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This article concerns the operators T ∈ L(H), defined on a separable Hilbert space 
H, that belong to the norm closure HC(H) in L(H) of the set HC(H) of all 
hypercyclic operators. Starting from a Herrero’s characterization of these operators 
[11] we deduce some criteria that are very useful in many concrete cases. We also 
show that if T ∈ L(H) is invertible then T ∈ HC(H) if and only if T−1 ∈ HC(H). 
This result extends to HC(H) a known result of Kitai and Herrero established for 
hypercyclic operators, ([13]).
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1. Introduction

Let H be a separable Hilbert space. A vector x ∈ H is said to be hypercyclic for T ∈ L(H) if the orbit

orb (T, x) = {x, Tx, T 2x, ...}

is norm-dense in H, while x ∈ H is said to be supercyclic for T if the set of scalar multiples of orb (T, x) is 
norm-dense in H. An operator T ∈ L(H), is said to be hypercyclic, T ∈ HC(H), if there exists a hypercyclic 
vector x ∈ H, and is said to be supercyclic if there exists a supercyclic vector x ∈ H. Evidently, every 
hypercyclic operator is supercyclic. Classes of operators which satisfy a hypercyclicity or supercyclicity 
condition have been studied by a conspicuous number of authors (see for instance, [8], [9], [19], [10]). The 
notions of hypercyclicity and supercyclicity are intimately related to the invariant subspace problem.

In [11] D. A. Herrero gave a spectral characterization of the operators that belong to the norm closure 
HC(H) of the class of all hypercyclic operators in L(H), where H is a separable Hilbert space. This 
characterization concerns certain Fredholm properties of the spectrum. There are very few applications 
of the Herrero’ result. In this paper we simplify the conditions given by Herrero, under some additional 
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hypothesis on T . As an application, these semplifications lead to a characterization of the operators that 
belong to HC(H) is many concrete cases.

By a well known result of Kitai and Herrero ([11]) if T is invertible then T is hypercyclic if and only if T−1

is hypercyclic. We obtain an analogous result for operators T ∈ HC(H): if T is invertible, then T ∈ HC(H)
if and only if T−1 ∈ HC(H). This an immediate consequence of a more general fact: if T ∈ L(H) is Drazin 
invertible with Drazin inverse S then T ∈ HC(H) if and only if S ∈ HC(H).

2. Definitions and preliminary results on Fredholm theory

If T ∈ L(H) we denote by α(T ) and β(T ), the dimension of the kernel ker T and the codimension of the 
range R(T ) := T (H), respectively. Recall that T ∈ L(H) is said to be upper semi-Fredholm, T ∈ Φ+(H), 
if α(T ) < ∞ and T (X) is closed, while T ∈ L(H) is said to be lower semi-Fredholm, T ∈ Φ−(H) if 
β(T ) < ∞. The class of Fredholm operators is defined by Φ(H) := Φ+(H) ∩ Φ−(H), while the class of 
semi-Fredholm operators is defined by Φ±(H) := Φ+(H) ∪ Φ−(H). If T ∈ Φ±(H) the index is defined by 
ind (T ) := α(T )−β(T ). The set of Weyl operators is defined by W (H) := {T ∈ Φ(H) : indT = 0}, the class 
of upper semi-Weyl operators is defined by W+(H) := {T ∈ Φ+(H) : indT ≤ 0}, and class of lower semi
Weyl operators is defined by W−(H) := {T ∈ Φ−(H) : indT ≥ 0}. Clearly, W (H) = W+(H)∩W−(H). The 
classes of operators above defined generate the following spectra: the Weyl spectrum, defined by σw(T ) :=
{λ ∈ C : λI−T / ∈ W (H)}, the upper semi-Weyl spectrum, defined by σuw(T ) := {λ ∈ C : λI−T / ∈ W+(H)}, 
and the lower semi-Weyl spectrum, defined by σuw(T ) := {λ ∈ C : λI − T / ∈ W−(H)}. Let σsf(T ) := {λ ∈
C : λI − T / ∈ Φ±(H)} the semi-Fredholm spectrum and denote by p := p(T ) the ascent of an operator T ; 
i.e. the smallest non-negative integer p such that ker T p = ker T p+1. If such integer does not exist we put 
p(T ) = ∞. Analogously, let q := q(T ) be the descent of T ; i.e. the smallest non-negative integer q such that 
T q(H) = T q+1(H), and if such integer does not exist we put q(T ) = ∞. It is well known that if p(T ) and 
q(T ) are both finite then p(T ) = q(T ). Moreover, 0 < p(λI − T ) = q(λI − T ) < ∞ if and only if λ is a pole 
of the resolvent, see [15, Proposition 50.2].

The class of all Browder operators is defined as the set B(H) := {T ∈ Φ(H) : p(T ), q(T ) < ∞}; the class 
of all upper semi-Browder operators is defined B+(H) := {T ∈ Φ+(H) : p(T ) < ∞}, and the class of all 
lower semi-Browder operators is defined B−(H) := {T ∈ Φ−(H) : q(T ) < ∞}. Obviously, B(H) ⊆ W (H), 
B+(H) ⊆ W+(H) and B−(H) ⊆ W−(H).

In the sequel we denote by σap(T ) the classical approximate point spectrum, defined by σap(T ) := {λ ∈
C : λI − T is not bounded below}, and denote by σs(T ) surjectivity spectrum. We set ρap(T ) := C \ σap(T )
and ρuw(T ) := C \ σuw(T ). Recall that an operator T ∈ L(X), X a Banach space, is said to have the single 
valued extension property at λ0 ∈ C, (abbreviated SVEP at λ0), if for every open ``neighborhood U of λ0, 
the only analytic function f : U → X which satisfies the equation (λI − T )f(λ) = 0 for all λ ∈ U is the 
function f ≡ 0. An operator T ∈ L(X) is said to have SVEP if T has SVEP at every point λ ∈ C. Evidently, 
an operator T ∈ L(X) has SVEP at every point of the resolvent ρ(T ) := C\σ(T ), and both T and the dual 
T ∗ have SVEP at the isolated points of the spectrum.

In the case of Hilbert space operators is better to consider the Hilbert adjoint T ′, instead of T ∗. The 
following equivalence is well known:

T ∗ has SVEP ⇔ T ′ has SVEP.

3. Hypercyclic or supercyclic operators

It is known that the adjoint T ′ of a hypercyclic operator has empty point spectrum. This implies that 
the range of λI − T is dense for every λ ∈ C, see [17, Theorem 2.3]. If T is supercyclic then T ′ either has 
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point spectrum σp(T ′) = ∅ or σp(T ′) = {α}. Consequently, the dual T ′ of every supercyclic operator has 
SVEP, since an operator with countable point spectrum has SVEP.

Set

σsf(T ) := {λ ∈ C : λI − T / ∈ Φ±(H)}.

Lemma 3.1. σsf(T ) = σlw(T ) if and only if ind (λI − T ) ≥ 0 for every λ / ∈ σsf(T ). In particular, if T ′ has 
SVEP then σsf(T ) = σlw(T ).

Proof. Trivially if σsf(T ) = σlw(T ) and λ / ∈ σsf(T ) then λI−T is lower Weyl, so ind (λI−T ) ≥ 0. Conversely, 
suppose that ind (λI − T ) ≥ 0 for every λ / ∈ σsf(T ). To show the equality σsf(T ) = σlw(T ) it suffices to 
prove that σlw(T ) ⊆ σsf(T ), since the opposite inclusion holds for every operator. Let λ / ∈ σlw(T ). Then 
λI − T ∈ Φ−(H), thus λ / ∈ σsf(T ).

Suppose now that T ′ has SVEP and λ / ∈ σsf(T ). Since λI − T ∈ Φ±(H), so λ ∈ Φ+(H) or λ ∈ Φ−(H). 
The SVEP of T ′ at λ implies that q(λI−T ) < ∞. By [2, Theorem 1.22] then β(λI−T ) ≤ α(λI−T ). The last 
inequality obviously implies that λI −T ∈ Φ−(H). Finally, since ind (λI −T ) = α(λI −T )− β(λI −T ) ≥ 0
then λ / ∈ σlw(T ). ■

In [4] it has been proved that if T ∈ L(X), X a Banach space, is hypercyclic then

σ(T ) = σb(T ) = σw(T ) and σsf(T ) = σlw(T ). (1)

Denote by ∂D the boundary of the unit closed disc D in C. In [11] D. A. Herrero gave the following spectral 
characterization of the operators T ∈ HC(H) through some Fredholm properties of the spectrum of T :

Theorem 3.2. HC(H) is the class of all T ∈ L(H) that satisfy the following conditions:
(i) σw(T ) ∪ ∂D is connected;
(ii) σ(T ) = σb(T );
(iii) ind (λI − T ) ≥ 0 for every λ / ∈ σsf(T ), or equivalently σsf(T ) = σlw(T ).

Observe that the conditions (i) and (ii) of Theorem 3.2 imply that σ(T )∪∂D is connected. It is interesting 
to note that T ∈ HC(H) if and only if for every ε > 0 there exists a compact operator K ∈ L(H) such that 
‖K‖ < ε and T + K ∈ HC(H), see [12].

Remark 3.3. Recall that if T ∈ HC(H) then T has no nontrivial finite-codimensional invariant subspace, 
see [18].

For every F ⊆ C set F := {λ : λ ∈ F}. For Hilbert space operators T the relationship between the dual 
T ∗, in the sense of Banach space operators, and the adjoint T ′ is the following

λI − T ′ = U−1(λI − T ∗)U

where U : H → H∗, H∗ the dual of H, is a conjugated-linear isometry that associates to every y ∈ H the 
linear form fy(x) := 〈x, y〉. From this easily follows, taking into account that λI − T ∈ Φ±(H) if and only 
if λI − T ∗ ∈ Φ±(H), that σsf(T ′) = σsf(T ∗) = σsf(T ). Analogously we have:

σlw(T ) = σuw(T ′) and σuw(T ) = σlw(T ′),

and σw(T ′) = σw(T ). Analogously,
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σap(T ) = σs(T ′) and σs(T ) = σap(T ′).

An operator T ∈ L(X) is said to be Drazin invertible (with a finite index), T ∈ D(X) if p(T ) = q(T ) < ∞. 
Clearly, λI − T ∈ L(X) is Drazin invertible if and only if λI − T is invertible or λ is a pole of the resolvent. 
Note that T ∈ L(X) is Drazin invertible (with a finite index) if and only if there exists an operator S ∈ L(X)
and n ∈ N such that

TS = ST, STS = S, TnST = Tn. (2)

The operator S is called the Drazin inverse of T . The Drazin inverse S of an operator, if it exists, is uniquely 
determined, see [2, Chapter 2]. T is Drazin invertible if and only if there exists a decomposition X = M⊕N , 
where M and N are closed invariant subspaces such that

T = T1 ⊕ T2, where T1 := T |M nilpotent, T2 := T |N invertible, (3)

see [2, Theorem 1.132]. The Drazin inverse S of T is also Drazin invertible, since with respect to the 
decomposition X = M ⊕N , we have

S = 0 ⊕ S2, where S2 := (T2)−1

see [2, p. 86]. It should be noted that

σ(S) \ {0} = { 1 
λ

: λ ∈ σ(T ) \ {0}}, (4)

and

σb(S) \ {0} = { 1 
λ

: λ ∈ σb(T ) \ {0}}, (5)

see [3].

Lemma 3.4. If T ∈ L(H) is Drazin invertible with Drazin inverse S then

σlw(S) \ {0} = { 1 
λ

: λ ∈ σlw(T ) \ {0}}, (6)

and

σsf(S) \ {0} = { 1 
λ

: λ ∈ σsf(T ) \ {0}}. (7)

Proof. To show the equality (6) decompose T as in (3) and let λ �= 0 such that 1 
λ / ∈ σlw(T ), i.e. 1 

λI − T ∈
Φ−(H) and ind ( 1 

λI − T ) ≥ 0. By [3, Theorem 2.8, part (iii)] then β(λI − S)(H) = β( 1 
λI − T )(H) < ∞, 

hence λI − S ∈ Φ−(H). It remains only to prove that ind(λI − S) ≥ 0. Again by [3, Theorem 2.8, part (ii)] 
we have α( 1 

λI − T ) = α(λI − S), hence

ind (λI − S) = ind ( 1 
λ
I − T ) ≥ 0.

Therefore, λI − S ∈ W−(H) and hence λ / ∈ σlw(S).
Conversely, suppose that λ / ∈ σlw(S). Then λI−S ∈ W−(H), and as above we have α( 1 

λI−T ) = α(λI−S), 
and (β( 1 

λI−T )) = β(λI−S), thus 1 λI−T ∈ Φ−(H) and ind ( 1 
λI−T ) = ind (λI−S) ≥ 0, so 1 λI−T ∈ W−(H). 

Hence 1 
λ / ∈ σlw(T ).

The equality (7) may be proved in a similar way, always by using [3, Theorem 2.8]. ■
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Theorem 3.5. Let T ∈ L(H) be Drazin invertible with Drazin inverse S. Then T ∈ HC(H) if and only if 
S ∈ HC(H).

Proof. Suppose that T ∈ HC(H). First we show that the condition (iii) holds for S. To prove that σsf(S) =
σlw(S) it suffices to show the inclusion σlw(S) ⊆ σsf(S). Let λ / ∈ σsf(S). If λ = 0, then S is semi-Fredholm, 
and being S Drazin invertible we have p(S) = q(S) < ∞. By [2, Theorem 1.22] we then have α(S) = β(S) <
∞, so 0 / ∈ σlw(S), since λI − S is closed.

Suppose that λ �= 0. Then 1 
λ / ∈ σlw(T ) = σsf(T ), by the condition (iii) of Theorem 3.1, and this entails, 

by Lemma 3.4, that λ / ∈ σsf(S). Hence σsf(S) = σlw(S). Since σ(T ) = σw(T ) = σb(T ), from (4) and (5) we 
see that σ(S) \ {0} = σb(S) \ {0}. Suppose that 0 / ∈ σb(S). Then S is Browder and from [3, Theorem 3.2] it 
then follows that T is Browder, so 0 / ∈ σb(T ) = σ(T ), i.e. T is invertible, thus S = T−1, and hence 0 / ∈ σ(S). 
This shows that the condition (ii) of Theorem 3.2 is satisfied. The condition (i) is clear, since σw(T ) ∪ ∂D
connected entails that there exists λ ∈ σw(T ) such that |λ| = 1. Since | 1 λ | = 1 then 1 

λ ∈ σw(S)∪ ∂D, so the 
last set is connected. By Theorem 3.2 then S ∈ HC(H).

To show that S ∈ HC(H) entails T ∈ HC(H), observe that S is Drazin invertible and if U is the 
Drazin inverse of S then the Drazin inverse of U is T , see [2, Remark 1.23]. Therefore, if S ∈ HC(H) then 
U ∈ HC(H), by the first part of the proof, and this implies T ∈ HC(H). ■

Herrero proved in [13] that if T ∈ L(H) is invertible, then T is hypercyclic if and only if T−1 is hypercyclic. 
A similar result holds for invertible operators T ∈ HC(H):

Corollary 3.6. Let T ∈ L(H) invertible. Then T ∈ HC(H) if and only if T−1 ∈ HC(H).

Proof. The Drazin inverse of T is T−1. ■

We now consider operators that commute with a hypercyclic operator.

Theorem 3.7. Suppose that S ∈ L(H) commutes with a hypercyclic operator T . Then S ∈ HC(H) if and 
only if the following hold:

(a) σ(S) ∪ ∂D is connected;
(b) λI − S is onto for every λ / ∈ σsf(S).

Proof. Observe first that σw(S) = σ(S), see [4, Theorem 3.4]. Suppose that (a) and (b) hold. We show first 
that

σ(S) = σb(S) = σw(S). (8)

Note first that the adjoint S′ has no eigenvalues of finite multiplicity. Indeed, let λ be an eigenvalue of 
S′ having finite multiplicity. Denote M := ker (λI − S′). If dim ker (λI − S′) > 0 then M⊥ is a finite
codimensional, nontrivial invariant subspace under T , and this is impossible by Remark 3.3.

To show the equality (8) it suffices to prove that σ(S) = σw(S), since σw(S) ⊆ σb(S) ⊆ σ(S). Let 
λ / ∈ σw(S). Then λI − S is Weyl, and hence also its adjoint λI − S′ is Weyl, so ker (λI − S′) is finite
dimensional. As observed above this yields ker (λI − S′) = 0, and being λI − S′ Weyl it then follows that 
also β(λ − S′) = 0, i.e. λ / ∈ σ(S′) = σ(S). Thus σw(S) = σ(S), as desired. This shows that the conditions 
(i) and (ii) of Theorem 3.2 hold. Obviously, the condition (b) entails β(λI − S) = 0 for all λ / ∈ σsf(S), 
so ind (λI − S) = α(λI − S) ≥ 0 for all λ / ∈ σsf(S), and hence the condition (iii) of Theorem 3.2 holds. 
Therefore, if (a) and (b) are satisfied then S ∈ HC(H).

Conversely, suppose that S ∈ HC(H). We need only to show that property (b). Let λ / ∈ σsf(S). By 
Lemma 3.1 we have σsf(S) = σlw(S), so λI − S is lower semi-Weyl, and hence λI − S′ is upper semi-Weyl, 
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consequently α(λI − S′) < ∞. This implies that α(λI − S′) = 0, as noted in first part of the proof, and 
since λI − S′ has closed range it then follows that λ / ∈ σap(S′). Therefore, λ / ∈ σap(S′) = σs(S), i.e. λI − S

is onto. ■

Theorem 3.8. If T ′ is hypercyclic and ST = TS, S′ ∈ HC(H) if and only if the following hold:
(a’) σ(S) ∪ ∂D is connected;
(b’) λI − S is bounded below for every λ / ∈ σsf(S).

Proof. From σ(S′) = σ(S), it easily follows that σ(S′) ∪ ∂D is connected if and only if

σ(S) ∪ ∂D = σ(S) ∪ ∂D,

is connected, and this obviously is true if and only if σ(S) ∪ ∂D is connected. Suppose that S′ ∈ HC(H). 
By Theorem 3.7 then

λI − S′ is onto for every λ / ∈ σsf(S′), (9)

so λI − S is bounded below for every λ ∈ σsf(S), i.e. λI − S is bounded below for every λ / ∈ σsf(S). The 
converse follows in a similar way: if (a’) and (b’) are satisfied then S′ ∈ HC(H). ■

It should be noted that H. N. Salas in [20] has proved that there exist hypercyclic operators T ∈ L(H)
(actually, a bilateral weighted shift on a Hilbert space) whose adjoint T ′ is also hypercyclic.

Under some other additional hypothesis the conditions (i)-(iii) of Theorem 3.2 may be reduced:

Theorem 3.9. Suppose that T ′ SVEP. Then T ∈ HC(H) if and only if the following conditions hold:
(c) σ(T ) ∪ ∂D is connected;
(d) σ(T ) = σw(T ).
If T has SVEP then T ′ ∈ HC(H) if and only if both conditions (c) and (d) hold.

Proof. If T ′ (or equivalently, the dual T ∗) has SVEP then Browder’s theorem holds for T , i.e. σb(T ) = σw(T ). 
Hence the equivalence T ∈ HC(H) ⇔ (c) and (d) holds, follows from Theorem 3.2 and Lemma 3.1.

Suppose that T has SVEP. Since T is the adjoint of T ′, by the first part T ′ ∈ HC(H) if and only if

σ(T ′) ∪ ∂D is connected and σ(T ′) = σw(T ′).

From the equalities σ(T ′) = σ(T ) and σw(T ′) = σw(T ) it then follows that the condition (d) above is 
equivalent to saying that σ(T ′) = σw(T ′). It is easily seen that σw(T ′) ∪ ∂D = σ(T ) ∪ ∂D is connected if 
and only if the condition (c) above is satisfied. ■

A sufficient condition for an operator T to have a connected spectrum is that the hyper-range, defined 
by

T∞(H) :=
∞ ⋂

n=1
Tn(H)

is {0}, see [14, Proposition 2]. This condition may be viewed, in some sense, as an abstract shift condition, 
since it is satisfied by every weighted forward shift on 	p(N). Evidently, the condition T∞(H) = {0} entails 
that T is not onto, hence 0 ∈ σ(T ).

Theorem 3.10. Suppose that T∞(H) = {0}. Then T ′ ∈ HC(H) if and only if σ(T ) intersects ∂D.
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Proof. Since, ker (λI−T ) ⊆ T∞(H) for every λ �= 0, the condition T∞(H) = {0} entails that α(λI−T ) = 0
for every λ �= 0. Therefore, if T∞(H) = {0}, the point spectrum σp(T ) is empty or is equal to {0}, and this 
implies that T has SVEP. Consequently Browder’s theorem holds for T , i.e. σw(T ) = σb(T ), see [2, Chapter 
5]. Observe that σ(T ) is connected, by [1, Theorem 2.82].

We show now that σb(T ) = σw(T ) = σ(T ). For this it suffices to prove σ(T ) ⊆ σb(T ). Suppose first that T
is quasi-nilpotent. Then σb(T ) = σ(T ) = {0}, since both spectra are non-empty if H is infinite-dimensional.

Suppose that T is not quasi-nilpotent and choose 0 �= λ ∈ σ(T ). Since σ(T ) is connected and 0 ∈ σ(T ), 
being T not onto, it then follows that λ cannot be an isolated point of σ(T ). This implies that λ ∈ σb(T ), 
since if λI − T were Browder then the condition p(λI − T ) = q(λI − T ) < ∞ would imply that either 
λ / ∈ σ(T ) or λ is a pole (and hence an isolated point of σ(T )). Therefore, σw(T ) = σb(T ) = σ(T ).

Finally, since ∂D is connected, σ(T ) ∪ ∂D = σw(T ) ∪ ∂D is connected if and only if σ(T ) ∩ ∂D �= ∅. 
Hence, by Theorem 3.9 the assertion is proved. ■

Let N∞(T ) :=
⋃∞

n=1 ker Tn be the hyper-kernel of T . According [9] an operator T ∈ L(H) is said to be a 
generalized backward shift if N∞(T ) is dense in X and dim ker T = 1. If T is a backward shift on a Hilbert 
space, relative to an orthonormal basis {ej}, then

kerTn = span {e1, e2, . . . , en−1},

thus T is generalized backward shift.
Let Hnc(σ(T )) denote the set of all analytic functions defined on an open neighborhood containing the 

spectrum, such that f is non-constant on each of the components of its domain.

Corollary 3.11. Suppose that T ∈ L(H) is a surjective generalized backward shift and f ∈ Hnc(σ(T )). If 
there exists λ ∈ σ(T ) such that |f(λ)| = 1 then f(T ) ∈ HC(H).

Proof. Since T ∈ L(H) is surjective (in particular lower semi-Fredholm), the condition H = N∞(T ) entails 
that σ(T ) = σb(T ) = σw(T ) is connected, see [14, Theorem 3]. Furthermore, by [9, Theorem 4.11], f(T ) is 
supercyclic, hence f(T )′ = f(T ′) has SVEP. By [2, Corollary 2.89] then also T ′ has SVEP and hence the 
spectral mapping theorem holds for σw(T ), see [2, Chapter 5], so

σ(f(T )) = f(σ(T )) = f(σw(T )) = σw(f(T )),

and the condition (d) of Theorem 3.9 holds for f(T ). Since |f(λ)| = 1 then f(λ) ∈ ∂D, and f(λ) ∈
f(σ(T )) = σ(f(T )). From the continuity of f we know that σ(f(T )) is connected, ∂D is also connected, 
hence σ(f(T )) ∪ ∂D is connected. By Theorem 3.9 then f(T ) ∈ HC(H). ■

Let (ωn)n∈N a weight sequence, i.e. a bounded sequence of strictly positive real numbers. The unilateral 
backward weighted shift on the Banach space 	p(N), 1 ≤ p < ∞, is the operator defined by

T ({x1, x2, . . . }) = {ω2x2, ω3x3, . . . } for all {xn} ∈ 	p(N).

The unilateral forward weighted shift on 	p(N) is the operator defined by

T ({x1, x2, . . . }) = {0, ω1x1, ω2x2, . . . } for all {xn} ∈ 	p(N).

If T ∈ L(H) is a forward weighted shift then the hyperrange of T is {0}. If T ∈ L(H) is a backward weighted 
shift then its adjoint T ′ is a forward weighted shift, so the hyperrange of T ′ is {0}, and this implies that 
σ(T ′) = σw(T ′), see [1, Theorem 3.116]. Denote by r(T ) the spectral radius of T . We have:
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σ(T ) = σw(T ) = D(0, r(T )),

where D(0, r(T )) is the closed disc centered at 0 and radius

r(T ) = lim 
n→∞

sup (ωk · · ·ωk+n−1)
1 
n .

Hilden and Wallen in [16] proved that non quasi-nilpotent unilateral backward weighted shifts operators 
are always supercyclic. Generally, a backward weighted shift is not hypercyclic. However, we have:

Theorem 3.12. Let T be a backward weighted shift on H := 	2(N) with weight sequence (ωn). Then T ∈
HC(H) if and only if

r(T ) = lim 
n→∞

sup (ωk · · ·ωk+n−1)
1 
n ≥ 1. (10)

Proof. The adjoint T ′ is a forward weighted shift, and it is known that T ′ has SVEP, and σ(T ) = σw(T ) =
D(0, r(T )), see [1, Corollary 3.118]. If (10) holds then ∂D ⊆ σ(T ) and σ(T ) is connected. Hence the 
conditions (1’) and (2’) of Theorem 3.9 are satisfied, so T ∈ HC(H).

Conversely, if T ∈ HC(H) then r(T ) must be greater or equal to 1, otherwise if were r(T ) < 1, σ(T )∪D
would be disconnected. ■

Define

c(T ) := lim 
n→∞

inf (ωk · · ·ωk+n−1)
1 
n (11)

Theorem 3.13. Let T be a forward weighted shift on H := 	2(N) with weight sequence (ωn). If c(T ) = 0 then 
T ∈ HC(H) if and only if

lim 
n→∞

sup (ωk · · ·ωk+n−1)
1 
n ≥ 1.

Proof. We show first that for a forward weighted shift T , its adjoint T ′ has SVEP at every point |λ| ≤ c(T ). If 
{en} is the canonical basis of 	2(N), by the classical formula for the radius of convergence of a vector-valued 
power series, the series

∞ ∑
n=1

λn−1en
ω1 · ω2 · · ·ωn

converges in 	2(N) for every |λ| < c(T ). Moreover, this series defines an analytic function f on the open 
disc D(0, c(T )). Evidently,

(λI − T ′)f(λ) = 0 for all λ ∈ D(0, c(T )).

On the other hand, it is easily seen that T ′ has no eigenvalues outside the closed disc D(0, c(T )). This 
implies that T ′ has SVEP at every point for which |λ| ≤ c(T ). Since by assumption c(T ) = 0 then T ′

has SVEP. Hence Browder’s theorem holds for T , so σw(T ) = σb(T ). Since T∞(H) = {0}, then, by [1, 
Theorem 2.82], σ(T ) is connected and, as noted in the proof of Theorem 3.10, σb(T ) = σ(T ). The condition 
r(T ) = limn→∞ sup (ωk · · ·ωk+n−1)

1 
n ≥ 1 entails that σ(T ) contains the boundary ∂D. ■

For every operator T ∈ L(H) denote

i(T ) := lim 
n→∞

k(Tn)1/n,
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where the lower bound k(T ) is defined by

k(T ) := inf{‖Tx‖ : x ∈ X, ‖x‖ = 1}.

Theorem 3.14. Suppose that i(T ) = r(T ) = 1 and T invertible. Then T ∈ HC(H) if and only if σ(T ) =
σw(T ).

Proof. By [2, Corollary 4.71] T ′ has SVEP. Furthermore, σ(T ) ⊆ ∂D, by [2, Theorem 4.68], hence σ(T ) ∪
∂D = ∂D is connected. By Theorem 3.9 then T ∈ HC(H) if and only if σ(T ) = σw(T ). ■

Theorem 3.15. If T ∈ L(H) is non-invertible and i(T ) = r(T ) ≥ 1. Then T ′ ∈ HC(H).

Proof. For every non-invertible operator we have σ(T ) = D(0, r(T )) and σap(T ) = ∂D(0, r(T )), see [2, 
Theorem 4.68]. The last equality implies that T has SVEP. Indeed, T has SVEP at every point λ / ∈ σap(T ). 
Let λ0 ∈ σap(T ) = ∂D(0, r(T )) and let f : Dλ0 → H be an analytic function defined on a open disc centered 
at λ0 such that

(λI − T )f(λ) = 0, for all λ ∈ Dλ0 .

Since λ belongs to the boundary of σap(T ) we can choose an open disc Dμ, centered at a point μ outside 
the spectrum, such that Dμ ⊆ Dλ0 . Obviously T has SVEP at μ, so f ≡ 0 on Dμ. By the identity theorem 
of analytic functions it then follows that f ≡ 0 on Dλ0 . Hence, T has SVEP at every λ ∈ C. By [1, Theorem 
3.117]

σ(T ) = σw(T ) = D(0, r(T )),

and hence σw(T ) ∪ D(0, r(T )) = σw(T ) is connected. By Theorem 3.9 then the assertion follows. ■

Theorem 3.15 applies to non-invertible isometries, since for these operators we have i(T ) = r(T ) = 1.

Corollary 3.16. If T is an non-invertible isometry then T ′ ∈ HC(H).

Examples of non invertible isometries are the semishifts (i.e., those isometries for which the hyper
range T∞(H) = {0}). Every right translation operator on Lp([0,∞]), with 1 ≤ p < ∞, as well as every 
multiplication operator Tf on the disc algebra A(D), is a semishift. It should be noted that for Hilbert space 
operators the semi-shifts coincide with the isometries for which none of the restrictions to a non-trivial 
reducing subspace is unitary, see Chapter 1 of Conway [7].

Let us consider a Cesàro operator defined on the Hardy space Hp(D), 1 ≤ p < ∞, defined by means of

(Cpf)(λ) := 1 
λ

λ ∫

0 

f(μ) 
1 − μ

dμ for all f ∈ Hp(D), λ ∈ D.

In [6] proved that C2 on H2(D) is hyponormal, i.e. C ′
2C2 − C2C

′
2 ≥ 0, and this implies that C2 is not 

supercyclic, see [5].

Theorem 3.17. The adjoint C ′
2 of the Cesàro operator C2 on H2(D) is a limit of hypercyclic operators.

Proof. The spectrum of C2 is:

σ(C2) := {λ ∈ C : |λ− 1| ≤ 1} ,
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C2 has SVEP, since is hyponormal, and 1 ∈ σ(C2), so σ(C2) ∪ ∂D is connected. Furthermore, σw(C2) =
σ(C2). Indeed, if λ / ∈ σw(C2) then λI −C2 is Weyl, and the SVEP implies that λI −C2 is Browder. If were 
λ ∈ σ(C2) then λ would be an isolated point of the spectrum and this is impossible. Therefore λ / ∈ σ(C2), 
and hence σw(C2) = σ(C2). Theorem 3.9 then applies. ■

The discrete Cesàro operator is defined in 	p(N) by

C0(x1, x2, x3, . . . ) = (x1,
x1 + x2

2 
,
x1 + x2 + x3

3 
, . . . ) for all {xn} ∈ 	p(N).

It should be noted that C0 in 	2(N) is not supercyclic, since the adjoint of C0 has point spectrum

σp(C0) = {λ ∈ C : |1 − λ| < 1},

see [6, Theorem 2], and as noted before the adjoint of a supercyclic operator must have empty point spectrum 
or is a singleton.

Theorem 3.18. The adjoint C ′
0 of the discrete Cesàro operator C0 on 	2(N) is a limit of hypercyclic operators.

Proof. The proof is analogous to that of Theorem 3.17. We have

σ(C0) := {λ ∈ C : |λ− 1| ≤ 1} .

Furthermore C0 has SVEP, since is hyponormal, see [6], σ(C0) intersects ∂D, hence σ(C0)∪∂D is connected. 
Furthermore, arguing as in the proof of Theorem 3.17 we obtain that σw(C0) = σ(C0). ■
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