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Abstract

In this paper we consider density matrices operator related to non-Hermitian Hamilto-

nians. In particular, we analyse two natural extensions of what is usually called a density

matrix operator (DM), of pure states and of the entropy operator: we first consider those

operators which are simply similar to a standard DM, and then we discuss those which

are intertwined with a DM by a third, non invertible, operator, giving rise to waht we

call Riesz Density Matrix operator (RDM). After introducing the mathematical frame-

work, we apply the framework to a couple of applications. The first application is related

to a non-Hermitian Hamiltonian describing gain and loss phenomena, widely considered

in the context of PT -quantum mechanics. The second application is related to a finite-

dimensional version of the Swanson Hamiltonian, never considered before, and addresses

the problem of deriving a milder version of the RDM when exceptional points form in the

system.
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I Introduction

In functional analysis, the analysis of Hilbert spaces and of the operators acting on them is

quite important. This is true for mathematical reasons, of course, but also in view of their

applications in quantum mechanics. Position, momentum, energy operators, as well as pro-

jection, translation, dilation operators, often play some role in the analysis of specific systems

and, for this reason, they are very much studied in the literature. This is true also in the

context of the recent version of quantum mechanics where self-adjointness of the observables

is not necessarily required, [1]-[4]. But many other operators may be relevant. This is the

case of the so-called density matrices, whose role turns out to be particularly useful for open

quantum systems, [5]. In the standard literature on quantum mechanics, a DM ρ0 is, first of all,

a self-adjoint bounded operator: ρ0 = ρ†0. As we will discuss later, this implies that ρ0 admits a

set of eigenvectors which, under suitable assumptions, form an orthonormal basis (ONB) of the

Hilbert space H where ρ0 acts. But in the past few decades it becames clearer and clearer that

ONB are not always the most natural set of vectors appearing when loosing self-adjointness.

In many cases, one has to consider bi-orthogonal sets of vectors, which could be Riesz bases or

not [6, 7, 8]. In the literature, this passage from ONB to bi-orthogonal sets has been discussed

by various authors, and under many different aspects. We only cite here [6, 9, 10]. What is

not so considered, to our knowledge, is what are the changes for DMs. In other words: how

should we define a DM in presence of a non self-adjoint Hamiltonian? These are indeed only

few papers on this topic, as for instance [9, 11, 12, 13], with only few information. For sure,

what is still missing, is a general (abstract) treatment of this aspect of DMs. This is exactly

what we are beginning here: a detailed analysis of what a DM can be thought to be for a

quantum mechanical system driven by a non self-adjoint Hamiltonian. In particular, we will

consider two different situations: in the first (and easiest) one, the new DM is simply similar to

ρ0, and the similarity is implemented by a bounded non unitary operator with bounded inverse.

In this case, as one can easily imagine, bi-orthogonal Riesz bases will be relevant. This is the

case mostly considered in the existing literature, see [11, 12] in particular. However, we will

also consider here the case in which the new DM ρ is not similar to ρ0, but still ρ and ρ0 are

linked by a certain intertwining operator, [14]. We will see that, in this case, the situation is

much more delicate, but still interesting. We should also stress that the role of DMs is relevant

also in connection with quantum mechanical states, pure or not, and with the definition of an

entropy operator. These aspects will also be considered in our analysis, for our extended DMs.

The paper is organized as follows: in the next section, after a short review on DM, pure
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states and entropy operator for ordinary quantum mechanics, we extend these results to the

cases where a similarity map exists, Section II.2, and when it does not, Section II.3. In Section

III we propose some examples to validate our mathematical framework. In particular, in Section

III.1 we present a first application to a two-state system living in C2, while in Section III.2

we introduce a sort of Swanson-like Hamiltonian where the usual bosonic ladder operators are

replaced by a truncated version of the same operators, living in C3, or, with a different view, as

an extended version of ladder fermionic operators. For both models, some explicit examples of

the DMs considered in Section II will be considered. In particular, for the extended Swanson

model we will see that there is a difference between the unbroken and the broken phases when

considering the entropy operator and its asymptotic behaviour. Our conclusions are given in

Section IV.

II Density matrices and pure states

The first part of this section is devoted to list some (well-known) facts on DMs and pure states

in a standard settings, i.e. for self-adjoint DMs. Then we will extend these considerations to

operators which are similar to self-adjoint DMs. In the third part, we will consider the case in

which a self-adjoint DM ρ0 is related to a second operator ρ via some intertwining operator,

V : ρV = V ρ0. Of course, if V −1 exists, we would go back to the previous situation, where a

similarity relation exists between ρ and ρ0. Hence the interesting case will be that in which V

has no inverse.

Before we start, let us introduce some useful notation we will use all along the paper: we call

H our Hilbert space, endowed with scalar product ⟨., .⟩, and with related norm ∥.∥ =
√

⟨., .⟩. H
could be finite or infinite-dimensional. B(H) is the C∗-algebra of the bounded operator acting

on H. The adjoint † is the one fixed by the scalar product on H: ⟨A†f, g⟩ = ⟨f, Ag⟩, for all

f, g ∈ H. Here A ∈ B(H).

II.1 A short review for ρ0 = ρ†0

We begin with the following definition:

Definition 1 An operator ρ0 ∈ B(H) is called a density matrix, DM, if ρ0 > 0 and if tr(ρ0) =

1.

It is worth remarking that our definition here differs from that one usually find in books

on quantum mechanics, see [15, 16] or, more recently, [9] for instance, since in these latter
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the authors explicitly require also ρ0 to be Hermitian1. This is indeed redundant since the

request that ρ0 is positive automatically implies its Hermiticity, [17]. If ρ0 is a DM, then

|ρ0| =
√
ρ†ρ = ρ0, so that tr|ρ0| = tr(ρ0) = 1. Hence ρ0 ∈ T1, the set of all the trace-class

elements in B(H), [17]. It is known that T1 ⊂ Com(H), the set of the compact operator on

H. Hence we can use the Hilbert-Schmidt theorem, [17], which states that ρ0 admits a set of

eigenvalues {λj} and an orthonormal basis (ONB) Fe = {ej}, such that

ρ0 ej = λj ej, (2.1)

where λj → 0, when j → ∞. Then we can rewrite ρ0 as follows

ρ0 =
∑
j

λj P
o
j , (2.2)

where P o
j are orthogonal projectors acting as follows: P o

j f = ⟨ej, f⟩ej, ∀f ∈ H, or, using a

bra-ket language, P o
j = |ej⟩⟨ej|. To fix the ideas, we will assume here often that j ∈ N. In

order for ρ0 to be a DM the sequence {λj} must be such that∑
j

λj = 1, and λj ∈ [0, 1], ∀j. (2.3)

Since ρ0 is positive, it admits an unique positive square root ρ
1/2
0 , which belongs to T2,

[17]. Moreover, since T1 is a two-sided ideal for B(H), it follows that ρ0X,Xρ0 ∈ T1, for all

X ∈ B(H). For this reason we can introduce a well defined linear functional Φρ0 on B(H) as

follows:

Φρ0(X) = tr(ρ0X). (2.4)

Φρ0 is linear, normalized, positive and continuous. More explicitly:

Φρ0(αX + βY ) = αΦρ0(X) + βΦρ0(Y ), Φρ0(11) = 1, (2.5)

∀X, Y ∈ B(H) and α, β ∈ C. Moreover, if X ∈ B(H) is positive, X > 0, then Φρ0(X) > 0.

Also, if ∥Xn −X∥ → 0, then Φρ0(Xn) → Φρ0(X).

The set of DMs, G, is convex: if ρ1 and ρ2 are DMs, then ρ = λρ1 + (1− λ)ρ2 is a DM for

all λ ∈ [0, 1]. Moreover, any DM ρ defines an operator called its entropy. In particular, ρ0 in

(2.2) produces

S(ρ0) = −ρ0 log(ρ0) = −
∑
j

λj log(λj)P
o
j . (2.6)

1Here Hermitian and self-adjoint will often be used as synonymous.
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Remarks:– (1) S(ρ0) is clearly well defined if the sum is finite, and in this case it is

also trivially a bounded operator. Due to the fact that each λj belongs to the interval [0, 1],

log(λj) ≤ 0 for all j. Hence −
∑

j λj log(λj) ≥ 0. Notice that, when λj = 0, using a well known

result, we define λj log(λj) = 0, by continuity. If the set of j’s is infinite, the convergence

of (2.6) is more delicate. For instance, it can be explicitly checked if λj = (1 − q)qj, for

all possible q ∈]0, 1[, or if λj = 6
(π(j+1))2

, j = 0, 1, 2, . . .. More examples can also be easily

constructed. What is seems not so easy is to set up a general proof of this convergence which,

however, is not really essential for our purposes here.

(2) In the literature the trace of S(ρ0) is usually called the von Neumann entropy.

All the normalized vectors Ψ ∈ H define a DM: calling ρΨ = PΨ = |Ψ⟩⟨Ψ|, the orthogonal

projection operator associated to Ψ, then ρΨ is indeed a DM, as it is easily checked. Moreover,

∀X ∈ B(H), tr(ρΨX) = ⟨Ψ, XΨ⟩.
Among the DMs, a special class is that of so-called pure states: a DM ρ0 is a pure state (or,

maybe more properly, defines a pure state) if there is a normalized vector Φ0 ∈ H, ∥Φ0∥ = 1,

such that ρ0 = |Φ0⟩⟨Φ0|.
The following theorem, which can be found in many references on DMs, provides a nice

characterization of pure states:

Theorem 2 A DM ρ is a pure state if and only if one of the following properties, all equivalent,

is satisfied:

p1. tr(ρ2) = 1.

p2. S(ρ) = 0.

p3. ρ is an extremal point of G.

II.2 Similarity operators and DMs

The first natural extension of a DM is the one which is generated by a DM with the action

of a bounded operator with bounded inverse. This is exactly what happens when going from

orthonormal to Riesz bases, and in this sense it is a relevant situation both for mathematics,

see [7, 8], and for more physical situations, [6]. What we will see here is that this extension is

not entirely trivial, and produces several interesting results.

Definition 3 Let ρ0 be a DM and R ∈ B(H) invertible, with inverse in B(H). The operator

ρ = Rρ0R
−1 (2.7)

is called an (R, ρ0)-Riesz density matrix.

5
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Quite often, in the following, we will simply call ρ a Riesz density matrix (RDM). In particular,

this will be done whenever the role of R and ρ0 is clear. It is clear that the interesting situation

is when R is not unitary. In fact, if R† = R−1, ρ in (2.7) shares with ρ0 the same properties.

Therefore, from now on, except if explicitly stated, we will work under the assumption that

R† ̸= R−1.

The first remark is that ρ ∈ T1. This is because ρ0 ∈ T1, which is an ideal for B(H). Now,

if we define two bi-orthonormal Riesz bases Fφ = {φj = Rej} and Fψ = {ψj = (R−1)†ej}, in
analogy with (2.2) we can rewrite ρ as follows:

ρ =
∑
j

λj Pj, (2.8)

where Pj are (non-orthogonal) projectors acting as follows: Pjf = ⟨ψj, f⟩φj, or, using a bra-ket

language, Pj = |φj⟩⟨ψj|. Using (2.7) it is easy to check that tr(ρ) = 1. However, it is quite easy

to see that, in general, ρ needs not being positive, or even self-adjoint. Indeed, it is sufficient

to consider the following simple example:

ρ0 =
1

5

(
2 1

1 3

)
, R =

(
1 2

1 3

)
with R−1 =

(
3 −2

−1 1

)
.

With these choices, we find ρ =

(
1 −1

5

1 0

)
. It is clear that ρ ̸= ρ†. If we further consider

the vector f =

(
2
5

−1

)
then ⟨f, ρf⟩ = − 4

25
. Hence ρ is not positive. Of course this simple

situation shows that ρ in (2.8) has not the same properties of ρ0, expect the fact that they both

have unit trace. Notice that trying to define <
(
R†)−1

f, ρRf > does not help the positivity as

it is not a positive definite sesquilinear map, hence not a proper inner product.

Going back to Pj, while it is clear that PjPk = δj,kPj, it is also clear that P
†
j = |ψj⟩⟨φj| ≠ Pj,

in general.

It is easy to check that the set of all the (R, ρ0)-RDMs, G(R, ρ0), for R fixed, is closed

under convex combinations: if ρ1, ρ2 ∈ G(R, ρ0), then λρ1 + (1− λ)ρ2 ∈ G(R, ρ0) as well, for all
λ ∈ [0, 1].

Given a RDM we can introduce a related linear functional as we did in (2.4):

Φρ(X) = tr(ρX) = tr(Rρ0R
−1X) = Φρ0(XR), (2.9)

where we have introduced the short-hand notation XR = R−1XR, and where Φρ0 is the state in

(2.4). Φρ is not a state in the usual sense, [18]. In particular, while it is easy to check that Φρ
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is linear, normalized (i.e. Φρ(11) = 1) and continuous, since |Φρ(X)| ≤ ∥R∥∥R−1∥∥X∥, for all
X ∈ B(H), it is also clear that if X = X† then Φρ(X) needs not to be real, and that if X > 0

then Φρ(X) needs not to be positive. This is because XR is not Hermitian (even if X = X†)

and XR is not positive, even if X > 0.

In Definition 3 our starting point is a DM, and a bounded operator R with bounded inverse.

With these ingredients we can define a RDM. In fact, this construction can be reversed: suppose

we have a ρ ∈ B(H) such that its eigenvalues and eigenvectors satisfy the following properties:

ρφj = λjφj, λj ∈ [0, 1], and
∑
j

λj = 1, (2.10)

and Fφ = {φj} is a Riesz basis. Then we have the following result:

Theorem 4 Under the above assumption ρ is a RDM.

Proof – Since Fφ is a Riesz basis we know that an R ∈ B(H) exists, with R−1 ∈ B(H), and

an ONB Fe = {ej}, such that φj = Rej. We also know that Fψ = {ψj = (R−1)†ej} is another

Riesz basis, bi-orthonormal to Fφ. Formula (2.10) produces now ρ̃ ej = λ ej, where ρ̃ = R−1ρR,

which is obviously bounded. Now our claim follows from the fact that ρ̃ can be written as in

(2.2), ρ̃ = ρ0 =
∑

j λj P
o
j , and from the relation between ej, φj and ψj.

□

Remarks:– (1) Using the notation of Definition 3, we can say that ρ is a (R, ρ̃)-RDM.

(2) It is interesting to observe that the assumption of having a bounded ρ is not really

needed here, since it follows from the eigenvalue equation ρ̃ ej = λ ej. Indeed, let A be a

generic operator satisfying Aej = λ ej, for some sequence λj ∈ [0, 1]. Hence, taken f ∈ D(A†)

(to be identified) we can write, using the Parseval identity for Fe

∥A†f∥2 =
∑
j

|⟨A†f, ej⟩|2 =
∑
j

|⟨f, Aej⟩|2 =
∑
j

|λj|2|⟨f, ej⟩|2 ≤

≤
∑
j

|⟨f, ej⟩|2 = ∥f∥2.

Hence A† is bounded on D(A†), so that it can be extended to all H, and it is still bounded,

with ∥A†∥ ≤ 1. This implies that ∥A∥ = ∥A†∥ ≤ 1. Hence A is also bounded. Going back to

our original problem, we find that ρ̃ ∈ B(H). But ρ = Rρ̃R−1. Hence also ρ is bounded.
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It may be useful to observe that ρ in (2.10) is also associated to a second bounded operator,

ρ†, with the same (real) eigenvalues and with eigenvectors which are exactly the vectors in Fψ:

ρ†ψj = λjψj, ρ† =
∑
j

λj P
†
j , (2.11)

where P †
j = |ψj⟩⟨φj|. All we have deduced for ρ, of course, can be simply restated for ρ†.

The easiest, and possibly more natural, way to introduce a pure state in our case is just to

require that ρ in Definition 3 is the image of a pure state, i.e. that ρ0 in (2.7) is a pure state.

Stated differently, we have the following:

Definition 5 An (R, ρ0)-RDM is a Riesz pure state (RPS) if ρ0 is a pure state, i.e. if it

exists a normalized vector Φ0 such that ρ0 = |Φ0⟩⟨Φ0|. In this case, calling φ0 = RΦ0 and

ψ0 = (R−1)†Φ0 we can write

ρ = Rρ0R
−1 = |φ0⟩⟨ψ0|. (2.12)

It is clear that ⟨φ0, ψ0⟩ = 1. In this case we have

Φρ(X) = Φρ0(XR) = ⟨Φ0, XRΦ0⟩ = ⟨ψ0, Xφ0⟩, (2.13)

for all X ∈ B(H). This formula shows that a RPS does not correspond to a mean value. Which

is, of course, in agreement with the fact that Φρ is not positive defined. This should be kept in

mind since it implies that a pure RDM does not necessarily is of the form |η⟩⟨η|, for η ∈ H.

Following the standard case, we further introduce the entropy operator for ρ as follows:

S(ρ) = RS(ρ0)R
−1, (2.14)

which is bounded since it is the product of three bounded operators, at least if S(ρ0) is bounded,

as e.g. in our examples.

Theorem 2 can be restated here, slightly changed, and we have the following:

Theorem 6 A RDM ρ is a RPS if and only if one of the following equivalent properties is

satisfied:

p1′. tr(ρ2) = 1.

p2′. S(ρ) = 0.

Proof – First we observe that if ρ is a RPS then (2.12) implies that ρ2 = ρ. Hence we have

1 = tr(ρ2) = tr(ρ). Viceversa, if ρ is a RDM such that tr(ρ2) = 1, then, since tr(ρ2) = tr(ρ20) =

1. Hence ρ0 is a PS, and ρ is a RPS.
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As for p2′, suppose ρ is a RPS. Then (2.14) implies that S(ρ) = 0, since ρ0 is a PS. Vice-

versa, if ρ is not pure, then ρ0 is not pure, too. Then S(ρ0) ̸= 0 and, see again (2.14), S(ρ) ̸= 0

as well.

□

Remark:– We are not considering here the extremality of ρ, point p3 of Theorem 2, since

it is not particularly useful for us, here.

II.3 Intertwining operators and DMs

Condition (2.7) can be clearly rewritten ρR = Rρ0: this means that R is an intertwining

operator (IO) between ρ and ρ0, and the equation is known as an intertwining relation. Of

course, going back from this latter to (2.7) is impossible if R has no inverse. However, also in

this case some interesting results can be deduced. This is what we will do in this section: we

will work with non invertible intertwining operators, and see what these produce for DMs. We

refer to [14] for some literature on IOs, and to [19]-[21] for some results closer to what we will

discuss here. Definition 3 is now replaced by the following (milder) alternative:

Definition 7 Let ρ0 be a DM, R ∈ B(H), not invertible, and ρ ∈ B(H) another bounded

operator. We say that ρ is a (R, ρ0)-generalized density matrix (GDM) if

ρR = Rρ0. (2.15)

Quite often here, as we did in the previous section, we will simply call ρ a GDM. The first

simple remark is that ρR ∈ T1, since Rρ0 ∈ T1. However, this does not imply that ρ ∈ T1 as

well, of course, since R−1 does not exist. Still, using (2.1), (2.2) and (2.3), we can deduce that,

as in (2.10)

ρφj = λjφj, λj ∈ [0, 1], and
∑
j

λj = 1. (2.16)

However, Fφ = {φj = Rej} is no longer a Riesz basis. In fact, the following result is true, [7]:

Proposition 8 If R is surjective then Fφ is a frame for H.

This follows from Corollary 8.30 of [7], since R ∈ B(H). The one in [7] is a necessary and

sufficient condition. Then, since in Definition 7, R is not required to be surjective, this implies

that Fφ is not even a frame, in general. This will be clear later, in Section III.2.4, in a

concrete example. However, formula (2.16) allows us to deduce that the various φj are linearly
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independent, at least if the eigenvalues of ρ (and ρ0), λj are all different, which is not always

the case as we will see later. This allows us to introduce Lφ = l.s.{φj}, the linear span of the

φj’s, and its closure Hφ. It is clear that Hφ ⊆ H, and Hφ is an Hilbert space2. Fφ is a basis

for Hφ, and it admits an unique bi-orthogonal basis Fψ = {ψj}:

⟨φj, ψk⟩ = δj,k, f =
∑
j

⟨φj, f⟩ψj =
∑
j

⟨ψj, f⟩φj, (2.17)

for all f ∈ Hφ. The vectors ψj are related to ej as follows ej = R†ψj. Indeed we have

⟨ei, ej⟩ = δi,j = ⟨φi, ψj⟩ = ⟨Rei, ψj⟩ = ⟨ei, R†ψj⟩,

so that ⟨ei, ej − R†ψj⟩ = 0 for all i. Hence our claim follows from the completeness of Fe. In

this way we go back to similar results as those deduced for RDM, but restricted to Hφ. In

particular we can write ρ (which we here identify with ρ|Hφ , to simplify the notation) as

ρ =
∑
j

λjPj, Pj = |φj⟩⟨ψj|. (2.18)

If we introduce the following rank one operator Qj = |ej⟩⟨ψj| it is easy to check that

PjR = RQjR = RP o
j ,

which reflects the same intertwining equation in (2.15). The adjoint of ρ is clearly ρ† =
∑

j λjP
†
j .

Hence, at a first view, there are not many differences so far with the case of RDMs. However,

this is not really so. In fact, in particular, while if ρ is a RDM then tr(ρ) = 1, if ρ is a GDM

we cannot conclude that tr(ρ) = 1 in general. This will be evident in our concrete examples

below.

In view of what we have just discussed, it could be convenient to change a little bit the

definition of ρ in order to ensure that, even in presence of a non invertible R, ρ has trace one.

For that, we use an approach based on the idea originally discussed in [19].

Definition 9 An operator R ∈ B(H) has the property I, PI, if R†R is invertible in B(H).

Notice that we are not requiring R to be invertible. It is clear that, if dim(H) < ∞, the

existence of R−1 is equivalent to the PI, since det(R†R) = 0 if and only if det(R) = 0. The

situation is different when dim(H) = ∞, as the following examples show.

2If some of the λj ’s coincide, then we can repeat our construction of Hφ restricting only to those φi which

are linearly independent, i.e. only to those φj for which, in (2.16), the corresponding λj are different. Of course,

in this case, if dim(H) < ∞, then dim(Hφ) < dim(H).
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Example 1:– Let H = l2(N). We call SR and SL respectively the right and the left shift

on H: given a = (a1, a2, a3, . . .) ∈ H, we put

SRa = (0, a1, a2, a3, . . .), SLa = (a2, a3, a4, . . .).

It is clear that SLSRa = a, but SRSLa ̸= a. Hence SL is not the inverse of SR. Now, if we put

R = SR, it follows that R
† = SL and R†R = SLSR = 11, which is clearly invertible. However,

as we have seen, S−1
R does not exist. Hence SR has the PI.

Example 2:– Let H be a generic (infinite-dimensional) Hilbert space and Fe = {ej} an

ONB for H. Let us further consider an increasing bounded sequence {ϵn} such that 0 = ϵ0 <

ϵ1 < ϵ2 < · · · ≤ ϵ∞ < ∞. We introduce R =
∑∞

n=0 ϵn+1|en+1⟩⟨en|. This is a densely defined

operator with domain D(R) ⊇ Le, the linear span of the en’s, with Rek = ϵk+1ek+1, k ≥ 0. The

adjoint of R turns out to satisfy the lowering condition R†e0 = 0 and R†ek = ϵk ek−1, k ≥ 1.

We can easily find that

R†R =
∞∑
n=0

ϵ2n+1|en⟩⟨en|, while RR† =
∞∑
n=0

ϵ2n+1|en+1⟩⟨en+1|.

We observe that R ∈ B(H), with ∥R∥ ≤ ϵ∞, and R is not invertible. However R†R admits

inverse, (R†R)−1 =
∑∞

n=0 ϵ
−2
n+1|en⟩⟨en|, while (RR†)−1 does not exist, since 0 ̸= e0 ∈ ker(RR†),

so that RR† is not injective.

Summarizing, these examples (together with those in [19]) show that property PI is not

trivial, and it makes sense to consider it in our context. In fact, in this case, we can identify

the set Fψ above: if we put ψj = R(R†R)−1ej, it is clear that

⟨φi, ψj⟩ = ⟨Rei, R(R†R)−1ej⟩ = ⟨ei, R†R(R†R)−1ej⟩ = ⟨ei, ej⟩ = δi,j.

Furthermore we can check that, using the fact that R and (R†R)−1 are continuous,∑
j

⟨φj, f⟩ψj =
∑
j

⟨ψj, f⟩φj = R(R†R)−1R†f,

for all f ∈ Hφ. Therefore f̂ =
∑

j⟨φj, f⟩ψj − f and f̌ =
∑

j⟨ψj, f⟩φj − f both belong to the

ker(R†). Notice now that, in particular,

0 = ⟨R†f̌ , ej⟩ = ⟨f̌ , R ej⟩ = ⟨f̌ , φj⟩,

which implies that f̌ = 0, due to the fact that Fφ is total in Hφ, and f̌ ∈ Hφ. Hence

f =
∑

j⟨ψj, f⟩φj. The fact that f̂ = 0 can be proved similarly, at least if R(R†R)−1ej ∈ Hφ
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for all j. Then we conclude that, under our assumptions, Fφ and Fψ are bi-orthonormal bases

in Hφ. It is now simple to deduce that

ρ = Rρ0(R
†R)−1R†. (2.19)

The first obvious remark is that this formula extends the one in (2.12), which is recovered if R−1

exists. Moreover we have tr(ρ) = tr(ρ0) = 1, using the property tr(AB) = tr(BA) of the trace.

It is also easy to understand that, with our special choice of ψj, we still have ρ =
∑

j λjPj, and

ρ2 =
∑

j λ
2
jPj.

We can use ρ as in the previous sections to define a linear functional as in (2.9), but with

some changes. In this case we have

Φρ(X) = tr(ρX) = tr(Rρ0(R
†R)−1R†X) = Φρ0(X̃R), (2.20)

where X̃R = (R†R)−1R†XR. Φρ is not positive, and it is not true that, given any X = X†,

then Φρ(X) ∈ R. In fact, this was not true even in the simpler case of RDMs. On the other

hand, Φρ is linear, normalized, and continous: if Xn → X in B(H), then Φρ(Xn) → Φρ(X) in

C. This is a consequence of the inequality

|Φρ(X)| ≤ ∥(R†R)−1∥∥R∥2∥X∥,

∀X ∈ B(H). Going back to the (lack of) positivity of Φρ, we can check that, if X > 0 is such

that [R†R,X] = 0, then Φρ(X) > 0.

We conclude this abstract analysis of DMs introducing the notion of pure states also for

GDM.

Definition 10 The GDM in (2.15) is a generalized pure state (GPS) if ρ0 is a pure state, i.e.

if it exists a normalized vector Φ0 such that ρ0 = |Φ0⟩⟨Φ0|. In this case, calling φ0 = RΦ0 and

ψ0 = R(R†R)−1Φ0 we can write

ρ = |φ0⟩⟨ψ0|. (2.21)

Connected to this we can introduce the following operator, which we call generalized entropy

operator (GEO): S(ρ) is a GEO if the following intertwining relation holds:

S(ρ)R = RS(ρ0). (2.22)

The counterpart of Theorem 6 is the following:
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Theorem 11 A GDM ρ is a GPS if and only if one of the following equivalent properties is

satisfied:

p1′′. tr(ρ2) = 1.

p2′′. S(ρ) = 0 on Hφ.

The proof is similar to the one of Theorem 6 and will not be repeated.

In the following sections we will see how our results look like in two concrete examples.

III Examples of generalized DMs

In this section, we present different examples in which a (R, ρ0)-Riesz density matrix (RDM)

can naturally be defined as a suitable deformation of a density operator through (2.7). The first

application relies on a construction of a RDM starting from a deformation related to a classical

gain and loss system described by a non-Hermitian Hamiltonian. Starting from a DM dependent

on time and applying a similarity deformation R, we obtain a RDM that preserve trace, entropy

and purity (i.e. tr(ρ2)). The other applications are connected to a finite-dimensional version of

the Swanson oscillator, once again described by a non-Hermitian Hamiltonian [20, 21]. In these

case we construct a RDM starting from the possibility of moving around exceptional points

and analyze whether such situation induces critical behaviors like the totally loss of purity. We

also determine the conditions for defining a GDM when the deformation matrix R is no more

invertible, as described in Section II.3. In all the examples, we shall discuss the conditions

under which the RDMs defines a pure state (RPS) or a fully mixed state. We emphasize that

our primary objective in this section is to validate our mathematical framework by deriving

the RDM through appropriate deformations of some DM connected to some models somehow

related to pseudo-Hermitian quantum mechanics, keeping in mind that, however, there are

numerous ways to deform a DM and induce a RDM (or a GDM).

III.1 Application I: a two-state non-Hermitian system

In this section we will consider a non-Hermitian system, in particular an open two-state system

with balanced gain and loss terms, in the regime of spontaneously broken PT symmetry, as

analyzed in [22].

We begin introducing the two-state Hamiltonian:

H =

(
reiθ d

d re−iθ

)
, (3.1)

13
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were r and d ∈ R. Notice that H ̸= H†, if θ ̸= kπ, k ∈ Z.
First of all we determine eigenvalues and eigenvectors of the system (observing the presence

of exceptional points), and then we will analize a DM related to the Hamiltonian and its entropy,

defined as in Section II.2.

The eigenvalues of H are:

µ± = r cos(θ)±
√
d2 − r2 sin2(θ), (3.2)

and their correspondent eigenvectors are:

φ± = (A±)
−1

(
ir sin(θ)±

√
d2 − r2 sin2(θ)

d

)
, (3.3)

where A± =

√
2d2 − 2r2 sin2(θ)± 2ir sin(θ)

√
d2 − r2 sin2(θ), are normalization factors, whose

usefulness will be explained immediately afterwards.

It is clear that eigenvalues and eigenvectors depend strongly on the values of the parameters

d, r and θ, and exceptional points arise when d2 = r2 sin2(θ), so that eigenvalues and eigenvec-

tors coalesce. Furthermore, when d2 > r2 sin2(θ) the eigenvalues are reals and the system is in

unbroken region, otherwise, they will be complex and the system is in the broken region.

In the unbroken region, when d2 > r2 sin2(θ), µ± are eigenvalues also for H†, and its corre-

spondent eigenvectors are:

ψ± = (A±)
−1

(
−ir sin(θ)±

√
d2 − r2 sin2(θ)

d

)
. (3.4)

With this choice of A±, we have normalized the eigenvectors in order to have ⟨φj, ψi⟩ = δj,i,

and the families Fφ = {φ±} and Fψ = {ψ±} are Riesz-basis, since the model is defined on a

finite dimensional Hilbert space.

In the other case, when d2 < r2 sin2(θ), i.e. in the broken region, we have:

µ± = r cos(θ)± i
√
r2 sin2(θ)− d2, (3.5)

and the eigenvalues and eigenvectors of H† are the following ones:

ν± = µ±, ψ̃± = ψ∓. (3.6)

In this case, the normalization factors A± became real quantities , being
√
d2 − r2 sin2(θ) =

i
√
r2 sin2(θ)− d2, and the families Fφ and Fψ̃ = {ψ̃±} are also bi-orthogonal Riesz-basis,

because ⟨φj, ψ̃i⟩ = δj,i.
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III.1.1 Density matrices

Our main interest is to show an example of a (R, ρ0)-Riesz density matrix, as defined in Section

II.2. Hence we start with a generic density matrix ρ0(0) =

(
c1 c2

c3 c4

)
, in which c1 + c4 = 1,

c3 = c∗2, and the cj’s are chosen in such a way ρ0(0) is positive, then we consider the usual Von

Neumann evolution equation starting from an Hermitian Hamiltonian, i.e.

d

dt
ρ0(t) = −i[H0, ρ0(t)], (3.7)

where we have put ℏ = 1 and H0 = H(θ = 0). So, we obtain a density matrix depending on

time, ρ0(t) =

1

2

(
1 + i(c2 − c3) sinΩ + (c1 − c4) cosΩ c2 + c3 + i(c1 − c4) sinΩ− (c3 − c2) cosΩ

c2 + c3 − i(c1 − c4) sinΩ + (c3 − c2) cosΩ 1− i(c2 − c3) sinΩ− (c1 − c4) cosΩ

)
,

(3.8)

where Ω = 2dt.

To construct an RDM, we consider a particular ρ0(t), with c1 = 2
3
, c2 = c3 = 0, c4 = 1

3
.

With this choice, ρ0(0) is diagonal and positive, other than Hermitian, and we have

ρ0(t) =
1

2

(
1 + 1

3
cos(2dt) 1

3
i sin(2dt)

−1
3
i sin(2dt) 1− 1

3
cos(2dt)

)
(3.9)

As in Section II.2, we can obtain a RDM using a bounded invertible operator R with

bounded inverse. A particular example of R can be constructed by using the eigenstates φi in

(3.3), i.e.

R =


2iy +

√
1− 4y2√

2(1− 4y2)− 4iy
√

1− 4y2

2iy −
√

1− 4y2√
2(1− 4y2) + 4iy

√
1− 4y2

1√
2(1− 4y2)− 4iy

√
1− 4y2

1√
2(1− 4y2) + 4iy

√
1− 4y2

 , (3.10)

where we have fixed d = 0.5, r = 1 and we have introduced y = sin(θ), to simplify the notation.

Using this matrix to deform ρ0(t) we obtain a RDM ρθ(t) = Rρ0(t)R
−1, that is:

ρθ(t) =


1

2
+

1

3

iy cos(t)√
1− 4y2

+
2

3
y sin(t)

cos(t)

6
√
1− 4y2

+
i(1− 16y2) sin(t)

6
cos(t)

6
√
1− 4y2

− i sin(t)

6

1

2
− 1

3

iy cos(t)√
1− 4y2

− 2

3
y sin(t)

 , (3.11)
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Although this matrix depends on time ( and on the deformation parameter θ through y), its

trace is preserved and it is always equal to 1, as expected. Furthermore are preserved its purity

and entropy, that are equal respectively to 5
9
and log(3) − 2

3
log(2), which are the same values

we can obtain from ρ0(t). Therefore we are not in presence of a RPS, since the purity is never

equal to 1, nor entropy equal to 0. This situation is not surprising because we are deforming

the DM with a similarity deformation, that preserve the trace (also in the computation of the

entropy and of the purity), and since our ρ0(0) is not a pure state, and ρ0(t) in (3.9) is not a

pure state either.

III.2 Application II: The finite dimensional Swanson model

Let’s now introduce the following finite dimensional version of the Swanson Hamiltonian:

H = c†c+ α1c
2 + α2(c

†)2, (3.12)

where c is a lowering operator, satisfying the (truncated) CCR [c, c†] = (11− 3P o
j ) i.e. cei+1 =√

iei for i = 1, 2, c†ei =
√
iei+1 for i = 2, 3 and with ce1 = (c†)e3 = 0, where ej are the canonical

o.n. vectors of the R3 basis, and α1 and α2 are real numbers. A matrix realization of c and H

is the following:

c =

0 1 0

0 0
√
2

0 0 0

 and H =

 0 0
√
2α1

0 1 0√
2α2 0 2

 , (3.13)

This Hamiltonian is clearly non-Hermitian (H† ̸= H), when α1 ̸= α2. The eigenvalues of H

are:

µ1 = 1, µ2 = 1−
√
1 + 2α1α2 and µ3 = 1 +

√
1 + 2α1α2, (3.14)

and their correspondent eigenvectors are:

φ1 =

0

1

0

 , φ2 =


− h3µ3√

2α2

0

h3

 , and φ3 =


− h2µ2√

2α2

0

h2

 . (3.15)

If 1 + 2α1α2 ≥ 0, µ1, µ2, µ3 are also eigenvalues of H†, with eigenvectors:

ψ1 =

0

1

0

 , ψ2 =


− h3µ3√

2α1

0

h3

 , and ψ3 =


− h2µ2√

2α1

0

h2

 , (3.16)
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where we have defined h2 =

(
µ2
2

2α1α2

+ 1

)−1/2

and h3 =

(
µ2
3

2α1α2

+ 1

)−1/2

. The eigenvectors

are bi-normalized: ⟨φj, ψi⟩ = δj,i, and the families Fφ and Fψ form two Riesz basis when

1+2α1α2 ̸= 0: we will stress this point later when introducing the matrix R in (3.19). When 1+

2α1α2 = 0 we observe that µ2 and µ3 coalesce, along with their corresponding eigenvectors, and

hence 1+2α1α2 = 0 describes a curve (i.e., a hyperbola) of exceptional points. In this situation,

the family Fφ does not form a Riesz basis. This situation is a typical characterization of the

formation of an exceptional point, which marks the transition from the unbroken to the broken

region. In particular, when 1 + 2α1α2 > 0, we are in the unbroken region, and the eigenvalues

are real. Conversely, when 1 + 2α1α2 < 0, we have a pair of complex conjugate eigenvalues

µ2 = µ3, indicating the broken region. In the latter case, to recover the bi-orthogonality of the

eigenvectors of H and H†, we reorder the eigenvectors from the vectors ψ:

ψ̃2 = ψ3 and ψ̃3 = ψ2, (3.17)

so that we again have ⟨φj, ψ̃i⟩ = δj,i. We are using here the same notation already adopted for

the previous example.

III.2.1 RDM I: a time dependent case

Let us consider the following 3-dimensional time dependent ρ whose entries are:
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ρ11 =
−Xµ3λ2 + µ2(λ3 + α2

1(λ1 + λ3)) + α2
1µ2(−λ1 + λ3)Ch,2

X(µ2 − µ3)

ρ12 = −h2α1µ2(λ1 − λ3)(i
√
X − i

√
XCh,2 −XSh)

2(X)3/2α2

ρ13 =
µ2µ3(−λ2 + λ3 + α2

1(λ1 − 2λ2 + λ3) + α2
1(−λ1 + λ3)Ch,2)√

2Xα2(µ2 − µ3)

ρ21 =
2α1α2Sh (iXCh −

√
XSh)(λ1 − λ3)

h2(X)3/2(µ2 − µ3)

ρ22 =
λ1 + α2

1(λ1 + λ3) + α2
1(λ1 − λ3)Ch,2

X

ρ23 =

√
2α1µ3Sh (iXCh −

√
XSh)(λ1 − λ3)

h2(X)3/2(µ2 − µ3)

ρ31 =

√
2α2(λ2 − λ3 − α2

1(λ1 − 2λ2 + λ3) + α2
1(λ1 − λ3)Ch,2)

X(µ2 − µ3)

ρ32 = −
√
2h2α1Sh(−iXCh −

√
XSh)(λ1 − λ3)

(X)3/2

ρ33 =
(µ2 + 2α2

1µ2)λ2 − µ3(λ3 + α2
1(λ1 + λ3)) + α2

1µ3(λ1 − λ3)Ch,2
X(µ2 − µ3)

where we have defined X = 1 + 2α2
1, Sh = sin(

√
1 + 2α2

1 t), Ch = cos(
√

1 + 2α2
1 t), Ch,2 =

cos(2
√

1 + 2α2
1 t), µ1, µ2, µ3 are the eigenvalues of the finite dimensional Swanson model, λ1, λ2, λ3

are chosen to satisfy
∑

j λj = 1, and where the λj coefficients will be defined shortly. Clearly

ρ is well defined whenever µ2 ̸= µ3, that is when α1α2 ̸= −1/2. It is possible to check that ρ is

actually a RDM related to a DM trough (2.7) where the ρ0(t) is defined as

ρ0(t) =


λ1+Ch,2α

2
1(λ1−λ3)+α2

1(λ1+λ3)

X
0 −

√
2Sh(i Sh

√
X+i ChX)α1(λ1−λ3)
(X)3/2

0 λ2 0

−
√
2Sh(i Sh

√
X−i ChX)α1(λ1−λ3)
(X)3/2

0
λ3+Ch,2α

2
1(−λ1+λ3)+α2

1(λ1+λ3)

X

 (3.18)

and where R is the matrix consisting of the eigenvectors of the family Fφ, i.e.

R =


0 − h3µ3√

2α2

− h2µ2√
2α2

1 0 0

0 h3 h2

 . (3.19)
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To clarify our choices here we observe that ρ0(t) is the evolved density matrix obtained via the

usual von Neumann evolution when the Hermiticity of the Swanson Hamiltonian is restored,

that is, when α2 = α1. For simplicity, we consider the initial condition ρ0(0) =
∑

j λj|ej⟩⟨ej|,
and if at least two of the λj are different from zero, this initial condition represents an ensemble

of states: ρ0(0) is not pure. In other words: we start from ρ0(0) and let it evolve using, as in

the previous example, equation (3.7) to deduce ρ0(t). In this case, H0 is the Hamiltonian in

(3.12) with α1 = α2. Then we use the operator R to deform ρ0(t) as in (2.7), and we recover a

very complicated matrix ρ, whose entries are given above. This is our RDM. Notice that, by

construction, R is not unitary and it is not invertible at the exceptional point, that is when

α1α2 = −1/2 or µ2 = µ3. Conversely, when α1α2 ̸= −1/2, R is invertible, and the vectors of

the families Fφ and Fψ can be obtained from the canonical basis {ej} in the following way:

φj = Rej and ψj = (R−1)†ej, and they satisfy (2.10) and (2.11).

III.2.2 Entropy and purity

It is clear that, at least for α1α2 ̸= −1/2, ρ(t) and ρ0(t) share the same trace, as well as their

derived quantities such as entropy (in view of (2.14)) and purity. To highlight possible critical

behaviors, we define the initial conditions on the λj’s related to the parameters α1 and α2.

Specifically, we set

λj =
|µj|2∑
j |µj|2

which guarantees that ρ0(0) is always positive definite with unit trace, independently of the

values of α1 and α2. When α1α2 → ±∞, we have λ1 → 0 and λ2,3 → 1/2.

Due to the Hermitian evolution of ρ0(t), and because the Hamiltonian is time-independent,

the entropy and the purity of ρ0(t) are preserved in time, as well as those of ρ(t). The behaviors

of the purity tr(ρ2(t)) and the trace of the entropy operator S(ρ(t)) are shown in Figures 1(a)-

1(c) by varying α2 while keeping α1 = 1. As α2 approaches the exceptional point, α2 →
−1/2±, the purity tends to its minimum value of 1/3, and the entropy reaches its maximum

value of log(3) (Figure 1(a)). This indicates that the RDM describes a complete mixture of

states near this point. For both decreasing and increasing values of α2, Figures 1(b)-1(c), due

to the asymptotic behavior of the λj’s, the purity and entropy attain the asymptotic values

tr(ρ2)α2→∞ = 1/2 and S(ρ)α2→∞ = log(2).
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Figure 1: (a) Behavior of purity tr(ρ2(t)) and entropy tr(S(ρ(t))) in the vicinity of the ex-

ceptional point α2 = −1/2, with α1 = 1 for the RDM I example. At the exceptional point,

R is not invertible, and the purity tends to its minimal value of 1/3, while the entropy to its

maximal value of log(3). (b) Behavior of purity and entropy for decreasing values of α2 with

α1 = 1. As α2 moves away from the exceptional point, the purity and entropy approach their

asymptotic values of 1/2 and log(2), respectively. (c) Same as (b) but for increasing α2.

III.2.3 RDM II: a time independent case

As done in the previous section we want to recover a RDM starting from a three dimensional

density matrix describing a physical system. Consider

ρ =


1
2

(
λ2√

2α1α2+1
− λ3√

2α1α2+1
+ λ2 + λ3

)
0 α1(λ3−λ2)√

4α1α2+2

0 λ1 0
α2(λ3−λ2)√
4α1α2+2

0 1
2

(
− λ2√

2α1α2+1
+ λ3√

2α1α2+1
+ λ2 + λ3

)
 .

This is an RDM well defined whenever α1α2 > −1/2, and one can verify that it can formally

written as ρ = Rρ0R
−1, where R is again given in (3.19). Here ρ0 is a DM describing a system

which is in equilibrium due to an immersion in a heath bath, [9], and whose expression is

ρ0 =
∑

j λj|ej⟩⟨ej|, where

λj =
e−βµj∑
j e

−βµj
, (3.20)

being β = 1/kT with k the Boltzmann’s constant, T the temperature of the bath, and where we

are using µ1, µ2, µ3, the eigenvalues of the Swanson’s model. We stress here that ρ0 is a DM only

in the case the µ′
js are real, that is for α1α2 ≥ −1/2, since otherwise the constraint λj ∈ [0, 1]

20

    
Th

is 
is 

the
 au

tho
r’s

 pe
er

 re
vie

we
d, 

ac
ce

pte
d m

an
us

cri
pt.

 H
ow

ev
er

, th
e o

nli
ne

 ve
rsi

on
 of

 re
co

rd
 w

ill 
be

 di
ffe

re
nt 

fro
m 

thi
s v

er
sio

n o
nc

e i
t h

as
 be

en
 co

py
ed

ite
d a

nd
 ty

pe
se

t. 
PL

EA
SE

 C
IT

E 
TH

IS
 A

RT
IC

LE
 A

S 
DO

I:1
0.1

06
3/5

.02
31

30
3



would be violated, so that we shall work only in the un-broken region of the Swanson’s model.

The eigenvalues of ρ0 are all equal to 1/3 when α1α2 = −1/2, and reach asymptotic values

λ2 → 1, λ1,3 → 0 as α1α2 → +∞. This means that the system, asymptotically, is in the pure

state |e1⟩ with a rate that increases with β. In this configuration, we can formally derive the

entropy operator for ρ,

S(ρ) = −
∑
j

λj log(λj)|φj⟩⟨ψj|,

in accordance with (2.6) and (2.14), with entropy given by:

tr(S(ρ)) = −
log
(

1
1+ex+e2X

)
+ eX log

(
1

1+2 cosh(X)

)
+ e2X log

(
eX

1+2 cosh(X)

)
1 + eX + e2X

,

and the purity

tr(ρ2) = 1− 2

2 cosh (X) + 1
,

where X = β
√
1 + 2α1α2. The behaviors of the entropy and the purity are depicted in Fig-

ure 2 for various values of β and under the condition α1α2 > −1/2. We observe that when

α1α2 → −1/2+, close to the formation of the exceptional point, the entropy tr(S(ρ)) reaches

its maximum allowed value of log(3), while the purity tends to 1/3, indicating a fully mixed

state. Instead, in the asymptotic regime α1α2 → ∞ we obtain tr(S(ρ)) → 0 and tr(ρ2) → 1

meaning that, asymptotically, the RDM become a RPS represented by |φ2⟩⟨ψ2|.

III.2.4 GDM in time independent case

We now focus on the possibility of obtaining a generalized density matrix (GDM) by considering

a deformation matrix R that is not invertible and satisfies condition (2.15). When 1+2α1α2 = 0,

and maintaining only α1 as main parameter, the previous deformation matrix R is not invertible,

and has the following form

R =

0
√
2α1

√
2α1

1 0 0

0 1 1

 . (3.21)

We notice that, introducing as in Section II.3, φj = Rej, φ2 and φ3 are proportional one to the

other. Hence Fφ cannot be a basis ofH = C3, but it is still possible to use φ1 and φ2 to generate

Hφ, which is essentially C2. It is clear that further constraint on ρ0 must be taken into account

to fulfill (2.15). Selecting again a diagonal form ρ0 =
∑

j λj|ej⟩⟨ej| with λ3 = λ2 = 1/2− λ1/2,
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Figure 2: (a) Behavior of the purity tr(ρ2) for various value of β and with α > −1/2, α1 = 1

for the RDM II example. As α2 → −1/2, ρ tends to a Riesz pure state, whereas for α2 → ∞,

ρ is a fully mixed state. (b)) Same as (a) but for the entropy tr(S(ρ)).

which are different from those considered so far, one can check that (2.15) is satisfied by taking

ρ =

 (1− λ1)/2 0 0

0 λ1 0

(1− λ1)/2
√
2α1 0 0

 . (3.22)

We observe that tr(ρ) = 1+λ1
2

̸= 1, in general. However we also see that (2.16) is satisfied.

This simple example shows that a GDM could easily have a trace which is not one. The above

choice allows also to satisfy the intertwining condition (2.22) where the entropy operator for ρ

is given by

S(ρ) =


−
(
1
2
− λ1

2

)
log
(
1
2
− λ1

2

)
0 0

0 −λ1 log(λ1) 0

−( 1
2
−λ1

2 ) log(
1
2
−λ1

2 )√
2α1

0 0


with trace −

(
1
2
− λ1

2

)
log
(
1
2
− λ1

2

)
− λ1 log(λ1). We emphasize that the case λ1 → 1 is to be

considered singular, in the sense that ρ0 = |e1⟩⟨e1| and ρ = |e2⟩⟨e2| so that R is basically an

intertwining operator between the pure states represented by |e1⟩ and |e2⟩. In this case the

purity and entropy are minimal/maximal, respectively, as shown in Figure 3.

Before ending this section it might be useful to notice that, since our system lives in C3,

and since det(R) = 0, R being the matrix in (3.21), it follows that det(R†R) = det(RR†) = 0.
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Figure 3: Behavior of purity tr(ρ2) and entropy tr(S(ρ)) as function of the parameter λ1 for

the GDM example .

Hence our R has not PI, as we have already observed after Definition 9. For this reason, it is

not possible to use (2.19) in the present context.

IV Conclusions

In this paper we have proposed some natural extensions of the notions of density matrix,

pure state and entropy operators. Our main aim was to use our proposals in connection with

non-Hermitian quantum mechanics. In particular we have used a deformation which might

appear simple, introducing new operators which are similar to a standard DM. These are our

RDM. Next we have seen what happens, and what can be done, in case of GDMs, i.e. when

the similarity map is replaced by an intertwining operator which is not invertible. Our general

results are described in two different, finite-dimensional, models. It is particularly interesting to

us to remark that, while RDMs share many of the original properties of the DMs they are similar

to, the same is not true for GDMs. In fact, already for the simple example in Section III.2.4 we

have seen that the unity of the trace is lost. This, of course, open the way to many questions,

and in particular to the concrete physical relevance of GDM. A deeper understanding of this

particular aspect is among our future plans. However, intertwining operators have already

proved to be interesting in quantum mechanics, and for this reason we are confident that GDMs

could have some role in the analysis of some concrete system. In particular the possibility of
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using (2.19) was not considered here in the examples. We will analyze this possibility in a future

paper, in connection with some model defined on some infinitely-dimension Hilbert space.
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