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Abstract. As an application of the Schauder Fixed Point Theorem, an ex-
istence theory is developed for second order nonlinear differential equa-
tions with Stieltjes derivative related to a left-continuous, nondecreasing
function. By the method of lower and upper solutions, under a Nagumo-
type assumption we get a very general result which can be further ap-
plied to deduce the existence of solutions for second order nonlinear
problems in the settings of impulsive differential equations, time scale
analysis or generalized differential equations.
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1. Introduction

In the study of nonlinear differential equations, the method of lower and
upper solutions (initiated in [23,24]) is a powerful tool; we refer the reader
to the survey [1] for a comprehensive analysis of the topic.

When applied to the setting of second order differential equations, a
growth condition with respect to the dependence on the first derivative must
be imposed on the nonlinear part of the equation. The most widely used such
assumption is the so-called Nagumo condition [22] and its generalizations.

At the same time, due to the numerous applications in studying real life
problems (e.g., [9,12,13,26] or [27]), theories that allow one to describe the
behavior of systems in whose evolution, besides the continuous dynamics, dis-
crete perturbations appear along with stationary intervals increasingly gain
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in popularity. One of such theories is that of measure differential equations
(or differential equations driven by measures, see [2–4,29,30,35]).

In the last decade, since the Stieltjes derivative (i.e., the derivative of
a function with respect to another function) was reformulated in [25] in the
spirit of [36], it was shown that measure differential equations can be de-
scribed in terms of this concept of derivative; therefore, the theory of Stielt-
jes differential problems has been continuously developing (see [5,6,9,12–
14,19,26,31] for the single-valued case or [16–18,32,33] for the set-valued
framework).

As for second order equations with Stieltjes derivative, as far as the
authors know, only the linear case with initial value boundary condition was
studied so far [5,6].

In the present work, we go further and obtain the existence of solutions
for nonlinear second order Stieltjes equations by assuming the existence of
lower and upper solutions. The Nagumo-type assumption we impose is in-
spired by [10] (generalizing that in [37]), as well as the line of proof. How-
ever, many difficulties (arisen from the fact that the derivative is related to
a function which generally speaking has discontinuities and also stationary
intervals) have to be overcome by methods specific to the theory of Stieltjes
differential problems.

We end this introduction with the remark that the obtained existence
result is of wide generality since differential problems involving the Stieltjes
derivative are strongly connected with generalized differential problems [11,
28,34,35], to dynamic equations on time scales [4,34] as well as to impulsive
differential inclusions [25]. Thus, new results could be deduced for second
order periodic nonlinear equations in all the mentioned settings.

2. Notations and preliminary results

We say that a map u : [0, T ] → R, T > 0, is regulated [8,21] if there exist the
right and left limits u(t+) and u(s−) at every points t ∈ [0, T ) and s ∈ (0, T ].
The class of regulated functions contains the class of bounded variation maps
and also that of continuous maps. Regulated functions are bounded and their
space is a Banach space when endowed with the norm

‖u‖C = sup
t∈[0,T ]

|u(t)|.

A family A of regulated R-valued functions on [0, T ] is said to be equiregu-
lated if for every t ∈ [0, T ] and every ε > 0 one can find δ > 0 such that for
any u ∈ A

|u(t) − u(t−)| < ε, for every t ∈ (t − δ, t)

and

|u(t) − u(t+)| < ε, for every t ∈ (t, t + δ).

Let us recall an Ascoli-type result.
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Lemma 2.1. ([8, Corollary 2.4]) A set of R-valued regulated functions is rel-
atively compact if and only if it is equiregulated and pointwise bounded.

Let g : [0, T ] → R be a nondecreasing left-continuous function and μg

be the Stieltjes measure induced by g (see [7]).
Define the following sets:

Dg = {t ∈ [0, T ] : g(t+) − g(t) > 0},

i.e., the set of atoms of the measure μg and

Cg = {t ∈ [0, T ] : g is constant on (t − ε, t + ε) for some ε > 0}.

together with

Ng = {un, vn : n ∈ N} \ Dg,

where Cg =
⋃

n∈N
(un, vn) is a disjoint decomposition of Cg. Let N−

g = {un :
n ∈ N}\Dg and N+

g = {vn : n ∈ N}\Dg; clearly Ng = N+
g ∪ N−

g . Since in
[25] it was proved that μg(Cg) = μg(Ng) = 0 these two sets do not effect the
study of differential equations. Moreover we observe that Dg ∩ Cg = ∅.

Let us now recall the notion of differentiability related to Stieltjes type
integrals introduced in [5] (which extends that in [25] in such a way that the
points in Cg are also covered).

Definition 2.2. Let g : [0, T ] → R be a nondecreasing left-continuous function
such that 0 /∈ N−

g and T /∈ Cg ∪N+
g . The derivative with respect to g (or the

g-derivative) of a function f : [0, T ] → R at a point t ∈ [0, T ] is given by

f ′
g(t) = lim

t→t

f(t) − f(t)
g(t) − g(t)

if t /∈ Dg ∪ Cg,

f ′
g(t) = lim

t→t+

f(t) − f(t)
g(t) − g(t)

if t ∈ Dg,

f ′
g(t) = lim

t→vn+

f(t) − f(vn)
g(t) − g(vn)

if t ∈ (un, vn) ⊆ Cg,

provided the limits exist. The points of Ng must be treated as follows:

f ′
g(t) = lim

t→t+

f(t) − f(t)
g(t) − g(t)

if t ∈ N+
g ,

f ′
g(t) = lim

t→t−
f(t) − f(t)
g(t) − g(t)

if t ∈ N−
g .

Note that if t ∈ Dg, the g-derivative f ′
g(t) exists if and only if the sided

limit f(t+) exists, and in this case

f ′
g(t) =

f(t+) − f(t)
g(t+) − g(t)

,

while if t ∈ (un, vn) ⊆ Cg the g-derivative f ′
g(t) exists if and only if there

exists the right g-derivative at vn.
We recall that the Lebesgue-Stieltjes (shortly, LS-) integrability w.r.t.

g is the abstract Lebesgue integrability w.r.t. the Stieltjes measure μg. From
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now on, for the LS-integral on a measurable set A of a function f w.r.t. g
the notation

∫
A

f(s)dg(s) will be used.
For q ∈ [1,∞), by Lq

g([0, T ]) we denote the space of real measurable
functions on [0, T ] with the property that |f |q is LS-integrable (w.r.t. g)
with its natural topological structure given by the norm

‖f‖q =

(∫

[0,T )

|f(t)|qdg(t)

) 1
q

.

The connection between Stieltjes integrals and the Stieltjes derivative is given
by Fundamental Theorems of Calculus [25, Theorems 5.4, 6.2, 6.5].

Theorem 2.3. Let g : [0, T ] → R be a nondecreasing, left-continuous func-
tion. Then f : [0, T ] → R is g-absolutely continuous if and only if it is
g-differentiable μg-a.e., f ′

g is Lebesgue-Stieltjes integrable w.r.t. g and

f(t′) = f(t′′) +
∫

[t′′,t′)
f ′

g(s)dg(s), for every 0 ≤ t′′ < t′ ≤ T.

The g-derivative was involved in solving many interesting problems
where abrupt changes (corresponding to discontinuity points of g) and sta-
tionary periods (corresponding to intervals where g is constant) occur, such
as [9,26] or [27].

Let us recall [9] that a map f : [0, T ] → R is g-continuous at a point
t ∈ [0, T ] if for every ε > 0 one can find δt,ε > 0 such that

s ∈ [0, T ], |g(t) − g(s)| < δt,ε ⇒ |f(t) − f(s)| < ε

while g-continuity on [0, T ] means g-continuity at every t ∈ [0, T ].
Also (e.g., [25]), f is called g-absolutely continuous if for every ε > 0

there exists δε > 0 such that
m∑

j=1

|f(bj) − f(aj)| < ε

for any set {(aj , bj); j = 1, . . . , m} of disjoint subintervals of [0, T ] satisfying
m∑

j=1

(g(bj) − g(aj)) < δε.

Clearly, g-absolutely continuous functions are g-continuous and it was
proved in [25, Proposition 5.3] that such functions have essentially the same
properties as g: they are left-continuous everywhere, continuous at the points
where g is continuous and constant on the intervals where g is constant.

Note that g-continuous functions are not necessarily bounded, this is
why it is necessary to consider the space BCg([0, T ]) of functions which are
bounded and g-continuous [9].

Recently, the way to study higher order differential equations with
Stieltjes derivative was open by [5]. Thus, the following space of functions
was introduced: BC1

g([0, T ]) is the space of functions f : [0, T ] → R with the
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properties that f is g-differentiable everywhere on [0, T ] and its g-derivative
f ′

g is bounded and g-continuous. It is endowed with the norm

‖f‖BC1
g([0,T ]) = ‖f‖C + ‖f ′

g‖C

and by [5, Theorem 3.15], the space (BC1
g([0, T ]), ‖ · ‖BC1

g([0,T ])) is a Banach
space.

[15, Remark 7.3] provides us a change of variable formula for the Lebesgue–
Stieltjes integral.

Lemma 2.4. Let g : [0, T ] → R be a nondecreasing, left-continuous function
and f : [0, T ] → R be g-absolutely continuous. If 0 ≤ a < b ≤ T and m is a
real-valued map continuous on [f(a), f(b)], then
∫ f(b)

f(a)

m(u)du =
∫

[a,b)

(∫ 1

0

m
(
f(t) + τ · f ′

g(t) · μg({t})
)
dτ

)

· f ′
g(t)dg(t).

Proof. It suffices to take in [15, Remark 7.3] h(s) =
∫ s

f(a)
m(u)du (it is con-

tinuously differentiable since m is continuous) and to note that in this case
h′(s) = m(s) on [f(a), f(b)]. �

Let us next remind the reader of an existence and uniqueness result for
first order linear periodic differential equations with Stieltjes derivative.

The authors of [31,32] proved such a result for the problem
{

u′
g(t) + b(t)u(t) = f(t), μg −a.e. in [0, T ],

u(0) = u(T ), (2.1)

where b : [0, T ] → R is a LS-integrable (w.r.t. g) function satisfying the
non-resonance condition:

1 − b(t)μg({t}) �= 0, for every t ∈ [0, T ]. (2.2)

To solve the problem (2.1), the sign of 1 − b(t)μg({t}) was considered.
The set

D−
g = {t ∈ Dg : 1 − b(t)μg({t}) < 0}

is finite (see [9]) and if its elements are t1 < · · · < tk (let tk+1 = T ), consider

σ(t) =
{

1, if 0 ≤ t ≤ t1
(−1)i, if ti < t ≤ ti+1, i = 1, . . . , k.

Theorem 2.5. ([32, Theorem 2 and Remark 3] in the particular one-dimensional
case) Let b : [0, T ] → R be LS-integrable with respect to g, satisfying (2.2)
and let f : [0, T ] → R be LS-integrable with respect to g.

Denoting by

b̃(t) =

{
b(t), if t ∈ [0, T ] \ Dg
− log |1−b(t)μg({t})|

μg({t}) , if t ∈ Dg.

and by

g̃(t, s) =
1

σ(T )e
∫
[0,T ) b̃(r)dg(r) − 1

{
σ(T )e

∫
[0,T ) b̃(r)dg(r)−∫[s,t) b̃(r)dg(r)

, if 0 ≤ s ≤ t ≤ T

e
∫
(t,s] b̃(r)dg(r)

, if 0 ≤ t < s ≤ T,
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the function u : [0, T ] → R is the g-absolutely continuous solution of problem
(2.1) if and only if

u(t) =
1

σ(t)

∫

[0,T )

σ(s)
1 − b(s)μg({s})

g̃(t, s)f(s)dg(s), ∀t ∈ [0, T ]. (2.3)

Obviously, if

1 − b(t)μg({t}) > 0 for all t ∈ [0, T ],

then σ(t) = 1 for every t ∈ [0, T ], therefore the formulas can be simplified.

Corollary 2.6. If

1 − b(t)μg({t}) > 0 for all t ∈ [0, T ],

the solution of (2.1) is given by

u(t) =
∫

[0,T )

1
1 − b(s)μg({s})

˜̃g(t, s)f(s)dg(s), ∀t ∈ [0, T ],

where

˜̃g(t, s) =
1

e
∫
[0,T ) b̃(r)dg(r) − 1

{
e
∫
[0,T ) b̃(r)dg(r)−∫[s,t) b̃(r)dg(r), if 0 ≤ s ≤ t ≤ T

e
∫
(t,s] b̃(r)dg(r), if 0 ≤ t < s ≤ T.

Remark 2.7. (i) From the formula (2.3) giving the solution of (2.1), since
(see [32, page 5]) there is a positive γ such that

|1 − b(t)μg({t})| > γ, ∀ t ∈ [0.T ]

and

|g̃(t, s)| ≤ max(M,M2)

|σ(T )e
∫
[0,T ) b̃(r)dg(r) − 1|

, ∀s, t ∈ [0, T ]

where M = sups′<s′′∈[0,T ] e
∫
[s′,s′′) b̃(r)dg(r) ([32, Remark 4]), if A ⊂

L1
g([0, T ]) is a set satisfying, for some φ ∈ L1

g([0, T ]), the condition

|f(t)| ≤ φ(t), μg − a.e., for every f ∈ A
it can be proved (as in [32, Theorem 4]) that the set of corresponding
solutions of (2.1) is equiregulated.
If besides (fn)n is a sequence satisfying the same inequality which con-
verges μg-a.e. to f ∈ L1

g([0, T ]), it is easy to see by the dominated con-
vergence theorem that the corresponding sequence of solutions (un)n

tends uniformly to u.
(ii) If in addition f and b are g-continuous (thus, continuous at all the

points in [0, T ] \ Dg), then [31, Proposition 8] implies that the solution
is g-differentiable on [0, T ] and its g-derivative is g-continuous (so, the
solution belongs to BC1

g([0, T ])).
(iii) Moreover, if (fn)n ⊂ BCg([0, T ]) uniformly converges to f ∈ BCg([0, T ])

then, by [32, Corollary 1] (applied in the particular single-valued case)
the corresponding solutions (un)n ⊂ BC1

g([0, T ]) uniformly converge to
the solution u corresponding to f .
What is more, writing their g-derivatives using (2.1) we infer that the
convergence holds in the topology of BC1

g([0, T ]).
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(iv) Finally, from (2.3) it follows that the solution u satisfies the estimate

‖u‖C ≤ max
(

1,
1
γ

)
max(M,M2)

|σ(T )e
∫
[0,T ) b̃(r)dg(r) − 1|

· ‖f‖1. (2.4)

3. Main results

3.1. Existence and uniqueness result for second order linear periodic prob-
lems

We focus in this subsection on the second order linear Stieltjes differential
problem with periodic boundary condition

{
u′′

g (t) + Pu′
g(t) + Qu(t) = f(t), μg −a.e. in [0, T ],

u(0) = u(T ), u′
g(0) = u′

g(T ). (3.1)

Theorem 3.1. Let f : [0, T ] → R be LS-integrable w.r.t. g and P,Q ∈ R be
such that the equation

λ2 + Pλ + Q = 0

has real solutions λ1, λ2 and the nonresonance condition

1 − λ1μg({t}) �= 0 and 1 − λ2μg({t}) �= 0 for every t ∈ [0, T ]

is satisfied.
Then the problem (3.1) has a unique solution in BC1

g([0, T ]) with g-
absolutely continuous derivative.

Proof. By Theorem 2.5, the periodic first order Stieltjes differential problem
{

u′
g(t) − λ1u(t) = f(t), μg −a.e. in [0, T ],

u(0) = u(T ) (3.2)

has a unique g-absolutely continuous solution, which we will denote by u1.
Then, again by Theorem 2.5, the periodic first order Stieltjes differential

problem
{

u′
g(t) − λ2u(t) = u1(t), μg −a.e. in [0, T ],

u(0) = u(T ) (3.3)

has a unique g-absolutely continuous solution, say u2.
We state that u2 is a solution of the considered second order problem

(3.1).
Indeed,

(u2)′′
g (t) + P (u2)′

g(t) + Qu2(t) = (u2)′′
g (t) − (λ1 + λ2)(u2)′

g(t) + λ1λ2u2(t)

= ((u2)′
g − λ2u2)′

g(t) − λ1((u2)′
g(t) − λ2u2(t))

= (u1)′
g(t) − λ1u1(t) = f(t), μg −a.e. in [0, T ].

Besides,

u2(0) = u2(T )

and

(u2)′
g(0) = λ2u2(0) + u1(0) = λ2u2(T ) + u1(T ) = (u2)′

g(T ).
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To get the uniqueness, it suffices to note that once u is a solution of (3.1),
it satisfies (3.3) with u1 the solution of (3.2). To see this, denote by u1(t) =
u′

g(t) − λ2u(t) and easily check that u1 satisfies

(u1)′
g(t) − λ1u1(t) = u′′

g (t) − λ2u
′
g(t) − λ1(u′

g(t) − λ2u(t))

= u′′
g (t) + Pu′

g(t) + Qu(t) = f(t)

together with u1(0) = u′
g(0) − λ2u(0) = u′

g(T ) − λ2u(T ) = u1(T ).
By Theorem 2.5, the solution u1 of (3.2) is g-absolutely continuous

(therefore, g-continuous). Using Remark 2.7(ii) we can see that the solution
u2 of (3.3) (thus, the solution u of (3.1)) belongs to BC1

g([0, T ]) and its g-
derivative is g-absolutely continuous. �

Remark 3.2. (i) Using Remark 2.7(iv) we obtain that the solution u1 of
(3.2) satisfies for each t ∈ [0, T ] the inequality

‖u1‖C ≤ max
(

1,
1
γ1

)
max(M1,M

2
1 )

|σ(T )e
∫
[0,T ) b̃(r)dg(r) − 1|

· ‖f‖1,

where γ1,M1 are given by Remark 2.7(i) for b(t) = −λ1, for all t ∈ [0, T ].
In the same way, the solution u2 of (3.3) (i.e., the solution u of our
problem (3.1)) satisfies for each t ∈ [0, T ] the inequality

‖u‖C ≤ max
(

1,
1
γ2

)
max(M2,M

2
2 )

|σ(T )e
∫
[0,T ) b̃2(r)dg(r) − 1|

· ‖u1‖1

≤ max
(

1,
1
γ2

)

· max(M2,M
2
2 )

|σ(T )e
∫
[0,T ) b̃2(r)dg(r) − 1|

·max
(

1,
1
γ1

)
max(M1,M

2
1 )

|σ(T )e
∫
[0,T ) b̃(r)dg(r) − 1|

· ‖f‖1 · μg([0, T ]), (3.4)

where γ2,M2 are given by Remark 2.7(i) for b(t) = −λ2, for all t ∈ [0, T ].
(ii) By Remark 2.7(iv) as well we deduce that given a bounded set A ⊂

L1
g([0, T ]), the set of corresponding solutions {uf

1 : f ∈ A} of (3.2)
satisfies for each t ∈ [0, T ] the inequality

‖uf
1‖C ≤ max

(

1,
1
γ1

)
max(M1,M

2
1 )

|σ(T )e
∫
[0,T ) b̃(r)dg(r) − 1|

· sup
f∈A

‖f‖1,

thus the set of corresponding solutions of (3.3) is, due to Remark 2.7(i),
equi-regulated. The same can be proved the set of their first g-derivatives.

(iii) If (fn)n ⊂ L1
g([0, T ]) is a sequence converging μg-a.e. to f ∈ L1

g([0, T ])
satisfying for some φ ∈ L1

g([0, T ]) the condition

|fn(t)| ≤ φ(t), μg − a.e., for all n ∈ N

it comes from Remark 2.7.i) that the corresponding sequence of solutions
(u1

n)n of (3.2) tends uniformly to u. Next, Remark 2.7(iii) yields that
the sequence of solutions of the second order problem (3.1) converges in
the topology of BC1

g([0, T ]) to the solution corresponding to f .
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3.2. Existence of solutions for nonlinear second order periodic problems

The main result of the paper concerns the existence of solutions for the
nonlinear second order periodic problem

{−u′′
g (t) = f(t, u(t), u′

g(t)), μg −a.e. in [0, T ],
u(0) = u(T ), u′

g(0) = u′
g(T ) (3.5)

involving the Stieltjes derivative.
Let us clarify the notion of solution to be considered.

Definition 3.3. A function u : [0, T ] → R is a solution of (3.5) if u ∈ BC1
g([0, T ]),

its first derivative u′
g is g-absolutely continuous and its second derivative

(which is well defined μg-a.e. by Theorem 2.3) satisfies

−u′′
g (t) = f(t, u(t), u′

g(t)), μg −a.e. in [0, T ]

together with the boundary conditions u(0) = u(T ) and u′
g(0) = u′

g(T ).

We use the method of upper and lower solutions. We proceed to describe
the needed assumptions.

A function α ∈ BC1
g([0, T ]) with α′

g being g-absolutely continuous is a
lower solution of (3.5) if

⎧
⎨

⎩

−α′′
g (t) ≤ f(t, α(t), α′

g(t)), μg −a.e. in [0, T ],

α(0) = α(T ), α′
g(0) ≥ α′

g(T )

Analogously, β ∈ BC1
g([0, T ]) with β′

g being g-absolutely continuous is an
upper solution of (3.5) if

⎧
⎨

⎩

−β′′
g (t) ≥ f(t, β(t), β′

g(t)), μg −a.e. in [0, T ],

β(0) = β(T ), β′
g(0) ≤ β′

g(T )

For the function f : [0, T ] × R
2 → R the following conditions are imposed:

(H1) t �→ f(t, u, v) is measurable for every u, v ∈ R;
(H2) (u, v) �→ f(t, u, v) is continuous for μg-a.e. t ∈ [0, T ];
(H3) f satisfies a Nagumo-type condition on the set

{(t, u, v) : t ∈ [0, T ], α(t) ≤ u ≤ β(t), v ∈ R},

that is: there exists h ∈ Lq
g([0, T ]), 1 ≤ q < ∞ and a continuous function

χ : R+ → R
+ such that

|f(t, u, v)| ≤ h(t)χ(|w|)
on {(t, u, v) : t ∈ [0, T ], α(t) ≤ u ≤ β(t), v ∈ R}, for every w ∈ R with
|w − v| ≤ |f(t, u, v)| · μg({t}) and

lim sup
N→∞

⎡

⎣
∫ N

ηN

τ
q−1
q

χ(τ)
dτ − 2

(

sup
t∈[0,T ]

β(t) − inf
t∈[0,T ]

α(t) +
μg([0, T ))ηN

2

) q−1
q

· ‖h‖q

⎤

⎦ > 0

where

ηN = ‖h‖1 · sup
v∈[−N,N ]

χ(|v|) (3.6)
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(H4) there exist lower, respectively upper solutions of (3.5), α and β with
α(t) ≤ β(t) on [0, T ].
We begin with a basic, yet very important auxiliary result.

Lemma 3.4. Let f : [0, T ] → R be g-absolutely continuous. If f ′
g(t) > 0 for

μg-a.e. t ∈ [0, T ), then f is increasing on [0, T ].

Proof. The result immediately follows from the Fundamental Theorem of
Calculus which asserts that for every 0 ≤ t1 < t2 ≤ T ,

f(t2) = f(t1) +
∫

[t1,t2)

f ′
g(t)dg(t).

�

We recall the following results.

Proposition 3.5. ([14, Proposition 3.29]) Let g : R → R be a nondecreasing
left-continuous function and f1, f2 : [0, T ] → R be g-absolutely continuous.
Then, the maps F, Fmax, Fmin : [0, T ] → R defined as

F (t) = f1(t)f2(t),
Fmax(t) = max{f1(t), f2(t)},

Fmin(t) = min{f1(t), f2(t)}
are g-absolutely continuous on [0, T ].

Proposition 3.6. ([14, Proposition 3.15]) Let g : R → R be a nondecreasing
left-continuous function. Let f be a real valued function defined on a neigh-
borhood of t /∈ Dg and h a function defined on a neighborhood of f(t). If
h′(f(t)) and f ′

g(t) exist then so does (h ◦ f)′
g(t) and

(h ◦ f)′
g(t) = h′(f(t))f ′

g(t).

The following technical result will also be useful later.

Lemma 3.7. Let γ, u : [0, T ] → R be g-absolutely continuous and

q(t, u) := max{u(t), γ(t)} for t ∈ [0, T ].

The following properties hold:
(1) q′

g(t, u) exists for μg-a.e. t ∈ [0, T ];
(2) if un : [0, T ] → R, n ∈ N are g-absolutely continuous and (un)n∈N con-

verges to u uniformly, then

q(t, un) → q(t, u) uniformly on [0, T ]

and

q′
g(t, un) → q′

g(t, u) for μg − a.e. t ∈ [0, T ].

Proof. Since u, γ are g-absolutely continuous, by Proposition 3.5 the same is
true for q(t, u) := max{u(t), γ(t)} and so q(t, u) is g-differentiable μg-a.e.

Now assume that un → u uniformly; then also

max{un(t), γ(t)} converges uniformly to max{u(t), γ(t)}
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and it follows at once that

q(t, un) → q(t, u) uniformly w.r.t. t ∈ [0, T ].

To prove that q′
g(t, un) → q′

g(t, u) for μg−a.e. t ∈ [0, T ] we consider separately
the cases in which t /∈ Dg ∪ Cg, respectively t ∈ Dg, t ∈ Cg.

CASE t /∈ Dg ∪ Cg: assume that u(t) > γ(t), then q′
g(t, u) = u′

g(t).
Indeed, since t is a point of g-continuity there exists δ > 0 such that for
s ∈ (t − δ, t + δ), u(s) > γ(s). Since un → u uniformly there is N ∈ N such
that for n > N : un(t) > γ(t) and as before for each n ∈ N one can find δn > 0
such that for s ∈ (t−δn, t+δn), un(s) > γ(s). Therefore q′

g(t, un) = (un)′
g(t),

thus

q′
g(t, un) = (un)′

g(t) → u′
g(t) = q′

g(t, u).

If u(t) < γ(t), then q′
g(t, u) = γ′

g(t) and as before un(s) < γ(s) and so
q′
g(t, un) = γ′

g(t)
Assume now that u(t) = γ(t). By Proposition 3.6, at the points t where

u(t) �= γ(t):

q(t, u)′
g =

u′
g(t) + γ′

g(t) + sgn(u(t) − γ(t))(u′
g(t) − γ′

g(t))
2

Remark that if q′
g(t, u) exists, then the function max{u(t), γ(t)} is g-

differentiable at t, therefore necessarily u′
g(t) = γ′

g(t). It implies that q′
g(t, u) =

u′
g(t) = γ′

g(t).
Again since un → u uniformly there is N ∈ N such that for n > N one

can find δn > 0 satisfying that on (t − δn, t + δn):

q(t, un) = max{un(t), γ(t)} =
un(t) + γ(t) + |un(t) − γ(t)|

2
.

By Proposition 3.6, if un(t) �= γ(t) and if q′
g(t, un) exists then

q′
g(t, un) =

(un)′
g(t) + γ′

g(t) + sgn(un(t) − γ(t))
(
(un)′

g(t) − γ′
g(t)
)

2
,

and so

q′
g(t, un) =

⎧
⎨

⎩

(un)′
g(t) if un(t) ≥ γ(t)

γ′
g(t) if un(t) < γ(t).

Therefore

q′
g(t, un) → q′

g(t, u).

CASE t ∈ Dg: if both γ(t) < u(t) and γ(t+) < u(t+) hold, then

q′
g(t, u) =

q(t+, u) − q(t, u)
μg({t})

=
u(t+) − u(t)

μg({t})
= u′

g(t).

Since un → u uniformly there is N ∈ N such that for n > N both γ(t) < un(t)
and γ(t+) < un(t+) are satisfied. Thus

q′
g(t, un) =

un(t+) − un(t)
μg({t})

= (un)′
g(t)
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and so,

q′
g(t, un) = (un)′

g(t) → u′
g(t) = q′

g(t, u).

Analogously if γ(t) > u(t) and γ(t+) > u(t+) and in this case q′
g(t, un) =

γ′
g(t) = q′

g(t, u).
Now suppose u(t) = γ(t) and u(t+) > γ(t+).
Then

q′
g(t, u) =

q(t+, u) − q(t, u)
μg({t})

=
u(t+) − γ(t)

μg({t})
=

u(t+) − u(t)
μg({t})

= u′
g(t).

Let ε > 0. Since un(t+) → u(t+) there is N1 ∈ N such that for n > N1,

|un(t+) − u(t+)| < ε · μg({t}) and un(t+) > γ(t+).

There is also N2 ∈ N such that if n > N2, then

|un(t) − u(t)| < ε · μg({t}).

If n > max{N1, N2}, then
∣
∣
∣
∣
un(t+) − un(t)

μg({t})
− u(t+) − u(t)

μg({t})

∣
∣
∣
∣ ≤
∣
∣
∣
∣
un(t+) − u(t+)

μg({t})

∣
∣
∣
∣+
∣
∣
∣
∣
un(t) − u(t)

μg({t})

∣
∣
∣
∣ < 2ε,

which implies q′
g(t, un) → q′

g(t, u).
Suppose finally u(t) < γ(t) and u(t+) > γ(t+). As before, fixed ε > 0

there is N ∈ N so that for n > N ,

|un(t+) − u(t+)| < ε · μg({t}), un(t+) > γ(t+) and un(t) < γ(t).

One can see that

q′
g(t, un) =

un(t+) − γ(t)
μg({t})

and

q′
g(t, u) =

u(t+) − γ(t)
μg({t})

,

therefore
∣
∣q′

g(t, un) − q′
g(t, u)

∣
∣ =
∣
∣
∣
∣
un(t+) − u(t+)

μg({t})

∣
∣
∣
∣ < ε.

CASE t ∈ Cg: Observe that if t ∈ (un, vn) ⊆ Cg, since vn /∈ Dg then the
thesis follows reasoning as for t /∈ Dg for the right g-derivative at vn. �

Consider the map p defined for every t ∈ [0, T ] and every g-absolutely
continuous function u : [0, T ] → R by

p(t, u) =

⎧
⎨

⎩

α(t), if u(t) < α(t)
u(t), if α(t) ≤ u(t) ≤ β(t)
β(t), if u(t) > β(t)

Lemma 3.8. For u : [0, T ] → R g-absolutely continuous the following proper-
ties hold:
(1) p′

g(t, u) exists for μg-a.e. t ∈ [0, T ];
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(2) if the sequence (un)n∈N : [0, T ] → R of g-absolutely continuous functions
converges to u uniformly, then

p(t, un) → p(t, u) uniformly on [0, T ]

and

p′
g(t, un) → p′

g(t, u) for μg − a.e. t ∈ [0, T ].

Proof. Observe that

p(t, u) = max{−u(t) + α(t), 0} − max{u(t) − β(t), 0} + u(t),

therefore the assertion follows by Lemma 3.7. �

We have one more step to get the main result. We prove that the fol-
lowing modified problem
{−u′′

g (t) + A2u(t) = f̃(t, p(t, u), p′
g(t, u)) + A2p(t, u), μg −a.e. in [0, T ],

u(0) = u(T ), u′
g(0) = u′

g(T )

(3.7)

with

A =
1

μg([0, T ]) + 1

and f̃ : [0, T ] × R
2 → R,

f̃(t, w, v) =

⎧
⎨

⎩

f(t, w,N), if v > N,
f(t, w, v), if − N ≤ v ≤ N,
f(t, w,−N), if v < −N

has at least one solution u ∈ BC1
g([0, T ]) such that u′

g is g-absolutely contin-
uous.

The constant N is chosen such that

N > max{‖α′
g‖C , ‖β′

g‖C}
and
∫ N

ηN

τ
q−1
q

χ(τ)
dτ > 2

(

sup
t∈[0,T ]

β(t) − inf
t∈[0,T ]

α(t) +
μg([0, T ))ηN

2

) q−1
q

· ‖h‖q

(the choice is possible thanks to the Nagumo condition (H3)).

Lemma 3.9. Let f : [0, T ] × R
2 → R satisfy the hypotheses (H1)–(H4).

Then there exists at least one solution u ∈ BC1
g([0, T ]) of (3.7) with u′

g

being g-absolutely continuous.

Proof. To this aim, consider the operator T : BC1
g([0, T ]) → BC1

g([0, T ]) given
by

T (x) = u

where u is the solution of
{−u′′

g (t) + A2u(t) = f̃(t, p(t, x), p′
g(t, x)) + A2p(t, x), μg −a.e. in [0, T ],

u(0) = u(T ), u′
g(0) = u′

g(T ).
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Theorem 3.1 yields (for λ1 = A and λ2 = −A) that T is well-defined and
T (x) ∈ BC1

g.
Let us remark that, by Lemma 3.8, p′

g(t, x) is known to exist μg-almost
everywhere on [0, T ]; moreover p(t, x) is g-absolutely continuous so the g-
derivative is LS-integrable w.r.t. g on [0, T ] by the Fundamental Theorem of
Calculus.

We prove that the operator T is compact.
Let (xm)m ⊂ BC1

g([0, T ]) be convergent (in the topology of BC1
g([0, T ]))

to x ∈ BC1
g([0, T ]). Lemma 3.8 implies that

p(t, xm) → p(t, x) uniformly on [0, T ]

and

p′
g(t, xm) → p′

g(t, x) for μg − a.e. t ∈ [0, T ].

The hypothesis (H2) implies that
(
f̃(t, p(t, xm), p′

g(t, xm)) + A2p(t, xm)
)

m

converges μg-a.e. to f̃(t, p(t, x), p′
g(t, x)) + A2p(t, x).

Note that for every m ∈ N and t ∈ [0, T ],
∣
∣
∣f̃(t, p(t, xm), p′

g(t, xm)) + A2p(t, xm)
∣
∣
∣ (3.8)

≤ A2 max{|α(t)|, |β(t)|} +
{

h(t)χ(N), if |p′
g(t, xm)| > N,

h(t)χ(|p′
g(t, xm)|), if − N ≤ p′

g(t, xm) ≤ N
,

χ is bounded on [−N,N ], h ∈ Lq
g([0, T ]) ⊂ L1

g([0, T ]) and the map t →
max{|α(t)|, |β(t)|} is bounded.

We may thus apply Remark 3.2(iii) to infer that (T (xm))m converges
to T (x) in the topology of BC1

g([0, T ]) and so, T is continuous.
Remark 3.2(i) immediately involves that T maps any bounded subset

K ⊂ BC1
g([0, T ]) into a bounded set.

Moreover, it can be seen by Lemma 2.1 that T (K) is relatively compact.
Indeed, both for T (K) and the set of the g-derivatives of the elements of T (K)
the pointwise boundedness is obvious, while the equiregulatedness comes from
Remark 3.2(ii) since for any x ∈ K and t ∈ [0, T ], (3.8) holds.

Schauder’s Fixed Point Theorem yields that T possesses fixed points,
thus there exists u ∈ BC1

g([0, T ]) such that u = T (u).
Obviously, u is a solution of (3.7). �

We arrive at the main result.

Theorem 3.10. Let the function f : [0, T ] × R
2 → R satisfy the hypotheses

(H1)–(H4).
Moreover, assume that for any solution u of (3.7) the following condi-

tions hold at each point t ∈ Dg:
(i) if u(t) ≤ β(t) and u′

g(t) ≥ β′
g(t), then u′

g(t+) ≥ β′
g(t+);

(ii) if u(t) ≥ α(t) and u′
g(t) ≤ α′

g(t), then u′
g(t+) ≤ α′

g(t+).
Then there exists a solution u of (3.5) such that α(t) ≤ u(t) ≤ β(t) for every
t ∈ [0, T ].
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Proof. Step I. Let us prove that for every t ∈ [0, T ], any solution of the
modified problem (3.7) satisfies α(t) ≤ u(t) ≤ β(t).

Let u be such a solution and suppose u(t) > β(t) on [0, T ]. Then p(t, u) =
β(t) and u satisfies the equation

−u′′
g (t) + A2u(t) = f(t, β, β′

g) + A2β(t) ≤ −β′′
g (t) + A2β(t), μg − a.e. on [0, T ].

So u′′
g (t)−β′′

g (t) > 0, whence u′
g−β′

g is strictly increasing on the entire interval
(see Lemma 3.4), which is impossible since u′

g(0) = u′
g(T ) and β′

g(0) ≤ β′
g(T ).

Thus there exists τ ∈ [0, T ] such that u(τ) ≤ β(τ).
Suppose u(T ) > β(T ). Then, as u is left-continuous, it satisfies the same

inequality on a nonempty interval (T − δ, T ) and denoting by

t∗ = inf{t ∈ [0, T ];u(t) > β(t) on [t, T ]},

we can obviously say that t∗ ∈ (0, T ) and u(t∗) ≤ β(t∗). It follows bys

−u′′
g (t) + A2u(t) = f(t, β, β′

g) + A2β(t) ≤ −β′′
g (t) + A2β(t), μg − a.e. on (t∗, T ]

that u′′
g > β′′

g on (t∗, T ], whence u′
g −β′

g is strictly increasing on this interval.
In the case t∗ /∈ Dg, this implies

u′
g(t

∗) − β′
g(t

∗) < u′
g(T ) − β′

g(T ); (3.9)

otherwise (i.e., t ∈ Dg), we get

u′
g(t

∗+) − β′
g(t

∗+) ≤ u′
g(T ) − β′

g(T ). (3.10)

As 0 /∈ Dg and u(0) = u(T ), β(0) = β(T ), we have u(0) > β(0) and ob-
viously it satisfies the same inequality on a nonempty interval (0, δ); denoting
by

t∗∗ = sup{t ∈ [0, T ];u(t) > β(t) on [0, t]},

we can see that t∗∗ ∈ (0, T ) and u(t∗∗) ≤ β(t∗∗). As before, u′′
g > β′′

g on
[0, t∗∗) involving u′

g − β′
g strictly increasing on this interval and

u′
g(0) − β′

g(0) < u′
g(t

∗∗) − β′
g(t

∗∗). (3.11)

In the case where t∗ /∈ Dg, combining (3.9) and (3.11),

u′
g(t

∗) − β′
g(t

∗) < u′
g(T ) − β′

g(T ) ≤ u′
g(0) − β′

g(0) < u′
g(t

∗∗) − β′
g(t

∗∗)

and by the facts that the definition of the g-derivative yields

u′
g(t

∗) − β′
g(t

∗) ≥ 0 and u′
g(t

∗∗) − β′
g(t

∗∗) ≤ 0

we get a contradiction.
In the case t∗ ∈ Dg, a contradiction is again achieved combining (3.10)

and (3.11):

u′
g(t

∗+) − β′
g(t

∗+) ≤ u′
g(T ) − β′

g(T ) ≤ u′
g(0) − β′

g(0) < u′
g(t

∗∗) − β′
g(t

∗∗)

with the fact that, as a consequence of our hypothesis,

u′
g(t

∗+) − β′
g(t

∗+) ≥ 0. (3.12)

From all these considerations we conclude that u(T ) ≤ β(T ). Suppose
in the sequel that one can find t0 ∈ (0, T ) satisfying u(t0) > β(t0); then as
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before by the left-continuity, it satisfies the same inequality on a nonempty
interval (t0 − δ, t0) and denoting by

t̃∗ = inf{t ∈ [0, t0];u(t) > β(t) on [t, t0]},

we have that t̃∗ > 0 and u
(
t̃∗
) ≤ β

(
t̃∗
)
. It follows that u′′

g > β′′
g on

(
t̃∗, t0

]
,

whence u′
g − β′

g is strictly increasing on this interval and so,

u′
g

(
t̃∗
)− β′

g

(
t̃∗
)

< u′
g(t0) − β′

g(t0) (3.13)

in the case t̃∗ /∈ Dg, respectively

u′
g

(
t̃∗+
)− β′

g

(
t̃∗+
) ≤ u′

g(t0) − β′
g(t0) (3.14)

in the case t̃∗ ∈ Dg.
If t0 /∈ Dg then we can do the same reasoning at the right of t0 and

denoting by

t̃∗∗ = sup{t ∈ [t0, T ];u(t) > β(t) on [t0, t]},

we can see that t̃∗∗ < T , u
(
t̃∗∗) ≤ β

(
t̃∗∗), that u′′

g > β′′
g on

[
t0, t̃

∗∗) (whence
u′

g − β′
g is strictly increasing on this interval) and

u′
g(t0) − β′

g(t0) < u′
g

(
t̃∗∗)− β′

g

(
t̃∗∗) .

But since u′
g

(
t̃∗
)
, u′

g

(
t̃∗∗), β′

g

(
t̃∗
)

and β′
g

(
t̃∗∗) exist, by definition

u′
g

(
t̃∗
)− β′

g

(
t̃∗
) ≥ 0 and u′

g

(
t̃∗∗)− β′

g

(
t̃∗∗) ≤ 0.

In the case t̃∗ /∈ Dg, this together with (3.13) contradicts the hypothesis.
In the case t̃∗ ∈ Dg, as before, as a consequence of the hypothesis (i), it

follows that

u′
g

(
t̃∗+
)− β′

g

(
t̃∗+
) ≥ 0

and this together with (3.14) give us a contradiction.
If instead t0 ∈ Dg, then again (from (3.13) when t̃∗ /∈ Dg, respectively

from (3.14) when t̃∗ ∈ Dg), u′
g(t0) ≥ β′

g(t0) and since

u′
g(t0) =

u(t0+) − u(t0)
g(t0+) − g(t0)

and β′
g(t0) =

β(t0+) − β(t0)
g(t0+) − g(t0)

it follows that u(t0+) − β(t0+) ≥ u(t0) − β(t0) > 0.
Denoting by

˜̃t∗∗ = sup{t ∈ [t0, T ];u(t) > β(t) on [t0, t]},

we note that ˜̃t∗∗ < T , u
(
˜̃t∗∗
)

≤ β
(
˜̃t∗∗
)
, that u′′

g > β′′
g on

[
t0,

˜̃t∗∗
)

(whence
u′

g − β′
g is strictly increasing on this interval) and

u′
g(t0) − β′

g(t0) < u′
g

(
˜̃t∗∗
)

− β′
g

(
˜̃t∗∗
)

.

Again, when t̃∗ /∈ Dg this together with (3.13) leads to a contradiction coming

from the remark that u′
g

(
t̃∗
)− β′

g

(
t̃∗
) ≥ 0 and u′

g

(
˜̃t∗∗
)

− β′
g

(
˜̃t∗∗
)

≤ 0.

When t̃∗ ∈ Dg we act similarly using (3.14).
In conclusion, u(t) ≤ β(t) on the whole interval [0, T ] (and, obviously,

in the same way it can be proved that u(t) ≥ α(t) on [0, T ]).
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Step II. Let us check that |u′
g(t)| ≤ N on the whole interval.

Suppose there is t2 ∈ [0, T ] such that u′
g(t2) > N (the case u′

g(t2) < −N
is similar). We claim that one can find t1 ∈ [0, T ] satisfying u′

g(t1) ∈ [0, ηN ].
Indeed, if it were supposed that u′

g > ηN on [0, T ] or that u′
g < 0 on

[0, T ] then we would contradict
∫

[0,T )

u′
g(s)dg(s) = u(T ) − u(0) = 0.

So, there is a point t′ ∈ [0, T ] where u′
g(t

′) > ηN and there are points where
u′

g < 0; considering (by the left-continuity of u′
g)

t′′ = inf{t ∈ [0, t′] : u′
g > ηN on [t, t′]},

in the case t′′ > 0 we will have that u′
g(t

′′) ≤ ηN . If u′
g(t

′′) ∈ [0, ηN ], it is
done (let t1 = t′′). If not, then t′′ ∈ Dg and by (3.6)

u′′
g (t′′) =

u′
g(t

′′+) − u′
g(t

′′)
μg({t′′})

>
ηN

μg({t′′})

=
‖h‖1 supv∈[−N,N ] χ(|v|)

μg({t′′})
≥ h(t′′) sup

v∈[−N,N ]

χ(|v|)

which contradicts the facts that u is a solution of (3.7) and on the whole [0, T ],
u(t) ∈ [α(t), β(t)] (which give us |u′′

g (t)| ≤ h(t) sup{|χ(v)| : v ∈ [−N,N ]}).
In the case t′′ = 0, it means that on [0, t′] the function satisfies u′

g > ηN ,
so there is a point t̃′ > t′ where u′

g(t̃
′) < 0 and we arrive at a contradiction

in the same way, since u′
g is left-continuous.

So we found t1, t2 ∈ [0, T ] with u′
g(t2) > N and u′

g(t1) ∈ [0, ηN ]; suppose
t1 < t2 and from their construction we see that u′

g > 0 on [t1, t2].
Considering now

t2 = inf{t ∈ [0, t2] : u′
g > N on [t, t2]},

obviously u′
g(t2) ≤ N .

Case I. Suppose u′
g(t2) = N . If q > 1, then by Lemma 2.4,

∫ N

ηN

|u| q−1
q

χ(|u|) du ≤
∫ u′

g(t2)

u′
g(t1)

|u| q−1
q

χ(|u|) du

=

∫

[t1,t2)

(∫ 1

0

|u′
g(t) + τu′′

g (t)μg({t})| q−1
q

χ(|u′
g(t) + τu′′

g (t)μg({t})|) dτ

)

· u′′
g (t)dg(t)

≤
∫

[t1,t2)

(∫ 1

0

|u′
g(t) + τu′′

g (t)μg({t})| q−1
q

χ(|u′
g(t) + τu′′

g (t)μg({t})|) · |f(t, u(t), u′
g(t))|dτ

)

dg(t)

≤
∫

[t1,t2)

(∫ 1

0

|u′
g(t) + τu′′

g (t)μg({t})| q−1
q · h(t)dτ

)

dg(t)

by (H3) since

|u′
g(t) + τu′′

g (t)μg({t}) − u′
g(t)| ≤ |f(t, u(t), u′

g(t))| · μg({t}).
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It follows that

∫ N

ηN

|u| q−1
q

χ(|u|) du ≤
∫

[t1,t2)

(∫ 1

0

|u′
g(t) + τu′′

g (t)μg({t})| q−1
q dτ

)

· h(t)dg(t)

≤
∫

[t1,t2)

(∫ 1

0

|u′
g(t) + τu′′

g (t)μg({t})|dτ

) q−1
q

· h(t)dg(t)

≤
[∫

[t1,t2)

(∫ 1

0

|u′
g(t) + τu′′

g (t)μg({t})|dτ

)

dg(t)

] q−1
q

·
(∫

[t1,t2)

hq(t)dg(t)

) 1
q

≤
[∫

[t1,t2)

(∫ 1

0

u′
g(t) + τ |u′′

g (t)|μg({t})dτ

)

dg(t)

] q−1
q

· ‖h‖q

≤
[∫

[t1,t2)

(

u′
g(t) +

1

2
h(t) · sup

v∈[−N,N ]

χ(|v|)μg([0, T ))

)

dg(t)

] q−1
q

· ‖h‖q

≤
(

sup
t∈[0,T ]

β(t) − inf
t∈[0,T ]

α(t) +
μg([0, T ))ηN

2

) q−1
q

· ‖h‖q.

If q = 1, similarly one has

∫ N

ηN

1
χ(|u|)du ≤

∫ u′
g(t2)

u′
g(t1)

1
χ(|u|)du

=
∫

[t1,t2)

(∫ 1

0

1
χ(|u′

g(t) + τu′′
g (t)μg({t})|)dτ · u′′

g (t)
)

dg(t)

≤
∫

[t1,t2)

h(t)dg(t) ≤ ‖h‖1.

In both cases, we contradict the choice of N .
Case II. If u′

g(t2) < N then in the case where q > 1 (and similarly when
q = 1)

∫ N

ηN

|u| q−1
q

χ(|u|) du <

∫ u′
g(t2)

u′
g(t1)

|u| q−1
q

χ(|u|) du

=
∫ u′

g(t2)

u′
g(t1)

|u| q−1
q

χ(|u|) du +
∫ u′

g(t2)

u′
g(t2)

|u| q−1
q

χ(|u|) du.

It follows by Lemma 2.4 that

∫ N

ηN

|u| q−1
q

χ(|u|) du <

∫

[t1,t2)

(∫ 1

0

|u′
g(t) + τu′′

g (t)μg({t})| q−1
q

χ(|u′
g(t) + τu′′

g (t)μg({t})|) dτ

)

· u′′
g (t)dg(t)

+
∫

[t2,t2)

(∫ 1

0

|u′
g(t) + τu′′

g (t)μg({t})| q−1
q

χ(|u′
g(t) + τu′′

g (t)μg({t})|) dτ

)

· u′′
g (t)dg(t)
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whence
∫ N

ηN

|u|
q−1
q

χ(|u|) du ≤
∫

[t1,t2)

⎛

⎝
∫ 1

0

|u′
g(t) + τu′′

g (t)μg({t})|
q−1
q

χ(|u′
g(t) + τu′′

g (t)μg({t})|) dτ

⎞

⎠ · u′′
g (t)dg(t)

+ lim
t2→t2, t2>t2

∫

[t2,t2)

⎛

⎝
∫ 1

0

|u′
g(t) + τu′′

g (t)μg({t})|
q−1
q

χ(|u′
g(t) + τu′′

g (t)μg({t})|) dτ

⎞

⎠ · u′′
g (t)dg(t)

=

∫

[t1,t2)

⎛

⎝
∫ 1

0

|u′
g(t) + τu′′

g (t)μg({t})|
q−1
q

χ(|u′
g(t) + τu′′

g (t)μg({t})|) dτ

⎞

⎠ · u′′
g (t)dg(t)

+

∫

{t2}

⎛

⎝
∫ 1

0

|u′
g(t) + τu′′

g (t)μg({t})|
q−1
q

χ(|u′
g(t) + τu′′

g (t)μg({t})|) dτ

⎞

⎠ · u′′
g (t)dg(t).

Consequently, as before,
∫ N

ηN

|u| q−1
q

χ(|u|) du

≤ 2

(

sup
t∈[0,T ]

β(t) − inf
t∈[0,T ]

α(t) +
μg([0, T ))ηN

2

) q−1
q

· ‖h‖q

and again we get to a contradiction.
In conclusion u is a solution of (3.5). �

A remark about the assumptions (i) and (ii) of the previous theorem:
their aim is to ensure the control of the jumps of (the first derivative of)
solutions at the discontinuity points in connection with the jumps of (the first
derivative of) the lower and upper solutions; of course, they are superfluous
when g is continuous (in particular, when the usual derivative is involved).

Similar hypotheses were used for first order measure differential equa-
tions in [20] (to obtain extremal solutions), in [26, Theorem 2.5] and also for
Stieltjes differential equations or systems in [12,13] and they are necessary
(as it can be seen from [20, Example 4.2]). In the set-valued framework, for
first order Stieltjes differential problems such hypotheses can be found in [18].

As far as the authors know, here is the first time where this kind of
assumptions are imposed for second order differential equations with Stieltjes
derivative.

Now we are going to present sufficient conditions in order that (i), (ii)
are satisfied.

Proposition 3.11. The hypotheses (i) and (ii) in the previous theorem are sat-
isfied if we assume that for every t ∈ Dg, the following conditions hold:

1. for every solution u of (3.7) and any u ∈ [α(t), β(t)],
(i’) if Au − u1(t) ≤ −β′

g(t) then

Au − u1(t) + μg({t}) · f̃(t, u,−u + u1(t)) ≤ −β′
g(t) + μg({t}) · f(t, β(t), β′

g(t));

(ii’) if Au − u1(t) ≥ −α′
g(t) then

Au − u1(t) + μg({t}) · f̃(t, u,−u + u1(t)) ≥ −α′
g(t) + μg({t}) · f(t, α(t), α′

g(t));
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here u1 is the solution of
{

u′
g(t) − Au(t) = f̃(t, p(t, u), p′

g(t, u)) + A2p(t, u), μg −a.e. in [0, T ]
u(0) = u(T )

given by Theorem 2.5.
2. For every u < α(t), if Au − uα

1 (t) ≤ −β′
g(t) then

Au − uα
1 (t) + μg({t}) · f̃(t, u, −u + uα

1 (t)) ≤ −β′
g(t) + μg({t}) · f(t, β(t), β′

g(t));

here uα
1 is the solution of

{
u′

g(t) − Au(t) = f̃(t, α(t), α′
g(t)) + A2α(t), μg −a.e. in [0, T ]

u(0) = u(T )

given by Theorem 2.5.
3. For every u > β(t), if Au − uβ

1 (t) ≤ −α′
g(t) then

Au − uβ
1 (t) + μg({t}) · f̃(t, u, −u + uβ

1 (t)) ≥ −α′
g(t) + μg({t}) · f(t, α(t), α′

g(t));

here uβ
1 is the solution of

{
u′

g(t) − Au(t) = f̃(t, β(t), β′
g(t)) + A2β(t), μg −a.e. in [0, T ]

u(0) = u(T )

given by Theorem 2.5.

Proof. Indeed, we only need to prove (3.12). We know that u(t∗) ≤ β(t∗); we
could encounter two situations.

In the first one, u(t∗) ∈ [α(t∗), β(t∗)]. As in the proof of Theorem 3.1,
the solution u verifies

u′
g(t

∗) + Au(t∗) = u1(t∗)

and so, the condition

Au(t∗) − u1(t∗) = −u′
g(t

∗) ≤ −β′
g(t

∗)

is satisfied and then by hypothesis 1.i′)

Au(t∗) − u1(t∗) + μg({t∗}) · f̃(t∗, u(t∗),−u(t∗) + u1(t∗))
≤ −β′

g(t
∗) + μg({t∗}) · f(t∗, β(t∗), β′

g(t
∗)),

whence

−u′
g(t∗) + μg({t∗}) · f̃(t∗, u(t∗), u′

g(t∗)) ≤ −β′
g(t∗) + μg({t∗}) · f(t∗, β(t∗), β′

g(t∗))

≤ −β′
g(t∗) − μg({t∗}) · β′′

g (t∗)

i.e., (by the definition of the g-derivative at a point in Dg),

u′
g(t

∗+) ≥ β′
g(t

∗+).

In the second situation, u(t∗) < α(t∗). Then

−u′′
g (t∗) + A2u(t∗) = f(t∗, α(t∗), α′

g(t
∗)) + A2α(t∗)

so, as in the proof of Theorem 3.1,

u′
g(t

∗) + Au(t∗) = uα
1 (t∗).
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We can see that the condition

Au(t∗) − uα
1 (t∗) = −u′

g(t
∗) ≤ −β′

g(t
∗)

is satisfied and then by hypothesis 2.

Au(t∗) − uα
1 (t∗) + μg({t∗}) · f̃(t∗, u(t∗),−u(t∗) + uα

1 (t∗))
≤ −β′

g(t
∗) + μg({t∗}) · f(t∗, β(t∗), β′

g(t
∗)),

whence

−u′
g(t∗) + μg({t∗}) · f̃(t∗, u(t∗), u′

g(t∗)) ≤ −β′
g(t∗) + μg({t∗}) · f(t∗, β(t∗), β′

g(t∗))

≤ −β′
g(t∗) − μg({t∗}) · β′′

g (t∗)

i.e., (since t∗ ∈ Dg),

u′
g(t

∗+) ≥ β′
g(t

∗+).
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[14] Marquéz Albés, I.: Differential problems with Stieltjes derivatives and appli-
cations. Ph.D thesis, Universidade de Santiago de Compostela (2021) https://
minerva.usc.es/xmlui/handle/10347/24663
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