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ABSTRACT

In this article, we study extensions of Steiner triple systems by means of the associated Steiner loops. We recognize that the set
of Veblen points of a Steiner triple system corresponds to the center of the Steiner loop. We investigate extensions of Steiner
loops, focusing in particular on the case of Schreier extensions, which provide a powerful method for constructing Steiner triple

systems containing Veblen points.
AMS Classification: 05B07, 20N05, 1E10

1 | Introduction

Although it has been known since the 50's of the last century
[1,2] that any Steiner triple system can be associated with a
commutative loop, an extension theory for Steiner triple sys-
tems has not been explored.

In this paper, we study Steiner triple systems by means of
their associated Steiner loops, using a classic algebraic
technique. Indeed, we reduce their structure to that of
suitable normal subloops and the corresponding quotient
loops. Currently, a general extension theory for loops does
not exist. The lack of associativity makes the situation less
controllable and very different from the theory of group ex-
tensions. Many authors have contributed to this field,
working on specific kinds of extensions for some classes of
loops. Examples include nuclear extensions [3,4], Schreier
extensions [5], or the well known Chein's extensions for
Moufang loops [6] (see also [7-12]).

This paper primarily focuses on Schreier extensions of Steiner
loops, which offer a method for constructing and classifying
specific Steiner triple systems which present similarities to the
point-line designs of projective spaces over GF(2). Indeed, we
distinguish the case where the normal subloop is central: after
showing that central elements correspond to Veblen points (see
Definition 3.5), we introduce an extension theory inspired by
the cohomology theory for commutative groups. This specific
theory provides a constructive approach to describe Steiner
triple systems containing Veblen points. In particular, the set of
Veblen points turns out to be a Steiner triple subsystem of size
2" — 1 which is the point-line design of a projective space over
the field GF(2). The whole Steiner loop, in this case, is a
Schreier extension of its center by the corresponding quotient
loop, and it can be described by a factor system f as in Theo-
rem 4.1. In particular, in [13], this method is applied to classify
(respectively, enumerate) Steiner triple systems of order 19
(resp. of order 27 and 31), containing Veblen points. In Corol-
lary 4.5, we set a threshold for the maximum number of Veblen
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points in a non-projective Steiner triple system, culminating
in Corollary 4.6: if the order of a Steiner triple system is
between 2" — 1 and 2"*! — 1, and if it contains at least 273
Veblen points, then it is isomorphic to PG(n — 1, 2).

In Section 5, we face the problem of defining equivalent and
isomorphic extensions. Examples are given.

Recursive methods for constructing “products” of Steiner
triple systems are well known [14, Ch. 3]. However, only one
of these, the so-called doubling construction, coincides with
the extension provided by our more general construction,
using a Steiner operator, in the trivial case where the subloop
has index two. Indeed, such a subloop is necessarily normal
and corresponds to a projective hyperplane, a topic first
studied by Teirlinck [15] and later by Doyen, Hubaut, and
Vandensavel [16]. In the latter case, the problem of classi-
fying STS(v)s containing a projective hyperplane is reduced,
into the present frame, to classifying STS(*-1)s and sym-

2
! letters with a fixed element in

v—
2

metric Latin squares on

the main diagonal.

2 | General Facts

A Steiner triple system (STS for short) (S, 7) consists of a set S of
v elements (points) and a family 7 of 3-subsets of S, called
triples (also blocks or lines), with the property that every two-
subset of S occurs in exactly one triple of 7. The size v of the set
S is called the order of the Steiner triple system. Throughout
this paper we will refer to a Steiner triple system (S, 7) simply
by its set of points S. For a general reference we address the
reader to studies [17] and [14].

A Steiner triple system of order v (denoted by STS(v)) exists if
and only if v = 1, 3(mod 6), and in this case, v is said admis-
sible. The total number of blocks of an STS(v) is b = @
Note that we also consider the trivial cases of the STS(1) with
one point and no blocks, and of the STS(3) with three points
and a unique triple. Classic examples of Steiner triple systems
include the projective and the affine systems. The former are
the point-line designs of projective spaces PG(n, 2) over GF(2),
while the latter are the point-line designs of affine spaces
AG(n, 3) over GF(3).

A quasigroup is a set L endowed with a binary operation x - y
such that the equations a - x = b and y - a = b have unique
solutions x and y. The solutions are denoted by divisions on the
left, and on the right, x = a\b, and y = b/a. Loops are qua-
sigroups with an identity element Q. The multiplication sign is
often ignored, whereas (x - y) - z is written as xy - z. A loop
operation does not need to be associative: if associativity holds,
the loop is actually a group. For a general reference, we address
the reader to studies [18] and [2].

A loop homomorphism is a map ¢ : L; — L, between two loops
such that ¢ (xy) = p(x)e(y) for all x,y € L;. Loop homomor-
phisms preserve left and right division, as well as the identity
element. A subloop N <L is normal if it is the kernel of a
homomorphism or, equivalently, if the relations

xXN=Nx, x-Ny=xN-y, x-yN=xy - N,

hold for any x,y € L. If L is commutative, the three normality
conditions reduce to x - YN = xy - N.

The center of a loop L, that is

Z(L)={z€Liza=ag, a-zb=az-b=z- ab,
foralla,b € L}

is always a normal subloop in L, which actually is a subgroup. If
L is commutative, it is simply the subgroup

Z(L)={z€Lla-zb=az-b=z-ab,foralla,b € L}

A loop L is said totally symmetric if it is commutative and the
identity

x-39 =y M

holds for every x,y € L. In a totally symmetric loop, the left and
right inverses x\Q and Q/x of each element x coincide; we call
this the inverse of x, denoted by x~!. Every totally symmetric
loop has exponent two. For loops of exponent two, the totally
symmetric property x - xy =y is equivalent to the weak asso-
ciativity which says that x - yz = Q whenever xy - z = Q, for
any x,y,z € L.

3 | Steiner Loops

Steiner loops are precisely the finite totally symmetric loops
defined in Section 2. In fact, as early as 1958, Bruck observed [2]
that a totally symmetric loop is essentially the algebraic version
of a Steiner triple system. Here we recall the definition.

Definition 3.1. Consider a Steiner triple system S and let
Q be a further element not belonging to S. We define L as the
set S U {Q} endowed with the binary operation * described as
follows:

« for any distinct x and y in S, the product x - y is defined as
the third point in the triple of S containing x and y,

o foranyx € Ls,wesetx?=Qandx- Q=Q -x=x.Lsis
called a Steiner loop.

These concepts have been studied, for example, in [1, 19-23]. A
Steiner loop Ls turns out to be a group, specifically an ele-
mentary abelian 2-group, precisely when the Steiner triple
system S is projective [24], see also [25].

Remark 3.1. Actually, given a Steiner triple system, there are
(at least) two ways to define an operation that gives a loop
structure. In the case of Definition 3.1, the unit is an additional
element, while in the other constructions the identity element is
a chosen point within the Steiner triple system. Both kinds of
loops already appear in [6], and one of the second type is the
object of [26].
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Let ¢ be a homomorphism between two Steiner loops Ls, and
Ls, with identities Q; and Q,. If {a;, a,, a3} is a triple of S; then,
since qya,a3 = Oy, either {p(a1), ¢(a2), p(as)} is a triple of S, or
p(a) = Q, and ¢(a)) = ¢(ar), with {i, j, k} = {1, 2, 3}.

If §; and S, have the same order, then the isomorphisms of
loops Ls, & Ls, correspond exactly to the isomorphisms of
Steiner triple systems &) & S,. Naturally, the group Aut(Ls)
can be identified with Aut(S).

Moreover, there is a one-to-one correspondence between sub-
loops of Ls and Steiner triple subsystems of S, and, if a subloop
is normal, the quotient loop gives in turn another Steiner triple
system, as shown in Theorem 3.2.

Theorem 3.2. Let S be a Steiner triple system and Ls the
corresponding Steiner loop with identity Q.

i. L' is a subloop of Ly if and only if it is the Steiner loop %y
associated with a subsystem R of <.

ii. If Ly is a normal subloop of Lg, then each nontrivial coset
xLy generates a subsystem of S containing N .

iii. If Ly is a normal subloop of Ls, then the factor loop
Ls/Ly is a Steiner loop Lo, where Q is the Steiner triple
system consisting of the nontrivial cosets of Lys.

Proof.

i. L' is a subloop of Ly if and only if it is closed under the
operation of Lg, which is equivalent to saying that if two
different elements of S are contained in R := £\ {Q},
then the third point z = xy of the triple through x and y
is also in R.

ii. Let Ly be a normal subloop of Ls and x & L. The
nontrivial coset xLy generates the Steiner triple sub-
system xLy U N.

In fact, if xn; and xn, are two distinct elements of xLy,
then (xny) - (xny) = n3 € Ly, since (xLy) - (xLy) = Ly
This means that the third point in the triple through xn;
and xn, is an element of A/. Hence, the subsystem of S
generated by N must be contained in x£y U N . More-
over, if xn; € xLy and n, € N, then we have that
(xmy) - ny =xn3  since (xLy) - Ly =xLy, that is
{xny, ny, xn3} is a triple S contained in N U xLy. This
proves that x£,s generates the subsystem x£y U N . Note
that the order of N'U xLy is admissible: indeed, if w is
the size of NV, then IN' U xLyl = 2w + 1 = 3 or 1(mod 6)
whenever w = 1 or 3(mod 6), respectively.

iii. The last assertion follows from the fact that the quotient
Ls/Ly is a finite totally symmetric loop. |

If Ly is a normal subloop of Ls and Ly is the corresponding
quotient loop, we say that ' is a normal subsystem of S and Q
is the corresponding quotient system. Of course, normal sub-
systems correspond to kernels of epimorphisms.

Definition 3.3. Let v be the order of a Steiner triple system.
We say that v+1=(uw+1)w+1) is an admissible
factorization if u and w are admissible in the sense of Steiner
triple systems.

Example 3.3.1. Since the factorization 14 =2 -7 is not
admissible, we can say that the two nonisomorphic STS(13)s
cannot have nontrivial normal subsystems, or equivalently, the
corresponding Steiner loops are simple.

A class of subsystems that are always normal is that of projective
hyperplanes which were studied first by Teirlinck [15] and later
by Doyen, Hubaut, and Vandensavel [16].

Definition 3.4. A proper subsystem N of S is called a
projective hyperplane if every triple of S has a nonempty
intersection with \/.

Equivalently, a subsystem A of an STS(v) is a projective
hyperplane if and only if IM = vgl. Naturally, projective hy-
perplanes correspond exactly to subloops of index 2, which are

always normal.

On the other hand, when we raise the index to 4, a subloop of a
Steiner loop Ls is not necessarily normal, as shown in the fol-
lowing example.

Example 3.4.1. Let S be the STS(15) with triples given by
the columns of Table 1. In the classification of the 80 non-
isomorphic Steiner triple systems of order 15 in [17], pp. 31-33,
it is presented as #2.

Any triple N of S gives a subloop Ly < Ls of index four. Let A/
be, for instance, the triple {5, 9, c}. Normality requires that for
any x,y € Ls and any m € Ly, x(yn) = (xy)n, for some
n, € Ly. If we choose x =3,y =1,n =9, then

x(yn)) =31-9)=3-7=b,

but the equation (3 - 1)n, = b, being equivalent to 5 - n, = b,
leads to n, = 5 - b = a, which is not an element of L.

We want to describe normality of subloops with a combinatorial
perspective, especially in small cases. Before going into this, it is
important to note that the center Z of a Steiner loop Ls has order
2!, for some non-negative integer t, since it is an elementary
abelian 2-group. Also, since Z is a normal subloop, its order must
divide that of Ls. Thus, if the center is not trivial, then £s has an
admissible factorization v + 1 = 2/(w + 1) with ¢ > 1.

Definition 3.5 [14, 147]. A point x in a Steiner triple system
S is a Veblen point if whenever {x, a, b}, {x, c, d}, {y, a, c} are
triples of S, also {y, b, d} is a triple of S.

Definition 3.5 says that any two different triples through a
Veblen point x produce a Pasch configuration, as in Figure 1.

Equivalently we can say that x is a Veblen point if and only if
any two different triples containing x generate an STS(7).

Remark 3.2. Note indeed that, if in a Pasch configuration
there is a Veblen point, it generates a Fano plane, but in general
it is not true that a Pash configuration is necessarily contained
in a Fano plane. A result concerning this topic deals with
Steiner loops satisfying Moufang's theorem, that is, every three

3 of 15

5U80| 7 SUOWWIOD 3A .0 3(deot|dde ays Aq peuleoh a1e S3oNe YO ‘88N 4O Sa|nJ Joj ARG 8UIIUO AB]IM UO (SUOTPUOD-PUe-SWR}/W0D /A8 |1MAreIq 1 jeulUo//Sdiy) SUORIPUOD Pue swiie | 8L 89S *[G202/T0/90] Uo AriqiTauliuo A8|IM elfelieueiyo0D Aq #96TZ POI/Z00T 0T/10p/wod A8 1M Atelq1jeul|uoj/Sdny woiy pepeo|umoq ‘0 ‘0T9902ST



STS(15)#2.

TABLE 1

b c

FIGURE 1 | Pasch configuration.

associating elements generate a group. It is known that a
Steiner loop is a Moufang loop if and only if it is associative.
However, some nonassociative Steiner loops satisfy Moufang's
theorem. In [21], the authors proved that a Steiner loop Ls
satisfies Moufang's theorem if and only if every Pasch
configuration in S generates a sub-STS(7).

Veblen points give a characterization of projective Steiner
triple systems, which in its original form was one of the
Veblen-Young axioms for projective spaces (see [27]). However,
the version we report here was presented by C.J. Colbourn and
A. Rosa.

Theorem 3.6 [14, Th. 8.15]. Let S be a Steiner triple system
of order v, and suppose that 2" <v < 2"*1, The system S is
isomorphic to PG(n + 1,2), and v = 2" — 1, if and only if
every element of S is a Veblen point.

Theorem 3.6 will be improved by Corollary 4.5, but first we
need to show some results about normality and Veblen points.
The next result explicitly characterizes normal subsystems
consisting of a singleton, and also gives an algebraic meaning to
Veblen points in the context of Steiner loops, showing that they
correspond to the center of the loop.

Theorem 3.7. Let S be a Steiner triple system. The following
are equivalent.
i. The sub-STS(1) A" = {x} is a normal subsystem of &;
ii. x is a Veblen point of S;
iii. x is a (nontrivial) central element of L.
Proof. Let N'={x} be a normal subsystem of S. The

normality condition of the corresponding Steiner subloop Ly
is, in this case,

a-bx=ab-xforalla,b e %.

Hence, (i) and (iii) are equivalent.

Let now X be a Veblen point of Ls. Consider two triples {x, a, ax}
and {x, b, bx}. Since {a, bx, a - bx} is a triple, then {ax, b, a - bx}
is a triple as well, which means that ax - b = a - xb. This proves
the equivalence between (i) and (iii). m]

The following result is a direct consequence of Theorem 3.7,
more precisely it follows from the fact that the set of Veblen
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points of a Steiner triple system is exactly the set of nontrivial
central elements of the associated Steiner loop.

Corollary 3.8. The Veblen points of a Steiner triple system of
order v form a normal subsystem of order 2"*!—1<v
isomorphic to PG(n, 2).

We also want to describe the normality of subsystems of order
three in combinatorial terms.

Theorem 3.9. Let S be a Steiner triple system. If a triple is
normal, then together with any outer point it generates a Fano plane.

Proof. Let N ={x,y,xy} be a normal triple of S and a an
outer point. From the normality condition, we know that the
solutions ny, 1y, n; of the equations

a(xy) = (ax)ny, a(yx) = (ay)ny, (xa)(ya) = xns,

belong to L. It is easy to check that the only possibilities which
do not lead to any contradiction are n; =y, n, = x and n; =y,
giving the identities

a(xy) = (ax)y, a(yx) = (ay)x, (xa)(ya) = xy.

This means that N and a generate a Fano plane, as shown in
Figure 2.

Thus, the theorem is proved. O

Using the characterization of Veblen points in Theorem 3.7, we
can give a necessary condition on the existence of Steiner triple
systems with such points.

Proposition 3.10. If v+ 1=2(w+ 1) is an admissible
factorization only for t =0, then any STS(v) contains no
Veblen points.

Proof. The claim follows from the fact that, if the center has
cardinality 2', then ”;1 must be the order of the quotient

Steiner loop. O

After defining Schreier extension, in Section 4, we will be able
to give a necessary and sufficient condition for the existence of
Steiner triple systems of order v with (at least) 2 — 1 Veblen
points, and we will present a constructive method for obtaining
all such STSs.

Ty ya

Tra

FIGURE 2 | Fano plane generated by a normal triple and an outer
point.

Now we prove a more general fact about Veblen points, Pasch
configurations and Fano planes that can be useful in classifying
Steiner triple systems with Veblen points.

Lemma 3.11. IfS is an STS(v), then:

i. The number of Pasch configurations through a fixed
Veblen point is W.

ii. The number of Fano planes containing a fixed Veblen
point is Y=D0=3) 1;‘(“’_ ),

iii. IfS has two distinct Veblen points a, b, then the third point
c = ab in their triple is a Veblen point as well. Moreover,
there are "%3 Fano planes containing the triple

¢ ={a, b, ab}.

Proof. 1If a is a Veblen point, then for all points
b € STS(v), a # b, there are "%3 Pasch configurations through

b and a which do not contain the block {a, b, ab}. See Figure 3.

This follows from the fact that we cannot choose ab to be in the
Pasch configuration, so we are left with v — 3 points of the
STS(v). In a Pasch configuration there are four further points
other than a and b. Fixing one of these four points, the others
are uniquely determined: indeed, if we fix x to be in the
configuration, the others must necessarily be ax, bx, and
a(bx) = (ax)b, and rearranging these four points we obtain
the same configuration. Finally, since the point b can be chosen
in v — 1 different ways, we get the first assertion.

The second assertion follows from the fact that every sub-Fano
plane containing the Veblen point x is obtained by 6 Pasch
configurations.

Now we proceed to prove the third assertion. Let a and b be two
distinct Veblen points of S. Since both points are central, their
product ¢ = ab is still central and hence a Veblen point as well.
Fixed a Veblen triple ¢ = {a, b, ab}, let x be a point of S not in
€. Since ¢ is a triple of Veblen points, together with x it
generates a Fano plane. We can choose x in v — 3 different
ways, but replacing it with ax, bx or (ab)x = b(ax) = a(bx) we

obtain the same Fano plane. Hence there are ; 3 different Fano

planes containing the Veblen triple ¢ = {a, b, ab}. O

Remark 3.3. To illustrate that these results can simplify the
counting of Veblen points in a Steiner triple system, we consider

a

FIGURE 3 | Pasch configuration containing a and b but not their
triple.
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Steiner triple systems of order 15. We use the classification of the
80 non-isomorphic STS(15)s and their main properties listed in
([17], Tables 1.28 and 1.29, 30-32).

If S is an STS(15) with a Veblen point, then it contains at least 7
Fano planes. The only STS(15)s with this many sub-Fano planes
are #1 and #2. If S has more than one Veblen point, then it
contains at least one triple of Veblen points. For each of these
Veblen points, there are 7 Fano planes containing it, 3 of which
contain the whole triple. Thus, & contains at least
3(7 — 3) + 3 =15 Fano planes. The only STS(15) with this
many sub-Fano planes is #1, that is, PG(3, 2), therefore all of its
elements are Veblen points. Moreover, the STS(15)#2 has
precisely one Veblen point, and it is easy to see that it is the
element labeled with 0 by checking that it is a central element
of the Steiner loop.

4 | Schreier Extensions of Steiner Loops

The most general way to construct an extension of Steiner
triple systems is via a Steiner operator, as we show in Section 6.
However, in this section, our main focus is on Schreier exten-
sions, that provide a powerful tool for constructing and clas-
sifying Steiner triple systems containing Veblen points. This
method proved to be effective, in fact in [13] it is applied to
Steiner triple systems of order 19, 27 and 31 containing Veblen
points.

Let N be a group with identity Q' and Q be a loop with
identity Q. Consider a map T : Q — Aut(N) with T(Q) =1d,
and f:QXQ—-> N a function with the property
f(P, Q) =f(Q,P)=«Q, for every P € Q. From now on, we
will use the additive notation for N and the multiplicative
notation for Q. The operation

(P,x) o (R,y) := (PR,f(P,R) + xT® + ), ©)

defines on Q X N aloop L. The loop L is an extension of N by Q
called a Schreier extension. Indeed, the loop L contains

N ={Q,x)lxe N}~N

as a normal subgroup with corresponding quotient loop iso-
morphic to Q. The function f is called a factor system, as in the
theory of group extensions.

This construction is very similar to the corresponding definition
for groups, but as we said, the lack of associativity makes this
context less controllable. Theorem 4.1 gives necessary and suf-
ficient conditions for a Schreier extension of Steiner loops to be
a Steiner loop as well.

Theorem 4.1. A Schreier extension of an associative Steiner
loop Ly by a Steiner loop Lo, defined by functions T and f, gives
a Steiner loop Ls if and only if the following hold:

o Ly is central;

o T is trivial;

o f is symmetric and

f®,Q)=f(P,PQ)=f(Q,PQ), forevery P,Q € Lq.
(©)

In particular, the operation of Ls becomes

P,x) o (Q,y) = (PQ,x +y + f(P, Q).

Proof. By Proposition 3.2 in [28], the map T is trivial, Ly is a
central subgroup of Ls and f is symmetric. In the resulting
loop, the totally symmetric property

(P, x) o ((P,x) © (Q,¥)) = (Q, ),
is equivalent to

Q.y+f(P,Q +f(P,PQ) =(Q,). (C))

Equation (4) holds if and only if f (P, Q) = f (P, PQ) for every
P,Q € Q. Of course, by the symmetry of the factor system,
f (P, Q) coincides also with f(Q, PQ). O
Schreier extensions are used, for example, in the study of ori-
ented Steiner triple systems [23] and nilpotent Steiner loops of
class 2 [22].

From now on, by Schreier extensions of Steiner loops, denoted
by a short exact sequence

Q' —Ly—Ls—Lo—Q, (5

we will mean Schreier extensions satisfying the conditions of
Theorem 4.1. In this situation, we also say that the Steiner triple
system S is a Schreier extension of N by Q.

Equation (3) can be reformulated by saying that
f(P,P)=f(P,Q)=Q forevery P € Ly, (6)
and that f is constant on the triples of Q, that is,

f(P,Q) =f(P,R) = f(Q, R) whenever {P, Q, R}
is a triple of Q.

(7

We want to stress the fact that since Ly is in the center of Lg,
the elements of A are Veblen points of S, that is, a Schreier
extension of Steiner loops is an extension of a projective
geometry A obtained by a symmetric function which is con-
stant of the triples of Q.

Now we give an example of a Schreier extension resulting in the
Steiner triple system of order 15 with precisely one Veblen point.

Example 4.1.1. Consider the STS(7) 2 with points and
triples as in Figure 4.
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P 4 Py

FIGURE 4 | STS(7)Q.

Let Ls be the Schreier extension of £y = {Q’, 1} by Lo given by
the factor system f with

f(P39P5) :f(P3sPﬁ):f(PSsP6): 1,
f@Ps, B)=f(P,P)=f(B,P) =1,

and f(P,Q) = Q elsewhere. The element (Q, 1) is a Veblen
point of S. It is the only one because Ls is not associative.
Indeed, for example

((Pla Q/) ° (PZa Q,)) ° (P4, Q,) = (P7a 1)’
(Ph Q’) ° ((P25 Q,) ° (P47 Q,)) = (P75 Q’)

Hence, S is the STS(15)#2.

The theory of Schreier extensions offers a constructive method to
obtain Steiner triple systems containing Veblen points. On the other
hand, if £y is a central subgroup of Ls, then Ls can be obtained as
a Schreier extension of Ly by Lg = Ls/Ly (cf. [29], 334). This
means that any Steiner triple system S containing Veblen points
can be seen as a Schreier extension of the projective STS consisting
of its Veblen points (or a proper subsystem of it). This gives a
necessary and sufficient condition on an admissible positive integer
v for the existence of a Steiner triple system of order v containing (at
least) a certain number of Veblen points. A trivial case occurs when
v =2/ — 1fort > 0. In fact, projective geometries PG (¢ — 1, 2) are
the only examples STS(v)s with v Veblen points.

Theorem 4.2. Let v>1 be an admissible integer. There
exists an STS(v) with 2! — 1 < v Veblen points, t > 0, if and only
if”;1 = 2, 4(mod 6).

Proof. One direction of the claim follows from the fact that, if
the center of a Steiner loop has cardinality 2!, then "; ! must be
the cardinality of the quotient projective Steiner loop. The other
direction is true because we can always construct a Steiner loop
Ls with nontrivial center by considering a Schreier extension of
an elementary abelian 2-group Ly of cardinality 2! by a Steiner

loop Lg of order ";1. o

Corollary 4.3. Let v > 1 be an admissible integer such that
v = 1, 9(mod 12). No STS(v) can have Veblen points.

Proof. Let v>1 be an admissible integer. Therefore,
v=1,3,7,9(mod12). By Theorem 4.2, the existence of an

STS(v) with at least one Veblen point is guaranteed
if %1 = 2,4(mod6). This condition is equivalent to
v = 3,7(mod 12). Hence, any STS(v) with v =1, 9(mod 12)

cannot have Veblen points. |

In particular, the first 10 admissible integers v for which any
STS(v) cannot have Veblen points are

9,13, 21, 25, 33,37,45,49, 57, 61.

Regarding the orders not mentioned, Theorem 4.2 shows, for
example, that any STS(19) and any STS(27) can have at most
one Veblen point. Furthermore, an STS(31) can have 1, 3, 7,
15, or, as stated in Theorem 3.6, 31 Veblen points if it is pro-
jective. However, we will see that it cannot have precisely 7
nor 15 Veblen points. In fact, there is a crucial threshold: as a
consequence of Theorem 4.4, exceeding a certain number of
Veblen points forces an STS(v) to be projective, hence to have
v Veblen points.

Theorem 4.4. If a Schreier extension of Steiner loops
O'— N—>£$—>EQ—’Q, (8)

has index at most 4, then the resulting Steiner triple system S is
projective.

Proof.  Since the factor loop Lg is of order less than or equal
to 4, it can be either an elementary abelian 2-group of order 2 or
4. We want to prove that the associative property

(P,x) o ((Qy) o (R,2)) = ((P,x) e (Q,¥)) o (R,z) (9)

holds for every P,Q,R € Lo and x,y,z € Ly. Let f be the
factor system defining the Schreier extension. If £y has order 2,
then f is the null function and L is a group. Let now Lo be the
elementary abelian 2-group of order 4. Equation (9) is equiva-
lent to the property that for every P, Q,R € Ly,

F(P,QR) + f(Q,R) = f(PQ,R) + f (P, Q). (10)
« If the three points form the only triple in the underlying
STS(3) Q, then by Equation (7) we get Equation (10).

« If one out of the three points is the identity element, say
P = Q without loss of generality, Equation (10) reduces to

fQQR) +f(Q R =f(Q.R) +f(Q,Q), (11)

which is true since f(Q, QR) = Q' = f(Q, Q) by Equa-
tion (6).

« If two out of the three points coincide, say P = Q without
loss of generality, then Equation (10) reduces to

f(P,PR) + f(P,R) = f(Q,R) + f (P, P), (12)

which holds since both sides are equal to Q'.

This proves the assertion. m|
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As a direct consequence, Theorem 4.4 allows us to strengthen
Theorem 3.6, setting a threshold for the maximum number of
Veblen points in a non-projective Steiner triple system.

Corollary 4.5. Let S be a Steiner triple system of orderv > 7.
S is projective if and only if it has more than % Veblen points.

Proof.
the center of £, has order more than

If an STS(v) & has more than "; 7 Veblen points, then

";“ ! Thus, it has index at

most 4 and, by Theorem 4.4, . is projective. o

Corollary 4.5 deals specifically with Steiner triple systems of
order v > 7. Note, however, that Steiner triple systems of order 1
and 3, which are the only cases left out of the result, are
inherently projective. Another similar consequence of Theo-
rem 4.4 is given by the following result.

Corollary 4.6. If a Steiner triple system of order v, with
2" — 1 <v <21 _ 1 and n > 1, contains at least 2"=3 Veblen
points, then it is isomorphic to PG(n — 1, 2).

Proof. If we assume that S has at least 2”3 Veblen points,
then, since they form a projective subsystem, the number of
Veblen points is at least 2"~2 — 1. Thus the center Z(Ls) of Ls
has at least 2*~2 elements. If v < 2"*1 — 1, then we have
ILs/Z(Ls)l < ;:—: = 8. So, S is projective and by cardinality
reasons it is isomorphic to PG(n — 1, 2). O

Remark 4.1. Inview of the last two results, we can easily see
the fact that the only STS(15) with more than one Veblen point
is PG(3, 2), as we showed before. Actually, now we can say even
more: the only STS(v)s with v < 31 having more than one
Veblen point are PG(1, 2), PG(2, 2) and PG(3, 2).

5 | Equivalent and Isomorphic Extensions

In this section we study the concepts of equivalent and isomor-
phic Schreier extensions of Steiner loops. To stay constructive
and not be too theoretical, fixed £y and Lq, we identify each
Schreier extension with the corresponding factor system

fiLg X Lo— Ly

We denote the set of all factor systems with Exts(Ly, L£g). We
recall that the output values of factor systems are in £y, which is
associative. Therefore, Exts(Lyr, Lg) is a group under the addi-
tion of functions. After Equation (7), a factor system is com-
pletely determined by the values it takes on the triples of the
quotient system O, thus it is easy to see that the total number of
possible Schreier extensions of Ly by Lg is

IExts(Ly, Lo)l = 22, (13)

where b is the number of triples of Q and 2! is the cardinality of
the elementary abelian two-group Lys. A relevant subgroup of
Exts(Ly, Lg) is formed by the so-called coboundaries, defined
by the cohomology operator &' if ¢ is a map Lo— Ly sending
Q'+—Q, then &' is the function Lo X Lo—> Ly defined by

6'9)(P, Q) = ¢ (PQ) — (p(P) + ¢(Q)). (14)

Note that in Equation (14) the parentheses and the minus sign
are superfluous, since the Steiner loop Ly is associative and of
exponent 2; however, for the sake of generality, we decided to
present a more general definition in a nonassociative context.
By the definition of the operator §', every coboundary §'g is in
fact a factor system. Moreover, §'(p + ¥) = §'p + 6% holds,
hence the set

B2y, L) =80 lo: L —> Ly, p(@=Q}  (19)

is a subgroup of Exts(Ly, Lg). Since &' is additive, two co-
boundaries §'¢ and 8% coincide if and only if they differ by a
function g such that &'g is zero, that is, a homomorphism
Lo—Ly. Therefore, the size of this subgroup is

Hp: % - Ly1e@Q) = Q|
| Hom(%y, L) |
2tw

~ THom(%,, )1

| B* (L), L) I=

where 2! = 1Ly and w = |Ql. This subgroup will prove to be
useful for classifying factor systems up to equivalence.

Definition 5.1. Two Schreier extensions

O —Ly—Ly—Lr—Q,

V=L y—Ly—)—Q,

are said to be equivalent if there exists an isomorphism
Ls,— Ls, which induces the identity homomorphism on both
Ly and L. In this case, the corresponding factor systems f; and
£, are also called equivalent and we write f, ~f,.

Saying that an isomorphism @ : L5, = Ls, induces the iden-
tity homomorphism on both £y and £y means that, for ev-
ery x € Ly, P € Lo,

d(Q,x) = (Q,x)and (P, x) = (P, x'),

for a suitable x" € Ly. The following result gives a characteri-
zation of equivalent factor systems of Schreier extensions of
Steiner loops.

Lemma 5.2. Two factor systems f,,f, € Exts(Ly, Lg) are
equivalent if and only if they differ by a suitable coboundary §'¢p.
Moreover, the isomorphism between the corresponding loops
realizing the equivalence has the following form:

(P, x)—> (P, x + ¢(P)). (16)

Proof. Let ®: L5 —>Ls, be an isomorphism between the
Steiner loops corresponding, respectively, to the factor systems
f, and f,. Suppose that ® defines an equivalence of extensions.
We have
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®(P,x) = ®((P, Q) o (Q,x))
=0(P, Q) o (Q,X)
=(P,p(P)) ° (Q,x)
=P, x + ¢(P)),

for a suitable function ¢ : Lo— Ly Since ®(Q, Q) = (Q, Q),
the map ¢ sends Q — Q.

Since @ is an isomorphism, on the one hand we have

O((P,x) o (Q,y)=2(PQ,x+y + /(P,Q))
=(PQ,x +y + /i(P, Q) + ¢(PQ)),

on the other hand

P((P,x) o (Q,¥))=2(P,x) o ®(Q,y) = (P, x + ¢(P))

o (Q,y + ¢(Q))
=(PQ,x +¢(P) +y + »(Q) + f,(P, Q).

Hence, f, = f; + &'p.

Conversely, if f, = f; + 8%, then the function ®(P, x) := (P, x +
@ (P)) defines an isomorphism ® : L5 —Ls, which induces the
identity both on £y and Lo. Hence, the factor systems f; and f, are
equivalent. m|

Using the characterization obtained with Lemma 5.2, we find
that the number of nonequivalent extensions of Ly by Lg is

Exts(Ly, Lo)
B*(Lo, Ly)

2tb
© B (Lo, L))

Since IB*(Lq, Lx)! = 2" /IHom(Lq, £,)! and b = =1 this
number is

= 2("5") Hom(Lo, L),
B(Co, L) om{Le, L)

Example 5.2.1. An STS(15) with a Veblen point must be a
Schreier extension of the STS(1) by the STS(7). Let Ly be of order
2 and Q be the STS(7). The number of functions ¢ : Lo — Ly
with ¢ (Q) = Q' is 27, and the order of Hom(Lg, Ly) is 23, hence
IB2(Lg, Ly)! = 2%. Therefore, the number of nonequivalent
Schreier extensions of Ly by Lo is j—: = 8. Actually, we know
that among the resulting 8 Steiner triple systems, we have only 2
isomorphism classes, since the only STS(15)s with Veblen points
are #1 and #2. For this we need a further reduction.

Definition 5.3. Two Schreier extensions
OV— Y y—Ly— L—Q,
O—Ly—Ly—L—Q,

are said to be isomorphic if there is an isomorphism L5 —ZLs,
leaving Ly invariant. In this case, the corresponding factor

systems f; and f, are also called isomorphic and we write

h=h.

By definition, two isomorphic Schreier extensions again give
two isomorphic Steiner loops, and consequently, two isomor-
phic Steiner triple systems. However, it is important to note that
the converse is not always true. But, by definition, if £y coin-
cides with the whole center of the two isomorphic Steiner loops
Ls, (i.e., there are no further Veblen points of S;), the two iso-
morphic loops are necessarily isomorphic extensions. In
Remark 5.1 we settle whether a point (P, x) not in Ly is a
Veblen point.

Remark 5.1. Let the Steiner loop Ls be a Schreier
extension of Ly by Lo with factor system f. A point (P, x)
is a Veblen point of S not in A if and only if P is a Veblen
point of Q and

fP,Q) +f(PQ,R) = f(Q,R) + f (P, QR), 17)

for every Q, R € Q. The condition (17) reflects the centrality of
the element (P, x) in Lgs.

Also, two equivalent extensions are isomorphic as well, but the
converse is not always true. However, reducing up to equiva-
lence is useful to characterize isomorphism of extensions easily,
as we show in Proposition 5.4. For simplicity of notation, if 8 is
an automorphism of £ and f € Exts(Ly, Lo), we denote by fB8
the factor system defined by

(P, Q—f (B(P), B(Q)).

Proposition 5.4. Two factor systems f,,f, € Exts(Ly, Lo)
are isomorphic if and only if

af, ~ 8 (18)
for suitable o € Aut(Ly) and § € Aut(Lg). Moreover, the iso-

morphism between the corresponding loops has, up to equiva-
lence, the following form

(P, x)r—(B(P), a (x)). (19)

Proof. Let ®: L5—>Ls, be an isomorphism between the
Steiner loops corresponding, respectively, to the factor systems
f, and f,, and suppose that ® defines an isomorphism of
extensions. Since ®(Ly) = Ly and of course ®(Lg) = Lg, we
obtain that

d(Q, x) = (Q, a(x)), for every x € Ly, (20)
where a is an automorphism of £y, and
(P, Q") = (B(P), p(P)), forevery P € Lo,

where 8 is a suitable automorphism of Lo and ¢ is a function
Lo — Ly mapping Q — Q. Thus,
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®(P,x) = 2((P, ) o (€, x))
=(BP), @(P)) o (Q,a(x))
=(BP), a(x) + ¢(P)).

If we multiply two elements in Lg,,
(P,x) o (Q,y) = (PQ,x +y + /(P, Q)), (21

the isomorphism & maps the left-hand side of Equation
(21) into

BP), alx) + ¢(P)) o (B(Q), a(y) + ¢(Q)
= BPQ)alx+y) + o) + 9(Q) + L,(B(P), B(Q)))

and the the right-hand side into

BPQ), alx +y) + af, (P, Q) + ¢(PQ)).

Therefore, for every P, Q € Lg, the following holds

LBP), B(Q) = af; (P, Q) + p(PQ) + ¢(P) + ¢(Q).

Hence,
LB =aof, + 8,

that is, f,8 ~ af,. By Lemma 5.2, up to equivalence ® has the
form in Equation (19).

Conversely, if f, 8 ~ af;, the map in (19) defines an isomorphism
of extensions. o

Now we give an example of two isomorphic but not equivalent
Schreier extensions.

Example 5.4.1. Let Ly = {Q,1} be the unique loop of
cardinality 2 and Lg be the Steiner loop corresponding to the
STS(9). We can represent Q as the affine plane AG(3, 2) with
points and lines given by Figure 5.

Pl. P;Q .P3

P& o s L I
[ ° °
Py P Py

FIGURE 5 | STS(9)Q.

Consider the Schreier extension Lg, associated with the factor
system f; such that

LB B) =fi(Py, Py) = fi(B, Py) =1

and f; is zero elsewhere. The automorphism g of £ induced by
the affine map x —» Ax + b of AG(3, 2), with

(1 1\, _ (-1
a=(o1)0=(3)
permutes the points of Q as

B(P) = By, with o = (465)(789).

Consider the Steiner loop Ls, which is the Schreier extension
associated with the factor system f, := f;8, which is clearly
defined by

LB, B) =P, B) =f,(B, B) =1

and is zero elsewhere. By construction, f; and f, are isomorphic,
but they are not equivalent. In fact, by Lemma 5.2, f; and f, are
equivalent if and only if f; + f, = 8, for a suitable function ¢.
If this were the case, then for each triple {P, P, P, = PP} of Q
the following must hold

P(B) + ¢(B) + ¢(Po) = ' (P, B) = (f; + L)(B, B).
(22)

Denoting ¢ (B) with X;, for everyi = 1, ..., 9, from Equation (22)
we obtain the following linear system of twelve equations in the
nine unknowns X; with scalars in the field GF(2).

111000000 0
10010010 o0fX 0
10001000 1% 0
100001010(x 0
01010000 1| x| [
010010010 0
01000110 o]0 (23)
001100010|Xs| [1
00101010 0|X 0
00100100 1|Xs 1
00011100 0fx,]) |0
000000111 0

Since this linear system can be proved to have no solution, such
a function ¢ cannot exist.

By Proposition 5.4, nonequivalent but isomorphic factor sys-
tems fi, f, are characterized by the relation af; = f,8, for suit-
able a € Aut(Ly) and € Aut(Ly). This relation can be
rewritten as

£ =af 7L (24)
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In this way, we can define a left action of the group
Aut(Ly) x Aut(Lg) on the set Exts(Ly, Lo)/B*(Lo, Ly) of
nonequivalent extensions given by

(e, B)(f) = afp~,

whose orbits are the isomorphism classes of all the factor
systems.

Remark 5.2. The isomorphism classes of the factor systems
in Exts(Lyr, Lo) are the orbits of the left action of the group
Aut(Ly) X Aut(Lg) on the set Exts(Ly, Lg)/B*(Lg, Ly) of
nonequivalent extensions given by

(e, B)(f) = afp~".

Indeed, by Proposition 5.4, nonequivalent but isomorphic factor
systems f,,f, are characterized by the relation af, = f,8, for
suitable @ € Aut(Ly) and § € Aut(Ly).

6 | Steiner Operators

In Sections 4 and 5 we explored Schreier extensions of Steiner
loops. In this section, we study a more general way of making
extensions, that is, via a Steiner operator. This concept allows us
to construct, starting from an STS(u) and an STS(w), another
Steiner triple system of order (u + 1)(w + 1) — 1, with one as
normal subsystem (which in this case is not central in general)
and the other as the corresponding quotient.

We recall that a subloop of index two, that is, corresponding to a
projective hyperplane, is always normal. However, by Corol-
lary 4.5, it is not central in non-projective Steiner triple systems.
Also, a subloop of index four is generally not even normal, but
again by Corollary 4.5, if it is, it is not central in non-projective
STSs. However, both cases can be handled with Steiner opera-
tors. As we will see, in the case of a hyperplane, we only need to
specify the diagonal blocks of a Steiner operator, thus, the
problem of classifying STS(v)s containing a projective hyper-
plane is reduced to classifying STS(*=2) s and symmetric Latin

2
squares on ";1 letters with a fixed element in the main diag-

onal. In the case of index four, the diagonal blocks of the Steiner
operator are not sufficient any longer to define the Steiner triple
system, but we only need to fix one block other than the
diagonal ones (see Theorem 6.3).

Definition 6.1. Let £y and Lo be Steiner loops of order
n=u+1 and m =w + 1 with identity elements Q' and Q
respectively, and let LS(Ly/) be the set of n X n Latin squares on
Ly. An operator @ : Lo X Lo—LS(Ly), which maps the

couple (P, Q) into a Latin square ®p g : Ly X Ly—> Ly, is
called a Steiner operator if it fulfills the following conditions:

i. the Latin square ®g g is the (symmetric) multiplication
table of £;

ii. ®gp(y,x) = ®polx,y), that is, ®gp is the transpose of
Dp 5

iii. @p,p(x, x) = QI;

iv. ®p po(x, Ppo(x,¥)) =¥;
for all (P,x),(Q,y) € Lg X Ly

Note that for P = Q and x =y, conditions iii) and iv) lead to
®po(x, Q) = x. (25)

Theorem 6.2. Let Ly and Lg be two Steiner loops of order
u+ 1,w + 1 and with identity elements Q' and Q, respectively.
Let @ : Lo X Lo—>LS(Ly) be a Steiner operator. If we define on
the set Lo X Ly the following operation

(P’ x) ° (Q’ y) = (PQ, CI)P,Q(xs }’)), (26)

we obtain a Steiner loop Ls of order v+ 1 =(u + 1)(w + 1)
with identity Q = (Q, Q'). The subloop

Ly ={(€,x)Ix € Ly}

is a normal subloop of Ls isomorphic to £y, with corresponding
quotient £s /Ly isomorphic to Lg. Conversely, any Steiner loop
with a proper normal subloop is isomorphic to the construction
described above, for a suitable Steiner operator.

Proof. Let Ls be defined by a Steiner operator @ as above. If
(Q,y) and (R,z) are two given elements in Ls, then the
equation

(Q,y) o (P,x) = (R,2)

has a unique solution (P, x), where P = QR and x is the unique
element in £y such that ®g gr(y, X) = z, that is, the column index
of the element z in row y within the Latin square ®g or. By
Equation (25), the element (Q, Q') is the identity of £s. By con-
dition (ii) of Definition 6.1, the operation is commutative, by con-
dition (iii) £s has exponent 2 and condition (iv) is equivalent to
(P,x) o ((P,x) o (Q,y)) =(Q,y), that is, the totally symmetric
property. Thus, Ls is a Steiner loop. By Condition (i), the subloop

Ly ={(Q,x)lx € Ly}

is isomorphic to Ly. For every (Q,¥), (R,z) € Ls, (Q, n) € Ly
the equation

((Q,0)(R,2)) o (Q,n) =(Q,¥) o (R, 2)(P,x)), (27)
that is,
(QR’ (DQ,R(y’ Z)) ° (Q’ n) = (Q’ y) ° (RP’ q)R,P(Z’ x))!

is equivalent to

(QRs q)QR,Q(q)Q,R(y’ Z)y n))
=(Q - RP, @ gp(y, r p(z, X))).

(28)
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Equation (28) implies P = Q, that is, the solution (P,x) of
Equation (27) belongs to Ly which, as a consequence, is
normal. This argument proves the first part of the assertion.

Conversely, consider a Steiner loop L£s with a normal subloop
Ly and corresponding quotient loop Lg. Let 7 : Ls— Lo be
the canonical epimorphism and o: Lo—Ls a section with
o(Ly) = Q and 7o = id . Since for every 7 (X) € Lo it holds
7(X) =n(oc(mx(X))), we have that

X=0cr@X)) - x, (29)

with x € Ly. Since Ly is normal and by using the fact that
oc(m(X))o(x(Y)) and o (7 (X)7 (Y)) are in the same coset, we
obtain that

XY =(c(xnX)) - x)(c@()) - y)=(c@xX)n(Y)))
* D x), 2 () (X, Y)

for a suitable element ®;x)(v)(X,y) of Ly depending on
7(X),7(Y),x and y. Since Ls is a loop, for any
(X)), n(Y) € Lo, Prx).zv)(—,—) defines a Latin square on
Ly. Thus, we can define an operator @ : Lo X Lo—>LS(Ly)
such that @ : (7 (X), 7(Y))—®@,x).z(v)- Up to renaming the
elements of Lg, every X € Ls can be represented by a couple
(P, x) defined as in Equation (29), where P = 7 (X). With this
representation, the operation of Ls is the following:

(P’ x) ° (Q! y) = (PQ’ (I)P,Q(xa )’))

Condition (i) of Definition 6.1 is trivially fulfilled since
x=(Q,x) for every x €& Ly. Condition (ii) holds for
commutativity, condition (iii) comes from the exponent 2, and
condition (iv) reflects the totally symmetric property. m|

In this case Ls is called an extension of £y by Lo, and we say
that the Steiner triple system S is an extension of A/ by Q as well.

Roughly speaking, a Steiner operator ® replaces the entry PQ in
the multiplication table of £y with the Latin square ®p q.

Q
. Q e A
15 P'Q ~ P{ <I>1;,Q

In this way, we obtain the multiplication table of £s by gluing
together all the tables ®p ( and recalling that in the first component
of Ls = Lo X Ly we simply apply the multiplication of L.

Theorem 6.3. Consider an extension

Q> Ly Ly— L—Q,

of Steiner loops with A and Q of order u and w respectively.
The (u + 1)(w + 1) X (u + 1)(w + 1) multiplication table of

TABLE 2 | Multiplication table of L.

Q P Q R
Q @ag ®q.p ®a.0 a.r
P Dp g Dp p Dp Dp
Q  ®0 @o.p 0.0 Po.r
R Pr o D p Dro Dr r

the Steiner loop Ls is completely determined by its w + 1
diagonal symmetric blocks of size (u + 1) X (u + 1), and
additional W blocks.

Proof.  Since the multiplication of Lg is given by

(Pa x) ° (Q»Y) = (PQ$ ‘I’P,Q(X,Y))a

for a suitable Steiner operator @, the multiplication table of Lo is
described by the (w + 1)? tables of size (u + 1) X (u + 1) corre-
sponding to the Latin squares ®p o, with P, Q € L,. Every Latin
square ®p p in the main diagonal uniquely determines the Latin
squares ®g p and Pp . If {P, Q, R} is a triple of 2, then ®p g
uniquely determines ®p r, ®q g, and consequently &g p, Pg p, Pr o
(see Table 2 for a visual representation). Hence, once the blocks on
the main diagonal are fixed, the remaining w(w — 1) blocks can
be determined by specifying just % of them. O

Example 6.3.1. Here we construct an STS(19), denoted with
S, containing a projective hyperplane A’ which must be
isomorphic to the unique STS(9). The corresponding Steiner
loop Ly is a normal subloop Ls of index 2 in the Steiner loop of
order 20. We denote the corresponding quotient loop of order 2 by
Lo = {Q, 1}. For Ly we fix the multiplication given by Table 3.

The Latin square ®i7 is a symmetric table with the identity
element Q' occurring in the main diagonal. We choose, for
instance, ®1 1 to be given by Table 4.

Each of the 45 entries in the upper triangular part of @13
determines a triple of the STS(19). For instance, we can read
from the table that

1,4) o (1,1) =(Q,2), (30)

meaning that {(1, 4), (1, 1), (Q, 2)} is a triple of <. Therefore,
D0 1(2,1) = 4 and ®q 1(2, 4) = 1. In this way we find 45 triples
of ¥, each of which gives two entries in the Latin square &g 1.
Hence, the Latin square ®@g 1 is thoroughly determined as Table 5.

Note that the entries in ®g g, which is the multiplication table
of £, yield the 12 triples of the hyperplane ./", thus we have all
of the 57 triples of the STS(19).
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TABLE 3 | Multiplication table of Ly .

Q 1 2

o)
o)
0 -~
w o
- N W W

[ R T N N
© ® N UL AW N e
T N N - T S
o~ UL O 9 o Q

o O N b~

N W = un1

A N 0 O v (W

A U1 O 9 00 O | &

N W O RN

O = N W A~ U1 &N 0 |
N 0 W H NN R O |\©

—_ N WA
[ )
© B
0

w
[0e)
~
o)

TABLE 4 |

S

S}
[
N

)
)
D
» o
N O U (W

QI

© 0 N O U AW N
W = N 0 O b~ U
= W A~ O 0 N O W
© b~ W H N ©

N 0 O A~ W =

= 0 N A~ |

A O NN W W

A0k 9D uw o olu
[V, I (S TN ) N Wk = O 0| &
R R e R N R T N N R
9 0 v oo o s W o
Q9 o v & o b © = w|w

TABLE5 | g1

N
o

o)
o)

W NN 0 R O |

- TS T T~ N SR I ¥

= Y N TR R TV (Y7

O 00 N O U b~ W N =
wm O F N W R O N
S

w
N
N 0 N =

AN = W A~ s

O NN O wn

— o A O W NN W W!
Q v 9 o w & © 0 o |
W O A O O =N [N
AW VO UL NN R O Q ®
NN o A O W! w = o |

Q
—

The elements of Ls are represented by couples (P,x) in
Lo X Ly and the multiplication table of Ls is given by the four
10 x 10 block matrices ®p .

d
®q

)
1] P11

fo]
o]l
—
2

Ls:

)

In the same way as for Schreier extensions (see Definition 5.1
and Definition 5.3), we can define the concepts of isomorphic
and equivalent extensions in the general case.

If two extensions are equivalent (respectively, isomorphic), we
say that the corresponding Steiner operators are equivalent
(respectively, isomorphic) as well.
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While the concept of equivalent extensions of Steiner triple
systems may seem less intuitive than that of isomorphic ones,
the following theorem proves their natural emergence when
applying a specific class of isotopies to the Latin squares asso-
ciated with Steiner operators. Indeed, Latin squares are studied
up to isotopy, and this highlights, in our opinion, the relevance
of equivalent extensions in this context.

We recall that an isotopy between two Latin squares L; and L,
of the same size is a triple of bijections (3, y,, 75) such that
¥, (L1(i,j)) = Ly(3,.(D), 1, (j)). This means that L, is obtained by
L, with a permutation of rows y;, a permutation of columns y,,
and a permutation of symbols .

We have the following result.

Theorem 6.4. Two Steiner operators ®, ¥ : Lo X Lo — LS(Ly)
are equivalent if and only if there exists a map

Yy Lo — Sym(Ly)
Pr— ¥,

with y, =id, such that, for every P, Q € Lo, the triple of
bijections (7, ¥, ¥po) s an isotopy between the Latin squares
CDP’Q and 1PP’Q.

Proof. Let Ly and Ly be the two equivalent extensions
corresponding to ® and W, respectively, and ¢ : L4 = L4 an

isomorphism realizing the equivalence. Since £, and £, are
fixed pointwise by ¢, we have that, for every P € £,

(P, x) = (P, yp(x)),
where y, € Sym(L;) and yg = id. On the one hand,

P((P,x)(Q,y)) = ¢((PQ, ®po(x,¥)))
= (PQ, Ypo (®p,o(x, ¥))).

On the other hand,
P((P,x)(Q, ) = 9P, x)p(Q,y) = (P, 1 (x))(Q, % (»)
= (PQ, ¥p,o(1p (%), %o (¥))).
Hence,
Yo (Pr,o(x, ) = ¥p,o(1p (), % (1)),

that is, for every P, Q € Lg, the triple (p, %,, ¥po) is an isotopy
between the Latin squares ®p o and ¥p .

On the contrary, suppose there exists a map
v 1 Ly—Sym(Ly), Py, with yg =1id, such that, for every
P, Q € Ly, the triple (¥p, %, ¥»o) is an isotopy between the Latin
squares ®p o and ¥p . Then the map

@ Egl — ‘67’2
(P, x) — (P, p(x)),

is an isomorphism inducing the identity homomorphism on
both £, and £, . Indeed,

P((P,x)(Q, ¥)) = p((PQ, @p,o(x,¥))) = (PQ, ¥po(Pp,o(x, ¥)))
= (PQ, ¥r,o(rp (XD, 1 (1))
=P, x)9(Q,y).
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Endnote

Note that the number ("_lgﬁ is in fact an integer. Indeed, v can be
1,3,7,9(mod 12): ifv =1, §(m0d 12), one betweenv — 1 and v — 3 is
divisible by 12 and the other is even; if v = 7, 9(mod 12), one between
v — 1 and v — 3 is divisible by 4 and the other by 6.

References

1. W. D. Hale, “Quasi-Groups and Loops Associated With Steiner Sys-
tems,” 1952, https://doi.org/10.17863/CAM.11455.

2. R. H. Bruck, A Survey of Binary Systems (Heidelberg: Springer, 1958),
https://books.google.it/books?id=skwfAQAAIAAI.

3. A. Drapal and P. Vojtéchovsky, “Explicit Constructions of Loops With
Commuting Inner Mappings,” European Journal of Combinatorics 29,
no. 6 (2008): 1662-1681, https://doi.org/10.1016/j.€jc.2007.10.001.

4. M. K. Kinyon, J. D. Phillips, and P. Vojtéchovsky, “C-loops: Exten-
sions and Constructions,” Journal of Algebra & Its Applications 6, no. 1
(2007): 1-20.

5. P. T. Nagy and K. Strambach, Loops in Group Theory and Lie Theory
(Berlin, New York: De Gruyter, 2002).

6. O. Chein, English. Quasigroups and Loops: Theory and Applications
(Lemgo: Heldermann Verlag, 1990), 27-93.

7. 0. Chein, H. O. Pflugfelder, and J. D. H. Smith, “Quasigroups and
loops: Theory and Applications,” in Sigma Series in Pure Mathematics
(Berlin: Heldermann Verlag, Lemgo, 1990).

14 of 15

Journal of Combinatorial Designs, 2025

5U80| 7 SUOWWIOD 3A .0 3(deot|dde ays Aq peuleoh a1e S3oNe YO ‘88N 4O Sa|nJ Joj ARG 8UIIUO AB]IM UO (SUOTPUOD-PUe-SWR}/W0D /A8 |1MAreIq 1 jeulUo//Sdiy) SUORIPUOD Pue swiie | 8L 89S *[G202/T0/90] Uo AriqiTauliuo A8|IM elfelieueiyo0D Aq #96TZ POI/Z00T 0T/10p/wod A8 1M Atelq1jeul|uoj/Sdny woiy pepeo|umoq ‘0 ‘0T9902ST


https://doi.org/10.17863/CAM.11455
https://books.google.it/books?id=skwfAQAAIAAJ
https://doi.org/10.1016/j.ejc.2007.10.001

8. A. Dharwadker and J. D. H. Smith, “Split Extensions and Repre-
sentations of Moufang loops,” Communications in Algebra 2311 (1995):
4245-4255, https://doi.org/10.1080/00927879508825461.

9. H. Kiechle and G. P. Nagy, “On the Extension of Involutorial Bol
loops,” Abhandlungen Aus Dem Mathematischen Seminar Der Universitit
Hamburg 72 (2002): 235-250, https://doi.org/10.1007/BF02941674.

10. S. Eilenberg and S. MacLane, “Algebraic Cohomology Groups and
Loops,” Duke Mathematical Journal 14 (1947): 435-463, https://doi.org/
10.1215/S0012-7094-47-01437-3.

11. K. W. Johnson and C. R. Leedham-Green, “Loop Cohomology,”
Czechoslovak Mathematical Journal 40 (1990): 182-194.

12. M. Galici and G. P. Nagy. “An Extension Formula for Right Bol Loops
Arising From Bol Reflections,” Communications in Algebra 52, no. 12
(2024): 51505164, https://doi.org/10.1080/00927872.2024.2367161.

13. G. Filippone and M. Galici, “On the Number of Small Steiner Triple
Systems With Veblen Points,” Discrete Mathematics 3481 (2025):
114294, https://doi.org/10.1016/j.disc.2024.114294.

14. C. J. Colbourn and A. Rosa, Triple Systems: Oxford Mathematical
Monographs (Oxford: Clarendon Press, 1999), https://books.google.it/
books?id=brpLTq_NMRUC.

15. L. Teirlinck, “On Projective and Affine Hyperplanes,” Journal of
Combinatorial Theory, Series A 28 (1980): 290-306, https://doi.org/10.
1016/0097-3165(80)90072-2.

16.J. Doyen, X. Hubaut, and M. Vandensavel, “Ranks of Incidence
Matrices of Steiner Triple Systems,” Mathematische Zeitschrift 163
(1978): 251-259.

17.C. J. Colbourn and J. H. Dinitz, “Handbook of Combinatorial
Designs,” in Discrete Mathematics and Its Applications (Paris: Taylor &
Francis, 2006).

18. H. O. Pflugfelder, “Quasigroups and Loops: Introduction,” in Sigma
Series in Pure Mathematics Lemgo: Heldermann, 1990), https://books.
google.hu/books?id=MQbvAAAAMAALJ.

19. R. W. Quackenbush, “Varieties of Steiner loops and Steiner qua-
sigroups,” Canadian Journal of Mathematics 28 (1976): 1187-1198,
https://doi.org/10.4153/CIM-1976-118-1.

20. K. Strambach and 1. Stuhl, “Translation Groups of Steiner loops,”
Discrete Mathematics 309 (2009): 4225-4227, https://doi.org/10.1016/j.
disc.2008.12.019.

21. C. J. Colbourn, M. MerliniGiuliani, A. Rosa, and I. Stuhl, “Steiner
Loops Satisfying Moufang's Theorem,” Australasian Journal of
Combinatorics 63 (2015): 170-181, https://ajc.maths.uq.edu.au//pdf/
63/ajc_v63_p170.pdf.

22. A. Grishkov, D. Rasskazova, M. Rasskazova, and I. Stuhl, “Nilpotent
Steiner Loops of Class 2,” Communications in Algebra 46 (2018): 5480-
5486, https://doi.org/10.1080/00927872.2018.1470243.

23. K. Strambach and I. Stuhl, “Oriented Steiner loops,” Beitrtge Zur
Algebra und Geometrie 54 (2013): 131-145, https://doi.org/10.1007/
$13366-012-0119-1.

24.J. W. DiPaola, “When Is a Totally Symmetric Loop a Group?,”
American Mathematical Monthly 76 (1969): 249-252, https://doi.org/10.
2307/2316364.

25. M. Buratti and A. Naki¢, “Super-Regular Steiner 2-Designs,” Finite
Fields and Their Applications 85 (2023): 29, https://doi.org/10.1016/j.ffa.
2022.102116.

26. G. Falcone, A Figula, and C. Hannusch, “Steiner Loops of Affine
Type,” Results in Mathematics 75 (2020): 24, https://doi.org/10.1007/
$00025-020-01273-6.

27.0 Veblen and J. Young, Projective Geometry (New York-Toronto-
London: Blaisdell Publishing Company, 1965).

28.P. T. Nagy and K. Strambach, “Schreier Loops,” Czechoslovak
Mathematical Journal 58 (2008): 759-786, https://doi.org/10.1007/
$10587-008-0050-7.

29. R. H. Bruck, “Contributions to the Theory of Loops,” Transactions of
the American Mathematical Society 60 (1946): 245-354, http://www.
jstor.org/stable/1990147.

15 of 15

5U80| 7 SUOWWIOD 3A .0 3(deot|dde ays Aq peuleoh a1e S3oNe YO ‘88N 4O Sa|nJ Joj ARG 8UIIUO AB]IM UO (SUOTPUOD-PUe-SWR}/W0D /A8 |1MAreIq 1 jeulUo//Sdiy) SUORIPUOD Pue swiie | 8L 89S *[G202/T0/90] Uo AriqiTauliuo A8|IM elfelieueiyo0D Aq #96TZ POI/Z00T 0T/10p/wod A8 1M Atelq1jeul|uoj/Sdny woiy pepeo|umoq ‘0 ‘0T9902ST


https://doi.org/10.1080/00927879508825461
https://doi.org/10.1007/BF02941674
https://doi.org/10.1215/S0012-7094-47-01437-3
https://doi.org/10.1215/S0012-7094-47-01437-3
https://doi.org/10.1080/00927872.2024.2367161
https://doi.org/10.1016/j.disc.2024.114294
https://books.google.it/books?id=brpLTq_NMRUC
https://books.google.it/books?id=brpLTq_NMRUC
https://doi.org/10.1016/0097-3165(80)90072-2
https://doi.org/10.1016/0097-3165(80)90072-2
https://books.google.hu/books?id=MQbvAAAAMAAJ
https://books.google.hu/books?id=MQbvAAAAMAAJ
https://doi.org/10.4153/CJM-1976-118-1
https://doi.org/10.1016/j.disc.2008.12.019
https://doi.org/10.1016/j.disc.2008.12.019
https://ajc.maths.uq.edu.au//pdf/63/ajc_v63_p170.pdf
https://ajc.maths.uq.edu.au//pdf/63/ajc_v63_p170.pdf
https://doi.org/10.1080/00927872.2018.1470243
https://doi.org/10.1007/s13366-012-0119-1
https://doi.org/10.1007/s13366-012-0119-1
https://doi.org/10.2307/2316364
https://doi.org/10.2307/2316364
https://doi.org/10.1016/j.ffa.2022.102116
https://doi.org/10.1016/j.ffa.2022.102116
https://doi.org/10.1007/s00025-020-01273-6
https://doi.org/10.1007/s00025-020-01273-6
https://doi.org/10.1007/s10587-008-0050-7
https://doi.org/10.1007/s10587-008-0050-7
http://www.jstor.org/stable/1990147
http://www.jstor.org/stable/1990147

	Extensions of Steiner Triple Systems
	1 Introduction
	2 General Facts
	3 Steiner Loops
	4 Schreier Extensions of Steiner Loops
	5 Equivalent and Isomorphic Extensions
	6 Steiner Operators
	Acknowledgments
	Conflicts of Interest
	Data Availability Statement
	Endnote
	References




