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Abstract

In this paper, existence and multiplicity results for a class of second-order difference equa-
tions are established. In particular, the existence of at least one positive solution without
requiring any asymptotic condition at infinity on the nonlinear term is presented and the
existence of two positive solutions under a superlinear growth at infinity of the nonlinear
term is pointed out. The approach is based on variational methods and, in particular, on a
local minimum theorem and its variants. It is worth noticing that, in this paper, some clas-
sical results of variational methods are opportunely rewritten by exploiting fully the finite
dimensional framework in order to obtain novel results for discrete problems.
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1 Introduction

The aim of this paper is to study the existence of non-zero solutions for the following second-order
discrete boundary value problem

{ ~AN’u(k — 1) = Afi(u(k)), ke [l1,N],

f
u(©) = u(N +1) =0, (DD

*The authors are members of the Gruppo Nazionale per 1I’Analisi Matematica, la Probabilita e le loro Applicazioni
(GNAMPA) of the Istituto Nazionale di Alta Matematica (INdAM).
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where N is a positive integer, [1, N] denotes the discrete interval {1, ..., N}, and, for every k € [1, N],
Au(k) := u(k + 1) — u(k) is the forward difference operator, Au(k — 1) := u(k + 1) = 2u(k) + u(k — 1)
is the second order difference operator, f; : R — R are the components of a continuous function
f:R — RY and A is a positive real parameter.

For general references on difference equations and their applications, we refer the reader to
monograph [22] and for an overview on applied methods, as upper and lower solutions and fixed
point theory, we also cite [2, 20] and the references therein. Recently, existence results for difference
equations have been obtained by using variational methods (see, for instance, [7, 9, 12, 13, 14, 15,
23]). To be precise, the main tools used in order to obtain the existence of one non-zero solution
have been the direct methods theorem and the mountain pass theorem.

In this paper, again in the framework of variational methods, we use a local minimum theorem

established in [4] (see [4, Theorem 3.1]) to obtain the existence of one positive solution for (D§)
(see, as an example, Theorem 1.1 below). Moreover, by applying a two-critical points theorem
established in [5] (see [5, Theorem 3.2]), which has been obtained by a suitable combination of such
a local minimum theorem with the classical mountain pass theorem, the existence of two positive

solutions to (DJ;() is guaranteed (see, as an example, Theorem 1.2 below).

It is also worth noticing that the local minimum theorem obtained in [4] is given in infinite
dimensional spaces and it is based on the Ekeland variational principle, applied to the non-smooth
analysis. Here, a version for functionals defined in finite dimensional spaces is obtained directly
by using basic results instead of the Ekeland variational principle (see Theorem 3.3 and its variant
Theorem 3.4). Moreover, on the mountain pass theorem some remarks are made. It is shown that one
of its fundamental assumptions, the mountain pass geometry, is equivalent to the existence of a local
minimum which is not strictly global (see Proposition 3.1). As a consequence, the mountain pass
theorem can be directly stated by substituting the mountain pass geometry with the existence of a
local minimum (see Theorem 3.2). Furthermore, the mountain pass theorem is stated distinguishing
two cases according to whether the functional is bounded from below or not (see Corollaries 3.1 and
3.2). From the local minimum theorem (Theorem 3.3) and the mountain pass theorem, as given in
Corollaries 3.1 and 3.2, multiple critical points theorems are obtained (see Section 4). In particular,
a three-critical points theorem (Theorem 4.1) and a two-critical points theorem (Theorem 4.2) are
pointed out. The proofs of these theorems are simpler than the corresponding infinite dimensional
cases given in [4], [5] and [11], just because the finite dimensional setting is fully exploited.

It is also important to observe that the other main assumption of the mountain pass theorem is the
Palais-Smale condition. In the applications in infinite dimensional spaces, it is satisfied by requiring
a condition on the nonlinear term stronger than the superlinearity at infinity (see Remark 5.2). Here,
it is proved that the superlinearity at infinity of the nonlinear datum is enough to prove the Palais-
Smale condition (see Lemma 5.1). As a consequence, we get the existence of one positive solution

for (Df) by requiring the superlinearity at zero and at infinity of the nonlinearity (see Corollary 5.2).

Finally, our main results are in Section 6. Precisely, we wish to highlight the results obtained in
Theorems 6.1, 6.2 and 6.4. The first result gives the existence of one positive solution without re-
quiring any asymptotic condition at infinity on the nonlinear term. It improves all that results, as for
instance [18, Theorem 3.4] (see, also, Theorem 5.1), where an asymptotic condition at infinity is re-
quested. The second one ensures the existence of one positive solution without requiring conditions
neither at zero nor at infinity. As its consequence, the existence of positive solution is obtained when
the nonlinear term is sublinear at zero (see Corollary 6.1). To the best of our knowledge, we do not
know about results in the literature that provide solutions to discrete problems without conditions at
zero or at infinity, so Theorem 6.2 seems the first result in this direction. Theorem 6.4 guarantees
the existence of two solutions without requiring the usual assumption of superlinearity at zero (see,
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for instance, [3, Theorem 4.2]). Moreover, in the same section, multiplicity results are also pointed
out. In particular, Theorem 6.3 is a more precise version of [16, Theorem 3.1] (see also [9, Theorem
49]). Theorem 6.5, which uses a better inequality with respect to [8, Theorem 3.3], allows us to
obtain, as a consequence, Theorem 6.6 which ensures the existence of one positive solution without
requiring that the associated functional satisfies the Palais-Smale condition (see Remark 6.6).

We also emphasize that, in this paper, a general maximum principle has been established (see
Proposition 2.2). It allows to obtain positive solutions under a single condition at zero on the non-
linear term.

As an example, we present here two special cases of our main results.

Theorem 1.1 Let f : R — R be a continuous function such that

lim @ = +00
t—0t f

Then, for every A € ]O, /_l[, where 1 = , the problem

N (N 1)t
se[O c]f f(t)dt

~Auk — 1) = Af(u(k)), ke [l,N], %)
u(0) = u(N +1)=0 !

admits at least one positive solution.
Theorem 1.2 Let f : R — R be a continuous function such that f(0) > 0. Assume that

lm@:

t—+oc0

Then, for every A € ]O, /_l[, where A is given as in Theorem 1.1, the problem (Af:) admits at least two
positive solutions.

In particular, Theorem 1.1 ensures the existence of at least one positive solution to (A‘f ) for each
A €]0, A requiring that f is sublinear at zero without assuming asymptotic condition at infinity.
While, if f is, in addition, superlinear at +co, Theorem 1.2 ensures the existence of a second positive
solution.

The paper is arranged as follows. In Section 2, we recall some preliminary results, and in
Sections 3 and 4 we point out variational methods in finite dimensional spaces. In Section 5 some
remarks on classical results for discrete problems are made, while Section 6 is devoted to our main
results.

2 Preliminary results
Consider the N-dimensional Banach space
S ={u:[0,N+1] > R:u0) =ulN+1) =0},

endowed with the norm
N

lal := (> utk?)*, Vues.

k=1

BI—=
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It is known that the following norm

1

N+1 2
llull = [Z(Au(k _ 1))2] . Vues
k=1

is an equivalent norm in §'. A direct computation shows that,
2 _ ot
lul| = u'Au, Yu € S,

where u' denotes the transpose of u, and

2 -1 0 0

-1 2 -1 0
A=

0 -1 2 -1

0 o -1 2

The matrix A is symmetric, positive-definite and admits N distinct positive eigenvalues given by

ki
A :=4sin> ———,  Vke[l,N]. 2.1
k sin XN+ D e [1,N] (2.1

The previous norms are equivalent and, in particular, one has
VIl < llull < Allullz, Yu € S (2.2)
In the sequel, we will use also the following equivalent norm,
llulleo = krer[lleg\(/] lu(k)|, Yues.

One has

1 1
llull < llulleo £ —=||ull, YuesS. 23
VNAy A4 2:3)

A more precise estimation is given by the following proposition.

Proposition 2.1 One has

[u|loo < Kp|lu]|, Yu €S, (2.4)
where
\/]? if N is odd,
K, = 1 (2.5)

- 1f N is even.

2+27
N N+2

Proof. Fix j € [1, N]. On one hand, one has

j
u(j) = (1) —u(0)) + () —u(l) + ... + W() —u(j - 1) = Z Au(k — 1),
k=1
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1

J J 2
Ul < ) 1Autk = D] < j2 (Z |Autk 1)|2) ,
k=1 k=1

1 J
SuCpP < D 1Autk = D (2.6)
k=1
On the other hand, one has
N+1
u(j) =[G+ —u()+@(G+2)—u(G+ D) +..+ @l +1)—ulN))] = - Z Au(k — 1),
k=j+1

N+1 N+1 %
u(HI < D MAute— DI < (N +1- )2 [ D IAuk - 1>|2] ,

k=j+1 k=j+1
1 N+1
— () < Au(k — D)*. 2.7
N < D IAutk—1) @.7)
k=j+1
From (2.6) and (2.7), it follows
1 1 N+1
-+ ——— ()P < > |Autk - 1) (2.8)
(] N+1- J) ;
) (1 1 1 ) 1 1
Now, we claim that min [ - + ——— | = —. In fact, the real function ¢(x) = |- + —
1<sisN\j  N+1-j] K3 x N+1-x
N+1 N+1
is decreasing in ]0, , 1s increasing in ,N + 1| and is its global minimum point.
1 1 N+1 4 1
So, if N is odd, one has min (- + ——— | = ¢ = = —, while, if N is even,
1<jsN\j N+1-j 2 N+1 K%
(1 1 N N+2 2 2 1 ..
one has min |-+ — | = cp(—) =y =|— + —— ] = —. Hence, our claim is
1<jsN\j N+1- 2 2 N N+2 K%
N+1

1
proved. Therefore, from (2.8) one has Elu( I < Z |Au(k — 1)]* and the proof is complete.
2 k=1

Remark 2.1 Clearly, K, <

for all N € N. So, from previous proposition we obtain

VN + 1
2

which is the inequality obtained in [16]. By a different proof, it is proved in [12] that K is the best
constant.

llulloo < llull, Yues,

The following result is fundamental to our aims.
Proposition 2.2 Fix u € S and assume
either u(k) >0 or —ANuk-1)>0 for each kel[l,N]. 2.9)

Then, either u =0 oru > 0.
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Proof. Fix u € § satisfying (2.9) and such that u # 0. From (2.9), if u(j) <0, j € [1, N], one has

u(j+ 1) = u(j) <u(j) —u(j-1. (2.10)

Now, we claim that u(1) > 0. Arguing by contradiction, we assume u(1) < 0. Applying (2.10) with
Jj =1, weobtain u(2) —u(l) < u(1) —0 <0, u(2) < u(l). So, we have u(2) < 0 and, applying again
(2.10) with j = 2, we obtain u(3) < u(2). Repeating the reasoning we get u(N + 1) < u(N) < ... <
u(1) < 0 and, since u(N + 1) = 0, we have u = 0 and this is absurd. So our claim is proved.
Moreover, we claim that u(2) > 0. Arguing again by contradiction, we assume u(2) < 0 and,
applying (2.10) with j = 2, we obtain u(3) — u(2) < u2) — u(1) < u(2) < 0, u(3) < u(2). So,
repeating the reasoning, we get u(N + 1) < u(N) < ... < u(2) <0, thatis u(N + 1) < 0, and this is
absurd, for which our claim is proved.

Repeating the same computation, we obtain u(3) > 0, u(4) > 0,..., u(N — 1) > 0 and, finally, in the
same way, we obtain u(N) > 0. In fact, assuming u(N) < 0, from (2.10) one has u(N + 1) — u(N) <
u(N) —u(N —1) <u(N) <0,u(N +1) <u(N) <0, u(N + 1) < 0, which is absurd. Hence, the proof
is complete.

Now, let I, : S — R be the functional defined as follows

N+1

1 N rulk)
L) = 5 3 (Autk= D) =2 ) fo felyr,
k=1 k=1

forallu e §S.
We have the following result, see for instance [21].

Proposition 2.3 The critical points of I, are exactly the solutions of the problem (Dﬁ—p).

3 Variational methods on finite dimensional spaces

Let (X, || - ||) be a finite dimensional Banach space and let I : X — R be a functional on X. We recall
the following classical definitions.
We say that [ is coercive on X if lim I(u) = +co. Moreover, if I is a continuously Gateaux

||| = +o0

differentiable functional, we say that / satisfies the Palais-Smale condition, (in short (PS)), if any
sequence {u,} C X such that

1. {I(u,)} is bounded,
2. {I'(uy,)} is convergent to 0 in X*,

admits a subsequence which is convergent in X.

Since here X is a finite dimensional space, it is enough to require that any sequence {u,} satisfying
1. and 2. admits a bounded subsequence.

Now, we recall the classical direct methods theorem, see for instance [27, Theorem 2.1].

Theorem 3.1 Assume that I is continuous and coercive on X. Then, I admits a global minimum u.
Moreover, if I is continuously Gateaux differentiable on X, then uy is a critical point of 1.
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Another fundamental tool in variational methods is the mountain pass theorem. It has been
established by A. Ambrosetti and P.H. Rabinowitz (see, for instance, [1, Theorem 8.2]) and, sub-
sequently, some important remarks on zero altitude and nature of critical points were given by P.
Pucci and J. Serrin (see [24] and [25]) and N. Ghoussoub and D. Preiss (see, for instance, [19]). Its
assumptions are the Palais-Smale condition and the mountain pass geometry. In [5], it was proved
that the mountain pass geometry is equivalent to the existence of one or two local minima according
to whether / is unbounded from below or not. Indeed, if I satisfies the Palais-Smale condition and it
is bounded from below, the mountain pass geometry is equivalent to the existence of two local min-
ima (see also [6, Theorem 2.1]), while if / satisfies the Palais-Smale condition and it is unbounded
from below, the mountain pass geometry is equivalent to the existence of one local minimum. To
be precise, from [5, Theorem 2.1], taking into account that here X is finite dimensional space, we
obtain the following immediate consequence.

Proposition 3.1 Let X be a real finite dimensional Banach space, I : X — R a continuously
Gdateaux differentiable functional which satisfies (PS). Then, the following assertions are equiv-
alent:

(a) There are uy,u; € X andr € R, with 0 < r < ||lu; — upl|, such that

inf  I(u) > max{I(uy), I(u1)};

llu—uoll=r
(b) I admits at least one local minimum which is not strictly global.

Proof. It is enough to verify that / is bounded from below on every bounded set of X and from [5,
Theorem 2.1] the conclusion follows. In fact, fixed M > 0, since X is a finite dimensional space,
one has il’lf||x||sM I(X) > —00,

Taking Proposition 3.1 into account, the mountain pass theorem as given by N. Ghoussoub and
D. Preiss (see, for instance, [19, Corollary 5.11]), in finite dimensional spaces, becomes as follows.

Theorem 3.2 Let X be a real finite dimensional Banach space, I : X — R a continuously Gateaux
differentiable functional which satisfies (PS). Further assume that I admits a local minimum u;
which is not strictly global. Then, there exist u, € X and a critical point of I us, distinct from u;,
such that

I(u3) = inf I
(u3) lyrelr 2}% (y(®)),

where I' = {y € C([0,1],X) : v(0) = uy,y(1) = up}.

Proof. Since u; is not strict global minimum, there is u, € X such that condition (a) of Proposition
3.1 1is verified. Hence, [19, Corollary 5.11] ensures the conclusion.

As a special case of the previous mountain pass theorem, we present the following two versions.
The first deals with functionals which are bounded from below and it is the classical Courant princi-
ple (see, for instance, [27, Theorem 1.1, Chapter II]). The second one is given for functionals which
are unbounded from below.

Corollary 3.1 Let X be a real finite dimensional Banach space and I : X — R a continuously
Gdateaux differentiable functional. Assume that I is coercive on X. Further assume that I admits two
local minima u; and uy. Then, I admits a distinct third critical point us.
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Corollary 3.2 Let X be a real finite dimensional Banach space and I : X — R a continuously
Gdateaux differentiable functional. Assume that 1 satisfies (PS) and it is unbounded from below.
Further assume that I admits a local minimum u,. Then, I admits a distinct second critical point.

Owing to previous remarks, it is clear that in order to apply the mountain pass theorem is funda-
mental the existence of a local minimum. Usually, in the applications, the choice of a local minimum
is 0 assuming that the datum is superlinear at O so, in particular, the nonlinear term is zero at zero
(see Lemma 5.2 and Theorem 5.2). In [4], a local minimum theorem for continuously Gateaux dif-
ferentiable functionals has been established (see [4, Theorem 3.1]). So, owing to a such result or its
consequences (that is, [4, Theorems 5.1, 5.2 and 5.3]) we can obtain a local minimum that can be
different from zero. For completeness, here we give a direct proof of such results exploiting the finite
dimensional setting. To this end, we assume that the following structural hypothesis is fulfilled.

(H) Let ®,¥ : X — R be two continuously Gdateaux differentiable functionals with ® coercive and
such that
igl(f(I) = ®(0) = ¥Y(0) = 0.

Clearly, if ®(x) = 0, then X = 0.

Now, we present our main result of this section.

Theorem 3.3 Assume that (H) holds and let r > 0.

,
Then, for each 1 € A := |0, m , the function I, = ® — AY admits at least a local minimum
u
O=1([0,r])

u € X such that ®) < r, [y(w) < 1(w) for all u € ®'([0, r]) and I'(w) = 0.

Proof. If sup Y = 0 we read the interval A as ]0,+co[. In this case, fixed 4 > 0, one has
O-1([0,r])
0 < D(u) < Ou) — Asupg-1g,) ¥ < ©u) — A¥(w) for all u € @' ([0, r]). Hence, our conclusion
follows by choosing it = 0. Now, assume sup W # 0 and fix 4 € A. The set ®~1([0, r]) is closed
o-1([0,r])
since @ is continuous. Moreover, it is bounded thanks to the coercivity of ®. Therefore, there exists
u* € ®71([0, r]) such that

L) = min I, (3.11)
O-1([0,r])

Obviously, if we prove that u* € ®~1([0, [), we achieve our conclusion choosing u = u*. To this

end, we observe that if ®(«*) = r then u” is not a global minimum of 7, on @1 ([0, r]). Indeed, since

SUP - Y 1 Y(u* 1 Y(u* 1
one has that M < —, we get @) < —, that is W) < —,and so 0 < I,(u*). Hence,
r A r A O(u*) A

the proof is complete.

Now, we present the following variant of the local minimum theorem which ensures the existence
of a non-zero local minimum.

Theorem 3.4 Assume that (H) holds. In addition, suppose that there exist r € R and w € X, with

0 < ®(w) < r, such that
sup ¥
L F(w)

r d(w)’

(3.12)
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()
Then, for each A € A,, = (W), r , the function I, = ® — AY admits at least a local
Yw) sup V¥
O=1([0,r])

minimum u € X such that u # 0, ®u) < r, [@) < I,(u) for all u € ®'([0, r]) and I'(w) = 0.

Proof. Fix A € A,,, arguing as in Theorem 3.3 we have that (3.11) holds. Clearly, if we prove that u* €

®~! (]0, r[) we choose u = u* and we obtain our conclusion. To this end, we reason by contradiction.
1 Y
If ®(u*) = 0, from condition (H), one has u* = 0. Therefore, from 7 < (I)EW;
w
su - r lP(u) 1
Po s < 4 one has

one has I,(w) < 0 =

I,(u*), and this is in contradiction with (3.11). If ®(u*) = r, from

Y(u* 1 Y(u* 1
W) < rk that is @Eu*g < 7 and hence 0 < I(u*) for which we have again a contradiction.
r u

r

Remark 3.1 Theorems 3.3 and 3.4 are special cases of [4, Theorem 5.1] (see also [5, Theorems 2.4
and 2.3]), which is a consequence of the local minimum theorem established in the same paper (see
[4, Theorem 3.1]). We also observe that, since the weak and strong topology in this case coincide,
Theorem 3.3 is the finite dimensional version of [26, Theorem 2.3 (a)]. Finally, it is worth noticing
that the proofs presented in Theorems 3.3 and 3.4 are simpler than those developed in the infinite
dimensional case.

4 Some consequences of the local minimum theorem

We point out some consequences of Theorem 3.3. The first deals with the existence of three distinct
critical points assuming that the functional 7, is coercive; in the second the existence of two distinct
critical points is obtained under the assumptions that the functional satisfies (PS') and it is unbounded
from below. Finally, the third consequence is a result of infinitely many critical points.

The first result is the following theorem.

Theorem 4.1 Assume that (H) holds and there exist r € R and w € X, with 0 < r < ®(w), such that

sup ¥
—1 lIl
orqory - Fw) (4.13)
r D(w)
O(w) r : . :
Further, assume that, for each 1 € A := , , the function I, = ® — AY is coercive.
Y(w)  sup ¥
-1 ([0.r])

Then, for each A € A, the function I, admits at least three distinct critical points.
In the proof we need the following lemma.

Lemma 4.1 Under the assumptions of Theorem 4.1, for each A € A the function I, admits a local
minimum uy such that ®(uy) > r.

Proof. Fix A € A and put
N if ®(u)<r
) = { D) if Ou) > r.

Clearly, the functional ®" : X — R is continuous and the functional I, := ®" — A¥ is continuous
and, taking into account that ®"(u) — A'P(u) > O(u) — A¥(u) for all u € X, it is also coercive.
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From Theorem 3.1, there exists up € X such that I’ (1) = min,cx I’ (u), that is,

O (1) — AW(up) < O"(u) — AWY(u) VYuelX. (4.14)
Now, we claim that ®(u;) > r. Arguing by contradiction, we assume ®(up) < r. Owing to
FY(w)
Yw) —r——
Y (W) — sup,cep-1(0.,n P(1) LY 1
(4.13), one has Pucotoy T ) _ W L s
Ow) —r Ow) —r Odw) A

lP(W) - supueq)-l([o’r]) ‘P(I/t) S 1
dw)—r A

It follows r — ASup,cq-1(,7) Y(U) > @(w) — A¥(w). Therefore, being ®(w) > r and P(uy) < r, one
has ®"(uy) — A¥(up) > ©"(w) — A¥(w) and this is contrary to (4.14). So our claim is proved.

Hence, from (4.14), in particular, we have ®(u)—A¥ (1) < ®(u)—A¥(u) for all u € d~'(]r, +o0[).
Taking into account that @' (Jr, +o0[) is an open set, then u; is a local minimum of 7/, and the con-
clusion is achieved.

;
o SUP,eq-1 (0., T (@) . o
minimum #; such that ®(i;) < r. Moreover, from Lemma 4.1, I; admits a local minimum u, such
that ®(u,) > r. Hence the mountain pass theorem as given in Corollary 3.1 ensures the conclusion.

Proof of Theorem 4.1. Fix A € A. Since 4 < from Theorem 3.3, I, admits a local

The second consequence of the local minimum theorem is the following.

Theorem 4.2 Assume that (H) holds and fix r > 0. Assume that for each 1 € A := |0, ﬁ ,
u

O=1([0,r])

the function I, = ® — AY satisfies (PS) and it is unbounded from below. Then, for each A € A, the

Sfunction 1, admits at least two distinct critical points.

Proof. It follows from Theorem 3.3 and from mountain pass theorem as given in Corollary 3.2.

The third consequence is the following infinitely many critical points theorem.
Assume that (H) holds and put

sup ¥
O-1([0,r])
o(r) = ————

for all r > 0,

Yoo = liminf ¢(r), ¢o = lim (i)l;lf o(r).

r—+co

Theorem 4.3 The following propositions hold:

1
(i) Assume that ¢, < +oco and for each A € ]O, —[ the function I, = ® — AY is unbounded
@

[ee]

from below. Then, there is a sequence {u,} of critical points (local minima) of I, such that
lim ®(u,) = +oo.

n—+0o0
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1

(i) Assume that ¢y < +oo and for each A € ]0, —[ 0 is not a local minimum for the function
%0

Iy = ® — AY. Then, there is a sequence {u,} of pairwise distinct critical points (local minima)

of 1, such that lim u, = 0.
n—-+00
Proof. 1t follows from Theorem 3.3 by arguing exactly as in the infinite dimensional case (see, for
instance, [4, Theorem 7.4]).

Remark 4.1 Theorems 4.1, 4.2 and 4.3 are the finite dimensional versions of [11, Theorem 3.6],
[5, Theoren 3.2] and [4, Theorem 7.4] (see also [26, Theorem 2.3] and observations in Remark 3.1)
respectively. For an infinite dimensional version of Lemma 4.1 we refer to [4, Theorem 5.3] and
[10, Theorem 2.1].

5 Some remarks on classical results for discrete problems

Let f : R — R" be a continuous functionand f; : R > R, k=1,2,..., N, its components. Here and
in the sequel we assume

fi(0) =0

for all k € [1, N]. Moreover, taking Proposition 2.2 into account, we can assume, without loss of
generality for our purposes since we get positive solutions, that fi(x) = fx(0) for all x < 0 and for
all k € [1, N]. Put

Fu(s) = fsfk(t)dt, VseR, Vkel[l,N],
0

F
L=(k) := lim sup k(;) L = max L(k),
S—+00 S lSkSN
F
Lo (k) := liminf k(zs) Lo := min L (k).
so+00 S 1<k<N

Moreover, the energy functional 7, : § — R defined in Section 2, can be written as follows
L) = O(u) — Y (w),

where
N+1

N
1
() 1= > Z(Au(k “1))2 W)= Z Fu(w), Yues.
k=1 k=1
We have the following result.

Lemma 5.1 The following propositions hold:

A
(i) If 0 < L™ < +oo then I, is coercive for all A1 € ]O, M—lw[,

A
(ii) If Lo, > O then I, satisfies (PS) and it is unbounded from below for all A € ]ﬁ, +00].

(o8]
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A
Proof. (1) Let 0 < L* < 400 and A a positive parameter such that 1 < 2L_1°° So, we can fix

A
[ > 0 such that L < [ < ﬁ Taking into account that Fy(s) = f(0)s for all s < 0O, one has

F A
lim sup kgs) <L <L IfL* =0and A €]0,+co[ we can fix again [ > 0 such that [ < L and
|s|—>+0c0 s 24
F
lim sup kgs) < [. Therefore, in both cases, there is a nonnegative constant Q such that
|s|—>+0c0 s

Fi(s) < Is* + 0,

N N N
for all s € R and for all k € [1, N]. It follows that " Fy(u) < " (g + Q) =1 )l + NQ, that
k=1 k=1 k=1
is
N
D Fulw) < lully + NQ
k=1

for all u € S. Hence, one has

N N
1 A A
12() = D) = @) = SlulP = Y Fulu) = Sl = 2 Y Fila) = 5l = Allul; ~ ANQ =
k=1 k:l

A A
(?‘ - /U) Jull} = ANQ for all € 5. So, since 5 = 4 > 0, one has im0 = +oo,
Ujjp—+00
A A
(i1) Taking into account that L, > 0 we fix 4 > % and, fix / such that Lo, > [ > ﬁ

Now, let {u,} be a sequence such that lim, o In(#,) = ¢ and lim,,_, ;o I} (1,) = 0. Put ur =
max{u,, 0} and u, = max{-u,,0} for all » € N. We claim that {u,} is bounded. In fact, one has
Au, (k= 1)Au, (k- 1) < —Au,(k — 1)Au, (k- 1) for all k € [1, N + 1] as a direct computation shows.
It follows that

N+1 N+1
Z Au, (k= DAu, (k—1) < — Z Au,(k = DAu, (k - 1).
k=1 k=1

So,
N+1 N+1
il = D Aty (k = DA (k= 1) < = > Ay (k = DA (k = 1) = =@ (1)),
k=1 k=1
Moreover,
N
V' (un)(uy,) = Z Je(un(k))u, (k) = 0.
k=1

Therefore, one has |ju; || < =@’ (u,) ;) < =D (u,)(u;,) + AV (u,)(u;,), that is,

e, 1P < =1 (uty) (5.15)
N : , . D) (uy,)
for all n € N. Now, from lim [(u,) = O one has lim sup /)(u,)(v) =0, lim W =0, for
n—+oo n—++a>mMS1 n—+oo un

which, taking (5.15) into account, one has lim [ju,|| = 0. Hence, our claim is proved. So, there is
n—+0o

M
M > 0 such that ||u, || < M, ||u; ]l < W =L,0<u,(k)<Lforallk € [1,N]forallneN.
1
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Now, arguing by a contradiction, assume that {u,,} is unbounded (that is, {« } is unbounded).

F
From lim inf k(zs)
§—+00 Ky

= Lo(k) > Lo > [ there is 6 > 0 such that Fi(s) > Is? for all s > 6. Moreover,

Fi(s) > min Fi(s) > Is* — I(max{6, L}))*> + min Fi(s) >
se[—L,0r] s€[—L,0r]

Is* — max{l(max{S;, L})> — min ]Fk(s), 0} = Is* — O

SE[—L,§k
for all s € [-L, 6;]. Hence, Fi(s) > Is> — Oy for all s > —L. It follows that
N N N
Fiu(0) > Uity (K))? = Qi for all n € N, )" Fi(uy(®0) = " (Hu(OP = Qi) = Uwall3 = " O =
k=1 k=1 k=1

lu,ll5 — Q, that is,
P(uy) > Ulu,ll5 — O

1 A
for all n € N. Therefore, one has I,(u,) = ®(u,) — A¥(u,) = §||Mn||2 —A¥(u,) < 7N||u||§ - A¥(u,) <
Ay

7””””% - /U”Mn”% + AQ, that is

A
() < (7N - AZ) 2 + 20

A
for all n € N. Since ||u,|l, — +o0 and 7N — Al < 0, one has lim,,_, ;. 1;(1,,) = —oo and this is absurd.

Hence, I, satisfies (PS).
Finally, we prove that /; is unbounded from below. Let {u,} be such that {u,} is bounded and
{t}} is unbounded. Arguing as before one has ¥(u,) > lllunllg — Q for all n € N and, consequently,

A
L(u,) < (7]\] — /ll) ||un||% +AQ for all n € N. Hence, lim,,_, o, I,(1t,) = —o0 and the proof is complete.

From the direct methods theorem (see Theorem 3.1) we obtain the following existence result
of one positive solution. Some versions of it have been already presented in other papers (see, for
instance, [7], [18]).

A
Theorem 5.1 Assume L < +oo. Then, for each A € ]0, 2L—loo[ the problem ( DJ;C) admits at least
one solution. Moreover, the solution is positive provided that f;.(0) # 0 for some k € [1, N].
Proof. We recall that the space S is equipped with the norm || - ||,. Owing to Lemma 5.1 (i), the
function [, is coercive. Hence, from Theorem 3.1, I, admits at least one critical point, which is a

solution for the problem (Df). Finally, if f;(0) # O for some k € [1, N], the maximum principle (see
Proposition 2.2) ensures the conclusion.

We point out the following immediate consequence of Theorem 5.1.

Corollary 5.1 Assume that

lim M:

t—+00 t

forall k € [1,N] and fi(0) # O for some k € [1, N]. Then, the problem

—Au(k — 1) = fi(u(k)), kel[l,N],
w0 =u(N+1)=0,

0

(D)

admits at least one positive solution.



928 G. Bonanno, P. Candito, G.D’Agui

Now, we apply the mountain pass theorem in order to obtain again an existence result of one

positive solution for problem (Df). We point out that the existence of a nontrivial solution for a
discrete problem through mountain pass theorem has been already considered in [3, 18]. First, we
give a lemma and the following notations. Put

F
L0k = limsup ™ 102 max 10,
s—0* S 1<k<N

A
Lemma 5.2 [f0 < L° < +co then 0 is a local minimum for I, for each A € ](), _2L10 [
: 0 o ﬂl 0
Proof. Since L’ < 400 we can fix a positive parameter A < 370" Moreover, fix [ such that L° < [ <

Fi(s)

A
j. Taking into account that Fi(s) = fx(0)s, s < 0, from lim sup—— = Lo(k) < IV < [, there is
s

s—0*

8¢ > 0 such that Fi(s) < Is? for all s €] — &, 6x[. Therefore, by setting § = / kN:I 6,%, one has

N N
DR <1 Il
k=1 k=1

for all u € S such that ||u||, < 6. Hence, one has
1 A A
L(uw) = Ow) — AY¥(u) = Ellull2 — AN Frlue) 2 ?lllulli — AN Filw) > Tlllullg — Alull3 =
A1

(3 - /ll) lul2 > 0, that is 1,(u) > 1,(0) for all u € § such that |[ul, < 6.

From the mountain pass theorem we obtain the following existence result.

Theorem 5.2 Assume that

F
(i) 10 = 0, that is lim sup k(zs) = 0 forall k € [1,N];
s—0t N
Fi(s)

(ii) Le > 0, that is liminf

§—+00 52

>0 forallk € [1,N].

f . . .
, the problem (D7) admits at least one positive solution.

(o]

AN
Then, hAl€ |—,+
en, for eac ]ZL 00

Proof. Owing to Lemma 5.2, [; admits 0 as local minimum and by Lemma 5.1 part (i1) /, satisfies
(PS) and it is unbounded from below. Hence, the mountain pass theorem as given in Corollary 3.2

ensures a critical point distinct from 0, which is a non-zero solution for the problem (D7). So, the
maximum principle (see Proposition 2.2) ensures the conclusion.

Remark 5.1 The conclusion of Theorem 5.2 holds true for each A € ]O i[ if we assume

* 210
F
(i) 1O < +oo, that is lim sup k(zs) < +ooforall k € [1, N];
s—0+ s
Fi(s)

(i1) Lo = 400, that is lim inf = +oo forall k € [1, N].

§—+00 s
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Ay A
More generally, the conclusion of Theorem 5.2 holds true for each A € ]2LN » 570 [ if we assume
0<r0<p..
AN

In particular, in the autonomous case and assuming f(r) > 0 for all # > 0, we get one positive
solution to problem (A'/’;) if

F(s) A F(s)
= < - liminf —-.

lim sup —— /1N im in 2

s—0* s

Now, we point out the following particular case of Theorem 5.2 (see also the previous remark).

Corollary 5.2 Assume that

(i) tlirg @ =0forallk € [1,N];
(ii) lm M = +oo forall k € [1,N].

Then, the problem
{ A’ utk-1) = fi(u(k)), kell,N], (DJ_‘)

u) =u(N+1)=0

admits at least one positive solution.

Remark 5.2 In nonlinear differential problems, the corresponding energy functional is defined in
a infinite dimensional space and, in order to verify the Palais-Smale condition, an assumption on
nonlinear term, called Ambrosetti-Rabinowitz condition, is requested (see [1, 27]). We know that,
in the infinite dimensional case, the Ambrosetti-Rabinowitz condition implies the superlinearity of
the nonlinear term at infinity and the superlinearity of the nonlinear term at infinity may also not
imply the Palais-Smale condition of the associated functional.

Several authors have used a type of the Ambrosetti-Rabinowitz condition also in finite dimensional
spaces in order to verify the Palais-Smale condition of the corresponding functional (see for instance
[3]). In this setting, the Ambrosetti-Rabinowitz condition is the following:

(AR) There exist u > 2 and R > 0O such that for s > R
0 < uFi(s) < sfi(s) Vkel[l,N].

A standard computation shows that it implies the following condition
(S) Forevery k € [1, N], there exist two positive constants, My and Qy, such that
Fi(s) > Mst — Or, VYs=>0,

for which L., = +o0. In fact, fix k € [1,N] and let s > R. Integrating the following inequality,
between R and s,
< Sils)

*F 1(s)’
being k arbitrary and u > 2, an easy computatlon shows that (§) is verified.

Hence, in the framework of discrete problems, the superlinearity of the nonlinear term at infinity
is enough to obtain that the corresponding functional satisfies (PS), as Lemma 5.1 part (ii) shows,
without requiring the Ambrosetti-Rabinowitz condition as seen, for instance, in Corollary 5.2. We
present the following example.
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Example 5.1 Let f : R — R be the function defined by putting

[ sQlIn(s) + 1), ifs>e /2
S(s) = { 0, if s <e 12,

Simple computations show that f verifies conditions (i) and (ii) of Corollary 5.2. On the other hand,
since

1
sf(s) = uF(s) = s*[(2 — ) In(s) + 1] —pm = e,

for s — +o0 and for all u > 2, it is clear that condition (AR) is not satisfied. Hence, owing to
Corollary 5.2 the problem

~ANu(k — 1) = f(u(k)), kel[l,N],
u)=u(N+1)=0

admits at least one positive solution. Finally, since condition (AR) is not satisfied, we observe that
Theorem 4.2 of [3] cannot be applied to obtain the same conclusion.

In this last part of the section, we get the existence of solutions with no data on the sign of the
nonlinearity. Let g : R — R be a continuous function and g; : R — R, k € [1, N] its components.

Put Gi(s) := fos gr(t)dt for all s € R, for all k € [1, N], and

G
M) = liminf 2y = min MGk,
|[s]>+00 8 1<k<N

N
- ~ 1
Moreover, in this case, denote [,(u) = ®(u) — AV¥(u) = Ellull2 — /lZGk(uk) for all u € §. Clearly,
k=1
Proposition 2.3 holds again true for I, and (D%).

We point out the following result.

- A
Lemma 5.3 If M, > 0O then 1, is anti-coercive for each A € ]ﬁ, +00[.
G(s)
of Lemma 5.1 part (ii), one has W(u) > l||u||§ — Qforall u € § and for some Q > 0. It follows

A
Proof. Fix [ > 0 such that M, > [ > ﬁ From liminf g4 > [, arguing as in the proof

- A
L(u) < ( 7]\’ - /U) ||u||§ + AQ for all u € S and, hence, the conclusion is achieved.

Theorem 5.3 Assume that

(i) lim sup Gkgs)
s—0 s

=0forallk €[1,N];

G
(ii) Mo > 0, that is lim inf 25

lsl>+o0 52

>0 forallk € [1,N].

An
Then, hAe
en, for eac ] M

(o]

, +00|, the problem

{ —AN’u(k — 1) = Agr(u(k)), ke [l,N],

g
u(0) = u(N + 1) = 0, (D

admits at least two non-zero solutions.
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Proof Arguing as in the proof of Lemma 5.2, condition (i) implies that O is a local minimum of
1. Owing to Lemma 5.3 the functional I, is anti-coercive. Therefore, Theorem 3.1 ensures that 7,
admits a global maximum. So, from [17], arguing as in the proof of [7, Theorem 2.3], we obtain
three distinct critical points, that are two non-zero critical points which are two non-zero solutions
of (D).

Remark 5.3 Theorem 5.3 does not provide information on the sign of the two solutions. On the
contrary, taking into account that condition (i) implies gx(0) = O for all k € [1, N], by applying
Theorem 5.2 to g and —g, the existence of one positive solution and of one negative solution is
obtained. B -

6 Main results

In this section we present our main results which are Theorems 6.1, 6.2 and 6.4. The first result
gives the existence of one positive solution without requiring asymptotic condition at infinity on the
nonlinear term. It improves Theorem 5.1. The second one ensures the existence of one positive
solution without requiring conditions neither at zero nor at infinity. As its consequence the existence
of positive solution is obtained when the nonlinear term is sublinear at zero (see Corollary 6.1). The-
orem 6.4 guarantees the existence of two solutions and it improves Theorem 5.2 since no condition
at zero is requested.

Moreover, in this section, multiplicity results are also pointed out. They are Theorems 6.3 and
6.5. The first is a more precise version of [16, Theorem 3.1] (see also [9, Theorem 49]), the second,
which uses a better inequality with respect to [8, Theorem 3.3], allows us to obtain, as a conse-
quence, Theorem 6.6 which ensures the existence of one positive solution without requiring that the
associated functional satisfies (PS) (see Remark 6.6).

The energy functional 7, : § — R defined in Section 2, can be written as follows

Li(u) = O(u) — A¥(u),

where
N +1

N
D(u) := Z(Au(k D2, W)= Z Fu(w), Vues.
k=1
We recall that, as in Section 5, the condition

f(0)>0

for all £k € [1,N], is assumed, while on the function 8 (see the last part of Section 5) no sign

assumption is a priori imposed. Finally, in this section, /; and I, are as in Section 5.
Our first result is the following.

Theorem 6.1 Fix ¢ > 0 and assume that fi(0) # O for some k € [1,N]. Then, for each A €

1 c?
Y , the problem ( Df) admits at least one positive solution u € S such that
? max F(s)

= s€[0,c]

llalleo < c.
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Proof. Put r = el Taking (2.4) into account, for all u € S such that ®(u) < r one has |||l <
2
K>|lull < K> V2r = c, that is,

llulleo < ¢

for all u € S such that ®(u) < r. Therefore, Y(u) = Z Fr(uy) < Z max Fk(s) for all u € S such

k=1
that ®(u) < r. It follows that

spw 3o
w<r =1
< 2K?
r 2 c?
C2 r

Hence, owing to Theorem 3.3 for each 4 < , the functional I,

<
2K XN = sup Y(u)
Z max Fi(s) a<r
SE

. .. . .. . f
admits a non-zero critical point # € § such that ®() < r, that is & is a non-zero solution of (D7)
such that |it]l < c. Hence, the maximum principle (see Proposition 2.2) ensures the conclusion.

Theorem 6.2 Assume that there are two positive constants c,d, with d < c, such that

N
F
Zfé}%’ﬁ] 1 (s) | Z;Fk(d)

— 2 “w &

d? 1 c?
2K2 N

Z Fi(d) Z max Fi(s)

solution i such that ||M||oo <c.

Then, for each A € , the problem ( Dg) admits at least one positive

Proof. Put r = #cz. Arguing as in the proof of Theorem 6.1 we obtain
2

sup ¥(u) Z max Fi(s)
O(u)<r < 2K2——2 (616)
r C

Now, let w € RN*2 be such that w(k) = d for all k € [1, N] and w(0) = w(N + 1) = 0. Clearly, w € S.
N

1
Moreover, one has ®(w) = > Z,/(V:I(Aw(k - 1)? =d?and Y(w) = Z Fi(d). It follows that
k=1

N
D Fud)
Yw) =1

ow)  d?

(6.17)
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Hence, from (6.16), (6.17) and assumption (a) one has

sup ¥Y(u)
CD(M)I;r < \P(W)

r d(w)’

2
Moreover, from 0 < d < ¢, taking (a) into account, one has 0 < d < Rc (by definition of K,, one
2

2
has 2K, < 1'if N > 2). In fact, arguing by contradiction, if we assume ——c < d < ¢ we obtain
2 2
N N N
kZ_; max Fy(s) ) Fid) ) Fi(d)
— 5 > k=l = > k:12 = — against to (a). Therefore, one has 0 < ®(w) < r. Hence,
2

C
Theorem 3.4 ensures the conclusion.

Now, we point out the following consequences of Theorem 6.2.

Corollary 6.1 Assume that fi(t) > 0 for allt > 0 and for all k € [1, N], and

F
(b) limsup kgs)
s—0t s

= +oo for some k € [1,N].

2
Y f . .. .
sup , the problem (D7) admits at least one positive solution.

c>0 N
D Filo)
k=1
=2

1
Proof. Fix A as in the conclusion and ¢ > 0 such that 4 < — c—. From (b) there is d < ¢ such

22 N
D F@)
k=1

N N N N

D Fud) D Fu(@) D F(@) 1 D Fud
k=1 2 k=1 .4 k=1 k=1
T > z > 2K2 5—2’ for which 2 < 2K§ 7 a

Then, for each A € |0,
I 2K

Fi(d)
22

1
that > 7 Hence, nd

d? 1 2

A€ ~ , 2K§ ~
PRI )
k=1 k=1

. So, the conclusion follows from Theorem 6.2.

Corollary 6.2 Assume that f(t) > O for all t > O and there are two positive constants c,d, with

d < ¢, such that
F(o) - 2 F(d)

c? N+1 4%
1 &2 2 1 2
Then, hAde |— , — , th bl
en, for eac ]NF(d) N+1NF(C)[ e problem

(A

~Nu(k — 1) = Af(u(k)), ke[l,N],
u)=u(N+1)=0
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admits at least one positive solution i such that ||itl|. < c.

Proof. 1t is enough to apply Theorem 6.2 by choosing f = f; for all k € [1, N].

Remark 6.1 Theorem 1.1 in Introduction is a consequence of Corollary 6.1.
Now, we present some examples that bring out the usefulness of these results.

Example 6.1 Owing to Theorem 1.1, the problem

~AN’u(k — 1) = u(k), kel[l,N],
u)=u(N+1)=0

admits at least one positive solution.

Example 6.2 For each 1 € ]O, N(A} y e,,/z 1 [ the problem

(6.18)

—Au(k — 1) = 2¢“® cos(u(k)), ke [l,N],
u@@) =uN+1)=0

admits at least one positive solution. It is enough to apply Corollary 6.1 to the function f(s) =
e’ cos(s), s € R.

It is a simple matter to see that the same conclusion cannot be obtained by classical variational
methods.

Now, we give a result of three solutions.

Theorem 6.3 Assume that
I Fi(s)
im sup

S§—+00 52

=0 Vk € [1,N].

Moreover, assume that there are two positive constants c,d, with ¢ < d, such that

N
; max Fy(s) Z Fi(d)

2 2K2 P ©

d? 1 c?
N KZ N

Z Fu(d) Z max Fi(s)

Then, for each A €

, the problem ( Df) admits at least three nonneg-

ative solutions.

—c*, w € R"*2 be such that w(k) = d for all

2
k € [1,N] and w(0) = w(N + 1) = 0. Clearly, w € S. Arguing as in the proof of Theorem 6.2, one

Proof. Fix A as in the conclusion and put r =

N
sup P(u) Z max Fits) D Fu@
has d)(u)Srr < 2K2 — , (I)( ) = k=t o for which
w
sup Y(u)
O(u)<r - Y(w)

r d(w)’
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Moreover, from 0 < ¢ < donehas 0 < ¢ < \/Esz (in fact, \/§K2 > 1) and, hence, 0 < r < O(w).
Finally, taking our assumption into account, Lemma 5.1 (i) ensures that /, is coercive. Hence, from
Theorem 4.1 the conclusion is achieved.

Remark 6.2 Ifin Theorem 6.3 we assume f;(¢) > 0 for all # > 0 and for all k € [1, N] the assumption
(¢) becomes
there are two positive constants c,d, with ¢ < d, such that

N
D Fi(e) Z Fi(d)
k=1

EE 2[(2 d? )
Hence, to verify (¢’) it is enough that there are two positive constants c,d, with ¢ < d, such that
N N
> File) D Fud)
=1 - 2 =t )
c? N+1 42
We point out the following consequence of Theorem 6.3.
Corollary 6.3 Assume that f is a non-zero function such that
o SO O
t—0* t—+00 f
1 2
Then, for each A € ]N infysg —— F(d) , the problem
_Azu(k - 1) = /lf(u(k))9 ke [la N]a (Af)
uO)=u(N+1)= 2

admits at least two positive solutions.

t maXegeo 51 F'
Proof. 1t is enough to observe that lim & = 0 implies lim M

—0+ t s—0* Ky

=0.

Remark 6.3 Theorem 6.3 is a more precise version of Theorem 3.1 of [16] (see also Theorem 3.2).
In fact, Theorem 6.3 ensures a larger interval of parameters A.

Theorem 6.4 Assume that

F
lim 7K Vk € [1,N].

§—+00 KY
1 2 f

Then, for each A € |0, — sup, -~ | the problem (D7) admits at least two nonnegative
2
F
2 i Pl

solutions.
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1 2
Proof. Fix A as in the conclusion and ¢ such that 4 < ¢ . Owing to Lemma 5.1(ii),
F
Z max k(s)
the functional I, satisfies (PS) and it is unbounded from below Hence, taking into account, as
sup W(u) :E: max Fy(s)
seen in the proof of Theorem 6.1, that P < —2, from Theorem 4.2 the
r c

conclusion is achieved.
Remark 6.4 In Theorem 6.4, if we assume

Z max F(s)

o F s€[0,c]
lim inf Ks) > /lNK21 f X
§—+00 s2 c>0 C2

Vk € [1,N]

L : N
the conclusion is achieved for each A € M 2K2 SUP.>0 .
2
Z max F(s)

= s€[0,c]

Remark 6.5 Theorem 1.2 in Introduction is a consequence of Theorem 6.4.

Example 6.3 For each 1 € ] [ the problem

2
"N(N +1)

{ —Au(k — 1) = A[2u(k) In*(u(k)) + 2u(k) In(u(k)) + 11, ke [1,N], 6.19)

u@)=u(N+1)=0
admits at least two positive solutions. Indeed, it is enough to apply Theorem 1.2 to the function

[ 2sIn’*(s) +2sIn(s) + 1, if s> 0
f(s)‘{L if 5 <0,

2

taking into account that sup < > 1, where F(s) = s2In’(s) + s, for s > 0. In particular,
>0 MaXge(o,] F(0)
the problem

A2 _ _1 2 l l
{ Alulk = 1) = Su(k) In*(u(k) + Sut) In(u() + 7, k€ [1,2], (6.20)

u(0)=u3) =0

admits at least two positive solutions. We also observe that, for the previous problems, the condition
(AR) is not satisfied, since

Sf(s) — uF(s) = s*In sS[(2Q=wIns+2]+ (1 —pu)s = —oo, for all u > 2.

Now, we point out the following result of existence of three solutions when no sign assumption on
nonlinear term is requested.
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Corollary 6.4 Assume that
Gi(s)

sl>+o0  §2

1 2
Then, for each A € |0, ﬁ SUp..g C— , the problem (D%) admits at least three solutions.
? Z max Gi(s)
s€[0,c]

Proof. Owing to Lemma 5.3 the functional I, is anti-coercive, for which from [7, Theorem 2.3] the
conclusion is achieved.

Now, we point out a result of infinitely many positive solutions.

Theorem 6.5 Assume that

N
Samre | Yno

. K=
liminf X 5 < — limsup 5
s—+00 Ky 5 st Ky

1 1 1

2K
Z F(s) Z max Fy(@)

lim sup T liril +1(r>10f 2
4 s—+400

finitely many positive solutions.

Then, for each A € , the problem ( D§) admits in-

Proof. The conclusion is obtained from Theorem 4.3 (i) arguing as in the proof of [8, Theorem 3.1].

We point out the following consequence of Theorems 6.4 and 6.5. To this end, put

L1 ¢ if L +
—— —SUp..g =, Iif Lo = 400,
v_) 23N Pe0 70y
- 11
— if Lo, < +o00.
2K? L,
Theorem 6.6 Assume that f(t) > 0 for allt > 0 and
lim sup (ZS) = +o00.
§—+00 s

Then, for each A € 10, A*[, the problem (Aﬁ) admits at least one positive solution.

Proof. If lim inf Q = +oo, from Theorem 6.4 we obtain the conclusion. Otherwise, if lim inf L

N s—+o0 52
+00 we can apply Theorem 6.5 and we obtain infinitely many positive solutions.

F(s .. . . .
Remark 6.6 The assumption lim sup (2) = +4oo implies that the associated functional is un-
s—+00 S

bounded from below (see the proof of Lemma 5.1 part (ii)), but it does not imply that a such
functional satisfies (PS).
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