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Abstract

Distributing quantum correlations to each node of a network is a key aspect of quantum
networking. Here, we present a robust, physically motivated protocol by which global quantum
correlations, as characterized by the discord, can be distributed to quantum memories using a
mixed state of information carriers which possesses only classical correlations. In addition, such
distribution is done using only bilocal unitary operations and projective measurements, with the
degree of discord being measurement-outcome independent. We explore the scaling of the
performance of the proposed protocol with the size of the network and illustrate the structure of
quantum correlations that are shared by the nodes, showing its dependence on the local operations
performed. Finally, we find the counterintuitive result that even more discord can be generated
when the resource state undergoes correlated dephasing noise, allowing high fidelities with
mixtures of the Bell basis such as Werner states.

1. Introduction

In recent times, the idea of a quantum internet [1, 2] has become one of the most sought-after uses of
quantum resources in modern quantum information theory. In particular, the leveraging of quantum
entanglement as a resource to perform communication in a way that is not allowed in classical
communication is paramount to gaining quantum advantage. Entanglement is often referred to by the
blanket term ‘quantum correlations’, however, with the concept of quantum discord [3, 4], one can only
consider entanglement to be a subset of what can be labelled as quantum (or ‘non-classical’) correlations. In
fact, it is possible for states to possess non-zero quantum correlations while simultaneously exhibiting zero
entanglement [5], and so measures of entanglement do not, in general, capture all of the quantum
correlations of a given system.

The full usefulness of said states with regards to quantum information processing remains to be seen.
However, it has been shown that a state with non-zero discord can always be used to ‘activate’ bipartite
entanglement between a system and a corresponding auxiliary; hence, discord is a resource in quantum
information processing [6]. For certain separable non-classical states, it has been shown that this
entanglement can be localized to the original system via stochastic entanglement swapping [7]. Furthermore,
it has been established that discord is a resource for a number of applications, such as quantum computation
[8, 9], remote state preparation [10], state discrimination [11-14] and quantum cryptography [15, 16].

Just as with entanglement, if quantum discord is to be used as a resource in quantum networking, then
methods for distributing it to quantum memories at each node of the network must be established. For
entanglement to be distributed, either the entanglement can be generated initially to then be sent directly to
the memories, or some sort of non-local operation(s) must be introduced to the memories. However, it has
been shown that it is possible to generate discord via local, non-unitary channels acting on one or more of

© 2025 The Author(s). Published by IOP Publishing Ltd
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the subsystems in a state [17-20], with multiple physical examples of said discord generation being detailed
[21-23]. These discordant states often have asymmetric structures, depending on the channel which is
applied. If discord is distributed to quantum memories in a network, the possibility of entanglement
distribution to these discordant states via interactions with a separable carrier state then arises [24-27]. Thus,
discord is a resource in entanglement distribution [28, 29].

Here, we take the idea of locally generating discord and outline a robust discord distribution protocol.
This protocol involves a source of information carriers, which are initially in a mixed, classically correlated
state, being used to distribute significant amounts of discord to spatially-separated quantum memories. This
is done via local unitary interactions (with respect to the memories) and projective measurements only. We
show here that this distribution of discord does not depend on the measurement outcomes of said projective
measurements; only the basis used to measure the information carriers determines the amount of distributed
discord. In fact, we detail a modified version of this protocol whereby a discordant resource state of a
quantum key distribution (QKD) protocol can be generated with unit probability. Our protocol not only
appears to scale well with the number of memories in the network, but also exhibits robustness to the
preparation and measurement apparatus used. Moreover, we highlight how the protocol can perform even
better under certain correlated noise models.

In section 2, we describe the bipartite protocol and provide an analytical expression for the state of the
memories as a result of the protocol, while also outlining different types of discordant states. We then
investigate the robustness of the bipartite protocol in section 3 with respect to measurement apparatus as
well as the initial carrier and memory states. We further evaluate how our chosen quantifier of the quantum
correlations affects how much discord is present in the final state, while also seeking numerical evidence of
the true resource of the protocol. In section 4, we consider protocols involving more memories, and calculate
how the amount of distributed discord scales with the number of nodes in the network. We also offer a
benchmark to gauge how significant the amount of distributed discord is for each system size. In section 5,
we explore the structure of the discordant final states of the memories upon the conclusion of the protocol,
and how such structure depends on the local operations performed at each node. We consider and illustrate
this for multiple system sizes in order to establish structural patterns and consistencies. We present our
conclusions in section 6 and discuss potential future implementations of our protocol.

2. The bipartite protocol

Consider a source which outputs a pair of carrier qubits (labelled as C; and C, respectively) prepared in the
classically correlated mixed state

1
Pclcz:E(\++><++|+|__><__|)clczv (1)

where |+) = (]0) % |1))/+/2 is the eigenstate of the x Pauli operator with eigenvalue +1, and {|0),|1)} is the
computational basis of eigenstates of the z Pauli operator Z such that Z|0) = |0) and Z|1) = —|1).
Equation (1) obviously carries no quantum correlations. Each carrier is sent to a respective quantum
memory, which we assume to be spatially separated by an arbitrary distance. The memories M, and M, are
initially in the pure product state pp,a, = | + +)(+ =+ |m,m, such that they are completely uncorrelated.

A controlled-Z gate Uz ; = |0)(0|¢, ® Iy, + |1) (1|, ® Zyy, is then performed over each carrier-memory
pair {C;,M;} (i = 1,2), where [ is the identity. The carriers are then locally measured in a suitable
orthonormal basis {|1),, [¢") . } with

0; i, . Ui
V), = COSEI‘O>Q e Sln5|1>ci (2)

and ¢(1))1bc, = 0. We have introduced the Bloch angles 6; € [0,7] and ¢; € [0,27) for the carrier C;. Such
simple protocol can be presented diagrammatically by the following quantum circuit

A
PC1Ca
A
+) s @
PIJWI M>
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where we have used the standard symbol for the U, gate. We are interested in the reduced state of the
memories upon application of the protocol

pI/\/th = NTrClcz |:H¢' Uem (pC] o ® leMz) UE’MH@[’ (3)

with Ugy = Uz @ Uz, Iy, = [¥0) (Y], @ [¢) (¥|c, and N denoting a normalization constant. We stress
that we cannot interpret the evolved state of the memories as the output of individual quantum channels
applied to M, and M, as the carriers are initially classically correlated. We do, however, highlight that the
operations performed are local with respect to the M; : M, partition, i.e. the protocol is bilocal. The final
reduced state of the memories takes the following form:

0; .2 0;
phaas, = @ (<o F14) (4] s 21 ()
1=1,2 i
sinf; sin6,

0 (04 ) (= — e+ =Yt ) @

with ¢+ = ¢; £ ¢,. For suitable choices of the parameters of the projections performed on the carriers,
equation (4) might bring about quantum correlations. We include a brief analysis of this protocol-with
respect to the quantum channel involved—as an appendix to this paper.

To quantify the quantum correlations, we choose the quantum discord in its original definition [3, 4]:
Consider a bipartite quantum system prepared in state p,5. We introduce the mutual information I(A : B)-a
measure of the total correlations within a given quantum state—and total classical correlations J(A : B)

I(A:B) =S(pa) + S(ps) — S(pas) , (5)
J(A:B)=S(pa) —S(pajp) ; (6)

where S(1) is the von Neumann entropy of the generic state j1. Here, p(p) = Trp(a)[pas] and pajp are the
reduced state of subsystem A (B) and the conditional state of A given a measurement performed on B,
respectively. The measurement on B is modelled as a set of rank-1 projectors {H]B} [30] labelled by the index
j of the corresponding measurement outcomes, each occurring with a probability p; = Tr[l’[}13 pag)- The
difference between I(A : B) and J(A : B), minimized over all the projective measurements on B, embodies the
quantum discord [31]

Dajp = S(pp) — S(pas) + 51111% > piS (pAB\Hf) ; (7)
idg

where p AB|IIP = (H]]»3 pABHJB )/pj is the state resulting from the application of the measurement operators. The
minimization is done numerically since the discord can only be obtained analytically for certain classes of
states, such as Werner states [32]. A caveat of the above definition is that, in general, D g # Dp|4 due to the
asymmetric nature of the quantum conditional entropy [31]. In fact, there exist classical-quantum states,
particularly those resulting from the action of local channels, which showcase Dy > 0 with Dy, =0 [7, 18].
Examples of such states include the resource state for the QKD protocol dubbed B92 [33] along with, in
general, any state obtained as a result of the protocol proposed here but limited to just one quantum
memory [34]. The different one- and two-way discord structures are shown graphically in figure 1.

When using equation (7), the maximum degree of discord in state (4) (obtained by optimizing with
respect to the four angles entering it) is found to be Dy, |y, =~ 0.2018 [35], which is also the maximum
amount of locally generated discord achievable—starting with a classically correlated state—in a bipartite
qubit system [18]. Such result can be achieved by picking up values for the angles ; and ¢; from a manifold,
an interesting example being 6; = 7/2, 6, = 7 /4, for any choice of ¢, ,. While, needless to say, different
choices of parameters taken from the optimal manifold would result in different (yet iso-discordant) states,
such optimal degree of discord is obtained independently of the value of the relative phases ¢; chosen for the
measurements on the carriers: All the memory states achieved by projecting the carriers onto the elements of
a chosen measurement basis bring about the same degree of discord. In a sense, this implies that the protocol
described here actually prepares states belonging to subspaces of iso-discordant states. Among such
subspaces, there is one whose elements all achieve the degree of discord of the B92 resource state. In practical
terms, the data achieved for any detection configuration belonging to such optimal plane could be retained
for the sake of distributing maximum discord, and unless a specific discordant state is desired.

3
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Dyp>0,Dpa=0
(D= ®
Dyp=0,Dpa>0
O, ~(2)
DA|B >0, DB|A >0
() ~(2)

Figure 1. Graphical representations of possible discord structures between two arbitrary systems A and B. In the bottom diagram,
D p is not necessarily equal to Dy|4. We present classical-quantum, quantum—classical, and quantum-quantum states in a
top-to-bottom configuration.

2.1. Generating the resource state for the B92 QKD protocol

Finally, it is worth noting that this protocol may be rewritten in different bases for the purpose of obtaining
different states. For example, by writing the protocol in the computational basis {|+),|—)} — {]0),|1)} and
using a controlled-Hadamard gate instead of a controlled-Z, it is possible to achieve the discordant resource
state of the B92 QKD protocol [33] with 100% probability. This is the case when only Bob’s carrier C,
interacts with M, (Cj can either just be held by Alice or can be state-mapped onto M) and is then measured
in any basis defined by 6, = 7/2 (e.g. {|+),]|—)}), with both measurement outcomes projecting the final
state onto the B92 resource state; not only is the amount of discord independent of the measurement
outcome but so is the state, which itself is not a function of ¢,. This would mean that, instead of the method
outlined in reference [36], the protocol can be performed in the case where the resource state is supplied to
Alice and Bob by a trusted third party—without the need for any direct initial classical communication or
exchanging of quantum states between themselves. The third party can help perform this protocol while also
not knowing which of the pure states in the mixture have been supplied to Alice and Bob. If the third party is
untrusted, though, then this method will no longer be secure, as they can know which pure state is supplied
with certainty.

One may also consider extending this to an N-party conference key agreement (CKA) protocol which, in
principle, could generate an identical key for 1 ‘Alice’ and N — 1 ‘Bob’s (or vice versa). However, any such
resource state, albeit discordant, would be completely separable, and it has been shown that any CKA
protocol in which a single copy of a multipartite state is distributed to all parties involved requires (at least
biseparable) entanglement to be unconditionally secure [37, 38]. Furthermore, the B92 protocol performed
in this way will have no guarantee of security against adversarial attacks even in the bipartite scheme; if an
adversary correctly measures one of the carrier qubits before the controlled-Hadamard interaction in the
computational basis then they will know, with certainty, which bit that Alice receives and which quantum
state that Bob receives. Therefore, additional methods would need to be considered in order to overcome
these vulnerabilities.

3. Robustness of the protocol

At this point, we introduce a different quantifier of quantum correlations, namely the global quantum discord
(GQD) first defined in reference [40] so as to pave the way to and perform an analysis of the generated
quantum correlations in protocols involving more than two memories (see section 4). Quantitatively, GQD
is defined as

N
G(pixy) = {Hi? S(ppy 1@ (pixy)) —ZS(PXj 195 (px;)) | 5 (8)
k o

where {X} = {X,..., Xy} stands for the total system comprising each subsystem Xj, S(;« || 7) denotes the
quantum relative entropy [41] between two generic states 1z and 7, j(p(xy) = >_) HJX/ /)XjH;(/j and

Q(pxy) = Do) Mepxy Ik, with 1T = H;fl ®-® H;;N and k denoting the index string (j, - - -jn) [40]. Here, a
projector is again represented by the symbol II. Our choice of figure of merit is due to the fact that our

4
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Figure 2. Distributed quantum correlations in the state p1(4] u, Plotted against the parameters 01> entering the measurements on
the carriers. Since the amount of quantum correlations is independent of ¢ ,, we set 1 = ¢, = 0 without loss of generality. We
consider three non-equivalent quantifiers of discord: panels (a) and (b) show the two asymmetric measures Dy, |, (p](,[] »,) and
Dy, '(p](/]l M, ),.I‘CSPECtively, while panel (c) is for the symmetric GQD g(p&l M, ). The data for these (and all subsequent) plots
are available online [39].

interest when addressing a multipartite memory will move away from bipartitions to address the degree of
quantum correlations shared by all the elements of the memory compound. Moreover, GQD bypasses the
intrinsic asymmetry of equation (7), and we wish to explore how the distributed quantum correlations in the
bipartite protocol differ depending on the quantifier. The maximum amount of GQD for the bipartite
protocol of section 2 is Gar, p, =~ 0.2198, which is achieved when both carriers are projected upon states
belonging to ‘optimal subspaces’ identified by 6, , = 0.9458,2.1958 and arbitrary values of ¢, ,.

In the remainder of this section, we will present a study of the robustness of the protocol valid for a
bipartite memory system. We address the effect of imperfections at the preparation and measurement stages
of the protocol, quantifying the influences on the degree of achieved quantum discord.

3.1. Measurement precision

Firstly, we consider how the measurement basis of the carriers affects the final discord between the
memories. In figures 2(a) and (b), we present the behavior of the two asymmetric discord definitions against
0, . In order to capture the quantum nature of all the quantum correlations, we also display

our findings for the GQD in figure 2(c). This figure appears somewhat as a superposition of

figures 2(a) and (b), though not adding together linearly. The maximum values of the asymmetric heatmaps
are also apparent on the GQD one, although we see that higher GQD values are possible in some places
where both asymmetric discords are non-zero. A further discussion to this can be found in section 5. Beside
the edges of figure 2(c)—where, as discussed in the appendix, the distributed discord is null as the
corresponding channel is both unital and semiclassical [17]—no quantum correlations are shared for

61, = /2, for which the memories are left in the state pp,p, = (]00)(00] +[11)(11])/2.

From this analysis, it is clear that imprecise measurement settings would result in degrees of quantum
discord that could be significantly different from the maximum achievable as illustrated previously. In order
to evaluate such effects quantitatively, we assume the parameters 6, , defining the basis upon which a
measurement of the carriers’ state should be performed to be random variables—centred in the value that
would allow us to achieve maximum discord—and varying uniformly within a range of a chosen width. As a
figure of merit, we evaluate the average degree of discord achieved by letting the parameters vary. For an
imprecision range as large as 7/10, though, a reduction of the maximum degree of GQD of only 2% is
achieved, thus demonstrating a good robustness of the protocol.

3.2. Initial state of the carriers

Where the protocol is perhaps less robust, however, is with the initial state of the carriers. To investigate this,
we consider the following convex combination of the desired carriers’ state p¢, ¢, and a state having no
support on it, such as

o) = (1= Mg+ 5 (14 )=+~ =+ e ©)

with A € [0, 1]. We then consider the amount of GQD that is obtained if we measure the carriers in the
optimal basis (for the ideal case) with different values of the mixing parameter for the initial carrier state. The
results are presented in figure 3, where it can be seen that the amount of GQD between the memories is fairly

5
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Figure 3. A study of the bipartite GQD distributed to the memories against the mixing parameter X in equation (9) and obtained
assuming the optimal measurement bases for the carriers for any value of \.

sensitive to mixing parameter A, and it reaches zero for A = 1. We also calculate the average GQD distributed
in the range [0,0.1] such that the robustness is tested in the case where the fidelity of the initial carriers
cannot be guaranteed, which gives 0.1687: noticeably lower, yet still a significant amount of distributed GQD.

Remarkably, figure 3 is identical to the graph obtained when maximising the GQD over ¢,  at each value
of A, thus implying that the optimal bases for the ideal carrier state retain their optimality for all states
defined as in equation (9). We investigate this further by generalising equation (9) to assume that the
contributions of the |+ +)(+ + | and | + —)(+ — | states in the mixture are not equal to the contributions of
| — —)(——]and | — +)(— +| states, respectively. Similarly, we find that less initial classical correlations
results in a lower degree of GQD. However, when the initial carrier state 1 (| + —)(+ — [+ ] — +)(— + ) is
used, the optimal amount of GQD generated is the same as when we use ¢ (0) and for the same optimal
carrier measurement basis. This shows the robustness of the protocol to phase flips of the carrier qubits.

To conclude this part of our analysis, we now assess the interplay between purity and classical
correlations in the initial carrier state, which we take as

peic; () =l +H){F+H [+ =)= =) ==Deq, (10)

with n € [0, 1]. Clearly, = 1/2 corresponds to the state in equation (1), while increasing (decreasing) the
parameter towards 1 (0) increases the purity of the state while simultaneously decreasing its classical
correlations. Calculating the maximum possible distributed GQD as a function of 7, we find—quite
expectedly—that as 7 — 0 or 1, no GQD can be distributed. In general, GQD decreases as 7 deviates from 1/2
to disappear when such parameter takes its extremal values. This provides numerical evidence that classical
correlations are the true resource of the protocol.

3.3. Initial state of the memories
We now test the robustness of the protocol with respect to the initial state of the memories by considering
two scenarios: pure states and mixed states. In the former, we consider the memories to be prepared in a pure
product state, but where the fidelity of M, with |+),, is non unit. In the latter, we consider the case where
the initial state of both memories may have been subject to some level of noise, so that both memories are in
mixed states.

We start considering the initial state of M,

9 9 .
|1/)(19»<P)>M2:C055\0>+Singew|l>, (11)

where we have introduced the Bloch parameters ¥ € [0, 7] and ¢ € [0,27). We plot the GQD of the final state
against ¥ and ¢ in figures 4(a) and (b). We do not change the measurement basis at this point and instead
measure the carriers in the same basis which maximizes discord when pp,a, = | + +) (+ + |. We find that, in
analogy with the features highlighted previously on the carrier’s measurement, the protocol is robust to any
azimuthal phase imprecision in the initial states of M,. GQD is maximized for ©} = /2 and any choice for ¢,
so that states |+) and |£i) are all optimal. As noticed previously, GQD is weakly sensitive to small deviations

6
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Figure 4. The distributed GQD in the final M;—M, compound as a function of variables which define the initial state of
memories. We first consider memories to be in a pure product state defined by ¥ and ¢; this is shown both for (a) the assumption
that the carrier measurement bases used are characterized by 6, > = 0.9458 and ¢, = ¢, = 0; and (b) optimization of the carrier
measurements to show the largest amount of distributed GQD possible for each initial pure state of M,. Note that heatmap (a)
will change depending on the value of ¢», but will always be at a maximum at ¢ = 7 /2. In (c) we display the GQD in the final
M,-M, compound as a function of the mixed-state parameters A; and A,, where we have again assumed 6, , = 0.9458.

from optimal initial states: for instance, the average GQD over a range symmetric around § = 7/2 and of
width /10 (with ¢ , = 0) results in Gum,m, = 0.2189, which is a ~ 0.4% reduction with respect to the ideal
value.

When a GQD value of 0.2198 is achievable, the change of each carrier measurement basis (in order to
become optimal) depends only on the initial pure state of the memory with which each carrier interacts.
That is, in figure 4(b), only the measurement basis of C, need be adjusted in the range 0.96 < ¥ < 2.18.
GQD here is, again, independent of the measurement outcome, however it does depend on the values of ¢,
that define the state upon which C; is projected. For the cases where a maximum GQD value of < 0.2198 is
obtained in figure 4(b), the optimal measurement basis for C, appears to be {|+i),|—i) }, meanwhile the
optimal measurement basis for C; depends on the initial pure state of M, (again, not depending on the
measurement outcome).

Let us now assume that both memories are initially in the following mixed state

Py (A1, A2) = Q) (A1) (H]+ (1= 47) [-)(=1),,, (12)
j=1,2

with A; € [0,1]. In figure 4(c) we plot the amount of GQD obtained when using an optimal photon basis
against A », confirming that GQD is maximized by preparing the memories in pure states, in line with the
expectations stemming from the results reported in figures 4(a) and (b). Again, figure 4(c) is identical to the
case where we optimize over all carrier measurements for each plot point, solidifying the fact that the optimal
bases are such not only in ideal conditions, but also for many non-ideal initial conditions that we consider in
this paper. Thus, the maximum amount of GQD possible for a given initial state could be obtained without
the need to change the measurement basis. The only counterexample we find in this paper is for some initial
pure states of the memories with a fidelity of less than unity with |+) or |—), as shown in figure 4.

We include an investigation into the performance of the protocol when the memories experience
correlated dephasing noise as an appendix B to this manuscript, detailing instances in which the protocol can
actually generate more quantum correlations as a result of such noise.

4. Analysis of multipartite memory systems
We now address systems of memory systems of a growing size, thus addressing explicitly the distribution of

multipartite quantum discord. To such end, we start considering the same protocol as in section 2, but with
N carriers and memories. The former are initially prepared in

1
prcy =5 (IRt  [H [= = =)= =gy (13)
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Table 1. We report the values of Gy = max g} G(p { M} )], which represents a lower bound for the maximum amount of GQD possible
in the final memory state p E M} We also report the corresponding measurement parameters {6; } to identify exemplary optimal bases for

all carriers to be measured in. In order to provide meaningful benchmarks, we display Gw = G(|Wx)(Wn|) and Ge = G(pw,n(€)), the
latter being the GQD of the state which has the same level of mixedness as each optimized p E M} The ratios G/ G give a simple figure

of merit to track the scaling of the distributed GQD with the size of the system.

N Gm {6} Gw Ge Gm/Ge
2 0.2198 0.9458 1.0000 0.4124 0.5330
3 0.4694 0.9131 1.5850 0.8070 0.5817
4 0.7040 0.8775 2.0000 1.1554 0.6093
5 0.9338 0.8533 2.3219 1.3749 0.6792

where {C} stands for the collection of N carrier systems. As for the memories, we assume them to be
prepared in the N-party product state p(py = [+ =+ -+ =) 10 .ag, - As in the bipartite case, each carrier C;
and memory M,; are subjected to a controlled-Z interaction, with the former being measured in a suitable
basis to establish GQD between the memories. In table 1 we report the distributed GQD for N=2,....,5
resulting from an extensive numerical search for the best possible performance. The values presented in
table 1 thus embody; at least, lower bounds to the maximum possible amount of distributed GQD to the
memories [42].

We remark that, in line with the bipartite case, for N > 3 the same measurement basis will be needed for
all the carriers, while the degree of distributed discord does not depend on the specific outcome of such
measurements.

To provide a benchmark for the significance of the amount of distributed GQD for each system size, we
also provide the amount of GQD present in the W state

|WN>:%\]‘N_171>7 (14)

where |[N — 1,1) represents the totally symmetric state containing N — 1 zeros and 1 one [43]. We stress that
these states are not necessarily those with the largest amount of discord for each system size [44]—despite
being maximally entangled—and serve only as a reference. Along with this, we consider the GQD of the
Werner state py, n for each N which has the same level of mixedness as the resulting state of the memories at
the end of each protocol. We define pyy, y as

P (€)= (1= &) W) (Wl + 351 (£ € [0.1]). (15)

The ratio between the lower bound to the GQD of the memories achieved through our protocol and the
corresponding quantity carried by the Werner state of the same degree of mixedness grows with N for all the
cases numerically addressed here. Although we cannot confidently extrapolate a general behavior, this
suggests that, not only does GQD increase with N, but also the amount of GQD with respect to allowed
amount by system size improves. To give us an idea of the maximum amount of GQD for a given N, we use
the few plot points we have to calculate the linear regression between the two: this gives us an approximate
GQD of 0.238N — 0.250 for N qubits with a correlation coefficient of 0.999. In section 5 we put forward
some arguments against the accuracy of such (intuitively reasonable) linear model.

To conclude this section, we briefly assess the performance of the protocol when it is performed using
two carrier qubits which are in the tripartite GHZ state pc,c,c, = |GHZ3)(GHZs|, where |GHZ;) =
% ([+4++) 4+ |— — =))c,cc;- We do this since tracing out one of the carrier qubits from this state leaves the
remaining two in the classically correlated state in equation (1). Assuming the protocol is performed for the
memories M; and M, using carriers C; and C,, we verify that the maximum GQD in the final state of the
compound M;—M,; cannot be increased beyond the usual maximum, however a GQD increase from 1 (in the
initial GHZ carrier state) to 1.2926 is possible for the state comprising M;—M,—C;. Any entanglement
present in the state is lost when Cj is traced out; this being true at any stage of the protocol.

5. Discord structure of the final state

We now conduct a deeper study of the discord structure of the prepared bipartite or multipartite discordant
states. As we have already pointed out, the definition of discord in equation (7) is inherently asymmetric and,
in fact, we have Dy, |y, = 0 when Dy, |y, is maximized. On the other hand, it is interesting to analyze the
state which achieves the maximum degree of GQD allowed by our protocol. As stated in section 3, this is
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Table 2. table displaying the discord structure of three different three-qubit discord distribution protocols, depending on which of the
compounds (cmpds.) {C;i—M;} involve an interaction and measurement (int.). A X indicates no discord is possible, meanwhile a v/
indicates that the discord is non-zero in general (up to a maximum of 0.2018). Also displayed are the maximum possible values of the
GQD of the total final state of each (assuming any measured carriers and unused memories are traced out). We note that the maximum
GQD of the state with two interactions involved has a GQD which is exactly double the maximum asymmetric discord value of any
resulting bipartite compound.

12 23 13 123
{l} int. Cmpd D1|2 DZ\] Cmpd D2‘3 D3‘2 Cmpd D1‘3 D3‘ 1 Max. GQD
{1} M, C, X v C:Cs X X M, C;s X v 0.2018
{1,2} MM, v v M, Cs X v M, C; X v 0.4036
{1,2,3} MM, v v M, Ms; v v M M; v v 0.4694

(a) (b) (d)

Figure 5. Graphical representation of the discord structure of the final state of four differing discord distribution protocols with
four qubits in the final state, based on the discord structure graphs shown in figure 1. These four protocols involve a growing
number of interactions going from one to four (moving from panel (a) to (d)). All interactions occur between carriers and
memories. Where an interaction (and measurement of carrier) takes place, a memory M; is used in the final state with C; being
traced out. Where no interaction occurs, the unused memory is instead traced out in place of the carrier.

@ @ \

achieved for carrier measurements with by 6; = 6, = 0.9458. A calculation of the degree of asymmetric
discord for such state leads to Dy, v, = Dy, |, = 0.1498, showing the quantum-quantum nature of such
resource and thus an inherently different sharing structure of quantum correlations within it than the one
achieved by using the measurement settings maximizing Dy, |, -

A similar line of thought can be pursued in the case of a multipartite system. We first consider the
tripartite protocol, which we attack by implementing three different protocols, each identified by how many
Ci—M; compounds undergo controlled-Z interactions (followed by a measurement of C;). For any C;—M;
compound that does not experience such operations, we use C; in the final state instead of M;, which we
trace out. We do this so as to pin-point the dependence of both the structure and quantity of the quantum
correlations on which local operations are performed. As the initial states of the system are invariant under
particle exchange, we need not consider every permutation of operations performed, rather just the number
of operations performed. Table 2 presents the results of our quantitative analysis.

We find that Dy, |y, = 0 when Y = C and Dy, |y, # 0 when Y =M, for X, Y € {C, M} and i # j are the labels
identifying each carrier-memory compound (i,j € {1,2,3} for the tripartite protocol). Thus, if a carrier C;
interacts with a memory M; before being measured, this, in general, creates asymmetric discord between M;
and the other states. Additionally, if, for j # i, the carrier C; interacts with the memory M; before being
measured (and as long as the interaction happens before any other carrier measurements are made), this will
also, in general, create asymmetric discord between M; and M;. Although, in general, discord is non-zero in
both ‘directions’, we still call it asymmetric as 0 < Dy, n; 7 Dagy|nm; > 0. To illustrate how this trend continues
for higher-dimensional protocols more succinctly, we display the discord structure of the four possible
(N =4)-qubit protocols graphically in figure 5. Although we have not pursued this investigation further, we
expect this trend to continue for all system sizes.

The maximum amount of asymmetric discord in any bipartite compound with non-zero discord is
0.2018, i.e. the same amount possible in the bipartite protocol. We see that, in the tripartite protocol, the
maximum GQD in the resulting state when two sets of local operations occur is exactly double that value,
meanwhile when all three involve local operations then it is slightly more than double. We find this pattern to
similarly continue for the four qubit protocol: when three out of the four subsystems involve local
operations, the maximum GQD is exactly triple the value of 0.2018, where again the maximum GQD when
all memories are interacted with (and carriers are subsequently measured) is slightly more than triple. This
suggests that the linear relation between the maximum GQD and the system size given in the previous

9



10P Publishing

Quantum Sci. Technol. 10 (2025) 025007 A G Hawkins et al

section could be replaced by the more accurate one
M (N)=0.2018(N—1)+£(N) , (16)

where £ is some non-linear function determining how much ‘additional’ GQD is possible for each system
size. We conjecture the form of this function by assuming an exponential fit, predicting

€ (N) =~ —0.3320e 28N 1 0.2056 (N>1). (17)
6. Conclusions and outlook

We have presented a protocol by which significant amounts of quantum correlations can be distributed to
quantum memories through a classically correlated resource state. The amount of discord distributed
depends only on the measurement basis, regardless of the measurement outcomes. We have also provided
numerical evidence of scalability for a desired number of quantum memories, which may all share large
amounts of discord. In addition, the robustness of the protocol has been evaluated, revealing an inherent
robustness to imprecise measurement settings. Recent work has further shown that, with larger amounts of
classical correlation in the resource state, it is also possible to generate other types of discordant states
through local operations such as Werner states [20]. We explore how our protocol may be adapted for this
possibility with a correlated noise channel applied to the memories in appendix B.

In future work, one may consider how to use the distributed discord network in a practical way, and the
protocol here is yet to stand up to experimental scrutiny. Moreover, the possibility of using weakly-entangled
initial states to enable higher amounts of distributed discord can be explored. The true usefulness of a
discord distribution scheme like the one detailed here remains to be seen, owing to the fact that discord may
still have unexplored potential as a resource in quantum information processing, even if only as a vehicle for
establishing entanglement. While discord is the resource for entanglement distribution, classical correlation
is a resource for discord distribution.

The protocol proposed here is versed to implementation in at least two mainstream platforms, namely
cavity quantum electrodynamics (QED) [45, 46] and its circuital version [47]. In both platforms, which have
enjoyed significant success in demonstrating the power of measurement-enhanced coherent information
processing [48-50], the carrier states could be encoded in the polarisation degree of freedom of
radiation-based qubits (microwave signals in the case of circuit QED). The memories, instead, would be
encoded in neutral atoms trapped in optical cavities or superconducting transmon qubits embedded in
stripline resonators. In both setups, the controlled-Z operations required can be realized from light-matter
interactions formally describable in terms of the effective operations reported in [51], even if the probability
of such operations failing nears unity [52]. This potential experimental setting would provide avenues for
space-to-ground (or ground-to-ground) discord distribution, with recent work exploring zero-added loss
photon sources [53]. Using our protocol, the quantum correlations themselves would not be subject to any
noise that the photons are subject to when travelling from the source to the labs, since these correlations
would be created locally from the labs. While this brings an advantage, one must be careful in ensuring that
the classical correlations remain robust to the environment, and future works may consider the robustness of
this protocol to noise models. We also consider this setup to be ideal for distributed quantum computation,
since non-local (entangling) gates can be performed on two remote atoms trapped in different optical
cavities [54].
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Appendix A. Critical analysis of the bipartite protocol

It has been shown that the action of certain local quantum channels on bipartite states could generate
discord [17, 18]. Examples of such a peculiar effect, which puts discord at variance with entanglement for
which such a result is not possible, have been shown in references [21-23]. The class of quantum channels
that are able to generate discord locally are those that are neither semiclassical nor unital, as reported by
reference [17].

A semiclassical channel Ay is one that maps all input states p onto output ones Ay (p) that are diagonal
in the same basis. When considered against the state achieved through our protocol applied to the to the
initial state pys, u1,, we see that the final state is diagonal in the {|++),|+—),|—=+),|——)} basis only when
6, = {0,7} and/or 6, = {0, 7} (i.e. when either carrier is measured in the computational basis). We have
further found that these parameters will result in a semiclassical channel for any other classical input state of
the memories. In all such instances, the resulting discord is zero. This is not implied if the initial state of the
memories is discordant; rather, it is implied that the resulting increase of discord will always be zero. For all
other values of 6, ,, the channel entailed by our protocol may, in general, not be semiclassical.

Meanwhile, a unital channel Ay, is one that maps the maximally mixed state I/d of a d-dimensional

system to itself, i.e.
1 1
Awm | =T) ==L 1
o (1) =1 (18)

When applied to the initial state p;,u, = 31 of the memories, our protocol returns the
measurement-dependent state

PMM, = i]l + i (cos ¢y cos g, sinby sinb,) Zy, © (—2Zn,) s (19)
showing that, in general, the channel is not unital. However, the channel is unital for one (or a combination)
of the following cases: 6 , = 0,7 and ¢, , = m/2,37/2. Since the amount of discord is independent of the
values of ¢, », we see that we can generate the maximum amount of discord here even from a unital channel,
for example with the parameters 6, = 7/2, 0, = 7 /4, ¢, =7/2, ¢, =0.

Despite the protocol resulting in a unital effective channel for the memories, our scheme is not in
contradiction with the findings of [17] due to the initial state of the carriers. The (classical) correlations
initially shared by C; and C; in equation (1) prevent the resulting quantum channel affecting the memories
to be factorized, thus is not mathematically local. More formally, despite the local nature of the operations
performed on the memories, the initial carrier correlations results in a channel Ay, ar, (Pa,m,) 7 A, (Oar,)
®Anm, (pm,) with par, = Trrzipmm, = |[+) (| (j, k = 1,2) in light of equation (1).

This point could be further corroborated by studying the performance of the protocol resulting from the
use of just one memory, say My, initially in state [+),, . A controlled-Z gate is applied to the joint state of C,
and M, before C, is measured, while no action is taken on C;. In this case, any discord produced will be
asymmetric and we generate classical-quantum states instead of quantum-quantum states. For
0, = {m/4,3m/4}, the corresponding state of the C;—M, compound carries the same amount of discord of
0.2018 found in the two-memory configuration. To test unitality, we act with this protocol on the initial state
pcic, @I, /2, meaning the initial state of C; M, (as well as C;M,) is maximally mixed. The corresponding
final state of C; M, is I, u, /4 for one of the choices 6, = {0,7}, ¢, = {7/2,37/2} being satisfied. However,
the amount of discord seeded in the state of such compounds is again independent of ¢,, thus implying that
the channel is discord-generating when unital, despite the locality of the considered operations. Nonetheless,
we conclude that, since the initial state cannot be written as a tensor product of the form p¢,a, ® pc, due to
the initial classical correlations between C; and C,, the statement in [17] again does not apply here.

Appendix B. performance of the bipartite protocol under correlated dephasing noise

One of the motivations of our protocol is the ability to generate discord between two quantum memories via
bi-local operations only, without any direct communication between said memories. With that being said,
we also wish to explore how our protocol may perform under correlated noise being applied to the
memories. We model such noise using the following Kraus operators

Ki(p) = /1= 2 (I © 1) (20)
K (pop) =1/ (1= 1) (Za, 9 o) (1)
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Figure 6. (a) The amount of GQD in the final memory state, maximized over the carrier measurement parameters, plotted as a
function of the strength p of a fully correlated dephasing channel acting on the initial state of the memories M; and M,. (b) GQD
of po(p) along with the maximum amount of GQD possible (as a result of the protocol) from fidelity with the states p; and p;,
optimizing fidelity over carrier measurements.

p

K3 (p,p) = 5(1 — 1) (In, ® Z1,) (22)
Ka(po) =/ 21z, @ 21 (23)

characterized by the strength of the noise 0 < p < 1 and the strength of the correlation 0 < p < 1. We assume
the extremal case ;1 = 1 in order to assess the performance of the protocol with as much classical correlation
in the initial C, M : C,M, bipartition as possible. We compute the maximum GQD (with respect to the
measurement parameters) for each value of p and display our results in figure 6(a). After an initial drop in
the maximum amount of GQD, we actually find, rather counterintuitively, that more GQD is possible under
correlated dephasing noise for strengths p Z 0.21 than for when there is no noise at all, obtaining a
maximum GQD of % for p = 1. This rise in maximum GQD may not be completely unexpected, since this
type of noise model will increase the classical correlation in the previously-uncorrelated state. In fact, for
p =1 the initial state of the memories coincides with that of the carriers in equation (1), meaning double the
initial classical correlations in C;M; : C;M,. Nevertheless, what is especially peculiar about figure 6 (a) is the
fall before the sudden rise at around p~0.11.

To explain this behavior, we consider discordant states of different structures with which the final state of
the memories may have a high fidelity. Such states may include Werner states and mixtures of Bell states, so
we consider the following three types of discordant states:

1. For each p, the state resulting from the carrier measurement parametersused in the optimal noiseless
(p=0) case, assuming 6; = 6, = 0.9458 and ¢; = ¢, = 0:

po (P) = Paau, (P) - (24)
2. The following Bell state mixture:
1 1
pr= S UHH 45 (1) (B + o) (@) @25)

This state has a GQD of 0.3113 and is almost entangled; if it parameterised as

(9 = x|+ U (o) 0% o) @) (26)

with x € [0, 1], then it is entangled for x > 1.
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Figure 7. (a) GQD of po(p) along with the maximum amount of GQD possible (with respect to the carrier measurements) when
searching the maximum fidelity values with the 7(x) states (with respect to x). A zoomed region is shown for 0 < p < 0.13. (b)
Optimal x values plotted against p. Each optimal x defines the state 7(x) with which a high fidelity results in the most GQD for
each p-value.

3. The following Bell state mixture:

pr=5 ([T +[@TN@T|+[27)(27]) . (27)

W —

This state is equivalent to 7(3) and has a GQD of exactly 1, so it is further from being an entangled state
than 7(3) despite being more discordant.

For each p, we find G(po(p)) as well as the GQD of the states which have the greatest fidelities with p; and
p2. That is to say, we calculate maxg, , 4, , [F(Ppr,a1, (P), pi)] for i = 1,2 and where F (o, 01) denotes the
fidelity between two quantum states o and 0. Once the optimal measurement parameters are found by this
maximization, we find the GQD of the corresponding state for each p using said parameters. We plot our
findings in figure 6(b). If we look at the maximum value of the three plots for each value of p, the graph ends
up looking remarkably similar to figure 6(a), and so we may attribute the behavior to changing fidelities with
Bell state mixtures for different values of p.

We also note that the optimal ‘target state’ (in terms of GQD) for p =1 is p,, with a fidelity extremely
close to 1 with this state when the measurement parameters ¢; = 6, ~ 0.9553 and ¢, = ¢, = 37 /4 are used.
However, one change in this modified protocol compared to the original is that the GQD is no longer
measurement-outcome independent. For p = 1 and the measurement basis defined by the above angles, p; is
only obtained with a fidelity close to unity when the measurement outcomes are identical, which occurs with
probability 1. If orthogonal measurement outcomes are observed, then the memories are left in a state that
has a GQD of 0.1258 corresponding to a very high fidelity with the Werner state y|¥ ) (¥ | 4+ 14;)']1 fory=1
(with y € [0,1]). We point out that this state is entangled for y > 1.

Although this gives an idea as to why figure 6(a) exhibits such peculiar behavior, we wish recreate it
exactly using the logic used to generate figure 6(b). To do this, we assume that the ‘target state’ which with a
high fidelity will gives the maximum amount of GQD is of the form 7(x), but with a different x for each p.
That is to say, each value of p has a different optimal value of x which defines the target state 7(x); this
optimal value of x results in the maximum amount of GQD when the fidelity between the memory state and
p3(x) is optimized over carrier measurements. It is not helpful to simply find the value of x which results in
the maximum fidelity, as the maximum fidelity does not necessarily also result in the maximum GQD.

Employing an optimization algorithm incorporating a grid-search, we obtain the blue plot in figure 7(a).
This plot is almost identical to figure 6(a) apart from 0 < p 5 0.09 in which there are smaller optimal values
of GQD. In order to exactly recreate the results, we include the plot of GQD in the py(p) states from
figure 6(b); taking the maximum between the two plots for each p results in a perfect copy of the original
graph. This suggests that p ~ 0.09 is some ‘threshold value’ of correlated noise, beyond which fidelity with
mixtures of Bell states out-performs the structure of states obtained from the original protocol. We visualize
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the sudden rise at p ~ 0.12 further by plotting the optimal value of x against p in figure 7(b). One can see that
the optimal ‘target state’ suddenly changes at this value of p, indicating that beyond this value, states close to
7(x) can both outperform py(p) and keep increasing with the noise strength.
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