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A B S T R A C T

Ladder operators are useful, if not essential, in the analysis of some given physical system since
they can be used to find easily eigenvalues and eigenvectors of its Hamiltonian. In this paper
we extend our previous results on abstract ladder operators considering in many details what
happens if the Hamiltonian of the system is not self-adjoint. Among other results, we give an
existence criterion for coherent states constructed as eigenstates of our lowering operators. In
the second part of the paper we discuss two different examples of our framework: pseudo-quons
and a deformed generalized Heisenberg algebra. Incidentally, and interestingly enough, we show
that pseudo-quons can be used to diagonalize an oscillator-like Hamiltonian written in terms
of (non self-adjoint) position and momentum operators which obey a deformed commutation
rule of the kind often considered in minimal length quantum mechanics.

. Introduction

In quantum mechanics one of the essential steps to be undertaken is to find eigenvalues and eigenstates of the Hamiltonian 𝐻
f the physical system one needs to describe, . There are several reasons for this. The first reason is that eigenstates represent the
tationary states of , i.e. those states which, if  is prepared in one of them, maintain  unchanged during its time evolution, if no
urther (external) action occurs. The second is that the eigenvalues represent the only energy values allowed for . The third is that
he set of the eigenstates is, quite often, a basis for , the Hilbert space where  is defined. It is clear, then, that eigenvalues and
igenstates of 𝐻 are quite important when dealing with . For this reason, since the birth of quantum mechanics, different strategies
ave been proposed to find new solvable Hamiltonians: interwining operators, [1–3], supersymmetric quantum mechanics, [4,5],
re just two of them. Another well-known strategy makes use of ladder operators, like those appearing in the harmonic oscillator or,
n second quantization and in elementary particles, to deal with bosons and with fermions. There are thousands of books and papers
ealing with bosonic and with fermionic operators, and here we only refer to [6]. Ladder operators also exist in other contexts, like
n many models driven by non self-adjoint Hamiltonians, see [7–10]. In these cases, the point is often that the lowering and the
aising operators are not one the adjoint of the other. This creates a lot of freedom, but also many additional, and maybe unexpected,
athematical difficulties. This is possibly the reason why this line of research has become so popular and active in the past few
ecades, and not only among physicists.

Some years ago, Fernandez started to set up an algebraic treatment of different quadratic Hamiltonians, not necessarily self-
djoint, [11–13], based on the possibility that, given some Hamiltonian 𝐻 , one can find an operator 𝑍 such that [𝐻,𝑍] = 𝜆𝑍.
hen this happens, many interesting results can be deduced. In particular, 𝑍 turns out to be a ladder operator, and its powers,

cting on some seed eigenstate of 𝐻 , 𝜑̂, produces other eigenvectors of 𝐻 , corresponding to different eigenvalues.
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In a recent paper, [14], we have extended Fernandez’s results in several ways. In particular, we have considered some classes
f abstract ladder operators (ALOs) useful in different situations, and connected with different Hamiltonians, self-adjoint or not. For
ach ALO we have shown how to construct eigenvalues and eigenvectors of the related Hamiltonian, and we have proposed some
xamples arising from pseudo-bosons in one or two dimensions, from quons and from generalized Heisenberg algebra. In particular,
e have considered the following situations, all living on a certain Hilbert space , with scalar product ⟨., .⟩, and with related norm
.‖ =

√

⟨., .⟩.

1. 𝐻0 is a self-adjoint operator acting on , and 𝑍 is a second operator on  satisfying the equality

[𝐻0, 𝑍] = 𝜆𝑍, (1.1)

for some 𝜆 ∈ R. This is essentially Fernandez’s case, [11–13].
2. 𝐻0 is again self-adjoint, 𝐻0 = 𝐻†

0 , and 𝑍 obeys the following commutation rule:

[𝐻0, 𝑍] = 𝜆𝑍[𝑍†, 𝑍], (1.2)

for some real number 𝜆. This is what happens, in particular, if 𝐻0 is factorizable in terms of 𝑍 and 𝑍†, as in 𝐻0 = 𝜆𝑍𝑍†.
3. 𝐻 ≠ 𝐻† now, and we have a set of operators 𝑍𝑗 , 𝑗 = 1, 2,… , 𝑁 such that:

[𝐻,𝑍𝑗 ] = 𝜆𝑗𝑍𝑗 , (1.3)

𝜆𝑗 ∈ C, for 𝑗 = 1, 2,… , 𝑁 . This extends (1.1) to several ALOs and to the case of non self-adjoint 𝐻 .

What is clearly missing, in this list, is the case of (1.2) for an Hamiltonian which is not self-adjoint, 𝐻 ≠ 𝐻†. Indeed, this
ituation was not considered in [14]. In this paper we fill the gap, by considering this particular situation, also in view of its
ossible applications to the interesting case of pseudo-quons, [15], and of a particular form of deformed generalized Heisenberg
lgebra, [16]. We will also show how and when it is possible to introduce bi-coherent states in the present settings, [9], which is a
lassical problem to consider in presence of annihilation operators of any kind, [17–22].

The paper is organized as follows:
In the next section we will extend formula (1.2) to an Hamiltonian 𝐻 which is not self-adjoint. We will show that, under some

ild assumptions, it is still possible to define ladder operators for 𝐻 and for 𝐻†, and that these operators can be used to construct
wo families of biorthonormal vectors which are respectively eigenstates of 𝐻 and of 𝐻†. We will also derive the expression of their
igenvalues.

In Section 3 we show how to use these families to construct bi-coherent states of the kind considered in [9], and we give
onditions for this to be possible.

In Section 4 we describe a first class of examples fitting the general construction of our ALOs. This class is based on pseudo-
uons, [15], which are operators obeying a deformed version of the canonical commutation and anti-commutation relations (CCR
nd CAR) which depends on a parameter 𝑞, usually taken in the interval [−1, 1]. Here we will show that 𝑞 needs not to be in this
ange, or even to be real. In this perspective our results for quons will be rather general and new, with respect to those existing in
he literature so far. We will also connect our pseudo-quons with a special version of the quantum harmonic oscillator, for system
ith minimal length, and show how these pseudo-quons can be used to diagonalize the (non self-adjoint) Hamiltonian of the system.

Section 5 contains another class of examples of ALOs, arising from what has been called deformed generalized Heisenberg algebra,
DGHA), in [16].

Our conclusions are given in Section 6, while a short Appendix is included in the paper to clarify some algebraic aspects of our
LOs, particular useful when these are unbounded operators. A second Appendix concerning graphene is also given as an example
f a physical Hamiltonian not bounded from below.

. Extending (1.2) to 𝑯 ≠ 𝑯†

In this section we focus on the possibility of merging the results deduced in [14] from (1.2) and (1.3). It will not be a surprise
o see that this is not so trivial, and requires some effort.

In the following we will deal, most of the time, with three operators 𝐻 , 𝑇 and 𝑆. We will always assume to be in one of the
ollowing conditions:

(c1) 𝐻 , 𝑇 and 𝑆 belong to the *-algebra †(), for some suitable , see Appendix A.
(c2) it exists a subspace  ⊆ , dense in , which is stable under the action of 𝐻 , 𝑇 and 𝑆 and their adjoints.

n both these conditions, we can work with combinations of these operators, their adjoints, and their powers. For instance,
𝐻, 𝑇 ] = 𝐻𝑇 − 𝑇𝐻 makes sense as an element of †(), or simply because when it acts on a vectors 𝑓 ∈  we get another

element of , just because 𝐻𝑇𝑓 = 𝐻(𝑇𝑓 ) ∈  and 𝑇𝐻𝑓 = 𝑇 (𝐻𝑓 ) ∈ . Of course, this is not an issue if, say 𝑇 and 𝐻 are bounded,
since they are defined in (or be extended to) the whole .1

1 As an example of what is meant here that  is stable under the action of some given operators, we could consider 𝑐 = 1
√

2

(

𝑥 + 𝑑
𝑑𝑥

)

, 𝑐† = 1
√

2

(

𝑥 − 𝑑
𝑑𝑥

)

and
𝐻 = 𝑐†𝑥, as for the (shifted) quantum harmonic oscillator. In this case the set (R) of the test functions (𝐶∞ functions, decaying to zero, together with all its
derivatives, faster than any inverse power of 𝑥) is stable under the action of each of these operators: 𝑐𝑓 (𝑥) ∈ (R), 𝑐†𝑓 (𝑥) ∈ (R) and 𝐻𝑓 (𝑥) ∈ (R) for all
2

(𝑥) ∈ (R). Similar stability can be found in other, and also quite different, situations.
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Definition 1. Let 𝜆 ∈ C be a given complex number. We say that (𝐻, 𝑇 , 𝑆) ∈ 𝜆 if

[𝐻,𝑆] = 𝜆𝑆[𝑇 , 𝑆]. (2.1)

It is clear that (2.1) extends (1.2), in the sense that (2.1) reduces to (1.2) if 𝐻 = 𝐻† and if 𝑇 = 𝑆†. In general, in our present
ettings, there is no reason a priori to require that 𝜆 is real. As in [14] we will call 𝑇 , 𝑆, and their adjoints, ALOs.

We have that:

roposition 2. The following statemes are all equivalent:

(p1) [𝐻,𝑆] = 𝜆𝑆[𝑇 , 𝑆];
(p2) [𝐻,𝑆𝑛] = 𝜆𝑆[𝑇 , 𝑆𝑛], ∀𝑛 ≥ 0;
(p3) [𝐻†, 𝑆†] = 𝜆[𝑇 †, 𝑆†]𝑆†;
(p4) [𝐻†, (𝑆†)𝑛] = 𝜆[𝑇 †, (𝑆†)𝑛]𝑆†, ∀𝑛 ≥ 0.

roof. We only check that from (𝑝1) follows (𝑝2), using induction on 𝑛. The other statements can be proved easily.
First we notice that (𝑝2) for 𝑛 = 0 is trivial, while for 𝑛 = 1 (𝑝2) is simply condition (𝑝1). Now, if we suppose that [𝐻,𝑆𝑛] =

𝜆𝑆[𝑇 , 𝑆𝑛] is true for a fixed 𝑛, assuming also (𝑝1), we have

[𝐻,𝑆𝑛+1] = [𝐻,𝑆𝑛]𝑆 + 𝑆𝑛[𝐻,𝑆] = 𝜆𝑆[𝑇 , 𝑆𝑛]𝑆 + 𝜆𝑆𝑛(𝑆[𝑇 , 𝑆]) =

= 𝜆𝑆 ([𝑇 , 𝑆𝑛]𝑆 + 𝑆𝑛[𝑇 , 𝑆]) = 𝜆𝑆[𝑇 , 𝑆𝑛+1],

which is what we had to prove. □

From now on we will assume that the lowest (in modulus, if needed) eigenvalue of 𝐻 is zero. This is not always a major constraint.
In fact, if this is not the case for the given 𝐻 ′, meaning that 𝐻 ′𝛷 = 𝛼𝛷, 0 < |𝛼| < ∞, we can still consider 𝐻 = 𝐻 ′ − 𝛼1, and
𝐻𝛷 = 0 = 0𝛷, so that 𝛷 is an eigenstate on 𝐻 with eigenvalue zero. Moreover, if (𝐻 ′, 𝑇 , 𝑆) ∈ 𝜆, then (𝐻, 𝑇 , 𝑆) ∈ 𝜆 as well,
since [𝐻, 𝑇 ] = [𝐻 ′, 𝑇 ] = 𝜆𝑆[𝑇 , 𝑆].

Remark. It might be interesting to stress that such a shift does not always allow to recover what needed here, and in particular that
a ground state exists with eigenvalue zero. This is not possible, when 𝐻 ′ is not bounded from below (and from above, of course).
This is the case, for instance, of Graphene, see [23] and Appendix 2, but not only, see [24] for a particle on a circle.

A second assumption on 𝐻 is that it has all eigenvalues with multiplicity one. Also, we will ask the following:

[𝐻, [𝑇 , 𝑆]] = 0. (2.2)

Remark. We should mention that these conditions are satisfied in many situations. For instance, if 𝑆 and 𝑇 are pseudo-bosons, then
[𝑇 , 𝑆] = 1, and this commutes with 𝐻 , of course. Also, if 𝑇 = 𝑎, 𝑆 = 𝑏 and 𝐻 = 𝑏𝑎, where [𝑎, 𝑏]𝑞 = 𝑎𝑏− 𝑞𝑏𝑎 are pseudo-quons, [15],
(2.2) is satisfied. We will return on this particular example in Section 4. Also, Theorem 3 below describes a general case in which
(2.2) is automatically satisfied. As for the multiplicity of the eigenvalues, we refer to Sections 4 and 5 for two large class of examples,
where this request is satisfied.

To fix our settings, from now on we will work under the assumption (c2) given at the beginning of this section. We have the
following:

Theorem 3. Let (𝐻,𝑆, 𝑇 ) ∈ 𝜆, and let us assume that (2.2) holds and that all the eigenvalues of 𝐻 are non degenerate. Suppose further
that a non zero 𝜑0 ∈  exists such that 𝐻𝜑0 = 0. Then, calling

𝜑𝑛 = 𝑆𝑛𝜑0, (2.3)

𝑛 ≥ 0, and assuming they are all non zero, we put 𝜑 = {𝜑𝑛, ∀𝑛 ≥ 0}. Hence we have

[𝑇 , 𝑆]𝜑𝑛 = 𝜇𝑛𝜑𝑛, 𝜇𝑛 =
⟨𝜑𝑛, [𝑇 , 𝑆]𝜑𝑛⟩

‖𝜑𝑛‖2
, (2.4)

nd

𝐻𝜑𝑛 = 𝐸𝑛𝜑𝑛, (2.5)

here

𝐸0 = 0, 𝐸𝑛 = 𝐸𝑛−1 + 𝜆𝜇𝑛−1 = 𝜆
𝑛−1
∑

𝑘=0
𝜇𝑘, 𝑛 ≥ 1. (2.6)

roof. First of all, we observe that (2.4) is a simple consequence of (2.2), and of the fact that all the eigenvalues of 𝐻 are non
3

egenerate. Hence [𝑇 , 𝑆]𝜑𝑛, if it is not zero, must be an eigenvector of 𝐻 with eigenvalue 𝐸𝑛 and, therefore, [𝑇 , 𝑆]𝜑𝑛 must be
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proportional to 𝜑𝑛. We call 𝜇𝑛 this proportionality constant.2 Now, taking the scalar product of this equality with 𝜑𝑛, and using the
fact that 𝜑𝑛 ≠ 0, we conclude the proof of (2.4).

As for (2.5) and (2.6), we use induction on 𝑛, starting with 𝑛 = 0, which is obviously true.
Let us now assume that (2.5) and (2.6) hold for some given 𝑛. We want to prove that the same formulas hold if we replace 𝑛

with 𝑛 + 1. For that we write

𝐻𝜑𝑛+1 = 𝐻𝑆𝜑𝑛 = ([𝐻,𝑆] + 𝑆𝐻)𝜑𝑛 = (𝜆𝑆[𝑇 , 𝑆] + 𝑆𝐻)𝜑𝑛 = (𝜆𝜇𝑛 + 𝐸𝑛)𝑆𝜑𝑛,

which is exactly formula (2.5) with 𝐸𝑛+1 = 𝐸𝑛 + 𝜆𝜇𝑛, as in (2.6). □

Remark. First we observe that the stability of  under the action of, say, 𝑆, implies that 𝜑𝑛 ∈  for all 𝑛 ≥ 0. But  is also stable
under the action of 𝐻 and 𝑇 , and their adjoints, so that [𝑆,𝐻] ∶  → . In principle it could happen that, for some given 𝑛0 ∈ N,
𝑆𝑛0𝜑0 ≠ 0 while 𝑆𝑛0+1𝜑0 = 0. In this case, we could still set up a strategy similar to the one we will describe here, but with some
changes. However, we will not consider this case here, focusing only on the case in which each 𝜑𝑛 in (2.3) is different from zero.

Due to the fact that 𝐻 ≠ 𝐻†, it is natural to ask if the same results above, or similar, can be restated for 𝐻†. This indeed can
be done if we work under the assumptions of Theorem 3, and if we further assume that 𝜑 is a basis for . In this case, in fact, an
unique other basis of , 𝜓 = {𝜓𝑛, 𝑛 ≥ 0}, exists which is biorthonormal to 𝜑:

⟨𝜑𝑛, 𝜓𝑚⟩ = 𝛿𝑛,𝑚, (2.7)

for all possible 𝑛 and 𝑚. We refer to [25,26] for this result. In particular, any 𝑓 ∈  can be expanded as follows:

𝑓 =
∞
∑

𝑛=0
⟨𝜑𝑛, 𝑓⟩𝜓𝑛 =

∞
∑

𝑛=0
⟨𝜓𝑛, 𝑓⟩𝜑𝑛. (2.8)

What is also quite relevant for us is that, using the completeness of 𝜑, it is possible to prove, using standard ideas, see e.g. [9],
that

𝐻†𝜓𝑛 = 𝐸𝑛𝜓𝑛, (2.9)

nd

𝑆†𝜓0 = 0, 𝑆†𝜓𝑛 = 𝜓𝑛−1, 𝑛 ≥ 1. (2.10)

ence we see that, while 𝑆 acts as a raising operator for 𝜑, its adjoint, 𝑆†, behaves as a lowering operator on 𝜓 . We also observe
hat the eigenvalues of 𝐻†, as those of 𝐻 , are non degenerate. These results are similar to others we have deduced in different
ituations, again in presence of some non self-adjoint Hamiltonian. As for Eq. (2.4), we can prove the following:

emma 4. The equations in (2.4) are equivalent to

[𝑇 †, 𝑆†]𝜓𝑛 = −𝜇𝑛𝜓𝑛, (2.11)

or all 𝑛 ≥ 0.

roof. Let us take 𝑛, 𝑚 ≥ 0, and let us consider

⟨[𝑇 †, 𝑆†]𝜓𝑛, 𝜑𝑚⟩ = −⟨𝜓𝑛, [𝑇 , 𝑆]𝜑𝑚⟩ = −𝜇𝑚⟨𝜓𝑛, 𝜑𝑚⟩ = −𝜇𝑚𝛿𝑛,𝑚 =

= −𝜇𝑛⟨𝜓𝑛, 𝜑𝑚⟩ = −⟨𝜇𝑛 𝜓𝑛, 𝜑𝑚⟩,

where we have used (2.4). Now, for each fixed 𝑛, we have, ⟨([𝑇 †, 𝑆†] − 𝜇𝑛)𝜓𝑛, 𝜑𝑚⟩ = 0, ∀𝑚 ≥ 0. Formula (2.11) follows then from
he completeness of 𝜑. □

Incidentally we observe that, comparing (2.4) and (2.11), we have the following identity:

⟨𝜑̂𝑛, [𝑇 , 𝑆]𝜑̂𝑛⟩ = ⟨𝜓̂𝑛, [𝑇 , 𝑆]𝜓̂𝑛⟩, (2.12)

𝑛 ≠ 0. Here 𝜑̂𝑛 =
𝜑𝑛

‖𝜑𝑛‖
, and 𝜓̂𝑛 =

𝜓𝑛
‖𝜓𝑛‖

.
Going now back to Proposition 2, we observe that all the commutators considered there in the left-hand sides involve 𝐻 , 𝑆,

and their adjoints. The operator 𝑇 , in any of its forms, only appears in the right-hand sides of (𝑝1) − (𝑝4). Hence, it is interesting
o consider commutators like [𝐻, 𝑇 ], [𝐻†, 𝑇 †], and so on. This is also because, if 𝐻 can be factorized as 𝐻 = 𝜆𝑆𝑇 , then the fact

that (𝑝1) is satisfied is trivial. But, in the very same way, we also deduce that [𝐻, 𝑇 ] = 𝜆[𝑆, 𝑇 ]𝑇 , and [𝐻†, 𝑇 †] = 𝜆𝑇 †[𝑆†, 𝑇 †]. This
suggests to refine Definition 1 as follows:

2 It might be that [𝑇 , 𝑆]𝜑𝑛 = 0. In this case, again [𝑇 , 𝑆]𝜑𝑛 is proportional to 𝜑𝑛, with 𝜇𝑛 = 0. Again, (2.4) is satisfied, but it is less interesting. We will
4

ssume all throughout this paper 𝜇𝑛 ≠ 0 for all 𝑛 ≥ 0.
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Definition 5. A triple (𝐻, 𝑇 , 𝑆) ∈ 𝜆 is in (𝑠)
𝜆 if

[𝐻, 𝑇 ] = 𝜆[𝑆, 𝑇 ]𝑇 . (2.13)

Here the suffix (𝑠) stands for strong. It follows that (𝐻, 𝑇 , 𝑆) ∈ (𝑠)
𝜆 if and only if, for instance,

[𝐻†, 𝑆†] = 𝜆[𝑇 †, 𝑆†]𝑆†, and [𝐻†, 𝑇 †] = 𝜆𝑇 †[𝑆†, 𝑇 †]. (2.14)

e will now show that, if Definition 5 is satisfied, 𝑇 † acts as a raising operator for 𝜓 , while its adjoint 𝑇 acts as a lowering operator
or 𝜑. More explicitly we will now show that a sequence of complex numbers {𝛾𝑛} can be found such that

𝑇 †𝜓𝑛 = 𝛾𝑛𝜓𝑛+1, (2.15)

≥ 0, and

𝑇𝜑0 = 0, 𝑇 𝜑𝑛 = 𝛾𝑛−1𝜑𝑛−1, 𝑛 ≥ 1. (2.16)

To prove (2.15) we first observe that 𝑇 †𝐻†𝜓𝑛 = 𝐸𝑛𝑇 †𝜓𝑛, because of (2.9). Also, because of (2.14) and of (2.11), we have

[𝐻†, 𝑇 †]𝜓𝑛 = 𝜆𝑇 †[𝑆†, 𝑇 †]𝜓𝑛 = 𝜆𝑇 † (𝜇𝑛𝜓𝑛
)

= 𝜆𝜇𝑛(𝑇 †𝜓𝑛).

Hence we have, using (2.6),

𝐻† (𝑇 †𝜓𝑛
)

=
(

[𝐻†, 𝑇 †] + 𝑇 †𝐻†)𝜓𝑛 = 𝐸𝑛+1𝑇
†𝜓𝑛.

his means that 𝑇 †𝜓𝑛 is an eigenstate of the non-degenerate eigenvalue of 𝐻†, 𝐸𝑛+1, so that it must be proportional to 𝜓𝑛+1, as in
(2.15).

As for (2.16), this can be proved with a similar technique as in Lemma 4, using the completeness of 𝜓 .
From the ladder equations deduced so far we also find that

𝑆𝑇𝜑𝑛 = 𝛾𝑛−1𝜑𝑛, 𝑇 𝑆𝜑𝑛 = 𝛾𝑛𝜑𝑛, (2.17)

nd

𝑆†𝑇 †𝜓𝑛 = 𝛾𝑛𝜓𝑛, 𝑇 †𝑆†𝜓𝑛 = 𝛾𝑛−1𝜑𝑛, (2.18)

≥ 0, with the agreement that 𝛾−1 = 0. Of course these results are coherent with (2.2), and with the analogous for the adjoint
perators. In fact we find easily that

[𝐻,𝑆𝑇 ] = [𝐻, 𝑇𝑆] = [𝐻†, 𝑆†𝑇 †] = [𝐻†, 𝑇 †𝑆†] = 0 (2.19)

oreover, we deduce that

[𝑆, 𝑇 ]𝜑𝑛 =
(

𝛾𝑛−1 − 𝛾𝑛
)

𝜑𝑛, [𝑆†, 𝑇 †]𝜓𝑛 =
(

𝛾𝑛 − 𝛾𝑛−1
)

𝜓𝑛, (2.20)

hich can be rewritten, in a bra-ket language, as

[𝑆, 𝑇 ] =
∞
∑

𝑛=0

(

𝛾𝑛−1 − 𝛾𝑛
)

|𝜑𝑛⟩⟨𝜓𝑛|, [𝑆†, 𝑇 †] =
∞
∑

𝑛=0

(

𝛾𝑛 − 𝛾𝑛−1
)

|𝜓𝑛⟩⟨𝜑𝑛|. (2.21)

f 𝛾𝑛−𝛾𝑛−1 = 𝛤 , independent of 𝑛, then we conclude that, since 𝜑 and 𝜓 are biorthogonal bases, [𝑆, 𝑇 ] = −𝛤 1, and [𝑆†, 𝑇 †] = 𝛤 1.

3. Introducing bi-coherent states for our ALOs

So far, we have no particular reason to fix {𝛾𝑛}: this is just a complex-valued sequence arising from our discussion above, see
(2.15). In what follows we will show how the various 𝛾𝑛’s must be chosen in order to introduce (well-defined) vectors in  which
are eigenstates of the lowering operators 𝑇 and 𝑆† considered in our settings. In other words, we would like to construct, following
the same general procedure proposed in [9], two vectors 𝜑(𝑧), 𝜓(𝑧) ∈ , 𝑧 ∈  , such that

𝑇𝜑(𝑧) = 𝑧𝜑(𝑧), 𝑆†𝜓(𝑧) = 𝑧𝜓(𝑧). (3.1)

ere  is some sufficiently large subset of C, to be identified. As usual, we look for solutions of (3.1) of the following type:

𝜑(𝑧) = 𝑁𝜑(𝑧)
∞
∑

𝑛=0
𝛼𝑛𝑧

𝑛𝜑𝑛, 𝜓(𝑧) = 𝑁𝜓 (𝑧)
∞
∑

𝑛=0
𝛽𝑛𝑧

𝑛𝜓𝑛, (3.2)

here 𝑁𝜑(𝑧) and 𝑁𝜓 (𝑧) are some 𝑧-dependent normalization for the states, while {𝛼𝑛} and {𝛽𝑛} are complex-valued sequences to
e fixed.

Using (2.16) with simple computations we find that

𝑇𝜑(𝑧) = 𝑧

(

𝑁𝜑(𝑧)
∞
∑

𝛼𝑛+1𝛾𝑛𝑧
𝑛𝜑𝑛

)

,

5

𝑛=0
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which is equal to 𝑧𝜑(𝑧) if the following relation is satisfied ∀𝑛 ≥ 0:

𝛼𝑛+1𝛾𝑛 = 𝛼𝑛. (3.3)

If 𝛾0 = 0, then (3.3) implies that 𝛼0 = 0. Moreover, from (2.16) we deduce that 𝑇𝜑0 = 𝑇𝜑1 = 0, while from (2.15) we find also that
𝑇 †𝜓0 = 0, which should be added to the annihilation rule in (2.10), 𝑆†𝜓0 = 0. These two facts are unusual (𝑇 has two vacua, and
𝜓0 is annihilated by two, in general different, operators, 𝑇 † and 𝑆†). To avoid these situations, which however could have some
interest and could be considered anyhow,3 we suppose that 𝛾𝑛 ≠ 0 for all 𝑛 ≥ 0. When this is the case, we deduce that

𝛼𝑛 =
𝛼0
𝛾𝑛−1!

, (3.4)

𝑛 ≥ 1. Here we have defined 𝛾𝑘! = 𝛾0𝛾1 ⋯ 𝛾𝑘, 𝑘 ≥ 1. In the rest of the paper we will define 𝛾−1! = 1, and we take 𝛼0 = 1. This is not
estrictive, since the normalization of 𝜑(𝑧) is still to be fixed in some way by 𝑁𝜑(𝑧). Summarizing we get

𝜑(𝑧) = 𝑁𝜑(𝑧)
∞
∑

𝑛=0

𝑧𝑛

𝛾𝑛−1!
𝜑𝑛, (3.5)

or all 𝑧 ∈  , still to be identified.
In a similar way, from 𝑆†𝜓(𝑧) = 𝑧𝜓(𝑧), we find the following expression for 𝜓(𝑧):

𝜓(𝑧) = 𝑁𝜓 (𝑧)
∞
∑

𝑛=0
𝑧𝑛𝜓𝑛, (3.6)

ince we can deduce that 𝛽0 = 𝛽1 = 𝛽2 = ⋯, in (3.2), and we are fixing 𝛽0 = 1. Once we have found these formal expressions for 𝜑(𝑧)
nd 𝜓(𝑧) we want to make these formulas rigorous. More explicitly, we want to find conditions for the above series to converge
n some region of C. We proceed as in [9], and references therein, giving a (rather mild) sufficient condition which ensures tha
onvergence of the series in (3.5) and (B.6). For that we assume that four positive constant exist, 𝐴𝜑, 𝐴𝜓 , 𝑟𝜑, 𝑟𝜓 , and two strictly
ositive sequences {𝑀𝑛(𝜑)} and {𝑀𝑛(𝜓)}, such that

lim
𝑛,∞

𝑀𝑛(𝜑)
𝑀𝑛+1(𝜑)

=𝑀(𝜑), lim
𝑛,∞

𝑀𝑛(𝜓)
𝑀𝑛+1(𝜓)

=𝑀(𝜓), (3.7)

ith 𝑀(𝜑) > 0 and 𝑀(𝜓) > 0 satisfying the following inequalities:

‖𝜑𝑛‖ ≤ 𝐴𝜑𝑟
𝑛
𝜑𝑀𝑛(𝜑), ‖𝜓𝑛‖ ≤ 𝐴𝜓 𝑟

𝑛
𝜓𝑀𝑛(𝜓), (3.8)

𝑛. Then we have
‖

‖

‖

‖

‖

∞
∑

𝑛=0

𝑧𝑛

𝛾𝑛−1!
𝜑𝑛

‖

‖

‖

‖

‖

≤
∞
∑

𝑛=0

|𝑧|𝑛

|𝛾𝑛−1!|
‖𝜑𝑛‖ ≤ 𝐴𝜑

∞
∑

𝑛=0

(𝑟𝜑|𝑧|)𝑛

|𝛾𝑛−1!|
𝑀𝑛(𝜑),

hich is a power series in (𝑟𝜑|𝑧|). Calling 𝛾 = lim𝑛 |𝛾𝑛|, we can easily check that the series converge whenever |𝑧| < 𝛾𝑀(𝜑)
𝑟𝜑

, which

ould be all of C if 𝑀(𝜑) = ∞ or 𝛾 = ∞. Similarly, the series ∑∞
𝑛=0 𝑧

𝑛𝜓𝑛 converges when |𝑧| < 𝑀(𝜓)
𝑟𝜓

. To conclude that 𝜑(𝑧) and 𝜓(𝑧)
re well defined (in the common region of C in which both bounds on 𝑧 are satisfied), we need to understand how 𝑁𝜑(𝑧) and 𝑁𝜓 (𝑧)
ust be defined. As usual, [9], we require that 𝜑(𝑧) and 𝜓(𝑧) satisfy a sort of mutual normalization:

1 = ⟨𝜑(𝑧), 𝜓(𝑧)⟩ = 𝑁𝜑(𝑧)𝑁𝜓 (𝑧)
∞
∑

𝑛,𝑘=0

𝑧𝑛𝑧𝑘

𝛾𝑛−1!
⟨𝜑𝑛, 𝜓𝑘⟩ = 𝑁𝜑(𝑧)𝑁𝜓 (𝑧)𝛤 (𝑧),

here we have introduced

𝛤 (𝑧) =
∞
∑

𝑛=0

|𝑧|2𝑛

𝛾𝑛−1!
, (3.9)

hich converges if |𝑧| <
√

𝛾. Of course, for all those 𝑧 satisfying this inequality and for which 𝛤 (𝑧) ≠ 0, we conclude that

𝑁𝜑(𝑧)𝑁𝜓 (𝑧) =
1

𝛤 (𝑧)
. (3.10)

emark. We should stress once more that, since 𝛾𝑛 is not necessarily real, 𝛤 (𝑧) is not necessarily a real function, even if it only
epends on |𝑧| (or, to be even more explicit, on |𝑧|2).

We are now in a position to describe what  must be: indeed we have  = 𝐶𝜌(0), the circle centered in the origin and of radius
, where

𝜌 = min
{

𝛾𝑀(𝜑)
𝑟𝜑

,
𝑀(𝜓)
𝑟𝜓

,
√

𝛾
}

.

3 However, we will not do it here.
6
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Now, taken 𝑓, 𝑔 ∈ , we have

∫𝐶𝜌(0)
𝑑𝜈(𝑧, 𝑧) ⟨𝑓, 𝜓(𝑧)⟩⟨𝜑(𝑧), 𝑔⟩ =

∞
∑

𝑛,𝑚=0

1
𝛾𝑛−1!

⟨𝑓, 𝜓𝑛⟩⟨𝜑𝑚, 𝑔⟩∫𝐶𝜌(0)
𝑑𝜈(𝑧, 𝑧) 𝑧

𝑛 𝑧𝑚

𝛤 (𝑧)
.

f we now put 𝑑𝜈(𝑧, 𝑧) = 𝛤 (𝑧) 𝑑𝜆(𝑟) 𝑑𝜃, 𝑟 ∈ [0, 𝜌[ and 𝜃 ∈ [0, 2𝜋[, and we integrate out the angular part, we conclude that

∫𝐶𝜌(0)
𝑑𝜈(𝑧, 𝑧) ⟨𝑓, 𝜓(𝑧)⟩⟨𝜑(𝑧), 𝑔⟩ = 2𝜋

∞
∑

𝑛=0

1
𝛾𝑛−1!

⟨𝑓, 𝜓𝑛⟩⟨𝜑𝑛, 𝑔⟩ ∫

𝜌

0
𝑑𝜆(𝑟)𝑟2𝑛 =

=
∞
∑

𝑛=0
⟨𝑓, 𝜓𝑛⟩⟨𝜑𝑛, 𝑔⟩ = ⟨𝑓, 𝑔⟩,

since 𝜑 and 𝜓 are biorthogonal bases. However, this is possible only if we can find a generalized measure 𝑑𝜆(𝑟) such that

∫

𝜌

0
𝑑𝜆(𝑟)𝑟2𝑛 = 1

2𝜋
𝛾𝑛−1!,

𝑛 ≥ 0. In particular, this implies that ∫ 𝜌0 𝑑𝜆(𝑟) = 0. This already clarify that 𝑑𝜆(𝑟) cannot be a measure in the usual sense. This is
lso clear since the integral ∫ 𝜌0 𝑑𝜆(𝑟)𝑟2𝑛, for 𝑛 ≥ 1, can give complex results.

Summarizing, 𝑑𝜈(𝑧, 𝑧) must be chosen properly, and there is no general reason ensuring that this can be done. Hence, resolution
f the identity for the bi-coherent states is an open problem, while their proper definition, and the fact that they are eigenstates of
and 𝑆†, is granted for all 𝑧 ∈ 𝜌(0).

. Pseudo-quons

In this section we will discuss a concrete example fitting well what we have discussed in Section 2. This example is based on
seudo-quons, [9,15], but in a slightly revised version, where the 𝑞-parameter, usually restricted in the real range [−1, 1], can assume

complex values as well. This possibility, in our knowledge, was not considered in the literature before, and open new possibilities.
More explicitly, ordinary quons arise from an operator 𝑐 which, together with its adjoint 𝑐†, satisfies the following 𝑞-mutator

ule: 𝑐𝑐† − 𝑞𝑐†𝑐 = 1, [27,28]. This implies, taking the adjoint of both members of this equation, that 𝑐𝑐† − 𝑞𝑐†𝑐 = 1 as well, so that
𝑞 − 𝑞)𝑐†𝑐 = 0, which is possible only if 𝑞 ∈ R.

As in [9,15], we rather consider a deformed version of the 𝑞-mutator:

[𝑎, 𝑏]𝑞 = 𝑎𝑏 − 𝑞𝑏𝑎 = 1, (4.1)

here 𝑎 is, in general, different from 𝑏†. As already discussed in Section 2, see also [15], formula (4.1) should be understood in
eneral in the sense of unbounded operators. This means that we should have either a common dense domain of , , stable
nder the action of 𝑎, 𝑏, and their adjoints, or an algebraic settings where these operators naturally live, as the *-algebra †(), see
ppendix A. We work here in one of these conditions.

It is interesting to notice that, going from quons to pseudo-quons, allows us to deal also with complex values of 𝑞. This is what we
ill do in the first part of this section. More explicitly, we will deduce some results arising from (4.1) under the general assumption

hat 𝑞 ∈ C. To do this, we will follow essentially the same ideas described in [15]. In fact, most of what we are going to show here
s a simple extension of the results in [15].

We first assume that two non zero vectors 𝛷0, 𝛹0 exist in  such that

𝑎𝛷0 = 𝑏†𝛹0 = 0. (4.2)

ext we define

𝛷𝑛 = 𝛼𝑛 𝑏𝛷𝑛−1 = 𝛼𝑛! 𝑏𝑛𝛷0, and 𝛹𝑛 = 𝛽𝑛 𝑎
† 𝛹𝑛−1 = 𝛽𝑛! 𝑎†

𝑛 𝛹0, (4.3)

or 𝑛 ≥ 1, and the sets 𝛷 = {𝛷𝑛, 𝑛 ≥ 0} and 𝛹 = {𝛹𝑛, 𝑛 ≥ 0}. We have introduced here 𝛼𝑛! = 𝛼1𝛼2 ⋯ 𝛼𝑛 and 𝛽𝑛! = 𝛽1𝛽2 ⋯ 𝛽𝑛, for all
≥ 1. This is slightly different from what we have done in (3.4), where the factorial included also 𝛾0. Notice that these quantities

ould be complex, in principle. We further put 𝛼0! = 𝛾0! = 1. We introduce

[𝑛]𝑞 = 1 + 𝑞 + 𝑞2 +⋯ + 𝑞𝑛−1 =
1 − 𝑞𝑛

1 − 𝑞
, (4.4)

ith the agreement that [0]𝑞 = 0 (which, by the way, is what we get from the right-hand side of this formula). Then, putting 𝑁 = 𝑏𝑎,
e can check that

𝑁𝛷𝑛 = [𝑛]𝑞𝛷𝑛, 𝑁†𝛹𝑛 = [𝑛]𝑞 𝛹𝑛, (4.5)

or all 𝑛 ≥ 0. The proof is similar to that in [15] and will not be given here. A standard consequence of (4.5) is that

⟨𝛹𝑛, 𝛷𝑚⟩ = 0, ∀𝑛 ≠ 𝑚. (4.6)

his is because, if 𝑞 ≠ 1, [𝑛]𝑞 = [𝑚]𝑞 if and only if 𝑛 = 𝑚. Formula (4.6) can be refined requiring first that the two vacua 𝛹0 and 𝛷0
atisfy the following:

⟨𝛹 ,𝛷 ⟩ = 1. (4.7)
7
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If we further assume that

𝛽𝑛 𝛼𝑛 [𝑛]𝑞 = 1, (4.8)

or all 𝑛 ≥ 1, we conclude that

⟨𝛹𝑛, 𝛷𝑚⟩ = 𝛿𝑛,𝑚, (4.9)

𝑛, 𝑚 ≥ 0. Of course, due to (4.6), we only have to prove that ⟨𝛹𝑛, 𝛷𝑛⟩ = 1 for all 𝑛 ≥ 0. This is true (by construction) for 𝑛 = 0.
ow, let us assume that ⟨𝛹𝑛, 𝛷𝑛⟩ = 1 for a fixed 𝑛. Then we have

⟨𝛹𝑛+1, 𝛷𝑛+1⟩ = 𝛽𝑛+1 𝛼𝑛+1⟨𝑎
†𝛹𝑛, 𝑏𝛷𝑛⟩ = 𝛽𝑛+1 𝛼𝑛+1⟨𝛹𝑛, 𝑎 𝑏𝛷𝑛⟩ = 𝛽𝑛+1 𝛼𝑛+1⟨𝛹𝑛, (1 + 𝑞𝑁)𝛷𝑛⟩.

ow, using (4.5) and the induction assumption, we have

⟨𝛹𝑛+1, 𝛷𝑛+1⟩ = 𝛽𝑛+1 𝛼𝑛+1
(

1 + 𝑞[𝑛]𝑞
)

= 𝛽𝑛+1 𝛼𝑛+1[𝑛 + 1]𝑞 ,

o that from (4.8) we conclude that ⟨𝛹𝑛+1, 𝛷𝑛+1⟩ = 1, as we had to prove. Hence we conclude that 𝛷 and 𝛹 are biorthonormal
sets. It is a simple exercise to prove further that

⎧

⎪

⎪

⎨

⎪

⎪

⎩

𝑎𝛷0 = 0, 𝑎𝛷𝑛 = 𝛼𝑛 [𝑛]𝑞𝛷𝑛−1, 𝑛 ≥ 1
𝑏𝛷𝑛 =

1
𝛼𝑛+1

𝛷𝑛+1, 𝑛 ≥ 0

𝑏† 𝛹0 = 0, 𝑏† 𝛹𝑛 = 𝛾𝑛 [𝑛]𝑞 𝛹𝑛−1, 𝑛 ≥ 1
𝑎† 𝛹𝑛 =

1
𝛾𝑛+1

𝛹𝑛+1, 𝑛 ≥ 0.

(4.10)

otice that (4.5) can also be deduced from these ladder equations. As in [9] we could assume, if needed,4 that 𝛷 and 𝛹 are
-quasi bases:

⟨𝑓, 𝑔⟩ =
∑

𝑛
⟨𝑓,𝛷𝑛⟩⟨𝛹𝑛, 𝑔⟩ =

∑

𝑛
⟨𝑓, 𝛹𝑛⟩⟨𝛷𝑛, 𝑔⟩, (4.11)

𝑓, 𝑔 ∈ , a suitable dense subspace of . In [9,10] it is widely discussed the consequences of this property, which generalizes the
arceval identity for orthonormal bases, and many concrete physical systems which admit -quasi bases of eigenvectors of some

Hamiltonian are discussed. For completeness, we give here an example of how the operators 𝑎 and 𝑏 look like in concrete cases,
referring to [15] for more details (including the spaces where these operators act, and so on):

𝑎 = 𝑒−2𝑖𝛼𝑥 − 𝑒𝑖𝛼
𝑑
𝑑𝑥 𝑒−𝑖𝛼(𝑥+𝛾)

−𝑖
√

1 − 𝑒−2𝛼2
, 𝑏 = 𝑒2𝑖𝛼𝑥 − 𝑒𝑖𝛼(𝑥−𝛾)𝑒𝑖𝛼

𝑑
𝑑𝑥

𝑖
√

1 − 𝑒−2𝛼2
, (4.12)

or real 𝛾 ≠ 0. For 𝛾 = 0 these operators return a pair (𝑐, 𝑐†) of ordinary quons, [29]. We recall that, in (4.12), 𝑞 = 𝑒−2𝛼2 where
∈ [0,∞), so that 𝑞 ∈ ]0, 1].

.1. Pseudo-quons in a deformed oscillator, and their role for ALOs

In this section we use the operators 𝑎 and 𝑏 in (4.1) to construct, first, a quantum oscillator-like non self-adjoint Hamiltonian 𝐻
written in terms of two (again, non self-adjoint) operators which extend the position and the momentum operators, but which obey
non standard commutation relations, of the kind we can find in [30–32] and, more recently, in [33]. One interesting aspect of our
construction is that, because of what we have seen before in Section 4, we will be able to find eigenvalues and eigenvectors of 𝐻
and 𝐻†. Secondly we will show how 𝑎, 𝑏, 𝐻 and 𝐻† fit the abstract settings of Section 2.

First of all we use 𝑎 and 𝑏 in (4.1) to define two operators 𝑥 and 𝑝 as follows:

𝑥 = 𝛼(𝑏 + 𝑎), 𝑝 = 𝑖𝛽(𝑏 − 𝑎), (4.13)

where 𝛼 and 𝛽 are, in general, complex quantities. Recalling that 𝑁 = 𝑏𝑎 we can rewrite

[𝑥, 𝑝] = 2𝑖𝛼𝛽[𝑎, 𝑏] = 2𝑖𝛼𝛽 (1 + (𝑞 − 1)𝑁) . (4.14)

ow, since 𝑎 = 𝛽𝑥+𝑖𝛼𝑝
2𝛼𝛽 and 𝑏 = 𝛽𝑥−𝑖𝛼𝑝

2𝛼𝛽 we have

𝑁 = 1
4𝛼2𝛽2

(

𝛽2𝑥2 + 𝛼2𝑝2 + 𝑖𝛼𝛽[𝑥, 𝑝]
)

,

which, when replaced in the right-hand side of (4.14), returns the following commutator between 𝑥 and 𝑝:

[𝑥, 𝑝] =
4𝑖𝛼𝛽
𝑞 + 1

1 +
𝑖(𝑞 − 1)
𝛼𝛽(𝑞 + 1)

(

𝛽2𝑥2 + 𝛼2𝑝2
)

. (4.15)

his formula, of course, makes sense if 𝑞 ≠ −1. Going back to (4.1) this means that we cannot include fermions in our analysis here.
ncidentally we observe that, if 𝑞 = 1 (i.e. for ordinary bosons), we go back to the well known commutation rule [𝑥, 𝑝] = 𝑖1 if we

4 Of course, this should be checked in concrete situations, since it is not automatic.
8
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fix, as for ordinary bosons, 𝛼 = 𝛽 = 1
√

2
in (4.13). We refer to [30–33], and references therein, for some results on commutation

rules similar to the one in (4.15), and for their role in minimal length quantum mechanics. Here, we rather introduce the operator

𝐻 = 1
2

(

(

𝑝
𝛽

)2
+
(𝑥
𝛼

)2
)

, (4.16)

hich looks formally as a quantum oscillator in the rescaled variables 𝑝
𝛽 and 𝑥

𝛼 . Of course this is not really so since 𝛼 and 𝛽 are, in
eneral, complex, and 𝑝 and 𝑥 are not self-adjoint. This is also made more explicit by noticing that, using (4.14) and (4.15), we can
ewrite

𝐻 = (𝑞 + 1)𝑁 + 1, and 𝐻† = (𝑞 + 1)𝑁† + 1, (4.17)

hich show that the families 𝛷 and 𝛹 introduced after (4.3) are indeed the eigenstates of 𝐻 and 𝐻†, respectively:

𝐻𝛷𝑛 = 𝐸̂𝑛𝛷𝑛, and 𝐻†𝛹𝑛 = 𝐸̂𝑛𝛹𝑛, (4.18)

𝑛 ≥ 0. Here we have

𝐸̂𝑛 = (𝑞 + 1)[𝑛]𝑞 + 1, (4.19)

hich is not necessarily real, of course. We can rewrite 𝐸̂𝑛 as follows:

𝐸̂0 = 1, and 𝐸̂𝑛 = 2[𝑛]𝑞 + 𝑞𝑛, 𝑛 ≥ 1. (4.20)

ence our pseudo-quons can be used to diagonalize both 𝐻 in (4.16) and 𝐻†, where 𝑥 and 𝑝 are (non self-adjoint) operators obeying
4.15).

What we want to do now is to show that 𝑎, 𝑏 and 𝐻 produce an explicit realization of what discussed in Section 2. For that we
ut, in Definition 1, 𝑆 = 𝑏 and 𝑇 = 𝑎, while 𝐻 is the one in (4.17). Hence we have, as already commented before,

[𝐻, 𝑏] = (𝑞 + 1)[𝑁, 𝑏] = (𝑞 + 1)𝑏[𝑎, 𝑏],

which is exactly (2.1) with 𝜆 = 𝑞 + 1. Hence (𝐻, 𝑎, 𝑏) ∈ 𝑞+1. However, in view of Theorem 3, this 𝐻 does not work well, since
its lowest eigenvalue is one, rather than zero. But this, as we have already observed before, is not really a major problem. It is
sufficient to replace 𝐻 with ℎ = 𝐻 − 1 = (𝑞 + 1)𝑁 . Hence ℎ is a shifted version of (4.16), and its eigenstates, and those of ℎ†, are
not modified by this shift, while the eigenvalues are slightly changed. Summarizing, we have

ℎ = (𝑞 + 1)𝑁, and ℎ† = (𝑞 + 1)𝑁†, (4.21)

ℎ𝛷𝑛 = 𝐸𝑛𝛷𝑛, and ℎ†𝛹𝑛 = 𝐸𝑛𝛹𝑛, (4.22)

𝑛 ≥ 0, with

𝐸𝑛 = (𝑞 + 1)[𝑛]𝑞 , 𝑛 ≥ 0. (4.23)

ince [ℎ, 𝑏] = (𝑞+1)[𝑁, 𝑏] = (𝑞+1)𝑏[𝑎, 𝑏], we go back again to (2.1) with 𝜆 = 𝑞+1, so that (ℎ, 𝑎, 𝑏) ∈ 𝑞+1. This means that Definition 1
s satisfied, and Proposition 2 easily follows, replacing (𝐻,𝑆, 𝑇 , 𝜆) with (ℎ, 𝑏, 𝑎, 𝑞 + 1).

The next steps are meant to show what the general settings in Section 2 become in this particular case. We start with showing
hat (2.2) is satisfied. Indeed we have

[𝐻, [𝑇 , 𝑆]] → [ℎ, [𝑎, 𝑏]] = [(𝑞 + 1)𝑁,1 + (𝑞 − 1)𝑁] = 0.

ere we have used the following useful identity:

[𝑎, 𝑏] = 𝑎𝑏 − 𝑏𝑎 = (1 + 𝑞𝑁) −𝑁 = 1 + (𝑞 − 1)𝑁. (4.24)

his means that we are under the assumptions of Theorem 3: in fact (ℎ, 𝑎, 𝑏) ∈ 𝑞+1, (2.2) is satisfied and all the eigenvalues of ℎ,
ee (4.23), are non degenerate. Moreover, ℎ𝛷0 = 0 so that the vector 𝜑0 in Theorem 3 exists, and coincides with the vacuum of 𝑎,
ee (4.2). Next, as in (2.3) we put 𝜑𝑛 = 𝑆𝑛𝜑0 = 𝑏𝑛𝛷0. Notice that these vectors are proportional to the 𝛷𝑛’s in (4.3): 𝜑𝑛 = (𝛼𝑛!)−1𝛷𝑛,
≥ 0. We easily find that 𝜇𝑛 in (2.4) and 𝐸𝑛 in (2.6) are

𝜇𝑛 = 1 + (𝑞 − 1)[𝑛]𝑞 = 𝑞𝑛, 𝐸𝑛 = (𝑞 + 1)[𝑛]𝑞 , (4.25)

𝑛 ≥ 0. This last expression, in particular, is in agreement with (4.23).
In Section 2 the family 𝜓 has been introduced as the (only) biorthonormal basis of 𝜑. For pseudo-quons, the biorthonormality

ondition is given in (4.9). This allows us to identify the 𝜓𝑛 in (2.8) in terms of the 𝛹𝑛 in (4.3):

𝛷𝑛 = 𝛼𝑛!𝜑𝑛, and 𝛹𝑛 = (𝛼𝑛!)−1𝜓𝑛, (4.26)

𝑛 ≥ 0. Incidentally we observe that, because of the (4.8), both 𝛼𝑛 and 𝛽𝑛 must be non zero for all 𝑛. In what follows it will be useful
to use the following equality, which is a consequence, in particular, of (4.26):

𝜓 = [(𝛼 𝛽 )!] (𝑎†)𝑛𝜓 = [𝛼 𝛽 ] 𝑎† 𝜓 , (4.27)
9
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𝑛 ≥ 1, where we are identifying 𝜓0 and 𝛹0, since 𝛼0! = 1. Formulas (2.9) and (2.10) can be easily checked and we get indeed

ℎ†𝜓𝑛 = (𝑞 + 1)[𝑛]𝑞𝜓𝑛, 𝑏†𝜓0 = 0, and, if 𝑛 ≥ 1, 𝑏†𝜓𝑛 = 𝜓𝑛−1.

The two mean values of [𝑇 , 𝑆] = [𝑎, 𝑏] in (2.12) indeed coincide and return 𝑞𝑛, ∀𝑛 ≥ 0.
What is maybe more interesting is the fact that (ℎ, 𝑎, 𝑏) ∈ (𝑠)

𝑞+1, too. This is because (2.13) is also satisfied: [ℎ, 𝑎] = (𝑞 + 1)[𝑏, 𝑎]𝑎.
or this reason 𝑇 † and 𝑇 (i.e. 𝑎† and 𝑎) act respectively as raising and lowering operators on 𝜓𝑛 and 𝜑𝑛, see (2.15) and (2.16). In
articular, it turns out that the sequence {𝛾𝑛} in (2.15) is simply

𝛾𝑛 = [𝑛 + 1]𝑞 , (4.28)

𝑛 ≥ 0. The other results in (2.17)–(2.21) can be easily checked. We just want to observe that the coefficients in (2.20) and (2.21)
an be simplified, in our situation, since

𝛾𝑛 − 𝛾𝑛−1 = 𝑞𝑛,

𝑛 ≥ 1, and the only case in which this do not depend on 𝑛 is when 𝑞 = 1, i.e. for pseudo-bosons, [9].
We conclude this section by noticing that not much can be said on bi-coherent states since we are here not in a position to check

f bounds as those in (3.8) are satisfied or not. This could be done only when replacing our abstract operators 𝑎 and 𝑏 with some
xplicit realization in some concrete Hilbert space.

. Another example: the deformed Heisenberg algebra

In this section we will describe in details another class of examples fitting our construction in Section 2. This class arises from
hat has been called DGHA in [16], and which is essentially a (minimal) set of rules relating three operators which give the
ossibility to find eigenvalues and eigenvectors of one of the three operators involved. In particular, after a short review of the
esults in [16], restated in a way which is more convenient for us, we will show how each DGHA can be seen as a special case of
hat described in Section 2.

Suppose we have three operators ℎ, 𝑎, 𝑏, acting on the Hilbert space  and densely defined on a dense subspace  ⊆ , stable
nder the action of these operators and of their adjoints. Let 𝑓 (𝑥) be a real and strictly increasing function.

efinition 6. We say that ℎ, 𝑎, 𝑏 and 𝑓 (𝑥) obey a DGHA if the following identities are satisfied:

ℎ 𝑏 = 𝑏 𝑓 (ℎ), 𝑎 ℎ = 𝑓 (ℎ) 𝑎, [𝑎, 𝑏] = 𝑓 (ℎ) − ℎ. (5.1)

We refer to [16] for a discussion on the definition of 𝑓 (ℎ) if ℎ is unbounded and not self-adjoint. Here we will always assume
that 𝑓 (ℎ) is well defined and leaves  invariant, together with its adjoint (𝑓 (ℎ))† = 𝑓 (ℎ†).

emark. We could rather assume, as already stressed several times in this paper, that all the operators involved in our construction,
ncluding 𝑓 (ℎ), belong to †(), for some , see Appendix A.

Let us assume, [16], that two non zero vectors 𝜉0 and 𝜂0 exist in  such that

ℎ𝜉0 = 0, ℎ†𝜂0 = 0. (5.2)

his means that zero is an eigenvalue of ℎ and ℎ†, which we are considering to be different, in general. We define the vectors

𝜉𝑛 =
1

√

𝜖𝑛!
𝑏𝑛 𝜉0, 𝜂𝑛 =

1
√

𝜖𝑛!
𝑎†𝑛 𝜂0, (5.3)

≥ 0, where 𝜖0 = 0 and 𝜖𝑛 = 𝑓 (𝜖𝑛−1), 𝑛 ≥ 1. Of course, this definition and the fact that 𝑓 (𝑥) is strictly increasing, imply that

0 = 𝜖0 < 𝜖1 < 𝜖2 < ⋯ . (5.4)

n (5.3) we have put, as usual, 𝜖0! = 1 and 𝜖𝑛! = 𝜖1𝜖2 ⋯ 𝜖𝑛, 𝑛 ≥ 1. Notice that the factor
√

𝜖𝑛! is real, in view of what we have just
iscussed. Since  is stable under the action of 𝑏 and 𝑎†, it follows that 𝜉𝑛, 𝜂𝑛 ∈ , for all 𝑛 ≥ 0. The following results can be easily
educed, see also [16]:

1. 𝜉𝑛 and 𝜂𝑛 are respectively eigenstates of ℎ and ℎ†:

ℎ𝜉𝑛 = 𝜖𝑛𝜉𝑛, ℎ†𝜂𝑛 = 𝜖𝑛𝜂𝑛, (5.5)

∀𝑛 ≥ 0. Then, since each eigenvalue is non degenerate,

⟨𝜉𝑛, 𝜂𝑚⟩ = 0, (5.6)

if 𝑛 ≠ 𝑚.
2. If  = {𝜂 , 𝑛 ≥ 0} is complete in , then 𝑎𝜉 = 0. Also, if  = {𝜉 , 𝑛 ≥ 0} is complete in , then 𝑏†𝜂 = 0.
10
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3. The following ladder equations are satisfied:

𝑏𝜉𝑛 =
√

𝜖𝑛+1 𝜉𝑛+1, 𝑎†𝜂𝑛 =
√

𝜖𝑛+1 𝜂𝑛+1, (5.7)

as well as

𝑎𝜉𝑛 =
√

𝜖𝑛 𝜉𝑛−1, 𝑏†𝜂𝑛 =
√

𝜖𝑛 𝜂𝑛−1, (5.8)

𝑛 ≥ 1, together with 𝑎𝜉0 = 𝑏†𝜂0 = 0, see item 2 in this list.
4. The following eigenvalue equations are satisfied:

𝑏 𝑎𝜉𝑛 = 𝜖𝑛𝜉𝑛, 𝑎 𝑏𝜉𝑛 = 𝜖𝑛+1𝜉𝑛, 𝑎† 𝑏†𝜂𝑛 = 𝜖𝑛𝜂𝑛, 𝑏† 𝑎†𝜂𝑛 = 𝜖𝑛+1𝜂𝑛, (5.9)

∀𝑛 ≥ 0.
5. if we choose the normalization of 𝜉0 and 𝜂0 such that ⟨𝜉0, 𝜂0⟩ = 1, then

⟨𝜉𝑛, 𝜂𝑚⟩ = 𝛿𝑛,𝑚 (5.10)

∀𝑛, 𝑚 ≥ 0. Notice that this equation refines the one in (5.6).

We refer to [16] for some examples of DGHA in a quantum mechanical context. In particular, a deformed Pöschl–Teller and an
again, deformed) infinite square-well potentials are considered.

We will now show how each DGHA fits in what discussed in Section 2. In particular, we will show that 𝑎 and 𝑏 in Definition 6
re indeed ALOs.

To show this fact, we first check that taken 𝑎 and 𝑏 and ℎ in Definition 6, (ℎ, 𝑎, 𝑏) ∈ 1. Indeed we have, using twice (5.1),

[ℎ, 𝑏] = ℎ𝑏 − 𝑏ℎ = 𝑏𝑓 (ℎ) − 𝑏ℎ = 𝑏(𝑓 (ℎ) − ℎ) = 𝑏[𝑎, 𝑏],

which is (2.1) with the identification (𝐻, 𝑇 , 𝑆) ↔ (ℎ, 𝑎, 𝑏), and 𝜆 = 1. This means that Proposition 2 can be applied. Moreover, (2.2)
is also satisfied. In fact we have, using again (5.1),

[𝐻, [𝑇 , 𝑆]] ⟶ [ℎ, [𝑎, 𝑏]] = [ℎ, 𝑓 (ℎ) − ℎ] = 0,

as required in (2.2). The assumptions of Theorem 3 are also satisfied: (ℎ, 𝑎, 𝑏) ∈ 1, the eigenvalues of ℎ, the 𝜖𝑛’s, are all non
degenerate, and a non zero vector 𝜑0 = 𝜉0 exists such that ℎ𝜑0 = 0, see (5.2).

The vector 𝜑𝑛 in (2.3) is 𝜑𝑛 = 𝑏𝑛𝜉0 =
√

𝜖𝑛! 𝜉𝑛, see (5.3). The coefficient 𝜇𝑛 in (2.4) can be easily computed:

[𝑇 , 𝑆]𝜑𝑛 ⟶ [𝑎, 𝑏]
(

√

𝜖𝑛! 𝜉𝑛
)

=
√

𝜖𝑛!(𝑓 (ℎ) − ℎ)𝜉𝑛 = (𝜖𝑛+1 − 𝜖𝑛)
(

√

𝜖𝑛! 𝜉𝑛
)

,

where we have also used that 𝑓 (𝜖𝑛) = 𝜖𝑛+1. Hence 𝜇𝑛 = 𝜖𝑛+1 − 𝜖𝑛, ∀𝑛 ≥ 0. Using this expression in (2.6), and recalling that 𝜆 = 1, we
et 𝐸𝑛 =

∑𝑛−1
𝑘=0 𝜇𝑘 = 𝜖𝑛, in agreement.5 with (5.5)

If 𝜑 is a basis, it admits an unique biorthonormal basis, [25,26], 𝜓 = {𝜓𝑛}. In view of (5.10), its vectors can be easily identified:
𝑛 =

1
√

𝜖𝑛!
𝜂𝑛, ∀𝑛 ≥ 0, and it is clear that these are eigenvectors of ℎ†, with eigenvalue 𝜖𝑛: ℎ†𝜓𝑛 = 𝜖𝑛𝜓𝑛, in agreement with (2.9). The

lowering equations in (2.10) are also easily checked. For instance, if 𝑛 ≥ 1,

𝑆†𝜓𝑛 ⟶ 𝑏†
(

1
√

𝜖𝑛!
𝜂𝑛

)

= 1
√

𝜖𝑛−1!
𝜂𝑛−1 = 𝜓𝑛−1,

s expected. In this derivation we have used (5.8). As for the equality in (2.12) we can check that both sides are indeed equal to
𝑛. What is more relevant, is to check if (ℎ, 𝑎, 𝑏) also belongs to (𝑠)

1 , in the sense of Definition 5. This is true, in fact:

[ℎ, 𝑎] = ℎ𝑎 − 𝑎ℎ = ℎ𝑎 − 𝑓 (ℎ)𝑎 = (ℎ − 𝑓 (ℎ))𝑎 = [𝑏, 𝑎]𝑎,

using twice (5.1). As a consequence of this property, the last part of Section 2 holds for DGHA. In particular, the coefficient 𝛾𝑛 in
(2.15) can be identified:

𝑇 †𝜓𝑛 ⟶ 𝑎†
(

1
√

𝜖𝑛!
𝜂𝑛

)

= 1
√

𝜖𝑛!

√

𝜖𝑛+1 𝜂𝑛+1 = 𝜖𝑛+1𝜓𝑛+1,

sing (5.7). Hence 𝛾𝑛 = 𝜖𝑛+1, ∀𝑛 ≥ 0, and formulas (2.16)–(2.19) easily follow.
For our DGHA something can be deduced for the difference 𝛾𝑛 − 𝛾𝑛−1 in (2.20) and (2.21). Indeed we have 𝛾𝑛 − 𝛾𝑛−1 = 𝜖𝑛+1 − 𝜖𝑛 =

(𝜖𝑛) − 𝜖𝑛, which is independent of 𝑛 if 𝑓 (𝑥) = 𝑥 + 𝑘, 𝑘 ∈ R, but not with other choices of 𝑓 (𝑥). This is not surprising, since this
xpression of 𝑓 (𝑥) implies that [𝑎, 𝑏] = 𝑓 (ℎ) − ℎ = 𝑘1, which means that, for instance, 1

𝑘𝑎 and 𝑏 are pseudo-bosonic operators, [9],
or which all the results deduced here are well known.

As already stressed for pseudo-quons, we notice that not much can be said on bi-coherent states since we are here not in a
osition to check if bounds as those in (3.8) are satisfied or not. This could be done only when replacing our abstract operators 𝑎,
and ℎ, and the function 𝑓 , with some explicit realization in some concrete Hilbert space.

5 Since 𝜉 and 𝜑 differ only for a normalization, 𝜉 is an eigenstate of ℎ with eigenvalue 𝜖 if and only if 𝜑 is an eigenstate of ℎ with the same eigenvalue.
11
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6. Conclusions

We have discussed here the role of ALOs in the analysis of some physical system driven by a non self-adjoint Hamiltonian.
In particular, also in view of the examples discussed in Sections 4 and 5, the approach proposed here appears to be rather general,

ince it covers these examples, and all those which were originally considered in [14–16], as well as many others in which the
seudo-quons are replaced by ordinary quons or by pseudo-bosons, which are both particular cases of the pseudo-quons considered
n Section 2. Of course, looking for more applications is quite interesting and, in view of the generality of the method, we hope to
ind other interesting examples which can be algebraically treated in terms of our ALOs.

It is clear that our analysis of bi-coherent states here is just preliminary. We plan to go back soon to these states with concrete
xamples, and possibly with physical applications.

We should also mention that a side result in our analysis consists in the possibility of extending 𝑞-onic commutation relations,
ee (4.1), to complex values of 𝑞. As we have commented, this is not possible for ordinary quons. Also, pseudo-quons can be used
o diagonalize a non self-adjoint oscillator-like Hamiltonian, see (4.16), involving position and momentum operators satisfying a
ommutation rule, see (4.15), of the kind one meets when dealing with minimal length quantum mechanics. We believe that this
spect deserves a deeper analysis, too, in a close future, also in connection with the consequences for uncertainty relations.
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ppendix A. 𝑶∗-algebras

Let us briefly review how †() can be introduced, and why it is so relevant for us. We refer to [34–36] for many results on
-algebra, quasi ∗-algebras, and 𝑂∗-algebras. In particular, we have:

efinition 7. Let  be a separable Hilbert space and 𝑁0 an unbounded, densely defined, self-adjoint operator. Let 𝐷(𝑁𝑘
0 ) be the

omain of the operator 𝑁𝑘
0 , 𝑘 ≥ 0, and  the domain of all the powers of 𝑁0, that is,

 = 𝐷∞(𝑁0) =
⋂

𝑘≥0
𝐷(𝑁𝑘

0 ).

his set is dense in . We call †() the ∗-algebra of all closable operators defined on  which, together with their adjoints, map
into itself. Here the adjoint of 𝑋 ∈ †() is 𝑋† = 𝑋∗

|. †() is called an 𝑂∗-algebra.

In  the topology is defined by the following 𝑁0-depending seminorms:

𝜙 ∈  → ‖𝜙‖𝑛 ≡ ‖𝑁𝑛
0𝜙‖,

here 𝑛 ≥ 0, and the topology 𝜏0 in †() is introduced by the seminorms

𝑋 ∈ †() → ‖𝑋‖

𝑓,𝑘 ≡ max
{

‖𝑓 (𝑁0)𝑋𝑁𝑘
0 ‖, ‖𝑁

𝑘
0𝑋𝑓 (𝑁0)‖

}

,

where 𝑘 ≥ 0 and 𝑓 ∈ , the set of all the positive, bounded and continuous functions on R+, which are decreasing faster than any
inverse power of 𝑥: †()[𝜏0] is a complete *-algebra.

The relevant aspect of †() is that, [34–36], if 𝑥, 𝑦 ∈ †(), we can multiply them and the results, 𝑥𝑦 and 𝑦𝑥, both belong to
†(), as well as their difference, the commutator [𝑥, 𝑦]. Also, powers of 𝑥 and 𝑦 all belong to †(), which is therefore a good
framework to work with, also in presence of unbounded operators. For instance, if 𝑁0 = 𝑎†𝑎, where [𝑎, 𝑎†] = 1, we can prove that
𝑎, 𝑎† ∈ †(). Hence 𝑁 ∈ †() as well. This is also true for pseudo-bosonic operators, [37], at least if  = (R).
12
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Appendix B. Graphene

The Hamiltonian for the two Dirac points 𝐾 and 𝐾 ′ can be written as, see [23],

𝐻𝐷 =
(

𝐻𝐾 0
0 𝐻𝐾′

)

, (B.1)

ith

𝐻𝐾 = 𝑣𝐹

(

0 𝑝𝑥 − 𝑖𝑝𝑦 +
𝑒𝐵
2 (𝑦 + 𝑖𝑥)

𝑝𝑥 + 𝑖𝑝𝑦 +
𝑒𝐵
2 (𝑦 − 𝑖𝑥) 0

)

, (B.2)

and 𝐻𝐾′ = 𝐻𝑇
𝐾 . Here 𝑥, 𝑦, 𝑝𝑥 and 𝑝𝑦 are the usual self-adjoint, two-dimensional position and momentum operators: [𝑥, 𝑝𝑥] = [𝑦, 𝑝𝑦] =

𝑖1, all the other commutators being zero. 1 is the identity operator in the Hilbert space  = 2(R2), whose scalar product is indicated
as ⟨., .⟩. The factor 𝑣𝐹 is the Fermi velocity.

We then put 𝜉 =
√

2
𝑒𝐵 , 𝑋 = 1

𝜉 𝑥, 𝑌 = 1
𝜉 𝑦, 𝑃𝑋 = 𝜉𝑝𝑥, 𝑃𝑌 = 𝜉𝑝𝑦, and then 𝑎𝑋 = 𝑋+𝑖𝑃𝑋

√

2
, 𝑎𝑌 = 𝑌+𝑖𝑃𝑌

√

2
, and still

𝐴1 =
𝑎𝑋 − 𝑖𝑎𝑌

√

2
, 𝐴2 =

𝑎𝑋 + 𝑖𝑎𝑌
√

2
. (B.3)

The following commutation rules are satisfied:

[𝑎𝑋 , 𝑎
†
𝑋 ] = [𝑎𝑌 , 𝑎

†
𝑌 ] = [𝐴1, 𝐴

†
1] = [𝐴2, 𝐴

†
2] = 1, (B.4)

the other commutators being zero. Then we have:

𝐻𝐾 =
2𝑖𝑣𝐹
𝜉

(

0 𝐴†
2

−𝐴2 0

)

, (B.5)

hich is manifestly Hermitian: 𝐻𝐾 = 𝐻†
𝐾 . Since 𝐻𝐾 does not depend on 𝐴1 and 𝐴†

1, its eigenstates must be degenerate. Let 𝑒0,0 ∈ 
e the non zero vacuum of 𝐴1 and 𝐴2: 𝐴1𝑒0,0 = 𝐴2𝑒0,0 = 0. Then we introduce

𝑒𝑛1 ,𝑛2 = 1
√

𝑛1!𝑛2!
(𝐴†

1)
𝑛1 (𝐴†

2)
𝑛2𝑒0,0, (B.6)

nd the set  =
{

𝑒𝑛1 ,𝑛2 , 𝑛𝑗 ≥ 0
}

.  is an o.n. basis for . However, to deal with 𝐻𝐾 , it is convenient to work in 2 = ⊕ , the
direct sum of  with itself:

2 =
{

𝑓 =
(

𝑓1
𝑓2

)

, 𝑓1, 𝑓2 ∈ 
}

.

In 2 the scalar product ⟨., .⟩2 is defined as usual:

⟨𝑓, 𝑔⟩2 ∶= ⟨𝑓1, 𝑔1⟩ + ⟨𝑓2, 𝑔2⟩, (B.7)

and the square norm is ‖𝑓‖22 = ‖𝑓1‖2 + ‖𝑓2‖2, for all 𝑓 =
(

𝑓1
𝑓2

)

, 𝑔 =
(

𝑔1
𝑔2

)

in 2. We now introduce the vectors

𝑣𝑛1 ,0 =
(

𝑒𝑛1 ,0
0

)

, and 𝑣(±)𝑛1 ,𝑛2
= 1

√

2

(

𝑒𝑛1 ,𝑛2
∓𝑖𝑒𝑛1 ,𝑛2−1

)

, if 𝑛2 ≥ 1, (B.8)

𝑛1 ≥ 0. Now, we call 2 = {𝑣(𝑘)𝑛1 ,𝑛2 , 𝑛1 ≥ 0, 𝑛2 ≥ 1, 𝑘 = ±} ∪ {𝑣𝑛1 ,0, 𝑛1 ≥ 0}. It is easy to check that these vectors are mutually
rthogonal, normalized in 2, and total. Hence, 2 is an o.n. basis for 2. Its vectors are eigenvectors of 𝐻𝐾 :

𝐻𝐾𝑣𝑛1 ,0 = 0, 𝐻𝐾𝑣
(+)
𝑛1 ,𝑛2

= 𝐸(+)
𝑛1 ,𝑛2

𝑣(+)𝑛1 ,𝑛2
, 𝐻𝐾𝑣

(−)
𝑛1 ,𝑛2

= 𝐸(−)
𝑛1 ,𝑛2

𝑣(−)𝑛1 ,𝑛2
, (B.9)

where 𝐸(±)
𝑛1 ,𝑛2 = ± 2𝑣𝐹

𝜉
√

𝑛2. This shows that the discrete spectrum of 𝐻𝐾 is not bounded from below (neither from above). For this
eason, it is impossible to shift the Hamiltonian to get a new operator 𝐻𝐾 + 𝛾12 (here 12 is the identity operator on 2) with a
urely positive set of eigenvalues.
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