FRACTIONAL DIRICHLET PROBLEMS WITH SINGULAR AND
NON-LOCALLY CONVECTIVE REACTION

LAURA GAMBERA AND SALVATORE A. MARANO

ABSTRACT. In this paper, the existence of positive weak solutions to a Dirichlet prob-
lem driven by the fractional (p, ¢)-Laplacian and with reaction both weakly singular and
non-locally convective (i.e., depending on the distributional Riesz gradient of solutions)
is established. Due to the nature of the right-hand side, we address the problem via sub-
super solution methods, combined with variational techniques, truncation arguments,
as well as fixed point results.

1. INTRODUCTION

Let Q C RY, N > 2. be a bounded domain with a C*! boundary 9%, let 0 < sy <
s<s;<l,andlet 2 <g<p< % with s;p > 1. Consider the problem

(=A) u+ (—A)2u = f(x,u) 4+ g(x, D*u) in Q,
u >0 in €, (P)
u=70 in RV \ Q,

where, given r > 1 and 0 < ¢ < 1, (—A)L denotes the (negative) fractional r-Laplacian,
formally defined by

r—2
) o ue) —u) @) —uw)
( )7" ( ) 50+ S 5.(@) ’x_y’Nthr Yy

The symbol D®u indicates the distributional Riesz fractional gradient of u according to
[23, 24]. If u is sufficiently smooth and appropriately decays at infinity then

, uw(x) —uly) = —
Déu(z) == cn s lim ( 1 N&ys) — Y
e=0% JRN\ B, (z) lz —yl |z — y|

with ey > 0; cf. [24, p. 289]. Moreover, f: Q x RT — R} and g : Q@ x RY — R{ stand
for Carathéodory’s functions such that

dy, zeRY,

liminf f(x,t) =1 L >0 uniformly in = € Q,
t—0+ (Hf1)
flx,t) <t +eot” Y (x,t) € QX RT,
¢ f(7 t) . . . +
= T 8 strictly decreasing on R™, (Hg,)
9(2,8) = es(1+[¢[°), (w,€) € @ xRY, (Hy)

for suitable v € (0,1), ¢; > 0,i=1,2,3, r,( € (1,p—1).
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2 L. GAMBERA AND S.A. MARANO

Since sy < s1, we are naturally led to solve problem (P) in the fractional Sobolev space
WHP(Q). Precisely,

Definition 1.1. A function v € W;'?(Q) is called a weak solution of (P) when u > 0
a.e. in () and

/ ju(x) = w1~ (ule) — uw) () o) o

@ — y| Nt

+ / )= uI” (@) ~ uW)(e@) = ew)

@ — y|NHe2a
=/f&www+/ﬂﬁﬂmﬂwvwﬂwwm)
Q Q

Let us next point out some hopefully newsworthy aspects, namely

e the driving differential operator is neither local nor homogeneous and no param-
eters appear on the right-hand side,
e f(x,-) can be singular at zero, which means lim+f(x,t) = 400, and
t—0

e the reaction is also non-locally convective, because g depends on the distributional
fractional gradient of solutions.

In latest years, the study of non-local differential equations has seen significant growth,
mainly due to their many applications in real-world problems, such as game theory,
finance, image processing, and materials science. A wealth of existence and uniqueness
or multiplicity theorems are already available; see, e.g., [10, 17, 19]. Several regularity
results have also been published; let us mention [15, 16] for the fractional p-Laplacian
and [12] as regards the fractional (p,q)-Laplacian. Finally, the survey [8] provides an
exhaustive account on the corresponding functional framework, i.e., fractional Sobolev
spaces.

Dirichlet problems driven by non-local operators and with singular reactions were well
investigated in [5, 12]. The work [5] treats existence and uniqueness of solutions to the
equation

a(zx) |
(—A)u = Q(LU) in €,
where 0 > 0 and a : Q — R fulfills appropriate conditions, while [12] studies the more
general situation

as(x) .
—A) —A)%2u = Q
(=A) u+ (=A)2u o G,
being as € L2 () a function that behaves like d(x)~°, with d(z) := dist(x, Q) and

loc

0 € [0,s1p). It should be noted that, contrary to [5, 12], here, the reaction term f(-, u)
is not necessarily a perturbation of u=7.

Finally, distributional fractional gradients were first introduced by Horvath [14], but
gained traction and saw wider application especially after the two seminal papers of Shieh
- Spector [23, 24]. Among recent contributions on this subject, we mention [22, 6, 4, 7, 1],
as well as the references therein. The main reasons that contributed to spreading the
use of Riesz gradients probably are: 1) Non-local versions of many classical results

on Sobolev spaces can be obtained through them. 2) D®u formally tends to Vu as
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s — 17. 3) Significant geometrical and physical properties (invariance under translations
or rotations, homogeneity of order s, etc.) remain true in this new context; cf. [25].

Although weakly singular (namely v < 1) problems are normally investigated via
variational methods, here, the presence of D*u inside the reaction prevents this approach.
That’s way the existence of at least one positive solution to (P) is established by means of
sub-super solution arguments, variational and truncation techniques, besides Schauder’s
fixed point theorem.

The paper is organized as follows. Preliminary facts are collected in Section 2. The
next one shows that a suitable auxiliary problem, obtained by freezing the convection
term, admits a unique solution, while (P) is solved in Section 4.

2. PRELIMINARIES

Let X be a real Banach space with topological dual X* and duality brackets (-,-). A
function A : X — X* is called:
e monotone when (A(z) — A(z),x —z) > 0 for all z,z € X.
e of type (S), provided
z, =z in X, limsup(A(z,),z, —z) <0 = z, -z in X.
n——+0o

The next elementary result will ensure that condition (S); holds true for the fractional
(p, q¢)-Laplacian.

Proposition 2.1. Let A : X — X* be of type (S); and let B : X — X* be monotone.
Then A+ B satisfies condition (S)..

Proof. Suppose x,, — x in X and
liszrup(A(xn) + B(zy,),x, —x) < 0. (2.1)
n—-+0oo
The monotonicity of B entails
(A(xn),xn — x) = (A(xn) + B(zh), 20 — ) — (B(2y), v — )
= (A(z,) + B(zy,),z, — x) — (B(x,) — B(x),z, — x) — (B(x), z, — x)
< (A(z,)+ B(z,),x, —x) — (B(x),x, —x) VneN
Using (2.1) we thus get
limsup(A(z,,),z, —z) <0,

n—-+o0o

whence z,, — x because A is of type (S);. 0

Finally, if X and Y are two topological spaces then X — Y means that X continuously
embeds in Y.

Hereafter, ) is a bounded domain of the real Euclidean N-space (RY,|-|), N > 2,
with a C%-boundary 99, | E| indicates the N-dimensional Lebesgue measure of £ C RY,

ty := max{+t,0}, teR,

while €', C1, etc. are positive constants, which may change value from line to line, whose
dependencies will be specified when necessary. Denote by d : Q — RJ the distance

function of €, i.e., B
d(x) :=dist(z,0Q) V€ Q.
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It enjoys a useful summability property (see [13, Proposition 2.1]), namely
Proposition 2.2. If0 <o <1<g¢< 2 then d® € LI(Q).

Let X(€2) be a real-valued function space on €2 and let u,v € X (2). We simply write
u < v when u(x) < v(z) a.e. in 2. Analogously for u < v, etc. To shorten notation,

define
Qu<v)={xeQ:ulx) <v@)}, X(Q):={weX(Q):w>D0}.

Henceforth, p’ indicates the conjugate exponent of p > 1, the Sobolev space I/VO1 P(Q) is
equipped with Poincaré’s norm

17
ullp = IVulll,,  uwe Wy (),
where, as usual,

(fQ ]v(aj)\qdaz)l/q if 1 <gq< +oo,
[v][g =

esssup |v(x)| when ¢ = +o0,
e

and, given any u € W,?(Q), we set u := 0 a.e. in RN\ Q; cf. [8, Section 5]. Moreover,
W=7 (Q) := (W,?(Q))* while p* is the Sobolev critical exponent for the embedding
Wy (Q) < L(R). Tt is known that p* = NN—_’; once p < N.

Fix s € (0,1). The Gagliardo semi-norm of a measurable function u : RN — R is

lu(z) — u(y)? 1/p
U, 1= ———>dxd .
(] (/Nx N o —y[NHes Yy

WsP(RY) denotes the fractional Sobolev space
WP(RN) == {u € LP(RY) : [u]s, < 400}
endowed with the norm

leallwergany = () + (2,7

On the space
WSP(Q) = {uec WPRY):u=0 ae. in R\ Q}
we will consider the equivalent norm
[ullsp = [ulsp, v € W™ (Q),
As before, W% (Q) := (WJP(Q))* and p’ indicates the fractional Sobolev critical expo-

nent, i.e., pi = N]\iip when sp < N, pi = +o00 otherwise. Thanks to Propositions 2.1-2.2,

Theorem 6.7, and Corollary 7.2 of [8] one has

Proposition 2.3. If 1 < p < +oo then:
(a) 0<s <" <1 = W PQ)— WP ).
(b) WSP(Q) — L) for all g € [1,p%].
(¢) The embedding in (b) is compact once q¢ < pi < 400.
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However, contrary to the non-fractional case,
1<g<p<+oo =5 WeP(Q) CWr(Q);
cf. [20]. Define, for every u,v € W5?(Q),
_ p—2 _ _
()= [ 1000 ) () =0l

|z —y| Ve

RN xRN
The operator (—A); is called (negative) s-fractional p-Laplacian. It possesses the fol-
lowing properties.
(p1) (A WgP(Q) — W=*#(Q) is monotone, continuous, and of type (S);; vide
[10, Lemma 2.1].
(p2) (—A); maps bounded sets into bounded sets. In fact,

I(=A)pullyy—err ) < Null, Yu e WEP(Q).

P

To deal with distributional fractional gradients, we first introduce the Bessel potential
spaces L*P(RY), where a > 0. Set, for every z € RY,

@ e AR
o) = e ein —.
T 4P (a2) Uy )
On account of [21, Section 7.1] one can assert that:
1) go € L'(RY) and ||ga|lprmyy = 1.
2) gn enjoys the semigroup property, i.e., go * gs = ga+p for any a, 5 > 0.

Now, put
LYP(RN) := {u: u = g, * @ for some @ € LP(RY)}
as well as
1wl por @y = ||| Lrryy Whenever u = g, * @.
Using 1)-2) easily yields
0<a<f = LPPRY)C L*PRY)C LP(RY).
Moreover (see [23, Theorem 2.2]),
Theorem 2.4. If1 < p <400 and 0 < e < « then
LoFEP(RY) — WOP(RY) < L4 =P(RY).
Finally, define
LyP(Q) == {u € L**(RY) :u = 0in RV \ Q}.
Thanks to Theorem 2.4 we clearly have

LT (Q) = WP(Q) «— L P(Q) Ve € (0,s). (2.2)
The next basic notion is taken from [23]. For 0 < o < N, let
_ NNV =a)/2) _ 7V, a)

v(N,a) = 3T (a)2)] olz) = FEE r € RV \ {0}.

If u e LP(RY) and I;_, * u makes sense then the vector

0 0
Dy = (a_xl([l_s * U), ey —(]1_3 * u)> 5

8xN
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where partial derivatives are understood in a distributional sense, is called distributional
Riesz s-fractional gradient of u. Theorem 1.2 in [23] ensures that

Diu=1_,+ Du Yué€ C*R"Y).

Further, D*u looks like the natural extension of Vu to the fractional framework; cf., e.g.,
[11] for details. According to [23, Definition 1.5], X*P(R") denotes the completion of
C>(RY) with respect to the norm

ooy = (lall ey + 1D ).

Since, by [23, Theorem 1.7], X*P(RY) = L*P(R™) we can deduce many facts about
XP(RY) from the existing literature on L*P(RY). In particular, if

X5P(Q) := {u € X*P(RY) :u=0in RV \ Q}.
then X7 (Q) = Ly* ().

3. FREEZING THE CONVECTION TERM

To address the two troubles (singularity and convection) separately, here, we will study
an auxiliary equation patterned after that of (P), but with D*u replaced by D*®v for fixed
ve WP (Q).

Lemma 3.1. Under hypothesis (Hy,), the problem
(A u+ (=A)2u= f(z,u) in €,
{ u=20 in RV \ Q,
possesses a positive sub-solution u € WP (Q) N CO7(Q), where 7 € (0,51).
Proof. Thanks to (Hy,), for every € € (0, L) there exists 6 € (0,1) such that
flz,t) >e V(x,t) € Qx(0,9).

Let ¢ > 0. Theorem 3.15 of [12] provides a positive solution u, € W'P(2) N C%" (),
7 € (0, s1), of the torsion problem

{(—A);lu +(-A)Pu=0 in Q,
u=0 in RV\Q.
Moreover, 1y — 0 in C%7(Q) as o — 0F. Thus, for any o sufficiently small one has both
0 < e and ||yl < 9. This evidently implies
(=A) g + (=A)2uy = 0 < e < f(-,uq),
i.e., u 1= u, is a positive sub-solution of (Py). O
Remark 3.2. If s; # ¢'sy then Hopf’s theorem [12, Proposition 2.12] ensures that
nd(z)™ <wu(zr) VaeQ, (3.1)

with suitable n > 0. Otherwise, nd* < u, being o > s1, a # ¢'sq, and « # p'sy; cf. [12,
Remark 2.14].
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Now, fixed any v € W;'*(Q), consider the following problem, where the convective
term has been frozen:

{(—A);lu + (—A)u = f(o,u) + g(x, Dv) in Q, P.)

u=0 on RV \ Q.

Theorem 3.3. Let (Hy,) and (Hy) be satisfied. If v e Wi'P(Q2) then (P,) admits a weak
solution u, € WP (Q) N C%7(Q), where T € (0,51). Moreover, wu, > u.

Proof. Recalling Lemma 3.1, define

flx,t) = f(x,max{u(z),t}), (z,t) € QxR. (3.2)

Without loss of generality we can suppose s; # ¢'sy. In fact, by Remark 3.2, the case
s1 = ¢'sy is entirely analogous. Thanks to (Hg, ) and (3.1) one has

f(ot) < cp(max{u, t}) ™7 4+ co(max{u, t})" < ciu™” + co(u” +t")
<o (nd®)™7 + cp(maxu)” + cot” < C1(d77* + 1"+ 1), t € R, (3.3)
Q
The energy functional J : WP (Q) — R associated with the problem
(—A)Zlu + (—A)ZQU = f(yc, u) + g(x, D) in Q, (3.4)
u=0 in RV \ €, '

1s written as

j 1 |uz) —uly)l? 1 / lu(x) — uly)?
Jw)= 2 o giNtep Ty e dad
(u) p /IRNXRN |x - y|N+51p T B |a: — y|N+S2f1 Ty

—/F’(-,u)dx—/G(-,st)dx, u e WgtP(Q),
Q Q
where

ﬁ(x,r) = /OT f(x,t) dt, G(z,§) == /OTg(x,ﬁ) dt = 7g(x,§).

Obviously, J turns out well defined and of class C'. Moreover, (3.3) easily entails

. Il

F(z,7) < flz,t)dt < Cy [(d_'ys1 + )|+ I:L|T1] V1 eR, (3.5)

0 T
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because f(z,t) > 0. From (3.5), (H,), Holder’s inequality, and fractional Hardy’s in-
equality [9, Theorem 1.1] (recall that s;p > 1) it follows

= 1 [u(z) — u(y)[? /
J(u) > —/ ) = WV 4pdy — C
(@) P Jrywpy |z —y|[N TP ' Q

—03/|st|<|u|dx—(C’1+Cg)/|u|dx
Q

1 |u(z) —u(y)[’ / |ul Ch /
g d dy — ¢y [ a®P—= — g
—p /RNXRN |z — |N+$ 1p y— dsp de r+1Jq [ul v

~eo [ 1Dl fulde ~ Calu
Q

r+1 dCL’

r+1

> —|ullt, , = Cs(llulls,p + lully™ + 1D 0[Sl 2. + [lull,),  w € W (Q).

Since r,¢ € (1,p — 1), through Proposition 2.3 (b) we see that .J is coercive. Thus, by
Weierstrass-Tonelli’s theorem, there exists u, € Wy"*(Q2) fulfilling

J(uy) = inf  J(u),
ueWst?(Q)

whence u,, turns out a weak solution to (3.4). As in the proof of [15, Proposition 2.10]
one has (u — u,)4 € WGP (Q). Testing (3.4) with ¢ := (u — u,) yields

(=83 + (~A)ung) = [ Feonpde+ [ o.D0pds
Lemma 3.1 and the inequality g(z,&) > 0 produce
(A u+ (A / f(u)edr < / fl,w)pde +/ g(-, D*v)pdz.

Therefore, by (p1) and (3.2),
(=A)'u— (=A) uy, )

IN

(A — (=A)) Uy, 0) + (—A)2u — (—A)2 Uy, )

p

/Q B (f("g)_f('auv»(g—uv)dx

IN

/m < )(f("@ — fw)(w—w)dz =0.

Now, Lemma 9 in [18] forces
0<u<u,.

Consequently, u, € W5 (Q), weakly solves (P,). Corollary 2.10 of [12] then ensures
that u, € C%7(Q) for all 7 € (0, s). O

Lemma 3.4. If0 < s < 1 while ® : W;P(Q) — Ry is defined by

L Jule) — uly)P .
D(u) == — dedy Yue WP (Q
=5 Lo o et ¥u € WO)
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then the operator

& () ® (w'?)  when w >0 and w1 € WyP(Q),
w) =
+00 otherwise,

has a nonempty domain and is convex.

Proof. Pick I > ¢ and a non-negative u € W, ?(Q) N L>(Q). One has u!/? € W, ?(Q),

because
[vwnpar= [ (Lentwa) @< [ [murar < oo

So, ut/? € WP(Q) by Proposition 2.3. Here, as usual, « = 0 on RV \ Q. We claim that
d(u!) < +oo. In fact,

N 1 l/q _ la|p

|z — y[Ntsp
|u l/q u(y) l/q|p l/q u(y )l/q|p
N+s dy + dz N+s d
RN B (z |33 — y[Ntep RN RN\ B, (x) |$ — y|Nrep
Moreover,
z)/9 — u(y)ap (2)/9 — u(z + )P
/ dx/ N+sp | dy—/ dx/ N(ﬂp Fay
RN Bi(z) |37 — RN B1(0) |yl

[u(@)/s — ufe+y)lp 1
= dz P N+(s—1)p dy
RN B1(0) Y] |y

1 P
1
< da:/ (/ |Vu(x +7’y)l/q|d7') ———dy
/RN B1(0) |y|NVH(s=Dp
l/a|p
<C/ / Vule + ) dxdydr
RN J By (0) Jo |y[NHs=Dp

! IIVul/ I7
< C/ / LEY) gy dr < Cy[[ V|8, vy < 00,
Bi(0

e
Likewise,
l/q l/a|p
/ dx/ 1]\L[(+) | dy
RN RN\ B, (z) |~’B — y|Ntsp
l/q P Ua|p

<2p1/ dx/ )P+ lul) TP
RN ]RN\Bl(x |95 — y|Ntep

— 9p— 1 d l/qlp + |u(‘r + y)l/q’p d

z [y Vs Yy

RN RN\ By (0 Yy

<Ca [ futa)irds = 03||u“q||z < 4o
R
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because u!/? € VVO1 P(Q). Hence, u' € dom (iJ, and the first conclusion follows. Next, let

uy, us € dom® and let t € (0,1). If v; := ui/q, i=1,2, and
V3 = ((1 — t)U1 + tUQ)l/q
then, thanks to discrete hidden convexity [2, Proposition 4.1],

[v3(2) = vs()P < (1= Ovr(z) = i) + toa(x) = va(y)P Y,y € RY.

This entails

2 1 |US($) - 03(y)|p
O((1—1¢ +1 = - dxd
(( )UI UQ) p /RQN |$ - y|N+8p vy

< 1 —t/ |1 () — v (y)|P dxdy%—f/ [va(x) — v2(y)]

|z — y|Ntsp

p |z — y|Ntep p

thus completing the proof.

dx dy

Remark 3.5. The above result holds true even when ¢ = p, with the same proof.

Theorem 3.6. Under (Hy)—(Hy,) and (Hy), for every fized v € Wi (Q), the solution

u, € W5'P(Q) N C%7(Q) to problem (P,) given by Theorem 3.3 is unique.
Proof. Suppose u,, w, € W;*(Q) N C%7(Q) solve (P, ), namely

(=AY, + (~A)u,, ) = / f(u)pde + / o(-, D*v)pd,

(=80, + (A7) = [ feowodat [ g6 Dv)wda
for all ¢, € W5P(Q2). The functions

Uyp? — w7 Uy T — W, 7
Uy~ wg

lie in W3'P(§2), because u,, w, € C®7(Q),. Hence, via (3.6)—(3.7) we achieve
(= A uw, @) = (=A) wy, 1) 4+ ((=A)F 0, 0) = (=A)Fwe, )

=

— /Q (f(-,ulv) B f(-,wlv)) (u? — w?) d$+/g(-,DSv)(¢_¢) .

q— q—
Uy Wy Q

Lemma 3.4 ensures that the functional J associated with

1 |U($) — U(?/)‘p
J = - ————=2 dxd e WitP(Q
(u) p /]R2N \55 - y\N+81p ray, 0 ( )’

turns out convex. Therefore, after a standard computation,
0 < q(J'(ud) = J'(wd), uf — wl) = ((=A)5 ) = ((=A)5 wy, ¥).
An analogous argument produces

<(_A)22uv7 90> - <<_A)22wm ¢> Z 0.

(3.6)

(3.7)

(3.8)
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Now, gathering (3.8)—(3.10) together yields

/Q (f("uf) - f("wf’)> (ug — wg) do + /Qg<-,st)<so— ) dz > 0. (3.11)

ud wy

By (Hg,) the function ¢ — ICY ig decreasing on RY. This implies

ta—1
/ (f("j?) — f(’qufJ) (ud —wl)dz <0. (3.12)
o\ up wy
Moreover,
oy (M0l — g
[atoe-vars [ g (o) o
Q Q(up>wsy) Wy Wy

wl —wl  ul —wl

+/ g(-, D*v) ( T T ) dx (3.13)
Q(uy<wsy) Uy Wy
< / g(-, D*v) <— T+ — ”> dz = 0.
Q(uy<wsy) Uy Uy

From (3.11)—(3.13) it finally follows
/ (f('(ff) - f(';z_uf)) (ug — wy) dz =0,
Q

u w

whence, due to (Hg,) again, u, = w,, as desired. O

4. MAIN RESULT

Define, for every v € W5 (Q),
T(v) == uy, (4.1)
u, € W5'P(Q2)4 being the unique solution of (P,) found in Theorem 3.3.
Lemma 4.1. Let (Hy,), (Hy,), (Hy) be satisfied and let ¢'sy # s1 < p,%y. Then T possesses
a fized point u € W5P(Q).

Proof. Given any v € Wi"?(Q), test problem (P,) with its solution w,. Through (Hy,)
and (Hg) we thus arrive at

_ p _ q
R2N R2N

|w — y| Vs |z — y| Nt

< cl/wl)_7 d.T+CQ/UZ+1 da:+03/(uv + | D%v|Su,) da.
0 0 0

Thanks to Young’s inequality with ¢ > 0, each term of the right-hand side is estimated
as follows (recall that v < 1 while r,{ <p —1):

[ e < Sefuly+ oS @0l ae{1-q.r+ 11y
Q

1 1 /
/ | D*v|u, dz < —&||u, || + —,C’a/ |D*v|? du.
Q p p Q
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Consequently, by Proposition 2.3 (b) and (2.2),
w2, , < cellunllh + Co(L+|[D*0[|Eh) < deflun|l?, , + CL(L+ [|D*]|57)

S1LPp — S1,P

< delju, |, , + CL (1 + ||v|

S1,p

) < Cellunlly + C20+ [0S,

S1,P

This entails
(1= ce)luoll?, , < C(1+ oIS

S1,P — 31,p)7

i.e., after choosing € < %,

IT@)IE,, = llwll?, , < CQA+ [0lIEE,), (4.2)

S1,P S1,p —

with C' := -~ Since (p’ < p, there exists p > 0 such that C(1 + p%') < p?. Thus, due
CK,

1-c'e’
0 (4.2), ||v||s;p < p implies [|T(v)]]s,, < p, which clearly means T'(K) provided
K= {ue W5(Q) : |lulls,p < p}-

Claim 1: The operator T'| x is compact.
Let {v,} C K and let u, := T'(v,), n € N. The reflexivity of W;'*(Q) yields v, — v in
Wyt P(2) while Proposition 2.3 (c¢) ensures that

Vr € [1,ps«) one has v, — v in L"(Q),

where a sub-sequence is considered when necessary. Likewise, from {u,} C K it follows
up, — win Wyt*(Q2) and, as before,

Vr € [1,ps,«) one has u, — u in L"(Q). (4.3)
Now, testing (Py) with ¢,, := u,, —u and using (Hy, ), Theorem 3.3, and (3.1), we obtain

(=80 + (Ao < [ Fllonldot [ o6 D7)l da
§61/u;7|gpn|dx+62/u;|gpn|dx+63/(1—l—|stn|c)|gpn|dx
Q Q Q

< /[cl(nalsl)7 —|—03}|gon|dx+02/u;|g0n|dm+63/ | D*v,,|¢|¢on| da.
Q Q Q
Hence, due to Holder’s inequality, Proposition 2.2 (recall that s;y < }%), Proposition 2.3
(b), besides (2.2),
<(_A);1Un + (_A)Z2un7 ©n)
< Cillgnlly + collunllll@nll 2. + c3[lD¥vall5 l@nll 2. (4.4)

p— pP—C

< Cillgully + Cop'lpull 2. + Copllpall 2.

for all n € N, where
Cr i= e ld =y + ol

On account of (4.3)—(4.4) one arrives at

lim sup((—=A)2 tn + (= A) 1, 1w, — u) < 0,

n——+o0o
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whence u,, — u in W3"*(Q2) because, by Proposition 2.1 and (p4), the fractional (p, q)-
Laplacian

w=r (A uy (=A)2u,  u e Wyt (),

q
is type (S).

Claim 2: The operator T'| x turns out continuous.

Let {v,} C K satisfy v, — v in W;"?(Q) and let u, := T'(v,), n € N. Since T'|x is
compact, along a sub-sequence if necessary, we have u,, — u in W5"?(Q2). Moreover,
(4.3) holds. Our claim thus becomes u = T'(v). Pick any ¢ € Wi"?(Q). From (4.1) it
follows

[ bnle) = 00(0) ) =l g,

|w — y| Ve

N /2N [t (1) = U (Y)]7 2 (un () — un(y)) (0(2) — ©(y)) dz dy (4.5)

|z — y|N e

:/f(',un)90d$+/g(-,stn)gpdx Vn e N.
Q Q

Observe that

) CK — {\unm — un () (un () —un(y))} bounded in_ L (R)

N+s1p

|z —y|

and that, by (4.3),
|un(z) — un ()P (un(z) — unly)) _ [ulz) —u(y)[P~*(u(z) — u(y))

n1—1>I-‘,I-1c>o ‘:[; _ y‘ N;fﬂ’ = |x _ yl Nj;;ﬂp

for almost every (z,y) € R*¥. So, up to sub-sequences,

) = ()20 () ), () — ) P20() ~ ) e,

| — ylle=vl 7 [z =yl

This implies

[ ) = a0 ) o) = )

[ o) ) 9D (ole) = 010D g

|w — y| Ve

(4.6)

because (2) )
plr)— ey
e LP(RAY).
lz—y[ >

An analogous argument, which employs the continuous embedding Wi'*(Q) — W5>4(Q)
(cf. Proposition 2.3 (a)), produces

[ 10(0) = ) 00) — ) ele) = )
n—+00 Jpon |l’ _ y|N+52q

[ ) = w1 ale) —u ) =)

| — y| N2

(4.7)
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Let us next focus on the right-hand side of (4.5). Exploiting (Hy, ), Theorem 3.3, (3.1),
(4.3), and [3, Theorem 4.9], we achieve

FCun)p] < [aw,” + eu]le] < law™ + eupllel < [ea(nd™) ™ +etlllel, neN,
for some ¢ € L"(2). Now, by (4.3) and [3, Theorem 4.2], one has
lim / fG uy)pde = / f( u)ede. (4.8)

n—+00
Finally, observe that, thanks to (2.2),
vy, = v in W'P(Q) = v, — vin Ly*(Q)
as well as
vp = vin L3P(Q) = Dv, — D in LP(Q) => (D*v,)¢ — (D*v)¢ in L<(Q),

where a sub-sequence is considered if necessary. Since (Hg) holds while ¢ € L7 ()
because ¢ € (1,p — 1), this forces

lim g(-,stn)gpdx:/g(-,st)godx. (4.9)

n——+0o Q Q
Letting n — 400 in (4.5) and using (4.6)—(4.9), we arrive at u = T'(v).
Now, Schauder’s fixed point theorem can be applied to T'| k-, which ends the proof. [

Our main result is the following:

Theorem 4.2. Under hypotheses (Hy,),(Hy,), (Hy) and the conditions ¢'sz # s1 < -,
problem (P) admits a weak solution u € W3P(Q).

Proof. Simply use Lemma 4.1 and note that fixed points of T" weakly solve (P). O
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