04–0.15] Hz (middle bars) and the range [0.15–0.4] Hz (right bars) of the spectrum.
i
(
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how redundancy and synergy can coexist at different orders in the
spectral domain, and how this harmony may remain hidden if the
whole-band integration of the proposed frequency-specific measures is
performed.

4.1. Gaussian processes interacting in star structures

First, we consider 𝑄 = 5 stationary Gaussian stochastic processes,
ach describing the dynamic activity of the network nodes 𝑖, 𝑖 =
1,… , 𝑀 , with 𝑀 = 𝑄. Their lagged interactions are mapped by a VAR
process of order 𝑝 = 5, with 𝑘 = 2. Here, we imposed autonomous
oscillations for the process 𝑌1, setting 𝜌1 = 0.95, 𝑓1 = 0.3 Hz, so that
the dynamics of 𝑌1 are determined by the fixed coefficients 𝑎11,1 =
−0.587, 𝑎11,2 = − − 0.9. Conversely, the remaining processes exhibit
autonomous oscillations imposed setting 𝜌𝑖 = 0.95, 𝑓𝑖 = 0.1 Hz, so
that the dynamics of 𝑌𝑖, 𝑖 = 2,… , 𝑄, are determined by the fixed
coefficients 𝑎𝑖𝑖,1 = 1.5371, 𝑎𝑖𝑖,2 = − − 0.9. The sampling frequency was
fixed to 𝑓𝑠 = 1 Hz. To analyze network interactions, we considered a
star structure in two different configurations, where the process 𝑌1 is
(i) a receiver (Fig. 4a) or (ii) a sender (Fig. 5a) of information for the
remaining processes 𝑌𝑖, 𝑖 = 2,… , 𝑄. The model parameters imposed for
these settings are all zero except for (i) 𝑎1𝑗 ,1 = 0.5, 𝑗 = 2,… , 𝑄, and (ii)
𝑎𝑖1,1 = 0.5, 𝑖 = 2,… , 𝑄, respectively.

Results of the two simulation settings are shown in Fig. 4b-g and
Fig. 5b-g, respectively. The spectral profiles of entropy rates, mutual
information rates and O-information rates are shown in panels b, c, and
8

t

f, respectively, while in panels d, e, and g the ER, MIR and OIR values
ntegrated along the whole band (left bars), the range [0.04–0.15] Hz
middle bars) and range [0.15–0.4] Hz (right bars) are depicted.

The first configuration, shown in Fig. 4a, is predominantly syner-
gistic since each of the source processes 𝑌𝑖, 𝑖 = 2,… , 𝑄 sends unique
information to the target process 𝑌1 at the same frequency (0.1 Hz).
In fact, as shown in panel b, the spectral entropy rate of the latter,
i.e., ℎ𝑌1 , shows peaks not only at 0.3 Hz, which represents its own
oscillating frequency, but also at 0.1 Hz, due to dynamic information
transferred from the rest of the system. Conversely, the spectral profiles
of the entropy rate of the sources, i.e., ℎ𝑌𝑖 , are characterized by peaks
at 0.1 Hz, showing that the information content of these processes
is located around that frequency. Remarkably, these findings suggest
that the spectral entropy rates are characterized by frequency-specific
peaks wherever the series is more predictable and owns autonomous
dynamics. These results are confirmed by the spectral behavior of the
MIRs shared between 𝑌1 and 𝑌𝑖, 𝑖 = 2,… , 𝑄 (𝑖𝑌1;𝑌𝑖 ), which show peaks
at 0.1 Hz, as well as between pairs of sources (𝑖𝑌𝑠1;𝑌𝑠2 ; 𝑠1 = 2,… , 𝑄 − 1,
and 𝑠2 = 3,… , 𝑄, with 𝑠1 ≠ 𝑠2), which are null at each frequency
given the absence of coupled interactions between them (Fig. 4c).
The same trend is visible by looking at the spectral profiles of the
3𝑟𝑑 -order OIR (𝜈𝑌 3 , Fig. 4f), which display negative peaks at 0.1 Hz

hen the analyzed multiplet includes the target 𝑌1 and two of the
sources, while are null at each frequency when it includes only three
isolated source processes. Correspondingly, adding one source process

o multiplets already including the target increases the amount of
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Fig. 5. Redundancy emerges when one source process sends copies of the same information to multiple targets. (a) Simulation design, where 𝜌𝑖 is the radius and 𝑓𝑖 is the
oscillating frequency of the process 𝑌𝑖 (𝑖 = 1,… , 5). (b) Spectral entropy rates ℎ𝑌𝑖 of the processes 𝑌𝑖 (𝑖 = 1,… , 5). (c) Spectral mutual information rates 𝑖𝑌𝑖 ;𝑌𝑗 between the processes
𝑌𝑖 and 𝑌𝑗 (𝑖, 𝑗 = 1,… , 5, 𝑖≠𝑗). (d) Entropy rate values integrated in the whole band (left bars), the range [0.04–0.15] Hz (middle bars) and the range [0.15–0.4] Hz (right bars) of
the spectrum. (e) Mutual information rate values integrated in the whole band (left bars), the range [0.04–0.15] Hz (middle bars) and the range [0.15–0.4] Hz (right bars) of the
spectrum. (f) Spectral O-information rates of order 3 (𝜈𝑌 3 , left), 4 (𝜈𝑌 4 , middle), and 5 (𝜈𝑌 5 , right). (g) O-information rate values of order 3 (𝛺𝑌 3 ), 4 (𝛺𝑌 4 ), and 5 (𝛺𝑌 5 ) integrated
in the whole band (left bars), the range [0.04–0.15] Hz (middle bars) and the range [0.15–0.4] Hz (right bars) of the spectrum.
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synergy in the system, as shown by the spectral profiles of the 4t h- and
5t h-order OIR (𝜈𝑌𝑁 , 𝑁 = 4, 5, Fig. 4f). The synergistic behavior of the
network, mainly confined to the band with central frequency 0.1 Hz,
s confirmed by the integration of the spectral profiles along given
requency ranges, showing that all the information shared between the
ultiple interacting processes in the network is located around 0.1 Hz

Fig. 4g).
The second configuration, shown in Fig. 5a, is predominantly re-

undant since each of the processes 𝑌𝑖, 𝑖 = 2,… , 𝑄, receives the same
nformation from the source process 𝑌1 at 0.3 Hz. The spectral entropy
ates of the targets show peaks not only at 0.1 Hz, which represents
heir own oscillating frequency, but also at 0.3 Hz, due to dynamic
nformation transferred from the source 𝑌1 (ℎ𝑌𝑖 , panel b). This is in
greement with the spectral behavior of the MIRs shared between
airs of processes (𝑖𝑌𝑠1;𝑌𝑠2 ; 𝑠1 = 1,… , 𝑄 − 1, and 𝑠2 = 2,… , 𝑄, with

𝑠1 ≠ 𝑠2, panel c), which show peaks around 0.3 Hz, thus confirming the
frequency-specific redundant character of the multiple interactions in
the analyzed network. The high-order description of the VAR process
𝑌 confirms these findings, as highlighted by the positive peaks of
the spectral OIR 𝜈𝑌𝑁 , 𝑁 = 3,… , 5 (Fig. 5f), located around 0.3 Hz,

hose amplitude increases with the size of the multiplet. Their whole-
band and band-specific integration returns positive values indicating an
overall prevalence of redundancy (Fig. 5g).
9
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4.2. Multiple interacting Gaussian processes analyzed in blocks

In this simulation example, we consider 𝑄 = 6 stationary Gaussian
tochastic processes, 𝑌 = {𝑌1,… , 𝑌𝑄}, grouped in 𝑀 = 3 blocks, 𝑋 =
{𝑋1,… , 𝑋𝑀}. Network interactions are mapped by a six-variate VAR
process of order 3 configured to reproduce coexisting redundant and
synergistic interactions [25,41,55]. Following the structure of the AR
model in (27), autonomous oscillations in the processes 𝑌𝑖, 𝑖 = 3,… , 6,
re obtained placing complex-conjugate poles with radii 𝜌3 = 𝜌5 = 0.85,
4 = 𝜌6 = 0.95 and normalized frequencies 𝑓3∕𝑓𝑠 = 0.1, 𝑓5∕𝑓𝑠 = 0.1,
4∕𝑓𝑠 = 0.35 and 𝑓6∕𝑓𝑠 = 0.2 in the complex plane. Assuming a
ampling frequency 𝑓𝑠 = 100 Hz, the poles determine oscillations at
0 Hz, 35 Hz and 20 Hz. We set 𝑋1 = {𝑌1, 𝑌2}, 𝑋2 = {𝑌3, 𝑌4} and
3 = {𝑌5, 𝑌6}, and the causal interactions between different blocks are

pecified to obtain the common driver effect 𝑌5 ← 𝑌4 → 𝑌3, the common
hild effect 𝑌3 → 𝑌1 ← 𝑌5 and the unidirectional couplings 𝑌5 → 𝑌6,
1 → 𝑌2. The model parameters imposed for these settings are all zero
xcept for 𝑎15,1 = 𝑎54,1 = 𝑎13,2 = 𝑎34,3 = 0.5 and 𝑎21,2 = 𝑎65,2 = 0.3, as
epicted in Fig. 6a.

Results of the simulation are reported in Fig. 6. The spectral profiles
of entropy rates, mutual information rates and O-information rate are
shown in panels b, c, and d, respectively, while in panel e the ER,
MIR and OIR values integrated along the whole band (left bars), the
ange [8–12] Hz (middle bars) and the range [30–40] Hz (right bars) are

epicted.
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Fig. 6. Coexistence of synergy and redundancy in complex networks of interacting processes. (a) Simulation design, where 𝜌𝑖 is the radius and 𝑓𝑖 is the oscillating frequency
of the process 𝑌𝑖 (𝑖 = 1,… , 6). Processes are grouped in 3 blocks 𝑋1 , 𝑋2 , 𝑋3. (b) Spectral entropy rates ℎ𝑋𝑚

of the blocks 𝑋𝑚 (𝑚 = 1,… , 3). (c) Spectral mutual information rates
𝑖𝑋𝑚1

;𝑋𝑚2
between the blocks 𝑋𝑚1

and 𝑋𝑚2
(𝑚1 , 𝑚2 = 1,… , 3, 𝑚1≠𝑚2). (d) Spectral O-information rate of order 3 (𝜈𝑋3 ). (e) ER, MIR and OIR values integrated in the whole band

(left bar), the range [8–12] Hz (middle bar) and the range [30–40] Hz (right bar) of the spectrum.
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In panel b, the spectral ER profiles of the three blocks of processes
re shown (ℎ𝑋1

, ℎ𝑋2
, ℎ𝑋3

). Two distinct oscillations at 10 Hz and 35 Hz
are consistently observed, indicating that the information content of the
system is predominantly localized in specific bands of the spectrum.
Specifically, 𝑋1 exhibits the highest spectral information content at
10 Hz, originating directly from the causal links 𝑋2 → 𝑋1 and 𝑋3 → 𝑋1.
Conversely, the spectral ER profile of 𝑋2 displays the highest peak at
35 Hz, directly linked to the amplitude of the oscillatory activity of
𝑌4, which, in turn, is controlled by the value of 𝜌4. Lastly, 𝑋3 features
three different oscillations at 10 Hz, 20 Hz and 35 Hz, with the latter
exhibiting the lowest amplitude since it is transferred from 𝑋2 and it is
not representative of the autonomous oscillatory activity of 𝑋3.

The analysis of the spectral MIRs, whose profiles are reported in
anel c, reveals the presence of a dynamical coupling occurring at 10
nd 35 Hz. In particular, the common drive role of 𝑌4, directed to 𝑌5 and
3, ensures the presence of a prominent peak at 35 Hz in all the spectral

MIR profiles. On the other hand, the presence of dynamic coupling
at 10 Hz between 𝑋1 and 𝑋2 (𝑖𝑋1;𝑋2

), as well as between 𝑋1 and 𝑋3
𝑖𝑋1;𝑋3

), is driven by the presence of an oscillation at 10 Hz in both
3 and 𝑌5 directly transmitted towards 𝑌1. This is not the case when

analyzing the MIR between 𝑋2 and 𝑋3, which shows only the presence
of an oscillation at 35 Hz as a result of the interaction between 𝑌4 and
𝑌5.

The complexity of the interactions in the analyzed network is well
explained by the analysis of the spectral OIR of order 3 (𝜈3𝑋 , Fig. 6d),
which reveals the coexistence of redundancy occurring at 35 Hz due to
he cascade mechanism 𝑋2 → 𝑋3 → 𝑋1, and synergy occurring at 10 Hz
ue to the common child structure 𝑋2 → 𝑋1 ← 𝑋3. This is evident only

when analyzing the spectral profile of the OIR, but it is not detectable
mploying the time domain measure. Indeed, the analysis of the OIR in
he time domain evidences the impossibility of discriminating the coex-
stence of synergistic and redundant contributions. The integrated value
ver the whole frequency spectrum is negative, indicating synergy;
edundancy emerges only when integrating within the range [30–40] Hz
Fig. 6e).

5. Exemplary applications to physiological networks

5.1. Cardiovascular, cardiorespiratory and cerebrovascular interactions

In this section, we analyze physiological time series collected to
tudy the effect of orthostasis on cardiovascular, cerebrovascular and
espiratory variability [56,57]. One representative subject was selected
or the following analyses, chosen from a dataset comprising healthy
ontrols enrolled at the Neurology Division of Sacro Cuore Hospital,

Negrar, Italy. Electrocardiogram was acquired together with arterial
10
pressure (AP) measured at the level of middle finger through a pho-
opletysmographic device (Finapres Medical Systems, Ohmenda, The
etherlands); cerebral blood flow velocity (CBFV) and respiration were
easured at the level of the middle cerebral artery by means of a tran-

cranial Doppler ultrasonographic device (Multi-Dop T2, Dwl, San Juan
apistrano, CA) and through a thoracic impedance belt, respectively.

Signals were synchronously acquired at a sampling rate of 1 kHz. From
the raw signals, stationary time series of heart period (T ), systolic AP
(S), mean AP (M), mean CBFV (F ) and respiration (R) were measured
as in [56,57] during the supine resting state condition, and regarded
as realizations of the T, S, M, F and R discrete-time processes, in turn
assumed as uniformly sampled with a sampling frequency equal to the
inverse of the mean heart period. The series, each of length equal to 250
beats, were preprocessed reducing the slow trends with an AR high-pass
filter (zero phase; cut-off frequency 0.0156 Hz) and removing the mean
value.

Time domain and spectral measures of ER, MIR and OIR were
btained from the non-parametric estimation of the power spectral
ensity matrix, selecting a Parzen window with bandwidth 𝐵𝑤 = 20 Hz
s in Section 3.1.1, and then applying the derivations presented in

Sections 2.2 and 2.3, as it has been detailed in Section 3.2. The spectral
ER, MIR and OIR profiles were integrated within two frequency bands
of physiological interest, i.e. the low frequency (LF, 𝑓 ∈ [0.04 − 0.15] Hz)
and the high frequency (HF, 𝑓 ∈ [0.15 − 0.4] Hz) band, as well as over the
whole frequency range (𝑓 ∈ [0 −𝑓𝑠∕2] Hz) to get the corresponding time
domain values. Surrogate and bootstrap data analyses were applied
as in Section 3.3 to assess the statistical significance of the computed

easures, with 𝑁𝑠 = 100 iterations and 𝛼 = 0.05 significance level.
Results of the analysis are displayed in Figs. 7 and 8. Panels in

Fig. 7a show how the spectral content of the five physiologic variables,
ndicated by the ER profiles in red, is distributed along the whole
requency axis with respect to the corresponding thresholds, i.e., the
haded grey areas within the 2.5% (bottom black solid line) and 97.5%
top black solid line) percentiles of the ER surrogate distributions. Since
he frequency-specific measures, i.e., the measures integrated along a
iven spectral range, are deemed as statistically (non) significant if
hey are (below) above the (lower) higher threshold, here we detected

significant LF oscillations for T, S, M and F, as well as significant
F oscillations for the R process only (Fig. 7c, grey bars indicate

non significant values). These findings are expected from previous
tudies [58–61], and confirm the presence of LF oscillatory rhythms

in the variability of heart rate and blood pressure, as well as the main
role exerted by the HF spectral components of the respiration signal,
during the supine rest.

The spectral MIR profiles are shown in Fig. 7b. Findings suggest
that respiration acts as a common driver for the other variables of the
network, as indicated by the presence of significant HF peaks in all
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Fig. 7. Cardiovascular, cerebrovascular and respiratory signals show coherent oscillations in spectral bands with physiological meaning. (a) Red solid lines: spectral ER
rofiles of T (ℎ𝑇 ), S (ℎ𝑆 ), M (ℎ𝑀 ), F (ℎ𝐹 ), and R (ℎ𝑅) time series. (b) Black solid lines: spectral MIR profiles for pairs of processes. The surrogate distributions of the spectral

ER and MIR profiles are depicted as shaded grey areas, median (grey solid lines) and percentiles (black solid lines, computed with 5% significance level). (c) Entropy rate values
ntegrated in the whole band (left bars), the low frequency (LF) band (middle bars) and the high frequency (HF) band (right bars) of the spectrum. Grey bars indicate non
ignificant values according to surrogate data analysis. (d) Mutual information rate values integrated in the whole band (left bars), the low frequency (LF) band (middle bars) and
he high frequency (HF) band (right bars) of the spectrum. All the analyzed coupled interactions show a HF contribution due to the role of common drive exerted by respiration,

while interactions directly involving respiratory variability are always non significant in the LF band of the spectrum.
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the spectral MIR profiles (black solid lines). Moreover, the absence of
ignificant LF peaks for some of the couplings involving the R process,
.e., 𝑖𝑇 ;𝑅, 𝑖𝑆;𝑅, and 𝑖𝐹 ;𝑅, seems to advise that respiration leads these
oupled interactions, as well as that the directed coupling 𝑅 → 𝑌 ,
here 𝑌 = 𝑇 , 𝑆 , 𝐹 may predominate over the opposite direction 𝑌 → 𝑅.

mportantly, the low-frequency descriptors of interactions involving
nly the processes 𝑇 , 𝑆, 𝑀 , and 𝐹 are all statistically significant, high-
ighting the sympathetic nature of the oscillations of these physiologic
ariables [58,59,62].

Panels in Fig. 8a-c display the spectral profiles of the OIR of order
3 (𝜈𝑌 3 , panel a), 4 (𝜈𝑌 4 , panel b) and 5 (𝜈𝑌 5 , panel c). Previous results
are confirmed here, i.e., triplets including the R process display non-
significant LF oscillations but significantly redundant HF oscillations,
supporting the hypothesis of the role of common drive exerted by
respiration [63–66]. This trend is confirmed in the case of multiplets
of order 4. Remarkably, the major contribution to the time domain
OIR values is brought by the HF band independently of the considered
multiplet, as evidenced by bars in panel d. Furthermore, it is worth
noting that redundancy scales with the size of the multiplet, again
corroborating the hypothesis of prevalence of common drive effects led
by respiration variability within the analyzed physiological network.

5.2. Brain dynamics

In this section, we analyze electroencephalographic (EEG) signals
elevant to one healthy subject performing a motor execution task; data
s available at https://physionet.org/content/eegmmidb. The dataset
omprises 64 EEG electrodes referenced to both mastoids (international
0–20 system, 𝑓𝑠 = 160 Hz) [67,68]. The subject was asked to open

and close the right fist cyclically until a target on the right side of
a screen disappeared. The raw signals were firstly detrended, then
11
filtered (band-pass, 2–45 Hz; notch, 59–61 Hz) and finally epoched
o extract 20 trials of 4 s each. All trials were then reduced to zero
ean and unit variance. We selected 6 EEG electrodes located over

he contralateral and ipsilateral motor areas, and grouped them in 3
blocks, i.e. 𝑋1 = [𝐶3, 𝐶1], 𝑋2 = [𝐶2, 𝐶4] and 𝑋3 = [𝐹𝑧, 𝐹 𝐶𝑧]. For
each trial, a VAR model was identified through vector least-squares,
fixing the model order to 10. Then, the estimated VAR parameters were
used to compute the spectral ER, MIR and OIR profiles, as detailed in
Section 2.3 and discussed for practical implementations in Sect 3.2.
Finally, time domain counterparts for the 𝛼 and 𝛽 brain rhythms, as
well as over the whole frequency range were obtained by integrating
the interaction measures over the relevant frequency ranges (i.e., 𝛼 =
[7–15] Hz, 𝛽 = [18–26] Hz, 𝑓 ∈ [0 − 𝑓𝑠∕2] Hz, respectively). Surrogate
and bootstrap data analyses were applied as in Section 3.3 to assess
the statistical significance of the computed measures, with 𝑁𝑠 = 100
iterations and 𝛼 = 0.05 significance level.

Fig. 9 reports the grand-average over trials of the frequency pro-
files of ER (panel a), MIR (panel b), and OIR (panel c), computed
during the motor execution task and depicted over the frequency
range 𝑓 ∈ [1–30] Hz. The spectral ERs (panel a), compared with the
7.5t h percentile of the surrogate distributions (top black solid lines),
how statistically significant oscillations around 10 Hz (𝛼 band). The
scillations in 𝛽 band were found to be non significant since they are
ll below the 2.5t h percentile of the surrogate distributions. Integrated
alues of ER demonstrate the presence of oscillations in 𝛼 and 𝛽 bands

as well (panel d), in accordance with the physiology of the motor
execution as demonstrated in several works on this topic [25,69,70].

The spectral MIRs and their integrated values are shown in panels
b and d, respectively. The MIR shows statistical significance across all
potential pairs of processes within both 𝛼 and 𝛽 bands. Although the
difference is not so apparent when compared to other possible pairs, the

https://physionet.org/content/eegmmidb/1.0.0/
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Fig. 8. Physiological interaction patterns are characterized by predominance of redundancy. (a) Spectral OIR profiles of order 3 (𝜈𝑌 3 ). (b) Spectral OIR profiles of order 4
𝜈𝑌 4 ). (c) Spectral OIR profiles of order 5 (𝜈𝑌 5 ). The boostrap distributions of the spectral OIR profiles are depicted as shaded grey areas, median (grey solid lines) and percentiles

(black solid lines, computed with 5% significance level). (d) OIR values of order 3 (𝛺𝑌 3 ), 4 (𝛺𝑌 4 ), and 5 (𝛺𝑌 5 ) integrated in the whole band (left bars), the low frequency (LF,
middle bars) and the high frequency (HF, right bars) band of the spectrum. All the analyzed high-order interactions show a HF contribution due to the role of common drive
exerted by respiration, while interactions of order 3 directly involving respiratory variability are always non significant in the LF band of the spectrum. Redundancy scales with
he size of the analyzed multiplet.
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highest MIR value emerges when examining the interaction between 𝑋1
nd 𝑋2 (𝑖𝑋1;𝑋2

). This underscores the presence of a robust dynamical
oupling between the two brain hemispheres during the execution of a
otor task [71].

The spectral OIR and the corresponding integrated values in the
time domain, 𝛼 and 𝛽 bands are reported in panels c and d. The
study of the interaction of order 3 in both time and frequency domain
reveals a statistically significant redundant contribution in the network
with a prominent peak in the 𝛼 band. This result can be related with
the prevalence of redundancy in EEG dynamics during motor task
execution, previously highlighted in other studies [25,72]. Remarkably,
the dominance of redundancy may be ascribed to the effects of volume
conduction that blur the information identified at the level of scalp EEG
sensors [73].

Conclusions

This work unifies several information-theoretic approaches for the
study of node-specific, pairwise and high-order dynamical interac-
tions in network systems. Flexibility and scalability of the proposed
framework are guaranteed by the utilization of information-theoretic
measures defined for scalar or vector processes, in both time and fre-
quency domains in a way such that the two representations are tightly
connected in a straightforward way, i.e., by satisfaction of the spectral
integration property. Network interactions are categorized hierarchi-
cally depending on the number of nodes involved in the computation
12
of each interaction measure: entropy rate describes the predictable
nformation within a node, mutual information rate describes the infor-
ation dynamically shared between two nodes, interaction information

nd O-information rates describe the information shared among three
r more nodes through concepts of redundancy and synergy, thus
pening the way to a deeper investigation of hHONs. Crucially, the
xpansion of each measure in the frequency domain allows to provide
 spectral representation of the information processed in the analyzed
etwork, as well as to focus on specific frequency bands related to
scillations with physiological meaning.

The application of the framework to physiological time series il-
ustrates its capability to capture the complexity of the dynamics at

the level of nodes, as well as the tangle of interactions among pairs
and group of nodes. Remarkably, the utilization of measures of high-
order interactions allows to describe and quantify the balance between
redundancies and synergies among arbitrarily large groups of nodes
of physiological networks. Moreover, our work highlights the impor-
tance of studying these features within specific frequency bands of
biological interest to elicit interactions which may be otherwise hid-
den if investigated only in the time domain. The unified design of
the framework where measures of interaction at different orders are
formulated uniformly in the time and frequency domains, together with
the availability of estimation algorithms and related codes, will foster
the diffusion of these measures in a range of applications in the fields
of Network Neuroscience and Network Physiology.
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Fig. 9. Brain dynamics during motor execution are characterized by predominance of redundancy. (a) Spectral ER profiles (ℎ𝑋1
, ℎ𝑋2

, ℎ𝑋3
). (b) Spectral MIR profiles (𝑖𝑋1 ;𝑋2

,
𝑋1 ;𝑋3

, 𝑖𝑋2 ;𝑋3
). The surrogate distributions of the spectral ER and MIR profiles are depicted as shaded grey areas, median (grey solid lines) and percentiles (black solid lines,

omputed with 5% significance level). (c) Spectral OIR of order 3 (𝜈𝑋3 ). The boostrap distribution is depicted as shaded grey area, median (grey solid line) and percentiles (black
olid lines, computed with 5% significance level). (d) ER, MIR and OIR values integrated in the whole band (left bars), the alpha (𝛼, middle bars) and the beta (𝛽, right bars)
requency bands of the spectrum.
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