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In this study, a novel neuro heuristic approach is designed to investigate the flow
properties of magnetohydrodynamic (MHD) nanofluid along an exponentially
extending sheet with a permeable medium with the impact of radiation as well
as fluctuating heat source/sink. The designed scheme to handle the suggested
problem is established through the well-known biologically inspired neural net-
works (BINNs) by exploiting the inverse multiquadric kernel (IMQK), that is,
BINNs-IMQK which is quite a new approach. The partial differential equations
(PDEs) which govern the fluidic flow are reformed into a nonlinear system of
ordinary differential equations (ODEs) using the most fitted similarity transfor-
mations rules and numerically solved by varying the parametric values including
unsteady parameter, Brownian motion parameter, suction/injection parameter,
radiation parameter, Schmidt number together with Prandtl number to visualize
the velocity, thermal gradient, and mass transfer in the suggested fluid problem.
It is noticed that nanofluid temperature hikes by uplifting the value of the Brow-
nian motion parameter but this effect is reversed in case of unsteady parameter.
The obtained numerical results are verified through reference solution using the
well-known Adams method and the efficacy of the suggested solver is endorsed
using a variety of statistical operators.

1 INTRODUCTION

Nanofluid is an amalgam of base fluid with nanometer-sized tiny particles (size < 10−6 mm) and this theory was pre-
sented in 1995 by Choi [1]. Choi’s theory has been used in various technologies together with solar collectors [2], coating
processes [3], geothermic [4], automotive engine cooling [5], biophysics [6], drug delivery [7], crystal growth [8], and rocket
propellant combustion [9]. Researchers [10, 11] have classified nanoparticles into polymeric, carbides, ceramics, andmetal-
lic nanoparticles according to their chemical and physical properties. Many researchers [12–19] stated the importance of
nanoparticles in industrial-level processes. HarryWilliams et al. [20] investigated nanoparticles for the treatment of cancer
and other infectious diseases.
Magnetohydrodynamic (MHD) study is also known as magneto-fluid dynamics in which magnetic properties of those

fluids are analyzedwhich are electrically conducting. Electrolytes, saltwater, liquidmetals, and plasmas are some common
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examples of MHD fluids. MHD performed vital in astrophysics, solar physics, blood injecting machines, plasma physics,
cancer tumor treatment, andMHDgenerators.Moreover,MHD’s engineering and industrial-level applications are nuclear
reactors, drug targeting, power generators, electromagnetic waves, molten salts, and plasma stability. Abbas et al. [21]
inspected the transient nanofluid through amoving plate under theMHD effect. Jawad et al [22] scrutinizedMHDCasson
nanofluid flow with radiation impact. Thili et al. [23] examined the generation of entropy in MHD flow in nanoparticles
containing base fluid. Shah et al. [24] explored MHD nanofluid flow using the HAM method. Hayat et al. [25] discussed
third-grade nanofluid flow under the MHD effect. Sobamowo et al. [26] examined upper-convective Maxwell nano liquid
under the MHD effect. Gupta et al. [27] analyzed Williamson nano-liquids with the MHD effect.
Heat transfer in nanofluids is an attractive field of research due to its extensive uses in aerodynamics, paint industries,

medical sciences, aircraft parts production and wheel alignment. Due to various engineering and industrial-level applica-
tions, researchers have been using heat/mass transfer effects in many fluid flowmodels for the last few decades. Alreshidi
et al. [28] discussed heat & mass transmission in 3-D nano liquid under the MHD effect. Raghunath et al. [29] exam-
ined heat along the mass transmission in a permeable media under the MHD effect. Sreedevi et al. [30] scrutinized MHD
Maxwell nano liquid under heat with mass transfer. Gireesha et al. [31] scrutinized heat flow and mass transportation in
Oldroyd-B type nanofluid with radiation effect.
Inmodern research, biologically inspired neural networks (BINNs) are used extensively in various fields such as finance,

medicine, biomedical, geology, and material science to find the most accurate numerical solutions by solving real-world
problems in terms of differential equations or their system. The most recent BINNs applications are, Thin-film flow [32],
Painlevé-I model [33], pantograph model [34], Heart diseases prediction model [35], Ferrofluid model [36], noise inter-
ference model [37], Falkner-Skan model [38], Emden-Fowler model [39], Dengue model [40], Echo model [41], power
planning [42], COVID-19 [43], Thomas-Fermi paradigm [44], wind power [45], corneal shape model [46], autoregressive
control model [47], and hybrid nanofluid model [48]. As per the best of the author’s knowledge, the designed solver based
on inverse multiquadric radial basis function, that is, BINNs-IMQK is never yet used to solve the MHD nanofluid flow
model over an exponential surface under uneven heat source/sink effects in a permeable medium. The current study’s
key features are:

∙ A newly designed solver BINNs-IMQK is constructed, using the hybridization of a “Genetic algorithms” (GAs) solver
with “Sequential quadratic programming” (SQP) solver bymanipulating the inversemultiquadric kernel, to solve a stiff
nonlinear system of third-order nano-fluidic problem.

∙ The proposed BINNs-IMQK solver is quite effectively applied to scrutinize the suggested nanofluidic model for sundry
scenarios.

∙ The validation of BINNs-IMQK solver performance is accomplished through well-known statistical operators.

The remaining part of the current research is organized as: Section 2 contains the mathematical formulation of the
MHD nanofluid flow model, methodology designed for the current problem is depicted in Section 3, a comprehensive
discussion of results is portrayed in Section 4, and the last section 5 is engaged for the conclusion.

2 MATHEMATICAL FORMULATION

An incompressible 2-D MHD one-phase nanofluid unsteady flow is scrutinized over an exponentially extending sheet
with a permeable media under the influence of thermophoresis and Brownian motion (see Figure 1). The flow is limited
for y > 0. The unsteady form of flow starts at 𝑡 = 0 while suction is engaged vertically to the surface. The magnetic field
B is exerted normally to the direction of flow and the effects of heat sink/source as well as thermal radiation are also
considered. The governing equations are [49]:

𝜕𝑢1
𝜕𝑥

+
𝜕𝑢2
𝜕𝑦

= 0, (1)

𝜕𝑢1
𝜕𝑡

+ 𝑢1
𝜕𝑢1
𝜕𝑥

+ 𝑢2
𝜕𝑢2
𝜕𝑦

= 𝜐
𝜕2𝑢1
𝜕𝑦2

−
𝜎𝐵2

0

𝜌
𝑢1, (2)

𝜕𝑇𝑚

𝜕𝑡
+ 𝑢1

𝜕𝑇𝑚

𝜕𝑥
+ 𝑢2

𝜕𝑇𝑚

𝜕𝑦
= 𝛼𝑇𝑚

𝜕2𝑇𝑚

𝜕𝑦2
+ 𝜏

{
𝐷𝐵
𝜕𝐶

𝜕𝑦

𝜕𝑇𝑚

𝜕𝑦
+

𝐷𝑇
𝑇𝑚∞

(
𝜕𝑇𝑚

𝜕𝑦

)2}
−

1

𝜌𝐶𝑝

𝜕𝑞𝑟
𝜕𝑦

+
𝑞′′′

𝜌𝐶′𝑝
, (3)
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F IGURE 1 Geometrical presentation of the current problem.

𝜕𝐶

𝜕𝑡
+ 𝑢1

𝜕𝐶

𝜕𝑥
+ 𝑢2

𝜕𝐶

𝜕𝑦
= 𝐷𝐵

𝜕2𝐶

𝜕𝑦2
−
𝐷𝑇𝑚
𝑇𝑚∞

𝜕2𝑇𝑚

𝜕𝑦2
. (4)

The boundary conditions are,

𝑢1 = 𝑢1𝑤(𝑥, 𝑡), 𝑢2 = 𝑢2𝑤(𝑥, 𝑡), 𝑇𝑚 = 𝑇𝑚𝑤, 𝐶 = 𝐶𝑤 at 𝑦 = 0, (5)

𝑢1 → 0, 𝑇𝑚 → 0, 𝐶 → 𝐶∞ when 𝑦 → ∞. (6)

Here 𝑢1𝑤(𝑥, 𝑡) =
𝑢0

1−∝1𝑡
𝑒𝑥∕𝐿, 𝑢2𝑤(𝑥, 𝑡) =

𝜈0

1−∝1𝑡
𝑒𝑥∕2𝐿 [50] with u0 as shrinking/stretching constant and v0 as mass

suction/injection constant. The uneven heat source/sink patterned as

𝑞′′′ =
𝑘𝑢1𝑤
𝑥𝜐

[
𝐴1 (𝑇𝑚𝑤 − 𝑇𝑚∞) 𝑔

′ + 𝐵1 (𝑇𝑚𝑤 − 𝑇𝑚∞)
]
, (7)

𝑇𝑚𝑤 = 𝑇𝑚∞ + 𝑇𝑚0

(
𝑒
𝑥

2𝐿

1 − 𝛼1𝑡

)
, 𝐶𝑤 = 𝐶∞ + 𝐶0

(
𝑒
𝑥

2𝐿

1 − 𝛼1𝑡

)
. (8)

The variables used in similarity transformations are

𝑢1 =
𝑢0

1 − 𝛼1𝑡
𝑒
𝑥

𝐿 𝑔′, 𝑢2 = −

√
𝑢0𝜐

2𝐿 (1 − 𝛼1𝑡)
𝑒
𝑥

2𝐿
(
𝑔 + 𝜇𝑔′

)
,

𝜃 =
𝑇𝑚 − 𝑇𝑚∞
𝑇𝑚𝑤 − 𝑇𝑚∞

, 𝜙 =
𝐶 − 𝐶∞
𝐶𝑤 − 𝐶∞

, 𝜂 = 𝑦

√
𝑢0

2𝜐𝐿 (1 − 𝛼1𝑡)
𝑒
𝑥

2𝐿 . (9)

substitution of Equation (9) into Equations (2–6) yields

𝑔′′′ − 𝑀𝑔′ − 2𝐴𝑔′ − 𝐴𝜂𝑔′′ − 2𝑔′
2
+ 𝑔𝑔′′ = 0, (10)

(
1 +

4

3
𝑅

)
𝜃′′ + Pr

(
𝑁𝑏𝜃′𝜙′ + 𝑁𝑡𝜃′

2
− 2𝐴𝜃 − 𝐴𝜂𝜃′ + 𝑔′𝜃 − 𝑔𝜃′

)
+ 2

(
𝐴1𝑔

′ + 𝐵1𝜃
)
= 0, (11)
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𝜙′′ +
𝑁𝑡

𝑁𝑏
𝜃′′ − 𝑆𝑐

(
2𝐴𝜙 + 𝐴𝜂𝜙′ + 𝑔′𝜙 − 𝑔𝜙′

)
= 0, (12)

along with the boundary conditions

𝑔′ (0) = 1, 𝑔 (0) = 𝑆, 𝜃 (0) = 1, 𝜙 (0) = 1, (13)

𝑔′ (𝜂) = 0, 𝜃 (𝜂) = 0, 𝜙 (𝜂) = 0, 𝑎𝑠 𝜂 → ∞. (14)

The parameters for flow used in Equations (10–12) are

𝑀 =
𝜎𝐵2

0

𝜌𝑢0
, 𝑆𝑐 =

𝜐

𝐷𝐵
, Pr =

𝜐

𝛼𝑇𝑚
, 𝑅 =

4𝜎∗𝑇𝑚3∞
𝑘𝑘∗

, 𝐴 =
𝛼1𝐿𝑒

−𝑥

𝐿

𝑢0
,

𝑁𝑡 = 𝜏
𝐷𝑇𝑚 (𝑇𝑚𝑤 − 𝑇𝑚∞)

𝜐𝑇𝑚∞
, 𝑁𝑡 = 𝜏

𝐷𝐵 (𝐶𝑤 − 𝐶∞)

𝜐
, 𝑆 = 𝑣0

√
2𝐿𝜐

𝑢0 (1 − 𝛼1𝑡)
. (15)

3 PROBLEMMETHODOLOGY

The form of approximate solution along with its general derivative using BINNs-IMQK solver

[
𝑔̂ (𝜂) , 𝜃̂ (𝜂) , 𝜙̂ (𝜂)

]
=

(
𝑛∑

𝑚=1

𝑎1𝑔,𝑚𝐺
(
𝑎2𝑔,𝑚𝜂 + 𝑎3𝑔,𝑚

)
,

𝑛∑
𝑚=1

𝑎1𝜃,𝑚𝐺
(
𝑎2𝜃,𝑚𝜂 + 𝑎3𝜃,𝑚

)
,

𝑛∑
𝑚=1

𝑎1𝜙,𝑚𝐺
(
𝑎2𝜙,𝑚𝜂 + 𝑎3𝜙,𝑚

))
,

(16)[
𝑔̂(𝑗) (𝜂) , 𝜃̂(𝑗) (𝜂) , 𝜙̂(𝑗) (𝜂)

]
=

(
𝑛∑

𝑚=1

𝑎1𝑔,𝑚𝐺
(𝑗)

(
𝑎2𝑔,𝑚𝜂 + 𝑎3𝑔,𝑚

)
,

𝑛∑
𝑚=1

𝑎1𝜃,𝑚𝐺
(𝑗)

(
𝑎2𝜃,𝑚𝜂 + 𝑎3𝜃,𝑚

)
,

𝑛∑
𝑚=1

𝑎1𝜙,𝑚𝐺
(𝑗)

(
𝑎2𝜙,𝑚𝜂 + 𝑎3𝜙,𝑚

))
. (17)

Here a1, a2, and a3 are the required weights andW represents them in vector form.

𝑊 =
[
𝑊𝑔, 𝑊𝜃, 𝑊𝜙

]
, 𝑊𝑔 =

[
𝑎1𝑔, 𝑎2𝑔, 𝑎3𝑔

]
, 𝑊𝜃 = [𝑎1𝜃, 𝑎2𝜃, 𝑎3𝜃] and 𝑊𝜙 =

[
𝑎1𝜙, 𝑎2𝜙, 𝑎3𝜙

]
.

The required weights in components form are

𝑎1𝑔 =
[
𝑎1𝑔,1, 𝑎1𝑔,2, … , 𝑎1𝑔,𝑛

]
, 𝑎1𝜃 =

[
𝑎1𝜃,1, 𝑎1𝜃,2, … , 𝑎1𝜃,𝑛

]
, 𝑎1𝜙 =

[
𝑎1𝜙,1, 𝑎1𝜙,2, … , 𝑎1𝜙,𝑛

]
.

𝑎2𝑔 =
[
𝑎2𝑔,1, 𝑎2𝑔,2, … , 𝑎2𝑔,𝑛

]
, 𝑎2𝜃 =

[
𝑎2𝜃,1, 𝑎2𝜃,2, … , 𝑎2𝜃,𝑛

]
, 𝑎2𝜙 =

[
𝑎2𝜙,1, 𝑎2𝜙,2, … , 𝑎2𝜙,𝑛

]
.

𝑎3𝑔 =
[
𝑎3𝑔,1, 𝑎3𝑔,2, … , 𝑎3𝑔,𝑛

]
, 𝑎3𝜃 =

[
𝑎3𝜃,1, 𝑎3𝜃,2, … , 𝑎3𝜃,𝑛

]
, 𝑎3𝜙 =

[
𝑎3𝜙,1, 𝑎3𝜙,2, … , 𝑎3𝜙,𝑛

]
.

Here IMQ activation function𝐺(𝑥) = 1√
1+𝑥2

[51] is utilized in BINNs-IMQK solver. The formulation of the approximate
numerical solution along the derivatives is:

[
𝑔̂(𝜂), 𝜃̂(𝜂), 𝜙̂(𝜂)

]
=

⎛⎜⎜⎜⎝
𝑛∑

𝑚=1

𝑎1𝑔,𝑚√
1 +

(
𝑎2𝑔,𝑚𝜂 + 𝑎3𝑔,𝑚

)2 ,
𝑛∑

𝑚=1

𝑎1𝜃,𝑚√
1 +

(
𝑎2𝜃,𝑚𝜂 + 𝑎3𝜃,𝑚

)2 ,
𝑛∑

𝑚=1

𝑎1𝜙,𝑚√
1 +

(
𝑎2𝜙,𝑚𝜂 + 𝑎3𝜙,𝑚

)2
⎞⎟⎟⎟⎠ , (18)

 15214001, 2024, 2, D
ow

nloaded from
 https://onlinelibrary.w

iley.com
/doi/10.1002/zam

m
.202300390 by U

niversity D
egli Studi D

i Pale, W
iley O

nline L
ibrary on [03/02/2025]. See the T

erm
s and C

onditions (https://onlinelibrary.w
iley.com

/term
s-and-conditions) on W

iley O
nline L

ibrary for rules of use; O
A

 articles are governed by the applicable C
reative C

om
m

ons L
icense



BUTT et al. 5 of 20

𝑔̂′′′(𝜂) =

𝑛∑
𝑚=1

⎡⎢⎢⎢⎢⎣
𝑎1𝑔,𝑚𝑎

3
2𝑔,𝑚

⎛⎜⎜⎜⎜⎝
9
(
𝑎2𝑔,𝑚𝜂 + 𝑎3𝑔,𝑚

)
(
1 +

(
𝑎2𝑔,𝑚𝜂 + 𝑎3𝑔,𝑚

)2) 5

2

−
15
(
𝑎2𝑔,𝑚𝜂 + 𝑎3𝑔,𝑚

)3
(
1 +

(
𝑎2𝑔,𝑚𝜂 + 𝑎3𝑔,𝑚

)2) 7

2

⎞⎟⎟⎟⎟⎠
⎤⎥⎥⎥⎥⎦
, (19)

𝜃̂′′(𝜂) =

𝑛∑
𝑚=1

⎡⎢⎢⎢⎢⎣
𝑎1𝜃,𝑚𝑎

2
2𝜃,𝑚

⎛⎜⎜⎜⎜⎝
−1 + 2

(
𝑎2𝜃,𝑚𝜂 + 𝑎3𝜃,𝑚

)2
(
1 +

(
𝑎2𝜃,𝑚𝜂 + 𝑎3𝜃,𝑚

)2) 5

2

⎞⎟⎟⎟⎟⎠
⎤⎥⎥⎥⎥⎦
, (20)

𝜙̂′′(𝜂) =

𝑛∑
𝑚=1

⎡⎢⎢⎢⎢⎣
𝑎1𝜙,𝑚𝑎

2
2𝜙,𝑚

⎛⎜⎜⎜⎜⎝
−1 + 2

(
𝑎2𝜙,𝑚𝜂 + 𝑎3𝜙,𝑚

)2
(
1 +

(
𝑎2𝜙,𝑚𝜂 + 𝑎3𝜙,𝑚

)2) 5

2

⎞⎟⎟⎟⎟⎠
⎤⎥⎥⎥⎥⎦
. (21)

The mathematical formulation of the fitness function is,

𝐸11 =
1

𝑟

𝑟∑
𝑙=1

(
̂𝑔′′′𝑙 − 𝑀𝑔

′
𝑙 − 2𝐴𝑔

′
𝑙 − 𝐴𝜂𝑔

′′
𝑙 − 2𝑔

′
2

𝑙 + 𝑔̂𝑙𝑔
′′
𝑙

)2
, (22)

𝐸22 =
1

𝑟

𝑟∑
𝑙=1

((
1 +

4

3
𝑅

)
𝜃′′𝑙 + 2

(
𝐴1𝑔′𝑙 + 𝐵1𝜃̂𝑙

)
+ Pr

(
𝑁𝑏𝜃′𝑙 𝜙′𝑙 + 𝑁𝑡 𝜃̂𝑙

′2 − 2𝐴𝜃̂𝑙 − 𝐴𝜂𝜃̂
′
𝑙
+ 𝑔′𝑙 𝜃̂𝑙 − 𝑔̂𝑙 𝜃̂

′
𝑙

))2
, (23)

𝐸33 =
1

𝑟

𝑟∑
𝑙=1

(
𝜙′′𝑙 +

𝑁𝑡

𝑁𝑏
𝜃′′𝑙 − 𝑆𝑐

(
2𝐴𝜙̂𝑙 + 𝑔′𝑙𝜙̂𝑙 + 𝐴𝜂𝜙

′
𝑙 − 𝑔̂𝑙𝜙

′
𝑙

))2
, (24)

𝐸00 =
1

7

[
(𝑔̂1 − 𝑆)

2
+
(
𝑔̂′
1
− 1

)2
+
(
𝜃̂1 − 1

)2
+
(
𝜙̂1 − 1

)2
+ 𝑔′

2

𝑟 + 𝜙̂
2
𝑟 + 𝜃̂

2
𝑟

]
, (25)

𝐸 = 𝐸00 + 𝐸11 + 𝐸22 + 𝐸33. (26)

Here Equation 25 represents the boundary conditions given in the Equations (13 and 14) while Equation 26 represents
the formation of the fitness function using the BINNs-IMQK solver.

3.1 Optimization networks

The hybrid process in the current research is completed via GAs and SQP is used for functioning of BINNs-IMQK solver.
The structural diagram of BINNs-IMQK to solve the suggested MHD nanofluid flow model in terms of a nonlinear ODEs
system is portrayed in Figure 2.

3.1.1 Genetic algorithm (GAs)

GA is a well-known global solver which was introduced in 1970 by J. Holland. GAs work on a randomly stimulated popu-
lation to obtain the most suitable or improved approximations. Individuals are sorted out in the case of each generation,
through a stream of a quite new population depending upon fitness level after which the variation operators are applied.
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6 of 20 BUTT et al.

F IGURE 2 MHD nanofluidic model detailed form graphical abstract manufactured using BINNs-IMQK solver.

The key features of GAs functioning depend on quite reliable values of elitism, mutation, and crossover with selection.
The most recent research in which GAs performed a key role is given in [52–56].

3.1.2 Sequential quadratic programming (SQP)

The hybridization process through an effective local search solver is a technique normally adopted for GAs to achieve
fast optimization of problem-specific parameters. Presently, SQP is selected for this task. SQP is familiar because of its
effectiveness and speedy convergence. Some recent applications of SQP are [57–59]. Algorithm 1 portrayed the pseudocode
of this GA-SQP hybridization for the application of the BINNs-IMQK solver.
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BUTT et al. 7 of 20

ALGORITHM 1 BINNs-IMQK algorithm in terms of pseudocode for suggested problem.

GAs process(%start%)
Inputs: Chromosomes portray as:
𝑊 = [𝑊𝑔, 𝑊𝜃, 𝑊𝜙] ,𝑊𝑔 = [𝑎1𝑔, 𝑎2𝑔, 𝑎3𝑔] , 𝑊𝜃 = [𝑎1𝜃, 𝑎2𝜃, 𝑎3𝜃] and 𝑊𝜙 = [𝑎1𝜙, 𝑎2𝜙, 𝑎3𝜙]

The components used in weight vector “W” are
𝑎1𝑔 = [𝑎1𝑔,1, 𝑎1𝑔,2, … , 𝑎1𝑔,𝑛] , 𝑎1𝜃 = [𝑎1𝜃,1, 𝑎1𝜃,2, … , 𝑎1𝜃,𝑛] , 𝑎1𝜙 = [𝑎1𝜙,1, 𝑎1𝜙,2, … , 𝑎1𝜙,𝑛]

𝑎2𝑔 = [𝑎2𝑔,1, 𝑎2𝑔,2, … , 𝑎2𝑔,𝑛] , 𝑎2𝜃 = [𝑎2𝜃,1, 𝑎2𝜃,2, … , 𝑎2𝜃,𝑛] , 𝑎2𝜙 = [𝑎2𝜙,1, 𝑎2𝜙,2, … , 𝑎2𝜙,𝑛]

𝑎3𝑔 = [𝑎3𝑔,1, 𝑎3𝑔,2, … , 𝑎3𝑔,𝑛] , 𝑎3𝜃 = [𝑎3𝜃,1, 𝑎3𝜃,2, … , 𝑎3𝜃,𝑛] , 𝑎3𝜙 = [𝑎3𝜙,1, 𝑎3𝜙,2, … , 𝑎3𝜙,𝑛]

Output: Optimization to collect GAs best weights i-e,WBEST-GA.
Initialization: Selection of chromosomes by adjusting the weight vector.
Fitness computation: Customize “E” using equations (22–26) for each vector included in the population.
Stopping criteria: stop when any of the following conditions are attained:
Generation→ 400, Tol.function, fit-limit→ 1e−11, Stall-Gen→ 111, Elite-count→ 50, Ini-pop→ 200, Other selections (By default)

Ranking: Rank the specific weight vector in the assigned population-based fitness values.
Storage: WGA-Best, Iterations along function count and fitness.
GA process accomplished
SQP (start)
Inputs: TakeWGA-Best as a starting point.
Initialization: WGA-Best along with assignments and generations.
Stopping Conditions: Terminate the SQP hybridization process if any of the following conditions are achieved.
Max-fun→ 11,00,000, Tol-fun, Tol-X→ 1e−11, Max-Ite→ 1111.

Evaluation of Fitness: Analyze the values of “E” and “W” for system of Equations (22–26).
Adjustment: Fine-tuning of “fmincon” for “W”.
Storage: Accumulate “E”, WGASQP-Best along with iterations and function count.
SQP End
Data productions
Repeat the process to complete twenty runs and through BINNs-IMQK solver, use this data for best numerical outcomes for the
system of non-linear ODEs.

TABLE 1 List of physical parameters along their assigned values.

Scenarios Parameters C −1 C −2 C −3 C −4
A 1.25 1.71 2.40 3.25
Nb 0.10 0.40 0.70 1.05
S 0 1.20 2.40 3.60
R 0 1.25 2.50 3.75
Sc 0.35 0.50 0.65 0.85
Pr 2.01 3.01 4.05 5.55

3.2 Performance matrix

BINNs-IMQK solver performance is scrutinized via statistical performance operators (RMSE, E-TIC E-NSE, E-R2, and
E-VAF).

⎡⎢⎢⎢⎢⎢⎣

𝑅2𝑔̄

𝑅2
𝜃̄

𝑅2
𝜙̄

⎤⎥⎥⎥⎥⎥⎦
=

⎡⎢⎢⎢⎢⎢⎢⎣

𝑆𝑆𝑟𝑒𝑔∶𝑔

𝑆𝑆𝑡𝑜𝑡𝑎𝑙∶𝑔

𝑆𝑆𝑟𝑒𝑔∶𝜃

𝑆𝑆𝑡𝑜𝑡𝑎𝑙∶𝜃

𝑆𝑆𝑟𝑒𝑔∶𝜙

𝑆𝑆𝑡𝑜𝑡𝑎𝑙∶𝜙

⎤⎥⎥⎥⎥⎥⎥⎦
,

⎡⎢⎢⎢⎢⎣
𝑅𝑀𝑆𝐸𝑔

𝑅𝑀𝑆𝐸
𝜃

𝑅𝑀𝑆𝐸𝜙

⎤⎥⎥⎥⎥⎦
=

⎡⎢⎢⎢⎢⎢⎢⎢⎣

√
1

𝑛

∑𝑛

𝑠=1

(
𝑔𝑠 − 𝑔𝑟𝑒𝑓∶𝑠

)2
√

1

𝑛

∑𝑛

𝑠=1

(
𝜃𝑠 − 𝜃𝑟𝑒𝑓∶𝑠

)2
√

1

𝑛

∑𝑛

𝑠=1

(
𝜙𝑠 − 𝜙𝑟𝑒𝑓∶𝑠

)2

⎤⎥⎥⎥⎥⎥⎥⎥⎦
𝑁𝐹

,

⎡⎢⎢⎢⎢⎣
𝑉𝐴𝐹𝑔

𝑉𝐴𝐹
𝜃

𝑉𝐴𝐹𝜙

⎤⎥⎥⎥⎥⎦
=

⎡⎢⎢⎢⎢⎢⎢⎢⎣

(
1 −

v𝑎𝑟(𝑔𝑟𝑒𝑓∶𝑠−𝑔𝑠)

v𝑎𝑟(𝑔𝑠)

)
× 100(

1 −
v𝑎𝑟(𝜃𝑟𝑒𝑓∶𝑠−𝜃𝑠)

v𝑎𝑟(𝜃𝑠)

)
× 100(

1 −
v𝑎𝑟(𝜙𝑟𝑒𝑓∶𝑠−𝜙𝑠)

v𝑎𝑟(𝜙𝑠)

)
× 100

⎤⎥⎥⎥⎥⎥⎥⎥⎦
𝑁𝐹

,
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8 of 20 BUTT et al.

F IGURE 3 Graphs of learning curves in first case of scenario-I acquired using BINNs-IMQK solver.

⎡⎢⎢⎢⎢⎢⎢⎢⎣

𝐸 − 𝑉𝐴𝐹𝑔

𝐸 − 𝑉𝐴𝐹
𝜃

𝐸 − 𝑉𝐴𝐹𝜙

⎤⎥⎥⎥⎥⎥⎥⎥⎦
=

⎡⎢⎢⎢⎢⎢⎢⎢⎣

100 − 𝑉𝐴𝐹𝑔

100 − 𝑉𝐴𝐹
𝜃

100 − 𝑉𝐴𝐹𝜙

⎤⎥⎥⎥⎥⎥⎥⎥⎦
𝑁𝐹

,

⎡⎢⎢⎢⎢⎢⎢⎢⎣

𝐸 − 𝑅2
𝑔

𝐸 − 𝑅2
𝜃

𝐸 − 𝑅2
𝜙

⎤⎥⎥⎥⎥⎥⎥⎥⎦
=

⎡⎢⎢⎢⎢⎢⎢⎢⎣

1 − 𝑅2
𝑔

1 − 𝑅2
𝜃

1 − 𝑅2
𝜙

⎤⎥⎥⎥⎥⎥⎥⎥⎦
𝑁𝐹⎡⎢⎢⎢⎢⎢⎢⎢⎣

𝐸 − 𝑁𝑆𝐸𝑔

𝐸 − 𝑁𝑆𝐸
𝜃

𝐸 − 𝑁𝑆𝐸𝜙

⎤⎥⎥⎥⎥⎥⎥⎥⎦
=

⎡⎢⎢⎢⎢⎢⎢⎢⎣

1 − 𝑁𝑆𝐸𝑔

1 − 𝑁𝑆𝐸
𝜃

1 − 𝑁𝑆𝐸𝜙

⎤⎥⎥⎥⎥⎥⎥⎥⎦
𝑁𝐹

⎡⎢⎢⎢⎢⎢⎢⎢⎣

𝑁𝑆𝐸𝑔

𝑁𝑆𝐸
𝜃

𝑁𝑆𝐸𝜙

⎤⎥⎥⎥⎥⎥⎥⎥⎦
=

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

1 −
∑𝑛
𝑠=1 (𝑔𝑠−𝑔𝑟𝑒𝑓∶𝑠)

2∑𝑛
𝑠=1 (𝑔𝑠−𝑔𝑠)

2

1 −

∑𝑛
𝑠=1

(
𝜃𝑠−𝜃𝑟𝑒𝑓∶𝑠

)2
∑𝑛
𝑠=1

(
𝜃𝑠−𝜃𝑠

)2

1 −

∑𝑛
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(
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⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
𝑁𝐹
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𝜃
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𝑛
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𝑛
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𝑠=1

(
𝜃𝑠−𝜃𝑟𝑒𝑓∶𝑠
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𝑛
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𝑟𝑒𝑓∶𝑠√
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𝑛

∑𝑛
𝑠=1

(
𝜙𝑠−𝜙𝑟𝑒𝑓∶𝑠
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𝑟𝑒𝑓∶𝑠
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F IGURE 4 Best weights in MHD nanofluid flow model for all cases of scenario 1.
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10 of 20 BUTT et al.

F IGURE 5 Numerical values obtained in MHD nanofluid flow model for scenario 1.

F IGURE 6 Numerical values obtained in MHD nanofluid flow model for scenario 2.

F IGURE 7 Numerical values obtained in MHD nanofluid flow model for scenario 3.
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F IGURE 8 Numerical values obtained in MHD nanofluid flow model for scenario 4.

F IGURE 9 Numerical values obtained in suggested nanofluidic model for scenarios (5-6).

4 RESULTS AND DISCUSSION

The suggested MHD nanofluid problem over an exponentially stretchable sheet in a permeable media is solved numer-
ically by BINNs-IMQK solver which ran 20 times with appropriate optim-setting for six different scenarios constructed
through different values assigned to physical parameters listed in Table 1. The required weights for the solution of the cur-
rent problem are trained using the proposed solver and the obtained learning curves for Case 1(for scenario 1) are depicted
in Figure 3. The trained weights in all cases (for scenario 1) are graphically illustrated in Figure 4. The weights obtained
for all six scenarios are finally substituted in Equation 16 to obtain the solution of MHD nanofluid problem.
The numerical outcomes for velocity profile 𝑔̂′(𝜂), thermal gradient 𝜃̂(𝜂), and nanofluidic concentration profile 𝜙̂(𝜂) are

obtained and graphically depicted in Figures 5–9. Figure 5 portrays variation in 𝑔̂′(𝜂) and 𝜃̂(𝜂) due to unsteady parameter
(A). The values of 𝑔̂′(𝜂) and 𝜃̂(𝜂) of the nanofluid reduce with an escalation in the value ofA. The decrease in the values of
𝑔̂′(𝜂) and 𝜃̂(𝜂) is due to the reduction in the velocity along the stretching sheetwith the increase inA and very small amount
of heat is transferred from nanofluid to the sheet. Figure 6 shows variation in 𝜃̂(𝜂) and 𝜙̂(𝜂) due to the Brownian motion
parameter (Nb). The temperature of MHD nanofluid inflates with the rise in the value of Nb as the Brownian motion
plays a vital role in strengthening the nanofluid’s thermal conductivity due to which collision between nanoparticles rises
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12 of 20 BUTT et al.

F IGURE 10 Calculated values of AEs in MHD nanofluid flow model for all scenarios.

within the fluid and as a result concentration decrease. Figure 7 illustrates the consequences of the suction parameter (S)
on velocity 𝑔̂′(𝜂). It appears that the velocity value is depressed with the increase in the value of S as it resists the fluid
flow. Figure 8 portrays the impression of radiation parameter (R) on 𝜃̂(𝜂) and 𝜙̂(𝜂). The uplift value of R enhances the
nanofluidic temperature as the larger value of R releases a huge amount of heat energy and temperature escalates which
enhances the collision within the fluid and as a result concentration of nanoparticles diminishes. The first part of Figure 9
illustrates the influence of the Schmidt number (Sc) on the value of 𝜙̂(𝜂). The increase in the value of Sc diminishes the
motion of nanoparticles that boosts the concentration of fluid. The second part of Figure 9 describes the significance of
Prandtl number (Pr) on 𝜃̂(𝜂). The larger value of Pr reduces the fluid temperature as a larger value of Pr inflates the
kinematic viscosity of nanofluid and so temperature reduces.
The results of the suggested problem obtained through BINNs-IMQK solver overlap the reference solution calculated

through the Adams method on [0, 4] interval for all six scenarios. Figure 10 illustrates the matching degree of BINNs-
IMQK solver through absolute errors (AEs) and shows that the range of AEs in all scenarios is 10−2 to 10−7 for 𝑔̂′(𝜂),
10−1 to 10−7 for 𝜃̂(𝜂), and 𝜙̂(𝜂) which proves the accuracy of BINNs-IMQK solver. Table 2 depicts the values of AEs in the
tabulated form of some equally spaced arguments on the interval [0, 4].
BINNs-IMQK solver performance is inspected by exploiting the statistical operators namely E-VAF, NSEE, RMSE,

E-R2, E-TIC, and MAE are illustrated in Figures 11–13 for different scenarios. Figure 11 elucidated the E-VAF analysis
for all scenarios and depicts the range of accuracy for scenarios 1, 4, 5, and 6 from 10−2 to 10−8, scenario 2 from 10−2
to 10−10 and scenario 3 from 10−5 to 10−8. Figure 12 presented the E-NSE analysis and portrays the range of accuracy
for scenarios 1, 4, and 5 from 10−2 to 10−6, scenario 2 from 10−2 to 10−8, scenario 3 from 10−3 to 10−7, and scenario 6
from 10−3 to 10−6.
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TABLE 2 AEs in tabulated form for all six scenarios of nanofluidic model.

Scenario-I
𝒈̂′(𝜼) 𝜽(𝜼)

η C- 1 C −2 C −3 C −4 C- 1 C −2 C −3 C −4
0 3.10E-3 1.20E-3 4.24E-4 2.52E-4 7.25E-3 2.94E-3 1.11E-3 1.21E-3
0.5 7.52E-4 2.68E-4 8.45E-5 4.39E-5 5.35E-3 1.88E-3 8.40E-3 9.18E-3
1.0 3.58E-4 1.14E-4 4.46E-5 3.24E-5 3.93E-3 1.25E-3 6.65E-3 6.31E-3
1.5 3.27E-4 1.04E-4 3.84E-5 4.93E-5 2.99E-3 8.89E-4 4.74E-3 4.14E-3
2.0 3.22E-4 1.19E-4 4.89E-5 5.54E-5 2.36E-3 6.72E-4 3.42E-3 2.84E-3
2.5 3.02E-4 1.27E-4 5.09E-5 4.21E-5 1.93E-3 5.33E-4 2.55E-3 2.05E-3
3.0 1.38E-4 9.13E-5 5.78E-5 4.82E-5 1.62E-3 4.41E-4 1.96E-3 1.55E-3
3.5 9.74E-4 4.36E-4 7.59E-5 2.94E-5 1.37E-3 3.74E-4 1.54E-3 1.20E-3
4.0 9.16E-3 9.60E-3 8.90E-3 2.91E-3 8.56E-2 5.45E-2 3.32E-2 1.31E-3
Scenario 2

𝜽(𝜼) 𝝓(𝜼)

η C- 1 C −2 C −3 C −4 C- 1 C −2 C −3 C −4
0 8.39E-4 2.63E-4 2.91E-4 2.13E-4 1.53E-3 9.18E-4 1.36E-3 8.09E-4
0.5 1.86E-4 9.59E-5 1.24E-4 1.30E-4 1.17E-3 5.48E-4 8.97E-4 4.58E-4
1.0 7.66E-5 4.18E-5 5.70E-5 6.13E-5 9.43E-4 4.93E-4 7.33E-4 3.86E-4
1.5 4.18E-5 2.79E-5 3.11E-5 3.23E-5 9.67E-4 5.57E-4 7.55E-4 4.77E-4
2.0 2.40E-5 2.30E-5 1.84E-5 2.43E-5 1.03E-3 5.58E-4 7.45E-4 4.95E-4
2.5 1.91E-5 1.80E-5 1.28E-5 1.87E-5 9.25E-4 5.07E-4 7.13E-4 3.45E-4
3.0 1.58E-5 1.19E-5 1.14E-5 1.53E-5 2.99E-4 1.87E-4 2.01E-4 1.52E-4
3.5 1.14E-5 9.67E-6 9.78E-6 1.21E-5 4.45E-3 2.17E-3 3.11E-3 1.72E-3
4.0 1.10E-2 1.23E-2 1.36E-2 1.52E-2 3.06E-2 1.64E-2 2.53E-2 1.38E-2
Scenario 3

𝒈̂(𝜼) 𝒈̂′(𝜼)

η C- 1 C −2 C −3 C −4 C- 1 C −2
0 9.03E-4 4.63E-4 6.28E-4 4.40E-4 2.16E-4 3.37E-4
0.5 9.96E-4 5.01E-4 6.88E-4 6.71E-5 3.07E-5 3.01E-5
1.0 1.01E-3 5.07E-4 6.96E-4 2.27E-5 5.59E-5 3.96E-5
1.5 1.02E-3 5.21E-4 7.11E-4 2.22E-5 4.79E-5 3.63E-5
2.0 1.03E-3 5.32E-4 7.17E-4 1.67E-5 4.33E-5 3.50E-5
2.5 1.03E-3 5.41E-4 7.15E-4 1.47E-5 3.49E-5 3.45E-5
3.0 1.02E-3 5.45E-4 7.12E-4 1.48E-5 3.45E-5 3.59E-5
3.5 1.02E-3 5.43E-4 7.10E-4 1.20E-5 2.62E-5 2.16E-5
4.0 1.15E-3 5.39E-4 6.56E-4 3.91E-3 1.63E-3 5.73E-4
Scenario 4

𝜽(𝜼) 𝝓(𝜼)

η C- 1 C −2 C −3 C −4 C- 1 C −2 C −3 C −4
0 2.19E-3 2.92E-3 3.30E-3 3.95E-3 1.29E-3 1.87E-3 1.22E-3 1.16E-3
0.5 1.05E-3 1.50E-3 1.81E-3 2.25E-3 1.12E-3 1.38E-3 1.21E-3 1.20E-3
1.0 5.56E-4 8.37E-4 1.07E-3 1.37E-3 9.70E-4 1.10E-3 1.05E-3 1.09E-3
1.5 3.35E-4 5.27E-4 6.88E-4 9.01E-4 9.03E-4 9.63E-4 1.02E-3 9.82E-4
2.0 2.21E-4 3.57E-4 4.71E-4 6.28E-4 8.50E-4 9.29E-4 9.77E-4 9.07E-4
2.5 1.56E-4 2.56E-4 3.42E-4 4.65E-4 8.03E-4 8.27E-4 7.58E-4 7.21E-4
3.0 1.18E-4 1.94E-4 2.64E-4 3.58E-4 3.30E-4 6.02E-4 9.02E-4 1.35E-3
3.5 9.61E-5 1.57E-4 1.79E-4 6.03E-5 7.06E-3 9.15E-3 1.12E-2 1.35E-2
4.0 2.65E-2 3.55E-2 4.35E-2 5.09E-2 3.48E-2 3.76E-2 3.63E-2 3.49E-2

(Continues)
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TABLE 2 (Continued)

Scenario 5 Scenario 6
𝝓̂(𝜼) 𝜽(𝜼)

η C- 1 C −2 C −3 C −4 C- 1 C −2 C −3 C −4
0 1.73E-3 1.41E-3 8.58E-4 4.91E-4 1.29E-3 1.01E-3 7.20E-4 4.83E-4
0.5 1.56E-3 1.18E-3 6.92E-4 3.74E-4 6.49E-4 4.42E-4 2.77E-4 1.88E-4
1.0 1.34E-3 9.37E-4 5.30E-4 2.77E-4 3.89E-4 2.56E-4 1.49E-4 9.65E-5
1.5 1.33E-3 8.86E-4 4.60E-4 2.28E-4 2.63E-4 1.50E-4 8.78E-5 5.70E-5
2.0 1.28E-3 8.57E-4 4.35E-4 2.10E-4 2.00E-4 1.01E-4 6.17E-5 3.86E-5
2.5 1.03E-3 8.03E-4 4.43E-4 2.10E-4 1.62E-4 7.61E-5 4.64E-5 2.87E-5
3.0 6.54E-4 3.61E-4 3.59E-4 2.04E-4 1.36E-4 6.41E-5 3.65E-5 2.32E-5
3.5 9.55E-3 5.03E-3 2.16E-3 6.90E-4 1.22E-4 5.81E-5 2.97E-5 1.96E-5
4.0 3.95E-2 4.910E-2 4.12E-2 3.080E-2 3.66E-2 2.72E-2 2.240E-2 1.86E-2

F IGURE 11 E-VAF analysis for all
scenarios in MHD nanofluid flow model.

Figure 13 displayed the statistical analysis for some randomly taken scenarios that shows the range of accuracy for
(RMSE) scenario 3 from 10−3 to 10−4, (E-R2) scenario 4 from 10−1 to 10−7, (E-TIC) scenario 5 from 10−2 to 10−5, and (MAE)
scenario 6 from 10−3 to 10−4. All these results are nearly equal to zero which proves BINNs-IMQK solver is a quite reliable
method.Moreover, the fitness of BINNs-IMQK solver is examined throughCDFplot analysis and histogram and presented
here for scenario 3 through Figures 14–17. Figure 14 shows the fitness in all cases of S-III in terms of area and the accuracy
obtained lies in a range of 10−3 to 10−4. Figure 15 expresses the fitness in terms of CDF analysis in cases C (I-III) of S-III
and acquired an accuracy range of 10−3 to 10−4. Figure 16 illustrates the histogram analysis in all three cases of the third
scenario and shows that almost 60% of the runs obtained an accuracy range of 10−3 to 10−4. Figure 17a demonstrates the
fitness in terms of a sorted chart using VAF in all cases of S-III and shows a range of 10−5 to 10−10 (up to 9 decimals).
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BUTT et al. 15 of 20

F IGURE 1 2 E-NSE analysis for all scenarios in MHD nanofluid flow model.

Figure 17b expresses the area graphs having an accuracy 10−3 to 10−4 using MAE in the first, second, and third cases of
S-III.

5 CONCLUSION

MHD nanofluid flow in a permeable medium over an exponentially extended surface under the heat source/sink effect
is analyzed for velocity, temperature, and concentration profiles through BINNs-IMQK solver is a quite new technique.
The efficacy and reliability of BINNs-IMQK solver are scrutinized by various operators. The suggested problem is solved
numerically by altering the values of the A, Nb, S, R, Sc, and Pr. Unsteady parameter and suction/ injection parameter
have the same effect on nanofluid velocity as both are inversely proportional to shrinking constant u0. The parametersNb
and R have the same effect on the temperature of the suggested nanofluidic problem but this effect is overturned in the
case of the Pr and A. The value of Nb has a key role in boosting the thermal conductivity of nanofluids. The Nb, R, and Sc
have the same effect on the concentration of nanofluid. The proposed solver BINNs-IMQK is a remarkable alternative to
solve stiff problems related to partial, fuzzy, ordinary, and fractional equations.
In future, one may exploited different combination of the global and local search methodologies along with their

comparison with presented BINNs-IMQK for solving fluid mechanics problems.
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16 of 20 BUTT et al.

F IGURE 13 Error estimation in randomly taken scenarios using statistical operators in the suggested problem.

F IGURE 14 Fitness estimation in suggested nanofluidic problem for cases (1–3) of S-3.

F IGURE 15 Fitness estimation through CDF in MHD nanofluid model in all three cases (for scenario 3).
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BUTT et al. 17 of 20

F IGURE 16 Fitness estimation through Histogram study in MHD nanofluid flow model for scenario 3.

F IGURE 17 Fitness estimated through E-VAF and MAE values in MHD nanofluid flow model for scenario 3.

NOMENCLATURE
u1, u2 Velocity components [ms−1]
Tm Dimensional temperature [K]
𝐵0 Strength of magnetic field
Cp Heat capacity [J K−1]
𝜎 Electrical conductivity [Ω−1𝑚−1]
τ Specific heat ratio [J K−1 kg−1]

𝐷𝑇𝑚 Thermophoresis diffusion coefficient
𝑞′′′ Uneven heat sink/source
M Magnetic field parameter
L Characteristic length
A Unsteady parameter
𝑆𝑐 Schmidt number
𝛼1 Diffusivity coefficient
𝜌 Density of nanofluid [kg m−3]
Pr Prandtl Number
𝑘 Thermal conductivity [Wm−1 K−1]

𝑇𝑚∞ Ambient temperature
𝐶∞ Ambient level concentration [mol m−3]
𝐷𝐵 Brownian diffusion coefficient
𝐶 Nanofluid dimensional concentration
W Condition on wall/sheet
S Suction/Injection parameter
Υ Kinematic viscosity [m2/s]

A1, B1 Heat sink/source parameters
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18 of 20 BUTT et al.

𝑁𝑡 Parameter for thermophoresis
Nb Brownian motion parameter

𝛼𝑇𝑚 Thermal diffusivity [m2/s]
R Radiation parameter
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