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A B S T R A C T

Cooperative control for rail vehicles is a new idea which builds on existing models and methods developed in
the context of flight formation and autonomous ground vehicles. The underlying idea is to assimilate virtually
coupled rail vehicles to arrays of mass–spring–dashpot systems. The contribution of this paper is three-fold.
First, a novel scheme is proposed which involves a supervisory control for the higher-level planning and a
local motion coordination for the lower-level implementation. For the supervisory control, a review of the
existing scheduling models and methods based on alternate graphs and a mixed-integer (non)linear program
is conducted. For the local coordination, a nonlinear and uncertain model is developed and a constructive
method is provided to design a feedback control that stabilizes the vehicle around a desired equilibrium point,
in terms of position and velocity. Second, the control design method is extended to the case of multiple virtually
coupled vehicles. It is proven that the transient dynamics follows a typical synchronization dynamics. It is
also proven that under such control, the whole system of rail vehicles converges to a pre-defined equilibrium
point, characterized by a specific velocity and relative distance between vehicles. Conditions for the stability of
such equilibrium points are investigated. Third, under the hypothesis of homogeneity, bounds on the damping
coefficient for the synchronization equilibrium (in terms of velocity and relative distance between vehicles) to
be overdamped or underdamped are provided.
. Introduction

Due to the rising traffic demands, autonomous trains will play a
rucial role in the future of transportation systems in terms of safety,
fficiency, and accessibility. However, an increased level of automation
rings new challenges in the scheduling and coordination of the train
ehicles, especially in response to unforeseen events which affect the
imetable of the trains (Bersani et al., 2015). Within this context,

methodological approach involving supervisory control and local
oordination control is proposed. The proposed approach contributes
o advancing models and methods within the ERTMS.

The study of network robustness as a concept to tackle expected
nd unexpected disturbances and estimate the stability and efficiency
f railway traffic is the main focus in Friedrich et al. (2018), Jiao
t al. (2020), Lusby et al. (2018). Likewise, in this paper, a robust
ontrol method is proposed that guarantees the stability properties of
he control method under dynamic and uncertain parameters within
ertain bounds.

Cooperative control for rail vehicles (Dong et al., 2016; Shamma,
008; Xun et al., 2013, 2019; Yin et al., 2017) deals with building
athematical models based on the mechanical analogue according to

∗ Corresponding author at: Jan C. Willems Center for Systems and Control, ENTEG, University of Groningen, Nijenborgh 4, 9747 AG Groningen, The Netherlands.
E-mail address: d.bauso@rug.nl (D. Bauso).

which trains are convoys of autonomous and mobile unit components
virtually coupled via a spring and a dashpot. Within the literature
on cooperative control, a control design is developed in Su et al.
(2021), in which the energy consumption is minimized by optimizing
the operation of the trains. In Gao et al. (2013), a decentralized
cooperative control approach is used in order to address the coordi-
nation problem with the heavy-haul trains. The idea of assimilating
autonomous vehicles to arrays of mass–spring–dashpot systems is well
established in other sectors such as consensus (Olfati-Saber & Murray,
2004; Ren, 2007; Ren et al., 2005), coupled oscillators (Yin et al., 2011,
2014), swarms (Liu & Passino, 2004), autonomous vehicles (Dunbar &
Murray, 2006; Fax & Murray, 2004; Santini et al., 2016) or UAVs flight
formation (Bauso et al., 2006; Giulietti et al., 2000). The idea of virtual
coupling builds on communication-based train control systems (Ning
et al., 2014; Wang et al., 2015; Zhu et al., 2014). Within the litera-
ture on autonomous vehicles, the authors in Jadbabaie et al. (2003)
investigate consensus on headings of 𝑛 different autonomous agents.
In Olfati-Saber et al. (2007), the authors analyze consensus algorithms
and their applications to networked systems. A consensus algorithm is
extended to second-ordered dynamic systems and applied to formation
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Fig. 1. Iterative learning and control. Supervisory control for the optimal sequencing
and local motion coordination.

control problems (Ren, 2007). In Ren and Beard (2005) the authors
develop a consensus algorithm to obtain coordination in multi-agent
systems under dynamically changing communication topology.

This paper wishes to explore the ways in which existing sets of tools
from the mentioned sectors can be adapted to the rail sector. To do
this, the whole infrastructure necessitates of advanced information and
communication capability on each vehicle. The ICT equipment in each
rail vehicle allows the vehicle to create models of virtual couplings with
the neighbor trains in the same spirit as in convoys of trains. This paper
will distinguish between a supervisory control phase and a local coordi-
nation phase as depicted in Fig. 1. The supervisory control involves an
optimization problem which builds on the notion of alternative graphs
for conflict resolution in railways systems as developed in Corman
et al. (2010), D’ariano et al. (2007), D’Ariano et al. (2007). While
the models and methods for such an optimization problem are well
established in the literature, this paper aims at reviewing them coupled
with a local coordination algorithm. Indeed, in the spirit of learning, the
arrows indicate that the parameters for the supervisory control can be
obtained from the local coordination and vice versa. Thus the coupling
between the two problems can be viewed as an iterative learning and
control process. The output from the supervisory control is the optimal
sequence which enters as input into the local coordination phase. The
output from the local coordination phase yields the parameters values
(traversing times) which enter as inputs in the supervisory control
phase.

In the supervisory control phase, the control room makes eco-
nomic decisions in the presence of conflict for a common resource.
For instance, the supervisory control phase releases the optimal se-
quence with which the trains have to cross a junction. Such sequence
is communicated to the trains through a ground antenna. The local
coordination phase consists in each train to accelerate or decelerate
to synchronize its relative position and velocity from the preceding
train in the sequence and to guarantee the minimum safe headway.
The computational burden for the local coordination is then shifted to
the ICT equipment of each rail vehicle.

The main idea of this paper can be explained by the simple example
illustrated in Fig. 2. Consider two tracks, one junction and three trains,
which are labeled 1, 2 and 3, respectively. Trains 1 and 3 are on the
same track while train 2 is on a second track and will join the main
track through the junction. The trains communicate with a control
room (supervisory control) via a central antenna (red dotted lines). At
the same time the trains communicate with each other (blue dashed
lines) relevant parameters such as position and velocity. Each train
is equipped with internal computational power which identifies the
virtual coupling configurations. The virtual coupling is assimilated to
an array of masses connected in series via springs and dashpots. Before
the junction, train 2 is on a different track than 1 and 3 and therefore
in this phase train 2 is virtually projected on the main track. This
is represented by a dashed rectangle representing mass 2 (array of
masses bottom left). After projection and before the trains reach the
junction, the trains receive the optimal sequence from the control room
(supervisory control) which sees train 1 going first, train 3 following
as second and eventually train 2 joining the convoy as last. Through
distributed communication of the relative position and speed, the trains
also realize that the virtual headway needs to increase. In consequence

of this, the trains will control their velocity in order to move from

2

Fig. 2. Virtual coupling. Example of multiple trains virtually coupled.

the virtual coupling configuration before the junction (bottom left) to
the virtual coupling configuration after the junction (bottom right). In
particular, train 1 and 3 accelerate, while train 2 decelerates to reach
the virtual coupling configuration represented on the bottom right.
Local coordination between trains is then performed autonomously and
with no supervision from the control room.

1.1. Main theoretical findings

Cooperative control for rail vehicles is innovative in the following
aspects.

Adaptation – Vehicles are autonomous entities equipped with ICT to
share information with the control room and with the other trains.
Each vehicle learns positions, and velocities and adapts its accelera-
tion/deceleration command.

Coordination – Vehicles coordinate relative position and velocity to
synchronize with the neighbor trains. First, a supervisory control re-
ceived from the control room establishes the optimal sequence with
which the trains cross junctions. Then, the trains implement a low-level
coordination control to guarantee the necessary headway.

Prediction – Rail vehicles build forecasting models of virtual coupling
based on the current information. Vehicles know in advance their
relative position and velocity and anticipate any potential conflict or
violation of safety conditions.

Structure – Rail vehicles communicate according to a communication
topology, which can be described using a graph where the nodes repre-
sent the vehicles and the edges describe information sharing between
vehicles.

The technical contribution of this paper is three-fold. First, for the
single rail vehicle, a nonlinear Newtonian model is developed that
accounts for nonlinearities due to uncertain aerodynamic forces and
forces due to track slopes. Based on this model a constructive method
is provided to design a feedback control that stabilizes the vehicle
around a desired equilibrium point, in terms of position and velocity.
The control design is in the spirit of reference model nonlinear control
methods. Stability properties and oscillatory motions are analyzed in
relation to certain bounds on the parameters’ values (mass of the
train, control parameters). These bounds shed light on the robustness
properties of the control design. The stability properties are guaranteed
for any value of the parameters within such bounds.

Second, the control design method is extended to the case of multi-
ple virtually coupled vehicles. It is proven that the transient dynamics
of the whole system follows a typical synchronization dynamics. It is
also proven that under such control, the whole system of rail vehicles
converges to a pre-defined equilibrium point, characterized by a spe-
cific velocity and relative distance between vehicles. Conditions for the
stability of such equilibrium points are investigated.

Third, under the hypothesis of homogeneity, bounds on the damp-
ing coefficient for the synchronization equilibrium are provided (in
terms of velocity and relative distance between vehicles) to be over-
damped or underdamped. The importance of such result is in that it

sheds light on the emergence of topology-induced oscillations. These
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bounds depend on the interaction topology and on the connectivity of
the vehicles. The maximum connectivity corresponds to the maximum
number of links over all the nodes of an ad hoc network, where nodes
are vehicles and links are communication channels.

This paper is organized as follows. In Section 2, models and methods
for the supervisory control are reviewed. In Section 3, the model and
control of a single vehicle are developed. In Section 4, the model is
extended to multiple rail vehicles. In Section 5, the control method is
illustrated for the virtually coupled vehicles. In Section 6, the simula-
tions are carried out. Finally, in Section 7, the conclusions and future
works are discussed.

2. Supervisory control

Models and methods for the supervisory control are well established
in the literature (Corman et al., 2010; D’ariano et al., 2007; D’Ariano
et al., 2007). In this section, a review with an example is provided
and the connection with the local coordination phase is clarified. The
supervisory control finds the optimal sequence with which the trains
have to cross a junction. The optimization problem builds on the notion
of alternative graphs. An alternative graph is a triple 𝐺(𝑁,𝐹 ,𝐴) where
𝑁 is the set of nodes, 𝐹 is the set of fixed arcs and 𝐴 is the set of
alternative arcs. Let |𝑁| be the cardinality of set 𝑁 . A subset 𝑆 ⊂ 𝐴
involving one arc for each pair in 𝐴 has to be chosen to obtain the
final graph 𝐺(𝑆) = (𝑁,𝐹 ∪ 𝑆). To obtain the model, for each pair of
arcs (𝑖, 𝑗), (ℎ, 𝑘) in 𝐴 consider the variable

𝑦𝑖𝑗,ℎ𝑘 =
{

1, if (𝑖, 𝑗) selected,
0, if (ℎ, 𝑘) selected.

Also, let 𝜏𝑖 ∈ R be the decision variable associated with node 𝑖 which
represents the starting time of event 𝑖. Denote by 𝜙𝑖𝑗 the weight of
arc (𝑖, 𝑗) which describes the duration of event 𝑖 for each fixed arc
(𝑖, 𝑗) ∈ 𝐹 . Likewise, denote by 𝛽𝑖𝑗 and 𝛽ℎ𝑘 the weights of arcs (𝑖, 𝑗) and
(ℎ, 𝑘) which describe the duration of events 𝑖 and ℎ for each alternative
arc (𝑖, 𝑗), (ℎ, 𝑘) ∈ 𝐴. Let 𝑀̂ be a sufficiently large number. Denote by
𝛷(𝜏1,… , 𝜏

|𝑁|

) a generic (non)linear function of the decision variables,
then a mixed-integer (non)linear program can be obtained as follows,

min𝛷(𝜏1,… , 𝜏
|𝑁|

)

𝜏𝑗 ≥ 𝜏𝑖 + 𝜙𝑖𝑗 , ∀(𝑖, 𝑗) ∈ 𝐹 ,

⎧

⎪

⎨

⎪

⎩

𝜏𝑗 ≥ 𝜏𝑖 + 𝛽𝑖𝑗 − 𝑀̂(1 − 𝑦𝑖𝑗,ℎ𝑘),

𝜏𝑘 ≥ 𝜏ℎ + 𝛽ℎ𝑘 − 𝑀̂𝑦𝑖𝑗,ℎ𝑘,

𝑦𝑖𝑗,ℎ𝑘 ∈ {0, 1}.

∀(𝑖, 𝑗), (ℎ, 𝑘) ∈ 𝐴,

If the events are viewed as times when trains occupy or free a block
section, then selecting alternative arcs corresponds to sequencing the
trains as explained in the following example.

Example 1. Two trains need to occupy Block section 3, see Fig. 3
left. Train 1 comes from Block section 1 (BS 1) and Train 2 from Block
section 2 (BS 2). The trains cannot occupy Block section 3 (BS 3) at the
same time. Let 𝑟1 and 𝑟2 be the traversing time of Block sections 1 and 2,
respectively (this is the time before the trains are ready to enter Block
section 3). Let 𝜙12 and 𝜙34 be the traversing time of Block section 3
for Train 1 and 2, respectively. If Train 1 enters Block section 3 first,
let 𝛽23 be the idle interval between the time when Train 1 leaves Block
section 3 and Train 2 enters Block section 3. Analogously, if Train 2
enters Block section 3 first, let 𝛽41 be the idle interval between the time
when Train 2 leaves Block section 3 and Train 1 enters Block section 3.

The alternative graph in Fig. 3 (right) can be used to visualize the
different stages of the scheduling process. The nodes are the ‘‘events’’
(Train 1 or 2 entering or exiting Block section 3) and the arcs are the
jobs (Train 1 and 2 traversing Block section 3 or idle time before the
next train can enter Block section 3). In particular, let 𝜏1 and 𝜏2 be
the time of Train 1 entering and exiting Block section 3, respectively.
3

Fig. 3. Supervisory control. Example with two trains and three block sections (BS)
(left); corresponding alternative graph (right).

Analogously, let 𝜏3 and 𝜏4 be the time of Train 2 entering and exiting
Block section 3. For this particular instance, the decision variable is

𝑦23,41 =
{

1 if Train 1 precedes 2 in Block section 3,
0 otherwise.

he mixed-integer program to minimize the total completion time (Case
) or the average completion time (Case 2) is then given by

Case 1: minmax{𝜏2, 𝜏4}
(

Case 2: min 𝜏2 + 𝜏4
)

(1)

𝜏2 ≥ 𝜏1 + 𝜙12, (2)
𝜏4 ≥ 𝜏3 + 𝜙34, (3)

𝜏3 ≥ 𝜏2 + 𝛽23 − 𝑀̂(1 − 𝑦23,41), (4)

𝜏1 ≥ 𝜏4 + 𝛽41 − 𝑀̂𝑦23,41, (5)

𝜏1 ≥ 𝑟1, (6)
𝜏3 ≥ 𝑟2, (7)

𝑦23,41 ∈ {0, 1}. (8)

The objective function (1) describes the total completion time
(Case 1) or average completion time (Case 2). Constraint (2) says that
Train 1 cannot exit Block section 3 before it has entered at time 𝜏1 and it
has occupied Block section 3 for 𝜙12 time units. Constraint (3) imposes
that Train 2 cannot exit Block section 3 before it has entered at time 𝜏3
and it has occupied Block section 3 for 𝜙34 time units. Constraint (4)
describes the condition that if Train 1 precedes 2, Train 2 cannot enter
Block section 3 (at time 𝜏3) before Train 1 has exited (at time 𝜏2) and the
idle time interval 𝛽23 has passed. Constraint (5) captures the condition
that if Train 2 precedes 1, Train 1 cannot enter Block section 3 (at time
𝜏1) before Train 2 has exited (at time 𝜏4) and the idle time interval 𝛽41
has passed. Finally, condition (6) says that Train 1 cannot enter Block
section 3 (at time 𝜏1) before traversing Block section 1 for a time 𝑟1.
Likewise (7) says that Train 2 cannot enter Block section 3 (at time 𝜏3)
before traversing Block section 2 for a time 𝑟2. In (8) the variable is
integer, as it corresponds to mutually exclusive decisions.

3. Nonlinear model of a single rail vehicle

Consider a single rail vehicle and let 𝑣(𝑡) and 𝑝(𝑡) be its velocity and
position at time 𝑡, respectively. The model builds on the longitudinal
train dynamics proposed in Felez et al. (2019), Iwnicki (2006), Wu et al.
(2016). Let 𝐹 be the engine thrust, 𝑓1(𝑣, 𝑡) be the aerodynamic forces
(essentially drag resistance to motion) and 𝑓2(𝑝, 𝑣, 𝑡) be any external
force due to track slope and geometry.

For a vehicle of mass 𝑀 the velocity 𝑣(𝑡) evolves as

𝑀𝑣̇(𝑡) = 𝐹 − 𝑓1(𝑣, 𝑡) − 𝑓2(𝑝, 𝑣, 𝑡), (9)

where 𝑓1(𝑣, 𝑡) = 𝑎 + 𝑏𝑣(𝑡) + 𝑐𝑣2(𝑡) is taken in accordance with Davis
approximation (Dong et al., 2016). Here the coefficient 𝑎 involves the
rolling resistance and the bearing resistance; the coefficient 𝑏 captures
the air input and 𝑐 includes the aerodynamic coefficient and the tunnel
factor. Estimating the aforementioned coefficients is not required as the
model and method presented in this paper can accommodate unknown
parameters values but bounded within certain intervals. More details
on the coefficients’ estimation can be found in Hansen et al. (2017).

Let the engine thrust be decomposed in two components, namely
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𝐹 (𝑡) = 𝐹1(𝑡) + 𝐹2(𝑡). The first component 𝐹1(𝑡) has to be designed to
counterbalance 𝑓1(𝑣, 𝑡) and 𝑓2(𝑝, 𝑣, 𝑡). For the second component, let
𝑝𝑑 (𝑡) and 𝑣𝑑 (𝑡) be two virtual signals representing the desired position
and velocity, respectively. The second component 𝐹2(𝑡) is designed to
guarantee tracking, namely 𝐹2(𝑡) = 𝑘𝑒(𝑡) + 𝑘̃𝑒̇(𝑡), where 𝑒(𝑡) = 𝑝𝑑 (𝑡) − 𝑝(𝑡)
and 𝑒̇(𝑡) = 𝑝̇𝑑 (𝑡)− 𝑝̇(𝑡) = 𝑣𝑑 (𝑡)−𝑣(𝑡) are the position and velocity tracking
error and 𝑘 and 𝑘̃ are positive scalars representing the synchronization
coefficients. Dynamics (9) can then be rewritten as

𝑀𝑣̇ = 𝐹1 + 𝑘𝑒 + 𝑘̃𝑒̇ − 𝑓1(𝑣, 𝑡) − 𝑓2(𝑝, 𝑣, 𝑡). (10)

The synchronization coefficients determine the engine thrust 𝐹2(𝑡) =
𝑘𝑒(𝑡)+ 𝑘̃𝑒̇(𝑡). In other words, the acceleration 𝑣̇(𝑡) depends on the engine
thrust 𝐹2(𝑡) = 𝑘𝑒(𝑡) + 𝑘̃𝑒̇(𝑡), on the drag resistance to motion 𝑓1(𝑣, 𝑡) =
𝑎 + 𝑏𝑣(𝑡) + 𝑐𝑣2(𝑡) and on the external disturbances due to the track
𝑓2(𝑝, 𝑣, 𝑡). The physical intuition underlying the design of 𝐹2(𝑡) is that
in response to a positive error, an engine thrust power is injected into
the rail vehicle. Vice versa, a negative error induces the engine thrust
power to decrease. Denoting 𝑝(𝑡) = 𝑥1(𝑡), 𝑣(𝑡) = 𝑥2(𝑡), and by considering
𝑝𝑑 (𝑡) = 𝑥𝑑1 (𝑡) and 𝑣𝑑 (𝑡) = 𝑥𝑑2 (𝑡) as exogenous inputs to the rail vehicle,
the dynamics of the rail vehicle reduces to the following second-order
system:
[

𝑥̇1
𝑥̇2

]

=

[

0 1
− 𝑘

𝑀 − 𝑘̃
𝑀

]

[

𝑥1
𝑥2

]

+

[

0 0
𝑘
𝑀

𝑘̃
𝑀

]

[

𝑥𝑑1
𝑥𝑑2

]

−

[

0
𝑎+𝑏𝑥2+𝑐𝑥22+𝑓2−𝐹1

𝑀

]

.
(11)

ssume parameters are unknown but bounded, namely 𝑎 ∈ [−𝑎, 𝑎],
𝑏 ∈ [−𝑏, 𝑏], and 𝑐 ∈ [−𝑐, 𝑐] and 𝑓2 ∈ [𝑓

2
, 𝑓 2] in which case 𝐹1 can be

designed via feedback from the error. The error is obtained via model
reference control as discussed next.

Consider the following reference model for the vehicle:
[ ̇̂𝑥1

̇̂𝑥2

]

=

[

0 1
− 𝑘

𝑀 − 𝑘̃
𝑀

]

[

𝑥̂1
𝑥̂2

]

+

[

0 0
𝑘
𝑀

𝑘̃
𝑀

][

𝑥𝑑1
𝑥𝑑2

]

. (12)

Consider the error on position and velocity 𝑒1 = 𝑥𝑑1 − 𝑥̂1 and 𝑒2 =
𝑥𝑑2 − 𝑥̂2 and let the error dynamics be derived under the assumption
of quasi-constant desired velocity, namely 𝑥̇𝑑2 ≈ 0:
[ ̇̂𝑒1

̇̂𝑒2

]

=

[

0 1
− 𝑘

𝑀 − 𝑘̃
𝑀

]

[

𝑒1
𝑒2

]

. (13)

The equilibrium point for the reference model is then

lim
𝑡→∞

𝑥̂1 = 𝑥𝑑1 , lim
𝑡→∞

𝑥̂2 = 𝑥𝑑2 .

Let the error on position and velocity be defined as 𝜖1 = 𝑥̂1 − 𝑥1 and
𝜖2 = 𝑥̂2 − 𝑥2.

Theorem 1. Let 𝐹1 be designed as a feedback control from the tracking
error for positive parameters 𝜇 and 𝜇̃:

𝐹1 = 𝜇𝜖1 + 𝜇̃𝜖2. (14)

At the equilibrium
[

𝑥1
𝑥2

]

=

[

𝑥𝑑1 −
𝑎+𝑏𝑥2(𝑡)+𝑐𝑥22(𝑡)+𝑓2(𝑥1 ,𝑥2 ,𝑡)

𝑘+𝜇
𝑥𝑑2

]

. (15)

The transient dynamics of the reference model coincides with the
rail vehicle’s dynamics under perfect information. Perfect information
means that the aerodynamic forces 𝑓1(𝑣, 𝑡) and any external force due
to track slope and geometry, 𝑓2(𝑝, 𝑣, 𝑡) are known or can be calculated
online. Through feedback linearization, let 𝐹1 be chosen as 𝐹1 = 𝑎 +
𝑏𝑣(𝑡) + 𝑐𝑣2(𝑡). The linear approximation leads to

𝑀𝑣̇(𝑡) ≈ −𝑘𝑒(𝑡) − 𝑘̃𝑒̇(𝑡). (16)

The dynamics for 𝑣(𝑡) follows then

𝑣̇(𝑡) ≈ 1
(

−𝑘𝑒(𝑡) − 𝑘̃𝑒̇(𝑡)
)

, (17)
𝑀

4

here 𝑘
𝑀 and 𝑘̃

𝑀 are the elastic and damping constant of the linearized
dynamics, respectively. Dynamics (17) can be written in matrix form as
follows:
[

𝑥̇1
𝑥̇2

]

=

[

0 1
− 𝑘

𝑀 − 𝑘̃
𝑀

]

⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟
𝐴

[

𝑥1
𝑥2

]

+

[

0 0
𝑘
𝑀

𝑘̃
𝑀

][

𝑥𝑑1
𝑥𝑑2

]

. (18)

Theorem 2. Dynamics (18) is asymptotically stable. Furthermore, let
𝑘̃ > 2

√

𝑘𝑀 then the origin is an asymptotically stable node. Vice versa,
if 𝑘̃ < 2

√

𝑘𝑀 then the origin is an asymptotically stable spiral.

The above theorem explains the impact of the mass and the elas-
tic/damping constant on the vehicle’s dynamics. Furthermore, it makes
the results of this paper robust and extends the analysis to cases where
the inertia, damping and synchronization parameters are uncertain.

4. Virtual coupling

Virtual coupling consists in creating a virtual network 𝐺 = (𝑉 ,𝐸)
of interconnected vehicles, where the set 𝑉 is the set of nodes which
correspond to vehicles, and the set 𝐸 is the set of arcs, which corre-
spond to virtual couplings between vehicles. Two vehicles are called
neighbors if there exists a link between the two corresponding nodes.
Thus, a measure of the connectivity of a vehicle is the degree of the
corresponding node. Recall that for undirected graphs, the degree of a
node is the number of links with end node 𝑖; here, the degree of node 𝑖
is denoted by 𝑑𝑖.

For any pair of vehicles 𝑖 and 𝑗, let the velocity tracking error
and synchronization coefficient be 𝑘𝑖𝑗 and 𝑘̃𝑖𝑗 , respectively. The new
aggregate parameters are defined as 𝑘𝑖𝑗 ∶= 𝑘𝜇𝑖𝑗 , and 𝑘̃𝑖𝑗 ∶= 𝑘̃𝜇̃𝑖𝑗 ,
where ∑

𝑗 𝜇𝑖𝑗 =
∑

𝑗 𝜇̃𝑖𝑗 = 1, and 𝑘, 𝑘̃ are positive scalars to be designed
yet. Note that it holds ∑

𝑗 𝑘𝑖𝑗 = 𝑘 and ∑

𝑗 𝑘̃𝑖𝑗 = 𝑘̃. Also, let 𝜉 be the
synchronization coefficient with respect to a reference velocity 𝑣𝑟𝑒𝑓 .

For a generic vehicle 𝑖 let the new state space variable be 𝑥𝑖1(𝑡) =
𝑝𝑖(𝑡)−𝛿𝑖, where 𝑝𝑖(𝑡) is the position of vehicle 𝑖 and 𝛿𝑖 is a positive scalar
which can be designed ad hoc and will determine the relative distance
between vehicle 𝑖 and the neighbor vehicles. Also let 𝑥𝑖2(𝑡) = 𝑣𝑖(𝑡).

Lemma 1. The single vehicle 𝑖 admits the following state space represen-
tation
𝑀𝑥̇𝑖2(𝑡) =

∑

𝑗 𝑘𝑖𝑗 (𝑥
𝑗
1(𝑡) − 𝑥𝑖1(𝑡)) +

∑

𝑗 𝑘̃𝑖𝑗 (𝑥
𝑗
2(𝑡) − 𝑥𝑖2(𝑡))

+𝜉(𝑣𝑟𝑒𝑓 (𝑡) − 𝑥𝑖2(𝑡)) − 𝑓1(𝑣𝑖, 𝑡) − 𝑓2(𝑝𝑖, 𝑣𝑖, 𝑡) + 𝐹 𝑖
1.

(19)

To describe the whole set of coupled vehicles in one single matrix
model, let the aerodynamic and external forces of vehicle 𝑖 be denoted
as 𝑓 𝑖

1 = 𝑓1(𝑣𝑖, 𝑡) and 𝑓 𝑖
2 = 𝑓2(𝑝𝑖, 𝑣𝑖, 𝑡), respectively, and let 𝑓 𝑖

12 ∶= 𝑓 𝑖
1+𝑓 𝑖

2.
Also, let the velocity error of vehicle 𝑖 with respect to a reference value
be denoted by 𝑒𝑖𝑣 ∶= 𝑣𝑟𝑒𝑓−𝑥𝑖2. The dynamics of the whole set of virtually
coupled vehicles are then given by:
[

𝑋̇1
𝑋̇2

]

=
[

0 1
−𝐿 −𝐿̃

] [

𝑋1
𝑋2

]

+ 𝛹 (𝑋2) − 𝛥(𝑋1, 𝑋2) + 𝐹 , (20)

where 𝑋𝑖 = [𝑥1𝑖 ,… , 𝑥𝑛𝑖 ]
𝑇 , 𝑖 = 1, 2,

𝛹 (𝑋2) ∶=
[

0 … 0 𝜉𝑒1𝑣
𝑀1

… 𝜉𝑒𝑛𝑣
𝑀𝑛

]𝑇
,

𝛥(𝑋1, 𝑋2) ∶=
[

0 … 0
𝑓1(𝑥12 ,𝑡)+𝑓2(𝑥

1
1 ,𝑥

1
2 ,𝑡)

𝑀1

…
𝑓1(𝑥𝑛2 ,𝑡)+𝑓2(𝑥

𝑛
1 ,𝑥

𝑛
2 ,𝑡)

𝑀𝑛

]𝑇
,

𝐹 ∶=
[

0 … 0
𝐹 1
1

𝑀1
…

𝐹 𝑛
1

𝑀𝑛

]𝑇
.

In the equations above 𝛥(𝑋1, 𝑋2) denotes the disturbance affecting
the dynamics of the whole set of virtually coupled vehicles. In these
equations, the block matrices 𝐿 = [𝑙𝑖𝑗 ]𝑖,𝑗∈{1,…,𝑛} and 𝐿̃ = [𝑙𝑖𝑗 ]𝑖,𝑗∈{1,…,𝑛}
are used which represent the Laplacian matrices of the interconnected
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graph. For a generic weighted graph, the corresponding entries of 𝐿 are
given by

𝑙𝑖𝑗 =

⎧

⎪

⎨

⎪

⎩

− 𝑘𝑖𝑗
𝑀𝑖

if 𝑖 ≠ 𝑗,
1
𝑀𝑖

∑

ℎ=1,ℎ≠𝑖 𝑘𝑖ℎ if 𝑖 = 𝑗,
(21)

nd similarly for 𝐿̃ by replacing 𝑘𝑖𝑗 with 𝑘̃𝑖𝑗 . Note that the row-sums of
Laplacian matrix are zero. Furthermore, the matrix has nonnegative

iagonal entries and nonpositive non-diagonal entries.

. Virtual couplings and reference model

Consider the following reference model which is obtained by ignor-
ng the forces 𝑓 𝑖

1 and 𝑓 𝑖
2.

[ ̇̂𝑥1
̇̂𝑥2

]

=
[

0 1
−𝐿 −𝐿̃

] [ ̇̂𝑥1
̇̂𝑥2

]

+
[

0
𝑒𝑣

]

,

here 𝑒𝑣 = [
𝜉(𝑣𝑟𝑒𝑓 (𝑡)−𝑥̂12(𝑡))

𝑀1
…

𝜉(𝑣𝑟𝑒𝑓 (𝑡)−𝑥̂𝑛2(𝑡))
𝑀𝑛

]𝑇 . The author in Ren (2007)
showed that for the above system it holds lim𝑡→∞ 𝑥̂𝑖1(𝑡) = 𝑥𝑟𝑒𝑓 and
im𝑡→∞ 𝑥̂𝑖2(𝑡) = 𝑣𝑟𝑒𝑓 for all 𝑖 ∈ 𝑉 , where 𝑥𝑟𝑒𝑓 (𝑡) = ∫ 𝑡

0 𝑣𝑟𝑒𝑓 (𝜏)𝑑𝜏 + 𝑥𝑟𝑒𝑓 (0)
for given 𝑥𝑟𝑒𝑓 (0) and 𝑣𝑟𝑒𝑓 (𝜏) in [0,t). To see this, consider the following
dynamics
[

𝟏𝑥̇𝑟𝑒𝑓
𝟏𝑣̇𝑟𝑒𝑓

]

=
[

0 1
−𝐿 −𝐿̃

] [

𝟏𝑥𝑟𝑒𝑓
𝟏𝑣𝑟𝑒𝑓

]

.

Define 𝑥̂𝑗 ∶= [𝑥̂𝑖𝑗 ]𝑖∈𝑉 for 𝑗 = 1, 2 and introduce 𝑒1 = 𝑥̂1 − 𝟏𝑥𝑟𝑒𝑓 and
𝑒2 = 𝑥̂2 − 𝟏𝑣𝑟𝑒𝑓 . Then
[ ̇̄𝑒1

̇̄𝑒2

]

=

[

0 1
−𝐿 −𝐿̃ − 𝑑𝑖𝑎𝑔( 𝜉

𝑀𝑖
)

]

[

𝑒1
𝑒2

]

.

n the case of a homogeneous network, take for instance 𝑀𝑖 ≈ 1 for all
∈ 𝑉 , the above system can be written as

lim
𝑡→∞

𝑒1(𝑡) = 𝟏𝑝𝑇 𝑒1(0) +
1
𝜉
𝟏𝑝𝑇 𝑒2(0), lim𝑡→∞

𝑒2(𝑡) = 𝟎, (22)

where 𝑝 is the left eigenvector of 𝐿 and 𝑝𝑇 𝟏 = 1. Then it can concluded
that for all 𝑖 ∈ 𝑉
[

𝑥̂𝑖1(𝑡)

𝑥̂𝑖2(𝑡)

]

→

[

𝑝𝑇 𝑒1(0) +
1
𝜉 𝑝

𝑇 𝑒2(0) + ∫ 𝑡
0 𝑣𝑟𝑒𝑓 (𝜏)𝑑𝜏

𝑣𝑟𝑒𝑓

]

. (23)

Based on the above reference model, the error which measures the
deviation of the actual position and velocity from the reference ones
can be defined as:
[

𝑒𝑖1
𝑒𝑖2

]

=

[

𝑥̂𝑖1 − 𝑥𝑖1
𝑥̂𝑖2 − 𝑥𝑖2

]

. (24)

Define the following matrix

 ∶=

[

0 1
−𝐿 − 𝑑𝑖𝑎𝑔( 𝜇

𝑀𝑖
) −𝐿̃ − 𝑑𝑖𝑎𝑔( 𝜉+𝜇̃𝑀𝑖

)

]

.

heorem 3. Design 𝐹1 as a feedback control from the tracking error for
ositive parameters 𝜇 and 𝜇̃

1 = 𝜇𝑒𝑖1 + 𝜇̃𝑒𝑖2. (25)

t the equilibrium the following equation holds
[

𝑋∗
1

𝑋∗
2

]

=

[

𝑋̂∗
1

𝑋̂∗
2

]

+−1𝛥(𝑋∗
1 , 𝑋

∗
2 ), (26)

here

𝑋̂∗
1
̂ ∗

]

=

[

𝟏(𝑝𝑇 𝑒1(0) +
1
𝜉 𝑝

𝑇 𝑒2(0) + ∫ 𝑡
0 𝑣𝑟𝑒𝑓 (𝜏)𝑑𝜏)

]

.

𝑋2 𝟏𝑣𝑟𝑒𝑓 i

5

Theorem 4. Let a network of interconnected homogeneous rail vehicles
be given, and the equilibrium point (26). The equilibrium point (26) is
asymptotically stable, i.e.

lim
𝑡→∞

𝑋𝑖(𝑡) = 𝑋∗
𝑖 , 𝑖 = 1, 2.

urthermore, let 𝜉+𝜇̃
𝑀 − 𝜂𝑖 >

√

4 𝜇
𝑀 − 𝜂𝑖 for all 𝑖 = 1,… , 𝑛, then the

quilibrium point (26) is an asymptotically stable node, where 𝜂𝑖 is the 𝑖th
igenvalue of −𝐿. Vice versa, if 𝜉+𝜇̃

𝑀 −𝜂𝑖 <
√

4 𝜇
𝑀 − 𝜂𝑖 for some 𝑖 = 1,… , 𝑛,

hen the equilibrium point (26) is an asymptotically stable spiral.

The next result provides conditions on the parameters that guar-
ntee no oscillation in the virtually coupled dynamics of the intercon-
ected vehicles.

orollary 1. All eigenvalues 𝜆+𝑖 , 𝜆
−
𝑖 for 𝑖 = 1,… , 𝑛 are real and negative

f −𝑀 + 𝜉 + 𝜇̃ > 𝜇.

xample 2 (Two virtually coupled vehicles). In the case of two vehicles
that are virtually coupled the dynamics can be rewritten as

⎡

⎢

⎢

⎢

⎢

⎢

⎣

𝑒̇11
𝑒̇21
𝑒̇12
𝑒̇22

⎤

⎥

⎥

⎥

⎥

⎥

⎦

=

⎡

⎢

⎢

⎢

⎢

⎢

⎣

0 0 1 0

0 0 0 1

𝑙𝜇11 𝑙12 𝑙𝜉𝜇̃11 𝑙12
𝑙21 𝑙𝜇22 𝑙21 − ̃̃𝑙𝜉𝜇̃22

⎤

⎥

⎥

⎥

⎥

⎥

⎦

⎡

⎢

⎢

⎢

⎢

⎢

⎣

𝑒11
𝑒21
𝑒12
𝑒22

⎤

⎥

⎥

⎥

⎥

⎥

⎦

+

⎡

⎢

⎢

⎢

⎢

⎢

⎢

⎣

0

0
𝑓1
12

𝑀1

𝑓2
12

𝑀2

⎤

⎥

⎥

⎥

⎥

⎥

⎥

⎦

(27)

where

𝑙𝜇𝑖𝑖 ∶= −𝑙𝑖𝑖 −
𝜇
𝑀𝑖

, 𝑙𝜉𝜇̃𝑖𝑖 ∶= −𝑙𝑖𝑖 −
𝜉 + 𝜇̃
𝑀𝑖

.

For a given scalar 𝜅 > 0, the Laplacian of the weighted graph is
iven by

̃ = 𝐿 =

[ 𝜅
𝑀1

0
0 𝜅

𝑀2

]

[

1 −1
−1 1

]

. (28)

To obtain the eigenvalues of the above matrix, calculate 𝑇 𝑟(𝐴) =
𝜅
𝑀1

+ 𝜅
𝑀2

, where 𝑇 𝑟(𝐴) is the trace of matrix 𝐴 and from 𝛥(𝐴) =
𝜅2

𝑀1𝑀2
− 𝜅2

𝑀1𝑀2
= 0, where 𝛥(𝐴) is the determinant of matrix 𝐴. Recall

hat stability depends on the eigenvalues of 𝐴 and that the expression
f the eigenvalues is given by

𝜂1,2 = 𝑇 𝑟(𝐴)±
√

𝑇 𝑟(𝐴)2−4𝛥(𝐴)
2 ∈ {0, 𝜅

𝑀1
+ 𝜅

𝑀2
}. (29)

Then from Theorem 4, if 𝑀1 ≈ 𝑀2 it can be inferred that

• All eigenvalues 𝜆+𝑖 , 𝜆
−
𝑖 for 𝑖 = 1, 2 are real and negative if 𝜉+𝜇̃

𝑀 −𝜂𝑖 >
√

4 𝜇
𝑀 − 𝜂𝑖 for 𝜂𝑖 ∈ {0, 2 𝜅

𝑀 }.

• There exists one complex eigenvalue/eigenmode if 𝜉+𝜇̃
𝑀 − 𝜂𝑖 <

√

4 𝜇
𝑀 − 𝜂𝑖 for at least one value of 𝜂𝑖 ∈ {0, 2 𝜅

𝑀 }.

6. Simulations

The simulations are conducted to corroborate the effectiveness of
the proposed control method. The simulations are conducted in a Mat-
lab environment. All tests are performed on PC Intel Core i7 − 1185G7
(3 GHz) with 16 GB RAM. The simulated scenario involves two tracks,
one junction and five rail vehicles as illustrated in Fig. 4. Track 2
connects to track 1 through a junction. The initial configuration before
the junction is red–blue–cyan–green–black (2 − 1 − 3 − 5 − 4). The
desired final configuration after the junction is blue–red–cyan–black–
green (1 − 2 − 3 − 4 − 5). The communication topology is a chain as
illustrated in Fig. 5. The sequence of nodes in the chain is the same as
in the final configuration.

The numerical studies involve three sets of simulations. The dynam-
ics in (20) are simulated where 𝛥(𝑋1(𝑡), 𝑋2(𝑡)) is generated randomly
n a predefined interval as clarified later, and 𝐹 is calculated in
1
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Table 1
Position tracking error results. Position tracking error 𝑒(𝑡) in the case of (a) disturbance but no feedback control 𝐹 , (b)
disturbance and feedback control 𝐹 as in (20), where 𝐹1 is defined in (25). All the entries of the table are m.

t = 10 s t = 30 s t = 50 s t = 70 s t = 90 s

Train Case (a) Case (b) Case (a) Case (b) Case (a) Case (b) Case (a) Case (b) Case (a) Case (b)

1 71.05 29.20 315.90 63.27 569.05 80.50 822.17 93.46 1082.1 101.45
2 84.39 27.03 321.00 72.99 565.18 85.64 823.39 93.13 1075.8 97.01
3 81.30 17.51 327.80 64.69 579.50 88.40 836.99 85.85 1088.3 88.71
4 80.59 30.29 328.37 59.15 579.34 81.83 846.40 89.86 1099.3 87.34
5 74.62 31.35 312.97 63.21 572.70 92.03 840.47 102.84 1097.4 85.71
Table 2
Speed tracking error results. Speed tracking error 𝑒̇(𝑡) in the case of (a) disturbance but no feedback control 𝐹 , (b) disturbance
and feedback control 𝐹 as in (20), where 𝐹1 is defined in (25). All the entries of the table are km/h.

t = 10 s t = 30 s t = 50 s t = 70 s t = 90 s

Train Case (a) Case (b) Case (a) Case (b) Case (a) Case (b) Case (a) Case (b) Case (a) Case (b)

1 10.37 2.04 14.51 2.49 13.11 0.80 16.04 0.41 15.40 0.88
2 14.48 0.80 10.08 2.05 11.09 0.75 15.66 0.29 10.23 2.30
3 13.17 2.24 12.87 0.90 12.12 1.78 11.77 1.29 11.20 1.91
4 12.09 0.36 14.52 0.12 11.93 1.98 10.99 0.34 12.59 0.13
5 11.70 4.78 15.56 3.09 15.92 2.36 11.47 0.74 12.25 0.96
O

Fig. 4. Simulation example. Two tracks, one junction and five trains, initial
configuration before the junction (left) and final configuration after the junction (right).

Fig. 5. Chain communication topology. Each train communicates with the preceding
nd following ones.

ccordance to (25). The parameters values are set as follows: step size
𝑡 = 0.05; horizon window 𝑇 = 100 iterations; reference velocity

𝑣𝑟𝑒𝑓 = 40 km∕h (approximately 11 m∕s) before the junction and 𝑣𝑟𝑒𝑓 =
70 km∕h (approximately 19.5 m∕s) after the junction; synchronization
arameters − 𝑘𝑖𝑗

𝑀𝑖
= 6 and − 𝑘̃𝑖𝑗

𝑀𝑖
= 1.8 respectively for every pair of

onnected trains 𝑖 ≠ 𝑗 otherwise both parameters are zero; the mass of
ehicle 𝑖 is 𝑀𝑖 ≈ 1; the positive parameters in the feedback controller
re 𝜇 = 𝜇̃ = 10; the synchronization parameter with respect to the
eference velocity is 𝜉 = 4; the disturbance 𝛥 is in the interval [−100, 0];

the offset of the vehicles are 𝛿1 = 0, 𝛿2 = 25, 𝛿3 = 50, 𝛿4 = 75, 𝛿5 = 100,
𝛿6 = 125.

Time is measured in ‘‘second’’, and the horizon is 100 s time units.
istance is measured in ‘‘meter’’ and takes values in the interval from
to 2000 m. Figs. 6(a)–(f) depict samples of the dynamics in terms of

he geographic position of the vehicles (top) and distance and speed
middle and bottom). In particular, the dynamics is sampled at 𝑡 = 10 s,
20 s, 30 s, 50 s, 70 s, 90 s. Between 𝑡 = 10 s and 𝑡 = 30 s the first train in
track 2 overtakes the first train in track 1. Between 𝑡 = 10 s and 𝑡 = 50 s,
the last train in track 2 overtakes the last train in track 1. The last train
joining the convoy decreases its speed from above 60 km∕h to below
20 km∕h before 𝑡 = 20 s to reach a safe distance from the preceding
trains and then slowly accelerates to converge to the reference velocity
𝑣𝑟𝑒𝑓 = 40 km∕h before passing the junction. At about 𝑡 = 50 s, the
last train in the convoy reaches the junction and the reference speed
changes from 40 km∕h to 70 km∕h. During the first 50 s, the speed
 o

6

dynamics follows a typical consensus dynamics where the consensus
value is the reference speed 𝑣𝑟𝑒𝑓 = 40 km∕h. Thus synchronization has
already occurred at 𝑡 = 50 s. During the second 50 s, the trains remain
synchronized but increase the speed to reach the new reference value
𝑣𝑟𝑒𝑓 = 70 km∕h, see the bottom plots. The distance between trains is
constant, see the middle plots.

Fig. 7 depicts the distance and speed of the train vehicles, re-
spectively, in the cases where a) there is no disturbance affecting the
dynamics, namely 𝛥(𝑋1, 𝑋2) = 0 at any time, b) there is a disturbance,
namely 𝛥(𝑋1, 𝑋2) ≠ 0 but the feedback control 𝐹 is not implemented, c)
there is a disturbance and the feedback control 𝐹 as in (20), where 𝐹1
is defined in (25), tracks the position and speed at the reference values
while guaranteeing the safety relative distance between the vehicles.
Note that in Fig. 7(b), the disturbance slows down all the vehicles and
impacts the synchronization process. Therefore, the converging value
for the position is different from the desired one. Analogously note
that the distance covered by the whole convoy is shorter if compared
with the distance covered in (a) (no disturbance) and (c) (controlled
dynamics). The colors of the plots match the color associated with each
train. The gray shadowed region around each plot identifies the safety
distance between two consecutive trains. A change of the slope of the
plots can be observed in correspondence to a change of the reference
velocity. While in (a) and (c) this occurs after all the trains have passed
the junction, in (b) this occurs while some trains are still before the
junction.

As it can be seen in Fig. 7, the plots follow a consensus dynamics
where the speeds of trains first converge to 40 km∕h during the first half
of the horizon (while the 𝑣𝑟𝑒𝑓 = 40 km∕h) and then converge to 70 km∕h
in the second half of the horizon (while the 𝑣𝑟𝑒𝑓 = 70 km∕h). The
influence of the disturbance is evident in Fig. 7(b), where the different
speeds hardly synchronize around the reference speed.

Tables 1 and 2 illustrate the position and the speed tracking errors
in the cases of disturbance but no feedback control 𝐹 , disturbance
and feedback control 𝐹 as in (20), where 𝐹1 is defined in (25). The
position tracking error 𝑒(𝑡) and the speed tracking 𝑒̇(𝑡) are defined in
Section 3. According to Table 1, the trains cover shorter distances in
the first case compared to the second one. In the case of controlled
dynamics, the whole convoy converges to the reference speed resulting
in less position tracking error after the junction. As can be seen in
Table 2, the speeds of trains in the presence of disturbance but no
feedback control are at least 10 km∕h units less than the desired speed.

n the other hand, the speed tracking errors are smaller in the case

f the controlled dynamics because trains synchronize their speeds
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Fig. 6. First set of simulations. Geographic position of the vehicles (top) and plot of distance (middle) and speed (bottom) at different times 𝑡 = 10 s, 20 s, 30 s, 50 s, 70 s, 90 s.
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round the reference speed before and after the junction. It is worth
mphasizing that feedback control improves the convoy’s performance
n the presence of disturbances.

. Conclusions

This paper develops models and studies transient dynamics for a
ingle rail vehicle and multiple virtually coupled rail vehicles. In the
pirit of cooperative control, a control design method is provided to
uarantee synchronization as well as transient performances of the
hole system. Results show robust properties of the control method
hen the parameters are bounded within intervals. Future works in-
olve the extension of the results to the case where the parameters
f the vehicles and of the feedback control change with time or are
ncertain.
 t
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U

Fig. 7. Plot of distance and speed with (a) no disturbance, (b) disturbance, (c) disturbance and feedback. Consensus on the speed and distance of the train vehicles in the
case of (a) no disturbance, (b) disturbance but no feedback control 𝐹 , (c) disturbance and feedback control 𝐹 as in (20), where 𝐹1 is defined in (25).
T
Appendix A

Proof of Theorem 1. The error dynamics can be written
[

𝜖̇1
𝜖̇2

] [ ̇̂𝑥1 − 𝑥̇1
̇̂𝑥2 − 𝑥̇2

]

=

[

0 1
− 𝑘

𝑀 − 𝑘̃
𝑀

]

[

𝜖1
𝜖2

]

+

[

0
𝑎+𝑏𝑥2+𝑐𝑥22+𝑓2(.)

𝑀

]

−

[

0
𝐹1
𝑀

]

.

sing control (14), the error dynamics above can be rewritten
[

𝜖̇1
]

=

[

0 1
𝑘+𝜇 𝑘̃+𝜇̃

]

[

𝜖1
]

+

[

0
𝑓1+𝑓2

]

. (30)

𝜖̇2 − 𝑀 − 𝑀

𝜖2 𝑀 𝑡

8

hen the equilibrium point is obtained as
[

𝜖∗1
𝜖∗2

]

= lim𝑡→∞

[

𝑥̂1 − 𝑥1
𝑥̂2 − 𝑥2

]

=

[

− 𝑘̃+𝜇̃
𝑘+𝜇 − 𝑀

𝑘+𝜇
1 0

][

0

−
𝑎+𝑏𝑥2(𝑡)+𝑐𝑥22(𝑡)+𝑓2(𝑥1 ,𝑥2 ,𝑡)

𝑀

]

=

[

𝑎+𝑏𝑥2(𝑡)+𝑐𝑥22(𝑡)+𝑓2(𝑥1 ,𝑥2 ,𝑡)
𝑘+𝜇
0

]

.

(31)

From lim𝑡→∞ 𝑥𝑑𝑖 , 𝑖 = 1, 2

lim
[

𝑥̂1
]

=
[

𝑥𝑑1
𝑑

]

. (32)

→∞ 𝑥̂2 𝑥2
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Then the following equation can be obtained

lim
𝑡→∞

[

𝑥1
𝑥2

]

=

[

𝑥𝑑1 −
𝑎+𝑏𝑥2(𝑡)+𝑐𝑥22(𝑡)+𝑓2(𝑥1 ,𝑥2 ,𝑡)

𝑘+𝜇
𝑥𝑑2

]

, (33)

and this concludes the proof.

Proof of Theorem 2. For the first part, stability derives from 𝑇 𝑟(𝐴) =
𝑘̃
𝑀 , where 𝑇 𝑟(𝐴) is the trace of matrix 𝐴 and from 𝛥(𝐴) = 𝑘

𝑀 > 0,
here 𝛥(𝐴) is the determinant of matrix 𝐴. Note that stability depends
n the eigenvalues of 𝐴 and that the expression of the eigenvalues is
iven by

𝜆1,2 =
𝑇 𝑟(𝐴)±

√

𝑇 𝑟(𝐴)2−4𝛥(𝐴)
2 = 1

2

(

− 𝑘̃
𝑀 ±

√

( 𝑘̃
𝑀 )2 − 4 𝑘

𝑀

)

. (34)

s the trace 𝑇 𝑟(𝐴) is strictly negative and the determinant 𝛥(𝐴) is
trictly positive, then it can be concluded that the system is stable.

As for the rest of the proof, it is known that if 𝑘̃ > 2
√

𝑘𝑀 then
𝑇 𝑟(𝐴)2 > 4𝛥(𝐴) and the origin is an asymptotically stable node. This
corresponds to the case where the system is stable and no oscillations
occur.

The last case is when 𝑘̃ < 2
√

𝑘𝑀 which implies 𝑇 𝑟(𝐴)2 < 4𝛥(𝐴) and
therefore the origin is an asymptotically stable spiral. This corresponds
to the case where the system is stable but oscillations may occur due
to imaginary parts in the eigenvalues.

Proof of Lemma 1. Eq. (10) yields

𝑀𝑣̇𝑖(𝑡) = 𝑘(𝑝𝑖𝑑 (𝑡) − 𝑝𝑖(𝑡)) + 𝑘̃(𝑣𝑖𝑑 (𝑡) − 𝑣𝑖(𝑡))
+𝜉(𝑣𝑟𝑒𝑓 (𝑡) − 𝑣𝑖(𝑡)) − 𝑓1(𝑣𝑖, 𝑡) − 𝑓2(𝑝𝑖, 𝑣𝑖, 𝑡),

(35)

where 𝑝𝑖𝑑 (𝑡) and 𝑣𝑖𝑑 (𝑡) are the desired position and velocity of vehicle 𝑖.
From ∑

𝑗 𝜇𝑖𝑗 =
∑

𝑗 𝜇̃𝑖𝑗 = 1, the above becomes 𝑀𝑣̇𝑖(𝑡) = 𝑘((
∑

𝑗 𝜇𝑖𝑗 (𝑝𝑗 (𝑡) −
𝛥𝑗𝑖))−𝑝𝑖(𝑡))+𝑘̃((

∑

𝑗 𝜇̃𝑖𝑗𝑣𝑗 (𝑡))−𝑣𝑖(𝑡))+𝜉(𝑣𝑟𝑒𝑓 (𝑡)−𝑣𝑖(𝑡))−𝑓1(𝑣𝑖, 𝑡)−𝑓2(𝑝𝑖, 𝑣𝑖, 𝑡),
where 𝛥𝑗𝑖 ∶= 𝛿𝑖 − 𝛿𝑗 . From the definition above of 𝑘𝑖𝑗 ∶= 𝑘𝜇𝑖𝑗 , and
𝑘̃𝑖𝑗 ∶= 𝑘̃𝜇̃𝑖𝑗 , Eq. (35) can be rearranged as 𝑀𝑣̇𝑖(𝑡) =

∑

𝑗 𝑘𝑖𝑗 (𝑝𝑗 (𝑡) − 𝛿𝑗 +
𝛿𝑖 − 𝑝𝑖(𝑡)) +

∑

𝑗 𝑘̃𝑖𝑗 (𝑣𝑗 (𝑡) − 𝑣𝑖(𝑡)) + 𝜉(𝑣𝑟𝑒𝑓 (𝑡) − 𝑣𝑖(𝑡)) − 𝑓1(𝑣𝑖, 𝑡) − 𝑓2(𝑝𝑖, 𝑣𝑖, 𝑡),
which concludes the proof.

Proof of Theorem 3. This proof builds on the analysis of the dynamics
for the error defined in (24), which for general 𝐹1 is given by
[

𝐸̇1
𝐸̇2

]

=
[

0 1
−𝐿 −𝐿̃

] [

𝐸1
𝐸2

]

+
⎡

⎢

⎢

⎣

0
[

𝑓 𝑖
12−𝜉𝑒

𝑖
2(𝑡)−𝐹

𝑖
1

𝑀𝑖

]

𝑖∈𝑉

⎤

⎥

⎥

⎦

,

here 𝐸𝑗 = [𝑒𝑖𝑗 ]𝑖∈𝑉 . Under control (25), for the above error dynamics
he following system can be obtained
[

𝐸̇1
𝐸̇2

]

=

[

0 1
−𝐿 − 𝑑𝑖𝑎𝑔( 𝜇

𝑀𝑖
) −𝐿̃ − 𝑑𝑖𝑎𝑔( 𝜉+𝜇̃𝑀𝑖

)

]

⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟


[

𝐸1
𝐸2

]

+𝛥(𝑋1, 𝑋2).

t the equilibrium, the following equation holds true:
[

(𝐸∗
1 )

𝑇 (𝐸∗
2 )

𝑇 ]𝑇

−−1𝛥(𝑋1, 𝑋2). From (23) and the above equation, Eq. (26) can be
obtained and this concludes the proof.

Proof of Theorem 4. Solve for 𝑑𝑒𝑡(𝜆I − ) = 0 and find the roots of
such set of equation. To this aim, note that for a given generic block
matrix, the following equation holds

𝑑𝑒𝑡(
[

𝐴 𝐵
𝐶 𝐷

]

) = 𝑑𝑒𝑡(𝐴𝐷 − 𝐶𝐵), if 𝐴𝐶 = 𝐶𝐴. (36)

Hence,

𝑑𝑒𝑡(𝜆I −) = 𝑑𝑒𝑡
(

[

𝜆I −I
𝐿 + 𝑑𝑖𝑎𝑔

(

𝜇𝑖
𝑀𝑖

)

𝜆I + 𝐿̃ + 𝑑𝑖𝑎𝑔
(

𝜉+𝜇̃
𝑀𝑖

)

]

)

.

(37)
9

hen it can be concluded that 𝑑𝑒𝑡(𝜆2I + 𝜆I ⋅ 𝐿 + 𝜆I ⋅ 𝑑𝑖𝑎𝑔( 𝜉+𝜇̃𝑀𝑖
) + 𝐿 +

𝑑𝑖𝑎𝑔( 𝜇
𝑀𝑖

)).

Without loss of generality, the assumption that 𝐿 = 𝐿̃ is used to
obtain the second equality. Actually, if 𝐿̃ is a scaled version of 𝐿, the
methodology is still valid, but a scaling factor needs to be introduced in
the equation below. Under the assumption that the mass of the trains
are similar, namely 𝑀𝑖 ≈ 𝑀 for all 𝑖, the following equations can be
obtained

𝑑𝑒𝑡(𝜆2I + 𝜆I ⋅ 𝐿 + 𝜆I ⋅ 𝑑𝑖𝑎𝑔( 𝜉+𝜇̃𝑀 ) + 𝐿 + 𝑑𝑖𝑎𝑔( 𝜇
𝑀 ))

= 𝑑𝑒𝑡
(

(𝜆2 + 𝜆 𝜉+𝜇̃
𝑀 + 𝜇

𝑀 )I + (𝜆 + 1)𝐿
)

=
∏𝑛

𝑖=1

(

(𝜆2 + 𝜆 𝜉+𝜇̃
𝑀 + 𝜇

𝑀 ) − (𝜆 + 1)𝜂𝑖
)

= 0,

(38)

he 𝑖th eigenvalue of −𝐿 is denoted by 𝜂𝑖. To obtain the roots of the
et of Eqs. (38) the equation 𝜆2 + 𝜆( 𝜉+𝜇̃𝑀 − 𝜂𝑖) +

𝜇
𝑀 − 𝜂𝑖 = 0 needs to be

solved. By doing this, the roots are obtained as

𝜆+𝑖 =
−( 𝜉+𝜇̃𝑀 −𝜂𝑖)+

√

( 𝜉+𝜇̃𝑀 −𝜂𝑖)2−4(
𝜇
𝑀 −𝜂𝑖)

2 ,

𝜆−𝑖 =
−( 𝜉+𝜇̃𝑀 −𝜂𝑖)−

√

( 𝜉+𝜇̃𝑀 −𝜂𝑖)2−4(
𝜇
𝑀 −𝜂𝑖)

2 .
(39)

rom the above equations, after noting that the real part of the eigen-
alues is negative, it can be concluded that the equilibrium point (26)
s asymptotically stable.

For the second part, note that if 𝜉+𝜇̃
𝑀 − 𝜂𝑖 >

√

4 𝜇
𝑀 − 𝜂𝑖 then both

eigenvalues in (39) have no imaginary parts, and therefore the equi-
librium point (26) is an asymptotically stable node. On the contrary, if
𝜉+𝜇̃
𝑀 − 𝜂𝑖 <

√

4 𝜇
𝑀 − 𝜂𝑖 both eigenvalues in (39) are complex imaginary

and consequently the equilibrium point (26) is an asymptotically stable
spiral.

Proof of Corollary 1. Note that the determinant is positive if ( 𝜉+𝜇̃𝑀 −
𝜂𝑖)2 − 4( 𝜇

𝑀 − 𝜂𝑖) > 0. From the above inequality it can be obtained
𝜉+𝜇̃
𝑀 )2 + (𝜂𝑖)2 − 2( 𝑘̃+𝜇̃𝑀 )(𝜂𝑖) − 4( 𝜇

𝑀 − 𝜂𝑖) > 0, which yields

̃(𝜂𝑖) ∶= (𝜂𝑖)2 + [4 − 2(
𝜉 + 𝜇̃
𝑀

)]𝜂𝑖 > −(
𝜉 + 𝜇̃
𝑀

)2 + 4
𝜇
𝑀

. (40)

The LHS attains a minimum for 𝜂∗𝑖 = −[2 − ( 𝜉+𝜇̃𝑀 )] and the minimum
is 𝜙̃(𝜂∗𝑖 ) = −[2 − ( 𝜉+𝜇̃𝑀 )]2. A sufficient condition for (40) to hold is that
𝜙̃(𝜂∗𝑖 ) = −[2 − ( 𝜉+𝜇̃𝑀 )]2 > −( 𝜉+𝜇̃𝑀 )2 + 4 𝜇

𝑀 . Expanding the LHS the above
can be rewritten as −1 + ( 𝜉+𝜇̃𝑀 ) > 𝜇

𝑀 , from which the following relation
between the feedback control parameters 𝜉, 𝜇 and 𝜇̃ is obtained: −𝑀 +
𝜉 + 𝜇̃ > 𝜇. This ends the proof.
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