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ARTICLE INFO ABSTRACT
Keywords: Ladder operators are useful, if not essential, in the analysis of some given physical system since
Ladder operators they can be used to find easily eigenvalues and eigenvectors of its Hamiltonian. In this paper

Bi-coherent states
Quons
Generalized Heisenberg algebra

we extend our previous results on abstract ladder operators considering in many details what
happens if the Hamiltonian of the system is not self-adjoint. Among other results, we give an
existence criterion for coherent states constructed as eigenstates of our lowering operators. In
the second part of the paper we discuss two different examples of our framework: pseudo-quons
and a deformed generalized Heisenberg algebra. Incidentally, and interestingly enough, we show
that pseudo-quons can be used to diagonalize an oscillator-like Hamiltonian written in terms
of (non self-adjoint) position and momentum operators which obey a deformed commutation
rule of the kind often considered in minimal length quantum mechanics.

1. Introduction

In quantum mechanics one of the essential steps to be undertaken is to find eigenvalues and eigenstates of the Hamiltonian H
of the physical system one needs to describe, S. There are several reasons for this. The first reason is that eigenstates represent the
stationary states of S, i.e. those states which, if S is prepared in one of them, maintain S unchanged during its time evolution, if no
further (external) action occurs. The second is that the eigenvalues represent the only energy values allowed for S. The third is that
the set of the eigenstates is, quite often, a basis for H, the Hilbert space where S is defined. It is clear, then, that eigenvalues and
eigenstates of H are quite important when dealing with S. For this reason, since the birth of quantum mechanics, different strategies
have been proposed to find new solvable Hamiltonians: interwining operators, [1-3], supersymmetric quantum mechanics, [4,5],
are just two of them. Another well-known strategy makes use of ladder operators, like those appearing in the harmonic oscillator or,
in second quantization and in elementary particles, to deal with bosons and with fermions. There are thousands of books and papers
dealing with bosonic and with fermionic operators, and here we only refer to [6]. Ladder operators also exist in other contexts, like
in many models driven by non self-adjoint Hamiltonians, see [7-10]. In these cases, the point is often that the lowering and the
raising operators are not one the adjoint of the other. This creates a lot of freedom, but also many additional, and maybe unexpected,
mathematical difficulties. This is possibly the reason why this line of research has become so popular and active in the past few
decades, and not only among physicists.

Some years ago, Fernandez started to set up an algebraic treatment of different quadratic Hamiltonians, not necessarily self-
adjoint, [11-13], based on the possibility that, given some Hamiltonian H, one can find an operator Z such that [H,Z] = 1Z.
When this happens, many interesting results can be deduced. In particular, Z turns out to be a ladder operator, and its powers,
acting on some seed eigenstate of H, ¢, produces other eigenvectors of H, corresponding to different eigenvalues.
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In a recent paper, [14], we have extended Fernandez’s results in several ways. In particular, we have considered some classes
of abstract ladder operators (ALOs) useful in different situations, and connected with different Hamiltonians, self-adjoint or not. For
each ALO we have shown how to construct eigenvalues and eigenvectors of the related Hamiltonian, and we have proposed some
examples arising from pseudo-bosons in one or two dimensions, from quons and from generalized Heisenberg algebra. In particular,
we have considered the following situations, all living on a certain Hilbert space H, with scalar product (.,.), and with related norm

-1I'= V(o)

1. H, is a self-adjoint operator acting on H, and Z is a second operator on H satisfying the equality
[Hy, Z] = AZ, 1.1)

for some A € R. This is essentially Fernandez’s case, [11-13].
2. H, is again self-adjoint, H, = Hg , and Z obeys the following commutation rule:

[Hy, Z1=12(2%, Z), 1.2)

for some real number 4. This is what happens, in particular, if H; is factorizable in terms of Z and Z7, as in Hy = 1ZZ".
3. H # H' now, and we have a set of operators Z,j=12..,N such that:

[H,Zj]z/ljzj, (13)
1, €C, for j =1,2,..., N. This extends (1.1) to several ALOs and to the case of non self-adjoint H.

What is clearly missing, in this list, is the case of (1.2) for an Hamiltonian which is not self-adjoint, H # H'. Indeed, this
situation was not considered in [14]. In this paper we fill the gap, by considering this particular situation, also in view of its
possible applications to the interesting case of pseudo-quons, [15], and of a particular form of deformed generalized Heisenberg
algebra, [16]. We will also show how and when it is possible to introduce bi-coherent states in the present settings, [9], which is a
classical problem to consider in presence of annihilation operators of any kind, [17-22].

The paper is organized as follows:

In the next section we will extend formula (1.2) to an Hamiltonian H which is not self-adjoint. We will show that, under some
mild assumptions, it is still possible to define ladder operators for H and for H, and that these operators can be used to construct
two families of biorthonormal vectors which are respectively eigenstates of H and of H'. We will also derive the expression of their
eigenvalues.

In Section 3 we show how to use these families to construct bi-coherent states of the kind considered in [9], and we give
conditions for this to be possible.

In Section 4 we describe a first class of examples fitting the general construction of our ALOs. This class is based on pseudo-
quons, [15], which are operators obeying a deformed version of the canonical commutation and anti-commutation relations (CCR
and CAR) which depends on a parameter ¢, usually taken in the interval [—1, 1]. Here we will show that ¢ needs not to be in this
range, or even to be real. In this perspective our results for quons will be rather general and new, with respect to those existing in
the literature so far. We will also connect our pseudo-quons with a special version of the quantum harmonic oscillator, for system
with minimal length, and show how these pseudo-quons can be used to diagonalize the (non self-adjoint) Hamiltonian of the system.

Section 5 contains another class of examples of ALOs, arising from what has been called deformed generalized Heisenberg algebra,
(DGHA), in [16].

Our conclusions are given in Section 6, while a short Appendix is included in the paper to clarify some algebraic aspects of our
ALOs, particular useful when these are unbounded operators. A second Appendix concerning graphene is also given as an example
of a physical Hamiltonian not bounded from below.

2. Extending (1.2) to H # H

In this section we focus on the possibility of merging the results deduced in [14] from (1.2) and (1.3). It will not be a surprise
to see that this is not so trivial, and requires some effort.

In the following we will deal, most of the time, with three operators H, T and .S. We will always assume to be in one of the
following conditions:

(c1) H, T and S belong to the *-algebra £f(D), for some suitable D, see Appendix A.
(c2) it exists a subspace D C H, dense in H, which is stable under the action of H, T and S and their adjoints.

In both these conditions, we can work with combinations of these operators, their adjoints, and their powers. For instance,
[H,T] = HT — TH makes sense as an element of £(D), or simply because when it acts on a vectors f € D we get another
element of D, just because HT f = H(T f) € D and TH f = T(H f) € D. Of course, this is not an issue if, say T and H are bounded,
since they are defined in (or be extended to) the whole H.!

1 As an example of what is meant here that D is stable under the action of some given operators, we could consider ¢ = - (x + %), =L (x - i) and

V2 V2 dx
H = c'x, as for the (shifted) quantum harmonic oscillator. In this case the set S(R) of the test functions (C* functions, decaying to zero, together with all its
derivatives, faster than any inverse power of x) is stable under the action of each of these operators: c¢f(x) € SR), ¢’ f(x) € S(R) and H f(x) € S(R) for all
f(x) € S(R). Similar stability can be found in other, and also quite different, situations.
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Definition 1. Let A € C be a given complex number. We say that (H,T,S) € R, if
[H,S]=AS[T, S]. 2.1

It is clear that (2.1) extends (1.2), in the sense that (2.1) reduces to (1.2) if H = H' and if T = S*. In general, in our present
settings, there is no reason a priori to require that 4 is real. As in [14] we will call 7, S, and their adjoints, ALOs.
We have that:

Proposition 2. The following statemes are all equivalent:

(D) [H,S]=ASIT,S};

(p2) [H,S"]= ASI[T,S"], Vn > 0;

(®3) [H, st =TT, s115%;

(¥ [HT, (ST =27, (STY1ST, vn > 0.

Proof. We only check that from (pl) follows (p2), using induction on n. The other statements can be proved easily.
First we notice that (p2) for n = 0 is trivial, while for n = 1 (p2) is simply condition (p1). Now, if we suppose that [H,.S"] =
AS[T, S"] is true for a fixed n, assuming also (pl), we have
[H, S"“] =[H,S"1S + S"[H,S] = AS[T, S"]S + AS"(S[T, S]) =
=AS([T,S"1S + S"[T,S) = AS[T,S"H],

which is what we had to prove. [

From now on we will assume that the lowest (in modulus, if needed) eigenvalue of H is zero. This is not always a major constraint.
In fact, if this is not the case for the given H’, meaning that H'® = a®, 0 < |a| < oo, we can still consider H = H’ — «1, and
H® = 0 = 00, so that @ is an eigenstate on H with eigenvalue zero. Moreover, if (H',T,.S) € R,, then (H,T,S) € R, as well,
since [H,T]=[H',T] = AS[T, S].

Remark. It might be interesting to stress that such a shift does not always allow to recover what needed here, and in particular that
a ground state exists with eigenvalue zero. This is not possible, when H’ is not bounded from below (and from above, of course).
This is the case, for instance, of Graphene, see [23] and Appendix 2, but not only, see [24] for a particle on a circle.

A second assumption on H is that it has all eigenvalues with multiplicity one. Also, we will ask the following:

[H,[T,S11=0. (2.2)
Remark. We should mention that these conditions are satisfied in many situations. For instance, if .S and T are pseudo-bosons, then
[T, S] =1, and this commutes with H, of course. Also, if T = a, S = b and H = ba, where [a, b], = ab — gba are pseudo-quons, [15],
(2.2) is satisfied. We will return on this particular example in Section 4. Also, Theorem 3 below describes a general case in which

(2.2) is automatically satisfied. As for the multiplicity of the eigenvalues, we refer to Sections 4 and 5 for two large class of examples,
where this request is satisfied.

To fix our settings, from now on we will work under the assumption (c2) given at the beginning of this section. We have the

following:

Theorem 3. Let (H,S,T) € R;, and let us assume that (2.2) holds and that all the eigenvalues of H are non degenerate. Suppose further
that a non zero ¢, € D exists such that H, = 0. Then, calling

@, = 5", (2.3)
n 2 0, and assuming they are all non zero, we put F,, = {¢@,,, Yn > 0}. Hence we have

_ (onIT.Slp)

(T, Sle, = 1y @y, Hy T 2.9
llo,ll
and
Ho, =E,0, (2.5
where
n—1
Ey=0, E,=E, +My, =4 m, n>1L (2.6)
k=0

Proof. First of all, we observe that (2.4) is a simple consequence of (2.2), and of the fact that all the eigenvalues of H are non
degenerate. Hence [T, Slg,, if it is not zero, must be an eigenvector of H with eigenvalue E, and, therefore, [T, S]l¢p, must be
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proportional to ¢,. We call y, this proportionality constant.? Now, taking the scalar product of this equality with ¢,, and using the
fact that ¢, # 0, we conclude the proof of (2.4).

As for (2.5) and (2.6), we use induction on n, starting with n = 0, which is obviously true.

Let us now assume that (2.5) and (2.6) hold for some given n. We want to prove that the same formulas hold if we replace n
with n + 1. For that we write

Ho, .1 =HSp,=(H,S1+SH)p, = (AS[T,S1+ SH)p, = (Au, + E)So,,
which is exactly formula (2.5) with E,; = E, + Ay,, as in (2.6). [
Remark. First we observe that the stability of D under the action of, say, .S, implies that ¢, € D for all n > 0. But D is also stable
under the action of H and T, and their adjoints, so that [S, H] : D — D. In principle it could happen that, for some given n; € N,

S"0¢, # 0 while S"0+!¢p, = 0. In this case, we could still set up a strategy similar to the one we will describe here, but with some
changes. However, we will not consider this case here, focusing only on the case in which each ¢, in (2.3) is different from zero.

Due to the fact that H # HT, it is natural to ask if the same results above, or similar, can be restated for H'. This indeed can
be done if we work under the assumptions of Theorem 3, and if we further assume that 7,, is a basis for 7{. In this case, in fact, an
unique other basis of H, F,, = {y,, n > 0}, exists which is biorthonormal to F,:

(P> Win) = Syms 2.7)

for all possible n and m. We refer to [25,26] for this result. In particular, any f € H can be expanded as follows:
[ = A0 Y00 = D W ) @ (2.8)
n=0 n=0

What is also quite relevant for us is that, using the completeness of 7, it is possible to prove, using standard ideas, see e.g. [9],
that

H'y, = E,v,. (2.9)
and
STy, =0, STy, =y,_;, n>1 (2.10)

Hence we see that, while S acts as a raising operator for 7, its adjoint, ST, behaves as a lowering operator on F,- We also observe
that the eigenvalues of HY, as those of H, are non degenerate. These results are similar to others we have deduced in different
situations, again in presence of some non self-adjoint Hamiltonian. As for Eq. (2.4), we can prove the following:

Lemma 4. The equations in (2.4) are equivalent to

(7%, SNy, = ~m,w,, (2.11)

for all n > 0.

Proof. Let us take n,m > 0, and let us consider

(T, S W @) = =W [T S10) = =ty (Wos @) = —fi By =
= — Uy Wy @) = —(Hy W> P>

where we have used (2.4). Now, for each fixed n, we have, (T, S] - u,)w,, ¢,,) = 0, Y¥m > 0. Formula (2.11) follows then from
the completeness of ,. [

Incidentally we observe that, comparing (2.4) and (2.11), we have the following identity:

(@, [T, S10,) = (W, [T, STP,), (2.12)

Vn # 0. Here ¢, = ﬁ,amd W, = 2o

Going now back to Propositionwi we observe that all the commutators considered there in the left-hand sides involve H, S,
and their adjoints. The operator T, in any of its forms, only appears in the right-hand sides of (pl) — (p4). Hence, it is interesting
to consider commutators like [H,T], [H',T'], and so on. This is also because, if H can be factorized as H = AST, then the fact
that (pl) is satisfied is trivial. But, in the very same way, we also deduce that [H,T] = A[S,T]T, and [H',T1] = AT[ST, T']. This
suggests to refine Definition 1 as follows:

2 It might be that [T, S]p, = 0. In this case, again [T, S]p, is proportional to ¢,, with u, = 0. Again, (2.4) is satisfied, but it is less interesting. We will
assume all throughout this paper u, # 0 for all n > 0.
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Definition 5. A triple (H,T,S) € R, is in R(;) if
[H,T]=ALS,TIT. (2.13)
Here the suffix (s) stands for strong. It follows that (H,T,.S) € R(;) if and only if, for instance,
(HY, ST =277, 878", and  [HT, 7T =277[sT,T7]. (2.14)

We will now show that, if Definition 5 is satisfied, T™ acts as a raising operator for F,,, while its adjoint T acts as a lowering operator
for F,,. More explicitly we will now show that a sequence of complex numbers {y,} can be found such that

T, = VWit (2.15)
n >0, and
Tey=0, T@,=V_1Py_1, n21 (2.16)

To prove (2.15) we first observe that TTHW/,, = E_,,T*y/n, because of (2.9). Also, because of (2.14) and of (2.11), we have
(H Ty, = AT S, T ly, = A7 (y,) = 21, (T w,).
Hence we have, using (2.6),
H' (T'y,) = (H". T 1+ T'H" )y, = E,,, Ty,

This means that Ty, is an eigenstate of the non-degenerate eigenvalue of HT, m, so that it must be proportional to v, , as in
(2.15).

As for (2.16), this can be proved with a similar technique as in Lemma 4, using the completeness of F,,.

From the ladder equations deduced so far we also find that

STy =Vn1®ns TSSOy =VaPns (2.17)
and

STy, =y, T'S'y, =7,00, (2.18)
n > 0, with the agreement that y_; = 0. Of course these results are coherent with (2.2), and with the analogous for the adjoint

operators. In fact we find easily that

[H,ST1=[H,TS]=[H",S'T1=[H",T'5T1=0 (2.19)
Moreover, we deduce that

[S.T10, = Vot = 70) @0 (ST T, = (va = Vast) We (2.20)

which can be rewritten, in a bra-ket language, as

(S.T1= ), (T = 7) o)l 1S TT1= Y (= vaet) W)@ (2.21)
n=0 n=0

If y,~7,-1 = I', independent of n, then we conclude that, since F,, and 7, are biorthogonal bases, [S,T] = -T1,and [ST,TT]=T1.
3. Introducing bi-coherent states for our ALOs

So far, we have no particular reason to fix {y,}: this is just a complex-valued sequence arising from our discussion above, see
(2.15). In what follows we will show how the various y,’s must be chosen in order to introduce (well-defined) vectors in H which
are eigenstates of the lowering operators T and S* considered in our settings. In other words, we would like to construct, following
the same general procedure proposed in [9], two vectors ¢(z),y(z) € H, z € £, such that

To() =z20().  S'y(2) = z2w(2). 3.1
Here £ is some sufficiently large subset of C, to be identified. As usual, we look for solutions of (3.1) of the following type:
P(2) = Ny(2) Y, ,2"0,,  w(z) =N, (2) Y b,2"v, (3.2)
n=0

n=0

where N,(z) and N, (z) are some z-dependent normalization for the states, while {a,} and {f,} are complex-valued sequences to
be fixed.
Using (2.16) with simple computations we find that

To(z)=z <N(,,(Z) > an+|ﬁz"¢n> ;

n=0
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which is equal to z¢(z) if the following relation is satisfied Vn > 0:

an-HE: ay,. (33)

If y, = 0, then (3.3) implies that «; = 0. Moreover, from (2.16) we deduce that T¢, = Tp, = 0, while from (2.15) we find also that
T"'y/o = 0, which should be added to the annihilation rule in (2.10), S"'n//o = 0. These two facts are unusual (7" has two vacua, and
v, is annihilated by two, in general different, operators, T and S7). To avoid these situations, which however could have some
interest and could be considered anyhow,? we suppose that y, # 0 for all » > 0. When this is the case, we deduce that

)
a, = s (3.4)
Yn—-1 !
Vn > 1. Here we have defined y;! = yy7; -+ 74, k > 1. In the rest of the paper we will define y_;! = 1, and we take o, = 1. This is not

restrictive, since the normalization of ¢(z) is still to be fixed in some way by N,,(z). Summarizing we get

@(2) = N, (2) Z

nOynl

for all z € &, still to be identified.
In a similar way, from STy (z) = zy/(z), we find the following expression for y(z):

(ﬂn, (3.5)

w(2)=N, ()Y "y, (3.6)
n=0
since we can deduce that §, = §; = §, = -+, in (3.2), and we are fixing §, = 1. Once we have found these formal expressions for ¢(z)

and y(z) we want to make these formulas rigorous. More explicitly, we want to find conditions for the above series to converge
in some region of C. We proceed as in [9], and references therein, giving a (rather mild) sufficient condition which ensures tha
convergence of the series in (3.5) and (B.6). For that we assume that four positive constant exist, Aps Ay sy and two strictly
positive sequences { M, (¢)} and {M,(y)}, such that

m @ e tim 2 ), 3.7)
noo M, (@) meo M, 1 (w)

with M(¢) > 0 and M(y) > 0 satisfying the following inequalities:
loall < ApruM, (@), llw,ll < A, r, M, (w), (3.8)
Vn. Then we have

n()ynl

(rlz)"
||¢n||_ ¢Z |(:_1!| M, (@),

Z

which is a power series in (r,|z|). Calling y = lim, |y,|, we can easily check that the series converge whenever |z| < w, which
[

M (u/)

could be all of C if M(p) = o or y = co. Similarly, the series Z ~o 2w, converges when |z| < . To conclude that ¢(z) and w(z)

are well defined (in the common region of C in which both bounds on z are satisfied), we need to understand how N, (z) and N, (z)
must be defined. As usual, [9], we require that ¢(z) and w(z) satisfy a sort of mutual normalization:

1= (@(2),y(2) = Ny(2) N, (2) Z (%w) = N,(2) N, () T (2),
k=0 net!

where we have introduced

0 |z|2n
r@=y -, (3.9)

n=0 Yn-1-

which converges if |z| < \/7 Of course, for all those z satisfying this inequality and for which I'(z) # 0, we conclude that

N, N, (2) = ﬁ (3.10)

Remark. We should stress once more that, since y, is not necessarily real, I'(z) is not necessarily a real function, even if it only
depends on |z| (or, to be even more explicit, on |z|?).

We are now in a position to describe what £ must be: indeed we have € = C,(0), the circle centered in the origin and of radius
p, Where

M@) M
p=min{yr(¢), r(u’)’\/;}'

4 v

3 However, we will not do it here.
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Now, taken f,g € H, we have

2"z"
I'(z)’

/ Az D) (fL () e(),8) = ), L(ﬁ%)((ﬂm,g)/ dv(z,2)
C,(0) C,(0)

n,m=0 Vp—1 !

If we now put dv(z,z) = I['(z)dA(r)d6, r € [0,p[ and 6 € [0,2z[, and we integrate out the angular part, we conclude that

i P
[ avcn e =2 Y == o [ aior -
c,0 = 0

= Y f v )@ 8) = (f.8),
n=0

since 7, and F,, are biorthogonal bases. However, this is possible only if we can find a generalized measure d A(r) such that

14 1 —
/ darrt" = —y,_!,
0 2r

Vn > 0. In particular, this implies that fo" dA(r) = 0. This already clarify that d A(r) cannot be a measure in the usual sense. This is
also clear since the integral /0” dA(r)r?", for n > 1, can give complex results.

Summarizing, dv(z,z) must be chosen properly, and there is no general reason ensuring that this can be done. Hence, resolution
of the identity for the bi-coherent states is an open problem, while their proper definition, and the fact that they are eigenstates of
T and S7, is granted for all z € C,(0).

4. Pseudo-quons

In this section we will discuss a concrete example fitting well what we have discussed in Section 2. This example is based on
pseudo-quons, [9,15], but in a slightly revised version, where the g-parameter, usually restricted in the real range [—1, 1], can assume
complex values as well. This possibility, in our knowledge, was not considered in the literature before, and open new possibilities.

More explicitly, ordinary quons arise from an operator ¢ which, together with its adjoint ¢, satisfies the following g-mutator
rule: cc™ — gcfe = 1, [27,28]. This implies, taking the adjoint of both members of this equation, that cc’ —gcfc = 1 as well, so that
(g — q)c'c = 0, which is possible only if g € R.

As in [9,15], we rather consider a deformed version of the g-mutator:

la,b], = ab—gba =1, (4.1)

where a is, in general, different from b'. As already discussed in Section 2, see also [15], formula (4.1) should be understood in
general in the sense of unbounded operators. This means that we should have either a common dense domain of H, D, stable
under the action of a, b, and their adjoints, or an algebraic settings where these operators naturally live, as the *-algebra £(D), see
Appendix A. We work here in one of these conditions.

It is interesting to notice that, going from quons to pseudo-quons, allows us to deal also with complex values of ¢. This is what we
will do in the first part of this section. More explicitly, we will deduce some results arising from (4.1) under the general assumption
that ¢ € C. To do this, we will follow essentially the same ideas described in [15]. In fact, most of what we are going to show here
is a simple extension of the results in [15].

We first assume that two non zero vectors @, ¥, exist in D such that

a®, = b, =0. (4.2)
Next we define
&, =a,b®, =a,!b"d,, and ¥, =p,d"¥,_, =pd"¥, (4.3)

for n > 1, and the sets Fp = {®,, n > 0} and Fy = {¥,, n > 0}. We have introduced here «,! = a;a, -+ a, and ,! = g, 4, --- B,, for all
n > 1. This is slightly different from what we have done in (3.4), where the factorial included also y,. Notice that these quantities
could be complex, in principle. We further put «,! = y,! = 1. We introduce

1=g"
ml,=1+q+q¢*++q"" = ﬁ, (4.4)

with the agreement that [0l,=0 (which, by the way, is what we get from the right-hand side of this formula). Then, putting N = ba,
we can check that

No, =[nl,®,  N'¥, =[n,?, (4.5)
for all n > 0. The proof is similar to that in [15] and will not be given here. A standard consequence of (4.5) is that
W,.D,,)=0, Vn # m. (4.6)

This is because, if g # 1, [nl, = [m], if and only if n = m. Formula (4.6) can be refined requiring first that the two vacua ¥, and @,
satisfy the following:

(W, @) = 1. (4.7)
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If we further assume that

Bty [nl, =1, (4.8)
for all n > 1, we conclude that

(F @) = Sy s (4.9)

Vn,m > 0. Of course, due to (4.6), we only have to prove that (¥,,®,) = 1 for all n > 0. This is true (by construction) for n = 0.
Now, let us assume that (¥,,®,) =1 for a fixed n. Then we have

<qln+l’<bn+l> = ﬂn+1 an+1<a+q/n’ b¢n> = ﬂn+1 an+l<qln’ ab¢n> = ﬂn+1 an+l<qln’ (1 + qN) (Dn>'
Now, using (4.5) and the induction assumption, we have
<qln+l’d)n+l> = ﬂn+1 Xy (1 + Q[n]q) = ﬂ?’l+l (] [l’l + l]q,

so that from (4.8) we conclude that (¥,,,,®,,;) = 1, as we had to prove. Hence we conclude that 7, and Fy are biorthonormal
sets. It is a simple exercise to prove further that

ad, =0, a®,=a,[n,®,_;, nx1

b, = Lo, >0

o — " (4.10)
b'¥, =0, b'¥, =vy,[nl, ¥, nx1

i 1

a Tnzmwr&l’ n>0.

Notice that (4.5) can also be deduced from these ladder equations. As in [9] we could assume, if needed,* that 7, and F, are
G-quasi bases:

(f.8)= DAL @) (W, 8) = D Af- W) (D0 8), (4.11)

Vf,g € G, a suitable dense subspace of H. In [9,10] it is widely discussed the consequences of this property, which generalizes the
Parceval identity for orthonormal bases, and many concrete physical systems which admit G-quasi bases of eigenvectors of some
Hamiltonian are discussed. For completeness, we give here an example of how the operators a and b look like in concrete cases,
referring to [15] for more details (including the spaces where these operators act, and so on):

e—2iax _ em%e—ia(x+}/) e2iax _ eia(x—y)eia%
a= , b= s (4.12)
—iV1 =2 iV1—e2?
for real y # 0. For y = 0 these operators return a pair (c,c’) of ordinary quons, [29]. We recall that, in (4.12), ¢ = e=2 where

a € [0, ), so that g € ]0, 1].
4.1. Pseudo-quons in a deformed oscillator, and their role for ALOs

In this section we use the operators a and b in (4.1) to construct, first, a quantum oscillator-like non self-adjoint Hamiltonian H
written in terms of two (again, non self-adjoint) operators which extend the position and the momentum operators, but which obey
non standard commutation relations, of the kind we can find in [30-32] and, more recently, in [33]. One interesting aspect of our
construction is that, because of what we have seen before in Section 4, we will be able to find eigenvalues and eigenvectors of H
and H'. Secondly we will show how a, b, H and H' fit the abstract settings of Section 2.

First of all we use ¢ and b in (4.1) to define two operators x and p as follows:

x =a(b+ a), p=ipb-a), (4.13)
where « and g are, in general, complex quantities. Recalling that N = ba we can rewrite
[x, p] = 2iapla, b] = 2iaf (1 + (g — 1)N). (4.14)

Now, since a = ﬂ"%’;’p and b= ﬂ"T;’” we have

N = 40;/?2 (ﬂ2x2 + a?p? +iaflx, pl),
which, when replaced in the right-hand side of (4.14), returns the following commutator between x and p:
diap i(g—1)

[x,p] = (B°x* +a?p?). (4.15)

qg+1 af(g+1)
This formula, of course, makes sense if ¢ # —1. Going back to (4.1) this means that we cannot include fermions in our analysis here.
Incidentally we observe that, if ¢ = 1 (i.e. for ordinary bosons), we go back to the well known commutation rule [x, p] = i1l if we

4 Of course, this should be checked in concrete situations, since it is not automatic.
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fix, as for ordinary bosons, a = § = L in (4.13). We refer to [30-33], and references therein, for some results on commutation
rules similar to the one in (4.15), and for their role in minimal length quantum mechanics. Here, we rather introduce the operator

H:%<<§>2+(§)2), (4.16)

which looks formally as a quantum oscillator in the rescaled variables £ and E Of course this is not really so since « and g are, in
general, complex, and p and x are not self-adjoint. This is also made more explicit by noticing that, using (4.14) and (4.15), we can
rewrite

H=(q+1)N +1, and HY=@G+D)NT+1, (4.17)
which show that the families 7 and Fy introduced after (4.3) are indeed the eigenstates of H and H', respectively:

H®, = E,®, and HW, =EW, (4.18)
Vn > 0. Here we have

E,=(q+Dinl, +1, (4.19)
which is not necessarily real, of course. We can rewrite £, as follows:

Ey=1, and E,=2[n],+q". n>1 (4.20)

Hence our pseudo-quons can be used to diagonalize both H in (4.16) and H', where x and p are (non self-adjoint) operators obeying
(4.15).

What we want to do now is to show that a, b and H produce an explicit realization of what discussed in Section 2. For that we
put, in Definition 1, .S = b and T = a4, while H is the one in (4.17). Hence we have, as already commented before,

[H,b] = (g + DIN,b] = (g + Dbla, b],

which is exactly (2.1) with 4 = g + 1. Hence (H,a,b) € R,,,. However, in view of Theorem 3, this H does not work well, since
its lowest eigenvalue is one, rather than zero. But this, as we have already observed before, is not really a major problem. It is
sufficient to replace H with h = H — 1 = (¢ + 1)N. Hence h is a shifted version of (4.16), and its eigenstates, and those of A', are
not modified by this shift, while the eigenvalues are slightly changed. Summarizing, we have

h=(q+1N, and Al =@+ DN, 4.21)

h®d,=E,®, and hlw =EWw, (4.22)
Vn > 0, with

E, =(q¢+ Dlnl,, n>0. (4.23)

Since [h, b] = (¢+1)[N, b] = (¢+1)b[a, b], we go back again to (2.1) with A = g+1, so that (h,a,b) € R,,. This means that Definition 1
is satisfied, and Proposition 2 easily follows, replacing (H, S, T, 1) with (h,b,a,q + 1).

The next steps are meant to show what the general settings in Section 2 become in this particular case. We start with showing
that (2.2) is satisfied. Indeed we have

[H,[T,S1] — [A,[a,b]l=[(g+ DN,1+(g— DN]=0.
Here we have used the following useful identity:
[a,b]=ab—ba=1L+gN)—N=1+(q— 1)N. (4.24)

This means that we are under the assumptions of Theorem 3: in fact (h,a,b) € Ryt (2.2) is satisfied and all the eigenvalues of A,
see (4.23), are non degenerate. Moreover, h®, = 0 so that the vector ¢, in Theorem 3 exists, and coincides with the vacuum of a,
see (4.2). Next, as in (2.3) we put @, = S"@, = b"®,. Notice that these vectors are proportional to the ®@,’s in (4.3): @, = (¢,!)" @,
n > 0. We easily find that x4, in (2.4) and E, in (2.6) are

pp=1+@=Dln,=q".  E,=(g+Dnl, (4.25)

Vn > 0. This last expression, in particular, is in agreement with (4.23).
In Section 2 the family 7,, has been introduced as the (only) biorthonormal basis of 7,,. For pseudo-quons, the biorthonormality
condition is given in (4.9). This allows us to identify the y, in (2.8) in terms of the ¥, in (4.3):

&, =a,'p,, and ¥, =(a,) v, (4.26)

Vn > 0. Incidentally we observe that, because of the (4.8), both a, and §, must be non zero for all ». In what follows it will be useful
to use the following equality, which is a consequence, in particular, of (4.26):

w, = (@, BN @'y = [, B,1a w,_,. (4.27)
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n > 1, where we are identifying v and ¥, since «,! = 1. Formulas (2.9) and (2.10) can be easily checked and we get indeed
Ry, = @+ Dinl,w,. by =0, and, if n > 1, by, = w,_;.

The two mean values of [T, S] = [a, b] in (2.12) indeed coincide and return ¢”, Vn > 0.
What is maybe more interesting is the fact that (h,a,b) € R(;ll, too. This is because (2.13) is also satisfied: [4,a] = (¢ + 1)[b, ala.
For this reason T7 and T (i.e. a' and ) act respectively as raising and lowering operators on y, and ¢,, see (2.15) and (2.16). In

particular, it turns out that the sequence {y,} in (2.15) is simply

Yp=In+1],, (4.28)

Vn > 0. The other results in (2.17)—(2.21) can be easily checked. We just want to observe that the coefficients in (2.20) and (2.21)
can be simplified, in our situation, since

Yn = Vn-17= qn’
Vn > 1, and the only case in which this do not depend on n is when ¢ = 1, i.e. for pseudo-bosons, [9].
We conclude this section by noticing that not much can be said on bi-coherent states since we are here not in a position to check

if bounds as those in (3.8) are satisfied or not. This could be done only when replacing our abstract operators a and » with some
explicit realization in some concrete Hilbert space.

5. Another example: the deformed Heisenberg algebra

In this section we will describe in details another class of examples fitting our construction in Section 2. This class arises from
what has been called DGHA in [16], and which is essentially a (minimal) set of rules relating three operators which give the
possibility to find eigenvalues and eigenvectors of one of the three operators involved. In particular, after a short review of the
results in [16], restated in a way which is more convenient for us, we will show how each DGHA can be seen as a special case of
what described in Section 2.

Suppose we have three operators 4, a, b, acting on the Hilbert space H and densely defined on a dense subspace D C H, stable
under the action of these operators and of their adjoints. Let f(x) be a real and strictly increasing function.

Definition 6. We say that A, a, b and f(x) obey a DGHA if the following identities are satisfied:
hb=b f(h), ah=f(h)a, [a,b] = f(h) — h. 6.1

We refer to [16] for a discussion on the definition of f(h) if h is unbounded and not self-adjoint. Here we will always assume
that f(h) is well defined and leaves D invariant, together with its adjoint (f(h))" = f(h").

Remark. We could rather assume, as already stressed several times in this paper, that all the operators involved in our construction,
including f(h), belong to £'(D), for some D, see Appendix A.

Let us assume, [16], that two non zero vectors &, and #, exist in D such that

hé& =0, hfny = 0. (5.2)
This means that zero is an eigenvalue of 4 and A, which we are considering to be different, in general. We define the vectors
1 1.
én = b" 605 n, = ! Mo» (53)
€,! €,!

n n

n >0, where ¢, =0 and ¢, = f(¢,_;), n > 1. Of course, this definition and the fact that f(x) is strictly increasing, imply that
O0=¢) <€ <€ <. (5.4)

In (5.3) we have put, as usual, ¢;! = 1 and ¢,! = ¢¢, ---¢,, n > 1. Notice that the factor 4/¢,! is real, in view of what we have just
discussed. Since D is stable under the action of b and 4, it follows that &,,7, € D, for all n > 0. The following results can be easily
deduced, see also [16]:

1. ¢, and 7, are respectively eigenstates of 4 and A':
hey =€y hTny = euny (5.5)
Vn > 0. Then, since each eigenvalue is non degenerate,
(&> i) = 0, (5.6)

if n # m.
2. If F, = {n,, n 2 0} is complete in H, then a&, = 0. Also, if F; = {§,, n > 0} is complete in H, then by = 0.

10
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3. The following ladder equations are satisfied:

bf,, = V €n+1 §n+1’ aTnn = \/ €n+1 nn+]’ (57)
as well as
agn = \/E'_nf,,_], b+nn = \/e_nnn—l’ (58)

n > 1, together with a&, = b'n, = 0, see item 2 in this list.
4. The following eigenvalue equations are satisfied:

ba‘fn = engn’ abé:n = n+l§n’ aT bTrln = €Epllps b% aT”n = €nt1Mn> (59)
Vn > 0.
5. if we choose the normalization of &, and #, such that (&),7,) = 1, then
(€us ) = Sy (5.10)

Vn,m > 0. Notice that this equation refines the one in (5.6).

We refer to [16] for some examples of DGHA in a quantum mechanical context. In particular, a deformed Poschl-Teller and an
(again, deformed) infinite square-well potentials are considered.

We will now show how each DGHA fits in what discussed in Section 2. In particular, we will show that a and b in Definition 6
are indeed ALOs.

To show this fact, we first check that taken @ and b and & in Definition 6, (h,a,b) € R,. Indeed we have, using twice (5.1),

[h,b] = hb — bh = bf(h) — bh = b(f(h) — h) = b[a, b],

which is (2.1) with the identification (H, T, S) < (h,a,b), and 4 = 1. This means that Proposition 2 can be applied. Moreover, (2.2)
is also satisfied. In fact we have, using again (5.1),

[H.[T, S]] — [h,]a,b]l = [A, f(h) — h] =0,

as required in (2.2). The assumptions of Theorem 3 are also satisfied: (h,a,b) € R, the eigenvalues of 4, the ¢,’s, are all non
degenerate, and a non zero vector ¢, = &, exists such that hgp, = 0, see (5.2).
The vector ¢, in (2.3) is ¢, = b"&, = \/¢,! €, see (5.3). The coefficient u, in (2.4) can be easily computed:

I7.S10, — la.] (Verl6, ) = Vel = g, = (61 — ) (Varlé, ).

where we have also used that f(e,) = ¢,,,. Hence u, = €,,| —€,, Vn > 0. Using this expression in (2.6), and recalling that A =1, we

get E, = Z;(l) U, = €,, in agreement.® with (5.5)
If F,isa basis, it admits an unique biorthonormal basis, [25,26], Fy = {w,}. In view of (5.10), its vectors can be easily identified:
v, = L' #,,» Vn > 0, and it is clear that these are eigenvectors of A, with eigenvalue ¢,: h'y, = €,y,, in agreement with (2.9). The
€p

loweriné equations in (2.10) are also easily checked. For instance, if n > 1,
gt T < 1
v, —b

1
}’l = —
€,! n) Ven!

as expected. In this derivation we have used (5.8). As for the equality in (2.12) we can check that both sides are indeed equal to
U, What is more relevant, is to check if (4, a, b) also belongs to R(l“), in the sense of Definition 5. This is true, in fact:

M1 = ¥n-1

[h,a]l = ha — ah = ha — f(h)a = (h — f(h))a = [b, a]a,

using twice (5.1). As a consequence of this property, the last part of Section 2 holds for DGHA. In particular, the coefficient y, in
(2.15) can be identified:

T+Wn - aT ( 1 r’n) = L \/m”nﬂ = e 1Wnt1s
using (5.7). Hence y, =¢,,;, Yn > 0, and formulas (2.16)—(2.19) easily follow.

For our DGHA something can be deduced for the difference y, —y,_; in (2.20) and (2.21). Indeed we have y, —7,_; =€,,; —€, =
f(e,) — €,, which is independent of n if f(x) = x + k, k € R, but not with other choices of f(x). This is not surprising, since this
expression of f(x) implies that [a, b] = f(h) — h = k1, which means that, for instance, ia and b are pseudo-bosonic operators, [9],
for which all the results deduced here are well known.

As already stressed for pseudo-quons, we notice that not much can be said on bi-coherent states since we are here not in a
position to check if bounds as those in (3.8) are satisfied or not. This could be done only when replacing our abstract operators a,

b and h, and the function f, with some explicit realization in some concrete Hilbert space.

5 Since &, and ¢, differ only for a normalization, &, is an eigenstate of 4 with eigenvalue ¢, if and only if ¢, is an eigenstate of 4 with the same eigenvalue.

11
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6. Conclusions

We have discussed here the role of ALOs in the analysis of some physical system driven by a non self-adjoint Hamiltonian.

In particular, also in view of the examples discussed in Sections 4 and 5, the approach proposed here appears to be rather general,
since it covers these examples, and all those which were originally considered in [14-16], as well as many others in which the
pseudo-quons are replaced by ordinary quons or by pseudo-bosons, which are both particular cases of the pseudo-quons considered
in Section 2. Of course, looking for more applications is quite interesting and, in view of the generality of the method, we hope to
find other interesting examples which can be algebraically treated in terms of our ALOs.

It is clear that our analysis of bi-coherent states here is just preliminary. We plan to go back soon to these states with concrete
examples, and possibly with physical applications.

We should also mention that a side result in our analysis consists in the possibility of extending g-onic commutation relations,
see (4.1), to complex values of ¢g. As we have commented, this is not possible for ordinary quons. Also, pseudo-quons can be used
to diagonalize a non self-adjoint oscillator-like Hamiltonian, see (4.16), involving position and momentum operators satisfying a
commutation rule, see (4.15), of the kind one meets when dealing with minimal length quantum mechanics. We believe that this
aspect deserves a deeper analysis, too, in a close future, also in connection with the consequences for uncertainty relations.
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Appendix A. O*-algebras

Let us briefly review how £'(D) can be introduced, and why it is so relevant for us. We refer to [34-36] for many results on
x-algebra, quasi x-algebras, and O*-algebras. In particular, we have:

Definition 7. Let H be a separable Hilbert space and N, an unbounded, densely defined, self-adjoint operator. Let D(N(’)‘) be the
domain of the operator N¥, k > 0, and D the domain of all the powers of N, that is,

D =D®(N,) = ﬂ D(Nb).
k20
This set is dense in H. We call £(D) the %-algebra of all closable operators defined on D which, together with their adjoints, map
D into itself. Here the adjoint of X € £T(D) is XT = X I*D' £7(D) is called an O*-algebra.
In D the topology is defined by the following N,-depending seminorms:

$ €D ¢, = INjPl.
where n > 0, and the topology 7, in £7(D) is introduced by the seminorms
X € £1(D) - | X|I/* = max {|| F(N)X NI IINg X F (NI} »

where k > 0 and f € C, the set of all the positive, bounded and continuous functions on R, , which are decreasing faster than any
inverse power of x: LT (D)[z,] is a complete *-algebra.

The relevant aspect of £f(D) is that, [34-36], if x,y € £(D), we can multiply them and the results, xy and yx, both belong to
L£7(D), as well as their difference, the commutator [x, y]. Also, powers of x and y all belong to £¥(D), which is therefore a good
framework to work with, also in presence of unbounded operators. For instance, if N, = a'a, where [a,a'] = 1, we can prove that
a,a’ € £T(D). Hence N, € L7(D) as well. This is also true for pseudo-bosonic operators, [37], at least if D = S(R).

12
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Appendix B. Graphene

The Hamiltonian for the two Dirac points K and K’ can be written as, see [23],

_( Hg 0
HD—< 0 Hy >, (B.1)
with
0 Dy —ip +£(y+ix)
Hg =vp L eB, . o2 . (B.2)
px+tpy+7(y—tx) 0

and Hy, = HIC Here x, y, p, and p, are the usual self-adjoint, two-dimensional position and momentum operators: [x,p,] = [y, p,] =
i1, all the other commutators being zero. 1 is the identity operator in the Hilbert space K = £*(R?), whose scalar product is indicated
as (.,.). The factor v is the Fermi velocity.

X+iPy _ Y+iPy
> Ay =

We then put & = 4/ é, X = éx, Y = éy, Py =¢ép,, Py =¢&p,, and then ay = o and still

—17 + j
A = M, Ay = M. (B.3)

V2 V2

The following commutation rules are satisfied:
lay.d} ] =lay.a}]1=[A}, A]] = [4;, A]] = 1., (B.4)
the other commutators being zero. Then we have:
2iv Al
Hy=—"=% 0 2, (B.5)
e\ -4 O
which is manifestly Hermitian: Hy = H; Since Hy does not depend on A, and AI, its eigenstates must be degenerate. Let ¢, € K
be the non zero vacuum of A; and A,: A ey = Ayeq, = 0. Then we introduce

1

Cnny = ———=(AD)1(AD)2e, (B.6)
nyny \/W 1 2 ,
and the set £ = {em»nz’ n; > 0}. £ is an o.n. basis for K. However, to deal with Hy, it is convenient to work in £, = K @ K, the

direct sum of K with itself:

1c2={f=( 2 > fl,fzelc}.

In K, the scalar product (., .), is defined as usual:

(f.8) :=(f1.81) +{f2.8)> (B.7)
and the square norm is || /1|2 = || £, 1> + [|f2]I?, for all f = ( 2 ), g= ( 2 > in K,. We now introduce the vectors
— €ni 0 ) _ L e ny .
Uny 0 = ( (‘) > , and Uiy = \/5 iien: et , ifmy>1, (B.8)

Vn; > 0. Now, we call ¥, = {vf,’?,,,z, ny 2 0,my 21, k=x}U{v, m >0} Itis easy to check that these vectors are mutually

orthogonal, normalized in K,, and total. Hence, V, is an o.n. basis for X,. Its vectors are eigenvectors of H:

— + = g ) =) — &) )
Hyv, =0, HKL)nM2 = En],nzvn],n2’ HKUnl,nz = Enl’nzvnlvnz, (B.9)
where Ef,]i?nz =+ \/n,. This shows that the discrete spectrum of Hy is not bounded from below (neither from above). For this

reason, it is impossible to shift the Hamiltonian to get a new operator Hyg + y1, (here 1, is the identity operator on X,) with a
purely positive set of eigenvalues.
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