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ARTICLE INFO ABSTRACT

Keywords: In this present investigative mode of study, a biological innovational approach is adopted in the
Magneto nano-polymeric Casson nanofluid form of an intelligent computing paradigm to investigate the properties of flow in the case of
(MNP-CNF)

incompressible magneto nano-polymeric Casson nanofluid using a stochastic numerical technique
named artificial neural networks based on the hybridization of genetic algorithms with highly
efficient local search solvers which is sequential quadratic programming. The governing PDEs of
the suggested fluid model are first converted into a system of ODEs using appropriate similarity
transformations and then solved for sundry scenarios generated based on physical parameters
existing in the ODEs to examine the velocity profile, thermal profile and nanofluid concentration.
Furthermore, by uplifting the value of Casson parameter, the temperature of the nanofluid hikes
however this effect is reversed in case of radiation parameter. The strong motivation behind this
study is to obtain the numerical solution of a system of nonlinear differential equations involving
fifth-order derivatives with strong accuracy. A comprehensive error analysis based on tables and
graphs is presented to further enhance the scientific significance of this research in the results and
discussion section.

intelligent computing paradigm
Stochastic numerical technique
Artificial intelligence

1. Introduction

Nanofluid (NF) is a structural combination of tiny particles each of size less than 10~°mm in a base fluid. These tinny particles are
called nanoparticles and can be made from substances like semi-conductors (SiC), metals (Ag, Cu, Au), carbide ceramics (TiC, SiC),
oxide ceramics (CuO), compounds like pump oil, engine oil, ethylene glycol, water and Al;oCuso. NF theory was given in 1995 and
Choi with Eastman [1] are its pioneers. NFs have been used in numerous technologies along with porous media, turbulent flows, solar
collectors, chemical energy coating processes and geothermic. Moreover, some recent applications are automotive engine cooling,
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Nomenclature

ANN Artificial Neural Networks

X,y Plane coordinates

u,v Velocity components

u Apparent viscosity

I Specific heat capacity of fluid
Tm Fluid temperature

Vw(x,y) Free stream velocity

G Gravity acceleration

Tm, Ambient fluid temperature

B Constant of expansion

0 Dimensionless temperature
g Dimensionless velocity

¢ Dimensionless nanofluid
Ug Dynamic viscosity

ks Nanoparticle conductivity
kq Base fluid conductivity

m Nanoparticle shape

@ Volume fraction

A=¢ Unsteadiness parameter
Prandtl number

e; (i,l)th component of deformation rate
Sc =+ Schmidt parameter

Q= W Heat generation/absorption Coefficient
f) Vw w—TMe

166Tm? -
R = >>T= Radiation parameter

(pc)pDr (Tmy—Tme)

Nt = Thermophoresis parameter

v(pc) Tme
Nb = 2hPeC=Co) poivnian motion
V(Pc)j
Py, Yield stress of the fluid
r Product of the deformation
e Critical value of 7
Re = % local Reynolds number
Gr = w Grashof number
A= R% Buoyancy parameter
_ (Va)
Ec = Yy (T —Tiim) Eckert number
2(1—,
M = ofoll=ct) Magnetic parameter

(apy)

polymeric materials, food biophysics, drag delivery, crystal growth and rocket propellant combustion [2-9]. Masuda et al [10]
explained a boost in thermal conductivity as the key feature of NF by applying the RK-Fehlberg method. Butt et al. [11] investigated
Prandtl-Eyring NF flow across a stretching sheet (SS) using feed-forward neural networks and concluded that the concentration of NF
diminishes by uplifting the temperature difference parameter as well as the Schmidt number. Taseer et al. [12] discussed Maxwell NF
flow along the boundary layer (BL) through a liner SS. The authors concluded that for large value of magnetic field parameter,
temperature and NF concentration increase. Mandal et al. [13] comprehensively discussed convective heat transfer along a rotating SS
during flow of a NF and revealed that entropy production quantifies through Bejan number. Makinde along with Aziz [14] numerically
examined the BL flow of NF along a linearly SS and observed a minimal effect of Lewis number on thermal distribution. Khan with Pop
[15] investigated the BL flow of NF past a flat SS and concluded that a higher value of Prandtl number reduces the value of Sherwood
number. NF along SS is also discussed in [16,17].

Fluids are mainly categorized as Newtonian and non-Newtonian fluids. The field of non-Newtonian fluids is eye-catching for re-
searchers due to its result-oriented use in commerce and industrial levels. The Casson fluid (CF) model’s strong thinning characteristics
distinguish it from other non-Newtonian fluids. Crude oil, fruit juices, molten chocolate, blood, and tomato puree are some of the
existing examples of CF. The study of CNF is the hot favorite area amongst the researchers of the 21% century. Malik et al [18]
explained the BL flow of CNF along a stretching cylinder. Nadeem et al [19] examined CNF flow with boundary conditions along the
boundary layer. Ibrahim along with Makinde [20] studied the heat transfer of CNF as stagnation-point flow past SS.

Magneto fluid dynamic or MHD is the analysis of electrically supervised fluids under the effect of the magnetic field. MHD is a rich
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field with several applications. Raju along with Sandeep [21] examined MHD in CF over permeable SS. Babu and Sandeep [22]
analyzed Brownian motion effects due to MHD slip flow of NFs over SS. Ghadikolaei et al [23] investigated MHD stagnation-point flow
in TiO2-Cu/water hybrid NF. Hsiao [24] examined the MHD effect on NF flow towards SS along multimedia features. Significant work
related to NF is presented in [25-45].

Khalid et al [46] investigated the unsteady MHD flow of CF through a vertical plate sunk in a porous medium. Nadeem et al [47]
studied MHD 3-dimensional CF flow through a porous and linear SS. Haq et al [48] investigate the effects of MHD on CNF flow through
a contracting sheet.

There are several techniques used to investigate the solution of many flow problems, but stochastic numerical techniques (SNTs)
are rapidly used due to their reliability and effectiveness. SNTs are used by different researchers to solve many problems [49-53].
Artificial intelligence-based SNTs are used in COVID-19 epidemic model [54], Thomas-Fermi system [55], model of mosquito dispersal
[56], flow model of the electrohydrodynamic pump [57], the system of dusty plasma [58], Painlevé nonlinear (NL) models [59],
Falkner scan NL models [60], model of fuel ignition [61], Troesch’s problem [62], functional NL systems [63], NL singular systems [64,
65], Van der Pol NL system [66], system of NL equations [67], power [68], energy [69], MHD [70], system of fractional order
equations [71-72], bioinformatics [73], signal processing [74], atomic physics [75], NFs [76], controls [77], nanotechnology [78] and
in the models of motor induction [79].

All these applications motivate the authors to investigate and explore the properties of CNF flow through spiking neural networks
(SNNT) based on a hybrid process involving GAs and SQP i.e. SNNT-GA-SQP in the presence of nano-particles cu and AloO3. The major
contribution of this SNNT-GA-SQP-based investigative study is summarized as follows:

¢ An Intelligent computing paradigm (ICP) is constructed and SNNT-GA-SQP solver is applied efficiently and effectively to inves-
tigate the properties of MNP-CNF flow.

The velocity, temperature and concentration profile of the suggested fluid model in mathematical form is analyzed using sundry
scenarios which are constructed based on various physical parameters involved in MNP-CNF problem.

e The continuously overlapped outcomes with exact form reference solution showed the accuracy and reliability of the used SNNT-
GA-SQP.

The validity of the suggested SNNT-GA-SQP is statistically verified using a large independent trials-based dataset.

Stability, applicability, smooth implementation, and coherent structure are other key features of this research.

The order of the remaining work in this paper is as follows: A mathematical description of the problem will be illustrated in Section
2; in Section 3, the proposed methodology and mathematical formulation will be described; in Section 4, the results and discussion will
be included; in Section 5, statistical analysis is presented and in Section 6, conclusion and directions about future research is presented.

2. Mathematical formulation

In this study, two-dimensional laminar and unsteady flow of incompressible magnetic nano polymer CNF is discussed. Further-
more, the flow over SS, which is NL, involves thermal radiation and heat generation/absorption (see Fig. 1). For the SS velocity at t=0,
the y-axis is the normal to plane surface and the x-axis is in the upward direction of the sheet. The magnetized NF has a free stream
temperature. The presence of transverse magnetic fields includes both ohmic and viscous types of dissipation.

The equation for incompressible CF is expressed as,

Transverse magnetic Boundary
field B. [ layers g

—

(To). o

Magneto nano-particles

0] : i ¥

Fig. 1. Magnetized nano-polymeric stretching sheet outline.
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Using these assumptions, the equations for the mass, momentum, energy, and nanoparticle concentration with the BL and Bous-
sinesq approximations are given below (Table 1),

ou ov

—+—=0, 2
pe P )
ou du  Ou F u d'u
—du—+v=—| =G(pp Tm — Ty —— — N — O Bou.
e (G S35 ) = G (= Do) 5 1,5 B ®
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aC  aC  aC 0°C Dy, 0°Tm
i — — =Dp—— — K — .
a tra Y dy Foy? + Tme, 0y? 0(C~Cx) ®)
Boundary conditions under these substitutions are.
Tm=Tm,,u=V,, v=0, Tm=Tm,, C=C, aty=0
Tm—»T(')mm,MZO,C:Cw aty =0, ©)
u
u—»0 ——0as y—>oo
dy
Assuming
arx arx
V,(x,t) = and Tm,(x,t) = Tme, + ———.
(1) 1 —ct (1) (1—c) @
These physical quantities under the application of Tiwari-Das nanoscale volume fraction model described as
Pue = (L= P)p, + Py, ®)
He
_ 7 ©
g (1- ¢)2.5
By = (1= )B, + dp,, (10
(06, = (1-D)(6G), + G, an
3 {— -1 }¢
Oye =0y | 1+ . a2
SRR
Also in this case formulation of the Hamilton-Crosser model for the thermal conductivity of the NF is
ks — Dk, — (m —1)(k, — ks
kng:kg{'ﬂm s — (m— ks )"’}. (13)
kg + (m— kg + (ky — k,) b
For dimensionless form, introduce.
Table 1
Thermo-physical properties of base fluids and nanoparticles.
Materials BKY) k(Wm1K1) Cp(Jkg 1K) o(Qm)~! pkg™?)
Water 21 x 10° 0.613 4179 5.5 x 107° 997
Al203 0.85 x 10° 40 765 35 x 10° 3970
Cu 1.67 x 10° 401 385 596 x 10° 8933
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ai ayv

n= 7)’ V=780
v(l —ct) (1 —=cr) () (14)
Tm — Tm,
o0n) = Tm,, — Ty,
Substitute Eq. (14) in (1-6), we get ordinary differential equations system as follows:
(1—9)pg" —g +(1—9)"Ki|A(5g +2g) +8" —gg |+
1[ (2 ) ] (15)
(1—¢)’MBig — (1 — 9)* K \K220 = 0,
3 ] nag 2 e 2
g0 — 800 +A (500 +26°) — NbOO ¢ — Ntoo
1 1 R 0 (16)
—E 2 —EcxM - =0,
‘< ﬁ)g KT oe’ M A
¢+m9 A*Sc( )45 + Segd = 0. a7
The performed values of B;,K;,K3,Kszand K4 in Egs. (15 - 16) are defined as
B — {(m +20,) +2(0, — ag)(/)}
(6,4 20,) —2(0, — 0,) b
Py By
=(1-¢)+¢—= K, =(1—-¢)+ ==,
(1-¢) ¢pg 2=(1-¢) 4/}‘2
18
K= (1- ) + 9 02):
(pe P)
c {k + (m — Dk, — (m — 1) (kg — k;) p
L k= D+ (ke — k)
The transformation of boundary conditions is as follows:
[g0=0 §O)=1, g0 =0, 0(0)=1, ¢(0)=1arn=0] 19)
g(n)=0, g (m)—0,001)—0,¢ ( )—>Oas Uinds

3. Proposed methodology

ICPs based on artificial neural networks (ANNs) have been used by researchers in solving different linear/nonlinear models
[80-82]. The feed-forward multiple layers (input, hidden, output) ANNs structure produces models based on continuous mapping and
provides quite valuable approximate solutions and their j* order derivatives as follows [83]:

=1 =1 =1

[B0n), 0n), ()] = {Z g F(bon + ) S @i Fbun + o), S agaFlbgan + cq0)), (20)

(21)

I=1 =1 =1

29,0 (), 6% (n [Z%IFO byl + Cqi), ZamF(’) bet'7+001> ZawF b¢ﬂ1+0¢l>

Here n represents the order of derivatives and j represents the number of used neurons. The terms a,b and c are the unknown
weights and can be defined in vector form W as:

W = [Wg, Wy, Wy], for W, = [ag, bg, ¢g], Wy = [ag, by, cy] and W, = [a,, by, c,]. The components used in the above vectors are
defined as:

a, = [ag.l7ag.27 "'7ag.n:|': ag = [09.1709,27 4447119.;1}7 ap = [114;.1704;.27 ~7a</».n]
by = [bg1,bg2s o ben], bo = [bo1,bo2s - bon]s by = [bp1,bp2, s bpa]

Cg = I:cg.17cg,27 ~~~7cg‘n}7 Co = [09.1709,27 444709.;1}7 Cp = [04,.17%.27 ---,CW}

Here F(n) = = 7 i-e, log-sigmoid function is used as an activation function. The log-sigmoid function, also known as the "logistic

function", can be useful in certain situations when used in ANNSs. The logistic sigmoid function provides a probabilistic interpretation of
the network output. The output of a sigmoid can be interpreted as the probability that a particular event will occur. The approximate
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solution values i-e [g7 (), oY) ), ol ()] along their highest order derivatives are respectively expressed as:

B0, 890, §0)] = | Sy Gy~ dw @2

= 1+ ¢ (bemveas)’ = 1+ o (boamr+en)’ = 1+ e (bomtes) |

a 120 50simess) 240 4(Parmtess) 240~ (besm+ess)
20 =S Va, b - +o , (23)
0] ;( | (e o (1 3 ¢ Gume))s (11 e Camrea) 2 )
o n 2 e*Z(bs,erCa,/) e (ba,tfl+09,z)
_ E 2 _
0 (”) N = (ag’lb 0,1[ (1 + e*(bs,ll]+69,1))3 (1 + e*(bs,l’H’Cs,l))z ])7 @4

/ G A initialization \
Population Settings, Bounds and Suitable
: C i

onstraints

7/~ Reproduction through Invoking
9 Crossover Function and Mutation
Function

/ P‘ I:iti-l-'mimm \
with Optim set

-

N SbyS&epAltanﬁnnadegljsO' a2\
Through SQP

Fig. 2. Graphical abstract of SNNT-GA-SQP for solving MNP-CNF problem.
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o n 26—2(% m+c¢_,) e (bg m+c§,_,)

=) (apb’, - : (25)
¢ (77) ;( ¢l ¢1[ (1 N e*(”dr»/’?“‘w/))} (1 T e*(”x/ﬂ*"x-/))z])

The formulation of fitness function is given as:

s (=0 B — g + (1= 0K [A (G0 +8) +27 — gisi] 26)
e =—

n '

EUN (1 — )’ MBg/ — (1 — ) K K220
'h2 ' Nyo' 2 Ky . o\’
1 " g/(‘)[ 7g[9/9[ +A<§9/9[ +20[ ) 7PrK 9/9[ 7Nb9[9[¢1
3
e =" | o R 0 ) 27)
=1 2 2 2 ’
- —E(1+- ——EM -=
N0, ’ ( +ﬁ) 08 KL 0.8 +PrK30[ K3)

1<~/ -~ N, - mw o 2
s =y Do (g0 —ase(3) +Sea ) 28)

1 , . ) ,
e=glel+ @ =) a0 =1+ — ) a2 07+, 29)
e—=e)+e +e3+ey, (30)

Here el,e2 and e3 represent error functions related to the system of Eqgs. (15-17) and e4 represent the boundary conditions given in
Eq. (19).

3.1. Optimization of networks

The detailed information regarding ANNs design for optimization based on genetic algorithms (GAs) and sequential quadratic
programming (SQP) combination is given as:

Genetic algorithm: In case of an optimization problem, the population selected in case of GA for candidate solutions named as
individuals progressing towards the improved or upgraded solutions. The evolutionary process in GA starts from a random selection of
these individuals. This process is purely iterative and on each iteration, the fitness value of everyone selected in the population is
calculated. Many applications of GA exist in the fields of applied sciences, engineering, and technology. GAs is used in the optimization
problem of heterogeneous bin packing [84], optimization problem of cost [85], problems of residential building designs [86], system
of wind power [87], system of intrusion detection [88] and in military networks designs [89]. GA becomes more effective when
hybridized with some efficient local solver.

Sequential quadratic programming: It is one of the most efficient optimization techniques applied to sub-problems sequences. In
this technique, linearization of constraints is involved to optimize an objective function. In case of unconstrained problems, this
technique is restricted to the Newton method. Some applications related to SQP are economic load and dispatch problem [90], walking
robot [91] and aircraft transportation [92].

In this present investigative research-based study an IQP is constructed through the hybridization of GA with SQP for the analysis of
MNP-CNF. GA-SQP hybrid scheme based on some useful applications is presented in [93-96]. Fig. 2 represents the workflow diagram
and Table Al (in Appendix) represents Pseudo code based on SNNT-GA-SQP for system optimization.

3.2. Performance metric
The performance operators that are used to verify the reliability of the proposed methodology are TIC (Thieles in-equality coef-

ficient), RMSE (root mean square error), R? (coefficient of determination), NSE (Nash-Sutcliffe efficiency) and VAF (various account
for). The mathematical formulation of these five is given as:
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n (81 gmfl)
=1
Lo I ) ;
- g+ /- Zgzref:/ ) _ -
na3 n= 1 (A 2 S8
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TIC, 1 (@ — 0,7)° RMSE; R
n ref: n N
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1 2": oy 1 i:gz n 4= ‘ SSiotat0
TIC, - ! - ref:l RMSE 2.
¢ n= n= SE; L SSreeh
1 n ~ ) _
[ N ; ; (¢l — ¢re_f:l) SSmmI:(/;
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=1 =1
var( gy,
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VAF,
ar e 0,
VAF, | = <1 YA Grert — ’)> x 100 |,
var(6;)
VAF;
4
| Yty — 1) ) x 100
var 4’1) ]
Z (g’\l - grsz:l)
1— =1
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NSE, "o ) E — VAF, 100 — VAF,
¢ Z (01 - grefl)
NSE | = |1-E—— | | E-VAF, | = | 100 - VAF, |,
(6, - 8)
NSEj ; E —VAF, 100 — VAF,
"o )
3= (h1 = brers)
1— =1
> (b=
E-R% 1-R* ] [E—NSE; 1 — NSE;
E-Ry|=|1-R,|,|E-NSE, | = | 1-NSE,
E-R, 1-R*; 1 LE—NSE; 1 — NSE,

Here SSreg and SSyq1 represent squares-sum by regression and total squares-sum respectively. The criteria to check the reliability of

Table 2
Physical parameters variational values for MNP-CNF problem.
Scenarios Cases
Case 1 Case 2 Case 3
1 p=0.2 B=0.6 B=1.0 For Cu
2 A=2 A=11 A=20
3 Q=0.2 Q=0.6 Q=1.0
4 B=0.4 B=0.8 p=1.2
5 Sc=0.1 Sc=1.0 Sc =2.0
1 p=02 p=06 p=1.0 For AL,O3
2 2=0.1 A=2.0 A=4.0
3 R=0.5 R=0.9 R=13
4 p=0.1 =03 p=0.7
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these performance operators is that the values obtained through these operators should be very close to zero.
4. Results and discussion

In the current investigative research, the effect of heat and ohmic dissipation during the unsteady flow of MNP-CNF model is
observed through variation in parameters that influence the flow. The proposed problem is solved numerically in the form of a system
of higher-order ordinary differential equations using the novel design SNNT-GA-SQP technique. The results obtained are illustrated
numerically and graphically through figures. The variations in parameters are provided in the form of different scenarios of cu and
Aly03 in Table 2. The training of weights is performed using sigmoid function () = Hl? Graphically, the trained weights in each case
for all the scenarios of both cu and Al,O3 are presented for g(1), 5(11) anda(n) through Figs. 3-11. Here g(1), 5(11) and@(n) represent
fluid flow, temperature, and concentration fields respectively. Substitution of these trained weights in Eq. 20 gives the required nu-
merical results of MNP-CNF problem. Emerging parameters i-e Casson fluid parameter j, velocity slip parameter A, radiation parameter
R, heat generation/absorption coefficient Q and Schmidt number Sc for flow g(r), velocity field § (), temperature field 8 (y)and
concentration of nano-particles $(n)are discussed in detail for different scenarios of cu and Al»O3. The effect of these parameters in

case of cu is illustrated through Figs. 12-16 on the interval [0,1]. Fig. 12 explains that the velocity field § (7) and concentration ¢ (i)of
nano-particles decrease with the increase in the Casson fluid parameter $ while the temperature field g(n)has an inverse relation with g
as @(n)decreases with the increase in f. Fig. 15 shows that variation in graphical curves decreases with the increase in Casson fluid
parameter f.

Fig. 13 shows that velocity g(n) and temperature @(n)both increase with the increase in velocity slip parameter A. This increase in A

o 10 @ 5 @5
= 3 =2
S 5 g g
8 oh 8 uﬂ_I]_AIN_AIr 8o
g - 3
€ 5 g g
= e | =
Z 40 z Z5
-5
2 4 6 8 10 1 2 3 4 5 6 7 8 9 10 1 2 3 4 5 6 7 8 9 10
Weights Weights Weights
a) gecase | b) @ casel ¢) ¢ casel
10 5
g 10 @ 2
2 2 =
g 5 gs g
g g o g
3 -5 3 =]
Zz Z z
-10 -5 -5
2 4 6 8 10 1 2 3 45 6 7 8 9 1 1 2 3 4 5 6 7 8 9 10
Weights Weights Weights
a) gcase?2 b) #case?2 c) ¢ case?2
5 4 5
%] w0 w
3 22 3 1
z S S o I
g o 8o g ”
e 8 8
: £ 2 g 3
z z z
= 4 -10
2 4 6 & 1 12345678910 12345678910
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a) gcase3 b) #case3 ¢ case 3

.- e |

Fig. 3. Weights of g 6, and ¢ for scenario 1 of cu through SNNT-GA-SQP solver.
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Fig. 4. Weights of g 0, and ¢ for scenario 2 of cu through SNNT-GA-SQP solver.
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Fig. 5. Weights of g 6, and ¢ for scenario 3 of cu through SNNT-GA-SQP solver.
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Fig. 6. Weights of g 0, and ¢ for scenario 4 of cu through SNNT-GA-SQP solver.
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Fig. 7. Weights of g 6, and ¢ for scenario 5 of cu through SNNT-GA-SQP solver.
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Fig. 8. Weights of g 6, and ¢ for scenario 1 of Al,O3 through SNNT-GA-SQP solver.
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Fig. 9. Weights of g 6, and ¢ for scenario 2 of Al,O3 through SNNT-GA-SQP solver.

has an inverse relation with @(n)as concentration of nano-particles decreases with the increase in A. Fig. 14 shows that heat generation/
absorption coefficient Q has an inverse relation with velocity and temperature fields while the concentration of nano-particles in-
creases with the increase in Q. Fig. 16 shows that Schmidt number Sc is the only emerging parameter that affects the concentration of
nano-particles $(17) directly The effect of the emerging parameters in case of AlyOs is illustrated through Figs. 17-20. Fig. 17 explains
that velocity field § () and concentration (Aﬁ(n)of nano-particles decrease with the increase in Casson fluid parameter p while the
temperature field @(n)has an inverse relation with S as @(n)decreases with the increase in f.

Fig. 18 shows that temperature field @(n) increases with the increase in velocity slip parameter A whereas this effect has an inverse
relation with concentration of nano-particles @(;1) Fig. 19 shows that temperature field @(11) decreases with the increase in radiation

parameter R whereas the concentration of nanoparticles (Aﬁ(n)increases with the increase in R. Fig. 20 shows that variation in graphical
curves increases with the decrease in Casson fluid parameter f. The numerical results obtained through SNNT-GA-SQP for each
scenario of cu and Al;O3 overlap quite significantly with the reference solutions obtained through Mathematica on the interval [0,1].
Absolute errors (AEs) in g(7), g (1),0(7) and (y) for all scenarios in the case of both cu and Al,Oj3 are also obtained and plotted.

Fig. 21 shows the accuracy of g(i7) and g'(i) for all scenarios of cu. In case of g(i) accuracy is from 102 to 10~ while for g(7) the
accuracy is from 102 to 1075, Fig. 22 shows the accuracy of 8(i7) and ¢(n) for all scenarios of cu and it is from 103 to 1077, Fig. 1 (in
Appendix) shows the accuracy of g(y) and g(7) for all scenarios of Al;03.In case of g(i7) accuracy is from 1072 to 10~® while for g'(3) the
accuracy is from 10! to 107°. Fig. 2 (in Appendix) shows the accuracy of 6(17) and ¢() for all scenarios of Al;Os. In case of 6(1)
accuracy is from 1072 to 10~ while for ¢(;) the accuracy is from 102 to 10~”. Information regarding AE in tabulated form for all
scenarios for cu are presented in Tables 8-12.
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Fig. 10. Weights of g 6, and ¢ for scenario 3 of Al;03 through SNNT-GA-SQP solver.
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Fig. 11. Weights of g 6, and ¢ for scenario 4 of Al;O3 through SNNT-GA-SQP solver.

228



Z.1. Butt et al. Chinese Journal of Physics 88 (2024) 212-269

0.5

0 Reff

Numerical values
Numerical values

0 0.2 0.4 0.6 0.8 1

Inputs Inputs
a) Numerical values of g b) Numerical values of g’
1% . 1 .
0 Reff 0 Reff
Case 1 Case 1
@ 08 — Case 2 " 0.8 Case 2
) = Case 3 o Case 3
=2 =2
So6t $os
8 8
= 5 0.4 £
g 04 2o \
= 3 v
- 3 A
0.2} \ 0.2
0 ) 0 . : >
0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1
Inputs Inputs
¢) Numerical values of @ d) Numerical values of ¢

Fig. 12. Numerical values for scenario 1 of cu with all cases obtained through SNNT-GA-SQP.
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Fig. 13. Numerical values for scenario 2 of cu with all cases obtained through SNNT-GA-SQP.
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Fig. 15. Numerical values for scenario 4 of cu with all cases obtained through SNNT-GA-SQP.
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Fig. 17. Numerical values for scenario 1 of Al;O3 with all cases obtained through SNNT-GA-SQP.
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Fig. 19. Numerical values for scenario 3 of Al,O3 with all cases obtained through SNNT-GA-SQP.

The complete and detailed analysis related to SNNT-GA-SQP performance is scrutinized and illustrated through Figs. 23-42 in case
of cu while this representation is through Figs. 3-18 (in Appendix) for Al,Os. This error analysis is carried out using quite reliable
performance operators E-TIC, RMSE, E-R? and E-NSE for all scenarios of cu and Al,05 and the best values with the corresponding
iteration numbers for cu in tabulated form are presented in Tables 3-7. The performance grades in the case of all scenarios of cu are
expressed through different ranges in Table 13.

The list of these grades is given below. The values obtained through the above-listed statistical operators are very close to zero for
every scenario of MNP-CF problem for all velocity and temperature fields. The reliability of the proposed solver SNNT-GA-SQP is
explained through fitness € for both cu and Al;03 and illustrated in Figs. 43-45. For all scenarios of cu and Al;03, € < 107,105,107
The analysis of the convergence of proposed solver SNNT-GA-SQP is also demonstrated through function count and time consumed to
perform complete runs by the solver.
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Fig. 20. Numerical values for scenario 4 of Al;O3 with all cases obtained through SNNT-GA-SQP.
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Fig. 34. E-R? for cases (L, II, III) of scenario 2 in case of cu.
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Fig. 37. E-R? for cases (I, I, III) of scenario 5 in case of cu.
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Fig. 38. E-NSE for cases (I, I, III) of scenario 1 in case of cu.
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Fig. 39. E-NSE for cases (I, II, III) of scenario 2 in case of cu.
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Fig. 40. E-NSE for cases (I, II, III) of scenario 3 in case of cu.
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Fig. 41. E-NSE for cases (I, II, III) of scenario 4 in case of cu.
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Fig. 42. E-NSE for cases (I, II, III) of scenario 5 in case of cu.

5. Conclusion

The approximate numerical results of the MNP-CNF problem are obtained through SNNT-GA-SQP with five scenarios of cu and four
scenarios of AlyO3. Each scenario has three cases, and every case is based on physical parameters with ten neurons. The suggested
solver runs independently twenty times, and its convergence, accuracy, and effectiveness are verified in different ways. On the strength
of obtained numerical results and through their simulation, we can end up with the following conclusions:

e The flow g(n)and velocity gA (m)have an inverse relation with Casson fluid parameter g but with the temperature field, 5(n)this
relation is directly proportional.

e The concentration $(n)of nano-particles has a direct relation with the temperature field @(n)in case when Schmidt number Sc
increases otherwise this relation of $(n)and 0(n)is always an inverse relation.

o The suggested solver generates results that match with a strong accuracy up to 107 decimal places when compared with the
proposed reference solutions.

o The values obtained through used statistical operators closely match with the reference solution which reveals that the suggested
solver is robust and strongly reliable.

e The convergence rate calculated through function count, time taken by iterations, and fitness values attained for all scenarios of cu
and Al,03 shows the suggested solver successfully attained the stiff criteria which also shows the efficiency of the solver.
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Table 3
Illustration of best values for different operators on Cu scenario 1.

Index g g’

Case; Casey Caseg Case; Case, Caseg

Best It# Best It# Best It# Best It# Best It# Best It#
MAES 1.3026678E—3 17 1.323732E-3 3 1.346836E-3 3 1.3045894E-3 10 1.303483E-3 13 1.307180E-3 14
RMSE 1.5651528E—3 20 1.583744E-3 3 1.604494E-3 3 1.5665231E—-3 10 1.565069E—3 13 1.565026E—3 14
E_TIC 1.8072756E—3 20 1.828725E-3 3 1.852647E—-3 3 1.8088647E—-3 10 1.807168E—-3 13 1.807129E-3 14
E_NSE 6.8591689E—5 20 7.023082E—-5 3 7.208320E-5 3 6.8711851E-5 10 6.858435E—5 13 6.858061E—5 14
E_VAF 3.1615914E—6 10 3.175103E-6 3 3.193814E—6 3 3.1585730E—6 17 3.151566E—6 13 3.110472E-6 8
ER? 6.8591689E—5 20 7.023082E—-5 3 7.208320E—5 3 6.8711851E—5 10 6.858435E—5 13 6.858061E—5 14
Index 0 [}

Case; Casey Caseg Case; Case, Caseg

Best It# Best It# Best It# Best It# Best It# Best It#
MAES 1.3007967E-3 14 1.299653E—3 18 1.313037E-3 10 1.3284744E-3 10 1.305993E-3 7 1.303438E-3 9
RMSE 1.5624961E—-3 9 1.561380E—3 19 1.572934E-3 10 1.5856709E—3 4 1.569149E-3 7 1.565446E—3 8
E_TIC 1.8042141E-3 9 1.802913E-3 19 1.816249E-3 10 1.8309512E—3 4 1.811896E—-3 7 1.807620E—-3 8
E_NSE 6.8359031E—5 9 6.826139E—5 19 6.927543E—5 10 7.0401864E—5 4 6.894239E—5 7 6.861741E—5 8
E_VAF 3.1471523E-6 19 3.144999E—-6 19 3.150233E-6 10 3.1479335E—6 16 3.177761E—6 7 3.157015E—6 8
ER? 6.8359031E—5 9 6.826139E—5 19 6.927543E—5 10 7.0401864E—5 4 6.894239E—5 7 6.861741E—5 8
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Table 4
Illustration of best values for different operators on Cu scenario 2.

Index g g

Case; Casey Caseg Case; Case, Caseg

Best It# Best It# Best It# Best It# Best It# Best It#
MAES 1.3040259E-3 19 1.295088E—3 2 2.240050E—3 14 1.3058511E-3 3 1.300109E-3 2 2.237354E—3 18
RMSE 1.5647876E—3 19 1.557985E—-3 2 2.646760E—3 14 1.5673687E—3 3 1.561028E—-3 2 2.644299E—-3 18
E_TIC 1.8068565E—3 19 1.798996E—3 2 1.454473E-3 14 1.8098397E-3 3 1.802510E—-3 2 1.453119E-3 18
E_NSE 6.8559690E—5 19 6.796488E—5 2 1.829610E—4 14 6.8786048E—5 3 6.823064E—5 2 1.826209E—4 18
E_VAF 3.1419230E-6 3 3.150269E—6 2 1.031864E-5 14 3.1558696E—6 8 3.135408E—6 19 1.031371E-5 19
ER? 6.8559690E—5 19 6.796488E—5 2 1.829610E—4 14 6.8786048E—5 3 6.823064E—5 2 1.826209E—4 18
Index 0 [}

Case; Casey Caseg Case; Case, Caseg

Best It# Best It# Best It# Best It# Best It# Best It#
MAES 1.3020164E-3 13 1.309170E-3 5 2.232333E-3 7 1.3120863E—-3 13 1.295133E-3 8 2.240210E—3 6
RMSE 1.5630279E-3 13 1.569713E-3 5 2.639112E-3 7 1.5727944E-3 13 1.555895E—3 8 2.647305E—3 6
E_TIC 1.8048173E-3 13 1.812541E-3 5 1.450256E—-3 7 1.8160975E—3 13 1.796571E-3 8 1.454851E-3 6
E_NSE 6.8405571E—5 13 6.899194E—5 5 1.819051E—4 7 6.9263103E—5 13 6.778265E—5 8 1.830364E—4 6
E_VAF 3.1407996E—6 4 3.150305E—6 15 1.028795E-5 9 3.1588700E—6 13 3.122449E-6 11 1.032990E-5 14
ER? 6.8405571E—5 13 6.899194E—5 5 1.819051E—4 7 6.9263103E—5 13 6.778265E—5 8 1.830364E—4 6
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Table 5

Illustration of best values for different operators on Cu scenario 3.

Index

G

4

Case; Casey Caseg Case; Case, Caseg

Best It# Best It# Best It# Best It# Best It# Best It#
MAES 2.2460538E—-3 4 2.254580E—-3 1 2.233837E-3 20 2.2414010E-3 10 2.221916E-3 1 2.236825E—-3 7
RMSE 2.6525634E—-3 4 2.660365E—3 1 2.640815E-3 20 2.6480251E-3 4 2.630375E—-3 1 2.643751E-3 7
E_TIC 1.4576874E—3 4 1.461989E—3 1 1.451226E—3 20 1.4552025E—-3 4 1.445503E—3 1 1.452823E—-3 7
E_NSE 1.8376418E—4 4 1.848468E—4 1 1.821399E—-4 20 1.8313593E—4 4 1.807027E—4 1 1.825452E—4 7
E_VAF 1.0338472E—5 4 1.035444E—-5 1 1.029975E—-5 20 1.0321982E—-5 4 1.028980E—-5 1 1.031096E—-5 7
ER? 1.8376418E—4 4 1.848468E—4 1 1.821399E—4 20 1.8313593E—4 4 1.807027E—4 1 1.825452E—4 7
Index 0 [}

Case; Casey Caseg Case; Case, Caseg

Best It# Best It# Best It# Best It# Best It# Best It#
MAES 2.2353988E—-3 3 2.234567E—-3 12 2.235128E-3 18 2.2455686E—3 4 2.237169E-3 12 2.244511E-3 20
RMSE 2.6430632E—3 3 2.641623E—-3 12 2.642114E-3 18 2.6502188E—3 4 2.644108E—-3 12 2.651008E—-3 20
E_TIC 1.4524482E—-3 3 1.451653E—3 12 1.451944E-3 18 1.4563592E—3 4 1.453014E-3 12 1.456865E—-3 20
E_NSE 1.8245024E—4 3 1.822514E—-4 12 1.823192E—4 18 1.8343947E—4 4 1.825945E—-4 12 1.835488E—4 20
E_VAF 1.0325185E—5 9 1.030496E—-5 12 1.030541E-5 20 1.0285237E—5 4 1.031276E—-5 1 1.033162E—-5 20
E_R? 1.8245024E—4 3 1.822514E—4 12 1.823192E—4 18 1.8343947E—4 4 1.825945E—4 12 1.835488E—4 20
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Table 6

Illustration of best values for different operators on Cu scenario 4.

Index

4 4
Case; Casey Caseg Case; Case, Caseg
Best It# Best It# Best It# Best It# Best It# Best It#
MAES 2.2370095E—-3 3 3.041854E—4 7 3.315606E—4 3 2.2319021E-3 10 3.056078E—4 7 3.179945E—4 13
RMSE 2.6410327E-3 3 4.000217E—4 7 4.202236E—4 3 2.6391056E—3 10 4.025356E—4 7 4.064699E—4 13
E_TIC 1.4513002E—-3 3 2.253730E—4 7 2.367551E—4 3 1.4502816E—3 10 2.267894E—4 7 2.290132E—4 13
E_NSE 1.8217001E—4 3 3.940896E—-6 7 4.348994E—-6 3 1.8190427E—4 10 3.990584E—-6 7 4.068972E—-6 13
E_VAF 1.0232080E—5 3 4.363814E—7 7 4.309947E-7 3 1.0297751E—-5 10 4.438186E—-7 7 4.144533E-7 3
ER? 1.8217001E—4 3 3.940896E—6 7 4.348994E—-6 3 1.8190427E—4 10 3.990584E—6 7 4.068972E—6 13
Operator 0] [}
Case; Case,, Caseg Case; Casey Caseg
Best It# Best It# Best It# Best It# Best It# Best It#
MAES 2.2356371E—3 16 3.080259E—4 13 3.097676E—4 13 2.2299797E-3 3 3.112258E—4 7 3.135751E—4 12
RMSE 2.6425067E—3 16 3.992254E—4 4 3.895565E—4 13 2.6371573E-3 3 4.086681E—4 7 4.109468E—4 12
E_TIC 1.4521497E-3 16 2.249261E—4 4 2.194792E—-4 13 1.4492192E-3 3 2.302509E—4 7 2.315301E—4 12
E_NSE 1.8237342E—4 16 3.925223E-6 4 3.737393E-6 13 1.8163578E—4 3 4.113102E-6 7 4.159097E—-6 12
E_VAF 1.0304381E—5 18 4.170635E—-7 7 3.607922E-7 7 1.0288913E—-5 3 4.535780E—-7 1 4.561630E—7 12
E_R? 1.8237342E—4 16 3.925223E—-6 4 3.737393E—6 13 1.8163578E—4 3 4.113102E-6 7 4.159097E—6 12
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Table 7
Illustration of best values for different operators on Cu scenario 5.

Index g g

Case; Casey Caseg Case; Case, Caseg

Best It# Best It# Best It# Best It# Best It# Best It#
MAES 3.0396804E—4 18 3.090833E—4 17 3.138858E—4 3 3.0604559E—4 17 3.032763E—4 6 3.152552E—4 19
RMSE 3.8503527E—4 18 3.986692E—4 17 4.115371E—4 14 4.0244156E—4 17 3.962716E—4 6 4.132645E—4 19
E_TIC 2.1693049E—4 18 2.246148E—4 17 2.318604E—4 14 2.2673600E—4 17 2.232610E—4 6 2.328386E—4 19
E_NSE 3.6511439E—6 18 3.914292E-6 17 4.171056E—6 14 3.9887203E—6 17 3.867352E—6 6 4.206144E—6 19
E_VAF 3.6116248E—7 18 4.099746E—7 15 4.580421E-7 10 4.4159775E-7 18 4.206437E—7 6 4.616838E—7 3
ER? 3.6511439E—6 18 3.914292E-6 17 4.171056E—6 14 3.9887203E—6 17 3.867352E—6 6 4.206144E—6 19
Index 0 [}

Case; Casey Caseg Case; Case, Caseg

Best It# Best It# Best It# Best It# Best It# Best It#
MAES 3.0644972E—4 10 3.153943E—4 1 3.117987E—4 19 3.1875023E—4 17 3.234608E—4 1 3.159967E—4 16
RMSE 4.0298511E—4 10 3.946079E—4 1 3.881135E—4 19 4.1593029E—4 12 4.073974E—4 1 3.973217E—4 16
E_TIC 2.2704107E—4 10 2.223277E—4 1 2.186664E—4 19 2.3433693E—4 12 2.295383E—4 1 2.238575E—4 16
E_NSE 3.9995021E—6 10 3.834949E—-6 1 3.709757E—6 19 4.2605830E—6 12 4.087562E—6 1 3.887877E—6 16
E_VAF 4.4282798E—7 10 3.636601E—7 2 3.453731E-7 15 4.6164877E—7 12 3.966616E—7 1 3.750970E—7 16
ER? 3.9995021E—6 10 3.834949E—-6 1 3.709757E—6 19 4.2605830E—6 12 4.087562E—6 1 3.887877E—6 16
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Table 8
Absolute error of all the cases in scenario 1 of cu for MNP-CNF problem.
n g g
Case; Casey Casesz Case; Casey Cases
0.0 6.12414E—6 9.25932E-5 1.64875E—5 3.59264E—5 4.30852E—4 9.94670E—5
0.1 8.47734E-5 9.36463E—5 3.15230E-5 1.61308E—3 1.11891E-3 6.17707E—4
0.2 3.13083E—4 1.77464E—4 1.07382E—4 2.88523E-3 1.65595E—-3 1.03816E—-3
0.3 6.46455E—4 3.22646E—4 2.25676E—4 3.69975E—3 1.95723E-3 1.29810E-3
0.4 1.03619E-3 5.11981E—4 3.60854E—4 4.01111E-3 1.99205E-3 1.37463E-3
0.5 1.43250E-3 7.02135E—4 4.94668E—4 3.83865E—-3 1.94195E-3 1.27399E-3
0.6 1.78996E—-3 8.86950E—4 6.10744E—4 3.24865E—3 1.74207E-3 1.02683E—-3
0.7 2.07193E-3 1.04471E-3 6.96859E—4 2.35145E-3 1.39504E-3 7.49308E—4
0.8 2.25552E-3 1.16389E-3 7.46950E—4 1.31510E-3 9.86871E—4 4.44146E—4
0.9 2.33860E—-3 1.24375E-3 7.63027E—4 3.92817E—4 6.29522E—4 1.89701E—4
1.0 2.35059E—3 1.29619E—-3 7.57039E—4 3.08671E-5 4.93258E—4 1.03582E—4
n S} ¢
Case; Casey Casez Case; Case, Casez
0.0 2.36377E-5 2.07049E—4 2.18335E-5 6.97280E—6 4.96168E—5 1.19813E-5
0.1 5.72689E—4 3.08027E—4 1.00593E—4 5.89480E—4 2.42661E—4 9.32082E-5
0.2 7.26224E—4 3.20536E—4 1.30004E—4 7.80286E—4 3.28780E—4 1.34467E—4
0.3 6.58532E—4 2.85721E—4 1.27741E-4 7.52456E—4 3.42877E—4 1.41901E—4
0.4 4.94311E—-4 2.34075E—4 1.11245E—4 6.25198E—4 3.13135E—-4 1.28850E—4
0.5 3.11955E—4 1.86864E—4 9.46097E—5 4.70695E—4 2.62913E—4 1.08265E—4
0.6 1.57016E—4 1.66571E—4 9.31964E-5 3.34765E—4 2.08952E—4 8.83002E—-5
0.7 5.85118E-5 1.68631E—4 9.73417E-5 2.37131E-4 1.56063E—4 7.60925E—5
0.8 5.36618E—-5 1.90132E—4 1.08852E—4 1.63873E—4 9.82511E-5 5.84113E-5
0.9 8.47132E-5 2.34615E—4 1.26992E—4 8.37183E-5 4.97263E—5 3.23263E-5
1.0 1.25378E—4 2.79552E—4 1.50643E—4 7.97820E—6 4.38640E—5 1.41047E-5
Table 9
Absolute error of all the cases in scenario 2 of cu for MNP-CNF problem.
1 g g
Case; Case,, Cases Case; Casey Casesz
0.0 3.86015E—6 1.16412E-5 5.29391E-6 1.31839E-5 4.11789E-5 3.82291E-5
0.1 1.86513E—-5 2.63098E—-5 2.10086E—-5 4.05007E—4 4.19069E—4 4.62975E—4
0.2 7.66441E—5 8.38185E—5 8.89583E-5 7.45694E—4 7.98636E—4 8.76293E—4
0.3 1.63289E—4 1.77346E—4 1.91568E—4 9.64535E—4 1.04751E-3 1.14963E-3
0.4 2.64829E—4 2.88203E—4 3.13351E—-4 1.04249E-3 1.14372E-3 1.25785E-3
0.5 3.67207E—4 4.01070E—4 4.37651E—4 9.83714E—4 1.09004E—-3 1.20224E-3
0.6 4.57792E—4 5.02006E—4 5.49144E—4 8.12104E—4 9.10812E—4 1.00772E-3
0.7 5.27201E—-4 5.80469E—4 6.36082E—4 5.68213E—4 6.49228E—4 7.20459E—-4
0.8 5.70836E—4 6.31073E—4 6.92297E—4 3.06759E—4 3.64771E—4 4.05553E—-4
0.9 5.90160E—4 6.55084E—4 7.18965E—4 9.38016E—5 1.30506E—4 1.44261E—4
1.0 5.93703E—4 6.61632E—4 7.26068E—4 1.04167E-5 3.36392E-5 3.73402E-5
1 6 ¢
Case; Casey Caseg Case; Casey Cases
0.0 1.82828E—-5 3.30517E-5 6.21298E—-5 3.92713E-6 6.44220E—6 5.57589E—-6
0.1 1.15253E—4 1.06338E—4 9.02188E—-5 1.32091E—4 1.38327E—4 1.38271E—4
0.2 1.65100E—4 1.65033E—4 1.65606E—4 1.82752E—4 1.94061E—4 1.97148E—4
0.3 1.64525E—4 1.69271E—4 1.82893E—4 1.84506E—4 1.96646E—4 1.98758E—4
0.4 1.43019E—4 1.49143E—4 1.76896E—4 1.64711E—4 1.75106E—4 1.76243E—4
0.5 1.18872E—4 1.27193E—4 1.69272E—4 1.38585E—4 1.46971E—4 1.48639E—4
0.6 9.79817E-5 1.09005E—4 1.62419E—4 1.11651E—4 1.17142E—-4 1.17344E—-4
0.7 8.21728E-5 9.46602E—5 1.58823E—4 8.65622E—5 8.81740E-5 8.46463E—-5
0.8 7.41677E-5 8.95563E—5 1.69932E—4 6.42514E—5 6.39596E—5 6.05367E—5
0.9 7.17830E—-5 9.35117E-5 1.94964E—4 3.93615E-5 3.96422E-5 4.18149E-5
1.0 6.54144E-5 9.02925E-5 2.08064E—4 3.45942E—-6 8.90219E-6 6.01401E-6
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Table 10
Absolute error of all the cases in scenario 3 of cu for MNP-CNF problem.
n g g
Case; Casey Cases Case, Casey Cases
0.0 7.22980E—6 6.38462E—6 1.37039E-5 3.44588E—-5 5.83784E—5 7.88402E—5
0.1 1.77110E-5 2.12950E-5 2.47373E-5 4.31583E—4 4.43676E—4 4.53538E—4
0.2 7.75984E—-5 8.13585E—5 8.46620E—5 7.52611E—4 7.53017E—4 7.52813E—4
0.3 1.64049E—4 1.67279E—4 1.70066E—4 9.54492E—4 9.43571E—4 9.33501E—4
0.4 2.63966E—4 2.65562E—4 2.66863E—4 1.02113E-3 9.99483E—4 9.79890E—4
0.5 3.63902E—4 3.62831E—4 3.61711E—4 9.57161E—4 9.25595E—4 8.96872E—4
0.6 4.51750E—4 4.47070E—4 4.42644E—4 7.84256E—4 7.43857E—4 7.39756E—4
0.7 5.18327E—4 5.09223E—4 5.00685E—4 5.39037E—4 4.91212E-4 5.24032E—4
0.8 5.58831E—4 5.44659E—4 5.31327E—4 2.72505E—4 2.19367E—4 2.87264E—4
0.9 5.74310E—4 5.54664E—4 5.40021E—4 5.83610E—-5 4.73957E-5 1.45663E—4
1.0 5.73287E—4 5.48071E—4 5.43243E—4 4.23143E-5 9.69756E—5 1.53711E—4
n S ¢
Case; Case,, Cases Case; Casey Casez
0.0 4.14771E-5 2.98470E-5 7.40834E-5 7.09839E—6 1.02532E-5 2.34950E—-5
0.1 2.74256E—4 2.38730E—4 2.84089E—4 2.51495E—4 2.47502E—4 2.26899E—4
0.2 3.26470E—4 2.84438E—4 3.37723E—4 3.24746E—4 3.30016E—4 3.08840E—4
0.3 2.90724E—4 2.48884E—4 3.20297E—4 3.14543E—4 3.33338E-4 3.15789E—4
0.4 2.10238E—4 1.77802E—4 2.64185E—4 2.56280E—4 2.87406E—4 2.83904E—4
0.5 1.17013E—4 1.04232E—4 1.94594E—4 1.79345E—4 2.27464E—4 2.37295E—4
0.6 4.51348E-5 6.80314E—-5 1.38351E—4 1.22301E—-4 1.87421E—-4 1.99952E—4
0.7 3.70342E-5 8.36827E-5 1.07661E—4 9.78427E-5 1.61454E—4 1.73078E—4
0.8 5.93496E—-5 1.30677E—4 9.40280E—-5 7.52691E—-5 1.13581E—4 1.31369E—4
0.9 9.47940E—5 2.01074E—4 1.02280E—4 3.09856E—5 4.32945E—5 6.85113E-5
1.0 1.14436E—4 2.49984E—4 1.11260E—4 9.13021E-6 9.44526E—6 1.66673E—5
Table 11
Absolute error of all the cases in scenario 4 of cu for MNP-CNF problem.
1 g g
Case; Case,, Cases Case; Casey Casesz
0.0 6.82126E—6 4.27535E—6 3.66440E—6 2.78976E—-5 1.82426E—-5 2.09782E-5
0.1 2.12360E-5 1.52739E-5 1.19053E-5 4.22938E—4 3.11741E—-4 2.10510E—4
0.2 7.89496E—5 5.85576E—5 3.99874E-5 7.47923E—4 5.49942E—4 3.64582E—4
0.3 1.65128E—4 1.21890E—4 8.18235E-5 9.53729E—4 7.00548E—4 4.61574E—4
0.4 2.65162E—4 1.95315E—4 1.30108E—4 1.02423E—-3 7.51114E—4 4.93083E—4
0.5 3.65597E—4 2.68874E—4 1.78320E—4 9.63992E—4 7.04953E—4 4.61300E—4
0.6 4.54306E—4 3.33618E—4 2.20623E—4 7.94591E—4 5.78535E—4 3.77415E—4
0.7 5.22078E—4 3.82824E—4 2.52687E—4 5.52545E—4 3.99727E—4 2.60242E—4
0.8 5.64073E—4 4.13082E—-4 2.72412E-4 2.88736E—4 2.06791E—4 1.35402E—4
0.9 5.81286E—4 4.25315E—4 2.80557E—4 7.59046E—5 4.81993E—5 3.45088E—5
1.0 5.82162E—4 4.25808E—4 2.81316E—4 3.24999E-5 1.83987E-5 8.93853E—6
1 6 ¢
Case; Casey Caseg Case; Casey Cases
0.0 3.51058E-5 1.57877E-5 2.32007E-5 9.00241E—-6 3.24915E-6 3.46307E—-6
0.1 2.64038E—4 1.62228E—4 8.81327E-5 2.55310E—4 1.62508E—4 8.52620E—5
0.2 3.16769E—4 1.99050E—4 9.88978E—5 3.33986E—4 2.14194E—4 1.14922E—-4
0.3 2.78892E—4 1.80506E—4 8.39806E—5 3.25022E—4 2.13159E—-4 1.18050E—4
0.4 1.95023E—4 1.30987E—4 5.90752E—5 2.67593E—4 1.78610E—4 1.01738E—4
0.5 9.84619E—5 7.12523E-5 4.03407E-5 1.92916E—4 1.30526E—4 7.82604E—5
0.6 3.65593E—-5 3.16720E—-5 4.15064E—5 1.36187E—4 9.53849E—-5 6.35334E—5
0.7 4.17996E—-5 2.71004E-5 5.59332E-5 1.07805E—4 7.88886E—5 5.60767E—-5
0.8 7.70481E—5 3.89395E-5 7.95128E—5 7.92213E-5 5.76434E—5 3.77611E-5
0.9 1.21209E—4 6.81710E—5 1.11849E—4 3.20518E-5 2.01746E—-5 9.63936E—6
1.0 1.46628E—4 8.24964E—-5 1.25694E—4 9.49156E—-6 3.46846E—6 5.41272E-6
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Table 12

Absolute error of all the cases in scenario 5 of cu for MNP-CNF problem.
1 g g

Case; Casey Cases Case, Casey Cases
0.0 4.00076E—5 1.45873E—4 1.67229E—4 5.15548E—4 5.95912E—4 4.70675E—4
0.1 5.45459E—5 1.44533E—4 1.31660E—4 6.68650E—4 7.18871E—4 6.26376E—4
0.2 1.08266E—4 1.65260E—4 1.30617E—4 7.68047E—4 7.94166E—4 7.38581E—4
0.3 1.76746E—4 2.05736E—4 1.52716E—4 7.87658E—4 7.89637E—4 7.70617E—4
0.4 2.52387E—4 2.54894E—4 1.92532E—4 7.19634E—4 6.97626E—4 7.14277E—4
0.5 3.17425E—4 3.01397E—4 2.36726E—4 5.68086E—4 5.22368E—4 5.73486E—4
0.6 3.63684E—4 3.30948E—4 2.78612E—4 3.47277E—4 2.78664E—4 3.68205E—4
0.7 3.85379E—4 3.42173E—4 3.05551E—4 2.09009E—4 1.94071E—4 2.41069E—4
0.8 3.79802E—4 3.29016E—4 3.12918E—4 3.34046E—4 3.54655E—4 2.99700E—4
0.9 3.48892E—4 2.93582E—4 3.03615E—4 4.46247E—4 5.40374E—4 4.20417E—4
1.0 3.01635E—4 2.56551E—4 3.00286E—4 5.00179E—4 6.27542E—4 4.76308E—4
1 ] [
Case; Case,, Cases Case; Casey Casez

0.0 3.33046E—4 7.32736E—4 4.94050E—4 3.69450E—5 9.91054E—5 5.05108E—5
0.1 3.45760E—4 5.87790E—4 5.31649E—4 4.04515E—4 5.44827E—4 4.40353E—4
0.2 2.97954E—4 4.67259E—4 5.02783E—4 5.89590E—4 8.20816E—4 6.57405E—4
0.3 2.60146E—4 4.09911E—4 4.83958E—4 6.16143E—4 9.01131E—4 7.43349E—4
0.4 2.17921E—4 3.57352E—4 4.57955E—4 6.10490E—4 9.26253E—4 7.78595E—4
0.5 1.85283E—4 3.00483E—4 4.30211E—4 6.75120E—4 9.99047E—4 8.52728E—4
0.6 1.77528E—4 2.92912E—4 4.48794E—4 6.56072E—4 1.01455E-3 9.04323E—4
0.7 2.31143E—4 3.85302E—4 5.49085E—4 4.71906E—4 7.94229E—4 7.72380E—4
0.8 3.40686E—4 5.33763E—4 7.10055E—4 2.13170E—4 4.27992E—4 4.79348E—4
0.9 4.15217E—4 6.45984E—4 8.53552E—4 6.83038E—5 1.45984E—4 2.02973E—4
1.0 4.46134E—4 7.16216E—4 9.72902E—4 2.96385E—5 8.86465E—5 5.53679E—5

Table 13

Performance grades of various statistical operators.
Scenarios. Ranges (in decimal places)

E-TIC RMSE E-R2 E-NSE

1. 102 to 10°° 102 to 107 102 to 10 102 to 10°® for cu
2. 103 to 10 103 to 10 10° to 107 10° to 107
3. 10 to 10 10 to 10 10° to 107 10 to 107
4, 103 to 10 10° to 107 10° to 10 10° to 10°®
5. 102 to 10 103 to 10 10* to 107 10 to 107
1. 10° to 107 102 to 10™* 10° to 107 10° to 107 For Al,O3
2. 103 to 10 10° to 107 102 to 107 102 to 10
3. 102 to 10 10%to0 103 102 to 10° 102 to 10°°
4. 10 to 10 10 to 10 102 to 10 10 to 10°°
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Fig. 43. Convergence rate based on fitness of SNNT-GA-SQP solver for both cu and Al,Os.
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Fig. 44. Convergence rate via consumed time of SNNT-GA-SQP solver for both cu and Al;O3.
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Fig. 45. Convergence rate through function count of SNNT-GA-SQP solver for both cu and Al;Os.
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Appendix

The approximately calculated numerical results of MNP-CNF problem obtained through SNNT-GA-SQP solver for all scenarios of cu
and Al,Oj3 are calculated by substituting the obtained values of weights in Eq. 20. The mathematical formulation of calculated nu-
merical results are as follows (Figs. A1-A18):

Scenario 1 for cu:

- _ 0.049148 —6.45588 4.395779
80 cusier = 1 4 o (1343345-0.00074y) | ~(IL68868-6.17370) " T ~(0.46610411.580071)
5(;1) = —1.35902 0.436291 ‘ 0.063277
cussle 1 + o (1330398+0.106399y) | ,~(~1.66216+22085547) 1 4 ¢ (5.000147-4.62631)
<A]5( -~ —6.43972 —4.53554 0.674663
Mewster = 1 4 ¢ (340SB16948097) | ~(0744951-054591y) T T = (T.008031+14541697)
~ _ 5.640606 —7.16138 —4.51165
8 eusicr = 1 4 ¢ (O9ITHIZ0E) T~ (19734 L0095y) T T T (434728 1654937)
@('7) = 2.86699 —0.29541 —2.14445
cussle | 4 ¢ (047549-200496y) | | | ,~(~0.59471+0.178205y) 1 - ¢ (7-366978+04163050)
a( _ 0.894028 —3.4758 —0.77755
Mewsier = 1+ ¢ (O0993550309097) T | ~(3AIA4II608) | T (1232356132042
~ _ —1.02793 —5.121 1.714745
8 cusics = 1 o (1B0243850726027) | (- 6AI8S-T36831y) T~ (~155251+0.76984)
@(;7) = 3.550087 3.894875 0.944371
cussle 1+ ¢ (T017999-0942020) | ,~(~3.56068-3.12199%) 1 4 ¢ (045795-0.733260)
-~ —7.70781 —2.44429 —1.20597

¢(’7)Cu15163 = 1+ e—(—7.50136—0.56256n) 1+ e—(1.028038+1.124175n)
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Scenario 2 for cu:
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- —5.80638 —29.4386 18.6162

80N cusoer = | 4 ¢ (730713952579693) | | ,~(5.998028~1775781) 1 + ¢ (927481-0893821)
~ —3.02404 0.408588 —1.23679

O ot = 1t o (“15SB26+0686548n) | | | o (~3.00513+ 444318y +ot 1 + ¢ (1575059~ 184521
~ 5.046668 0.874573 —4.32654

S cueoer = | & ¢ (0503502-145128y) ' ||~ ,~(0221847-1.43504) 1 & ¢ (10.5408-0.560261)
~ 3.523557 —5.50976 5.273557

8 cusrr = 1 4 ¢ GITBBLST6T)) | | o~ (~5.77569-3.60537) 1 4 ¢ (2951189-0.608297)
~ 1.569605 1.173862 5.713924

O cuszer = 1 + ¢ @31207-056963) T | ,~(0.098893+1 814157 1 + ¢ (~613748-19941y)
-~ —6.61902 1.862091 —2.13909

S cusoca = | 4 ¢ (“O646212596150n) T T ~(4912653-0.11692) | 4 ¢ (2905926~ 146271)
~ 4.457833 7.773672 —1.54925

80N o = | 4 ¢ GHEIBTOL4IZAY) | | |~ (5.278984+3 647991) |+ ¢ (2934446~ L487897)
~ —1.28428 —0.17227 2.248511

O(1) cusaes = |t o (2989929+4843423y) | | | ,~(~124867+0.09626%) 1 & ¢ (~060953+0.1541067)
~ —1.34074 0.007855 0.365788

P i = 1t ¢ (O663381-20486r) ' | | ,~(~1.34346+0.1024321) 1 + ¢ (0776609+0.089761n)

Scenario 3 for cu:

—12.03407927 6.276096015 2.482276816
M s = 1 4 ¢ (7:638520071-35100841321) " | | ,~(6.185969777 3129143257 1 + ¢ (0783319851 -1.5890834261)
1.639137276 4.810007157 —7.73804632
O queszer = 1t ¢ (0030812348 1645467787y) ' | | ,~(0.525109098~1 2415831631 1t ¢ (3-85574583945.2834361681)
— —2.767847456 —4.301490821 8.210991608
P awser = 1 + o (0:36172634+0.182177686n) ' | | ,—(-0.044715486-2.264071767n) 1 4 ¢ (354606316414 879318261)
— —1.737140648 3.993003697 4.941515256
8(M)euser = 1 4 ¢ (39357869-3191574714n) |y~ (2146514592+1.641622037) 1t ¢ (2893236386-09302763481)
— 10.10303886 17.0781469 8.263764326
O(n) cuszcr = 1 4 ¢ (~1761188076-21.070200957) " |y ,~(~4776201851 -5 803236344) 1 4 ¢ ("2339851984+0.5814444361)
— —3.028765361 —5.035382316 2.606451529
) cwsser = 1 ¢ (- 1.0B5996481-3.4092158037) ' | | ,~(~0.728058706-0.8384008431) 1 + e (6117056947 1122222538
— —1.534156207 0.620056913 2.291975191
8N cusess = 1 4 ¢ (W8TIS2A4340.1382260797) " | | ,~(~0828265233-0.3564965061) 1 4 ¢ (-3318676505-0.084253072))
— 0.074610562 6.282961385 —19.00272412
O07) cusaes = 1t ¢ (O96HOSTETH03954427560) | | ,~(-3.236766111+13797726431) 1 + ¢ (0547245261 13477214781)
— —1.13490843 3.616585235 —4.601192885
M) awsses = 1t o (CO9TOITTIT-TI8439907) T | |~ (78257825392 3503132220 1+ ¢ (~1695699642-3.2703783031)
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Scenario 4 of cu:
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_ 3.57708 —1.77460 11.35870
80N qussaer = | 1 o (122506-0608227) T | | ,~(-2:42801+1.73296) | + ¢ (~O16228+386514)
Oy = 11.88122 4.39493 —0.88692
cusshe |t o (C2236461-1251077) | | | ,~(3.221090916351) 1 & ¢ (271614151388
(;(\ _ —10.52668 —4.42940 —12.47631
) ausiel = 1 4 ¢ (207185-329584y) |~ (1549194401053 1 4 ¢ (~491949+-219929n)
— _ —0.877767072 6.384187297 —8.723694794
8(M) custcr = | + ¢ (262035963511 845895277) | | |, (~0.005369489-10.8236035581) 1 + ¢ (641042294672 6567872320)
6’/(11\)”,:.\4(.2 _ 1.147059585 1.453906172 0.212817195
| + ¢ (0995511232-0.192223436r) ' | |, (~1.229059637 +0.654160338) 1t ¢ (5319602798+4.4790037721)
q;(\ _ —1.585558507 —3.134789159 —0.392989216
M) ewster = | + ¢ (4759794201-2502730509) " | | ,~(1.290520689-+1 2008778421) | + ¢ (33951330723 370806531)
— —7.089362756 0.284539737 —3.537045902
8 eusses = | + ¢ (123410815-2,6501580687) ' | | ,~(2700308713-02458343250) 1 + ¢ (290116172741 741233694)
0/(-\]”('“:54(.1 _ —0.200493503 —1.420781542 3.134632988
3 T ] o (COIZBT0SBAL0951440152) | | | (0625261655 2.09257836%) | + ¢ (0144234775~ 1 56839148)
q;(\ _ 5.060430935 —1.650907579 —3.837518355
M) ewsacs = |t ¢ (CO979917717-L600478113y) ' | | ,~(7.825782539.+ 1 388153081 |+ ¢ (- 16956996421 9853804761)
Scenario 5 of cu:
_ 0.179237852 0.394615119 10.54394859
8 sser = |t o (C2745S2ISAT-0424BR0283) | | | - (23419234221 |+ ¢ (6386410048-2.555729897)
O sy = 1] 71940214598 5.587865286 0901233166
cussc 1 +e 062241+1.2198901321) 1 + e7(74.57903478878.474745]47r[) 1 +e —0.56063334—0.856335704n
(]5/(\ _ —12.16467876 5.397051246 7.039163288
Mewssel = 1 4 o (4788785265-49.303112187n) | |, ~(44726734+3.1075005161) 1 4 ¢ (2136206727+4.046318561)
— —4.795699009 9.671121047 2.396036444
80N cusser = | + ¢ (0364202710234305401) " | |~ (3823185413 -3.062862881) |+ ¢ (67678452314 346214188)
H/(-\mm:mz 3.413371337 —5.356132608 —1.646614344
: | + ¢ (O148383409-2.5377952431) ' | | ,~(5.1839583969.634184241) 1 + ¢ (2016633736 1.749914797)
— —7.138908544 —1.261573618 —5.566822158
D) cusser = |+ o (17631556974 13096721550) | | |, (~2400104734-4397154664) tot |+ ¢ (2643536222-6.106673078)
— —6.495665884 —3.479138188 9.274992038
g awsses = 1 + ¢ (1003313864-5.281071585n) ' | | ,—(~4.570048716+2.648585249) 1 4 ¢ (7-099583871-0.477489039%)
0/(\’7)m:3563 _ —2.184082544 —1.217180227 0.861786677
1 + 67(70.00402216671.3]385]]54r/) 1 + e (4.379226274—1.0029447257) 1 + e (2.056066874+0.0186261391)
— 1.816269399 —15.75326497 —2.607986878
D) cusses = | + o (049346846 2173374991y) ' | | ,~(-3716025778-6.601206811y) | "** T T ~(0.394228449-0 398828565)
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Scenario 1 of Al;O3.
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1.299019846

_ 2.807861132 10.76690602
M g1 = 1 + ¢ (HI0SSIBI3-1549846748n) ' | | ,~(0.940416298 4 1210745581) 1 1 ¢ (3:970920131+0.5033989281)
O s = 0.73511953 5.826518094 —1.491588813
sle 1+ o (Z0.604139565-2.007860077n) | + o (0-690687371-0.66178471) l+e (3.528420602+0.57425064717)
(/)/(\ _ 6.929491344 —5.809723102 —1.555008293
Matster = 1 4 ¢ (128017925340.0664500277) ' | | (0376099596 +1.1452995750) |t ¢ (“O92TBIBESAFAT6AIIS)
— —10.84093673 —0.593096298 —3.294090107
g aracr = 1 4 ¢ (O2UTI6IB3I-17564750697) | | | ,~(~3.149775899-0.470339141) 1 + ¢ (O-160377868+8 614227511)
0/(7])“ - 1.275703614 0.156423168 —1.635955907
sle | + ¢ GITBIBIBE-338ISA6TTSn) ' | | (- 162118823 25535684367 1 4 ¢ (~2742909022-1.778360404)
— —7.473638618 —4.539814214 —4.274286882
() arsicz = | 4 ¢ (~2736632884+1243952062) | | ,—(0.836079696-2 3125986831 | o ¢ (~1943338192-3.775393189)
— _ 0.070144751 1.494225925 3.0963365
g(’?)AI:Sld 1 i o (9654452679 13717186687) ' | +e (3.392247053+1.7647709411)) l+e (2.444223791-4.826286651)
(‘)/(U\)At:sm _ 6.462008631 4.473511187 —4.535802254
1 4 ¢ (10625179661 52I8184770) " | | ,~(7.173762766+8 4678199217 1 + ¢ (00577096934 4536427841)
— —5.176920508 4.495429753 —4.184512818
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Scenario 4 of Al;O3.
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Table A1
Pseudo code based on SNNT-GA-SQP for system optimization.

Start of GAs

Inputs:

The chromosomes manifestation with equal number of inputs of networks as:

W = (W, Wy, Wy) = [(ag.by. ). (@.bo.co). (0. by ).

ag = [ag.lyag.Zx -»~vag.n]aaﬁ = [ap1, 002 4,(16."]«,04, = [%.1,%.2 ----- awn]«,

by = [bg1,bg2, ..., bgn], bo = [bo1,bo2, ..,bon), by = [by1,bp2, ..

Cg = [Cg,vag,zy ----,Cg.n],Cs =[c01,€02, -+ Conl,Cp = [Cp1,Cp2

Population: representation of chromosomes set:

Pr = [(Wa, Wea, ..., Wen), (Wor, Waa, .., Wan), (W1, Wya, .., Wyn)],

[Wat, W, Wyl = [(ag, b, cgr), (@, bat; Car), (@i, byt o)l

Output: Wga pes: represent GA best individual

Initialization: Construct W vector based on finite real numbers to represent a chromosome in the form
of an initial set P. Set declarations for “GAoptimset” in case of GA.

Fitness Evaluation: Obtain the fitness “e” using Eq. (30) for every W in termination of P;. Terminates
the scheme applied on completion of the following.

‘Generations =200, ‘Fitness limit—10~2°, TolFun
—1072%TolCon—10"2""‘Populationsize=200", StallGenLimit —75
other settings are by default. If termination condition meets then go towards result storage step
otherwise,

Upgrading:

Ranking

Each W of P; ranked up to the best rate of fitness.

Reproduction

For each iteration the settings of new P; are

e ‘Selection’: “@selectionstochunif”.

e ‘Mutations’: “@mutationadaptfeasible function”.

e ‘Crossover’: “@crossoverheuristic 2”.

o ‘Elitism’: “10”.

Storage

Store Wga-gest, generation, function count and time for GA’s current run.

End GAs

GA-SQP Process Start

Inputs: Globally obtained best vector Wga.pest

Output: Best weight through GA-SQP.

Initialize:

Start from Wga_pest- Settings of bounds and declarations related “Optimset” and Fmincon

Termination

Algorithm stops if desired value meet.

‘Fitness limit =e<10~2°, MaxFunEvals<2050000, total Iterations=2000", TolFun <10~ 2°, TolX
<107%,"TolCon <10~

While (Terminate)

Fitness evaluation

Calculate fitness for Wga.sop using Eq. (26-30).

Adjustments

Call”fmincon” using “SQP* algorithm and adjust the weight in each iteration of incremental phase.

End

Save the final weight vector Wga.sgp its time, fitness in case of current run Wga.sop-

GA-SQP Procedure Stop

Statistics: GA-SQP algorithm repeated 20 times and data obtained are used for necessary statistics.
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Fig Al. Absolute errors in the values of g and g’ for all scenarios of AlyO3.
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Fig A3. E-TIC for cases (I, II, III) of scenario 1 in case of Al;Os.
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