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A B S T R A C T

In this research, stochastic computing techniques based on artificial neural networks are applied
to the proposed singular nonlinear differential equation to explain thermoregulation in the hu-
man dermal region problem to investigate and predict the effect of bioheat temperature on hu-
man skin at different atmospheric temperatures with different cases with considering the impact
of both air convection thermal sensitivity and temperature, where sequential quadratic program-
ming, interior point technique, and active set technique are included in the designed techniques.
Moreover, thermal dynamics in the epidermal layer that is affected by both cooling and heating
treatments, and the temperature profile across space and time have been examined. Numerical
convergence analysis has been applied to endorse the nature of precision and convergence of the
designed stochastic computing techniques. To preserve thermal balance, this leads to modifica-
tions in the human body's temperature regulation. The statistical analysis is provided comprehen-
sively in the form of graphs and tables to further enhance the significance in terms of accuracy,
efficiency, and convergence of the current study.

1. Introduction
The skin is the largest organ in the body that plays an essential part in thermoregulation, prevents excessive transpiration of water

from the body, and provides defense against exterior chemical, physical, and biological threats. Each layer of the skin experiences bio-
heat transfer through conduction, which is brought on by the movement of vibrating atoms from high temperatures to the micro-
scopic range, where they vibrate the originally stationary atoms as well. The imbalance in environmental temperature appears as a
disorder of thermoregulation of the human system. Environmental temperatures shuffle their way via the dermal layer and tip to hy-
perthermia and hypothermia. Then finally advances to the body core and tissue necrosis to the body peripherals. The human body
survives in different temperatures and conditions. The skin and core temperature regulation maintain the human body temperature
[1–4]. Khanday and Saxena demonstrated various models to clarify the concept of thermoregulation in biological tissues. Thermal
conductivity was invoked as a continuous function of temperatures. They contributed to the division of temperatures in boundaries of
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multi-layered skin and sub-dermal tissues. They introduced variational finite element methods about surrounding temperatures. They
estimated the thermo-state phenomena of brain tissue and predicted the cold strain at various layers of the human head with the help
of climate temperature [5–8].

The desired precise knowledge of thermal tolerances of human tissue and its cellular nature and physical changes caused by hyper-
thermia was not felt by the individual who not only supported their military staff and medical care but also for such development-
effective weapons, nuclear bombs, and various other indiscriminate or explosive missiles, for pitching the spark to their development
and use. As a cancer treatment method, Hyperthermia has a long history, about 3000 B.C. During the Second World War human his-
tory, due to heat has become a major cause of disability and death [9–14]. In 1947, Herrigues and Moriz formulated the model to de-
termine the thermoregulation during various intensity surface and sub-surface exposures in the human dermal region [15]. Harry H.
Penne's, determined in the upper skin extremity the cutaneous temperature effects regarding the presence of blood flow in the fore-
arm and distribution of steady-state tissue temperature complexity, the temperature properties of warming agents in biological tis-
sues, and analytic theory were applied to evaluate the various effects of heat [16]. In 1962, Perl. presented the theory of matter and
heat distribution in human body tissues by utilizing the local clearance method to determine the rate of blood flow of tissue [17,18].
The collaboration of Richardson and Whitelaw Investigation evaluated the sudden effects and local changes of thermal load on hu-
man skin conductance, and these measurements were affected by blood flow rate. However, this approach proposed no idea for large
skin areas for different rates of metabolism and changes that occur inside the skin itself [19]. U, FLESCH considered Thron's (1956)
experimental findings, and his theoretical consideration acquired outcomes on the human head heat source distribution and what en-
sues if the environmental temperature changes, supposing a heat production level in a clear and compressive way [20]. Attempts had
been made prior by Patterson (1976, 1978) for an experimental purpose of the temperature properties in the subcutaneous tissue's re-
gion [21]. Afterward in 1978, Saxena and Arya applied numerical and analytical methods to estimate temperature distribution in
Subcutaneous tissues (SST), these mathematical methods did not pose effective outcomes [22–25].

Further in 1984, Saxena and Bindar applied the finite element method to estimate temperature distribution in steady-state human
dermal regions, two imperative variables of blood flow rate and restraint heat generation of Metabolism [26]. Subsequently, in 1983,
Diller and Layes analyzed thermoregulation by the condensed finite element method in the human dermal region [27]. In 1997 Yimin
Xuan and W. Roetze presented a new bioheat model based on the principle of heat transfer porous media with consideration of tem-
perature variation in the human body [28]. In 2000 Ng, Chua invoked Henriques’ skin burns theory in combination with the two-
dimensional model, Pennes equation of heat conduction for determining burn injury, and developed an axisymmetric two-
dimensional model with a mesh-independent estimate and investigated human skin affected by the burning process [29]. The future
efforts were made by Khandy and Saxena in 2009, who used the variational finite element method to assess the cold temperature. In
2010, Mamta Agrawal and Neeru Adlakha, and K. P. Pardasani endow two-dimensional temperature distribution in layers of dimin-
ished and elliptical-shaped extremities assisted by metabolic heat equation and variational method [30]. Gurung D B, Saxena V P &
Adhikary P R considered only three layers of skin tissue and determined unsteady state one-dimensional temperature distribution in
the human dermal region with quadratic function by utilizing the finite element method [31,32].

In 2012, D. B Garung utilized the finite element method to estimate a two-dimensional temperature distribution model at low en-
vironmental temperatures [33]. In 2012, Emmanuel Kengne, Ahmed Lakhssassi, and Rémi Vaillancourt assisted in temperature distri-
butions in the dermal region by applying the Jacobi elliptic function and investigated the hypothermia situation in dermal subcuta-
neous tissues [34]. Afterward, in 2013, M. A Khanday conducted an endeavor on various dermal layers and SST. The authors have
used multiple numerical techniques for analyzing the partial differential equation [35–38] that presents the biological, physical,
chemical, and fluidic models in Refs. [39–41]. The bio heat model was earlier analyzed by Sur et al. by applying multiple numerical
techniques [42–45]. Abbas et al. has used the multiple numerical techniques for analyzing the various kinds of differential equations,
also analyzing the partial differential equations, especially by using the finite element methods [46–48]. Numerical techniques are
used for analyzing the multiple kinds of biological models by the authors in Refs. [49–51]. Fahmy et al. has used the boundary ele-
ment method in various studies to analyze the multiple biological models, including the bio heat models [52–55]. The basic objective
of our current research is to develop a model to evaluate thermoregulation in the human dermal region by using the Stochastic tech-
nique. The innovative contributions of the designed techniques are as follows.
• The design techniques including sequential quadratic programming, interior point technique, and active set technique are

applied to the proposed bio-heat singular nonlinear differential equation model to elaborate the effect of bioheat temperature on
human skin.

• The atmospheric temperatures are varied to investigate the effect on thermoregulation in the human dermal region.
• The performance evaluation of the designed techniques is confirmed via multiple executions in terms of absolute errors.

The remaining research article structure is designed as; Mathematical Formulation of the Bioheat Model explained in section 2, in
section 3 the designing and modeling of the techniques are illustrated, and the Numerical Handling of the Problem is provided in sec-
tion 4. The conclusion is debated in the last section.

2. Mathematical Formulation of the bioheat model
The thermoregulation model can be defined as a boundary value problem. The domain survey depends on the dermal region and

as a formulation of the bioheat equation.
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where r rendering the radial distance,R is at the circumference center of the circle, E designates altering into vapors, the temperature
distribution T represents the first order partial derivative, Ta the ambient temperature, Tb the temperature distribution at the bound-
ary of the body, Q represents the production of unit volume, and “p” is the capacity of the human dermal region to conduct.

The presentation of temperature bioheat activity of the body has been supposed as the term k (T) = K0 (T − TH)n. To calculate
the temperature distribution of the mathematical model of human dermal layers has been assumed pursuing the partial differential
equation of bioheat equation as [56]:
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Where,

• ∇ is a rendering operator of T , Q = q (37 − T).
• K, ρb and cb represent tissue's thermal conductivity, density, and heat. Equations (2.1) and (2.2) can be defined as;
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We consider the transformation.

u =
T −
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, 0 < t < 1 (2.6)

Using equation (2.6) in equations (2.4) and (2.5) can be written as
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With boundary condition
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(0) = 0, u (1) = 0. 0 < t < 1 (2.8)

For n = 1 and α = k0
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u
′ (0) = 0, u (1) = 0. 0 < t < 1 (2.10)

The structural figure of the above second-order differential equation (2.9) has been shown in Fig. 1(a).

3. Designing & modeling of the techniques
3.1. Modeling of bioheat equation

A model of an object is a representation of a proposed structure to assist estimation and calculation. The basic description of a
framework using mathematical language and concepts, the scheme of evolving a mathematical model named mathematical model-
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Fig. 1a. Structural diagram.

ing. ANN technique will be utilized to design the mathematical modeling of Bio heat equation. A neural network is named as a collec-
tion of neurons and computational neurons with the design associated with biological neurons [57–61].
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(3.1)

During the study, ANNMM of the bioheat equation utilizing feed-forward ANN is composed as continuous mapping for solution
u (t) and its derivatives. In this research work, we consider the Artificial Neural Network (ANN) technique for nonlinear singular dif-
ferential equations with boundary conditions. Artificial neural network (ANN) modeling is a function used for nonlinear singular dif-
ferential equations with boundary conditions via continuous functions to estimate the approximate solution [62–67].

The mathematical modeling has utilized radial base fRB, log-sigmoid fLS functions and tan-sigmoid fTS for indefinite covering of
neural network as:

fRB (t) = e−t2
,

(3.2)

fLS (t) =
1

1 + e−t
, (3.3)

fTS (t) =
1

1 + e−2t2
− 1. (3.4)

This research work, considers only radial-based activation function for the numerical treatment of the system.
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,
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Here αm,βm,γm are optimization weights.

3.2. Fitness function
The fitness function is defined as the sum of the mean square error in an unverified technique. Let us suppose the sum of two

mean-square errors Er. Let Er1 and Er2 are the mean square errors Er, defined as
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E
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Where Er1 is fitness error function, related with second order on linear differential equation (2.9), can be written as
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Additionally, Er2 is an error fitness function that emerges from the boundary conditions.

E
r2
= 12

[(
u0 − 1

)2
+

(
u1 − 0

)2
]
, (3.11)

Where N = h
1 , ui = u (ti) , and (ti) = ih.

3.3. Algorithm and flow chart of optimization technique
Firstly, utilize the necessities of the given problem by fixing the solvers. In this next step, set the numerical value of the scheme

based on the random allocation and statements from the parameter setting scheme table. Now for the first two types of modeling,
evaluate the fitness function of each population by using eq. (3.10) and eq. (3.11). Now procedure jumps for fitness function estima-
tion. If it approaches the criteria, saves the results, and then terminates otherwise it will jump back again. The flow chart and the
structural diagram of the proposed methodology are presented in Fig. 1(a and b).

4. Numerical Handling of the problem
In this section, we will discuss numerical conditions and estimate the outcomes through SQP, IPT, and AST techniques with differ-

ent methodologies that have been utilized as follows in the given cases:

Case 1. Consider case, at Ta = 0, for p = 13, q = 0.000002 TH2 , TH = 33.03 + 0.14(Ta − 10), k0 = 0.00009 TH (37 − TH)−13
,

m = 10. Substituting all above values in equation (2.9) to get the following equation.

Fig. 1b. Flowchart of methodology for the proposed problem.
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u (1) = 0. (4.3)

The basic purpose of our study is to determine the solution of differential equations with proposed methodology. The fitness func-
tion for second order differential equation by equation (3.10) is given below.
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, (4.4)

Where M =30,h =0.1, ti = ih and ui = u (ti).
SQP, IPT and AST techniques determine the solution of equation (4.1) in accordance with (3.7) can be followed as a neuron. For

M = 10 and step size h = 0.1 and weights functions are α, β, and γ respectively.

u (t) =
𝛼1

e
(𝛽1t+𝛾1)

2
+

𝛼2

e
(𝛽2t+𝛾2)

2
+

𝛼3

e
(𝛽3t+𝛾3)

2
+ ... +

𝛼10

e
(𝛽10t+𝛾10)

2
. (4.5)

The optimal techniques present the proposed solution of equation (4.1) that can be composed of neurons. The techniques SQP,
IPT, and AST estimate the numerical results by setting neurons N = 10, which are defined as terms of series solution u (t). Figure (2(a,
b), 3) shows the training procedure for the optimization of the proposed methods SQP, IPT, and AST, taking as M = 10 with step size
as h = 0.1 where the Tables (2–4) show the best numerical values of the weights that provides the close results to the reference solu-
tion from SQP, IPT and AST techniques. Additionally, these figures illustrate that the number of iterations increases as the function
value approaches zero explains the activation function properly trained, and current point subfigures explain the range of the weight's
values. The inputs for the numerical solution of equation (4.4) select variable values within 0 and 1, setting step size as h = 0.1. Table
5 compares the numerical values of the proposed methodologies SQP, IPT, and AST. Fig. 4 compares the nature of numerical results
obtained from the designed techniques that explain as time increases the temperature decreases this implies both have inverse rela-
tions in nature. The IPT gives the best numerical values concluded from this figure, for more clarity the absolute error of IPT with SQP
and AST is calculated and shown graphically in Fig. 5, tabulated in Table 6 which explains the accuracy and efficiency of the designed
techniques. Figure (6-7) expresses the 2-dimensional plot for the numerical values having weights α, β and γ by neurons network over
the optimization techniques SQP and IPT, also figure (7-8) shows the 3-dimensional plot for the numerical values having weights α, β,
and γ. From eq. (4.6) to eq. (4.8) presenting the 2-dimensional and 3-dimensional graphs for the numerical values having weights α, β,
and γ with 10 neurons. The weight's graphical and tabular representation describes that a weight may be positive or negative. These

Fig. 2a. AST optimization fitness plots.
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Fig. 2b. IPT optimization fitness plots.

Fig. 3. SQP optimization fitness plots.

Table 1
Procedure's parameter setting.

Parameters SQP IPT AST

Solver FMINCON FMINCON FMINCON

Start Point Random (1, 30) Random (1, 30) Random (1, 30)
Derivative by Solver Finite Central Difference by Solver
Iteration 10,000 2000 10,000
X Patience e−20 e−20 1e-20
Max Function study 10,000 1,000,000 15,000
Function Tolerance e−20 e−20 1e-20
Constraints Tolerance Default Default Default
Non-Linear Constraints e−20 Nil 1e-20
Initial Weights, Hessian Default BFGS Weights of AST
SQP Constrains, unboundedness Threshold Default Default Nil

weights are put in equation (4.5) to get equation (4.6)-(4.8) which are the solutions of the proposed problem through designed tech-
niques (see Fig. 9–11).

u[SQP] (t) =
(−0.02188)

e(−0.05387t+0.098997)2
+

(−6.73045)

e(3.507983t+(−4.71929))2
+

(2.871564)

e(−2.68228t+3.337515)2
+ ... +

(−4.81367)

e(1.559899t+(−2.37825))2
, (4.6)
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Table 2
The SQP Weights based on the Number of Neurons.

Solver i αi βi γi

SQP 1 −0.0218756 −0.0538692 0.098997
2 −6.7304532 3.5079834 −4.7192943
3 2.8715636 −2.6822757 3.3375148
4 5.9883883 4.2730668 −4.7809386
5 1.9536435 2.7962235 −1.1904801
6 −2.1180752 −0.5781481 −0.5860977
7 0.3538057 −0.7756455 −1.1555855
8 −2.0087654 0.6433117 1.0798359
9 −2.904809 0.9202398 −2.854459
10 −4.8136736 1.5598989 −2.378247

Table 3
The IPT Weights based on the Number of Neurons.

Solver i αi βi γi

IPT 1 −2.165874 −3.191598 2.379201
2 1.830870 1.528106 0.973129
3 −1.433833 0.371903 0.1872533
4 −1.086973 0.2691572 2.402688
5 2.480237 −8.837678 8.220802
6 −7.1288681 −7.2386734 7.3019036
7 −5.256576 3.1911869 −3.5169145
8 −2.9464109 0.5575582 −0.3329088
9 8.5321772 −6.6117102 8.4968988
10 0.5067896 −1.1455426 1.4835374

Table 4
The AST Weights based on the Number of Neurons.

Solver i αi βi γi

AST 1 2.68359 7.84390 −7.22291
2 −2.90663 0.73727 −1.93769
3 −7.95840 6.39565 −7.77017
4 −5.86123 5.49601 −7.40871
5 −3.66634 −0.00016 −0.69563
6 2.91224 −9.00000 8.43098
7 3.61447 0.30922 −0.59474
8 −2.36062 −0.03135 2.19971
9 8.97258 8.36467 −9.00000
10 −8.39833 6.93559 −9.00000

Table 5
Comparison of numerical results of SQP, IPT and AST.

Parameter Proposed Methods

t SQP IPT AST

0 0.282382789 0.108982905 0.349256759
0.1 0.281617368 0.108608662 0.347742159
0.2 0.278660455 0.107246684 0.343280727
0.3 0.273014121 0.104849238 0.336025453
0.4 0.264600291 0.101488901 0.325729580
0.5 0.253474061 0.097117147 0.311680276
0.6 0.239603852 0.091489190 0.293060791
0.7 0.222605300 0.084052427 0.269392644
0.8 0.201208850 0.073907838 0.238068057
0.9 0.172106237 0.060556873 0.196085596
1.0 0.127749685 0.037935764 0.124145560
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Fig. 4. Comparison of SQP, IPT and AST

Fig. 5. Absolute error of SQP, IPT, and AST

Table 6
Comparison of absolute error of proposed methodology.

Relative Absolute Error (| Uref − UApp |)

Parameters Proposed Methods

t IPT Ref. Sol SQP AST

0 0.108982905 0.173399884 0.240273854
0.1 0.108608662 0.173008706 0.239133497
0.2 0.107246684 0.171413771 0.236034043
0.3 0.104849238 0.168164883 0.231176215
0.4 0.101488901 0.163111390 0.224240679
0.5 0.097117147 0.156356914 0.214563129
0.6 0.09148919 0.148114662 0.201571600
0.7 0.084052427 0.138552872 0.185340216
0.8 0.073907838 0.127301011 0.164160219
0.9 0.060556873 0.111549364 0.135528723
1 0.037935764 0.089813921 0.086209799
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Fig. 6. 2-Dimensional weights of IPT.

Fig. 7. 2-Dimensional weights of SQP.

u[IPT] (t) =
(−2.16587)

e(−3.1916t+2.37920)2
+

(1.83037)

e(1.52810t+(0.97313))2
+

(−1.43383)

e(0.37190t+0.18725)2
+ ... +

(0.50679)

e(−1.14554t+1.48353)2
, (4.7)

u[AST] (t) =
(2.68359)

e(7.84390t+(−7.22292))2
+

(−2.68835)

e(0.73727t+(−1.9377))2
+

(−7.9584)

e(6.39568t+(−7.77018))2
+ ... +

(−8.39833)

e(6.93559t+(−9))2
. (4.8)

Case 2. Consider the case, at Ta = 10, for p = 13, q = 0.000002 TH2 , TH = 33.03 + 0.14(Ta − 10), k0 = 0.00009 TH (37 − TH)−13

m = 10. Substituting all above values in equation (2.9) to get the following equation

d
2

dt2
u (t) +

2

t

du

dt
+

1

u

(
d

dt
u (t)

)2

+
(3.97 − u)

u
(0.1849) = 0, (4.9)

With boundary condition

du

dt
(0) = 0, (4.10)

u (1) = 0. (4.11)

The basic purpose of this study is to determine the solution of differential equations with proposed methodology. Fitness function
for second order differential equation in accordance with (3.10) given as below.



Case Studies in Thermal Engineering 58 (2024) 104381

11

I. Ahmad et al.

Fig. 8. 3-Dimensional weights of IPT

Fig. 9. 3-Dimensional weights of SQP.

Er1
=

1

M

M
i=1


k0

d
2ui

dt2
+

2k0

ti

dui

dt
+

nk0

ui


dui

dt

2

+

0.1849

37 − ui − TH


ui

2

, (4.12)

Where M =30,h = 0.1, ti = ih and ui = u (ti).

u (t) =
𝜶1

e(𝜷1t+𝜸1)
2
+

𝜶2

e(𝜷2t+𝜸2)
2
+

𝜶3

e(𝜷3t+𝜸3)
2
+ ... +

𝜶10

e(𝜷10t+𝜸10)
2
, (4.13)

u[SQP] (t) =
(−4.73898)

e(−0.04339t+(−8.36909))2
+

(9)

e(−7.20918t+(9))2
+

(−4.26478)

e(0.336845t+6.853676)2
+…+

(−0.0968136)

e(7.8367813t+(−4.1728156))2
, (4.14)

u[IPT] (t) =
(−2.701974)

e(−0.544762t+(−0.695625))2
+

(0.282586)

e(−0.916124t+0.190183)2

+
(4.353871)

e(−6.901859t+6.956632)2
+… . +

(8.1171462)

e(−6.6935202t+8.3253128)2
,

(4.15)



Case Studies in Thermal Engineering 58 (2024) 104381

12

I. Ahmad et al.

Fig. 10. Optimization fitness plots.

Fig. 11. IPT optimization fitness plots.

u[AST] (t) =
(−1.3893728)

e(−2.6916434t+1.2937094)2
+

(3.1351042)

e(0.4219198t+(3.3023118))2

+
(−7.9440465)

e(−8.0606416t+8.1947170)2
+ ... +

(2.4990326)

e(−2.4331333t+1.92250437)2
.

(4.16)

Optimal techniques present the proposed solution of equation (4.9) that can be composed of neurons (see Fig. 12). The techniques
SQP, IPT, and AST estimate the numerical results by setting neurons N = 10, which are defined as terms of the series solution of u (t).
The training procedure for the optimization of the proposed methods SQP, IPT, and AST corresponding to M = 10 with step size as
h = 0.1 along with the training settings that are defined in Table 1 for the best optimization of the case explained in equation (4.9).
Moreover, as the number of iterations increases the function value approaches zero which explains the activation function properly
trained and current point subfigures explain the range of the weight's values. Tables (7–9) illustrate the best numerical weight values
that provide close results to the reference solution through SQP, IPT, and AST techniques. Table 10 compares the numerical values
obtained from the proposed methodologies SQP, IPT, and AST. Fig. 13 relates the nature of numerical results obtained from SQP, IPT,
and AST with variable values between 0 and 1 as input and setting step size as h = 0.1, where this figure explains as time increases
the temperature decreases this implies both have inverse relations in nature. Furthermore, from this figure, it has been seen that IPT
gives the best numerical values. The absolute error of IPT with SQP and AST is shown in Fig. 14 and given in Table 11.

Figure 15 and 16 illustrates the 2-dimensional plot for the numerical values having weights α, β and γ by neurons network over the
optimization techniques SQP, IPT, and AST, also figure 17 and 18 presents the 3-dimensional plot for the numerical values having
weights α, β and γ. From eq. (4.14) to eq. (4.16) presenting the 2-dimensional and 3-dimensional graphs for the numerical values hav-
ing weights α, β and γ with 10 neurons.

Case 3. Consider the case, at Ta = 21, for p = 13, q = 0.000002 TH2 , TH = 33.03 + 0.14(Ta − 10), k0 = 0.00009 TH (37 − TH)−13
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Table 7
The SQP Weights based on the Number of Neurons.

Solver i αi βi γi

SQP 1 −4.738975 −0.043392 −8.369093
2 9.0000000 −7.20917742 9.000000
3 −4.264784 0.336845 6.853675
4 0.868249101 0.687513327 6.414291386
5 −3.852087 −0.708092 −5.941007
6 −1.878569 9.000000 −8.538757
7 −5.121022 −8.178188 8.459491
8 0.505673 −8.117904 −6.860490
9 1.619004 −5.337035 −7.598032
10 −0.096813 7.836781 −4.172815

Table 8
The IPT Weights based on the Number of Neurons.

Solver i αi βi γi

IPT 1 −2.701974 −0.544762 −0.695625
2 0.282586 −0.916124 0.190183
3 4.353871 −6.901859 6.956632
4 −1.957892 0.150348 1.392095
5 −6.138193 −8.456369 8.820482
6 −0.747294 −8.012749 6.334934
7 −5.055056 0.247670 1.717538
8 −1.077963 −0.079176 −0.145004
9 2.048932 −1.074916 3.642906
10 8.117146 −6.693520 8.325312

Table 9
The AST Weights based on the Number of Neurons.

Solver i αi βi γi

AST 1 −1.389372 −2.691643 1.293709
2 −7.944046 −8.060641 8.194717
3 3.135104 0.421919 3.302311
4 −1.662032 −0.080898 3.338062
5 −2.938966 0.766610 0.328500
6 9.000000 −7.379876 9.000000
7 −3.615284 9.000000 −8.580870
8 0.883140 0.778215 0.559915
9 −4.212019 −0.362640 −0.160036
10 2.499032 −2.433133 1.922504

Table 10
Comparison of numerical results of SQP, IPT and AST.

Parameter Proposed Methods

t SQP IPT AST

0 0.346357735 0.143227909 0.177820122
0.1 0.344940744 0.142538767 0.177004997
0.2 0.344940744 0.140705308 0.175053249
0.3 0.333208121 0.137810404 0.171442243
0.4 0.322100826 0.133587585 0.165850216
0.5 0.306937870 0.127593183 0.158278230
0.6 0.287306052 0.119603922 0.148619609
0.7 0.262302498 0.109604759 0.136461338
0.8 0.228837954 0.096304164 0.120224989
0.9 0.184544276 0.078467605 0.098432040
1 0.107599527 0.046562639 0.060576137
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Fig. 12. SQP optimization fitness plots.

Fig. 13. Comparison of SQP, IPT and AST

Fig. 14. Absolute error of SQP, IPT and AST

, m = 10. Substituting all the above values in equation (2.9) to get the following equation.

d
213

dt2
u (t) +

2

t

du

dt
+

1

u

(
d

dt
u (t)

)2

+
(5.51 − u)

u
(0.1270) = 0, (4.17)

With boundary condition

du

dt
(0) = 0, (4.18)

u (1) = 0. (4.19)

The basic purpose of our study is to determine the solution of differential equations with proposed methodology. Fitness function
for second order differential equation in accordance with (3.10) given as below:
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Table 11
Comparison of absolute error of proposed methodology.

Relative Absolute Error (| Uref − UApp |)

Parameters Proposed Methods

t IPT Ref. Sol. SQP AST

0 0.143227909 0.203129826 0.034592213
0.1 0.14253877 0.202401978 0.03446623
0.2 0.140705308 0.199994023 0.03434794
0.3 0.137810404 0.188513241 0.033631839
0.4 0.133587585 0.188513241 0.032262631
0.5 0.127593183 0.179344687 0.030685046
0.6 0.119603922 0.16770213 0.029015687
0.7 0.109604759 0.152697739 0.02685658
0.8 0.096304164 0.132533791 0.023920825
0.9 0.078467605 0.106076672 0.019964436
1 0.046562639 0.061036888 0.014013498

Fig. 15. 2-Dimensional weights of SQP.

Fig. 16. 2-Dimensional weights of AST.

Er1
=

1

M

M
i=1


k0

d
2ui

dt2
+

2k0

ti

dui

dt
+

nk0

ui


dui

dt

2

+

0.1849

37 − ui − TH


ui

2

, (4.20)

Where M =30,h =0.1, ti = ih and ui = u (ti).

u (t) =
𝜶1

e(𝜷1t+𝜸1)
2
+

𝜶2

e(𝜷2t+𝜸2)
2
+

𝜶3

e(𝜷3t+𝜸3)
2
+ ... +

𝜶10

e(𝜷10t+𝜸10)
2 (4.21)
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Fig. 17. 3-Dimensional weights of SQP.

Fig. 18. 3-Dimensional weights of IPT.

u[SQP] (t) =
(2.2263233)

e(-0.1666886t+(-0.2908640))2
+

(-1.3141168)

e(-1.6902360t+1.5187239)2

+
(-0.1088466)

e(-3.2096267t+0.2287175)2
+…+

(-2.9741339)

e(0.8670136t+0.1049737)2
,

(4.22)

u[IPT] (t) =
(−0.2497133)

e(−0.2142924t+2.2353841)2
+

(3.3946270)

e(1.9246459t+(−3.7926374))2

+
(5.9893358)

e(5.3495796t+−4.7940167)2
+ .............. +

(1.3844345)

e(−8.5285393t+7.9248469)2
,

(4.23)

u[AST] (t) =
(0.8208186)

e(0.6682066t+0.7611549)2
+

(-9)

e(6.9213800t±8.7914004)2

+
(3.2066868)

e(-8.9897799t+8.6267777)2
+ ... +

(-0.0716043)

e(-6.5879423t±1.2664913)2
.

(4.24)

Optimal techniques present the proposed solution of equation (4.17) that can be composed of neurons. The techniques SQP, IPT
and AST estimate the numerical results by setting neurons N = 10, are defined as terms of series solution u (t). Figure 19 and 20 shows
the training state of equation (4.17) assisted by optimization methods SQP, IPT and AST, taking as M = 10 with step size as h = 0.1.
These figures explain the training of the proposed techniques at each iteration along the current points value, where the Tables
(12–14) show the best numerical values of the trained weights through SQP, IPT, and AST for getting better outputs of the proposed
problem. The inputs for the numerical solution of equation (4.20) select variable values between 0 and 1, setting step size as h = 0.1.
Table 15 compares the numerical values of the proposed methodologies SQP, IPT, and AST. Fig. 21 illustrates the nature of numerical
results obtained from SQP, IPT, and AST, additionally, the temperature decreases corresponding to the time passage. Moreover, in
this figure, it has been seen that IPT gives the best numerical values. The absolute error of IPT with SQP and AST is shown in Fig. 22
and given in Table 16 which explains the accuracy and efficiency of the technique.



Case Studies in Thermal Engineering 58 (2024) 104381

17

I. Ahmad et al.

Fig. 19. SQP optimization fitness plots.

Fig. 20. AST optimization fitness plots.

Table 12
The SQP Weights based on the Number of Neurons.

solver i αi βi γi

SQP 1 2.226323309 −0.166688627 −0.290864039
2 −1.314116888 −1.69023603 1.518723935
3 −0.10884664 −3.209626748 0.228717568
4 3.279619514 −0.960095292 −4.765585426
5 0.563806859 −0.51720191 −1.540856242
6 −0.994103939 −3.442424623 −1.91725382
7 0.239462676 −0.194752596 −1.910649078
8 −1.452061302 −2.397128559 1.961351405
9 3.694807074 −1.972687197 2.896204728
10 −2.97413395 0.867013605 0.104973723

Figure 23–25 shows the 2-dimensional plot for the numerical values having weights α, β and γ by neuron networks over the opti-
mization techniques SQP, IPT, and AST. Also figure 26 and 27 expresses the 3-dimensional plot for the numerical values having
weights α, β and γ. From eq. (4.22) to eq. (4.24) presenting the 2-dimensional and 3-dimensional graphs for the numerical values
having weights α, β, and γ with 10 neurons.

Case 4. Consider case as, at Ta = 21, for p = 13, q = 0.000002 TH2 , TH = 33.03 + 0.14(Ta − 10), k0 = 0.00009 TH (37 − TH)−13
,

m = 10. Substituting all the above values in equation (2.9) to get the following equation.
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Table 13
The IPT Weights based on the Number of Neurons.

solver i αi βi γi

IPT 1 −0.249713319 −0.21429247 2.235384184
2 3.394627078 1.924645913 −3.792637492
3 5.989335857 5.349579610 −4.794016700
4 −3.412365789 −8.253330002 8.534879532
5 −7.269393661 4.687331524 −4.321449425
6 −8.149653240 6.621714103 −8.470330102
7 2.988842258 0.214578488 −0.016762767
8 5.318404563 1.525012705 −3.660092960
9 1.830027229 −0.717848543 0.388776909
10 1.384434508 −8.528539306 7.924846984

Table 14
The AST Weights based on the Number of Neurons.

solver i αi βi γi

AST 1 0.8208186 0.668206694 0.761154922
2 −9.0000000 6.921380015 −8.791400401
3 3.206686845 −8.98977996 8.626777795
4 −3.446659915 7.733086651 −7.221319085
5 3.102928344 8.122982404 −7.26069323
6 7.024004305 −7.062029553 9.0000000
7 −1.596486513 1.22993299 −6.124286894
8 −8.961604436 −8.634621992 9.0000000
9 −2.370624968 0.312910285 0.235773289
10 −0.071604388 −6.587942372 −1.266491379

Table 15
Comparison of numerical results of SQP, IPT and AST.

Parameter Proposed Methods

t SQP IPT AST

0 0.38293235 0.447268166 0.480180346
0.1 0.381460323 0.445559244 0.478427102
0.2 0.377623537 0.440202159 0.473294405
0.3 0.370896957 0.43059224 0.464060363
0.4 0.360850818 0.416211499 0.450101495
0.5 0.346945189 0.396509566 0.430609822
0.6 0.328442328 0.370939878 0.404665108
0.7 0.304385105 0.338362031 0.371025683
0.8 0.272398372 0.295195788 0.326080672
0.9 0.229838846 0.238474175 0.266622407
1 0.163563922 0.141999694 0.166375662

d
2

dt2
u (t) +

2

t

du

dt
+

1

u

(
d

dt
u (t)

)2

+
(1.87 − u)

u
(0.4175) = 0, (4.25)

With boundary condition

du

dt
(0) = 0, (4.26)

u (1) = 0. (4.27)

The basic purpose of our study is to determine the solution of differential equations with proposed methodology.
Fitness function for second order differential equation in accordance with (3.10) given as below.

Er1
=

1

M

M
i=1


k0

d
2ui

dt2
+

2k0

ti

dui

dt
+

nk0

ui


dui

dt

2

+

0.4175

37 − ui − TH


ui

2

, (4.28)

Where M =30,h = 0.1, ti = ih and ui = u (ti).
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Fig. 21. Comparison of SQP, IPT and AST

Fig. 22. Absolute error of SQP, IPT, and AST

Table 16
Comparison of absolute error of proposed methodology.

Relative Absolute Error (| Uref − UApp |)

Parameters Proposed Methods

t IPT Ref. Sol. SQP AST

0 0.064335816 0.38293235 0.097247996
0.1 0.064098921 0.381460323 0.096966779
0.2 0.062578622 0.377623537 0.095670868
0.3 0.059695283 0.370896957 0.093163406
0.4 0.055360682 0.360850818 0.089250677
0.5 0.049564377 0.346945189 0.083664634
0.6 0.042497550 0.328442328 0.076222780
0.7 0.033976927 0.304385105 0.066640579
0.8 0.022797416 0.272398372 0.05368230
0.9 0.008635329 0.229838846 0.03678356
1 0.021564227 0.163563922 0.002811741

SQP, AST and IPT techniques determine the solution of equation (4.25) in accordance with (3.10) can be followed as neuron. For
M = 10 and step size h = 0.1 and Weights function are α, β, γ respectively.

u (t) =
𝛼1

e
(𝛽1t+𝛾1)

2
+

𝛼2

e
(𝛽2t+𝛾2)

2
+

𝛼3

e
(𝛽3t+𝛾3)

2
+ ... +

𝛼10

e
(𝛽10t+𝛾10)

2
, (4.29)

u[SQP] (t) =
(0.6076398)

e(2.2458361t+2.1439176)2
+

(-6.9646671)

e(-2.4986749t+0.2753588)2
+

(5.6915422)

e(-0.5031249t±3.1094396)2
+…+

(6.1704013)

e(8.5175060t+(-9))2
, (4.30)
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Fig. 23. 2-Dimensional weights of AST.

Fig. 24. 2-Dimensional weights of IPT.

Fig. 25. 2-Dimensional weights of SQP.

u[IPT] (t) =
(2.6748710)

e(−6.4389429t+4.2818019)2
+

(6.4854972)

e(−0.317767t+(−1.841106))2

+
(−3.4981012)

e(−2.2634920t+−2.2832106)2
+ ...... +

(−3.6759656)

e(8.5987303t+−7.9395152)2
,

(4.31)

u[AST] (t) =
(-5.706521)

e(0.461331t+(-0.2193036))2
+

(1.4990212)

e(-0.8214061t+(-0.9768137))2

+
(-1.1323074)

e(-0.4778924t+(-1.7146891))2
+ ... +

(0.6627838)

e(-0.2017040t+(-1.2352638))2
.

(4.32)

Optimal techniques present the proposed solution of equation (4.25) that can be composed of neurons. The techniques SQP, AST,
and IPT estimate the numerical results by setting neurons N = 10, are defined as terms of series solution u (t). Figure 28–30 shows the
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Fig. 26. 3-Dimensional weights of AST.

Fig. 27. 3-Dimensional weights of IPT.

Fig. 28. SQP optimization fitness plots.
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Fig. 29. AST optimization fitness plots.

Fig. 30. IPT optimization fitness plots.

optimization training of equation (4.28) assisted by optimization techniques SQP, AST, and IPT, taking as M = 10 with step size as
h = 0.1 which exploited the training procedure corresponding to the number of iterations and current points for the trained weights
and the Tables (17–19) illustrate the weights that provides the best numerical results from SQP, AST and IPT. The inputs for numeri-
cal solution of equation (4.28) selects variable values within 0 and 1, setting step size as h = 0.1. The numerical values of the pro-
posed methodologies SQP, AST, and IPT are tabulated in Table 20. Fig. 31 represents the nature of numerical results obtained from
SQP, AST, and IPT that explain the effect of temperature related to time. From this figure, it has been seen that IPT gives the best nu-
merical values. The absolute error of IPT with SQP and AST is shown in Fig. 32 and given in Table 21.

Figure 33 and 34 presents the 2-dimensional plot for the numerical values having weights α, β and γ in accordance with neurons
network over the optimization techniques SQP, AST, and IPT. Also figure 35 and 36 shows the 3-dimensional plot for the numerical
values having weights α, β and γ. From eq. (4.30) to eq. (4.32) presenting the 2-dimensional and 3-dimensional graphs for the numer-
ical values having weights α, β and γ with 10 neurons. The weights graphical and tabular representation describes that a weight may
be positive or negative.

Table 17
The SQP Weights based on the Number of Neurons.

Solver i αi βi γi

SQP 1 0.607639816 2.245836138 2.143917621
2 −6.964667112 −2.498674924 0.275358803
3 5.691542251 −0.503124985 −3.109439658
4 9.000000000 −7.388437256 9.000000000
5 −7.843471794 1.701476415 −0.705035062
6 4.465206312 −1.198987133 0.453912615
7 −4.263152431 7.698368215 −7.801227159
8 2.070884090 −0.705791849 −0.854761737
9 −6.183952347 −4.068757303 4.550785266
10 6.170401329 8.517506025 −9.000000000
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Table 18
The value of IPT of weights according to number of neurons.

Solver i αi βi γi

IPT 1 2.674871020 −6.438942958 4.28180199
2 6.485497283 −0.317767416 −1.841106391
3 −3.498101290 −2.263492086 −2.283210601
4 2.140354357 −1.864909320 −0.316259635
5 0.623866969 −0.223147627 1.488583274
6 −7.475874865 7.005575902 −8.787887711
7 −2.677109929 −0.800155288 −0.369566435
8 5.806712731 7.88257660 −7.746760105
9 −3.098097113 −5.943622387 4.127568531
10 −3.675965635 8.598730391 −7.939515274

Table 19
The value of AST of weights according to number of neurons.

Solver i αi βi γi

AST 1 −5.706521526 0.461331141 −0.219303623
2 1.499021215 −0.821406125 −0.976813717
3 −1.132307413 −0.477892428 −1.714689106
4 −0.17788710 −2.26304750 −0.25279370
5 5.549892247 1.659262646 −0.779044275
6 1.632663356 −1.897140202 2.257635973
7 −4.573791107 0.495663904 −0.945345094
8 0.856024900 −1.823967300 0.752877300
9 0.799743570 −1.523394081 0.662783899
10 −0.958381878 −0.201704079 −1.235263877

Table 20
Comparison of numerical results of SQP, AST and IPT.

Parameter Proposed Methods

t SQP IPT AST

0 0.463991025 0.462081176 0.468045022
0.1 0.462055703 0.459716833 0.466255963
0.2 0.457843829 0.456129161 0.460843284
0.3 0.450435306 0.450473331 0.451102299
0.4 0.438971411 0.441643611 0.436535980
0.5 0.422607118 0.428320138 0.416924402
0.6 0.400328416 0.409117648 0.391705582
0.7 0.370583350 0.382268686 0.358820518
0.8 0.330916246 0.344865629 0.314880287
0.9 0.278104063 0.294217993 0.257471925
1 0.194934366 0.218169278 0.162770557

5. Conclusion and future recommendations
The behavior of the temperature distribution in the skin's multiple layers according to generalized boundary conditions has been

investigated in this paper through computational scholastic numerical techniques including sequential quadratic programming
(SQP), interior point technique (IPT), and active set technique (AST) that are used to optimize the solution that is close to the refer-
ence solution for deep understanding of the thermal dynamics in the epidermal layer that is affected by both cooling and heating
treatments. The fitness function based on the radial function is considered to evaluate the fitness of the designed techniques by suit-
able optim-tool settings, it is concluded that the fitness values decrease as the iterations increase along with the current point which
explains the range of the optimal weights from the figures of optimization fitness plots SQP, AST, and IPT techniques. The statistical
analysis tabulated in tables and graphically represented for all designed techniques demonstrates that IPT gives adequate results as
compared to AST and SQP, furthermore, IPT converges to the reference solution faster as compared to AST and SQP, AST gives more
reliable results as compared to SQP. The numerical results illustrated that temperature changes correspond to time which explains the
dynamics of the thermal distribution in the multiple layers of the epidermis and are analyzed mathematically for boundary limit con-
ditions over both cooling and heating processes, via the bioheat equation model.

Afterward, future work can be designed on dependent techniques in accordance with neural networks to search out, study, and re-
late to numerical results.
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Fig. 31. Comparison of SQP, IPT and AST

Fig. 32. Absolute error of SQP, IPT, AST

Table 21
Comparison of Absolute Error of Results of AST, SQP with Reference solution IPT.

Relative Absolute Error (| Uref − UApp |)

Parameters Proposed Methods

t IPT Ref. Sol. SQP AST

0 0.468045022 0.004053997 0.005963847
0.1 0.466255963 0.004200259 0.006539129
0.2 0.460843284 0.002999455 0.004714122
0.3 0.451102299 0.000666993 0.000628967
0.4 0.43653598 0.002435431 0.005107632
0.5 0.416924402 0.005682716 0.011395736
0.6 0.391705582 0.008622834 0.017412066
0.7 0.358820518 0.011762832 0.023448168
0.8 0.314880287 0.016035960 0.029985343
0.9 0.257471925 0.020632138 0.036746068
1 0.162770557 0.032163809 0.055398721
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Fig. 33. 2-Dimensional weights of IPT.

Fig. 34. 2-Dimensional weights of SQP.

Fig. 35. 3-Dimensional weights of AST.
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Fig. 36. 3-Dimensional weights of IPT.
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