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Abstract. As an application of the Schauder Fixed Point Theorem, an ex-
istence theory is developed for second order nonlinear differential equa-
tions with Stieltjes derivative related to a left-continuous, nondecreasing
function. By the method of lower and upper solutions, under a Nagumo-
type assumption we get a very general result which can be further ap-
plied to deduce the existence of solutions for second order nonlinear
problems in the settings of impulsive differential equations, time scale
analysis or generalized differential equations.
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1. Introduction

In the study of nonlinear differential equations, the method of lower and
upper solutions (initiated in [23,24]) is a powerful tool; we refer the reader
to the survey [1] for a comprehensive analysis of the topic.

When applied to the setting of second order differential equations, a
growth condition with respect to the dependence on the first derivative must
be imposed on the nonlinear part of the equation. The most widely used such
assumption is the so-called Nagumo condition [22] and its generalizations.

At the same time, due to the numerous applications in studying real life
problems (e.g., [9,12,13,26] or [27]), theories that allow one to describe the
behavior of systems in whose evolution, besides the continuous dynamics, dis-
crete perturbations appear along with stationary intervals increasingly gain
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in popularity. One of such theories is that of measure differential equations
(or differential equations driven by measures, see [2—4,29,30,35]).

In the last decade, since the Stieltjes derivative (i.e., the derivative of
a function with respect to another function) was reformulated in [25] in the
spirit of [36], it was shown that measure differential equations can be de-
scribed in terms of this concept of derivative; therefore, the theory of Stielt-
jes differential problems has been continuously developing (see [5,6,9,12—
14,19,26,31] for the single-valued case or [16-18,32,33] for the set-valued
framework).

As for second order equations with Stieltjes derivative, as far as the
authors know, only the linear case with initial value boundary condition was
studied so far [5,6].

In the present work, we go further and obtain the existence of solutions
for nonlinear second order Stieltjes equations by assuming the existence of
lower and upper solutions. The Nagumo-type assumption we impose is in-
spired by [10] (generalizing that in [37]), as well as the line of proof. How-
ever, many difficulties (arisen from the fact that the derivative is related to
a function which generally speaking has discontinuities and also stationary
intervals) have to be overcome by methods specific to the theory of Stieltjes
differential problems.

We end this introduction with the remark that the obtained existence
result is of wide generality since differential problems involving the Stieltjes
derivative are strongly connected with generalized differential problems [11,
28,34,35], to dynamic equations on time scales [4,34] as well as to impulsive
differential inclusions [25]. Thus, new results could be deduced for second
order periodic nonlinear equations in all the mentioned settings.

2. Notations and preliminary results

We say that a map u : [0,T] — R, T > 0, is regulated [8,21] if there exist the
right and left limits u(t+) and u(s—) at every points ¢ € [0,T) and s € (0, T].
The class of regulated functions contains the class of bounded variation maps
and also that of continuous maps. Regulated functions are bounded and their
space is a Banach space when endowed with the norm

[ullc = sup [u(t)].
t€[0,T)

A family A of regulated R-valued functions on [0, 7] is said to be equiregu-
lated if for every ¢ € [0,7] and every € > 0 one can find § > 0 such that for
any u € A

lu(t) — u(t—)| < e, forevery t € (t — 4,t)
and
lu(t) — u(t+)| < e, for every t € (t,1+9).

Let us recall an Ascoli-type result.
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Lemma 2.1. ([8, Corollary 2.4]) A set of R-valued regulated functions is rel-
atiwvely compact if and only if it is equiregulated and pointwise bounded.

Let g : [0,7] — R be a nondecreasing left-continuous function and p,
be the Stieltjes measure induced by g (see [7]).

Define the following sets:

Dg = {t € [OaT] : g(t+) _g(t> > 0}7

i.e., the set of atoms of the measure p, and

Cy={t€]0,T]: g is constant on (t —e,t+ ¢) for some ¢ > 0}.
together with

Ny = {un, v, : n € N} \ Dy,

where Cy = |J,,cn(tn, vn) is a disjoint decomposition of Cy. Let N~ = {u,, :
n € N\\D, and N = {v, : n € N}\Dy; clearly N, = N} U N, . Since in
[25] it was proved that 114(Cy) = pg(Ng) = 0 these two sets do not effect the
study of differential equations. Moreover we observe that Dy, N Cy = (0.

Let us now recall the notion of differentiability related to Stieltjes type

integrals introduced in [5] (which extends that in [25] in such a way that the
points in C, are also covered).

Definition 2.2. Let ¢ : [0,7] — R be a nondecreasing left-continuous function
such that 0 ¢ N~ and T' ¢ C, UN,". The derivative with respect to g (or the
g-derivative) of a function f : [0,7] — R at a point ¢ € [0,7] is given by

f1(8) = 11298 5((’5) itt¢ D, UC,

D
N (R
o= B =g T1EPe

f®) = f(vn)
(t

lim
t—vnt+ g(t) — g(vn)

fot) =

provided the limits exist. The points of N, must be treated as follows:

if t € (up,v,) C Cy,

9(
fi() = lim (3 40 ift e N},
) —

! t—i+ g(t) —g(?)
7 f)—f@ . _
fg(t)—tlirgn_ PO ifte N, .

Note that if ¢ € D, the g-derivative f;(t) exists if and only if the sided
limit f(t+) exists, and in this case
f(t4) — f(2)

!
T =g = o
while if ¢ € (un,vn) C Cy the g-derivative f/(t) exists if and only if there
exists the right g-derivative at v,,.
We recall that the Lebesgue-Stieltjes (shortly, LS-) integrability w.r.t.
g is the abstract Lebesgue integrability w.r.t. the Stieltjes measure p4. From
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now on, for the LS-integral on a measurable set A of a function f w.r.t. g
the notation [, f(s)dg(s) will be used.

For ¢ € [1,00), by L([0,T]) we denote the space of real measurable
functions on [0,7] with the property that |f|? is LS-integrable (w.r.t. g)
with its natural topological structure given by the norm

I fllqg = (/{0 . f(t)|‘1dg(t)> ' .

The connection between Stieltjes integrals and the Stieltjes derivative is given
by Fundamental Theorems of Calculus [25, Theorems 5.4, 6.2, 6.5].

Theorem 2.3. Let g : [0,7] — R be a nondecreasing, left-continuous func-
tion. Then f : [0,T] — R is g-absolutely continuous if and only if it is
g-differentiable pi4-a.e., f; is Lebesgue-Stieltjes integrable w.r.t. g and

fH = fi" +/ fy(s)dg(s), forevery 0 <t”" <t <T.

e

The g-derivative was involved in solving many interesting problems
where abrupt changes (corresponding to discontinuity points of g) and sta-
tionary periods (corresponding to intervals where g is constant) occur, such
as [9,26] or [27].

Let us recall [9] that a map f : [0,7] — R is g-continuous at a point
t € [0, 7] if for every € > 0 one can find §; . > 0 such that

s €[0,T], |g(t) — g(s)] < 0ee = [f(t) = f(s)| <e

while g-continuity on [0, 7] means g-continuity at every t € [0, T].
Also (e.g., [25]), f is called g-absolutely continuous if for every e > 0
there exists d. > 0 such that

D o1fly) — flag)l <«
j=1
for any set {(a;,b;);j =1,...,m} of disjoint subintervals of [0, 7] satisfying
> (g(by) — glay)) < b
j=1

Clearly, g-absolutely continuous functions are g-continuous and it was
proved in [25, Proposition 5.3] that such functions have essentially the same
properties as g: they are left-continuous everywhere, continuous at the points
where g is continuous and constant on the intervals where g is constant.

Note that g-continuous functions are not necessarily bounded, this is
why it is necessary to consider the space BC,4([0,T]) of functions which are
bounded and g-continuous [9].

Recently, the way to study higher order differential equations with
Stieltjes derivative was open by [5]. Thus, the following space of functions
was introduced: BC;([O, T1) is the space of functions f : [0,7] — R with the
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properties that f is g-differentiable everywhere on [0, 7] and its g-derivative
fé’7 is bounded and g-continuous. It is endowed with the norm

1 lsex o,y = Ilflle + I fglle

and by [5, Theorem 3.15], the space (BC;([O,T]), Il - HBCé([O,T])) is a Banach
space.

[15, Remark 7.3] provides us a change of variable formula for the Lebesgue—
Stieltjes integral.

Lemma 2.4. Let g : [0,T] — R be a nondecreasing, left-continuous function
and [ :[0,T] — R be g-absolutely continuous. If 0 < a < b < T and m is a
real-valued map continuous on [f(a), f(b)], then

f(®) 1
[ = [ ([ w0 ) ar) gm0
a a, 0

Proof. Tt suffices to take in [15, Remark 7.3] h(s) = f;(u) m(u)du (it is con-
tinuously differentiable since m is continuous) and to note that in this case

h'(s) = m(s) on [f(a), f(b)]. .

Let us next remind the reader of an existence and uniqueness result for
first order linear periodic differential equations with Stieltjes derivative.
The authors of [31,32] proved such a result for the problem

ug(t) +b(t)u(t) = f(t), pg —ae. in (0,77, 2.1)

u(0) = u(T), '
where b : [0,7] — R is a LS-integrable (w.r.t. g) function satisfying the
non-resonance condition:

1—b(t)ug({t}) #0, foreveryte [0,T]. (2.2)
To solve the problem (2.1), the sign of 1 — b(t)p,({t}) was considered.

The set
Dy = {te Dy 1= bty ({t}) < 0}

is finite (see [9]) and if its elements are t; < - -+ < t; (let tx41 = T'), consider

= [Lifost<th
T = V(=1 ity <t <tiyq, i=1,... k.

Theorem 2.5. ([32, Theorem 2 and Remark 3] in the particular one-dimensional
case) Let b : [0,T] — R be LS-integrable with respect to g, satisfying (2.2)
and let f:[0,T] — R be LS-integrable with respect to g.

Denoting by

L [bl0). ifte 0.7)\ D,
b(#) = | Zlelbus (D] ¢y ¢ p, |

7o ({2])
and by
i 1 o (T)ello.r) P~ fie ) B ip g < g < ¢ < 7
§ite) = o (T)elior) ¥ _ {ef“’s] PO ip g <t <5< T,
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the function u : [0,T] — R is the g-absolutely continuous solution of problem
(2.1) if and only if
u(t) = % /m) Fb(‘gfl)g({s})g(t,s) F(s)dg(s), vt € [0,T).  (2.3)
Obviously, if
1—-0b(t)pg({t}) >0 forallte 0,77,
then o(t) = 1 for every t € [0,T], therefore the formulas can be simplified.
Corollary 2.6. If
1-0b(t)pg({t}) >0 forallte (0,17,
the solution of (2.1) is given by

1 -
ut) = [ i) (5, v € 0.7,
[0,T) 1 —b(s)pg({s})
where
:(t ) 1 ef[o«T) E(r)dg(r)—f[sﬁt) E(r)dg(r)7 if 0<s<t<T
,S) = e 7 - - -
g e-f[o,T) b(r)dg(r) _ ef(t.’s] b(r)dg(r)7 ifo<t<s<T.

Remark 2.7. (i) From the formula (2.3) giving the solution of (2.1), since
(see [32, page 5]) there is a positive v such that

[1=b@)ug({t})] >, Vte[0.T]
and
max(M, M?)
|o(T)etom) b(r)dg(r) _ 1]

|9(t,5)] < , Vs, t € [0,T]

where M = supy _grejo 1y eisr o) Br)Ag(r) ([32, Remark 4]), if A C
L;([0,T]) is a set satisfying, for some ¢ € L}([0,T]), the condition

[f(®)] < o(t), pg —ae., forevery fe A

it can be proved (as in [32, Theorem 4]) that the set of corresponding
solutions of (2.1) is equiregulated.

If besides (fn)n is a sequence satisfying the same inequality which con-
verges fig-a.e. to f € L_(ll([O7 T1)), it is easy to see by the dominated con-
vergence theorem that the corresponding sequence of solutions (uy,),
tends uniformly to u.

(ii) If in addition f and b are g-continuous (thus, continuous at all the
points in [0,7]\ Dy), then [31, Proposition 8] implies that the solution
is g-differentiable on [0,7] and its g-derivative is g-continuous (so, the
solution belongs to BC;([O, 7).

(iii) Moreover, if (fy,)n C BCg4([0,T]) uniformly converges to f € BC4([0,T7)
then, by [32, Corollary 1] (applied in the particular single-valued case)
the corresponding solutions (uy,), C BC;([O,T]) uniformly converge to
the solution u corresponding to f.

What is more, writing their g-derivatives using (2.1) we infer that the
convergence holds in the topology of BC;([O, 7).
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(iv) Finally, from (2.3) it follows that the solution u satisfies the estimate

1 M, M?
Jullc < max (1,- max( ) Al (2.4)
jo(D)elom Py

3. Main results

3.1. Existence and uniqueness result for second order linear periodic prob-
lems

We focus in this subsection on the second order linear Stieltjes differential
problem with periodic boundary condition

{u%’(t) + Pug(t) + Qu(t) = f(t), pg —ace.in [0, 7],

0) =w(T), uy(0)=uy(T).

(3.1)

Theorem 3.1. Let f : [0,T] — R be LS-integrable w.r.t. g and P,Q € R be
such that the equation
M4EPA+Q=0
has real solutions \1, Ao and the nonresonance condition
1—Apg({t}) #0 and 1 — Aopg({t}) #0 foreveryt e [0,T]

s satisfied.
Then the problem (3.1) has a unique solution in BC;([O,T]) with g-
absolutely continuous derivative.

Proof. By Theorem 2.5, the periodic first order Stieltjes differential problem
ug (t) — Mu(t) = f(t), pg —a.e. in 0,77, (3.2)
u(0) = u(T)
has a unique g-absolutely continuous solution, which we will denote by ;.
Then, again by Theorem 2.5, the periodic first order Stieltjes differential
problem
ug (t) — Agu(t) = ui(t), pg —a.e. in 0,77,
u(0) = u(T)
has a unique g-absolutely continuous solution, say us.
We state that us is a solution of the considered second order problem
(3.1).
Indeed,

(ug)y (t) + P(ua), (t) + Qua(t) = (u2)y (t) — (A + A2)(u2)y (t) + A Aaua(t)

)y
= ((u2)y, — Aauz)y(t) — A ((u2)y(t) — Xaua(t))
= (u1)y(t) = Mua(t) = f(t), py —ae. in[0,T].

(3.3)

Besides,
u2(0) = uz(T)
and

(UQ);(()) = /\QUQ(O) + u (0) = /\QUQ(T) + Ul(T) = (UQ);(T)
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To get the uniqueness, it suffices to note that once w is a solution of (3.1),
it satisfies (3.3) with uy the solution of (3.2). To see this, denote by uq(t) =
ul (t) — Aqu(t) and easily check that u; satisfies

(ul);(t) — Mg (t) = u’g’(t) — )\gu;(t) — Al(u’g(t) — Xou(t))
— W(t) + P (1) + Quit) = F(t)

together with u;(0) = uy(0) — Aow(0) = uy (T) — Aow(T) = us (T).

By Theorem 2.5, the solution u; of (3.2) is g-absolutely continuous
(therefore, g-continuous). Using Remark 2.7(ii) we can see that the solution
ug of (3.3) (thus, the solution u of (3.1)) belongs to BC;([O,T]) and its g-

derivative is g-absolutely continuous. O

Remark 3.2. (i) Using Remark 2.7(iv) we obtain that the solution u; of
(3.2) satisfies for each ¢ € [0, T the inequality

1 ) max(My, M?)

U <max |1, — —
[uille < ( M) Jo(T)elom KOs )

: Hf||17

where 71, M are given by Remark 2.7(i) for b(t) = —\y, for all ¢ € [0, T].
In the same way, the solution us of (3.3) (i.e., the solution u of our
problem (3.1)) satisfies for each ¢ € [0,T] the inequality

1 M- M2
lullc < max (1, ) max( 12, )
V2) |o(T)elom b2 _ g

S max <1’ 1) . maX(MQa M22)
Y2 |(7(T)6f[°:T) ba(r)dg(r) _ 1]

| Jua |y

1 max(My, M?
o (1,1 OB MOl g (0.7]), (3.
7 |a(T)ef[0vT> (Mdg(r) _ 4
where 75, My are given by Remark 2.7(i) for b(t) = — Ao, for all ¢ € [0, T].
(ii) By Remark 2.7(iv) as well we deduce that given a bounded set A C
L;([0,T]), the set of corresponding solutions {uf : f e A} of (3.2)
satisfies for each ¢ € [0, 7] the inequality

1 My, M?
! e < max (1, ) max(M, M) e
M |g(T)ef[o,T> b(r)dg(r) _ 1| feA

thus the set of corresponding solutions of (3.3) is, due to Remark 2.7(i),
equi-regulated. The same can be proved the set of their first g-derivatives.

(iii) If (fn)n C Ly([0,T]) is a sequence converging pg-a.e. to f € L}([0,T])
satisfying for some ¢ € L} ([0,T]) the condition

[fn(®)] < @(t), pg —a.e., foralln e N

it comes from Remark 2.7.1) that the corresponding sequence of solutions
(ul)n of (3.2) tends uniformly to u. Next, Remark 2.7(iii) yields that
the sequence of solutions of the second order problem (3.1) converges in

the topology of BCé( [0,T7) to the solution corresponding to f.
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3.2. Existence of solutions for nonlinear second order periodic problems

The main result of the paper concerns the existence of solutions for the
nonlinear second order periodic problem

—uy(t) = f(t,u(t), uy(t), pg —ae.in 0,7,
{U(O) = u(T),uy(0) = uy(T) 8 (3.5)

involving the Stieltjes derivative.
Let us clarify the notion of solution to be considered.

Definition 3.3. A function u : [0, 7] — Ris a solution of (3.5) if u € BCé([Q 7)),
its first derivative u; is g-absolutely continuous and its second derivative
(which is well defined p4-a.e. by Theorem 2.3) satisfies
—ug (t) = f(t,u(t),u,(t)), py —a.e in[0,T]
together with the boundary conditions u(0) = u(T") and wu (0) = u (7).
We use the method of upper and lower solutions. We proceed to describe
the needed assumptions.

A function « € BCé([O,T]) with a being g-absolutely continuous is a
lower solution of (3.5) if

—ay(t) < f(t,alt),ay(t)), pg —ae. in (0,77,

a(0) = a(T), ag(0) = ag(T)

Analogously, 3 € BC! ,([0,T]) with 3} being g-absolutely continuous is an
upper solution of (3. 5) if

=By (t) = f(t, B(1), B4(t)),  ng —a.e.in [0,T],
B(0) = B(T), By(0) < By(T)

For the function f: [0,7] x R? — R the following conditions are imposed:
(H1) t+— f(t,u,v) is measurable for every u,v € R;
(H2) (u,v) — f(t,u,v) is continuous for pg-a.e. t € [0,77;
(H3) f satisfies a Nagumo-type condition on the set
{(tu,0) - £ €[0,T], aft) <u<pt), veR},
that is: there exists h € L([0,77]), 1 < ¢ < co and a continuous function
x : RT — RT such that
[f (&, u,0)| < h(t)x(|wl)
on {(t,u,v) : t€0,T], a(t) <u < 5(t), veR}, for every w € R with
lw—o| < |f(t,u, )| - pg({t}) and
g—1
N L “q
lim sup |:/ T dr—2 ( sup B(t) — inf «ft)+ W) : |h|q:| >0
NN

N—o0 x(7) te[0,T) t€[0,T]

where

nn = [[hflr- sup x(|v]) (3.6)
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(H4) there exist lower, respectively upper solutions of (3.5), « and [ with
a(t) < B(t) on [0,T).

We begin with a basic, yet very important auxiliary result.

Lemma 3.4. Let f : [0,T] — R be g-absolutely continuous. If f,(t) > 0 for
pg-a.e. t € [0,T), then f is increasing on [0,T].

Proof. The result immediately follows from the Fundamental Theorem of
Calculus which asserts that for every 0 <ty < to < T,

f(t2) = f(t2) + / £ (B)dg ().

[tl 7t2)

We recall the following results.

Proposition 3.5. ([14, Proposition 3.29]) Let g : R — R be a nondecreasing
left-continuous function and f1, fa : [0,T] — R be g-absolutely continuous.
Then, the maps F, Fraz, Finin : [0, T] — R defined as
F(t) = f1(t) f2(t),

Fmam(t) = max{fl(t)7 f2(t)}7

Fmin(t) = min{fl(t)v f2(t)}
are g-absolutely continuous on [0,T].
Proposition 3.6. ([14, Proposition 3.15]) Let g : R — R be a nondecreasing
left-continuous function. Let f be a real valued function defined on a neigh-
borhood of t ¢ Dy and h a function defined on a neighborhood of f(t). If
R'(f(t)) and f,(t) ewist then so does (ho f)y(t) and

(ho flg(t) =h'(f(£))fg(t).

The following technical result will also be useful later.

Lemma 3.7. Let v,u: [0,T] — R be g-absolutely continuous and
q(t,u) == max{u(t),v(t)} forte [0,T].
The following properties hold:
(1) qy(t,u) exists for pg-a.e. t € [0,T];

(2) if u, : [0,T] — R,n € N are g-absolutely continuous and (un)nen con-
verges to u uniformly, then

q(t,un) — q(t,u) uniformly on [0,T]
and
qy(t,un) — q(t, u) for py — a.e. t € [0,T].
Proof. Since u, v are g-absolutely continuous, by Proposition 3.5 the same is

true for ¢(¢,u) := max{u(t),y(¢)} and so q(t,u) is g-differentiable p4-a.e.
Now assume that w,, — w uniformly; then also

max{u,(t),v(t)} converges uniformly to max{u(t),v(¢)}
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and it follows at once that
q(t,un) — q(t,u) uniformly w.rt. ¢ € [0,77].

To prove that gy (t, u,) — q,(t,u) for py—a.e. t € [0,T] we consider separately
the cases in which ¢t ¢ D, U Cy, respectively t € Dy, t € C,,.

CASE t ¢ D, U C,: assume that u(t) > 7(t), then qj(t,u) = uy(t).
Indeed, since t is a point of g-continuity there exists § > 0 such that for
s € (t—0d,t+9), u(s) > 7(s). Since u, — u uniformly there is N € N such
that for n > N: u,(t) > v(t) and as before for each n € N one can find §,, > 0
such that for s € (t —d,,t+0,), un(s) > v(s). Therefore g (¢, u,) = (u,)y (),
thus

gt un) = (un)g(t) — uy(t) = qu(t, u).

If u(t) < ~(t), then q;(t,u) = v,(t) and as before u,(s) < 7(s) and so
Qg (t, un) = 74(t) .

_ Assume now that u(t) = 7(t). By Proposition 3.6, at the points ¢ where
u(l) £ (1)
uy (1) + 75 (E) + sgn(u(t) — (1)) (ug (£) — (%))

2

Remark that if qj(t,u) exists, then the function max{u(t),y(t)} is g-
differentiable at ¢, therefore necessarily uy () = v, (t). It implies that g (t,u) =

g (t) = 7(t).
Again since u,, — u uniformly there is N € N such that for n > N one
can find d,, > 0 satisfying that on (t — d,,,t + d,):

q(t, up) = max{u, (t),y(t)} = un(t) + () 7;‘“"(’5) - ’Y(t)\'

By Proposition 3.6, if u,(t) # 7(¢) and if g;(t, u,) exists then
(un) (1) + 7 (t) + sgn(un(t) — (1)) ((un)y(t) — 75(t))

q(t,u)y =

q; (ta un) = : 9 )
and so
, (un)y(t) if un(t) > ~(t)
qQ(tv un) =
Vg (t) if un (t) < y(1).
Therefore

Qo (t,un) — qy(t, u).
CASE t € Dy: if both v(t) < u(t) and v(t+) < u(t+) hold, then
’ Q(t+7 U) _ Q(tv u) U(t+) — u(t) l
q.(t,u) = = = (1).
g pe({t}) pg({t}) I
Since u,, — u uniformly there is N € N such that for n > N both v(¢) < wu,(t)
and y(t+) < uy(t+) are satisfied. Thus

/ _ U (t+) _un(t) — (.Y
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and so,
Gyt un) = (un)g(t) = ug(t) = qy(t, ).
Analogously if v(t) > u(t) and y(t+) > u(t+) and in this case q(t,u,) =

V() = qy(t,u).
Now suppose u(t) = v(t) and u(t+) > y(t+).
Then
£ (tu) = q(t+,u) —q(tu)  u(t+) —y(t) _ u(t+) —ut) 1)

1g({t}) 1g({t}) pe({t})

Let € > 0. Since uy,(t+) — u(t+) there is N1 € N such that for n > Ny,

[un (t+) —u(t+)| < - pg({t}) and wu,(t+) > y(t+).
There is also Ny € N such that if n > Ny, then

un(t) —u(t)] <& py({t}).
If n > max{Ny, N2}, then
Un (t+) —un(t)  u(t+) —u(t) ’
1g({t}) pg({t})

which implies g (¢, un) — q;(t, u).

Suppose finally u(t) < v(t) and u(t+) > v(t+). As before, fixed € > 0
there is N € N so that for n > N,

[un (t+) —u(t+)| < e-pg({t}), un(t+)>~y(t+) and wun(t) < ~(t).

One can see that

un(t) — u(t)
Hg ({t})

U (t4) — u(t+) ’
Ng({t})

‘<25,

/ un(t4) —(t)
q (t’u ) =
o pe({t})
and
, u(t) = (1)
@yt u) = =,
g pe({t})
therefore
un (t+) — u(t+)
CASE t € Cy: Observe that if t € (un, vn) C Cy, since v, ¢ D, then the
thesis follows reasoning as for t ¢ D, for the right g-derivative at v,,. O

Consider the map p defined for every ¢ € [0,7] and every g-absolutely
continuous function w : [0,7] — R by

{a(t), if u(t) < a(t)

(t,u) u(t), if a(t) < wu(t) < B(t)

8(1), if ult) > B(t)

Lemma 3.8. For u: [0,T] — R g-absolutely continuous the following proper-
ties hold:

(1) p(t,u) exists for pg-a.e. t € [0,T];
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(2) if the sequence (up)nen : [0, T] — R of g-absolutely continuous functions
converges to u uniformly, then
p(t, un) — p(t,u) uniformly on [0, 7]
and
Pyt un) — pj(t,u) for py — a.e. t €[0,7].
Proof. Observe that
p(t,u) = max{—u(t) + a(t),0} — max{u(t) — 4(t),0} + u(t),

therefore the assertion follows by Lemma 3.7. g

We have one more step to get the main result. We prove that the fol-
lowing modified problem

{ ug (1) + A%u(t) = ( p(t,u), py(t,w)) + A?p(t,u), pg —a.e.in 0,77,
u(0) = w(T), g (0) = ug(T)
(3.7)
with
1
A= ——n
1g([0,T) + 1
and f:[0,7] x R? - R,
] F(t,w,N), if v > N,
ft,w,v) =< f(t,w,v), if —N <v <N,
f(t,w,—N), if v < =N
has at least one solution u € BC;([O, T7) such that uj, is g-absolutely contin-
uous.
The constant N is chosen such that

N > max{lagllc, | llc}

and
g—1

N o=t Ta
/ T dr>2 < sup B(t) — inf a(t) + W) “Nhlq
nN

x(7) te[0,7) t€[0,T]

(the choice is possible thanks to the Nagumo condition (H3)).

Lemma 3.9. Let f:[0,7] x R? — R satisfy the hypotheses (H1)—(H4).
Then there exists at least one solution u € BC;([O,T]) of (3.7) with
being g-absolutely continuous.

Proof. To this aim, consider the operator T : BC;([O, T)) — BC;([O, T)) given
by

T(x)=u
where wu is the solution of

{ wl(t) + A%u(t) = f(t,p(t, z),p,(t,2)) + A%p(t,z), pg —a.e. in (0,77,
u(O)—u(T) gy (0) = uy (7).
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Theorem 3.1 yields (for Ay = A and Ay = —A) that T is well-defined and
T(x) € BC;.

Let us remark that, by Lemma 3.8, p; (t,x) is known to exist p14-almost
everywhere on [0,7]; moreover p(t,z) is g-absolutely continuous so the g-
derivative is LS-integrable w.r.t. g on [0, 7] by the Fundamental Theorem of
Calculus.

We prove that the operator T' is compact.

Let (@m)m C lS’Cé([O7 T]) be convergent (in the topology of BC;([O, )
tox € BCi([O, T]). Lemma 3.8 implies that

p(t, ) — p(t,x) uniformly on [0, T
and

Py(t, ) — p(t,x) for py — a.e. t €[0,T).

The hypothesis (H2) implies that (f(t,p(tmm),p’g(t,xm)) +A2p(t,xm))

converges [ig-a.e. to f(t,p(t,x%pé(t,x)) + A?p(t, z).
Note that for every m € N and ¢ € [0, 7],

F(t, Dl @), 0} (8 0m)) + A%p(t )| (3:8)

s lf g tyxm N7
< A*max{|a(t)|,|6(t)[} +{ E ; E|pg)(t xlz)|(), if !]>V <p(t,zm) <N’

x is bounded on [-N,NJ, h € Li([0,T]) € Ly([0,T]) and the map t —
max{|a(t)|,|B(t)|} is bounded

We may thus apply Remark 3.2(iii) to infer that (T'(z,,))m converges
to T'(z) in the topology of BC;([O, T)) and so, T is continuous.

Remark 3.2(i) immediately involves that 7" maps any bounded subset
K C BC;([O,T]) into a bounded set.

Moreover, it can be seen by Lemma 2.1 that T/(K) is relatively compact.
Indeed, both for T'(K) and the set of the g-derivatives of the elements of T'(K)
the pointwise boundedness is obvious, while the equiregulatedness comes from
Remark 3.2(ii) since for any = € K and ¢ € [0, 7], (3.8) holds.

Schauder’s Fixed Point Theorem yields that T possesses fixed points,
thus there exists u € BC;([O, T)) such that u = T'(u).

Obviously, u is a solution of (3.7). O

m

We arrive at the main result.

Theorem 3.10. Let the function f : [0,T] x R? — R satisfy the hypotheses
(H1)—(H4).
Moreover, assume that for any solution u of (3.7) the following condi-

tions hold at each pointt € Dy:

(1) if u(t) < B(t) and ugy(t) > B’( ), then wy(t+) > By (t+);

(ii) if u(t) > a(t) and uy(t) < o (t), then uy(t+) < ;(t—l—),
Then there exists a solution u of (3.5) such that a(t) < u(t) < B(t) for every
te€0,7].
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Proof. Step 1. Let us prove that for every ¢t € [0,7], any solution of the
modified problem (3.7) satisfies a(t) < u(t) < 5(¢).

Let u be such a solution and suppose u(t) > 5(¢) on [0, T]. Then p(t,u) =
B(t) and u satisfies the equation

—uy (t) + A%u(t) = f(t, 8, B8y) + A°B(t) < =By (t) + A*B(t), pg — a.e. on [0,7].

So uy (t)— B, (t) > 0, whence uy, — 3 is strictly increasing on the entire interval
(see Lemma 3.4), which is impossible since uj (0) = uy (1) and 3;,(0) < 8, (T).

Thus there exists 7 € [0, T] such that u(7) < ﬂ( ).

Suppose u(T') > (T). Then, as u is left-continuous, it satisfies the same
inequality on a nonempty interval (T' — §,T) and denoting by

—inf{t € [0, T} u(t) > B(t) on [t,T]}.

we caql obviously say that t* € (0,7) and u(t*) < B(t*). It follows by

—uy (t) + A%u(t) = f(t, B, By) + A*B(t) < =By (t) + A’B(t), pg — a.e. on (t*,T]

that u; > B on (t*,T], whence u;, — 3 is strictly increasing on this interval.
In the case t* ¢ D,, this implies

ug(t7) = By (") < ug(T) — By(T); (3.9)
otherwise (i.e., t € D), we get
u;(t*—l—) - ﬁ;(t*—k) < ulg(T) — ﬁ;(T) (3.10)

As 0 ¢ Dy and u(0) = w(T), B(0) = 5(T), we have u(0) > ((0) and ob-
viously it satisfies the same inequality on a nonempty interval (0,0); denoting
by

£ = sup{t € [0, T u(t) > () on [0,1]},
we can see that t** € (0,7) and u(t**) < B(t**). As before, uy > 7 on
[0,¢**) involving uy, — B strictly increasing on this interval and
1y (0) — B,(0) < uy () = By (). (3.11)
In the case where t* ¢ Dy, combining (3.9) and (3.11),
ug(t*) — By (t") < ug(T) — By(T) < ug(0) — Bg(0) < ug(t™) — By (t™)
and by the facts that the definition of the g-derivative yields

W (t) = BL(t*) > 0 and ul(t**) — B (1) <0

we get a contradiction.
In the case t* € Dy, a contradiction is again achieved combining (3.10)
and (3.11):
Uy (t°+) = By (t"+) < ug(T) = B(T) < ug(0) — By (0) < ug(t™) — By(t™)
with the fact that, as a consequence of our hypothesis,

uy (t°+) — By (t"+) > 0. (3.12)

From all these considerations we conclude that u(T) < (7). Suppose
in the sequel that one can find ¢ty € (0,T) satisfying u(to) > B(to); then as
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before by the left-continuity, it satisfies the same inequality on a nonempty
interval (t9 — d,tp) and denoting by

t* = inf{t € [0,t0]; u(t) > B(t) on [t,to]},
we have that £* > 0 and u (£*) < 8 (£*). It follows that ug > (3 on (. to],
whence uj, — 3 is strictly increasing on this interval and so,

uy (£°) — B (1) < uly(to) — By (to) (3.13)
in the case t* ¢ D, respectively
uy (F+) = By (F+) < u(to) — B, (to) (3.14)

in the case t* € D,.
If tg ¢ D, then we can do the same reasoning at the right of ¢y and
denoting by

t —Sup{tE[tm ]7 u(t) > B(t) on [to,t]},
we can see that £** < T, u (£**) < 3 (£**), that u) > 7 on [to, ") (whence
uy — f3; is strictly increasing on this interval) and
o) = Fytto) < uy () 3, ().
But since wuj, (t*) g (f**), By (f*) and 3 (f**) exist, by definition
0, ) 8, () 20 and (i) - B, () <0.
In the case t* ¢ D,, this together with (3.13) contradicts the hypothesis.

In the case t* € D, as before, as a consequence of the hypothesis (i), it
follows that

uy (F+) =3, (FF+) =0
and this together with (3.14) give us a contradiction.

If instead tg € D,, then again (from (3.13) when t* ¢ D,, respectively
from (3.14) when t* € D), ul(to) > 3, (to) and since

/ _ u(tot) — ulto) / _ Bltot) — B(to)
40 = Gt =gt 1= ) — gt
it follows that u(to+) — B(to+) > u(to) — B(te) > 0.
Denoting by
t —Sup{tE [t07 ]7 ( ) >6( )On [tht]}v
we note that £ < T u (t**) <p (t**), that uy > (3 on [to,g**> (whence

uy — f3; is strictly increasing on this interval) and
wylto) = Bylto) < uy () = 8, ().
Again, when t* ¢ D, this together with (3.13) leads to a contradiction coming

from the remark that u;, ( ) By (t*) >0 and u/ (t**) - B (f**) <0.

When t* € D, we act similarly using (3.14).
In conclusion, u(t) < 3(t) on the whole interval [0,T] (and, obviously,
in the same way it can be proved that u(t) > «(t) on [0,T]).
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Step II. Let us check that |ug(t)] < N on the whole interval.

Suppose there is tp € [0, T] such that uf(t2) > N (the case u(t2) < =N
is similar). We claim that one can find ¢; € [0, 7] satisfying uy(t1) € [0,7x].

Indeed, if it were supposed that uy > nx on [0,7] or that u; < 0 on
[0,T] then we would contradict

/[0 . ug (s)dg(s) = u(T) —u(0) = 0.

So, there is a point ¢ € [0,T] where uj(t') > 7y and there are points where
uy, < 0; considering (by the left-continuity of wuj)

= inf{t € [0,#'] : uj, > ny on [t,t']},

in the case t” > 0 we will have that wj (") < nn. If ul(t") € [0,nx], it is
done (let t; = t"). If not, then t” € Dy and by (3.6)

gy u;(t”+) —u (t/,) N

() = = e
B 171 supve[_N,N]X(\UD - v
a g ({1"}) = )ve[fﬁ,N]X(l /

which contradicts the facts that u is a solution of (3.7) and on the whole [0, 77,
u(t) € [a(t), B(t)] (which give us |ug(t)| < h(t)sup{[x(v)| : v € [-N, N]}).
In the case t" = 0, it means that on [0,#] the function satisfies uj, > nn,
so there is a point ¢’ >t where u/(t') < 0 and we arrive at a contradlctlon
in the same way, since ug is left-continuous.
So we found ¢1,t € [0, T] with u(t2) > N and u(t1) € [0, 7n]; suppose
t; <tz and from their construction we see that uy > 0 on [t1,t2].
Considering now

ty = inf{t € [0,t2] : uy, > N on [t, t2]},

obviously wu; (t2) < N.
Case L. Suppose uy(tz) = N. If ¢ > 1, then by Lemma 2.4,

N |u‘% " ug (£2) |u|T .
/mv X S/u/(m NN
|uly () + Tl (E) g ({t})] »
/[tl i) (/ (| (8) + Tulf (8) g ({t}) |)dT> o (t)dg(t)
/ ( / CAORRAHC (Do ({117
(Jug(t

) + Tug (g ({t1)])
= o
by (H3) since

/ it (8) + Tl )w({t}ﬂ%-h(wm) dg(1)
] () + 7 (8 g (1) — (O] < | £ (s ),y (8))] - g ({2).

IN

: |f(t7U(t)7ulg(t))|dT> dg(t)
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It follows that

/n: |)1<L(|\u| /M) (/ Jug () + Tug ( )Ng({t})\%ld7>~h(t)dg(t)

<[ (/ 1 )+ 7 Oy ((Dldr ) B0

q—1

< /[ . (f () + Oy (D lar ) dg(t)} i ( /[ . h%t)dg(t))é

/[) (/ w0+ T'ué’(t)Iug({t})dT) dg(t)

/ t)(u@(twih(twvesup Do T))) dg(t)] "

IN

IN

“lIhllq
[

q—1

1 /"’9([07 T))WN a
su t)— inf a(t) + 22— Rl
B (te[OPT]ﬂ( ) t€[0,T] ( ) 2 H Hq

A

If ¢ = 1, similarly one has

N W) q
/,m Wy ™ = /ulgm) NI
1 1
:/m) </ @) DN " “) do(t)
< h(t)dg(t) < ||hl|1.
_/W (t)dg(t) < [hl]

In both cases, we contradict the choice of N.
Case IT. If ug (f2) < N then in the case where ¢ > 1 (and similarly when

q=1)
Nt ul(t2) |, |5t
/ [ du</ ’ Ldu
v X([ul) w ey X(ul)
iy (E2) |y %5t W (t2) [y %5t
:/ [ du+/ [l du
!, (1) x(Jul) !, (f2) x(Jul)
It follows by Lemma 2.4 that
.- (| \) [t1,8>) Iu +Tu ()uq({t})\)

g ¢ +m (Dpg({11)] "+ )
/tm (/ (|l (t) + Tull ()Mq({t})\)d > uy (t)dg(t)
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whence
N T GRS ACT G
L 5™ = fo </o x(|u'g(t>+wz’(t)#g<{t})')d) o
N ) + O (DT,
+t24127 . o /ﬁm) (/0 x(July (t) + Tull (g ({t1)]) d ) "(t)dg(t)
|

_ /1 |ug () + Tug ()pe ({t})
[t1.72) \Jo  Xx(Jug(®) + 7ug (B)pe ({t})])

dT) -u;'(t)dg(t)
() + rug O (D1
i (/0 (i ® + g s (2D © ) o (130)
Consequently, as before,
N g=1
/ I
v X(lul)

3 Mg([OaT))nN E
<2| su t) — inf ot) 4+ 2222 A
(te[OPT]ﬁ( ) t€[0,7) ( ) 2 ” Hq

and again we get to a contradiction.
In conclusion u is a solution of (3.5). O

A remark about the assumptions (i) and (ii) of the previous theorem:
their aim is to ensure the control of the jumps of (the first derivative of)
solutions at the discontinuity points in connection with the jumps of (the first
derivative of) the lower and upper solutions; of course, they are superfluous
when g is continuous (in particular, when the usual derivative is involved).

Similar hypotheses were used for first order measure differential equa-
tions in [20] (to obtain extremal solutions), in [26, Theorem 2.5] and also for
Stieltjes differential equations or systems in [12,13] and they are necessary
(as it can be seen from [20, Example 4.2]). In the set-valued framework, for
first order Stieltjes differential problems such hypotheses can be found in [18].

As far as the authors know, here is the first time where this kind of
assumptions are imposed for second order differential equations with Stieltjes
derivative.

Now we are going to present sufficient conditions in order that (i), (ii)
are satisfied.

Proposition 3.11. The hypotheses (1) and (ii) in the previous theorem are sat-
isfied if we assume that for every t € Dy, the following conditions hold:
1. for every solution w of (3.7) and any u € [a(t), B(t)],
(i) if Au—uyi(t) < =B, (t) then

Au—uy (t) + pg({t}) - f(tu, —u +ua (b)) < =BG(t) + pg({t}) - F(£, B(E), By(1));
(ii") of Au—wui(t) > —ag(t) then

Au = (1) + pg({t}) - f(t u, —u +ua () = —ag(t) + pg({t}) - f (T, a(t), oy (1));
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here uy is the solution of

{u’g(t) — Au(t) = f(t,p(t,q),p}(t, 7)) + Ap(t, W), py —a.e.in [0,7]
u(0) = u(T)

given by Theorem 2.5.
2. For every u < a(t), if Au—uf(t) < —0G,(t) then
Au = uf () + pg ({t}) - F(t,u, —u+uf (1) < B4 (t) + pg({t}) - f(tB(1), By (t));
here u$ is the solution of
wl(t) — Au(t) = f(t, a(t),al(t) + A%a(t),  pg —ae.in[0,7]
u(0) = u(T)
giwen by Theorem 2.5.
3. For every u > (), if Au—u}(t) < —ag(t) then

Au = (8) + pg ({t}) - f(tu, —u +u (8)) > =g (t) + ug({t}) - F(2, alt), g (1));

here uf is the solution of

{ ul(6) — Au(t) = F(t, B, B)(1) + A2B(8),  py —ace. in [0,7]
u(0) = u(T)
gwen by Theorem 2.5.

Proof. Indeed, we only need to prove (3.12). We know that u(t*) < 5(t*); we
could encounter two situations.

In the first one, u(t*) € [a(t*), B(t*)]. As in the proof of Theorem 3.1,
the solution u verifies

gy (%) + Au(t”) = uy (t7)
and so, the condition
Au(t™) —ui(t*) = —uy (t*) < =5, (t")
is satisfied and then by hypothesis 1.i")
Au(t*) = un (%) + pg ({E7}) - F(E (), —ult”) + u (£9))
< —By(t) + ug({t7}) - F(£7, B(E7), By(t7)),
whence
—ug (8) + 1 ({E°3) - (& u(t"), ug (7)) < =Bo(t") + ug({t}) - F(E, B(E™), B (7))
< —By(t7) — g ({t™}) - B4 (t7)
i.e., (by the definition of the g-derivative at a point in D),
uy (t°+) > B (t"+).
In the second situation, u(t*) < «(t*). Then
—u;’(t*) + A%u(t*) = f(t*, a(t*),a;(t*)) + A%a(t")
so, as in the proof of Theorem 3.1,

ug (t°) + Au(t”) = uf' (t*).
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We can see that the condition
Au(t™) —uf (t7) = —uy (t*) < =B (t7)

is satisfied and then by hypothesis 2.
Au(t™) =g (17) + pg ({t°}) - F(E7, u(t™), —u(t”) + uf (7))
S =B(t7) + g ({E7}) - f(E7, B(E7), By (t7)),
whence
—ug (%) + pg ({£°3) - (7, ul), ug(t7) < =By(t") + pg({t°}) - F(E, BE), By ("))
By (") — ng({t"}) - B (")

IAIA

i.e., (since t* € Dy),
uy (t*+) > B, (t"+).
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