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Existence and multiplicity results
for double phase problems
with variable exponents

by Eleonora AMOROSO

The double phase operator is a differential operator that finds applications in several
fields, among the others elasticity theory, biophysics, quantum physics, chemical re-
actions. The aim of this thesis is to present existence and multiplicity results for non-
linear differential equations involving the double phase operator with variable ex-
ponents, under different boundary conditions. In addition, the problems considered
are parameter-dependent and an interval of parameters for which every problem
admits solutions is also provided. The investigation is based on variational methods
and precisely critical point theory; indeed, the main tools are the Mountain Pass the-
orem due to A. Ambrosetti e P. Rabinowitz, a two critical points theorem established
by G. Bonanno and G. D’Agui and the Nehari manifold method.

The first problem considered is a Dirichlet double phase problem where if the
nonlinearity has a subcritical growth and verifies a superlinear condition, the ex-
istence of two nontrivial weak solutions with opposite energy sign is established.
These results are contained in [6], in collaboration with G. Bonanno, G. D’Agui and
P. Winkert.

Then, a Robin double phase problem with critical growth on the boundary is
studied. In particular, if the nonlinear term has a subcritical growth and satisfies
the classical Ambrosetti-Rabinowitz condition, the existence of two nontrivial weak
solutions with opposite energy sign is guaranteed. These results are presented in [4],
in collaboration with V. Morabito.

Finally, the last part of the thesis is dedicated to the study of a nonlinear double
phase problem with nonlinear Neumann boundary condition. Under very general
assumptions on the nonlinearity, the existence of three nontrivial weak solutions
is obtained. Specifically, a solution is nonnegative, another one is nonpositive and
the third one is sign-changing with exactly two nodal domains. These results are
obtained in [5], in collaboration with A. Crespo-Blanco, P. Pucci and P. Winkert.
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Chapter 1

Introduction

The main purpose of this thesis is to present some original results on the existence
and multiplicity of solutions for different nonlinear differential problems involv-
ing the double phase operator with variable exponents. Through critical point the-
ory, the existence of two solutions for a class of double phase problems with either
Dirichlet condition or Robin condition is studied. In addition, the existence of three
solutions for Neumann nonlinear differential problem is investigated, also exploit-
ing the Nehari manifold method.

Since the approach of the present thesis is variational, it is worth emphasizing
the importance of Calculus of Variations in the most diverse fields of science. There
are a great number of problems that are referable to the variational logic scheme and
in which a functional on an assigned constraint is considered in order to study, for
instance, its minimum points or stationary points or decreasing curves, according to
appropriate definitions of these concepts.

To give a few examples, it is necessary to recall first the historically and scien-
tifically important role that Calculus of Variations plays in physics, as in classical
mechanics with the great variational principles that preside over the dynamics of
systems, in the theory of elasticity, in quantum mechanics, in modern developments
in the study of the microstructure of materials, in economics, computer science, bio-
logical or artificial neural networks, control systems, and in numerous other fields.

By applying variational methods, one can obtain more precise results than with
respect to other methods, for instance on the multiplicity of solutions. In Calculus
of Variations, finding the solutions of problems is equivalent to finding the critical
points of certain functionals. In classical theory, this means considering a functional
J defined on a Banach space that admits derivative according to Gateaux J' : X —
X*, and solving the Euler equation

J'(x) = 0.

One of the approaches to finding the critical points of a functional is to search for the
points of global minimum (maximum). This type of study, which originates from the
famous Weierstrass theorem on the extremes of real continuous functions, is known
as direct method because it solves the Euler equation by investigating the properties
of the functional directly. It can be summarized as follows

coercivity + lower semicontinuity = existence of a minimum,

existence of a minimum = J'(x) =0.

Coercivity is a compactness concept. A more general compactness concept that can
be exploited in order to ensure the existence of a critical point is a compactness con-
dition known as Palais-Smale condition.
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The theory of critical points in infinite dimensional spaces for functionals of class
C! developed in the second half of the 20th century. The most important result
within this theory, besides the Direct Methods theorem, is certainly the Mountain
Pass theorem, obtained in 1973 by A. Ambrosetti and P. Rabinowitz [2]. This theo-
rem can be applied for functionals that are unbounded from below, differently from
the Direct Methods one. This result, recalled in this thesis in Theorem 3.1.5, states
that if a functional F of class C! satisfies the Palais-Smale condition and the mountain
pass geometry, namely

a =max{y(0),y(u1)} < inf F(u)=4,

u€B(0,p)
then it admits a critical point. Versions of the Mountain Pass theorem were already
known by M. Morse and C.B. Tompkins [73], M. Shiffman [90] and R. Courant [37].
In the result of A. Ambrosetti and P. Rabinowitz it is assumed that « < B, however
the limiting case when « =  was studied by P. Pucci and J. Serrin [83, 84, 85]. With
the aid of the dual family, N. Ghoussoub and D. Preiss [59] observed that one may
get more informations on the localization of the mountain pass points. Both the Di-
rect Methods theorem and the Mountain Pass theorem have been (and still are) used
to establish the existence of at least one solution for various classes of nonlinear dif-
ferential problems.

Summarizing, Direct Methods theorem implies the existence of a global mini-
mum and Mountain Pass theorem guarantees the existence of a critical point that is
not of minimum. An important chapter within critical point theory is the existence
of a local minimum and it is worth mentioning the result of B. Ricceri [87] (2000). A
more precise version of this result is due to G. Bonanno and P. Candito [20] in 2008.
Within this context, in 2012 G. Bonanno [17] generalized these results, ensuring the
existence of a local minimum for a continuously Gateaux differentiable functional
which is unbounded from below without requiring any weak continuity assump-
tion. The variational formulation that is considered is

I=0-Y,

where ® and ¥ are continuously Gateaux differentiable functionals defined on an
infinite dimensional real Banach space. In fact, in the differential problems the asso-
ciated energy functional is of this type. In this work, G. Bonanno presented a new
definition of the Palais-Smale condition, which is more general than the usual one,
a mountain pass theorem that allows the location of the critical point due to the in-
troduced Palais-Smale condition and, as a result, several critical point theorems are
then established. The main tool used for the proofs is a consequence of the classical
Ekeland variational principle constructed within a nonsmooth framework. A non-
trivial consequence of the local minimum theorem by G. Bonanno in combination
with the Ambrosetti-Rabinowitz theorem is obtained by G. Bonanno and G. D’Agui
[23] in 2016, which ensures the existence of two nontrivial critical points.

Now, the details of the nonlinear differential problems that are the subject of
this thesis are presented. In recent years, the differential operator known as “dou-
ble phase operator" has found application in numerous research fields. Given a
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bounded domain ) C RN with Lipschitz boundary 9, the double phase opera-
tor is defined as follows

u— —div <|Vu|p(")’2Vu + y(x)\Vu]q(")’ZVu) ,

for every function u belonging to a suitable function space, with appropriate regu-
larity assumptions on the variable exponents p and g and on the weight function p.
The energy functional associated with the double phase operator is given by

B |Vu|px) |V |700)
“”)‘/o< e )dx'

and its integrand, that is

H(x,g) = p(lx)w’(” + ;‘((;“;!c!q(’f) forall (x,8) € Q x RY,

has unbalanced growth if y is nonnegative and belongs to L*((2), namely
b1|E[P™) < H(x, &) < by (1 n ygw@f)) fora.a. x € Qand forall & € RN, by, b, > 0.

The functional I changes ellipticity on the set where the weight function y van-
ishes. In fact, the energy density of I presents ellipticity in the gradient of order g(x)
in the set {x € O : p(x) > 7} for any fixed T > 0 and of order p(x) in the set
{x € O : u(x) = 0}. Thus, the integrand H alternates between two different phases
of elliptic behavior and this is why the differential operator is called double phase.

This type of functionals has been first introduced in 1986 by Zhikov [97] with
constant exponents. Subsequently, numerous authors have investigated problems
involving this operator, which has been employed to model a range of phenom-
ena. Among the topics, it is worth mentioning first the elasticity theory in which
the double phase operator describes the behavior of strongly anisotropic materials,
whose hardening properties are related to the exponents p(-) and q(-) and signifi-
cantly change with the point (since they are variables) and the coefficient yi(-) deter-
mines the geometry of a composite made of two different materials, see Zhikov [98].
Moreover, one can found other applications in the papers of Bahrouni-Radulescu-
Repovs [7] on transonic flows, Benci-D’Avenia-Fortunato-Pisani [14] on quantum
physics and Zhikov [98] on the Lavrentiev gap phenomenon, the thermistor problem
and the duality theory. For a mathematical study of such integral functionals with
(p, q)-growth we refer to Baroni-Colombo-Mingione [10, 11, 12], Colombo-Mingione
[35, 36], Cupini-Marcellini-Mascolo [41], De Filippis-Mingione [45], Marcellini [70,
71, 72], Ragusa-Tachikawa [86], see also the papers of Beck-Mingione [13] and De
Filippis-Mingione [44] for nonautonomous integrals.

In the context of partial differential equations, the double phase operator emerges
from the investigation of general reaction-diffusion equations including nonhomo-
geneous diffusion and transport aspects. These nonhomogeneous operators find
applications in diverse fields, including biophysics, plasma physics, and chemical
reactions, where the function u denotes the concentration term and the differential
operator represents the diffusion coefficient.

Furthermore, the double phase operator generalizes other differential operators
which have been extensively studied in the literature. Indeed, when inf5u > 0 it
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reduces to the (p, g)-Laplacian or (p(-),q(+))-Laplacian and for problems involving
this type of operators we refer without sake of completeness to Chinni-Sciammetta-
Tornatore [32], Papageorgiou-Qin-Radulescu [76], Papageorgiou-Winkert [80], Pucci
[82] and the references therein. On the other hand, if # = 0 the double phase
operator reduces to the p-Laplacian or p(x)-Laplacian, see for instance Amoroso-
Bonanno-Perera [3], Barletta-Chinni-O’Regan [9], Bonanno-Candito [19], Bonanno-
Chinni [21], Bonanno-D’Agui [22, 24], Bonanno-D’Agui-Papageorgiou [25], Bonanno-
D’Agui-Sciammetta [26], Bonanno-Livrea [27], Candito-Guarnotta-Perera [30], D’ Agui-
Sciammetta [42] and the references therein.

In recent years, many authors have investigated double phase problems in the
constant exponents context, see for instance Biagi-Esposito-Vecchi [15], Colasuonno-
Perera [33], Colasuonno-Squassina [34], Crespo-Blanco-Papageorgiou-Winkert [38],
DAgui-Sciammetta-Tornatore-Winkert [43], Farkas-Winkert [53], Fiscella [54], Gas-
inski-Papageorgiou [55], Gasiniski-Winkert [56, 57], Ge-Pucci [58], Liu-Dai [68], Liu-
Papageorgiou [69], Papageorgiou-Radulescu-Repovs [77], Perera-Squassina [81], Sciam-
metta-Tornatore-Winkert[89], Stegliiski [91], Zeng-Bai-Gasiniski-Winkert [96] and
the references therein.

On the other hand, there are much fewer results for the variable exponents case,
see Amoroso-Bonanno-D’Agui-Winkert [6], Amoroso-Crespo-Blanco-Pucci-Winkert
[5], Amoroso-Morabito [4], Bahrouni-Radulescu-Winkert [8], Cen-Kim-Kim-Zeng
[31], Crespo-Blanco-Gasiniski-Harjulehto-Winkert [40], Crespo-Blanco-Winkert [39],
Leonardi-Papageorgiou [66], Liu-Pucci [67], Kim-Kim-Oh-Zeng [63], Ragusa-Tachi-
kawa [86], Vetro-Winkert [93] and Zeng-Radulescu-Winkert [95].

This thesis is dedicated to the the study of nonlinear differential problems in-
volving the double phase operator with variable exponents under different bound-
ary conditions. In particular, existence and multiplicity results are obtained under
general assumptions, which in some cases (when specified) are new and optimal. In
detail, the thesis is organized as follows.

In Chapter 2, some function spaces that are needed for the investigation are in-
troduced. Specifically, the classical Lebesgue and Sobolev spaces with both con-
stant and variable exponents are presented, together with their basic properties and
embeddings. Then, an overview of general Musielak-Orlicz and Musielak-Orlicz
Sobolev spaces is given and finally the function space that is involved in the study
of double phase problems with variable exponents is introduced and studied in de-
tail. In addition, a new equivalent norm for this space is presented and it has been
first introduced by Amoroso-Crespo-Blanco-Pucci-Winkert [5].

In Chapter 3, some classical results of variational methods are presented, as the
Direct Methods theorem and the Ambrosetti-Rabinowitz theorem, and then some
recent results in the field of critical point theory due to G. Bonanno and G. D’Agui
are introduced, together with some of their consequences.

Chapter 4 is dedicated to the following parametric Dirichlet problem

—div (|Vu|p(x)_2Vu + y(x)|Vu|‘7(x)_2Vu) =Af(x,u) inQ,
u=20 on 0(),

(D))

for which the existence of two bounded weak solutions is determined under very
general assumptions on the nonlinear term, such as a subcritical growth and a su-
perlinear condition. Also, a range for the parameter A for which the problem admits
such solutions is established and some special cases in which the solutions turn out
to be nonnegative are presented. The main tool of this investigation is a two critical
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poins theorem due to G. Bonanno and G. D’Agui. The results presented in this chap-
ter are obtained in [6], in collaboration with G. Bonanno, G. D’Agui and P. Winkert.

Chapter 5 deals with the study of a nonlinear parametric double phase problem
under Robin boundary conditions with critical growth, that is

—div (|w|ﬁ<X>-2w + y(x)|Vu|‘7(x)_2Vu> + () |uPW 2y = Af(x,u) inQ,
(Ry)
<|Vup(x)2Vu+y(x)|qu(x)2Vu) cv = —B(x)[u|P*®) 2y onoQ.

In particular, an interval of parameters that guarantees the existence of two nontriv-
ial weak solutions is determined and under additional conditions the solutions turn
out to be nonnegative. Also for this problem, the proof is based on a two critical
points theorem stated by G. Bonanno and G. D’Agui in 2016. The results presented
in this chapter are contained in [4], in collaboration with V. Morabito.

Finally, Chapter 6 is dedicated to the following double phase problem with non-
linear Neumann boundary condition

—div F(u) + |[u|P™2u = f(x,u) inQ),

(Na)
Fu)-v=g(xu)—|uf®2u onoQ, *

for which the existence of multiple bounded solutions under very general assump-
tions on the nonlinearities is proved. Specifically, two constant sign solutions are
obtained via a mountain-pass approach and the existence of a third solution, which
is sign-changing, is proved through the Nehari manifold method. Finally, informa-
tions on the nodal domains of this sign-changing solution are given. The results
presented in this chapter are obtained in [5], in collaboration with A. Crespo-Blanco,
P. Pucci and P. Winkert.



Chapter 2

Function spaces:
introduction and basic properties

In this chapter we introduce some function spaces that are needed in our investi-
gation, providing the main properties and embeddings of such spaces. Function
spaces, especially Sobolev spaces, are fundamental to the analysis of differential
problems using a variational approach. Sobolev spaces allow the treatment of func-
tions that have weak derivatives up to a certain order, thus extending the classical
notion of derivatives. This is crucial for studying differential equations in contexts
where the solutions are not necessarily classically differentiable. In the variational
approach, the differential problem is reformulated as a search for a minimum of a
function defined over a Sobolev space, with existence of solutions.

In Section 2.1 we introduce the classical Lebesgue and Sobolev spaces with con-
stant exponents, while in Section 2.2 we deal with the variable exponent case. Then,
Section 2.3 gives an overview of general Musielak-Orlicz and Musielak-Orlicz Sobolev
spaces and in Subsection 2.3.1 we study in detail the function space that is involved
in the investigation of existence and multiplicity results of solutions for double phase
problems with variable exponents. Finally, in Subsection 2.3.2 we introduce a new
equivalent norm in a Musielak-Orlicz Sobolev space.

The result presented in Subsection 2.3.2 are obtained in [5, Section 3], in collabo-
ration with A. Crespo-Blanco, P. Pucci and P. Winkert.

2.1 Lebesgue and Sobolev spaces with constant exponents

Let O C RY be an open set and denote by M(Q) the space of all measurable func-
tions u: () — R. Forany 1 < r < +o0, L"(Q) indicates the usual Lebesgue space given

by
1(Q) = {u € M(Q) : </Q ]u\rdx>} < +oo},

equipped with the norm

1
Jull = (] orrax)
Q

We also define

L*(Q) = {u e M(Q) : |u] < Ca.e.in Q for some C > 0},
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endowed with the essential supremum norm
|ltt||oo = Inf{C >0: |u(x)| < Cforaa.x € Q}.

In the following, we summarize the main well-known properties of the Lebesgue
spaces, see for instance the books of Brezis [29, Chapter 4] and Papageorgiou-Winkert
[79, Theorem 2.3.19 and Paragraph 4.1].

Proposition 2.1.1. The Lebesgue space (L"(Q), || - ||) is:
* a Banach space for any 1 < r < +o0;
o reflexive and uniformly convex for any 1 < r < +o0;
* separable for any 1 < r < +-oo0.

Given 1 < r < 400, we say that 1’ is the conjugate exponent of r if

1 1
- =1,
roor
namely ' = -I5. Also, if r = 1then 7’ = +o0 and if r = +oo then 7/ = 1. In

the following, we recall a basic and important inequality, see for instance Brezis[29,
Theorem 4.6]

Proposition 2.1.2 (Holder’s inequality). Suppose that f € L'(Q) and g € L" (Q)), with
1 <r < +oo. Then fg € L}(Q) and

£l < NI fIl-llg -

Now, we introduce the Sobolev space and its main properties. To this aim, we
premit a definition and we remind that C!(Q)) denotes the space of the functions of
class C! with compact support.

Definition 2.1.3. Given u € L"(Q)), we define the distributional derivative of u as follows

/ u—(P dx  forall g € CH(Q).

E)xk axk

ou
Moreover, zf — € L"(Q), then
Xk

99 _
axk /uandx forallk =1,...,N.

We emphasize that if u is differentiable in the classical sense, then the distribu-
tional derivative is equivalent to the classical one. For 1 < r < 400, we indicate with
WL (Q) the Sobolev space defined by

w“«n:{ueyun glGUKDbNMk:L”VN}
Xk

endowed with the usual norm

el = Ml + [V ullr,
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or with the equivalent norm
ullwrriy = (lleelly + 1Vull)",

where ||Vu||, = |||Vul||;. Furthermore, in correspondence of ¥ = +oc0 we introduce

Whe(Q) = {u €L®(Q): ou L=(Q) forall k = 1,...,N},

axk

Here, we mention the properties of such spaces, see Brezis[29, Proposition 9.1] and
Papageorgiou-Winkert[79, Proposition 4.5.9].

equipped with the norm

ou
8x1

Ju

du ou
axz

axN

7
[ee]

o0 = max{uunoo,

Proposition 2.1.4. The Sobolev space W' (Q)) is:
* a Banach space for any 1 < r < +o00;
e reflexive for any 1 < r < +oo;
e separable forany 1 < r < 4-o0;
* a Hilbert space for r = 2.

An important result in this topic is the so-called Rellich-Kondrachov Theorem
about the embeddings of the Sobolev spaces into the Lebesgue ones, we refer to
Adams-Fournier[1, Theorem 6.3]. We denote by r* the critical Sobolev exponent of
r, given by

L[ if r < N,
=
any h € (r,+o0) ifr >N,

and by r, the critical Sobolev exponent of r on the boundary, defined by

,o (%:1r)r ifr <N,
any h € (r,+o0) ifr >N,

Theorem 2.1.5 (Rellich-Kondrachov Theorem). Let O C RY be a bounded open set
with Lipschitz boundary 0Q and 1 < r < +oo. Then, the following embeddings hold:

(i) if 1 < r < N, the embedding W' (Q) — L(Q) is continuous forall 1 < s < r*
and it is compact if 1 < s < r*;

(ii) if r = N, the embedding W' (Q) — L$(Q)) is continuous and compact for all 1 <
s < Foo;
(iii) if r > N, the embedding W' (Q)) — C(Q) is continuous and compact.

Moreover, let o be the (N — 1)-dimensional Hausdorff measure on the boundary
dQ) and indicate with L"(0(}) the boundary Lebesgue space endowed with the usual

1
norm | - ;a0 = (f5q |- 1" do)”. We can consider a trace operator, i.e. a continuous
linear operator yo: W (Q) — L"(9Q)), such that

Yo(u) = u|yq forallu € WY (Q)NC(Q).
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In Kufner-John-Fuéik[65, Theorem 6.10.5] the following result can be found.

Theorem 2.1.6. Let QO C RYN be a bounded open set with Lipschitz boundary 9Q) and
1 <r < 4o0. Then, the following hold:

(i) if1 <r < N, then v : W(Q) — L5(9Q)) is continuous for all 1 < s < r,;
(ii) if 1 <7 < N, then 7o : WY (Q) — L$(9Q) is compact forall 1 < s < ry;
(iii) if r > N, then v : WY'(Q) — L3(9Q) is compact for all s > 1.

Let C°(Q2) be the space of the C*-functions with compact support, also called
test functions. We denote by W, (Q)) the completion of C®(Q)) with respect to the
norm || - ||1,. However, a well-known result called Poincaré’s inequality, that we
recall in the following, allows us to equip the space W&’V(Q) with another simpler
norm.

Theorem 2.1.7 (Poincaré’s inequality). Let () C RN be a bounded opensetand1 <r <
+o0o. Then, there exists a constant C, depending from r, N, ), such that

lull, < C||Vull,  forall ue W, (Q),

and || - |10 = |V - ||, is an equivalent norm on Wy (Q).

2.2 Lebesgue and Sobolev spaces with variable exponents

In this section, we present the Lebesgue and Sobolev spaces with variable exponent
and we recall some useful properties. In 1931, Orlicz[75] was the first who intro-
duced the variable exponent Lebesgue space using the ®—functions theory requir-
ing that the exponent is finite. Lately, in 1979 Sharapudinov[88] gave the definition
including the infinity case and then in 1991 Kovacik-Rakosnik[64] considered the
higher dimensional case.

We underline that the variable exponent Lebesgue spaces are exactly Musielack-
Orlicz spaces related to specific ®—functions (see Section 2.3). However, in this
section we introduce them directly, avoiding this steps to make it readable. For more
details, we refer to Diening-Harjulehto-Hasto-Rtzicka[46] and Fan-Zhao[52].

Let O C RN be a bounded open set with Lipschitz boundary dQ) and for every
r e M(Q)), put

r_:=essinfr(x) and r; :=esssupr(x), (2.2.1)
xeQ) xeQ

and set
Mi(Q)={re M(Q) : r_ > 1}.

For any r € M, (Q)), we introduce the modular function p,.) given by
o) = [
and we define the Lebesgue space with variable exponent as follows

L'O(Q) = {u e M(Q) : Pr(-) (1) < Fo0},
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equipped with the so-called Luxemburg norm

]y = inf{T >0 oy, (%) < 1} .

As for the constant exponent case treated in Section 2.1, also in the variable expo-
nent case the Lebesgue space L()(Q) has the following properties, see the book
of Diening-Harjulehto-Hasto-Razi¢ka [46, Theorems 3.2.7, 3.4.7, 3.4.9 and Corollary
3.4.5].

Proposition 2.2.1. For any r € M (Q), the Lebesgue space (L") (Q), || - [|,(.)) is:
* a Banach space;
o reflexive and uniformly convex when 1 < r_ <ry < +oo;
* separable when r, < 4-co.

Now, we summarize the properties about the relation between the norm || - ||,
and the modular p,(.), see Fan-Zhao [52].

Proposition 2.2.2. Let r € C,(Q), u € L'0)(Q) and T € R. Then the following hold:
(@) Ifu #0, then |lull, .y =7 <= p;(3) =1
(i) [[ull,) <1(resp.>1,=1) <= pyy(u) <1l(resp.>1,=1);
GiD) If full) <1 = [l < ooy () < lull;
) Fllalhy =1 = Nl < ooy ) < el
W) [lull,() =0 <= pyy(u) >0
i) flull,(y =1 = poy(u) =1
(vii) [lull,) = 40 = oy (u) = +oo;
(viii) Ifuy — uin L'O(Q) = p,)(un) = py ().

The following Holder’s inequality holds, see Diening-Harjulehto-Hasto-Rizicka
[46, Lemma 3.2.20].

Proposition 2.2.3 (Holder’s inequality). Let p,q,s € M (Q) such that

foraa.x € Q),

and suppose that u € LPC)(Q) and v € L10)(Q). Then uv € L*0)(Q) and

sy (uo) < ppy (1) + pg0)(0),
[uvllsey < 2[[ullye [0l

In particular, denoting by ' € M, (Q) the conjugate variable exponent to r, that is
p &by JUg! p

=1 forallx € Q,

r'(x)
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we have that the dual space is L") (Q))* = L"()(Q) (see [46, Theorem 3.2.13]) and
[uollr < 2flully) [0l (2.2.2)

for all u € L')(Q) and for all v € L"()(Q). Moreover, for r,7, € M, (Q) with
r1(x) < ra(x) foraa.x € Qand 1 € L'0)(Q), where

1 ax {1 b 0}
k() 9()  p()" )7
we have the continuous embedding
L20(Q) — L"O(Q), (2.2.3)
with
ull ) < 202k llll ey forall ue L20)(Q),

which follows from (2.2.2). Furthermore, we define the weighted Lebesgue spaces
with variable exponents as follows, that will be useful in the sequel. For any r €
M, (Q) and w € L1(Q), w > 0, we introduce the modular

prinue() = [ @)™ dx,

and we define the space
') = {u € M(Q) : py0(1) dx < +oo},

equipped with the seminorm
. u
||u||r(‘),w - lnf{)\ > 0 . Pr(~),w (X) S 1} .

Now, we introduce the variable exponent Sobolev space W()(Q). Given r €
M. (Q)), we define it by

Wi (Q) = {u e L'0(Q) : |Vu| € U<~>(Q)},
endowed with the norm

ull1rcy = Nuellyy + 1Vullyy,

where clearly [[Vull,.y = [[Vul|,.). In the following proposition we give the

main properties of the Sobolev space W'()(Q) which can be found in the book
of Diening-Harjulehto-Héasto-Rtizicka [46, Theorem 8.1.6].

Proposition 2.2.4. For any r € M (Q), the Sobolev space W' () (Q) is
* a Banach space;
o reflexive and uniformly convex if 1 <r_ <r, < +oo;

* separable if ri < +oo.
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For any r € M, (Q), we indicate with r* and r, the critical Sobolev exponents to r,
given by

Nr(x) ¢ N (N-Dr(x) ¢ N
ﬂ@):{qu ifr(x) <N, mu):{ N () <N, (2.2.4)

) ifr(x) > N, o if r(x) > N.

Here, we present the embeddings of the Sobolev spaces W) (QQ) into the Lebesgue
ones, depending on the relation between the exponent r(-) and the dimension N of

S B _
the space. To this aim, we denote by ¥ rrogr (Q)) the set of all functions s: QO — R
that are log-Holder continuous, that is, there exists a constant C > 0 such that

C — 1
s(x)—s < —+———— forallx,y € Qwith |x —y| < =.
5() =50 € o y -yl <y
Moreover, if r € C(Q) clearly from (2.2.1) it follows that
ry =maxr(x) and r_ =minr(x), (2.2.5)

x€Q xeQ

and we set

C.(Q)={rec@) :r >1}

For the following results we refer to Diening-Harjulehto-Héasto-Razicka [46, Corol-
lary 8.3.2] and Fan-Shen-Zhao [51] where the condition r, < N is required and Fan
[49, Proposition 2.2] where there is no restriction on .

Proposition 2.2.5. Let r € O gt (Q)NC4(Q) and let s € C(Q) be such that
1<s(x) <r*(x) forall x € Q.

Then, the embedding W“(')(@ — L30)(Q) is continuous. Ifr € C1(Q)), s € C(Q) and
1 <s(x) < r*(x) forall x € Q), then the embedding above is compact.

Proposition 2.2.6. Let r € C (Q) such that r_ > N. Then W) (Q)) € C(Q).

Furthermore, let o be the (N — 1)-dimensional Hausdorff measure on the bound-
ary 9Q) and denote with L'()(dQ)) the boundary Lebesgue space endowed with
the usual norm || - |,(.) aq With corresponding modular p,(.)n (). In the following
proposition we present some embedding results into the boundary Lebesgue space,
see Ho-Kim-Winkert-Zhang [61, Proposition 2.5] for the continuous embedding and
Fan [48, Corollary 2.4] for the compact one.

Proposition 2.2.7. Suppose that r € C;(Q) N W7 (Q) for some v > N. Let s € C(Q)
be such that

1<s(x) <r.(x) forallx € Q.

Then, the embedding W) (Q)) < L*0)(9Q)) is continuous. If r € C(Q), s € C(Q2) and
1 <s(x) < re(x) forall x € Q), then the embedding is compact.

Hence, we can consider a trace operator

Yo(u) = ulyn forallu e W (Q)NnC(Q), (2.2.6)
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as in Proposition 2.2.7. In this thesis, we avoid the notation of the trace operator and
we consider all the restrictions of Sobolev functions to the boundary 0() in the sense
of traces.

Remark 2.2.8. Note that for a bounded domain QO C RN and -y > N we have the following
inclusions

COL (@) © W (Q) © T Q) ¢ e (Q).

Finally, we denote by W& ) (Q) the closure of C®(Q) in W()(Q) with respect
to the norm || - ||; (.. Also in the variable exponent case, there exists a Poincaré’s
inequality that we recall in the following proposition, see Diening-Harjulehto-Héasto-
Ruzicka [46, Theorem 8.2.4].

1 —
Theorem 2.2.9 (Poincaré’s inequality). Let r € M, (Q)N O Trost (Q)) be such that
r4+ < oo. Then, there exists a constant C, depending from r, N, (3, such that

lull,y < ClIVull,.y  forall ue Wg’r<')(Q),

and || - [|1,(),0 = IV - [I4.) is an equivalent norm on WS’T(')(Q).

2.3 Musielak-Orlicz and
Musielak-Orlicz Sobolev spaces

This section is devoted to introduce the Musielak-Orlicz spaces, whose study is im-
portant since the weak solutions of partial differential equations are functions be-
longing to Musielak-Orlicz Sobolev spaces. In particular, we will focus on a spe-
cific Musielak-Orlicz Sobolev space involved in the study of our double phase prob-
lems. For more details on the general spaces we refer to the books of Musielak [74],
Harjulehto-Hasto [60] and Diening-Harjulehto-Hasto-Rizicka [46] as well as the pa-
pers of Colasuonno-Squassina [34] and Fan [50].
First, we recall some definitions on an important class of functions.

Definition 2.3.1.

(1) Let ¢: [0, +oco[— [0, +oo[ be a continuous and convex function. We say that ¢ is a
D-function if ¢(0) = 0 and ¢(t) > 0 for every t > 0.

(2) Let ¢: Q) x [0, +00[— [0, +00[ be a function. We say that ¢ is a generalized ®-
function if

(i) ¢(-,t) is measurable for all t > 0,
(i) @(x,-)isa D-function fora.a.x € Q,
and we denote by (QY) the set of all generalized O-functions on Q).

(3) A function ¢ € ®(Q) is locally integrable on Q) if ¢(-,t) € LY(E) forall t > 0 and
for all measurable E C Q) with |E| < co.

(4) We say that ¢ € ®(Q) satisfies the (Ay)-condition if there exist a constant C > 0
and a nonnegative function h € L(Q)) such that

¢(x,2t) < Co(x, t) + h(x) (A2)
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fora.a.x € Qand forall t > 0.

(5) Given ¢, € ©(Q)), we say that ¢ is weaker than P, denoted by ¢ < 1, if there exist
two positive constants Cy, C and a nonnegative function h € L'(Q) such that

p(x,t) < Crp(x, Cat) + h(x)
fora.a.x € Qand forall t > 0.

For any ¢ € ®(Q)), we introduce the modular function p,(.) given by

po(w) == [ ¢ (xIul) dx,
and we define the Musielak-Orlicz space L?(Q)) by
L?(Q)) = {u € M(Q) : there exists T > 0 such that p,(Tu) < 400},

endowed with the Luxemburg norm

]| = inf{r >0 p, (%) < 1}. (23.1)

In the following proposition we summarize some main results that will be useful
in the sequel, see Musielak [74, Theorems 7.7, 8.5 and 8.13] and Diening-Harjulehto-
Hasto-Razicka [46, Lemma 2.1.14].

Proposition 2.3.2. Let ¢, € ®(Q). Then, the following hold:
@) (L?(Q), || - |lp) is a Banach space.
(ii) If @ and v are locally integrable with ¢ < 1, then

LY(Q) = LY(Q).

(iii) If @ satisfy the (Az)-condition, then

L?(Q) = {u € M(Q) : pp(u) < +oo}.

(iv) [Unit ball property] If u € L?(Q)), then
pe(u) <1 (resp. =1;,>1) < |ully <1 (resp. =1;>1).
We also need to introduce a subclass of ®(Q)) with “nicer" functions, namely

that have better properties. This functions are called N-functions, where N stands
for nice. Here, we give the definition and other related ones.

Definition 2.3.3. (1) Let ¢: [0, +o0o[— [0, +oo[ be a D-function. We say that ¢ is a
N-function if

limM:O and limgogt):oo

t—0t+ t t—o0

(2) Let ¢: Q) x [0, +00[— [0, +00[ be a function. We say that ¢ is a generalized N-
function if
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(i) ¢(-,t) is measurable for all t > 0,
(ii) @(x,-)isa N-function fora.a.x € Q,
and we denote by N(Q)) the class of all generalized N-functions on Q).

(3) Given ¢, € N(Q), we say that ¢ increases essentially slower than  near infinity
(and we write ¢ < ) if for any k > 0

¢(x, kt)
t=+oo (x, 1)

=0 uniformly fora.a.x € Q).

(4) We say that ¢ € N(Q) is uniformly convex if for every e > 0 there exists 5 > 0 such
that

t —s| < emaxit,s or xlt_‘_is <(1-96 ¢<x/t)+§0(x15)

forallt,s > 0and fora.a.x € Q.

Thanks to this subclass of functions, we have another property of the Musielak-
Orlicz spaces L?(Q)) and we refer to Diening-Harjulehto-Hasto-Ruzicka [46, Theo-
rems 2.4.11 and 2.4.14].

Theorem 2.3.4. Let ¢ € N(Q) be uniformly convex and satisfying the (A)-condition.
Then, the norm || - ||, defined on LY (Q) is uniformly convex and hence L?(Q)) is uniformly
convex.

In order to state a Holder-type inequality, we first need the following definition.

Definition 2.3.5. Let ¢ € ®(Q). The conjugate function ¢*: Q x [0, +oco[— R of ¢ is
defined by

9" (x,5) = sup (st — (x, 1))

£0
fora.a.x € Qand forall s € [0, +o0].

The next proposition can be found in Diening-Harjulehto-Hasto-Rtizicka [46,
Lemma 2.6.5].

Proposition 2.3.6 (Holder’s inequality). If ¢ € ®(Q), then

[ Il dx < 2jullyllol

forall u € L?(Q) and for allv € L (Q).
Given ¢ € ®(Q), we define the Musielak-Orlicz Sobolev space as follows
W (Q) = {u € LY(Q) : |Vu| € LY(Q)},
endowed with the norm
[l = llully + [[Vully,

with [|Vully = [[[Vul],.
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If € N(Q) is locally integrable, we denote by WS’qD(Q) the completion of
C(Q) in W9(Q)). The following result on the properties of these spaces can be
found in Musielak [74, Theorem 10.2] and Fan [50, Proposition 1.8].

Theorem 2.3.7. Let ¢ € N(Q). If ¢ is locally integrable and

;25 ¢(x,1) >0, (2.3.2)

then the spaces WY¢(Q) and W&"P(Q) are separable Banach spaces. Moreover, if L?(Q)) is
reflexive, then W9 (Q)) and W&"”(Q) are reflexive.

Remark 2.3.8. We underline that one can construct the Lebesgue spaces L' (Q)) and LU(*)(Q)
as Musielak-Orlicz spaces LY (Q) by choosing ¢(t) = |t|" for every t € R and ¢(x,t) =
|t]") for every (x,t) € Q x R, respectively.

2.3.1 Function spaces for double phase problems

In order to investigate the existence of weak solutions for differential double phase
problems, we first need to determine the function space to which the solutions be-
long, namely we have to introduce the corresponding N-function. In particular, we
want to study nonlinear problems involving the following double phase operator
with variable exponents

u — —div (|Vu|”(x)_2Vu + y(x)\VuW(x)_zVu) , x €, (2.3.3)

where p, q, i satisfy suitable assumptions that will be stated in the sequel. In this
subsection we will provide the properties of the function space related to the double
phase operator given in (2.3.3) and we mainly refer to the paper of Crespo-Blanco-
Gasiniski-Harjulehto-Winkert [40], where the authors extend, under weaker assump-
tions, the results of Colasuonno-Squassina [34] and Liu-Dai [68] on the properties of
the function space and its embeddings, respectively.

First, we suppose that

(H1) O C RN, N > 2,isabounded domain with Lipschitz boundary 00, p,q9 € C(Q)
such that 1 < p(x) < N and p(x) < g(x) forall x € Q and u € L}(Q) with
u(x) > 0fora.a.x € Q.

Consider the nonlinear function H: Q) x [0, +o0o[— [0, +o0[, given by
Hx, t) = P54 u(x)t9%) forall (x,1) € Q x [0, +oc0l.

It is easy to see that # is a generalized ®-function if p_,q_ € [1,4+o0], where p_,q_
are defined in (2.2.5) and it is also a generalized N-function since 1 < p_ < py <
+ooand 1 < g- < g4 < 400 by (H1). In addition, H fulfills the (A>)-condition, since
we have

H(x,2t) = (26)P%) + pu(x) (24)1)
< 2P+ p(X) 4 o0+ u( x)tq(X) (2.3.4)
<27 H(x,t).
Now, we denote with L* (Q)) the correspondent Musielak-Orlicz space, that from

Proposition 2.3.2(iii) is defined by

LH(Q) = {u € M(Q) : py(u) < +oo},
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where py,(+) is the corresponding modular, i.e.

pral) = [ HCxful) dx = [ (|l + ()l .

We endow L7 (Q) with the Luxemburg norm given in (2.3.1), that we recall here for
completeness

Jullo = inf {7 >0+ py (%) <1}. (2.3.5)

In the same way, we can introduce the Musielak-Orlicz Sobolev space W' (Q)), de-
fined by

WLH(Q) = {u e L*(Q) : |Vu| € LH(Q)},
equipped with the usual norm

lell2 = 1V ullag + [l

where | Vu||y = || |Vu] ||4. In addition, # is locally integrable since for any E C ()
with |E| < oo and for every t > 0 it holds that

/ H(x,t) dx < |E| (max {t", 7} + ||ul|lo max {t1-,£94}),  (2.3.6)
E

then we denote by W&’H(Q) the completion of CF(Q) in W' (Q). Thanks to the
properties of function H, in the next proposition we present the properties of the
spaces and we also give the proof, which can be found in Crespo-Blanco-Gasirski-
Harjulehto-Winkert [40, Proposition 2.12].

Proposition 2.3.9. Let (H1) be satisfied. Then, L (Q) is uniformly convex and L™ (Q)),
WLH(Q)) and W&’H (Q) are separable reflexive Banach spaces.

Proof. From Proposition 2.3.2(i) it follows that L*(Q)) is complete. Also, since H(f’t)

is almost increasing for a.a.x € () and H satisfies (A;)-contidion (see (2.3.4)), by
combining Lemma 2.2.6 and Theorem 3.5.2 in [60] we obtain that L*(Q) is separa-
ble. Moreover, H is locally integrable from (2.3.6) and it is easy to see that it satis-
fies condition (2.3.2). Hence, by Theorem 2.3.7 we have that W7 (Q) and W&’H (Q)
are separable Banach spaces. Now, we want to apply Theorem 2.3.4 in order to
show that L* (Q) is uniformly convex. The nonlinear function # is a generalized N-
function and from (2.3.4) we know that it satisfies the (A;)-condition, so it remains
to prove that it is a uniformly convex function. To this aim, let ¢ > 0 and t,s > 0 be
such that |t —s| > emax{t,s} and consider the function ¢t — t/-, that is uniformly
convex since from (H1) we have that p_ > 1, see Diening-Harjulehto-H&sto-Rtzicka
[46, Remark 2.4.6]. Thus, there exists §, = d, (e, p—) > 0 such that

t+s\P- tP= 4 sP-
e < (1§ T2

px)
and by the convexity of t — t 7~ for x € (), we obtain

p(x)

p(x) p- P\ o p(x) p(x)
(5) "= (1o 3) 0y
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In the same way, we get

F4s) 1) $10) 4 5(x)
<(1-5)___"2 "

for some é; = J;(¢,q-) > 0. Combining them together and putting 6 = min{é,, d,},

we have
t4s) P t+5)1
(%) + (5

tP(x) + ‘u(x)tq(x) + SP(X) + V(x)sq(x)
2

< (1 —min{d,,d,})

H(x,t) + H(x,s)
> ,

— (1-9)

which implies that H is uniformly convex and by applying Theorem 2.3.4 we obtain
the uniform convexity of L*(Q)). Applying the Milman-Pettis Theorem, see for in-
stance Papageorgiou-Winkert [79, Theorem 3.4.28], it follows that L (Q) is reflexive
and so they are W' (Q) and Wy *(Q) from Theorem 2.3.7. O

Also in this setting, we can give a version of Proposition 2.2.2 on the relation be-
tween the norm || - ||, and the modular p(+). This result and its proof, that we also
recall here, can be found in Crespo-Blanco-Gasiriski-Harjulehto-Winkert [40, Propo-
sition 2.13].

Proposition 2.3.10. Let (H1) be satisfied, u € W' (Q) and T > 0. Then the following
hold:

(0) Ifu #0,then [lully =7 <= pu(3) =1
() ||lu|lg <1(resp.>1,=1) <= pyuu) <1l(resp.>1,=1);
@) fllullg <1 = |luli <pu) <|ull;
@) Fllully>1 = lullyy <puw) <|ul;
V) lullg =0 <= pu(u) =0
(Vi) [Jullyy = +o0 <= py(u) = +oo.
(vii) lully =1 <= pu(u) —1
viil) Ifu, —» uin L(Q) = py(uy) — on(u).
Proof. First, we observe that for any u € L*(Q) the mapping

a— py(au) = /Q (\au|”(") +y(x)|uu]q(")> dx, a€R,

is continuous, convex, even and it is strictly increasing in [0, +-oo[. These properties
simply the proof.

(i) From the monotonicity of py(tu) and from the definition of || - |4 given in
(2.3.5), it follows that

lul =7 = pu(%)=1
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(i) Taking into account that py (Tu) is continuous and increasing in the variable T,
the thesis follows directly from (i).

(iii) For every u € L(Q) the following inequalities hold

aP~py (u) < py(au) < a¥pgy(u) ifa>1, (2.3.7)
T pay (1) < pyy(au) < aP-py(u) if0<a<1. (2.3.8)

If [[u|l% = T < 1, then using (2.3.7) in correspondence of 1 > 1, we get

pw (1)
TP-

<o (g) < (i)

From (i) we know that py, (%) = 1, hence it follows that
lullg; < pae(u) < [lullfy -

(iv) Follows using the same argument of (iii) and exploiting (2.3.8).

(v) Follows from (iii).

(vi) Follows from (iv).
(vii) Follows combining (iii) and (iv).
(viii) If u, — u in L*(Q)), then from (v) we know that

P (un — 1) = Py (Un — 1) + gy (Un —u) — 0.

Since both addends are positive, it follows that p,,(.) (4, — 1) — 0and by Propo-

sition 2.2.2(v) we have that [lu, — ul[,.) — 0. By the embedding LrO(Q) —
LP-(Q)) we obtain that ||z, — u||,_ — 0, hence u, — u a.e.up to a subsequence
(not relabeled). Moreover, it holds that

’“n’p(x) + V(x)’“n’q(x) <
< gpe-l (Iun L |u‘p(x)) 27y (x) (Iun EALCO |u|q(x)>

207 (Jaty — ulP® 4 () 1ty — w7 + [l O) ()] 1))

IN

and we know that { |1,[P®) + u(x)|u, |1 is a uniformly integrable se-
M N y g
ne

quence that converges a.e.to |u[?®) + u(x)|u|7%), thanks to the a.e. conver-
gence of u, — u. By Lebesgue-Vitali Theorem (see Bogachev [16, Theorem
4.5.4)) it follows that py (u,) — py(u) through this subsequence. Recovering
the whole sequence by the subsequence principle, the proof is complete.

t
Remark 2.3.11. We observe that from Proposition 2.3.10(iii)-(iv) it follows that
min {[|ul[37, [[ull3; } < pre(u) < max {|lull3;, [[ully },

forall u € WY(Q).
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The following result about the main embeddings of L™ (Q)), W7 (Q) and Wé’H (Q)
can be found in Crespo-Blanco-Gasifiski-Harjulehto-Winkert [40, Propositions 2.16].
Since we assume in (H1) that p(x) < N for all x € ), the critical exponents to p,
defined in (2.2.4), are exactly the following

) NPO) (N —1)p(x)
PY=N ) N - p(x)

Proposition 2.3.12. Let (H1) be satisfied. Then the following embeddings hold:

and p.(x):= forall x € Q.

() L(Q) — L'O(Q), WH(Q) — WO (), Wi (Q) — Wy (Q) are contin-

uous forallr € C(Q) with1 <r(x) < p(x) forall x € C);

(ii) if p € C1(C0) N COTo8T (QU), then WIH(Q) < L'O(Q) and W (Q) < L70)(Q)
are continuous for r € C(Q) with 1 < r(x) < p*(x) forall x € O;

(iti) WHH(Q) — L'O(Q) and Wy ™ (Q) — L")(Q) are compact for r € C(Q) with
1 <r(x) < p*(x) forall x € O);

(iv) if p € C.(Q) NWM(Q) for some v > N, then WV (Q) — L") (0Q) and
W, (Q) = L"0)(dQ)) are continuous for r € C(Q) with 1 < r(x) < p.(x)
forall x € (),

(v) WYH(Q) — L'0)(Q) and W, ™ (Q) < L'0)(9Q2) are compact for r € C(QQ) with
1 <r(x) < pu(x) forall x € O;

vi) L*(Q) — LZ(’) (Q)) is continuous;
(vii) if u € L*(Q), then L10)(Q) — LM (Q) is continuous.
Proof.

(i) Put Hp(,)(x,t) = t(¥) for all t > 0 and for all x € Q. Clearly it holds that
H,() < H, see Definition 2.3.1 (5), hence from Proposition 2.3.2(ii) we obtain
the following continuous embeddings

L) < LPO(Q), WHH(Q) = wvO@Q), W) = WY (q).

Thus, assertion (i) is a direct consequence of the classical embedding results
for variable Lebesgue and Sobolev spaces due to the boundedness of (), see
(2.2.3).

(ii)-(iii) Follows from (i) and Proposition 2.2.5.
(iv)-(v) Follows from (i) and Proposition 2.2.7.

(vi) Letu € L™(Q), then we have
JrGll® dx < [ (Jul® -+ p()|ul?™) dr = op(u).

Since py (W) = 1 whenever u # 0, we get for u # 0

u 1)
x) [ —— dx <1,
Jon )<Hu||ﬂ> <
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which implies that
ol gy < Nullz
(vii) Forallt > 0 and for a.a.x € () one has
H(xt) < (1+89) + p(F® <1+ (14 ) 119,
so by applying Proposition 2.3.2 (ii) we complete the proof.

O

Also for the Musielak-Orlicz Sobolev space Wg’H (Q)) there exists a Poincaré’s
inequality, which allow us to equip the space with an equivalent norm. However, it
is necessary to require a more restrictive assumption than (H1), namely

(H) Q C RN, N > 2,isabounded domain with Lipschitz boundary 0(), p.q € C (5)
such that 1 < p(x) < N and p(x) < g(x) < p*(x) for all x € ), where

p*(:) = NN_prg-()') is the critical Sobolev exponent to p(-), and p € L®(Q) with
u(x) > 0fora.a.x € Q.

However, it is worth emphasizing that the exponents p(-) and g(-) do not need to
verify a condition of the type

ZE:; <1 +% (2.3.9)

as it was needed, for example, in Kim-Kim-Oh-Zeng [63] or in Colasuonno-Squassina
[34] and Liu-Dai [68] for the constant exponent case. Indeed, only assumption (H) is
needed, since Crespo-Blanco-Gasiriski-Harjulehto-Winkert in [40, Proposition 2.18]
recently proved that the function space W'"*(Q) can be equipped with the equiva-
lent norm ||V - || without supposing (2.3.9).

Proposition 2.3.13. Let (H) be satisfied. Then the following hold:
(i) WY(Q) < L*(Q) is a compact embedding;
(ii) There exists a constant C > 0 independent of u such that

|l < C||Vul|ly forallu e WS’H(Q).

Proof.
(i) Follows by Proposition 2.3.12 (iii) and (vii).

(ii) We prove it by contradiction, so we assume that the assertion is not true. Then,
there exists a sequence {1, },en € Wy (Q) such that

[Vitn |

1
lunllae

[nlle > nl[Vinlly = <

Lety, := then we have

Un
lnlla’

1
lyallg =1 and ||[Vyu|ly < o< 1 foralln € N,



Chapter 2. Function spaces 22

i.e. the sequence {y, },eN is bounded in Wg’H (Q)). Since WS’H (Q)) is a reflexive
space, there exist a subsequence (not relabeled) and y € WS’H (Q)) such that

ya —y in Wy (Q).

By the weak lower semicontinuity of the mapping v + || Vo3 on Wy (Q) (it
is a convex, continuous mapping) one has that

1
IVylly < liminf [Vy,|[3 < lim — =0,

n—soo 11

hence y = ¢ € R is a constant function. Moreover, by Proposition 2.3.12 (i)
we have that y € Wé’p(') (Q)), so it must be y = 0 since it is the only constant
function of the space. On the other hand, by the compact embedding in (i) we
have that
y, —y inL7(Q),
thus ||y|ly = lgn lyullg = 1, soy # 0, which is a contradiction and this
n—oo
completes the proof.

O]

Thanks to the previous proposition, we can endow the space Wé’H(Q) with the
following equivalent norm

120 = || Vul3 forallu € WiH(Q). (2.3.10)

Finally, we have that this norm is uniformly convex on W&’H(Q) and satisfies the
Radon-Riesz (or Kadec-Klee) property with respect to the modular. This result is
due to Crespo-Blanco-Gasiniski-Harjulehto-Winkert in [40, Proposition 2.19].

Proposition 2.3.14. Let (H) be satisfied. Then the following hold:
(i) The norm || - ||1,,0 on WS’H(Q) is uniformly convex.
(ii) For any sequence {1y yuen C Wy (Q) such that
Uy — uin Wg’H(Q) and  py(Vuy) — pp(Vu)

it holds that u,, — u in W&’H(Q).

2.3.2 A new equivalent norm

In this subsection we prove the existence of a new and general equivalent norm in
WL (Q), which is useful since it allows the study of more double phase problems
than can be dealt with the usual norm. Amoroso-Crespo-Blanco-Pucci-Winkert in-
troduced this norm in [5, Section 3].

First, in addition to (H), we suppose the following conditions:

H2) (1) 61,0, € C(OQ) with 1 < §1(x) < p*(x) and 1 < dr(x) < pa(x) for all
x € Q, where
(a1) peC(OQ)N CO s (Q), if 81(x) = p*(x) for some x € O;
(a2) p € C(Q) NW(Q) for some v > N, if 5(x) = p.(x) for some
x e Q)
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(i) 0 € L*(Q) with %1(x) > 0fora.a.x € (;
(iii) & € L®(0Q)) with &»(x) > 0 for a.a. x € 9Q);
(iV) 191 ;7é 0 or 192 ;7é 0.

In the sequel we use the seminormed spaces
51(-
Lﬂll()(ﬂ) = {“ € M(Q) : /0191(x)|u]‘51(") dx < oo},
(- N
15000) = {ue M)+ [ o0lul do <o),

with corresponding seminorms

. u |%1(x)
13, ()0, = inf T>0:/Ql91(x)‘; dx <1\,

o !

H”Hsz(-),&z,ag = inf{r >0 : o

respectively. We set

||“HT,H = [[Vull3 + H”H(Sl(-),ﬂl + H”||52(-),192,801

q(x)
dx

51(x) a(
1 dx + ﬁz(x))u‘ZX) dagl}.
20 T

and

ullf 4, = inf T>0:/
ol m{ Q(

—|—/Ql91(x)’%

It can be easily seen that || - [|7,, and || - || ;, are norms on W'*(Q). In the next
result, we prove that they are both equivalent to the usual one.

p(x)

) |2

Vu
T T

(2.3.11)

Proposition 2.3.15. Let (H) and (H2) be satisfied. Then, || - ||74, and || - |7, are both
equivalent norms on WV (Q)).

Proof. We only prove the result when 6;(x) = p*(x) and 62(x) = p.(x) for all
x € (), the other cases can be shown in a similar way. So, we suppose that p €
C(Q) N WL (Q) for some v > N. Then, by Remark 2.2.8 we know that p € C(Q) N

O g (Q) as well. First, for u € W' (Q) \ {0} we have

pr(x)
] u
U1(x dx < ||%1|eo 01+ = ||91]| co-
/Q 1( ) (Hqu*() = H 1” Pp() ||qu*() H 1”

Hence,

Fellpe 00 < B0 lloollaell e -

In the same way, we show that

Hu p«(+),82,000 < HﬁZHoo,BQ Hu p. ()00
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Using these along with Proposition 2.3.12(ii), (iv), we obtain

[l < [[Vulls + Cullullye ) + Callull,y, )00
< |[|Vully + Csllull1, + Callull1,x
< Csllu|l1,,

forallu € WLH(Q), with positive constants C;, i = 1,...5.
Next, we are going to prove that

ull2 < Cellullf 2 (2.3.12)

for some Cs > 0. We argue indirectly and assume that (2.3.12) does not hold. Then,
we find a sequence {u, },en € WP (Q) such that

|tnll2 > nllunlly foralln € N. (2.3.13)

Up
[

Lety, = . Hence, ||yx||7x = 1 and from (2.3.13) we get

1 o
i 1ynll3 - (2.3.14)

From ||y,||% = 1and (2.3.14), we know that {y, },en C W' (Q) is bounded. There-
fore, using the embeddings in Proposition 2.3.12(ii), (iv) and up to a subsequence if
necessary, we may assume that

Y=y inW"Q) and y,—y inLPO(Q)and L7V (3Q).  (2.3.15)

Furthermore, from (2.3.15) and Proposition 2.3.12(viii), we conclude that y, — y in
L*(Q) and because of |y|[% = 1 we have y # 0. Passing to the limit in (2.3.14)
as n — co and using (2.3.15) along with the weak lower semicontinuity of the norm
|V - [l and of the seminorms | - [| - ()0, || - [l (.),8,,00 We obtain

0> IVylla + [yl g (y,00 + Wl p. (), 80,00 (2.3.16)

Inequality (2.3.16) implies that y = 17 # 0 is a constant and so we have the following
contradiction

0 > {7711l p),0, + 171121, ),8000 > O,
because of (H2)(iv). Therefore (2.3.12) holds and we get

[l < Crllullz,

for some C; > 0.
Next, we are going to show that || - [|7,, and || - [|] ;; are equivalent norms in
WL (Q). For u € W (Q), we obtain

p(x) q(x)
L) ) () ) e
o \ \ Tl EIR

pr(x)
+ [ () <||u|ﬁll|ﬂ> dx+/60192(x)<
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Iul p*(x)
<p /19 e dx
(HWHH) ! ( >,el>
Iul p*(x)
e ()
]l . (),0,,00

Thus,
][, < 3lull7 3 (2.3.17)

On the other hand, we have

p(x) q(x)
Vu Vu
A (<H> M (M) ) -
p*(x) |u| p*(x)
+ [ onx dx+ [ o) (Lo do  (23198)
HMH”{ 20 la]13 3

u
<01 AT
1 (HuH’{,H)’

where p7 5, is the corresponding modular to || - [|{ ;; given by

dx

p1 (1) = / (|Vu|p (x)|Vu\’7(")> dX+/(2191(x)|u p*(x)
+/ 8> ()| do.
Q)

Note that, for u € W%(Q), the function T — pj ,, (Tu) is continuous, convex and
even and it is strictly increasing when 7 € [0, +co[. So, by definition, we directly
obtain

|ulli =7 ifandonlyif p74 (%) =1.

From this and (2.3.18) we conclude that

IVullyg < llullvs, Nullpeye < llullipy and fully,),000 < [lull -
Therefore,
1
hulliag < llulliz (2.3.19)
From (2.3.17) and (2.3.19) the proof is complete. O
Set

ri:=min{p_, (61)-,(62)-} and ry:=max{q+, (61)+,(62)+}.

In the following proposition we give the relation between the norm || - ||7,, and the
related modular function pj (). This result is given in Amoroso-Crespo-Blanco-
Pucci-Winkert [5, Proposition 3.2] and the proof is similar to that one of Proposition
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2.13 given by Crespo-Blanco-Gasiniski-Harjulehto-Winkert in [40], recalled in this
thesis in Proposition 2.3.10.

Proposition 2.3.16. Let (H) and (H2) be satisfied, u € WY(Q) and A € R. Then the
following hold:

(i) fu#0 then |lulli,, =A <= piy(3)=1
(i) [[ullfy4 <l@resp.>1,=1) <= pj,(u) <l(resp.>1,=1);

L

* * 2 * *
i) Flulip <1 = (Iulis) < pinG) < (lulix)

2

. * * n * *

(iv) Iflullisy >1 = <H“Hl7—[) < pjyu) < <HMH1H) ;
V) fulliyy =0 <= p1yu) =0

(Vi) [Jullj, =00 = pfy(u) — oo

(vii) [|ulli4 =1 <= pjyu) =1
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Chapter 3

Variational methods and
Critical point theory

In this chapter, we present the classical results of variational methods, that are the
Direct Methods theorem (Theorem 3.1.1) and the Mountain Pass theorem (Theo-
rem 3.1.5), and we introduce some recent results in the field of critical point theory,
namely Theorems 3.2.2 and 3.2.5 and some of their consequences.

3.1 Classical results

The general results that establish the existence of solutions to variational problems
are based on the fundamental idea of combining the semicontinuity of the functional
with the compactness of its domain.

This type of approach derives from the famous Weierstrass theorem on the ex-
tremes of continuous functions of real variables and it is known as "direct method"
because it does not go through Euler’s equations, but aims to study the properties of
the functional directly. As the study of functional spaces progressed, the idea under-
went successive elaborations, generalisations and refinements until, with Tonelli, it
became the fundamental nucleus around which the calculus of variations gravitated.

In order to apply the direct method, one has to formulate the problem of finding
a minimum in a space with a topology strong enough to make the functional semi-
continuous and at the same time weak enough for a sufficiently large quantity of
compact sets to exist.

A sufficient condition for the existence of the absolute minimum is the following
result, usually called Direct Methods theorem.

Theorem 3.1.1 (Direct Methods Theorem). Let X be a reflexive Banach space equipped
with norm || - || and let Y C X a weakly closed subset of X. Suppose that F: Y — R U +o0
is coercive on Y with respect to X, i.e.

(i) lim F(u)=+co, uey

[[o|| =400

and sequentially weakly lower semicontinuous on Y with respect to X, namely

(ii) forall u € Y and for all {u,} C Y such that u, — w in X, it holds that

F(u) < liminf F(u,).

n——+00

Then F is bounded from below on Y and it has a minimum in Y.
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Proof. Set ag = infy F and let {u, } be a minimizing suquence, that is a sequence such
that

nLlTooF(un) =&
Taking the coercivity of F into account, one has that {u,} is bounded in Y. Since
X is reflexive, by the Eberlein-Smulian Theorem (see [29]) we may assume that u,
weakly converges to u € X. But Y is weakly closed, therefor u € Y and from the
weakly semicontinuity we get that

F(u) < liminf F(u,) = ao,

n—-+oo
and this completes the proof. O

As in the fundamentals of mathematical analysis, in the infinite dimensional con-
text minima are critical points of the functional. Let us briefly recall some basic def-
initions.

Definition 3.1.2. Let X be a real Banach space and denote by X* its dual space. Let A C
X be an open set and consider the functional F : X — IR. We say that F is GAteaux
differentiable in xo € A if there exists ¢ € X* such that

lim Flxo+ty) = Flxo) _ py) VyeX

t—0+ t

In thi case, we say that ¢ is the Giteaux derivative of F in xo and we set

Fi(x0) = ¢(y).
Moreover, we say that x is a critical point of F if F'(xo) = Ox-.

It is easy to prove that if x( is a local minimum of F in X, then x is a critical point
of F. In the following, we provide a consequence of Theorem 3.1.1.

Corollary 3.1.3. Let X be a reflexive Banach space. Suppose that the functional F: X — R
is coercive, sequentially weakly lower semicontinuous and Gateaux differentiable. Then F
admits at least a critical point in X.

Now, we present the Mountain Pass theorem, which is the most famous theorem
in critical point theory. It does not look for local extremes, but characterises a critical
value of a functional through minimax theorems.

The basis of this result is the following compactness condition.

Definition 3.1.4. Let (X, || - ||) be a Banach space, X* its dual and F : X — R a Gdteaux
differentiable functional. We say that the functional F satisfies the Palais-Smale condition at
level c (in short, (PS).-condition), if any sequence {u,} C X such that

(PSY) F(uy) — c € R,

(PS2) F'(uy) — 0in X* asn — oo,
has a strongly convergent subsequence in X.

Among the numerous versions of the Mountain Pass theorem, we initially recall
the original one due to Ambrosetti and Rabinowitz ([2]).
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Theorem 3.1.5 (Mountain Pass Theorem). Let X be a Banach space and let F : X — R
be a functional, F € CY(X). Suppose that there exists uy € X such that ||u1|| > p > 0and

w = max{y(0), y(m)} < inf F(u)=p

Set

c=1inf max F(u),
vl uey([0,1])

where
Ir={yecC([0,1],X),v(0) =0 and (1) =ui},

and suppose that F verifies the (PS).-condition.
Then F has critical value ¢ > B.

Proof. First, we observe that ¢ < +o0. For any path ¢ € T it holds that ([0, 1]) is
connected, v(0) = 0 and (1) = uy, therefore

7([0,1]) N'B(0,p) # @.
Hence, one has

max F(u) > inf F(v) > B,

uey([0,1]) veB(0,0)

soc > .

Now, arguing by contradiction, suppose that c is a regular value, namely K. = @.
Then, by the Deformation Lemma ([62]) there exist € €]0, (8 — «) /2] and a deforma-
tion # such that

(1, F<te) C Fee. (3.1.1)

From the definition of c it follows that there exists some 7y € I such that

max F(u) <c+e. 3.1.2
uey([0,1]) () ( )

Clearly, the function y*(t) = (1, (t)) belogns to C([0,1]; X). Moreover, 7*(0) =
7(1,0)) and v*(1) = 1(1,u1)) = u;y by (3.1.1) and also because max{y(0), y(u1)} =
a < ¢ —2¢. Then y* belongs to T and, by (3.1.2), v([0,1]) C F¢*¢. Therefore, from
(3.1.1) we obtain

v ([0,1]) = n(1,7([0,1])) C F**,

that is
max F(u) <c—e.
uey*([0,1])
This is a contradiction, since v* € T. ]

Remark 3.1.6. It is worth emphasizing that G. Bonanno and R. Livrea in [28] gave an
alternative proof of the Ghoussoub-Preiss theorem, where the mountain pass geometry is the
original assumption of Ambrosetti-Rabinowitz where also the equality is considered. The
authors proved the theorem by using the e-perturbation as introduced by Brezis-Nirenberg
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and besides the deformation lemma, other advanced tools such as the Radon measures space,
sub-differential, or the theory of non-differentiable functions, are avoided.

We recall also the result by Pucci-Serrin ([84]), giving first a definition.

Definition 3.1.7. Let (X, || - ||) be a Banach space, X* its dual and I : X — R a Gdteaux
differentiable functional. We say that a functional I satisfies the Palais-Smale condition (in
short (PS)-condition), if any sequence {u,} C X such that

(PSy) I(uy) is bounded,

(PSy) I'(uy) — 0in X* asn — oo,
has a strongly convergent subsequence in X.

Clearly, if I satisfies the (PS).-condition for all ¢ € IR, then it satisfies the (PS)-
condition.

Theorem 3.1.8. Let X be a Banach space, F : X — R a Giteaux differentiable functional
that satisfies the (PS)-condition and let xo,x1 be local minima points for F, with xo # x.
Then, there exists x, € X \ {xo, x1} such that F'(xy) = 0.

The following version of the Mountain-Pass theorem is stated in the book of
Papageorgiou-Radulescu-Repovs [78, Theorem 5.4.6] and we recall the definition of
the Cerami condition that is needed for the statement. In the following, for X being
a Banach space, we denote by X* its topological dual space.

Definition 3.1.9. Given I € C'(X), we say that I satisfies the Cerami-condition at level c,
(C)c-condition for short, if every sequence {ut, }nenw € X such that

(CH I(uy) = casn — oo,
(C3) (1 + ||unllx) I'(uy) — 0in X* asn — oo,
admits a strongly convergent subsequence in X.

If the (C).-condition holds for every ¢ € R, we say that I satisfies the (C)-condition,
that we can define as follows.

Definition 3.1.10. Given I € C(X), we say that I satisfies the Cerami-condition, (C)-
condition for short, if every sequence {uy, }nen C X such that

(C1) {I(uy)}n>1 € Ris bounded,
(C2) (14 ||unllx) I'(un) = 0in X* as n — oo,
admits a strongly convergent subsequence in X.

Theorem 3.1.11. Let X be a Banach space and suppose ¢ € C(X),ug,u; € X with
|lur —uol| > 6 >0,

max {¢(uo), p(u1)} <inf{@(u) : [[u —uo| =6} =m;,
¢ = inf max (y(t)) with T ={y€C([0,1],X):v(0) =uo,v(1) =},

and ¢ satisfies the (C).-condition. Then ¢ > mgs and c is a critical value of ¢. Moreover, if
c = my, then there exists u € Bs(ug) such that ¢'(u) = 0.
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3.2 Recent critical point theorems

In this section, we present some of the most recent results in the field of critical point
theory. In particular, we mention the results that we are exploited in the study of
some problems in the next chapters. Indeed, we recall a local minimum theorem
due to Bonanno [17, 18] and a two critical points theorem established by Bonanno-
D’Agui in [23].

First, we present a local minimum theorem established by Bonanno in 2012 [17]
and we premit a definition of a compactness conditions the is needed in the sequel.
Let (X, | - ||) be a Banach space, X* its dual and I : X — R a Gateaux differentiable
functional.

Definition 3.2.1. Let ®, Y : X — R be two continuously Gateaux differentiable functions,
put

I=0-Y,

and fix r1,rp € [—o0, +00], with r1 < rp. We say that 1 verifies the Palais-Smale condition
cut off lower at ry and upper at r (in short 'l (PS) 2 -condition) if any sequence {u,} such
that (PSy), (PS») hold and

(PS)) (7)r1 < @ (un) < r2¥n € N,
has a convergent subsequence.

Clearly, if 11 = —o0 and r, = +o0 it coincides with the classical (PS)-condition.
Moreover, if 11 = —oo and r, € R it is denoted by (PS) 2] while if ; € R and
rp = 400 itis denoted by ] (PS).

Furthermore, if | = ® — ¥ satisfies ["1] (PS) ["2l-condition, then it satisfies [°1] (PS) lo2] -
condition for all p1, p2 € [—00, +00] such that r; < p; < p2 < r2. So, in particular, if
I = ® — ¥ satisfies the classical (PS)-condition, then it satisfies [?1! (PS)[f2l-condition
for all p1, 02 € [—00, +00] with p; < pa.

Now, we present a result by Bonanno [17, Theorem 3.1] that ensures the existence
of a local minimum for a given functional.

Theorem 3.2.2. Let X be a real Banach space and let ®,¥ : X — R be two continuously
Giateaux differentiable functions. Put

[=0-Y

and assume that there are xg € X and r1, 12 € R, withry < ® (xg) < ra, such that

sup  Y(u) <rp—P(x0) +¥(x0), (3.2.1)
ued=1(Jr,r|)
sup  Y(u)<r—®(x0)+Y¥(x0)- (32.2)

ued!(J—oo,r1])

Moreover, assume that I satisfies 'l (PS)"2l-condition.
Then, there is ug € ®~1(]ry, r2[) such that

I(uo) < I(u) forallu € ® '(Jry, 1) and I (ug) = 0.

Remark 3.2.3. We remind that if I satisfies (PS)-condition, then it verifies also "1l (PS)[r2]-
condition for any r1,ro € R with ri < rp. Hence, if the functional I satisfies the (PS)-
condition and the algebraic inequalities given in (3.2.1) and (3.2.2), then the conclusion of
Theorem 3.2.2 hold true.
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Now, we point out a consequence of the previous local minimum theorem, which
can be found in Bonanno [18, Theorem 2.3].

Theorem 3.2.4. Let X be a real Banach space and let ®,¥ : X — R be two continuously
Giateaux differentiable functionals such that

i§f<1> =®(0) =¥(0) =0.
Assume that there arer € Rand 1i € X, with 0 < ®(il) < r, such that

sup  Y(u)
ued=1(]—oo,r|) ‘Y(ﬁ)

(3.2.3)

and, for each

_ | 2@
AC A= Y(@)”  sup  Y(u) |
ue®=1([—oo,r[)

the functional I = ® — AY satisfies the (PS)"-condition.
Then, for each A € A, thereis uy € ®1(]0,r[) (hence, u, # 0) such that

Iy (uy) < Iy(u) forallu € ®71(]0,7[) and I (uy) = 0.

An important multiliplicity result that we exploit in our study is a two critical
point theorem established by Bonanno-D’Agui in 2016 [23, Theorem 2.1], which is
a nontrivial consequence of the local minimum theorem given in Theorem 3.2.4 in
combination with the Ambrosetti-Rabinowitz Theorem (Theorem 3.1.5).

Theorem 3.2.5. Let X be a real Banach space and let ®,¥ : X — R be two continuously
Gateaux differentiable functionals such that

inf® = P(0) = ¥(0) = 0.

Assume that there are r € Rand i € X, with 0 < ®(ii) < r, such that

sup  Y(u)
ucd1(]—oo,r]) Y (1)
. <% (@) (3.2.4)
and forall A € A\, = ?;EZ?, supr ¥ |/ the functional Iy = ® — AY satisfies (PS)-
ued=1(]—oo,r])

condition and it is unbounded from below.
Then, for each A € A,, the functional ® — AY admits at least two non-zero critical
points uy 1, up o such that Iy (uy 1) < 0 < Iy(up2).

Proof. Fix A as in the conclusion. Since I, satisfies (PS)-condition, then it verifies also
(PS)I")-condition. Moreover, by (3.2.4) one has

sup  Y(u)
ued1([—oor]) Y (#)
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with 0 < ®(11) < r. Therefore, from Theorem 3.2.4 it follows that there exits u, 1 €
®~1(]0,7]) (hence, u) 1 # 0) such that

Iy (ur1) < Ly(u) forallu € ®71(]0,7[) and I} (up1) =0.
Furthermore, we observe that one also has

I (u)u) < IA(M) forallu € CD_l(] — OO,T]) and I, (uM) < 0.

In fact, since A > %, it holds that ®(i1) — A¥(i1) < 0 = ®(0) — A¥(0), for which

I) (ur1) < Iy(i1) < I)(0) = 0. Moreover, for all ii € X such that ®(i1) = r, taking

in nt that A ! ne h
to account that A < SUP,lequ(,-_w,,])‘Y(”)'o e has

(1) —A¥(a) > d(@) —A  sup  ¥(u) > (@) —r=0,
ued-1(]—co,])

thatis Iy (i7) > Iy(0) > I, (1x1). So, our claim is proved.
Now, since I, is unbounded from below there is 1, » € X such that

Iy (ipp) < Iy (up1)

Clearly, being u, 1 a global minimum for I in ®~1(] — oo, 7]), mustbe @ (i1 ) > r. It
is easy to verify that all the assumptions of the Mountain Pass Theorem are satisfied,
hence there exists 1, » € X such that

) (122) =0 and I (up2) = ;felf max L(v(t)),

where I' = {7 € C([0,1]) : 7(0) = up1,7(1) = @2}
We now claim that I) (1, ) > 0. To this end, set

k=r—A sup  ¥(u),
ued([—ooyr])
and then observe that, since A < sup - ]r oL one has k > 0. Now, let v € T.
ued 1 (]—oo,r
Since ®(y(0)) < r and ®(y(1)) > r, there is F €]0,1] such that ®(y(f)) = r. So,
setting i = y(f), one has

P(ia) —A¥(ia) > P(a)—A  sup  Y(u)=r—A sup Y(u) =k,
ued (] —oo,r) ue®([]—oo,])

thatis Iy (y(f)) > k. It follows that max;c(g1) [A(7(t)) > k for each v € T. Hence, one
has

= i >
Iy (#12) = inf max L(y(t) =2 k>0,

for which our claim is proved and the conclusion is achieved. O

A version of this result can be obtained taking into account Remark 2.2 [23].

Theorem 3.2.6. Let X be a real Banach space and let ®,¥Y: X — R be two continously
Gateaux differentiable functionals such that

inf® = ®(0) = ¥(0) = 0.
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Assume that ® is coercive and there exist ¥ € Rand 1i € X, with 0 < ®(ii) < r, such that

sup  ¥(u)
ucd1(]—oo,r]) Y (1)
. < 0 (3.2.5)
and, for each A € A\, := ] ?;EZ% , Supr ) [, the functional Iy = ® — AY satisfies the
)

(C)-condition and it is unbounded from below.
Then, for each A € A, the functional I) admits at least two nontrivial critical points
UN1, UAD such that I/\(M)\,l) <0< I)\(Ll)\,z).

Proof. One can assume the (C)-condition instead of (PS)-condition, provided that the
coercivity of ® is assumed. Indeed, it is enough to observe that (PS)-condition and
(C)-condition coincide for bounded sequences and so, taking into account that ®
is coercive, also (C)-condition implies the (PS)!"-condition for all r > 0. Therefore,
the same proof of Theorem (3.2.5) ensures our claim, by applying the version of
mountain pass theorem with the (C)-condition (see, for instance, Theorem 3.1.11).

O
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Chapter 4

Dirichlet double phase problem

This chapter is devoted to the study of a nonlinear double phase problem with vari-
able exponents under Dirichlet boundary condition. In particular, through critical
point theory we determine the existence of two bounded weak solutions under very
general assumptions on the nonlinear term, such as a subcritical growth and a su-
perlinear condition. Moreover, we state some special cases in which the solutions
turn out to be nonnegative.

The results presented in this chapter are obtained in [6], in collaboration with G.
Bonanno, G. D’Agui and P. Winkert.

4.1 The problem

Consider the following boundary value problem with a nonlinear differential equa-
tion involving the double phase operator with variable exponents and Dirichlet
boundary condition

—div (\Vu]p(x)’ZVu + p(x) |Vu|‘7(x)’2Vu) =Af(x,u) inQ,
u=20 on 0Q),

(D))

where the domain (), the exponents p,q and the weight u verify assumption (H),
A > 0is a parameter and f: () x R — R is a Carathéodory function that satisfies
subcritical growth and a certain behavior at £co.

For the sake of completeness, we recall here hypothesis (H), which has been in-
troduced in Chapter 2, and we introduce the assumptions on the perturbation in
problem (D,).

Suppose the following hypotheses:

(H) O C RN, N > 2,isabounded domain with Lipschitz boundary 0Q), p,q € C (ﬁ)
such that 1 < p(x) < N and p(x) < g(x) < p*(x) for all x € Q, where
p*(:) = NI\?’;'()_) is the critical Sobolev exponent to p(-), and u € L®(Q) with
u(x) >0foraa.x € Q),

(HP) Let f: O x R — R and F(x,t) = fotf(x,s) ds for all x € Q) be such that the
following hold:

(f? ) f is a Carathéodory function, that is, x — f(x,t) is measurable for all
t € Rand x — f(x,t) is continuous for a.a. x € ();

(f) there exist £ € C+(Q)) with £4 < (p—)* and x; > 0 such that

f(xt)] <m (1 + Mf(x)—l)
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fora.a.x € Qandforallt € R;
(f5)

F(x,t)
m =
t—+oo |If|qu

uniformly for a.a. x € ();

(fP) there exists { € C4(Q) with

(- € <(£+ - P—);\]/5+>

and (o > 0 such that

(x, )t — g4 F(x,1)
|t|C(X)

. f
<
0 <o < fminf
uniformly for a.a. x € ().

Here, we give some remarks on the assumptions.

Remark 4.1.1. We obeserve that (') is weaker than requiring that

n L)

t—+oo \t|Q+

:+00

uniformly for a.a.x € Q. On the other hand, using q is stronger than using q(-) as
exponent.

Remark 4.1.2. It is worth noting that the condition on { in (f7) is well defined since from
(f5) we have (4 < (p—)* and so it holds

N N N-—-p_ N N-—p_
by —p V—=4,— — (p_ )\ —F— < b, — /4
(ly—p >P— +P_ (p-) p_ +p_ + o

— £+.

We underline that this boundedness is needed for the interpolation argument in the claim of
Lemma 4.3.1 and it is required only for {_ and not for the whole exponent {. Indeed, this
is one of the advantages of the variable exponent setting. Furthermore, another advantage
is that one can choose different exponents for going to +oo (see for example (hY) for the
Neumann problem in Chapter 6), however in this case we choose the same exponent just for
simplicity.

4.2 Variational framework

The differential operator in (D, ) is the so-called double phase operator with variable
exponents given by

—div (IVO)IPO2V() 4+ p(0)| V() 1920 (),

and since we deal with Dirichlet boundary conditions, we search for solutions u of
problem (D, ) in the Musielack-Orlicz Sobolev space Wé’H (Q), introduced in Chap-
ter 2, endowed with the norm || - ||1,2,0 (see Proposition 2.3.13 and formula (2.3.10)).
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We refer to subsection 2.3.1 for the properties of the space W&’H (Q)) and in particular
we will exploit the embeddings in (i) and (iii) of Proposition 2.3.12, which clearly
hold also under assumption (H) that is stronger than (H1).

Now, for any r € C(Q) for which the continuous embedding W, (Q)) — L'()(Q)
hold (see Proposition 2.3.12), we denote by ¢, the best constant for which one has

el < Erllelln,a0- 4.2.1)

It is well known that u € W&’H (Q)) is called a weak solution of problem (D, ) if
/ (|Vu\’”(")’2Vu + y(x)]Vu]q(")’ZV@ -Vodx = A/ f(x,u)vdx, (42.2)
Q Q

forallv € Wg’H (Q)). In order to establish results on the existence of two nontrivial
weak solution for (D)), we define the functionals ®, ¥, I, : W&’H (Q)) — Rby

u (x) u (x)
@(u):/ﬂ (W Iy +y(x)’V K ) dx, ‘P(u):/QF(x,u(x)) dx,

p(x) q(x)
and
I(u) =®(u) —A¥(u),

forallu € W&’H (Q)), where I, is the so-called energy functional related to the prob-
lem. We know that ® and ¥ are Gateaux differentiable (see [40, Proposition 3.1])
with the following derivatives

(@ (u),0) = /Q (IVulPO2Vu + u(x) | V19 2V0) - Vo dx,

(Y (u),v) = / f(x,u)v dx,
0
(I{(u),0) = / (|Vu|p(x)_2Vu + y(x)|Vu|”7(x)_2Vu> -Vodx — /\/ f(x,u)o dx,
0 0
forall u,v € WOI’H(Q), where (-, -) is the duality pairing between Wé’H(Q) and its

dual space W&’H (Q)*. Hence, from (4.2.2) it follows that u is a weak solution of (D))
if and only if u is a critical point of I, i.e.

u € Wi (Q) weak solution of (D)) <= (I}(u),0) =0 forallv € Wy (Q).

In the next proposition we summarize the properties of the operator ®’: W&’H Q) —

WS’H (Q))*, see [40, Theorem 3.3] which is a generalization of [68, Proposition 3.1] in
the variable exponent case.

Proposition 4.2.1. Let (H) be satisfied. Then, the operator ®' is continuous, bounded,
strictly monotone, coercive, a homeomorphism and it satisfies the (S, ) —property, that is,

if uy,—u in W&’H(Q) and  limsup (D' (uy), uy, —u) <0,

n—oo
then u, — uin W&’H(Q).

Our main tool is is a two critical point theorem due to Bonanno-D’Agui in [23,
Theorem 2.1 and Remark 2.2], recalled in Theorem 3.2.6 in Chapter 3.
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4.3 Main results

In this section, we present our main result on the existence of two nontrivial solu-
tions for the Dirichlet double phase problem with variational exponents given in
(D). From now on, in this chapter, we put

X=Wy"(Q) and |- llx=1I" o=V " lu

First, we present the following Lemma that we will use in the proof of the main
result.

Lemma 4.3.1. Let (H) and (HP) be satisfied. Then, the functional I, satisfies the (C)-
condition for all A > 0.

Proof. Let {uy,}tnen C W(}’H (Q)) be a sequence such that (C;) and (C;) from Definition
3.1.10 hold. We provide the proof in three steps.

Claim 1. {u, },en is bounded in L& (Q)).

First, it is easy to show that using (f? ) and (ff ) we get that

f(x,t)t —qF(x,t) > c1|t|* —c; fora.a.x € Qandforallt € R, (4.3.1)

with some constants c1,c> > 0. Moreover, from C; we have that there exists a con-
stant M > 0 such that for all n € IN one has |I) (u,)| < M, so

|V, | P |V, |70
— tu(x)——— dx—/\/ F(x,u,) dx| < M,
/o( o o FOrtn)
which, multiplying by g+, leads to
pn(Vuy,) — /\/ g+F(x,u,) dx < c3, (4.3.2)
Q

for some ¢3 > 0 and for all n € IN. Besides, from (C), there exists {¢, },en With
g, — 07 such that

€ ||UHX
Ih(uy), )| < —2202
|<A( ”) >’_1+Hun”X

foralln € IN and for all v € X. (4.3.3)
Choosing v = uy,, one has

p(x) q(x) _
‘/Q (]Vun\ + 1 (x) | V| ) dx /\/Qf(x,un)un dx| < g,

which implies
—on(Vuy) +/\/Qf(x, Up )ty dx < €y (4.3.4)

for all n € IN. Adding (4.3.2) and (4.3.4) we obtain

/Q (f(x/ u”)un - ‘7+F(x/ un)) dx < C4
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for all n € IN with some constant ¢4 > 0. Using this along with (4.3.1) we derive

/ <c1|un|5* - cz) dx < ¢4,
o)

which gives
Huan: <cs forallme N

with some c¢5 > 0. Hence, {u, } e is bounded in L~ (Q) and so Claim 1 is proved.
Claim 2. {u, } N is bounded in X.
From (féJ ) and (fff ), we have that

g- <ty < (p-)"
Hence, there exists s € (0,1) such that

1 S 1-—t

[ R R e

and using the interpolation inequality, see Papageorgiou-Winkert [79, Proposition
2.3.17 p.116], one has

(4.3.5)

ltnlle, < H”nH?p,)*H”nHES forall n € IN.
From Claim 1, it follows that
[unlle, < collunllf, ) (4.3.6)
(p-)

for some ¢ > 0 and for all n € IN. Again, from (4.3.3) with v = u,,, we get

o (Vig) — A/Qf(x,un)un dx < ey (4.3.7)

We may assume ||u,||x > 1 for all n € N, otherwise we are done. Then, using
Proposition 2.3.10(iv), (4.3.7), (fY') and (4.3.6), we derive that

il < pu(Viun) < ensA [ £ ua)uy dx
< A ([lually + 2 ) + e

<7 (e llunllfr ) +en

with ¢; > 0. Hence, taking the embedding X < L(P-)"(Q)) into account, we have
laallfy < cs (14 lali ™) + e,

for all n € IN and for some cg > 0. From (4.3.5) and (ff ), it follows that

. = )V =) - Np-(f4=¢-)
YT ))-¢ Np -NZ +{p
Np_ (¢4 —¢-)

Np- = NG +p- (L —p-)"

:p_,
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and this shows our second claim.

Claim 3. 1, — u in X up to a subsequence.

Since {u, }nen C X is bounded (Claim 2) and X is a reflexive space, there exists a
subsequence, not relabeled, that converges weakly in X and strongly in L’+ (Q), that
is,

uy —u inX and u, —u inL%(Q).
Using this to (4.3.3) with v = u,, — u and passing to the limit as n — oo, we obtain
(® (up),up —u) -0 asn — oo.
Since @’ satisfies the (S )-property, see Proposition 4.2.1, the proof is complete. [
Now, we state our main result. For this purpose, let

R := sup dist(x, 9Q2).
xeQ)

Then there exists xp € () such that the ball with center xy and radius R > 0 belongs
to (), that is,

B(xo,R) C Q.

We indicate with wg the the Lebesgue measure of B(xp, R) in RN given by
wg := |B(x0,R)| =

and we put

. min {RP-,RI+} p_
- max {1, [[pfle} wr (2N —1)20- N

Furthermore, for any r,77 € R, we define

cvmax { (3.1, (i) } + max {(4.0) 7 (g0 |
a(r) =11 ,  (4.3.8)

r
F(x,n) dx
/ oy FO)
max {n?-,n7}

B(n):=¢

, (4.3.9)

where ¢, = max {Eﬁ‘, 5§+ } and ¢y, ¢y, k1, £ are given in (4.2.1) and (f? ), respectively.

Theorem 4.3.2. Assume that (H) and (HfD ) hold. Furthermore, suppose that there exist two
positive constants r, n satisfying

max {nf-,yT} < or, (4.3.10)
such that
(hP) F(x,t) > 0foraa.x € Qand forall t € [0,71];

(hy) a(r) < p(n),
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as defined in (4.3.8) and (4.3.9). Then, for each A € A, where

A=

ot
BGn) alr) |

problem (D ,) admits at least two nontrivial bounded weak solutions u, 1, uy, € W&’H(Q)
with opposite energy sign.

Proof. Our aim is to apply Theorem 3.2.6. Let (X, || - ||x), ®, ¥ be as introduced in
Section 4.2 and note that they already fulfill the required assumptions needed in
Theorem 3.2.6. In particular, from Proposition 2.3.10(vi) and (fé) ) follows that @ is
coercive and I is unbounded from below, respectively.

Now, fix A € A, which is nonempty because of (h)’), and consider i € X defined
by

0 if x € O\ B(xo,R),

- 2

1(x) = ¢ LR —[x—xo|) ifx € B(xo,R)\ B (0, ),
1 if x € B (xo,%).

Clearly, 7i € X. We show that 0 < ®(if) < r. Indeed, using (4.3.10), it follows that

(x) X q(x)
(1) = /B(xo,R)\B(xofg) (p(lx) <21;7>p * ng; <21;7> ) o

. ® ®
gf_ BB (a0 ) <(Z)p +u(x) (L)' > dx

2 max {1 ulle}
SZmin{RPqR‘H}maX{U N +}2((,(]R—(A)§)

B %max{ﬂpw””} <r.

Now, we prove (3.2.5). From assumption (th ), we obtain

‘I’(ﬁ)z/}g(x()’g)l-“(x,q) dx + /B(xo,R)\B(xo,’;)F(x’?(R_‘x_XOD) dx

> /B(xoR)F(x,n) dx.

72

Hence,

/ . F(x,n) dx
B(X(),j) .
(1) max {yP-, ;7 }

(4.3.11)

On the other hand, fix u € X such that ®(u) < r. Then, one has

g+ > 9. () > py(Vu) > min {JJuflf, [Jul¥ },

which implies that

|-

O (] —oo,r]) € {ue X+ ullx < max{(q:7)7, (g:7)7

+

s
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Furthermore, we have

sup  ¥(u)
ued@(]—oo,r])

< sup Kl/o (|u|—|—]u\€(x)) dx
D

ued=1(]—oco,r

= sup K (||u||1 +P€(~)(”))

ue®~!(J—oo,r])

< sup x (fufn A+ max dulllc, lully
ued-1(]—oo,r]) ( { ©) ( )})

~ ~ (- l
< sup o (fullx + domax {flullk fully })
ued-1(]—oo,r])

1

< (eimax {(g.07, (g0 } 4 cimax{ () (g0 } ).

Then, taking (hg ) and (4.3.11) into account, we get

sup  Y(u)
ue®1(J—oor])
r
N 1 1 L =
o (emax{ (i) (g0 } + amax { (g (g0 })
<
- r
F(x,7) dx ~
<6 /B(X(),IZQ) < ‘II(M)

max {n?-,nT} — (i)’

namely hypothesis (3.2.5) is satisfied. Hence, along with Lemma 4.3.1, Theorem 3.2.6
ensures the existence of two nontrivial weak solutions u, 1, u > € W&’%(Q) such
that I (uy1) < 0 < I (u, 7). Finally, from Crespo-Blanco-Winkert [39, Theorem 3.1]
it follows that u, 1, 1, » belong to L*(Q}). This finishes the proof. O

Corollary 4.3.3. Suppose that all assumptions of Theorem 4.3.2 are satisfied. Moreover,
assume that

f(x,0) >0 and f(x,t) = f(x,0) foraa.x € Q and forallt <O0.

Then, problem (D ,) admits at least two nontrivial and nonnegative bounded weak solutions
U1, Upa € Wy (Q) with opposite energy sign.

Proof. Since all the assumptions are satisfied, we can apply Theorem 4.3.2. We only
need to prove that the solutions u, 1,1, » are nonnegative. Since u, ; is a weak so-
lution of (D,), from (4.2.2) one has (I} (u,,1),v) = 0 for every v € X. Choosing
v=—uy; =—max{—uy;,0} € W&’H (Q)), see [40, Proposition 2.17(iii)], we have

/Q (’VMA,HP(X)_ZVM)\J + ]/t(x)|VuA,1|‘7(x)_2VuA,1) -V (—LIXJ) dx

:/\/Qf(x,u/\ll) (—u;/l) dx,
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which leads to
—pu(Vuy,) = 0.

But the previous inequality implies that
min { [lug, I s 1} < o (V) <0,

which gives ||u; ,||x = 0. Then, u, ; = 0 and u,; > 0. With the same argument we
obtain u) » > 0 and the proof is complete. O

Now we consider the special case when the nonlinear term is nonnegative.

Theorem 4.3.4. Assume that (H) and (HP) hold. Furthermore, suppose that f is nonnega-
tive and
inf F(x,t)

lim sup O teo (h3)

t—0+ tP-
Then, for each A €]0, A*[, with

1
A =sup —,
7ob a(r)

where a(r) is given in (4.3.8), problem (D) admits at least two nontrivial and nonnegative
bounded weak solutions uy 1, Uy € W&’H (Q)) with opposite energy sign.

Proof. We observe that (15) implies that

(o) F(x,17) dx
B(xo,5
limsup B(77) = limsup § .
jﬁmpﬂ U otk O Tmax (g7, (4.3.12)
inf F(x,7)
> §wr limsup X2 — foo.
n—0+ 77?7

Then, fixing A €]0, A*[, there exists r > 0 such that

1 r

A<zx(1’) =

1

L 1 [ N\
o (emax (g ger) o eomax { (g2 (3207 )
Moreover, from (4.3.12), there is 7 > 0 small enough such that

P

ow 17?* >X,

(bS]

implying that a(r) < B(1). Applying Theorem 4.3.2 and arguing as in the proof of
Corollary 4.3.3, we achieve our goal. O

Finally, we provide an example of a function that satisfies our assumptions.
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Example 4.3.5. Consider f: (3 x R — R defined by

]2 i1t < 1,

L) =
e {|t|ﬁ<x>2t<log|t|+1> it > 1,

where o, B € C(Q) such that g, < B(x) < (p-)* forall x € Q and

B+

_B-
N <L

Then, f satisfies assumptions (HP) with {(x) = B(x) forall x € Qand {(x) = B(x) + 0

for all x € Q, with o > 0 small enough such that

by <(p-)%,
0. B
pi - W < 1-

Moreover, we can apply Theorem 4.3.4 at f(x,t) = |f(x,t)| for every (x,t) € Q x R,

requiring also that a(x) < p_ forall x € Q.
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Chapter 5

Robin double phase problem

This chapter deals with the study of a nonlinear parametric differential problem in-
volving the double phase operator with variable exponents and Robin boundary
conditions with critical growth. In particular, we determine an interval of parame-
ters that guarantees the existence of two nontrivial weak solutions and we state the
hypotheses under which the solutions turn out to be nonnegative. The main tool of
our investigastion is a two critical points theorem.

The results presented in this chapter are obtained in [4], in collaboration with V.
Morabito.

5.1 The problem

Let O € RN, N > 2 be a bounded domain with Lipschitz boundary 0() and denote
with v(x) the unit normal of Q) at every point x € 0(). We study the following
nonlinear differential equation involving the double phase operator with variable
exponents under nonlinear Robin boundary conditions

—div (]Vu|p(x)2Vu + y(x)]Vu|‘7(x)2Vu> + () |u[PW 2y = Af(x,u) inQ,
(Ry)
(|Vup(x)_2Vu + y(x)|Vu”’(x)_2Vu> v = —B(x)[u|P*® 2 onoQ,

where A > 0, p, q, u satisfy assumptions stated in the sequel, «, B are nonnegative

functions belonging to suitable spacesand f: Q x R — Ris a L!-Carathéodory func-
tion with a subcritical growth that satisfies the well-known Ambrosetti-Rabinowitz
condition. In particular, recalling that

Np(x)

p(x) = m ~

forall x € Q,
N —p(x)

and p.(x):=

are the critical Sobolev exponent of p and the critical exponent to p on 0(), respec-
tively, we emphasize that we allow a critical growth on the boundary. Clearly, if
B = 0, then (R,) becomes the corresponding homogeneous Neumann problem

—div <\Vu]p(")2Vu + p(x) ]Vu|‘7(x)2Vu> + () [u(x) P9 2u = Af(x,u) inQ,
<|Vu\p(x)_2Vu + pu(x) ]Vu|q(x)_2Vu> v=20 on 9Q).

For our purpose, we require more restrictive hypotheses than (H) on the exponents.
Now, we introduce them and we also state the assumptions on the weight functions.
Indeed, we assume the following;:
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HP) () p e C(Q)NWLT(Q) for some v > N, g € C(Q) such that
1<p(x) <N, p(x)<qg(x)<p«x) forallx €,

(i) p e L®(Q) withy > 0ae.in O,
(iii) @ € L*(Q)) witha > 0a.e.inQand a # 0,
(iv) B € L*(0Q)) with B > 0 a.e.in oQ).

(HP) Let f: QxR — Rand F(x,t) = [ f(x,5) ds forall x € Q be such that:

fY) f is L'-Carathéodory, i.e.
(i) x — f(x,t) is measurable for all t € R;
(ii) t — f(x,t)is continuous for a.a.x € ();
(iii) for all s > 0 the function sup |f(-, )| belongs to L} (Q);
|t[<s
(fY) there exist k1, ky > 0and £ € C, (Q) with £, < (p*)_, such that
F(x )] < Ky + ko]0

fora.a.x € Qandforallt € R;

(AR) there exist # > (p«)+, s > 0 such that
0 < nyF(x,t) <tf(x,t)

for all x € Q) and for all || > s.

5.2 Variational framework

Since we deal with a nonlinear Robin double phase problem, we search for solutions
u of problem (R,) in the Musielack-Orlicz Sobolev space W7 (Q)), introduced in
Chapter 2. We need to equipe the space with an equivalent norm, which is a par-
ticular case of the new general one introduced in subsection 2.3.2. To this aim we
consider the seminormed spaces

LY(Q) = {u € M(Q) : /ro(x)]u\p(") dx < oo},

mwda<w},

L2900 :{ em@): [
r000) = fuem@): [ Bl
endowed with the seminorms

= inf

T>0: / H dx<1}

Il a0 =int {0 [ pen) |2

]l )0
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whose corresponding modular are given by
Op(), (1) = /ro(x)|u]p(") dx forall ue LZ(')(Q),
pprpan() = [ @)™ do forall ue Lf" @),
respectively. We recall that in Section 2.2 we introduced a trace operator
vo: WO (Q) — LFO(30))  for every k € C(Q) with 1 < k(x) < r.(x) Vx € Q.
So, we avoid the notation of the trace map and we consider all the restrictions of

Sobolev functions to the boundary 0Q) in the sense of traces, see Proposition 2.2.7
for more details. Now, we endow the space W'"*(Q) with the following equivalent

norm
) . \V/ p(x) \V4 q(x)
u| :mf{’c>0:/ﬂ< T“ Fu(x) ?” >dx
u [P u [P
+/ro(x); dx + aQﬁ(x); do <15,

which is obtained by || - [|7 5, defined in (2.3.11), by choosing 61 = &, 61 = p, 0, = B
and 6, = p.. Clearly, assumption (H2) is satisfied since we assume (HX), so the
results presented in subsection 2.3.2 hold true. In particular, the norm || - || and the
corresponding modular function p(-), given by

Px (x) do—,

o) = [ (19 + )| Vulr™) dx+ [ a(ful® ds+ [ gl
for all u € W (Q)), are related as in Proposition 2.3.16. For reader’s convenience,

we recall such propoperties in our case in the following proposition.

Proposition 5.2.1. Let (HR) be satisfied, u € WY (Q) and T > 0. Then the following
hold:

() Ifu £ 0, then lu =7« p(¥) =1;
(i) |lu|| <1(resp. >1,=1) <= p(u) <1(resp.>1,=1);
(i) Flul <1 = [u] ) < p(u) < ulr-;
@) Fllull >1 = full’- <p(u) < u]P);
@) lul =0 < p(u)—0;
0 ull » oo = pu) = co;
(vii) |ul| -1 <= p(u)—1

We refer to subsection 2.3.1 for the properties of the space W7 (Q)), which clearly
hold also under assumption (H") that is more restrictive than (H) and (H1). More-
over, we prove two other embeddings that are useful in our treatment.

Proposition 5.2.2. Let (HX) be satisfied. Then the following embeddings hold:

i) WM (Q) — LZ(')(Q) is continuous;
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(i) WrH(Q) — L;*(')(BQ) is continuous.

Proof. Fix u € WY (Q) with u # 0, then it holds that

ppra() = [ a(0)lul? dx

p(x) q(x) p(x) p(x)
< [ (19l 4+ w0 Vi + a(@)|ul ) dx+ [ gl
=0 (u).

From Proposition 5.2.1(i) it follows that

u u
) < =) =1.
Op(a (Hu!l) =P (IIuH) !

[l pa < llull,

Hence, we have

and (i) is proved. The embedding in (ii) can be proved similarly. O

Our aim is to establish the existence of two nontrivial weak solutions for the
problem (R,). We say that u € W%(Q) is a nontrivial weak solution of (R,) if the
following holds

/(\wyp Va4 p(x) Va1 2u) - Vo dx+/ ) [uP® 2 wo dx
PO 2o do = A [ flxupd
+/aQ/3x|u| 2uv do Qfxuvx

for all v € WY (Q)). We denote by (-, -) the duality pairing between W'*(Q)) and
its dual space W7(Q))* and we introduce the nonlinear operator | : W' (Q)) —
WL (Q)* defined by

<](u),v>:/ (\Vu\p 2Vu 4 p(x)|Vul1) 2Vu>-Vv dx
+/ ) |2 yy dx+/ B(x)|u|P- 2 yp do.

In the next proposition we give the properties of the operator | which has been
proved in Amoroso-Crespo-Blanco-Pucci-Winkert [5, Proposition 3.3] for a more
general operator.

Proposition 5.2.3. Let (HR) be satisfied. Then, the operator | : WM (Q)) — WLH(Q)* is
bounded, continuous, strictly monotone, coercive, a homeomorphism and of type (Sy), that
is
Uy —u in WYQ) and limsup(J(uy),uy —u) <0
n——+400

imply u, — u in W-H(Q).
Furthermore, we define the functionals ®, ¥, I, : W'*(Q)) — R by

B |Vu\p(x) |Vu|q(x) Mp(x) |u|p*(")
cI>(u)—/Q( ) + u(x) ) + a(x) e > dx + an'B<x> ) do,
(5.2.1)
/QF(x,u) dx,
Iy(u) =D(u) — A¥(u),

Y(u)
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for all u € W' (Q) and I, is the so-called energy functional associated to our
problem (R,).

Proposition 5.2.4. Let (HX) be satisfied. Then, the functional ® is well-defined and of class
C! with @' (u) = J(u).

Proof. For any u € W4 (Q)) one has

which implies that ® is well defined in W#(Q). Proving that | is the Gateaux
derivative of ® means showing that

P(u+tv) —D(u) -0
t

> (J(u),0),

forallu,v € WY (Q). In [40, Proposition 3.1] the authors demonstrate that for t € R
and for all u,v € W' (Q)

Vu + tVo|P®) — |Vu|PW)
/Q<| L T

|V + tVo|10) — [Vu|1t)
dx
tp(x) tq(x)

t—0

— / <|Vu|”(x)_2Vu +y(x)|Vu|‘7(x)_2Vu) - Vo dx,
0

hence it remains to prove that for t € R and for all u,v € WY*(Q) the following
hold

lu 4 to|PE) — |u|P) t=0, / p(x
/Q a(x) ) dx > [ a(x)|ul Zuv dx, (5.2.2)
u+ to|P() — (%)
[ B | |tp 5 [ 0 / B(X)u| ¥ 2uw do. (5.23)

First, we consider (5.2.2). From the Mean Value Theorem one has that there exists
e =¢(x,t) € (0,1) such that

p(x) _ || p(x)
/Q a(x) Jut tv'fp(x) il dx = /Quc(x)|u +eto|PW2(y +etv)o dx.  (5.2.4)

In order to apply the Dominated Convergence Theorem, we estimate that

a(x)|u+ 8tv|P(x)72(u +etv)o < a(x)|u+ gtv|}7(x)*1 10|
< 27+ Ta(x) (Jul" O+ elt ol [o] € LX(c2),
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using the embedding in Proposition 5.2.2(i), Holder’s inequality for variable expo-
nents (Proposition 2.2.3) and Proposition 5.2.1(iii)-(iv). Indeed, we get

p)-1 1
[ a) ™ol dx = [ a(x) 5 |ul ™ ta(x) 77 o] dx
@) (@)

.),
<2 [la() T ufr Ot

o emwl]

<2 (p . ()5 1P07) ) () (aC01))

for some a,b > 0 and similarly for a(-)|o|P()~v| € L'(Q). So, passing to the limit

for t — 01in (5.2.4), by the Dominated Convergence Theorem we obtain (5.2.2). In

the same way we can prove (5.2.3), using now the embedding in Proposition 5.2.2(ii)
and this completes the proof that ®' (1) = J(u) for every u € WY (Q).

Finally, the C!-property follows from the continuity of ], see Proposition 5.2.3.

U

In addition, we note that ¥ is of class C! from the Carathéodory assumption on
f, then I, is of class C! and its derivative is the following

(I (u), )
=(®(u),0) = A(¥'(u), )

:/ (\Vu]p(")*ZVu—i—],t(x)]VuW(x)*zVu) -Vo dx+/ w(x)|uP®) =2 yo dx
0 o}

+ [ Bx)lu

P02 4y dor — A/ F(x,u)o dx,
Q

for all u,v € W' (Q)). Hence, u is a nontrivial weak solution of (R,) if and only if u
is a critical point of I, i.e.

ue Wol’H(Q) weak solution of (D)) <= (I4(u),v) =0 forallv € W(Q).

So, we study the problem through critical point theory since discussing the existence
of weak solutions for (R, ) is equivalent to study the existence of critical point of the
energy functional I associated to our problem. Our main tool of investigation is is
a two critical point theorem due to Bonanno-D’Agui in [23, Theorem 2.1], recalled in
Theorem 3.2.5 in Chapter 3.

5.3 Main results

In this section, we present our main result on the existence of two nontrivial solu-
tions for the nonlinear Robin double phase problem with variable exponents given
by (R,). Since our purpose is to apply Theorem 3.2.5 to the functionals ® and ¥
defined in (5.2.1), we prove the following result on the required properties of the
energy functional I related to problem (R,).

Lemma 5.3.1. Let (HX) and (HY) be satisfied. Then, for every A > 0 the energy functional
I) given in (5.2.1) satisfies the (PS)-condition and is unbounded from below.

Proof. First, we prove that I, fulfills the (PS)-condition for any A > 0.
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Fix A > 0 and let {u,} € W% (Q) be such that (PS;) and (PS,) hold. We observe
that

11, [P 11,16%) Uy [P)
WIA(un)—I/’\(un)(un):q</Q (%w(@%w(mpg; ) dx

,8( )|un|§ )x da—)\/QF(x,un) dX)
—p(un +A/ f(x, uy)u, dx

( p(uy +/\/ (x, 1)1ty — nF(x,u,)) dx

_1> Uy, +/\/ f(x, un)uy — yF(x,u,)) dx

for all n € IN, where < (pn) - 1> > 0 since #7 > (p«)+. Thanks to Proposition 5.2.1
*)+

(iii)-(iv), one has

mmin { [0 [~ [l | P} < () < maxc{ Jan [P, 10, |7+ forallne N.

Therefore,

() = I () (un) > <(pf)+ — 1>min{||un||f’, ||u,1||(i7*>+}

(5.3.1)
— A/Q(iyl:(x, up) — f(x, un)uiy) do.
We observe that
/ (MF(x,un) — f(x, un)un) dx < A, (5.3.2)
Q
for some A > 0 and for all n € IN. Indeed, by (AR)-condition one has
nF(x,t) —tf(x,t) <0 forall |t| >s (5.3.3)
and from hypothesis (f{) follows that
|F(x,t)| <sup|f(x,t)|s <s-hs(x) forall|t| <s (5.3.4)

lt<s

with ks € LY(Q). Putting together (5.3.3) and (5.3.4) we obtain (5.3.2) with A =
s(n+1)||hs|l1 > 0. Then, using (5.3.2) in (5.3.1) we have

i) = By ) ) > (= 1) i (P a0} = A,

which yields to

<(Pi7)+ — 1>min { 1, ]|P-, ||un||(P*)+} < nly(up) — Iy (un) (un) + AA,  (5.3.5)
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for all n € IN. From (PS;) and (PS;) we have that there exist M > 0 and {¢,} C R,
with ¢, — 0T, such that

Li(up) <M and |1} (un)(0)] < &40, (5.3.6)

for allv € W' (Q) and for all n € IN. Choosing v = u, in (5.3.6) and combining it
with (5.3.5), we get

T - i p- (p+)
((P*)+ 1>n“n{“””” Nl *}<iﬂA4%—&m”nH4—AA,

and this proves that u, is bounded in W*(Q). Since W7 (Q) is a reflexive Banach
space, there exists a subsequence, renamed u,,, that weakly converges in W7 (Q).
Hence, taking into account Proposition 2.3.12(iii) and that /. < (p*)_ from (fg), it
holds that

Uy = uin WY(Q) and u, — uin L‘O(Q). (5.3.7)

Moreover, choosing v = u, — u in (5.3.6), from (f§) and the convergence properties
in (5.3.7) we obtain

(D' (uy),un —u) -0 as n— +oo.
Proposition 5.2.3 ensures that @’ satisfies the (S, )-property, which implies that
u, —u in W-(Q)

and the (PS)-condition is proved. Finally, we prove the unboundedness from below
of I, for every A > 0. Indeed, from the (AR)-condition one has

min {F(x,s), F(x, —s)
s

P = Sy foranixe 0t >5,  (5.38)

F(x,t) > 5

with C;(x) > 0 forall x € Q and C; € L(Q) since f is L! —Carathéodory (see (f})).
Also, for all x € Q and [t| < s it holds that

F(x,t) > minF(x,¢) > min F(x, &) + Ci(x)

t"—C
lg|<s lg|<s ﬂ|| 1(x)

(5.3.9)
C C
— 1s(ﬂx)U|’7 — <C1(x) — mmignS F(x,C)) = 1sg7x)|t\" — Ca(x),

where Cy(x) > 0,C; € L'(Q) by construction. So, combining (5.3.8) and (5.3.9)

together, it follows that

Cl(x)
sl

F(x,t) > [T — Ca(x) forall x € (), forall t € R.

Fixing u € WY (Q) such that ||u|| # 0 and h € R*, one has

I () < plh(’”*)*p(u) —::7/QC1(x)|hu|’7 dx+1 [ Calx) dx
< Lo oy — Linge mul! + Aol
~p- sT QO U

Passing to the limit for i1 — oo, we achieve our aim and the proof is complete. O
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Now, we give our main result concerning the existence of at least two nontrivial
weak solutions for problem (R ). For this purpose, set

6 = max {[a]l|Q, [|Blloo,p02 02 }, (5.3.10)

where || - [loan = || - l1=(200) and [0Q)] denotes the measure of 902 in RN 1. Also, for
any r,w > 0 put

frermax { () )7, ((p.) )7 |

A(r) =
L T, . (5.3.11)
Femax{((p)) 7 ((p)) 7 |
+ = n ,
B(w) = Jo F(x @) dx (5.3.12)

~ Smax {wP)+, wP-} ’

where c; is the embedding constant of W' (Q) in L1(Q) and ¢ = max{ci’,ci’+ 1,
with ¢, being the embedding constant of W% (Q) in L) (Q).

Theorem 5.3.2. Let (HY) and (HE) be satisfied. Suppose that there exist r,w > 0 such that

max {w(P*)ﬂwP*} < g, (5.3.13)
and
A(r) < B(w). (5.3.14)
Then, for each A € A, with
1 1

problem (R ) admits at least two nontrivial weak solutions with opposite energy sign.

Proof. The proof is based on Theorem 3.2.5. Let Wl'%(Q), ®, ¥ be as in Section 5.2
and note that they verify all the regularity assumptions required in Theorem 3.2.5.
In addition, Lemma 5.3.1 ensures the (PS)-condition and the unboundedness of I,
for every A > 0. So, it remains to prove only condition (3.2.4). Let i = w € WL (Q),
with w > 0 as in (5.3.13). It holds that 0 < ®(w) < r, indeed one has
0 < P(w) :/ w(x)wP®) dx —l—/ B(x)wPMdo <
0 a0
<max {w!, "} [l
+ max { @), ) [|llw 50 00 (5.3.16)
< max {w(p*)ﬂw”* } 1)

<r.

Then, we consider u € W*(Q) such that ®(u) < r and using Proposition 5.2.1(iii)-
(iv) we note that

r> ®(u) >

min { 7=, [l )}
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Therefore,
o (] —oo,7]) C {u € Wl'%(Q) s |lu]] < max {(r(p*)Jr)P1 , (r(p*)+)<w«l>+}} (5.3.17)

Furthermore, using assumption (fg), Proposition 2.2.2, Proposition 2.3.12 and (5.3.17),
we get

‘u’é(x)
sup  Y(u) <  sup )/Q ki|u| + ko 16 dx

ued=1(]—oco,r]) ued-1(]—oo,r]

k
< sup <k1||u|]1 + ZP@(-)(“)) dx

ued1(]—cor])

ky _
< swp (el + g2 ema {Jul )

ued1(]—cos]

<kermax { (1(p) )" (r(p) )7 |

+ 2emax ] (rp ) () )7 |

Hence, exploiting (5.3.14) and (5.3.16), from the previous inequality we derive that

sup  Y(u)

ue®1(]—co,r]) < A(r) < B(w) < )

(w
. < B(w) and A C A,

Then, hypothesis (3.2.4) is satisfied and Theorem 3.2.5 ensures the existence of two
nontrivial weak solutions 1, 1,1, , € WY(Q) for any A € A with opposite energy
sign, namely such that I)\(U)\J) <0< I)\(u)\,z). O

In order to find information about the sign of the solutions, we may assume
f(x,t) = f(x,0) forall x € ), forall t < 0.

Indeed, we have the following result.

Lemma 5.3.3. Let u € WV (Q) be a weak solution of problem (R)). If f(x,0) > 0 for
a.a.x € Q), then u is nonnegative.

Proof. Since u is a weak solution of problem (R,), it holds that (I (1), v) = 0, namely
/ (\Vu]p(x)QVu + y(x)]Vu\q(x)’2Vu> - Vo dx —|—/ w(x) |[ulP¥ 2 uo dx
Q Q
P25 q —A/ ,u)o dx =0,
+/80ﬁ(x)|u| uv do Qf(x u)v dx
for every v € WY (Q). Arguing by contradiction, we suppose that
{x € Q:u(x) <0} # .

Choosing v = u~ = max{—u,0}, we obtain

—p(u™) = )\/Qf(x,u)u’ dx=A {u<0}f(x,0)u’ dx > 0.
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From Proposition 5.2.1 it follows that
min { lu” [P~ Ju |-} < p(u7) <0,

so it must be ||u~|| = 0. Thus, u~ = 0 which implies that # > 0 and this completes
the proof. O

Combining Theorem 5.3.2 and Lemma 5.3.3, we get the following existence result
of two nonnegative weak solutions.

Corollary 5.3.4. Let f(x,0) > 0 for a.a. x € Q and assume hypotheses (HX), (f1') and (£5).
Suppose that

(ART) there exist 11 > (p«)+, s > 0 such that

0 <nyF(x,t) <tf(x,t) forallx € Qandforallt >s,

and there exist v, w > 0 such that

max {w(p*)ﬂw’?*} < g and  A(r) < B(w),
where 6, A(r) and B(w) are given by (5.3.10), (5.3.11) and (5.3.12), respectively. Then, for
each A € A, defined in (5.3.15), problem (R ) admits at least two nontrivial and nonnegative
weak solutions with opposite energy sign.

Furthermore, we consider some particular cases. In the following Theorem, we
establish an existence result when the nonlinear term is nonnegative, requiring also
a particular behavior near zero.

Theorem 5.3.5. Let (HX), (ff), (fg) and (AR™) be satisfied. Suppose that f is nonnegative
and
inf F(x,t)
lim sup ¥ . (5.3.18)
t—0+ th-
Then, for each A €]0, A*[, with
Af =su 1
0 AW’
problem (R)) admits at least two nontrivial and nonnegative weak solutions with opposite
energy sign.

Proof. Fix A €]0, A*[. Then, there exist r > 0 such that

A1 (5.3.19)

A(r)

Moreover, from assumption (5.3.18) it follows that

F(x,w)d
lim sup B(w) = limsup Jo Flx,w)dx
w—0t w—0t Jd max {w(p*)+,wp,}
0 inf F(x,w)
> — limsup ¥ e
wP-

w—0t
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Therefore, there exists w > 0 small enough such that

jo Inf Fle @)
6 wP- A
(

>
which together with (5.3.19) implies that A(r) < B(w). Then, the result follows from
Corollary 5.3.4. ]

Here, we provide an example of application of the previous result.

Example 5.3.6. Consider the following function

Flx,8) = hy(x) + ha(X)[ESO"1 forall (x,1) € Q xR, (5.3.20)

with hy, hy € L®(Q)),essinfq h; > 0 fori =1,2and { € C.(Q) with
(pe)+ < &(x) < (p*)- forallx € Q.

We observe that () holds and (£Y) is satisfied by choosing ki = ||hi||e for i = 1,2 and
l(x) = ¢(x) +eforall x € O, with e > 0 small enough such that .. < (p*)_. Moreover,
since

F(x,t) = hi(x)t+ hg((;)) 0 forallx € O, > 0,
it follows that (AR™) is verified for any (p«)+ < n < {_ and we have
inf F(x,t)
lim 2 — 400,
t—0+ tP-

so assumption (5.3.18) is verified. Then, Theorem 5.3.5 ensures that for each A €]0, A*]
problem (R)) with the nonlinearity given in (5.3.20) admits at least two nontrivial and
nonnegative weak solutions with opposite energy sign.
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Chapter 6

Neumann double phase problem

In this chapter we consider a variable exponent double phase problem with a nonlin-
ear boundary condition and we prove the existence of multiple bounded solutions
under very general assumptions on the nonlinearities. To be more precise, we get
two constant sign solutions via a mountain-pass approach, in particular one is non-
negative and the other one is nonpositive, and we determine the existence of a third
solution, which is sign-changing, through the Nehari manifold method. We also
give informations on the nodal domains of this sign-changing solution.

The results presented in this chapter are obtained in [5], in collaboration with A.
Crespo-Blanco, P. Pucci and P. Winkert.

6.1 The problem

Given a bounded domain QO ¢ RN, N > 2, with Lipschitz boundary d() and denot-
ing with v(x) the outer unit normal of () at x € 9}, we study the following problem

—div F(u) + |[u[P™2u = f(x,u) inQ,

(N)
Fu)-v=g(xu)—|uf®2u onoQ,

where div F (1) is the variable exponent double phase operator given by
F(u) := |VuPW=2vy 4 y(x)|Vu|‘7(")‘2Vu,

and f: O xR — R as well as g: 002 x R — R are Carathéodory functions which
are superlinear with respect to the second argument, see the precise conditions in
(H)).

Regarding the exponents p,q and the weight y, we have to strengthen the hy-
potheses in (H) as follows:

(x) < Nand p(x) < g(x) < (p-)« forallx € Q

(HN) p,q € C(Q) such that1 < p
) > 0fora.a.x € Q.

and p € L®(Q)) with u(x
Next, we state the required assumptions on the nonlinearities:

(H?{ g) Let f :O xR — Rand g: 90 x R — R be Carathéodory functions and

= [} f(x,5) ds and G(x,t) = [, g(x,s) ds be such that the following
hold
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(hlY) there exist £,k € C4+(Q) and K3, K> > 0 with /4 < (p_)*and x4 < (p—)«
such that

f(x, 1) < K (1 + ]t|‘](")’1) foraa.x € Q,
lg(x, )] <K (1 + ]t|K(x)_1) fora.a.x € 0Q),

and forallt € R;

(h})
im Fx,t) = oo uniformly fora.a.x € Q,
t—+oo |i’|qu
m G(x,t) = co uniformly for a.a.x € 9();
t—+oo |t”14r
(hi)
lim Flot) 0 uniformly fora.a.x € Q,
=0 |¢|P()
im Glx,b) =0 uniformly for a.a.x € 9Q);
£0 \t|P(X)

(hY) there exista, B,,0 € C1(Q)) with
. N
minfa- b} € ((6 = p-) 350 ),
. N-1
min{-,0-} € ((vs ~p )5t 1),
p-—1
and K3 > 0 such that
£ 0t — g, F(x, )

|#]o(x)

(x,£)t — g+ F(x,t)
]t\ﬁ(x) !

0 < Kz <liminf
t—o0

7

0 < Kz <liminf f
t——o0
uniformly for a.a. x € (Y and K4 > 0 such that

0 < Ky <liminf SGHE—4:G(x 1)
Tt

|£|6() !
0 < K4 <liminf 8t — 4:Glx,t)
R |£[6() '
uniformly for a.a. x € 9();
(hé\] ) the functions
LT R ()
= =

are increasing in (—oo,0) and in (0, o) for a.a.x € ) and for a.a. x € 9Q},
respectively.
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Here, we give some important remarks on the assumptions.

Remark 6.1.1. We obeserve that (h)Y) and (hl)) are weaker than the corresponding hypothe-
ses obtained replacing F and G with f and g, respectively. However, using q is stronger
than using q(-) as exponent and similarly using p(-) is weaker than using p but is stronger
than using p_ as exponent.

Remark 6.1.2. The conditions on the exponents in (hfl\’ ) are well defined since from (h{\] ) we
have (4 < (p—)* and x4 < (p—)« and the following hold

N N N-—-p_ N N—p_
by —p)— =4li— —(p-)" <ly— -1 =Ly,
(4+ P)p_ o (r-) p_ ol T T +
N-1_— N-1 N—-p_ N-1 N-p_
(14 pi)p_—l_Kij_—l (pf)*p_—l K+P__1 K+p__1—K+

These boundedness conditions are the precise ones that are needed for the interpolation ar-
gument in Proposition 6.3.4 and they are sharp. Precisely, the upper bound with ¢ and x
is due to Crespo-Blanco-Winkert [39, see Remark 4.2], while the lower bound on the bound-
ary, i.e. (kg — p,)%, is established by Amoroso-Crespo-Blanco-Pucci-Winkert [5]. We
also underline that one advantage of the variable exponent setting is that these bounds are
required only for the infimum of the exponents and not for the whole ones and also that one

can choose different exponents for going to f-oc.

Remark 6.1.3. We note that assumption (h}') together with the continuity of f(x,-) and
Q(x,-) implies that

f(x,0) =0 foraa.xecQ and g(x,0)=0 foraa.x e o (6.1.1)

Moreover, in Lemma 4.4 of Crespo-Blanco-Winkert [39], the authors summarize the proper-
ties that the nonlinear term of the equation (i.e. function f) verifies as consequences of the
previous assumptions. Clearly, as the nonlinear function g satisfies similar hypotheses on
the boundary, it also verifies the same properties on 0().

6.2 Variational framework
Our aim is to investigate the existence of multiple solutions of problem (N) which
involves the double phase operator with variable exponents denoted by F. There-

fore, consider the Musielack-Orlicz Sobolev space W (Q)), introduced in Chapter
2, endowed with the following norm
q(x)
dx

| :inf{T>0: /Q<

LR e [P dagl},
Ot IO

p(x) Yu

Vu
T T

pu(x)

(6.2.1)

induced by the modular

p(u) = [ (IVulP® 4 )| Vi) dx+ [ Jup det [ ulr do,

for all u € WY"(Q). For sake of completeness, we remind that in Section 2.2 we
introduced a trace operator that allows us to avoid the notation of the trace map and
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to consider all the restrictions of Sobolev functions to the boundary d() in the sense
of traces (we refer to Proposition 2.2.7 for more details).

The norm introduced in (6.2.1) derives from || - ||] ;, defined in (2.3.11) (subsection
2.3.2) by choosing ¢ = ¢, = 1 and J; = J, = p. For reader’s convenience, we give
here the relationship between the modular p(-) and the norm || - ||, that derive from
Proposition 5.2.1.

Proposition 6.2.1. Let (H") be satisfied, u € WY (Q) and A € R. Then the following
hold:

W) FFu# 0 then [u] =1 < p(4)=1
(i) flul| <1(resp.>1,=1) <= p(u)<1(resp.>1,=1);
i) Illull <1 = [ull™ < p(u) < lull*~;
(v) Iflull >1 = [lulP~ <p(u) < [lul";
W) ul 0 < p(u) 0
(i) ||ul| = +o0 <= p(u) = +oo;
Vi) Jull »1 == p(u) = 1;

Furthermore, we underline that in subsection 2.3.1 we provide the properties
of the Musielak-Orlicz Sobolev space W (Q)), which hold also under assumption
(H") that is stronger than (H) and (H1). Now, denote by (-, - ) the duality pairing
between W'#(Q) and its dual space WY (Q)* and by A: WYH(Q) — WLH(Q)*
the nonlinear operator defined for all u,v € WY (Q) by

(A(u),v) :/ (\Vulp(x)’2Vu + y(x)]Vu\q(x)*ZVu) - Vo dx
0
+/ luP¥) 2y dx+/ |u|P¥)2yp do.
0 a0

In the following proposition we give the properties of this operator, which has been
proved in Amoroso-Crespo-Blanco-Pucci-Winkert [5, Proposition 3.3] for a more
general operator.

Proposition 6.2.2. Let (H") be satisfied. Then, the operator A: WY (Q) — WHH(Q)* is
bounded, continuous, strictly monotone, coercive, a homeomorphism and of type (Sy), that
is,

if u,—u inWYH(Q) and limsup (A(uy),u, —u) <0,

n—o0
then u, — u in W (Q).

Our aim is to establish results on the existence of weak solutions for problem (N),
namely functions u € W'*(Q) such that

/ <|Vu|”(x)_2Vu + y(x)|VuW(x)_2Vu) -Vo dx ~|—/ lu|P) =2y dx
0

:/Qf(x,u)vdx—l—/aog(x,u)vda / lulP® "2y do,
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for every v € W (Q). In particular, these weak solutions are critical points of the
energy functional I: W#(Q)) — R associated to the problem (N) given by

_ [VulP) |V |100) || P0)
I(u)—/Q< (%) + p(x) 20 )dx+/Q e dx

‘M|P(x) _/ _/
+/an () do QF(x,u) dx aOG(x,u) do,

for all u € WM (Q). Therefore, we study the problem through critical point theory
and in particular by a mountain-pass approach and the Nehari manifold method.

Finally, we present a version of the Quantitative Deformation Lemma, which can
be found in Willem [94, Lemma 2.3] and that is used in our treatment.

Lemma 6.2.3. Let X be a Banach space , ¢ € C(X;R),@ # S C X,c € R,¢,6 > 0 such
that

8
@' (1)« > f forallu € gofl ([c — 2¢,¢ + 2¢]) N Sy,

where S, = {u € X : d(u,S) = infy g ||u — ug|| < r} forany r > 0. Then there exists
n € C([0,1] x X; X) such that

(i) n(t,u) =uift=00rifu ¢ ¢~ ([c —2¢,c+ 2¢]) N Sy,
(i) ¢(n(l,u)) <c—eforallu € g~ ((—c0,c+¢]) NS,
(iii) #(t,-) is an homeomorphism of X forall t € [0,1],
iv) ||ln(t,u) —ul|| < S forallu € Xandt € [0,1],
(v) @(y(-,u)) is decreasing for all u € X,
vi) @(n(t,u)) < cforallu € ¢~ ((—oo,c])NSsand t € (0,1].

6.3 Main results

In this section, we prove the esxistence of two bounded constant sign solutions
(nonpositive and nonnegative) trhough a version (Theorem 3.1.11) of the classical
Mountain Pass Theorem (Theorem 3.1.5) and we get the existence of a bounded
sign-changing solution by using an appropriate subset of the corresponding Nehari
manifold along with the Brouwer degree and the Quantitative Deformation Lemma
(Lemma 6.2.3).

We present here the main results and we give the proof in the next subsections
in a constructive way, i.e. providing preliminary results that lead to the thesis by
combining them.

Theorem 6.3.1. Let (HV) and (HY q) be satisfied. Then, there exist three nontrivial weak

solutions ug, v, wg € WY (Q) N L®(Q) of problem (N) such that ug > 0, vy < 0 and wy
is sign-changing.

Furthermore, we derive information about the number of nodal domains of the
sign-changing solution, that is the number of maximal regions where it has constant
sign. The usual definition of nodal domains of a function deals with a continu-
ous function. Nevertheless, we do not know whether our solutions are continuous.



Chapter 6. Neumann double phase problem 62

Therefore, we use the definition proposed by Crespo-Blanco-Winkert [39, Section 6]
that we recall in the following.

Definition 6.3.2. Let u € WY (Q) and A be a Borelian subset of Q with |A| > 0. We say
that A is a nodal domain of u if

(i) u>0aeonAoru<Q0ae on A
(i) 0 # uly € WHH(Q);

(iii) A is minimal w.r.t. (i) and (ii), i.e., if B C A with B being a Borelian subset of (),
|B| > 0 and B satisfies (i) and (ii), then |A \ B| = 0.

For our purposes, we need to require one more assumption on the nonlinearities:

(hY) the functions t — f(x,t)t — q+F(x,t) and t — g(x,t)t — g+ G(x, t) are decreas-
ing in | — 00,0] and increasing in [0, +oo[ for a.a.x € Q) and for a.a.x € 9Q),
respectively.

Theorem 6.3.3. Let (HV), (HJZ}{ q) and (hé\] ) be satisfied. Then, there exist three nontrivial
weak solutions ug, vy, wg € WV (Q) N L®(Q) of problem (N) such that

uy >0, v <0, wpbeing sign-changing with two nodal domains.
6.3.1 Costant sign solutions
Forany h € R let
ht = max{h,0} and h~ = max{—h,0},
then one has that
h=h"—h~ and |h|=h"+h".

Also, from [40, Proposition 2.17] we know that, under assumption (H1), so also un-
der hypothesis (H"), if u € W' (Q) then u* € W'*(Q). Since we are first inter-
ested in constant sign solutions, we consider the positive and negative truncations
of the functional I, that are . : W*(Q)) — R defined by

_ [Vu[Pt) | Vu 1) || P()
Ii(u)_/o<p(x)+y(x) 20 > dx+/Q e dx

p(x)
—|—/ i da—/ F(x, £u®) dx—/ G(x, +u*) do,
aa p(x) o) a0

for all u € WY (Q)), where we have taken (6.1.1) into account.

Our existence result is based on a version of the Mountain-Pass Theorem given
by Papageorgiou-Radulescu-Repovs [78, Theorem 5.4.6] and recalled in Theorem
3.1.11. First, we give preliminary results in order to verify the required assumptions
and we start with the compactness condition on the functional.

Proposition 6.3.4. Let (HY), (W) and (h}') be satisfied. Then, the functionals I satisfy
the (C)-condition.
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Proof. We show the proof for I, the case for I_ works in the same way. Let {u, },en C
WL (Q) be a sequence such that (C;) and (C,) from Definition 3.1.10 hold. From
(Cy), there exists {¢e, } ,en with e, — 0T such that

enl|0]]

v)| < —“—"— foralln € N and forallv € W' (Q). (6.3.1)
1+ [[un |

[ (I (u
Choosing v = —u,; € WY (Q)), one has

0= [ Fu) () dx = [ gl ) () do < e,

for all n € IN, which leads to p(—u,, ) — 0 as n — oo, since the supports of +u,} and
—u,, do not overlap. From Proposition 6.2.1(v) it follows that

—u, =0 in W'"(Q). (6.3.2)
Claim 1: {1 },cn is bounded in L% (Q)) and in L% (9Q)).

From (C;) we have that there exists a constant M; > 0 such that for all # € IN one
has | I (u,)| < My, that is

1 1
P,;jd—/c,;d<M———;,
() = [ FGow) de— | Glvu)) do < My = p(u)

which, taking (6.3.2) into account, leads to
o)~ [ qrF(xuf) dv— [ q.Glx,uf) do < My, (6.33)
o) 20
for all n € IN and for some M, > 0. Testing (6.3.1) for v = u,, we have
—o(u;}) +/ o, u )uyy dx +/ g(x, u)ut do < ey, (6.3.4)
o) 20

for all n € IN. Adding (6.3.3) and (6.3.4) we obtain
[ (PGt — g Fx,uf) dx
Q (6.3.5)
- /E)Q (g(x, uf)uf —q+G(x,u;)) do < Ms,

for all n € N, with M3 > 0. Without loss of generality, we can assume a <
and {_ < 6_. From (hN ), there exist K3, K3, Ky, K4 > 0 such that for all t € R the
following hold
K3|t|"‘* —K; foraa.x e,

Ry|t|*~ — Ry fora.a.x € 9.

F(x )t — g, F(x, ) >
g(x, t)t —g+G(x,t) > K
Exploiting these relations in (6.3.5), we derive

R uf |la- +K4H”+Hg 20 S My,

which gives

Juf lle. <Ms and ||u;f]|; a0 < Ms foralln € N
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for some Ms, M5 > 0 and Claim 1 is achieved.

Claim 2: {1 },cn is bounded in W7 (Q)).
From (h}Y) and (h}’), we have that

wo < lp < (po) and (- <xy < (p-).
Hence, there exist s, T € (0,1) such that

1 S 1-—s 1 T 1—-71
—=-——+—— and — = - -

e (p) K (p-)x
and applying the interpolation inequality, see Papageorgiou-Winkert [79, Proposi-
tion 2.3.17 p.116], we obtain

(6.3.6)

[

o lle, < Mg 115, )
et N, 20 < i I1F, ., aallwr ;=500
for all n € IN. Taking Claim 1 into account, one has

ltlle, < Ml I, - and [t lle. 0 < Ml 1T, ) a0 (637)

for some Mg, Mg > 0 and for all n € IN. Again, from (6.3.1) with v = u;}, using (h{\] ),
it follows that

p(uy) <en+K /Q (|u,ﬂ + ]u,ﬂ“”) dx + K /ao (]u,ﬂ + |u,ﬂ"(")) do. (6.3.8)

We may assume that ||u;7|| > 1 for all n € N, otherwise we are done. Then, using
Proposition 6.2.1(iv), (6.3.8) and (6.3.7), we derive that
¢
7= < o) < et Ka (o n+ s 117) + Ko (s o + 1Y 0)
E ~
et My (14 [f 5 ) + 7 (1+ s 0 o)

with Mz, M7 > 0. Then, considering the embeddings W' (Q) — WY~ (Q) —
LP-)"(Q) and WHH(Q) < WP~ (Q) — LF-)-(9Q2), we get

i 17 < e+ Mg (14 Il |55 + it 7,

for all n € N and for some Mg > 0. From (6.3.6), the definition of (p_)* and (h})),
one has

(p)' (6 —a) _ Np_(6;—a)
(p-) —a— Np_ —Na_+p_a_
Np (6 —a) _
N — P
Np- —Na_+p (b —p-)y

S£+ =

Similarly, from (6.3.6), the definition of (p_). and (h}’), we have

- > g: + (k4 — P)Npt 1/
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which implies
(p-)iley =) (N-Dp_(kr —-)
(p-)«—C- (N—1)p_ —N{_+p_(_
(N—-1)p—(ry —C-) .
(N=1)p- = N +p- (& + (e — p) N2

TKL =

<

This completes the proof of Claim 2.

Claim 3: u, — u in W% (Q) up to a subsequence.
From (6.3.2) and Claim 2, it follows that {u,},cn is bounded in W' (Q). Since
WL (Q) is a reflexive space, there exists a weakly convergent subsequence in W% (Q)),
not relabeled, such that

u, —u in WH(Q).
Then, as by (h}Y) and (6.3.1) in correspondence of v = u, — u, it holds
(I' (), un —u) -0 asn — oo.

The f and g terms are strongly continuous (see for example [39, Lemma 4.4]), hence
their limit vanishes and we derive

(A(uy),uy —u)y -0 asn — oo.
As A satisfies the (S )-property, see Proposition 4.2.1, the proof is complete. O
The following results are needed to verify the so-called mountain-pass geometry.

Proposition 6.3.5. Let (HY), (h{V ) and (hé\] ) be satisfied. Then, there exist constants C; >
0,i=1,...,5such that

Cullull® = Collull* = Gsllull* i [lull < min{1,Cs,Cs},

I(u), Iy (u) > _
CillullP- — Collul|® — Callull** if ||u]| > max{1,C4,Cs}.

Proof. We give the proof only for the functional I, the proof for I is similar. From
assumptions (hf] ) and (hé\] ) it follows that for all € > 0 there exist ¢, e > 0 such that

|F(x,t)| < p(€x)|t|p(X) +ce|t|'™) foraa.x € Qandforallt € R,
(6.3.9)
|G(x,t)] < p(gx)mp(x) + |t fora.a.x € 90 and forall t € R.

Let u € W (Q) be fixed. Using (6.3.9), Proposition 2.2.2, the embedding W'*(Q)
— L‘C)(Q) with constant C; and the embedding W% (Q) — L*()(3Q)) with con-
stant C, 5 one has

1 1 1
I(u) > — Vu)+ —po,(u) + —
(u) > q+PH( ) p+Pp()( ) =

e £ N
- pfpp(-)(u) — ey () — pf.ﬂp(.),ao(u) — CePy()00 (1)

Pp(y,00 (1)
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1 1 € 1 €
=— w+<—) +<—) yaa(u
7 eV o= ) )+ { = o eroan(®)

— Cepy() (1) — Cepr()00 (1)
1 1 €
> ming —, — — — u
N {EH P+ P- }p( )
—cemax { Jullyc ), lullr b = demax ) s 1015 o0 }

1 1 €
> ming —, — — — u
N {‘1+ P+ P—}p()

0 o A~ 12 ~ _
—cemax { ;" [lull=, €5 lu ]|+ } = & max { CF g lull*, Crhglull* }

Choosing € € (O, %) and taking

1 1 1
Ci=—, G=—= and GC5= ,
T e * 7 Cen

our statement follows from Proposition 6.2.1(iii)-(iv) and by setting

C = cgcg’ and C3=¢&Cpyq  if [lul| <min{1,Cy, Cs},
C=cC, and C3=0&Cl,  if |ul| > max{1,Cy, Cs}.

The following result is a direct consequence of Proposition 6.3.5.

Proposition 6.3.6. Let (HY), (hlY) and (hl)) be satisfied with q. < (_,x_. Then there
exists 6 > 0 such that

inf I(u) >0 and inf I (u) >0,
[[ul| =6 [[ull=o

or alternatively, there exists A > 0 such that I(u) > 0 for 0 < ||lu| < A.

Proposition 6.3.7. Let (HY), (W) and (hYY) be satisfied. Then, I(su) — —oc as s —
+o0 for every u € WY (Q) \ {0}. Moreover, I (su) — —coass — oo forall u €
WLH(Q) \ {0} such that u > 0 a.e.in Q.

Proof. We give the proof only for the functional I, since if u > 0 a.e.in Q) then
Ii(su) = I(su) for £s > 0. Fix s,e € Rand u € W (Q) such that |s| > 1,e > 1
and u # 0. From (h)Y) and (hY') it follows that
|E(x, )] > ;|t|q+ — ¢ foraa.xeQ,
+

|G(x,t)] > ;|t|”+ —c¢, foraa.x €9Q),
+

see also [39, Lemma 4.4]. Then, using the previous inequalities, one has

‘ ‘P+

(1) < = (pp) (Vi) 40,0 () + pp(00(1) ) + e (10] +130)

Pqy (V) e
+ |s] 7+ !q()g_—%m“H ‘f’H””q+aQ>]



Chapter 6. Neumann double phase problem 67

Noting that ||ul|;, < coand [Jul|y, 50 < cosinceqy <1 < (p-)*and gy < k- <
(p- )+, we can choose ¢ large enough such that the third term is negative and I(su) —
—o0 as |s| — oo. O

Finally, we state the main result of this section.

Theorem 6.3.8. Let (HY), (h)~(h)) be satisfied. Then, there exist two nontrivial weak
solutions ug,vg € WV (Q) N L®(Q) of problem (N) such that ug > 0 and vy < 0 a.e.in
Q).

Proof. Thanks to Proposition 6.3.4, 6.3.6 and 6.3.7, we can apply Theorem 3.1.11 to
both functionals I... Then, there exist ug,v9 € W*(Q) such that I, (u9) = 0 and
I' (vg) = 0, namely 19, vy are weak solutions of problem (N). In particular, from
Proposition 6.3.6 it follows that

Ly (uo) > Hiﬂf L (u) > 0= 1,(0),
u||=o
which implies ug # 0. Analogously, I_(vg) > 0and vy # 0. Finally, since (I’ (1), v) =
0 for every v € W (Q)), we can choose v = —u; and this leads to

—u) = )y dx+ [ glxuf)uy do =o0.
p(=ug) = [ feuilug dx+ [ glxug)ug do

From Proposition 6.2.1 it follows that —u, = 0 a.e.in (), hence up > 0 a.e.in Q).
Similarly, we can test (I (v9),vj) = 0 and derive that vy < 0 a.e in Q). Finally,
we know that 1y and v are bounded functions because we can apply Theorem 4.1
of Amoroso-Crespo-Blanco-Pucci-Winkert [5], which is a boundedness result for a
more general class of problems. O

6.3.2 Sign-changing solution
We indicate with A the Nehari manifold of I, defined by

N = {u e WYH(Q) : (I'(u),u) = 0, u # o}.

Clearly, any nontrivial weak solution of (N) belongs to N, because the weak so-
lutions of (NN) are exactly the critical points of I. Since we are interested in sign-
changing solutions, we introduce the following subset of N

Ny = {uEWLH(Q) : +ut GN}.

For an overview on the method of the Nehari manifold, we refer to the book chapter
of Szulkin-Weth [92].

First, we prove some properties of the Nehari manifold NV (Proposition 6.3.9) and
of the energy functional I restricted to A (Proposition 6.3.10).

Proposition 6.3.9. Let (HY), (h1V)~(h)") and (hY) be satisfied. Then, for anyu € WY(Q)\
{0}, there exists a unique s, > 0 such that s,u € N.
Moreover, one has

I(syu) >0 and I(syu) > I(su) foralls > 0withs #s,.
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and
dsI(su) >0 for0<s<s, and 9sI(su) <0 fors>s,.
Proof. For any fixed u € WY (Q) \ {0} we define ¢, : [0, c0[— R as follows
¢u(s) = I(su) foralls € [0,00].

Clearly, ¢, belongs to C ([0,00[) and C! ((0, c0[). From Propositions 6.3.6 and 6.3.7
we derive that there exist , M > 0 such that

$u(s) >0 forO<t<d and ¢,(s) <0 fort> M.

Then, applying the extreme value theorem, we get in particular that ¢, admits a local
maximum, i.e., there exists 0 < s, < M such that

sup ¢u(s) = max ¢y(s) = Pu(su)-

s€[0,00) s€[0,M]

Since s, is also a critical point of ¢, in combination with ¢}, (s) = (I'(su), u) for every
s > 0, one has

¢l (su) = (I'(syu),uy =0 = s,ueN.

Claim: s, is unique.
From assumption (hé\] ) we have that

W increasing = s — f(;'jul)u increasing in {x € Q : u(x) > 0},

m decreasing = s — W increasing in {x € Q) : u(x) <0},
s — m increasing = s — W increasing in {x € 9Q) : u(x) > 0},
S Sm decreasing = s — W increasing in {x € 0Q) : u(x) < 0}.

Multiplying the equation ¢, (s) = (I'(su),u) = 0 with s > 0, which is a necessary
condition for su € N, by 1/ s7+~1 we obtain

p(x) q(x) p(x) p(x)
[ (T T
Q 5’1+*P(X) Sq+fq(x) QS%*P(?‘) 90 5q+fp(x)

:/ fi(x,s?)u dx + 7g(x,3ft)u do.
a si+1 a0 s7+1

(6.3.10)

As functions of s, the left-hand side is strictly decreasing, because it is so in the sets
{xeQ:Vu#0},{xeQ:u#0}and {x € 9O : u # 0} and at least decreasing
in the rest (we recall that p(x) < g(x) < g for all x € Q), while from the previous
comments the right-hand side is increasing. Consequently, there can be at most one
single value s,, > 0 for which the equation holds, namely there exists a unique s,, > 0
such that s,u € N.
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Finally, since s — ¢ (s) is strictly decreasing (see (6.3.10) and the comments
above) and ¢/, (s;,) = 0, it follows that

$,(s) >0 for0<s<s, and ¢,(s)<0 fors>sy,.

Thus s, is a strict maximum for ¢, and this completes the proof. O

Proposition 6.3.10. Let (HY), (h))~(hY') and (hY') be satisfied. Then, the functional I| s
is sequentially coercive, namely for any sequence {1, }new C N such that ||u,|| == oo

one has (i) == oo.

Proof. Let {uy}uen C N be a sequence such that [|u,|| “—— oo and put

Y = Hﬁ foralln € N. 6.3.11)
n

Since {y,} is bounded in the reflexive space W'"*(Q)), there exists a subsequence
{Yn, Jxew and y € WHH(Q) such that

Yn, =~y in WLH(Q).

Claim: y = 0.
By contradiction, suppose that y # 0. As ||u,|| — oo, there exists kg € IN such that
for every k > ko one has ||u,, || > 1 and

1
I(uy,) < p—_p(unk) — /Ql-"(x,unk) dx — /aQG(x,unk) do

1
< p—_||unk|]‘7+ —/QF(x,unk) dx—/aQ G(x, ity,) do,

where we have used Proposition 6.2.1(iv). Dividing by ||u,, ||7* and taking (6.3.11)
into account, we obtain

I(un,) <1 _/ M’ynkw dx — /BQG(X’WWnk|q+ do. (6.3.12)

[t |7+~ p- [t |7 |t 14

Now, we observe that if f and g fulfill (h{\l ) and (h)), then there exist My, M1y > 0

such that
F(x,t) > —My fora.a.x € Qand forall t € R,

6.3.13
G(x,t) > —Mjp fora.a.x € dQ and forall t € R. ( )

Setting Qg = {x € Q : y(x) = 0}, by using (6.3.13), (h)) and Fatou’s Lemma, we
get

F(x, up,)

k—o0 JO) |1/lnk|q+

:hm</ (xunk)’nk|+dx—|—/ xunk)
k=eo \ JO\Qp ’uﬂk’[H Qo H“”k“q+

2/ (hmF<xu"")|ynk|‘7+> dx — lim Ms|Qp|
0\

k—ro0 |unk|q k=0 ||unqu+

||+ dx

= 0Q.
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Analogously, for Xy = {x € 0Q) : y(x) = 0}, we have

. G(x,uy,)
) W T Y|

~ lim (/ G(x,unk)‘ynk‘q+ do 4+ G(x,unk)>
koo \Joo\g, [ty |7 zo ||t ]|7

2 / (hm G(xrul’lk) |ynk‘q+) do — lim M10|20|
00\X k

k—o0 |unk|q+ —o0 Hunqu+

= 00,
Hence, passing to the limit as k — oo in (6.3.12), it follows that

I(un, )

kovoo ([t 75

7

which is a contradiction with {u,},en € N that implies I(u,) > 0 foralln € N
(see Proposition 6.3.9). Thus, the proof of our claim is complete.

Recall that u,, € N for every k € IN, from Proposition 6.3.9 it follows that
I(uy,) > I(suy,) for every s > 0,5 # 1 and for all k € IN. Fixing s > 1 and us-
ing Proposition 6.2.1(iv), one has

I(uﬂk) Z I(Synk)

> ——plsyn) = | Flxsyn) dx— [ Glx,sp) do

L
p—

1
> syl — [ FGosyn) dx— [ Glosyn) do

sP-

= i /Q F(x,syn,) dx — /an G(x,syy,) do.
Moreover, as a consequence of the assumptions on the nonlinear functions f and g, it
follows that the integral terms are strongly continuous (see for example [39, Lemma
4.4]). Since sy,, — 0, we derive that there exists k; € IN such that

p,
I(up,) > ; —1 forallk > k.

From the arbitrariness of s > 1, we get I(u,, ) — o0 as k — oo, which implies that
I(u,) == 00 and our statement is achieved. O

Now, we are able to prove the existence of a minimizer of I restricted to No.
Proposition 6.3.11. Let (HY), (hY)~(h)') and (hY') be satisfied. Then

inf I(u) >0 and inf I(u) > 0.
ueN

LIGN()
Proof. Fix u € N. Then, from Proposition 6.3.9 we have that I(u) > I(su) for all
s > 0,s # 1. In particular, applying Proposition 6.3.6, it follows that

I(u) > 1 <5u> > inf I(u) >0 forallu eN,
o] lull=
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that implies

inf I(u) > 0.
ueN

Now, fix u € Np. Since by definition +u* € N, we get

I(u) =I(u™) +I(—u") >2 inj{/l(u) >0 forallu € N,
ue

SO we obtain

inf I(u) > 0.

ueNy

O]

Proposition 6.3.12. Let (HY), (W))—~(h}') and (hY') be satisfied. Then, there exists wy € Ny
such that

I(wg) = inf I(u).

uehNop

Proof. Let {uy}nen € Np be a minimizing sequence, that is, I(u,) N\, inf,ep; I(u).
As u, € Np, then +u;F € N and I(+u;5) > 0 for all n € N (see Proposition 6.3.9).
Moreover, since I(u,) = I(u;) + I(—u, ) for every n € IN and from Proposition
6.3.10, one has that {4-u;"},cn are both bounded. Then, there exist subsequences
{+u; Yren and v1,v; € WHH(Q) such that

w, = v inWY(Q) witho; >0,
U, — vy in WLH(Q) with v5 > 0 and v = 0.
Claim: vy, v, # 0.
Arguing by contradiction, suppose that v; = 0. Recalling that u,; € A implies that

(I' (1), 1) =0,

7 nk

one has
o(uy) — /Qf(x,u;’k)(ujk) dx — /E)Qg(x,u,j;)(u;;) do = 0.

From the Carathéodory assumption on the nonlinearities f and g and by (hY), it
follows that the two integral terms are strongly continuous (see [39, Lemma 4.4]),
thus p(u,, ) — 0 as k — co. By Proposition 6.2.1(v), we get u,; — 0in WY*(Q2) and

0< inf I(u) < I(u)) = I1(0) =0 ask — oo,
ueN k

that is a contradiction. Analogously we prove that v, # 0 and our claim is true.
Now, using Proposition 6.3.9, there exist s1, s, > 0 such that s1v1, 5,0, € N. We put

— — ot -
Wo = 5101 — S0 = Wy — Wy ,

hence wy € Nj. Finally, it remains to prove that I(wg) = inf,ep; I(1). It is worth
noticing that the modular is convex and continuous, thus sequentially weakly lower
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semicontinuous, and the nonlinear terms are strongly continuous. Hence, I is se-
quentially weakly lower semicontinuous and this leads to

Jnf 1) = lim I(uy,) = lim (1) +1(-w,))
> lilgio?f (I(s1uyy,) + I(—s2u4y,))

> I(s101) + I[(—s2v2)
= I(wg) + I(—wy)
=1 > inf I(u).
(w) > inf. 1(u)
The proof is complete. O

Now, we prove that the minimizer obtained in Proposition 6.3.12 is a critical
point of the functional I.

Proposition 6.3.13. Let (HY), (h])-(h}') and (hY) be satisfied and let wy € Ny such that
I(wp) = ir}\ff I(u). Then, wy is a critical point of the functional I.
ueiNy

Proof. First, we observe something that will be useful in the sequel. Recalling that
+wy # 0and indicating with C,_ the constant of the embedding W' (Q)) < LP-(Q),
we have that

C, Hwy I, ifo~ =0,

lwo —o|| > C, lwo — |- > { i .
P C,Hwg |l ifot =0,

for all v € WY (Q)). Thus, taking
0 < d < min {c;}||wgy|p,,c;}||w(;||pf},
we have the following implication
if |wo —v|| < &, then v £0#0v". (6.3.14)

Now, arguing by contradiction, suppose that I'(wp) # 0. Then there exists v, 6; > 0
such that

|I'(u)||l« > forallu € WY (Q) with |lu — wyl| < 36;. (6.3.15)

Put
. [ o
4 = min 5 o1 ¢ . (6.3.16)

From the continuity of the map defined by (s, t) — sw§ — tw, for every (s,t) €
[0, 0[2, we have that for every § > 0 there exists A > 0 such that

swg — twy — wol <, (6.3.17)
for all (s, t) € [0, 0[> with max{|s — 1], |t — 1|} < A. Let

D=(1-XA1+))3 = I(sw — twy),
( )\ mo = max Iswy — twp)
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and

c = inf I(u). (6.3.18)

MENO
We emphasize that for any (s, t) € [0,00[>\{(1,1)}, using Proposition 6.3.9, one has

I(swg — twy ) = I(swy ) + I(—twy)
< I(wg) +I(—wy ) = I(wp) = inf I(u),

MENO

(6.3.19)

which implies that my < c. In order to use the same notation of the Quantitative
Deformation Lemma given in Lemma 6.2.3, we set

S = B(wy,9), 8:min{c_m0 7(5},

4 ' 8

and J, c as in (6.3.16) and (6.3.18), respectively. We also notice that by the definition
of S it follows that S5 = B(wy, 26) and S5 = B(wo, 36). From (6.3.15), we get

8

1Pl > 7>

forall u € Sy,

so all the assumptions of Lemma 6.2.3 are verified. Hence, there exists a mapping
n € C([0,1] x WH(Q), WL (Q))) such that

() n(t,u) =u,ift =0orifu ¢ I"' ([c — 2¢,c + 2¢]) N Sy,

(i) I(n(1L,u)) <c—eforallu € I71 (] —oo,c+¢])NS,

(iii) 7(t,-) is an homeomorphism of W7 (Q) for all t € [0, 1],

(iv) |ly(t,u) —ul| < Sforallu € WLH(Q)and t € [0,1],

(v) I(5(-,u)) is decreasing for all u € W' (Q)),

(vi) I(n(t,u)) < cforallu € I71 (] —oo,c]) N Ss and t €]0,1].
Afterwards, we consider h: [0, 00[2— W% (Q) defined by

h(s,t) = n(1,swi —twy) forall (s,t) € [0,00[?,

which has the following properties:
(vii) 1 € C ([0, 02, WIH(0Q)),
(viii) I(h(s,t)) < c—eforall (s,t) € D, by (ii), (6.3.17) and (6.3.19),

(ix) h(D) C S4, by (iv) and (6.3.17),

(x) h(s, t) = swj — tw, forall (s,t) € aD,
where the last one follows from (i) and

c—my

I(swg—twg)§m0+c—c<c—< >§c—28 for all (s,t) € oD.
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Now, we define two mappings Hy, H;: (0,0)? — RR? given by
Ho(s, t) = ( (I'(swy ), wg ) , (I'(—twy ), —wy ) ),

1) = (SO0 (0], 0, ~h 60) )
which are clearly continuous. From Proposition 6.3.9 it follows that

+>{>O forall0 <s <1,

I'(swy),

(I'(swy ), wy <0 foralls>1,

(6.3.20)
>0 forall0<t<1,

<0 forallt>1.

(I'(—twy ), —wy ) {

Given A C RY open and bounded and ¢ € C(A,RY), we denote by deg(g, A, y)
the Brouwer degree over A of ¢ at the value y € RN \ ¢(dA). From the Cartesian
product property of the Brouwer degree (see the book of Dinca-Mawhin[47, Lemma
7.1.1 and Theorem 7.1.1]) we get

deg(Ho, D,0) = deg ( (I'(swy ), wj), (1—A,1+A), 0)
x deg ((I'(—twy ), —wy ), (1—A,1+A),0),

and by (6.3.20) and Proposition 1.2.3 of Dinca-Mawhin[47], we obtain
deg(Ho,D,0) = (—1)(—1) = 1.

We observe that (x) implies Hy|sp = Hilsp, so as the Brouwer degree depends on
the boundary ([47, Corollary 1.2.7]), we have

deg(H;, D,0) = deg(Hy, D,0) =1,

and by the solution property ([47, Corollary 1.2.5]) it follows that there exists (s, ) €
D such that Hi (s, tp) = (0,0), namely

(I'(h" (s0,t0)), 11" (50, t0)) = 0 = (I'(=h™(s0, t0)), —h~ (50, to))-
Finally, by (ix)
[ (s0, to) — wol| < 26 < do,
which, taking (6.3.14) into account, leads to
ht(so,to) #0 and —h (sg,to) # 0.
Thus, h(so, to) € Ny, that is a contradiction with

I(h(so,tp)) <c—e= inf I(u) —¢,
MENO

obtained by (viii). This completes the proof. O

Now, we are able to prove the first main result.

Proof of Theorem 6.3.1. Combining Theorem 6.3.8 with Propositions 6.3.12 and
6.3.13, we get the existence of three weak solutions for problem (N). We further



Chapter 6. Neumann double phase problem 75

know that they are bounded functions thanks to Theorem 4.1 of Amoroso-Crespo-
Blanco-Pucci-Winkert [5].

In the last part of this subsection, we provide information on the nodal domain
of the sign-changing solution.

Proposition 6.3.14. Let (HV), (HJ]}{ q) and (héV ) be satisfied. Then, any sign-changing weak
solution of problem (N), which is also a minimizer of I|;, has exactly two nodal domains.

Proof. Let wy be such that I(wy) = ir}\f[ I(u), fix any wy representative of wy and set
ueiNyp

Qr ={xeQ: +wy(x) >0}.

As wolg, = +woT ae.in Q, it follows that . and Q_ satisfy conditions (i) and
(ii) of Definition 6.3.2. By contradiction, we prove that they are also minimal. We
assume, without loss of generality, that there exist Borelian subsets A1, A, of (3, with
A1NAy =@, |A1] > 0and |Ay| > 0, such that O = A;UA; and A; satisfies (i) and
(ii) of Definition 6.3.2. Moreover, it holds

wolp, = %HAZ < 0 a.e.in Ay,

wola, = woln —wola, € WLH(Q),
thus A; also satisfies (i) and (ii). Summarizing, we have
Iao,wo >0, Tawo <0, I1pwy<0 aein(), (6.3.21)
and
wo = 1o, wo+ La,wo+ La,wy a.e.in ()
Setting y1 = 1o, wo + 1a,wp and y» = 14,wo, from (6.3.21) we have yf = 1, wo

and —y; = 14,w. Since I'(wy) = 0 and as the supports of y;, —y; and y» do not
overlap, one has

0= (I'(wo),y1) = (I'(yy ), y7)-

Hence y € N and analogously, —y; € N. Therefore, y; € Np. With the same
argument one can show that (I'(y2),y2) = 0. Then, from these properties, we obtain

I(y2) = I(92) — ~—(T'(y2), 12)

q+
> <pl+ — ql+> 050y (Vy2) + <Pl+ — ql+> () (y2) + (pl+ — ql+> Pp()0012)
# [ (- rw ) ax [ (D -6 do,
which leads to
I(y2) >0,

because of p1 < g4, y2 # 0 and (hY). Finally, we get

uign/\ffol(u) = I(wo) = I(y1) + I(y2) > I(y1) = nf I(u),
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which is a contradiction and this completes the proof. ]

Finally, we are able to prove the second main result.

Proof of Theorem 6.3.3. Combining Theorem 6.3.1 and Proposition 6.3.14, we
get the existence of three bounded weak solutions of problem (N) such that one is
nonnegative, one is nonpositive and one is sign-changing with two nodal domains.
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List of Symbols

a.e. almost everywhere
a.a. almost all
w.r.t. with respect to
C(Q) space of continuoua functions in Q
CL(Q) space of C!-functions with compact support
Ce(Q) space of C®-functions with compact support
Co*(Q) space of Holder continuous functions with exponent «
O s (Q)) set of log-Holder continuous functions
C.(Q) set of continuous functions in Q) that are greater or equal than 1
M(Q) space of measurable functions in ()
M, (Q) set of measurable functions in () that are greater or equal than 1
X* dual space of X
(-, ) duality pairing between a space X and its dual X*
L"(Q)) Lebesgue space with constant exponent r
L"(02) Lebesgue space on the boundary with constant exponent r
Lra Sobolev space with constant exponent
r

W ()
W, (Q) completion of C¥(Q) in W (Q)
) Lebesgue space with variable exponent r(-)
) weighted Lebesgue space with variable exponent 7(-) and weight w(-)
L?(Q)) Musielak-Orlicz space
7()(Q))  Sobolev space with variable exponent r(-)
WS’T(') (Q)  completion of C&(Q) in W ()(QQ)
WLe(Q) Musielak-Orlicz Sobolev space
W,?(Q))  completion of CF(Q) in W9 (Q)

Il -1 usual norm in L"(Q))

|- lr00 usual norm in L"(9Q})
Il usual norm in W7 (Q)

Il llr0 equivalent norm in W, (Q)

usual norm in L") (Q2)

seminorm in LZE') (Q)

)
H Hr(-),w
| ||1,r(.) usual norm in W7() (Q)
|- ll1s()0 equivalent norm in W&’r(‘) (Q)
|- 1l Luxemburg norm (usual norm) in L?(Q)
- 11,0 usual norm in W?(Q)
Il 120 equivalent norm in W&’H(Q)
Or(-) modular function related to r(-)
Or(-)w modular function related to r(-) with weight w(-)

Py modular function related to the ®-function ¢
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< S

Q)
[

conjugate exponent of r

conjugate exponent of r(-)

critical Sobolev exponent of r

critical Sobolev exponent of r on the boundary
critical Sobolev exponent of r(-)

critical Sobolev exponent of (-) on the boundary
essential inf of 7(-) in Q

essential sup of r(-) in O

set of all generalized ®-functions on (2

¢ weaker than ¢

set of all generalized N-functions on ()

@ increases essentially slower than ¢ near infinity
conjugate function of the ®-function ¢

partial derivative with respect to the variable s
indicator or characteristic function
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